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SECTION 2.1 was largely rewritten so that its 
focus is on motivating the need for limits 

via the concepts of velocity and the tangent 
line. The content on rate of change that did 
not treat velocity was moved elsewhere. 


Chapter 1: Precalculus Review 1 

1.1 Real Numbers, Functions, 
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2.2 Investigating Limits 67 
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Trigonometric Limits 96 
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3.4 Rates of Change 153 

3.5 Higher Derivatives 163 

3.6 Trigonometric Functions 168 

3.7 The Chain Rule 173 

3.8 Implicit Differentiation 181 

3.9 Derivatives of General Exponential 
and Logarithmic Functions 190 


THE PREVIOUS EDITION’S SECTION 5.9 was eliminated because it appeared in the main 
introductory chapter on integration yet had little content involving the integral. 


The main topics from the section were placed elsewhere where they fit better. For 
example, the material on differential equations and on exponential growth and 
decay was moved to the chapter on differential equations. 


3.10 Related Rates 198 
Chapter Review Exercises 206 


Chapter 4: Applications of the 

Derivative 211 

4.1 Linear Approximation and 
Applications 211 
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4.3 The Mean Value Theorem and 
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4.4 The Second Derivative and 
Concavity 238 

4.5 L’H6pital’s Rule 246 
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of Functions 254 

4.7 Applied Optimization 263 

4.8 Newton’s Method 276 

Chapter Review Exercises 282 


Chapter 5: Integration 285 

5.1 Approximating and Computing 
Area 285 
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Calculus, Part | 318 
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Calculus, Part Il 325 
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9.8 Further Integral Formulas 347 

Chapter Review Exercises 352 


Chapter 6: Applications of the 

Integral 357 

6.1 Area Between Two Curves 357 

6.2 Setting Up Integrals: Volume, 
Density, Average Value 365 

6.3 Volumes of Revolution: Disks and 
Washers 376 


SECTION 4.1 was rewritten and reorganized to clarify 
the relationship between the different types of linear 

approximation. In particular, we wanted to reinforce the 
understanding that the various types of linear approximation | 
are all based on the idea that the tangent line approximates 
the curve close to the point of tangency. 


SECTION 9.1 was rewritten to provide a more-straightforward 
introduction to differential equations and methods of solving 
them. Furthermore we wrote a few new examples that 
replaced a rather technical derivation to provide for a wider 
variety of simpler, more accessible application examples. 


SECTION 8.1 The section on 


7.8 to 8.1 so that it appears in 
the chapter on applications of the 


integral rather than the chapter o” 
techniques of integration. 
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Cylindrical Shells 385 
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Chapter Review Exercises 398 


Chapter 7: Techniques of 
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Methods 516 
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Chapter 10: Infinite Series 537 
10.1 Sequences 537 
10.2 Summing an Infinite Series 548 


probability was moved from Section 


SECTION 14.4 The development of the concept of differentiability in | ) | 
Section 14.4 was rewritten to provide a clearer pathway from the CALCULUS: EARLY TRANSCENDENTALS 


basic idea of the existence of partial derivatives to the more-technical : 
notion of differentiability. We dropped the concept of local linearity C 0 NT F NTS 
~œ introduced in previous editions because it is redundant and adds an 


extra layer of technical detail that can be avoided. 
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SECTION 10.7 We have chosen a somewhat traditional location for the section on Taylor polynomials, placing it directly before the 
section on Taylor series in Chapter 10. We feel that this placement is an improvement over the previous edition where the section 
was isolated in a chapter that primarily was about applications of the integral. The subject matter in the Taylor polynomials section 
works well as an initial step toward the important topic of Taylor series representations of specific functions. The Taylor polynomials 
section can serve as a follow-up to linear approximation in Section 4.1. Consequently, Taylor polynomials (except for Taylor's 
Theorem at the end of the section, which involves integration) can be covered at any point after Section 4.1. 
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On Teaching Mathematics 


W: consider ourselves very lucky to have careers as teach- 
ers and researchers of mathematics. Through many years 
(over 30 each) teaching and learning mathematics we have de- 
veloped many ideas about how best to present mathematical 
concepts and to engage students working with and exploring 
them. We see teaching mathematics as a form of storytelling, 
both when we present in a classroom and when we write mate- 
rials for exploration and learning. The goal is to explain to stu- 
dents in a captivating manner, at the right pace, and in as clear 
a way as possible, how mathematics works and what it can do 
for them. We find mathematics to be intriguing and immensely 
beautiful. We want students to feel that way, too. 


On Writing a Calculus Text 


It has been an exciting challenge to author the recent editions 
of Jon Rogawski’s calculus book. We both had experience 
with the early editions of the text and had a lot of respect for 
Jon’s approach to them. Jon’s vision of what a calculus book 
could be fits very closely with our own. Jon believed that as 
math teachers, how we present material is as important as what 
we present. Although he insisted on rigor at all times, he also 
wanted a book that was clearly written, that could be read by 
a calculus student and would motivate them to engage in the 
material and learn more. Moreover, Jon strived to create a text 
in which exposition, graphics, and layout would work together 
to enhance all facets of a student’s calculus experience. 
Jon paid special attention to certain aspects of the text: 


1. Clear, accessible exposition that anticipates and addresses 
student difficulties. 

2. Layout and figures that communicate the flow of ideas. 

3. Highlighted features that emphasize concepts and 
mathematical reasoning including Conceptual Insight, 
Graphical Insight, Assumptions Matter, Reminder, and 
Historical Perspective. 

4. A rich collection of examples and exercises of graduated 
difficulty that teach basic skills as well as problem-solv- 
ing techniques, reinforce conceptual understanding, and 
motivate calculus through interesting applications. Each 
section also contains exercises that develop additional 
insights and challenge students to further develop their 
skills. 

vi 


Our approach to writing the recent editions has been to take 
the strong foundation that Jon provided and strengthen it in two 
ways: 


¢ To fine-tune it, while keeping with the book’s original 
philosophy, by enhancing presentations, clarifying con- 
cepts, and emphasizing major points where we felt such 
adjustments would benefit the reader. 

e To expand it slightly, both in the mathematics presented 
and the applications covered. The expansion in math- 
ematics content has largely been guided by input from 
users and reviewers who had good suggestions for valu- 
able additions (for example, a section on how to decide 
which technique to employ on an integration problem). 
The original editions of the text had very strong coverage 
of applications in physics and engineering; consequently, 
we have chosen to add examples that provide applications 
in the life and climate sciences. 


We hope our experience as mathematicians and teachers 
enables us to make positive contributions to the continued de- 
velopment of this calculus book. As mathematicians, we want 
to ensure that the theorems, proofs, arguments, and derivations 
are correct and are presented with an appropriate level of rigor. 
As teachers, we want the material to be accessible and written 
at the level of a student who is new to the subject matter. Work- 
ing from the strong foundation that Jon set, we have strived 
to maintain the level of quality of the previous editions while 
making the changes that we believe will bring the book to a 
new level. 


What’s New in the Fourth Edition 


In this edition we have continued the themes introduced in the 
third edition and have implemented a number of new changes. 


A Focus on Concepts 


We have continued to emphasize conceptual understanding 
over the memorization of formulas. Memorization can never 
be completely avoided, but it should play a minor role in the 
process of learning calculus. Students will remember how to 
apply a procedure or technique if they see the logical progres- 
sion of the steps in the proof that generates it. And they then 
understand the underlying concepts rather than seeing the topic 


as a black box. To further support conceptual understanding 
of calculus, we have added a number of new Graphical and 
Conceptual Insights through the book. These include insights 
that discuss: 


e The differences between the expressions “undefined,” 
“does not exist,’ and “indeterminate” in Section 2.5 on 
indeterminate forms, 

e How measuring angles in radians is preferred in calculus 
over measuring in degrees because the resulting deriva- 
tive formulas are simpler (in Section 3.6 on derivative 
rules of trigonometric functions), 

e How the Fundamental Theorem of Calculus (Part II) 
guarantees the existence of an antiderivative for con- 
tinuous functions (in Section 5.5 on the Fundamental 
Theorem of Calculus, Part IT), 

e How the volume-of-revolution formulas in Section 6.3 
are special cases of the main volume-by-slices approach 
in Section 6.2, 

e The relationships between a curve, parametrizations of 
it, and arc length computed from a parametrization (in 
Section 11.2 on arc length and speed), 

e The relationship between linear approximation in multi- 
variable calculus (in Section 14.4) and linear approxima- 
tion for a function of one variable in Section 4.1. 


Simplified Derivations 


We simplified a number of derivations of important calculus 
formulas. These include: 


e The derivative rule for the exponential function in Section 
JA, 

e The formula for the area of a surface of revolution in 
Section 8.2, 

e The vector-based formulas for lines and planes in 3-space 
in Sections 12.2 and 12.5. 


New Examples in the Life and Climate Sciences 
Expanding on the strong collection of applications in physics 
and engineering that were already in the book, we added a 


number of applications from other disciplines, particularly in 
the life and climate sciences. These include: 


e The rate of change of day length in Section 3.7 
e The log-wind profile in Section 3.9 
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e A grid-connected energy system in Section 5.2 

e A glacier height differential-equations model 
in Section 9.1 

e A predator-prey interaction in Section 11.1 

e Geostrophic wind flow in Section 14.5 

e Gulf Stream heat flow in Section 15.1 


An Introduction to Calculus 


In previous editions of the text, the first mathematics material 
that the reader encountered was a review of precalculus. We felt 
that a brief introduction to calculus would be a more meaning- 
ful start to this important body of mathematics. We hope that 
it provides the reader with a motivating glimpse ahead and a 
perspective on why a review of precalculus is a beneficial way 
to begin. 


Additional Historical Content 


Historical Perspectives and margin notes have been a well- 
received feature of previous editions. We added to the his- 
torical content by including a few new margin notes about past 
and contemporary mathematicians throughout the book. For 
example, we added a margin note in Section 3.1 about the con- 
tributions of Sir Isaac Newton and Gottfried Wilhelm Leibniz 
to the development of calculus in the seventeenth century, and 
a margin note in Section 12.2 about recent Field’s medalist 
Maryam Mirzakhani. 


New Examples, Figures, and Exercises 


Numerous examples and accompanying figures have been 
added to expand on the variety of applications and to clarify 
concepts. Figures marked with a icon have been made 
dynamic and can be accessed via WebAssign Premium. A 
selection of these figures also includes brief tutorial videos 
explaining the concepts at work. 

A variety of exercises have also been added throughout the 
text, particularly following up on new examples in the sections. 
The comprehensive section exercise sets are closely coordinat- 
ed with the text. These exercises vary in difficulty from routine 
to moderate as well as more challenging. Specialized exercises 
are identified by icons. For example, [A ‘ndicates problems 
that require the student to give a written response. There also 
are icons for problems that require the use of either graphing- 
calculator technology | or more advanced software such as 


a computer algebra system 
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FOCUS ON CONCEPTS 


CONCEPTUAL INSIGHTS encourage students to 
develop a conceptua! understanding of calculus by 
explaining important ideas clearly but informally. 


CONCEPTUAL INSIGHT In our work with functions and limits so far, we have encoun- 
tered three expressions that are similar but have different meanings: undefined, does 
not exist, and indeterminate. It is important to understand the meanings of these ex- 
pressions so that you can use them correctly to describe functions and limits. 


° The word “undefined” is used for a mathematical expression that is not de- 
fined, such as 2/0 or nO. 

+ The phrase “does not exist” means lim f(x) does not exist, that is, f (x) does 
not approach a particular numerical value as x approaches c. 

* The term “indeterminate” is used when, upon substitution, a function or limit 
has one of the indeterminate forms. 


GRAPHICAL INSIGHTS enhance students’ visual 
understanding by making the crucial connections 
between graphical properties and the underlying 
concepts. 


GRAPHICAL INSIGHT The formula (sin xy = cos x seems reasonable when we compare 
the graphs in Figure 1. The tangent lines to the graph of y = sinx have positive slope 
on the interval ( — 3, $), and on this interval, the derivative y’ = cos x is positive. The 
tangent lines have negative slope on the interval (5, 3), where y’ = cos x is negative. 
The tangent lines are horizontal at x = —¥, %, 3%, where cosx = 0. 


FIGURE 1 The graphs of y = sinx and 
its derivative y’ = cosx. 


HISTGRICAL PERSPECTIVES are brief vignettes that 
place key discoveries and conceptual advances 

in their historical context. They give students a 
glimpse into some of the accomplishments of 
great mathematicians and an appreciation for their 


significance. 


HISTORICAL PERSPECTIVE 


— aqa e aulre 


Mes hanies Magazine, 


Geometric series were used as early as the third 
cenairy BCE by Archimedes in a brilliant argu- 
ment for determining the area S of a “parabolic 
segment” (shaded region in Figure 3). Given 
two points A and C on a parabola. there is a 
point B between A and C where the tangent 
line is parallel to AC (apparently. Archimedes 
was aware of the Mean Valuc Theorem more 
than 2000 years before the invention of cal- 
culus). Let T be the area of triangle AABC. 
Archimedes proved that if D is chosen in a sim- 
itar fashion relative to AB and £ is chosen rel- 
ative to BC, then 


l 
FT = srea(AADB) + area( ABEC) [s] 


This construction of triangles can be continued. 
The next step would be to construct the four 
wiangles on the segments AD. DB. BE, EC, 


2 
of total area (4) T. Then construct eight mi- 
3 
angles of total area (4) T, and so on. In this 


way, we obtain infinitely many triangles that 
completely fill up the parabolic segment. By the 


formula for the sum of a geometric series. we 
get 
1 4, 


ITET +: TL poi 


S=T +- 3 


4 


For this and many other achievements, 
Archimedes is ranked together with Newton 
and Gauss as one of the greatest scientists of ali 
ume. 

The modem study of infinite series began 
in the seventeenth century with Newton, 
Leibniz. and their contemporaries. The diver- 


fo =] 
gence of > i/n (called the harmonic series) 
n=}ł 
was known to the medieval scholar Nicole 
d'Oresme (1323-1382), but his proof was lost 
for centuries, and the result was rediscov- 
ered on morc than one occasion. It was also 


known that the sum of the reciprocal squares 


co 
>: | jn? converges, and in the 1640s. the 
n=fÍ 

Italian Piero Mengoli put forward the challenge 
of finding its sum. Despite the efforts of the best 
mathematicians of the day, including Leibniz 
and the Bemouili brothers Jakob and Johann, 
the problem resisted solution for nearly a cen- 
tury. In 1735, the great master Leonhard Euler 
(at the time, 28 years old) astonished his con- 
temporaries by proving that 


We examine the convergence of this series in 
Exercises 85 and 91 in Section 10.3. 


FOCUS ON CLEAR, ACCESSIBLE 
EXPOS IT 0 N that anticipates and addresses student difficulties 


REMINDERS are margin notes Using the trigonometric identities ìn the margin. we can also integrate cos? x, 
A - ; 4 REMINDER Useful identities: obtaining the following: 

that link the current discussion he” 

sin’ x = z — cas 2x) 

to important concepts introduced costs = E0 ean) 
; ‘ : j sin — li 

earlier in the text to give students sin 2x = 2sinx cosx qh Og tag ee 
i : cos 2x = cos* x — sim x 

a quick review and make 


connections with related ideas. 


CAUTION NOTES warn students ERUTEN toons stale iib be 
7 sure to take the derivative of the numerator 1 A . r-8 
of common pitfalls they may and denorninelar seperately STETE LE ne ne ay 
— fey fF 3 : : 
. : lim —— = lim Solution Let f(x) = x? — 8 and g(x) = x* + 2x — 20. Both f and g are differentiable 
encounter in understanding the sre g(x) mee g'(x) and f(x)/g(x) is indeterminate of type 0/0 at a = 2 because f(2) = g(2) = 0. 
Do not take the derivative of the function 


using the Quotient Ruie. 


ASSUMPTIONS MATTER USES short EXAMPLE 3 Assumptions Matter Show that the Product Law cannot be applied to 


i li ) if = d =— »—l 
explanations and well-chosen Ein fC ALIA er HA RR 


Solution For all x #0, we have f(x)g(x) =x -x~' = 1, so the limit of the product 
counterexamples to help students exists: 


appreciate why hypotheses are lim fœ) = lim 1 = 1 


needed in theorems. 


However, there is an issue with the product of the limits because lim x" does not exist 
Ter 


(since g(x) = x7! becomes infinite as x —> 0). Therefore, the Product Law cannot be 


applied and its conclusion does not hold even though the limit of the products does exist. 
Specifically, lim f (x)g(x) = 1, but the product of the limits is not defined: 
I= 


(i, 0) (2) (1,2) (2) 
(a) 


x—0 x—0 


Does not exist 


SECTION SUMMARIES summarize a section’s key 
points in a concise and useful way and emphasize for 


students what is most important in each section. 


FOCUS ON EXERCISES AND EXAMPLES 


SECTION EXERCISE SETS offer a comprehensive set of exercises closely coordinated 


with the text. These exercises vary in difficulty from routine, to moderate, to more 


challenging. Also included are icons indicating problems that require the student to 


give a written response or require the use of technology. 


Each section offers 
PRELIMINARY QUESTIONS 
that test student 
understanding. 


A main set of EXERCISES 
teaches basic skills as 
well as problem-solving 
techniques, reinforces 
conceptual understanding, 
and motivates calculus 
through interesting 
applications. 


FURTHER INSIGHTS & 
CHALLENGES develop 
additional insights and 
challenge students to 


further develop their skills. 


Preliminary Questions 


1. Assume that 
iim, fo) =L and Jim g@) = 00 
Which of the following statements are correct? 
(a) x = L is a vertical asymptote of g. 
@) y = L is a horizontal asymptote of g. 
(c) x = Lisa vertical asymptote of f. 
(d) y = L is a horizontal asymptote of f. 


2 What are the following limits? 
(a) lim x? (b) lim x 
x00 I~ 00 


Exercises 
1. What are the horizontal asymptotes of the function in Figure 7? 


FIGURE 7 


2. Sketch the graph of a function f that has both y = —} and y = 5 as 
horizontal asymptotes. 


3. Sketch the graph of a function f with a single horizontal asymptote 


y=. 


Further Insights and Challenges 
40. Show that if both lim f(x) g(x) and kin g(x) exist and 


lim g(x) # 0, then lim f(x) exists. Hint: Write f(x) = LCE. 
ae ad g(x) 


41. Suppose that lim tg(t) = 12. Show thal lim g(t) exists and 
equals Å. i=3 13 


42, Prove that if lim *O = 5, then lim A(t) = 15. 
im {= 


43. (aff Assuming that lim 2 = 1, which of the following statements 
x0 
is necessarily rue? Why? 


@ s@=90 


(b) lim fq) =0 


44. Prove that if jim f@) = £50 and jim gŒ) = 0, then the limit 
- {x} . 
lim F docs not exist. 


3. Sketch the graph of a function that approaches a limit as x —> co but 
docs not approach a limit (cither finite or infinite) as x —— —co. 
4, What is the sign of a if f(x) = ax? +x + | satisfies 

lim f(x) = 0? 


x09 


§. What is the sign of the coefficient multiplying x’ if f is a polynomial 
of degree 7 such that lim f(x) = 00? 
X— —00 


6. Explain why lim sin exists but lim sin } does not exist. What is 
I-09 x 


lim sin £7 
x7? OO x 


pP 


2L f= (6412 +9)'/ 


ef 
ETE = a 
10 


metn j= -F 
1437 m pae 


23. g0) = 
(4 The following statement is incorrect: “If f has a horizontal asymp- 
lote y = L at co, then the graph of f approaches the line y = L as x 
gels greater and greater, but never touches it.” In Exercises 25 and 26. 
determine im f) and indicate how f demonstrates that the statement 


is incorrect. 


25. fa@)= 


2x + |x] 
xX 


sinx 
26, f(x) = — 
xX 
In Exercises 27-34, evaluate the limit. 


V9x4 43x 42 


a =, 4x3 +] 


as. (A Suppose that lim g(h) = L. 

(a) Explain why jim glah) = L for any constant a Æ 0. 

(b) If we assume instead that fim g(h) = L, is it still necessarily ruc that 
jim gah) = L? 

(c) Ilustrate (a) and (b) with the function f(x) = x°. 


46. Assume that L(a) = lim af 

that lim g” = 1. = 
z—>0 

(a) Prove that L(ab) = Lia} + L{b) for a,b > 0. 

Hin: aby — lat -a +a -i ae (SF - 14+ - dD. 

{This shows that L(a) behaves like a logarithm, in the sense that 

in(ab) = Ina + Inb. In fact, it can be shown that L(a) = Ina.} 

(b) Verify numerically that L(12) = L(3) + £44). 


= exists for all a > & Assume also 
x 


RICH APPLICATIONS such as 
this exercise on smart phone 
growth (below) and this 
example discussing glacier 


EXAMPLE 3 A Glacial Thickness Model Let p = 917 kg/m?, g = 9.8 nys?, and 
t = 75,000 N/m? in Eq. (2). Use T(0) = 0 for an initial condition, and solve for T(x). 
Then use 7(x) to determine the thickness of the glacier 1 km from its terminus. 


Solution The differential equation that we need to solve is 


dT __75,000 
dx (9179.8) 


It is a separable differential equation. We use the approximate value of 8.35 for the right- 


NATA Mche aig 


hand side, and proceed as follows: thickness (left) reinforce 
f aaa f Fosas the relevance of calculus 
FIGURE 3 The glacier’s thickness T is 5T ?2=835x +C to students’ lives and 
modeled as a function of distance x from s 
appii FOAIE demonstrate the importance 
Since T (0) = 0, we obtain T(x) = /16.7x (Figure 4). 3 : hg 
T At a distance of 1 km from the terminus, the thickness is T(1000) = /16;700 ~ of calculus in scientific 
160 129 m. a] 


research. 


37. In 2009, 2012, and 2015, the number (in millions) of smart phones 
sold in the world was 172.4, 680.1, and 1423.9, respectively. 


(a) Let t represent time in years since 2009, and let $ represent 
the number of smart phones sold in millions. Determine M, A, and & for a 


x 


400 800 1200 


FIGURE 4 7(x) = /16.7x. 


logistic model, S(t) = that fits the given data points. 


M 
1+ Ae—*t i 
(b) What is the long-term expected maximum number of smart phones 
sold annually? That is, what is im, S(t)? 


(c) In what year does the model predict that smart-phone sales will reach 
98% of the expected maximum? 


CHAPTER REVIEW EXERCISES 


1. The position of a particle at time £ (s) is s(t) = v't? + 1 m. Com- 2. lim ai., 39. lim By? + 5y —2 
pute its average velocity over [2,5] and estimate its instantaneous ve- , i> E í yo} 6y2 ~5y +1 
locity at t = 2. 

a? —3ab + 2b? 


2. A rock dropped from a state of rest at time t = 0 on the planet Gi- P. 
a—b a-—b 


normon travels a distance s(t) = 15.21? m int seconds. Estimate the 
instantaneous velocity at t = 5. x x . sin58 


3. For f(x) = /2x compute the slopes of the secant lines from 16 0 a0 8 


to each of 16 + 0.01, 16 + 0.001, 16 + 0.0001 and use those values to p 1 
estimate the slope of the tangent line at x = 16. = aes f i ost vs 
4. Show that the slope of the secant line for f(x) = x? — 2x over 


[5, x] is equal to x? + 5x +23. Use this to estimate the slope of the 29. = ik 
tangent line at x = 5. z=—3 2° + 4z +3 


CHAPTER REVIEW EXERCISES offer a comprehensive set of exercises closely 
coordinated with the chapter material to provide additional problems for 
self-study or assignments. 


FOCUS ON MEDIA AND RESOURCES 


WebASSIGN Premium 


https://www.webassign.net/whfreeman 


WebAssign Premium offers course and assignment 
customization to extend and enhance the classroom 
experience for instructors and students. 


The fully customizable WebAssign Premium for 
Calculus: Early Transcendentals integrates an 
interactive e-book, a powerful answer evaluator, 


algorithmically generated homework and quizzes, and 


Macmillan’s acclaimed CalcTools: 


DYNAMIC FIGURES—!Interactive versions of 
165 text figures. Tutorial videos explain how 
to use select figures. 
CALCCLIPS—Step-by-step whiteboard tutorials 
explain key concepts from exercises in the book. 
E-BOQK—Easy to navigate, with highlighting 
and note-taking features. 

LEARNINGCURVE—A powerful, self-paced 
assessment tool provides instant feedback tied 
to specific sections of the e-book. Difficulty 
level and topic selection adapt based on each 
student’s performance. 

TUTORIAL QUESTIONS—This feature reviews 
difficult questions one segment at a time. 

A PERSONAL STUDY PLAN (PSP)—Lets each 
student use chapter and section assessments 
to gauge their mastery of the material and 
generate an individualized study pian. 


FOR INSTRUCTORS 
available at https://www.webassign.net/whfreeman 


OVER 7,000 EXERCISES from the text, with 
detailed solutions available to students at your 
discretion. 

READY-TO-USE COURSE PACK ASSIGNMENTS 
drawn from the exercise bank to save you time. 
A SUITE OF INSTRUCTOR RESOURCES, 
including iClicker questions, Instructor’s 
Manuals, PowerPoint lecture slides, a printable 
test bank, and more. 


ADDITIONAL SUPPLEMENTS 


FOR INSTRUCTORS 


INSTRUCTOR’S SOLUTIONS MANUAL 
Worked-out solutions to all exercises in the text. 
ISBN: (SV) 978-1-319-25215-1; 

(MV) 978-1-319-25217-5 


TEST BANK 
ISBN: 978-1-319-24292-3 


INSTRUCTOR'S RESOURCE MANUAL 
ISBN: 978-1-319-22135-5 


LECTURE SLIDES (customizable) 


IMAGE SLIDES (all text figures and tables) 


I> iClicker 


iClicker's two-way radio-frequency classroom 
response solution was developed by educators for 
educators. Jo learn more about packaging iClicker 
with this textbook, please contact your local sales 
representative or visit www.iclicker.com. 


FOR STUDENTS 


STUDENT SOLUTIONS MANUAL 
Worked-out solutions to all odd-numbered exercises. 
ISBN: (SV) 978-1-319-25442-1. 
(MV) 978-1-319-25441-4 


MAPLE™ MANUAL 
ISBN: 978-1-319-22151-5 


MATHEMATICA® MANUAL 
ISBN: 978-1-319-22137-9 


<SAWeBWorK 


WEBWORK.MAA.ORG 

Macmillan Learning offers thousands of 
algorithmically generated questions (with full 
solutions) from this book through WeBWorK’s 
free, open-source online homework system. 
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Maria Gaetana Agnesi 
(1718-1799), an Italian 
mathematician and theologian, is 
credited with writing one of the 
first books about calculus, 
Instituzioni analitiche ad uso 
della gioventu italiana. It was 
self-published and was written as 
a textbook for her brothers, who 
she was tutoring. 


FIGURE 1 


FIGURE 2 The approximation to the slope at 
P improves as Q approaches P. 
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INTRODUCTION TO CALCULUS 


W e begin with a brief introduction to some key ideas in calculus. It is not an 
exaggeration to say that calculus is one of the great intellectual achievements of 
humankind. Sending spacecraft to other planets, building computer systems for forecast- 
ing the weather, explaining the interactions between plants, insects, and animals, and 
understanding the structure of atoms are some of the countless scientific and technologi- 
cal advances that could not have been achieved without calculus. Moreover, calculus is a 
foundational part of the mathematical theory of analysis, a field that is under continuous 
development. 

The primary formulation of calculus dates back to independent theories of Sir Isaac 
Newton and Gottfried Wilhelm Liebnitz in the 1600s. However, their work only remotely 
resembles the topics presented in this book. Through a few centuries of development and 
expansion, calculus has grown into the theory we present here. Newton and Liebnitz 
would likely be quite impressed that their calculus has evolved into a theory that many 
thousands of students around the world study each year. 

There are two central concepts in calculus: the derivative and the integral. We 
introduce them next. 


The Derivative The derivative of a function is simply the slope of its graph; it repre- 
sents the rate of change of the function. For a linear function y = 2.3x — 8.1, the slope 
2.3 indicates that y changes by 2.3 for each one-unit change in x. How do we find the 
slope of a graph of a function that is not linear, such as the one in Figure 1? 

Imagine that this function represents the amount A of a drug in the bloodstream 
as a function of time ¢t. Clearly, this situation is more complex than the linear case. 
The slope varies as we move along the curve. Initially positive because the amount of 
the drug in the bloodstream is increasing, the slope becomes negative as the drug is 
absorbed. Having an expression for the slope would enable us to know the time when 
the amount of the drug is a maximum (when the slope turns from positive to negative) 
or the time when the drug is leaving the bloodstream the fastest (a time to administer 
another dose). 

To define the slope for a function that is not linear, we adapt the notion of slope for 
linear relationships. Specifically, to estimate the slope at point P in Figure 2, we select a 
point Q on the curve and draw a line between P and Q. We can use the slope of this line 
to approximate the slope at P. To improve this approximation, we move Q closer to P 
and calculate the slope of the new line. As Q moves closer to P, this approximation gets 
more precise. Although we cannot allow P and Q to be the same point (because we could 
no longer compute a slope), we instead “take the limit” of these slopes. We develop the 
concept of the limit in Chapter 2. Then in Chapter 3, we show that the limiting value may 
be defined as the exact slope at P. 


The Definite Integral The definite integral, another key calculus topic, can be thought 
of as adding up infinitely many infinitesimally small pieces of a whole. It too is obtained 
through a limiting process. More precisely, it is a limit of sums over a domain that is 
divided into progressively more and more pieces. To explore this idea, consider a solid 
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FIGURE 3 For a ball of uniform density, 
mass is the product of density and volume. 
For a nonuniform ball, a limiting process 
needs to be used to determine the mass. 


The irregular density of the moon 
presented a navigational challenge for 
spacecraft orbiting it. The first group of 
spacecraft (unmanned!) that circled the 
moon exhibited unexpected orbits. Space 
scientists realized that the density of the 
moon varied considerably and that the 
gravitational attraction of concentrations of 
mass (referred to as mascons) deflected the 
path of the spacecraft from the planned 
trajectory. 


ball of volume 2 cm? whose density (mass per unit volume) throughout is 1.5 g/cm?. The 
mass of this ball is the product of density and volume, (1.5)(2) = 3 grams. 

If the density is not the same throughout the ball (Figure 3), we can approximate its 
mass as follows: 


e Chop the ball into a number of pieces, 

e Assume the density is uniform on each piece and approximate the mass of each 
piece by multiplying density by volume, 

e Add the approximate masses of the pieces to estimate the total mass of the ball. 


We continually improve this approximation by chopping the ball into ever smaller pieces 
(Figure 4). Ultimately, an exact value is obtained by taking a limit of the approximate 
masses. 


FIGURE 4 


In Chapter 5, we define the definite integral in exactly this way; it is a limit of sums 
over an interval that is divided into progressively smaller subintervals. 


The Fundamental Theorem of Calculus Although the derivative and the definite 
integral are very different concepts, it turns out they are related through an important the- 
orem called the Fundamental Theorem of Calculus presented in Chapter 5. This theorem 
demonstrates that the derivative and the definite integral are, to some extent, inverses of 
each other, a relationship that we will find beneficial in many ways. 


Oscillatory phenomena, such as the extreme 
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tides of the Bay of Fundy in Atlantic Canada, 


are modeled by the sine function from 
trigonometry. 


1 PRECALCULUS REVIEW 


alculus builds on the foundation of algebra, analytic geometry, and trigonometry. In 

this chapter, therefore, we review some concepts, facts, and formulas from precal- 
culus that are used throughout the text. In the last section, we discuss ways in which 
technology can be used to enhance your visual understanding of functions and their 
properties. 


1.1 Real Numbers, Functions, and Graphs 


We begin with a short discussion of real numbers. This gives us the opportunity to recall 
some basic properties and standard notation. 

A real number is a number represented by a decimal or “decimal expansion.” There 
are three types of decimal expansions: finite, infinite repeating, and infinite but non- 
repeating. For example, 


- = 0.375, - = 0.142857142857 ... = 0.142857 m =3.141592653589793... 


The number > is represented by a finite decimal, whereas 5 is represented by an infinite 
repeating decimal. The bar over 142857 indicates that this sequence repeats indefinitely. 
The decimal expansion of z is infinite but nonrepeating. 

The set of all real numbers is denoted by a boldface R. When there is no risk of 
confusion, we refer to a real number simply as a number. We also use the standard symbol 
€ for the phrase “belongs to.” Thus, 


aéR reads “a belongs to R” 


The set of integers is commonly denoted by the letter Z (this choice comes from the 
German word Zahl, meaning “number’). Thus, Z = {..., —-2,—1,0,1,2,...}. A whole 
number is a nonnegative integer—that is, one of the numbers 0, 1,2,.... 

A real number is called rational if it can be represented by a fraction p/q, 
where p and q are integers with q #0. The set of rational numbers is denoted Q 
(for quotient”). Numbers that are not rational, such as m and 4/2, are called irrational. 

We can tell whether a number is rational from its decimal expansion: Rational 
numbers have finite or infinite repeating decimal expansions, and irrational numbers 
have infinite, nonrepeating decimal expansions. Furthermore, the decimal expansion of 
a number is unique, apart from the following exception: Every finite decimal is equal to 
an infinite decimal in which the digit 9 repeats. For example, 1/5 = 0.5 = 0.499999... 

Two algebraic properties of the real numbers are the commutative property of ad- 
dition, a + b = b + a, and the distributive property of multiplication over addition, 
a(b+c)=ab+ac. A list of further properties can be found in Appendix B. Next, we 
present some properties of exponents that are used regularly when we work with expo- 
nential expressions and functions. 


Rule Example 


Exponent zero po = 1 50] 
Products b*bY = b*ty 
b* 
. = = — 
Quotients oy b* 


Negative exponents be = 


i 
b* 


Power to a power (y = 
Roots bi/n = Yo 51/2 = ./5 
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4 REMINDER n-factorial is the number 
n! = n(n — 1)(n —2)---(2)(1) 
Thus, 
Le, Z= 2b =2 
3! = (3)(2)C1) = 6 


By convention, we set Q! = 1. 


—2 -l 0 1 2 


FIGURE 1 The set of real numbers 
represented as a line. 


In some texts, “larger than” is used 
synonymously with “greater than.” We will 
avoid that usage in this text. 


FIGURE 2 jaj is the distance from a to the 
origin. 
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EXAMPLE 1 Rewrite as a whole number or fraction: 7, 

(a) 1671/2 (b) 277/ OKa (d) a 

Solution 

(a) 167! = — = Tr = : (b) 273 = (271/3)° = 3? =9 

(c) 4164-1 242 wo % OP Fa! i 


Another important algebraic relationship is the binomial expansion of (a + b)”. It 
is proved in Appendix C and is needed in the proof of the power law for derivatives in 
Section 3.2. 

Expanding (a + b)” for n = 2,3,4, we obtain 


° (a+b) = (a + b)(a + b) = a? + 2ab + b? 
- (a +b% =(at+b\atb) = (a+b)? + 2ab + b?) = a? +3a?b +3ab? +b? 
- (a+b = (a +b)(a +b} = (a + b)(a? + 3a2b + 3ab? + b?) = a4 + 4a?b + 
6a?b? + 4ab? + at 
Notice there are some patterns emerging here. In each case, the first and second 
terms are a” and na”~!b, while the last two terms are nab”~! and b”. There is a general 
formula for the expansion, called the binomial expansion formula. It is expressed using 
summation notation as 
n 


at+by"=) > 


p=0 


__ e en—pyp 
fn 


We introduce summation notation in Section 5.1. For now, you can understand the 


formula as saying that (a + b)” is a sum of terms cae b?, with a term for each 
p going from 0 to n. So, for example, in (a + b)®, the first four terms are: a? = af, 


Fna’ b = 8a'b, Sa®b* = 28a6b?, and Sa°b> = 56a5b?. Working out the rest of the 
terms, we find that: 


(a + b)? = aÈ + 8a'b + 28a°b* + 56a°b? + 70a*th* + 56a°b? + 28a7b® + 8ab’ + aÈ 


We visualize real numbers as points on a line (Figure 1), and we refer to that line as 
the real line. For this reason, real numbers are often called points. The point correspond- 
ing to 0 is called the origin. 

The real numbers are ordered, and we can view that ordering in terms of position on 
the real line: p is greater than q, written p > q, if p is to the right of g on the number 
line. p is less than q, written p < q, if p is to the left of q on the number line. 

A real number x is said to be positive if x > 0, negative if x < 0, nonpositive if 
x < 0, and nonnegative if x > 0. 

Two other important terms we use, related to position on the real line, are “large” 
and “small.” We say that p is large if p is distant from the origin, and p is small if p is 
close to the origin. While these definitions are somewhat vague, the meaning should be 
clear in the contexts in which they are used. 

The absolute value of a real number a, denoted |a|, is defined by (Figure 2): 


l a ifa > 0 
|a| = distance from the origin = 
—a ifa<0Q0 
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For example, |1.2| = 1.2 and |—8.35] = —(—8.35) = 8.35. The absolute value satisfies 


— jal=|-al, |ab| = jal lb 


-2 -laQ0 1 2 b The distance between two real numbers a and b is |b — a|, which is the length of the line 


segment joining a and b (Figure 3). 
vt y Ls miami aa ll Ha : Two real numbers a and b are close to each other if |b — a| is small, and this is the 
case if their decimal expansions agree to many places. More precisely, if the decimal 
expansions of a and b agree to k places (to the right of the decimal point), then the 
distance |b — a| is at most 10~-*. Thus, the distance between a = 3.1415 and b = 3.1478 
is at most 107? because a and b agree to two places. In fact, the distance is exactly 
|3.1478 — 3.1415] = 0.0063. 
Beware that |a + b| is not equal to ja] + |b| unless a and b have the same sign or 
at least one of a and b is zero. If they have opposite signs, cancellation occurs in the 
sum a + b, and |a +b] < jaj + |b]. For example, |2 + 5| = |2| + [5| but |—2 + 5| = 3, 
which is less than |—2] + |5] = 7. In any case, Ja + b| is never greater than |a| + |b|, and 
this gives us the simple but important triangle inequality: 


ja +b] < lal + Ibl | 1 | 


We use standard notation for intervals. Given real numbers a < b, there are four 
intervals with endpoints a and b (Figure 4). They all have length b — a but differ accord- 
ing to which endpoints are included. 


a b a b a b a b 
FIGURE 4 The four intervals with endpoints Closed interval [a, b] Open interval (a, b) Half-open interval [a, b) | Half-open interval (a, b] 
a and b. (endpoints included) (endpoints excluded) 


The closed interval [a, b] is the set of all real numbers x such that a < x < b: 
[a,b] ={x €R:a<x<b} 


We usually write this more simply as {x : a < x < b}, it being understood that x belongs 
to R. The open and half-open intervals are the sets 


(4,6) = Gate we <D)y, [ajbp= {a -a <x <b}, (a, D] =(¥ Fa =x =H} 
—  _— — —_—_————— 
Open interval (endpoints excluded) Half-open interval Half-open interval 


The infinite interval (—co, oo) is the entire real line R. A half-infinite interval is 
closed if it contains its finite endpoint and is open otherwise (Figure 5): 


[a,00) = {x : x > a}, (—o0, b] = {x : x < b} 
——_—. Xs >> eer oe 
a b 
[a, 00) (—oo, b] 


FIGURE 5 Closed half-infinite intervals. 


|x| <r Open and closed intervals may be described by absolute-value inequalities. For ex- 
oe Sh a ample, the interval (—r,r) is described by the inequality |x| < r (Figure 6): 


FIGURE 6 The interval 


(=r,r) = {x : |x] < r}. kler & -r<x<r $ xe(-r,r) | 2 | 
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The symbol <> is read as “is equivalent 
to,” and the symbol =, that we will also 
use, is read as “implies.” 


FIGURE 7 (a,b) = (c —r,c+r). 


7 10 13 


FIGURE 8 The interval [7, 13] is described 
by |x — 10] < 3. 


In Example 3, we use the notation U to 
denote “union”: The union A U B of sets 
A and B consists of all elements that 
belong to either A or B (or to both). 


~2 0 14 


FIGURE 9 The set S = {x : |5x —3| > 4}. 


The term “Cartesian” refers to the French 
philosopher and mathematician René 
Descartes (1596-1650), whose Latin 

name was Cartesius. He is credited (along 
with Pierre de Fermat) with the invention of 
analytic geometry. In his great work La 
Géométrie, Descartes used the letters 
x,y,z for unknowns and a,b,c for 
constants, a convention that has been 
followed ever since. 


The notation (a,b) could mean the open 
interval that is equal to the set of points 

{x :a@ <x < b} or it could mean the point 
in the xy-plane with x = a and y = b. In 
general, the meaning will be apparent from 
the context. 
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More generally, for an interval symmetric about the value c (Figure 7): 


Closed intervals can be represented similarly, with < replaced by <. We refer to r as the 
radius and c as the midpoint or center of the intervals (c — r,c +r) and[c—r,c+r]. 
The intervals (a,b) and [a,b] have midpoint c = +(a +b) and radius r = F(b — a) 
(Figure 7). 


x-cl<r & c-r<x<c+r $s xé€(e-7,c4+r) 


EXAMPLE 2 Describe [7, 13] using an absolute-value inequality. 


Solution The midpoint of the interval [7, 13] is c = $(7 + 13) = 10, and its radius is 
r= 4(13 — 7) = 3 (Figure 8). Therefore, 


[7,13] = {x € R : |x — 10| < 3} E 


EXAMPLE 3 Describe the set S = {x z [4x — 3| > 4} in terms of intervals. 


Solution It is easier to consider the opposite inequality |5x — 3| < 4 first. By (2): 


1 1 
7-3 <4 > ee 
1 
-1 < p <7 (add 3) 
—2 < x < 14 (multiply by 2) 


Thus, 5x — 3| < 4 is satisfied when x belongs to [—2, 14]. The set S is the complement, 
consisting of all numbers x not in [—2, 14]. We can describe S as the union of two inter- 
vals: S = (—oo, —2) U (14, co) (Figure 9). 


Graphing 


Graphing is a basic tool in calculus, as it is in algebra and trigonometry. Recall that rect- 
angular (or Cartesian) coordinates in the plane are defined by choosing two perpendicular 
axes, the x-axis and the y-axis.To a pair of numbers (a, b) we associate the point P lo- 
cated at the intersection of the line perpendicular to the x-axis at a and the line perpendic- 
ular to the y-axis at b [Figure 10(A)]. The numbers a and b are the x- and y-coordinates 
of P. The x-coordinate is sometimes called the abscissa and the y-coordinate the ordi- 
nate. The origin is the point with coordinates (0, 0). 


(A) (B) 


FIGURE 10 The rectangular coordinate system (A) and the four quadrants (B). 


P= (x1, y1) 
yı 


ly. = yıl 


FIGURE 11 Distance d is given by the 
distance formula. 


(, y) 


a 


FIGURE 12 Circle with equation 
(x-a + (y — b} = r2. 


A function f : D — Y is also called a 
map. The sets D and Y can be arbitrary. 
For example, we can define a map from the 
set of living people to the set of whole 
numbers by mapping each person to his or 
her year of birth. The range of this map is 
the set of years in which a living person 
was born. In multivariable calculus, the 
domain might be a set of points in the 
two-dimensional plane and the range a set 
of numbers, points, or vectors. 
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The axes divide the plane into four quadrants labeled I-IV, determined by the signs 
of the coordinates [Figure 10(B)]. For example, quadrant III consists of points (x, y) such 
that x < Oand y < 0. 

The distance d between two points P, = (x1, yi) and Pz = (x2, y2) is computed 
using the Pythagorean Theorem. In Figure 11, we see that P; Pz is the hypotenuse of 
a right triangle with sides a = |x2 — xı| and b = |y2 — yıl. Therefore, 


d = a +b? = (x2 — x1)? +( — v1)” 


We obtain the distance formula by taking square roots. 


Distance Formula The distance between Pı = (x1, y1) and P2 = (x2, y2) is 


d = y @2 — x1)? + 02 — yi)? 


Once we have the distance formula, we can derive the equation of a circle of radius 
r and center (a, b) (Figure 12). A point (x, y) lies on this circle if the distance from (x, y) 


to (a,b) isr: 
ya — af + (y — b? =r 


Squaring both sides, we obtain the standard equation of the circle of radius r centered at 


(a, b): 
(x -af +(y -bf =r? 


We now review some definitions and notation concerning functions. 


DEFINITION A function f from a set D to a set Y is a rule that assigns, to each 
element x in D, a unique element y = f(x) in Y. We write 


f:D>Y 


The set D, called the domain of f, is the set of “allowable inputs.” For x € D, f(x) is 
called the value of f at x (Figure 13). The range R of f is the subset of Y consisting of 
all values f(x}: 


R={y¢Y: f(x)= y for some x € D} 


Informally, we think of f as a “machine” that produces an output y for every input 
x in the domain D (Figure 14). 


| f@) 
z= Output 
FIGURE 13 A function assigns an element FIGURE 14 Think of f as a “machine” that 
f() in Y toeach x € D. takes the input x and produces the output f(x). 


Writing y = f(x) for a function f, we refer to x as the independent variable and y 
as the dependent variable (because its value depends on the choice of x). 
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FIGURE 15 


Harvepino/Shutterstock 


FIGURE 17 The Greenland ice sheet. 


The first part of this text deals with functions f, where both the domain and the 
range are sets of real numbers. When f is defined by a formula, its natural domain 
is the set of real numbers x for which the formula is meaningful. For example, the 
function f(x) = v9 — x has domain D = {x : x < 9} because 9 — x is defined if 
9 — x > 0. Here are some other examples of domains and ranges: 


f(x) Domain D Range R 
x? R {y : y 20} 
cos x R {y:-l<y<l1} 


{x : x Æ —1)} {y : y #0} 


The graph of a function y = f(x) is obtained by plotting the points (a, f (a)) for a 
in the domain D (Figure 15). If you start at x = a on the x-axis, and move up to the graph 
and then over to the y-axis, you arrive at the value f(a). 

A zero or root of a function f is a number c such that f(c) = 0. The zeros are the 
values of x where the graph intersects the x-axis. 

In Chapter 4, we will use calculus to sketch and analyze graphs. At this stage, to 
sketch a graph by hand, we can make a table of function values, plot the corresponding 
points (including any zeros), and connect them by a smooth curve. 


EXAMPLE 4 Find the roots and sketch the graph of f(x) = x? — 2x. 


Solution First, we solve 
x? — 2x =x(x?—-2)=0 


The roots of f are x = 0 and x = +,/2. To sketch the graph, we plot the roots and a few 
values listed in Table 1 and join them by a curve (Figure 16). a 


TABLE 1 
x x? — 2x 
—2 —4 
—| 1 

0 0 

l —1 

2 4 


FIGURE 16 Graph of f(x) = x? — 2x. 


Functions arising in applications are not always given by formulas. Data collected 
from observation or experiment define functions for which there may be no exact 
formula. Such functions can be displayed either graphically or by a table of values. 
For example, consider the mass of the Greenland ice sheet (Figure 17) that covers 
most of the island of Greenland. Data in Table 2 and Figure 18 collected by NASA’s 
GRACE (Global Recovery and Climate Experiment) satellite show the change in the 
mass of the ice, C, as a function of time, t, since the beginning of 2012. (Note, for 
example, t = 1.46 means 0.46 years into 2013.) To plot this function, we plot the 
data points in the table and connect the points with a smooth curve. We will see 
that many of the tools of calculus can be applied to functions constructed from data in 
this way. 


nee” 


ae S a 
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a 


TABLE 2 


Time Change in Mass Time Change in Mass 
(years since from Jan. 1,2012 (years since from Jan. 1, 2012 
Jan. 1,2012) (in gigatonnes) Jan. 1,2012) (in gigatonnes) 


0 0 2.19 —794.51 

0.21 138.53 Suz —623.4 

0.54 —139.14 3.32 —624.41 

0.89 —487.05 3.70 —960.08 

LR —386.78 4.12 —899.86 

1.46 —355.26 4.46 —869.46 

1.87 —518.52 4.91 —1153.08 FIGURE 18 Change in mass of the Greenland 
TIN! —475.14 5.25 —1110.29 iiai 

2.45 —474.96 5.44 —1115.94 


We can graph not just functions but, more generally, any equation relating y and x. 
Figure 19 shows the graph of the equation 4y? — x? = 3; it consists of all pairs (x, y) 
satisfying the equation. This curve is not the graph of a function of x because some 
x-values are associated with two y-values. For example, x = 1 is associated with both 
y = l and y = —1. A curve is the graph of a function of x if and only if it passes the Ver- 
tical Line Test; that is, every vertical line x = a intersects the curve in at most one point. 

We are often interested in whether a function is increasing or decreasing. Roughly 
speaking, a function f is increasing if its graph goes up as we move to the right and is 
decreasing if its graph goes down [Figures 20(A) and (B)]. More precisely, we define the 
notion of increase/decrease on an open interval. 


FIGURE 19 Graph of 4y* — x? = 3. This A function f is 
aph fails the Vertical Line Test, so it is i s 
A graph of a function. * Increasing on (a, b) if f (x1) < f (2) for all x1, x2 € (a, b) such that xı < x2 


¢ Decreasing on (a,b) if f (x1) > f(x2) for all x1, x2 € (a,b) such that xı < x2 


We say that f is monotonic if it is either increasing or decreasing. In Figure 20(C), the 
function is not monotonic because, while it is increasing for some intervals of x and 
decreasing for others, it is neither increasing nor decreasing for all x. 

A function f is called nondecreasing if f (x1) < f(x2) for xı < x2 (defined by < 
rather than a strict inequality <). Nonincreasing functions are defined similarly. Func- 
tion (D) in Figure 20 is nondecreasing, but it is not increasing on the intervals where 


the graph is horizontal. Function (E) is increasing everywhere, even though it levels off 
momentarily. 


A S 


(A) Increasing (B) Decreasing (C) Decreasing on (a, b) (D) Nondecreasing but not (E) Increasing 
but not decreasing increasing 
everywhere 


FIGURE 20 


8 CHAPTER 1 


PRECALCULUS REVIEW 


Another important property of functions is parity, which refers to whether a function 
is even or odd: 


The graphs of functions with even or odd parity have a special symmetry: 


¢ Even function: The graph is symmetric about the y-axis. This means that if 
P = (a, b) lies on the graph, then so does Q = (—a, b) [Figure 21(A)]. 

e Odd function: The graph is symmetric with respect to the origin. This means 
that if P = (a, b) lies on the graph, then so does Q = (—a, —b) [Figure 21(B)]. 


Many functions are neither even nor odd [Figure 21(C)]. 


y 
x 
(A) Even function: f(—x) = f(x) (B) Odd function: f(—x) = —f(x) (C) Neither even nor odd 
Graph is symmetric Graph is symmetric 
about the y-axis. about the origin. 
FIGURE 21 


EXAMPLE 5 Determine whether the function is even, odd, or neither. 
(a) f(x) =x (b) g(x) = x7! (c) h(x) =x? + 
Solution 


(a) f(—x) = (—x)* = x*. Thus, f(x) = f(—x), and f is even. 

(b) g(—x) = (—x)7! = —x7!. Thus, g(—x) = —g(x), and g is odd. 

(©) h(—x) = (=x + (—x) = x? — x. We see that h(—x) is not equal to h(x) or to 
—h(x) = —x? — x. Therefore, h is neither even nor odd. E 


EXAMPLE 6 Using Symmetry Sketch the graph of f(x) = 259 
Solution The function f is positive [ f(x) > 0] and even [ f(—x) = f(x)]. Therefore, 
the graph lies above the x-axis and is symmetric with respect to the y-axis. 
Furthermore, f is decreasing for x > 0 (because a larger value of x makes the de- 
nominator larger and therefore the fraction smaller). We use this information and a short 
table of values (Table 3) to sketch the graph (Figure 22). Note that the graph approaches 
the x-axis as we move away from zero, both to the right and to the left, because f(x) gets 


closer to zero as |x| increases. a 
TABLE 3 
z 1 
x74] 
0 1 
1 
| 5 
1 
£2 3 


CD FIGURE 22 


Remember that f(x) +c and f(x +c) 

are different. The graph of y = f(x) +c Is 
a vertical translation and y = f(x +c) is 
a horizontal translation of the graph of 


y= f(x). 


= —2f(x) 


FIGURE 25 Negative vertical scale factor 
k = —2. 
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Two important ways of modifying a graph are translation (or shifting) and scaling. 
Translation consists of moving the graph horizontally or vertically: 


DEFINITION Translation (Shifting) 


e Vertical Translation y = f(x) + c: Shifts the graph of f by |c| units vertically, 
upward if c > 0 and downward if c < Q. 

¢ Horizontal Translation y = f(x + c): Shifts the graph of f by |c| units horizon- 

tally, to the right if c < 0 and to the left if c > 0. 


Figure 23 shows the effect of translating the graph of f(x) = 1 ew + 1) vertically and 
horizontally. 


y b y 
Shift 1 unit 


upward 


Shift 1 unit 
to the left 


-2 


=| æ ži 


1 
x? +1 


(A) y=f(x) = B) y=f(x) +1= = re | (© y=fa+ l= 


1 
(x+ 1% +1 


FIGURE 23 


EXAMPLE 7 Figure 24(A) is the graph of f(x) = x”, and Figure 24(B) is a horizontal 
and vertical shift of (A). What is the equation of graph (B)? 


(A) f(x) =x? 


FIGURE 24 


Solution Graph (B) is obtained by shifting graph (A) 1 unit to the right and 1 unit down. 
We can see this by observing that the point (0, 0) on the graph of f is shifted to (1, —1). 
Therefore, (B) is the graph of g(x) = (x — 1)? — 1. Bl 


Scaling (also called dilation) consists of compressing or expanding the graph in the 
vertical or horizontal directions: 


DEFINITION Scaling 


° Vertical scaling y = kf (x): If |k| > 1, the graph of f is expanded vertically by 
the factor |k|. If 0 < |k] < 1, the graph of f is compressed vertically by the factor 
|k|. If k < 0, then the graph is also reflected across the x-axis (Figure 25). 

* Horizontal scaling y = f (kx): If |k] > 1, the graph of f is compressed horizon- 

tally by the factor |k|. If 0 < |k] < 1, the graph of f is expanded horizontally by 

the factor |k]. If k < 0, then the graph is also reflected across the y-axis. 
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FIGURE 26 Horizontal and vertical 
scaling of f(x) = sin(x). 


EXAMPLE 8 Sketch the graphs of f(x) = sin(x x) and its dilates f(3x) and 3 f (x). 


Solution The graph of f(x) = sin(7x) is a sine curve with period 2. It completes one 
cycle over every interval of length 2—see Figure 26(A). 


¢ The graph of f(3x) = sin(3z~x) is a compressed version of y = f(x), complet- 
ing three cycles instead of one over intervals of length 2 [Figure 26(B)]. 

¢ The graph of y = 3 f(x) = 3 sin(x x) is obtained from y = f(x) by expanding in 
the vertical direction by a factor of 3 [Figure 26(C)]. E 


One cycle Three cycles 


(A) y= f(x) = sin (xx) (B) Horizontal compression: (C) Vertical expansion: 
y = f(3x) = sinGxx) y = 3f(x) = 3sin (nx) 


Mathematical Models 


A mathematical model is a representation of a real-world phenomenon using mathemati- 
cal concepts. Functions are often used as models; they provide a simple way to express a 
relationship between variables associated with a real-world situation. We will introduce 
many mathematical models in this book. Using the tools of calculus we will study models 
and draw conclusions about the situations they describe. 

Modeling is the process of developing a mathematical model. The process usually 
involves making simplifying assumptions about a system in order to develop a mathemat- 
ical representation that lends itself well to analysis. When such assumptions are made, the 
conclusions drawn from the model only approximate the real-world system. Ideally such 
an approximation is accurate enough to make useful predictions. 

We will address different important aspects of the modeling process at various points 
in the book. 


1.1 SUMMARY 


¢ Important exponent laws: 
0 P =D WG R=r Gib o*=2 (iv) (FP =b? 


e Binomial expansion formula: (a + b)” is a sum of terms =a =a" Pb?, with a term 
for each p going from 0 to n. 


e Absolute value: |a| = a ve 20 
—a ifa<0O 


e Triangle inequality: ja + b| < ja] + |b| 
¢ Four intervals with endpoints a and b: 


(a,b), [a,b], [a,b),  (a,b] 
e Writing open and closed intervals using absolute-value inequalities: 
(a,b)={x:|x-—cl<r}, [a,b] ={x:|x-cl <7} 


where c = (a + b) is the midpoint and r = $(b — a) is the radius. 
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e Distance d between (x1, y1) and (x2, y2): 


d= (x2 — x1)? +(2 - yi)” 


e Equation of circle of radius r with center (a, b): 


(x-—al+(y—bY =r’ 


e A zero or root of a function f is a number c such that f(c) = 0. 
* Vertical Line Test: A curve in the plane is the graph of a function of x if and only if 
each vertical line x = a intersects the curve in at most one point. 


Increasing: 


Decreasing: 


f (x1) < f(%2) if x1 < x2 
Nondecreasing: f(x;) < f(x2) if x1 < x2 
fœ) > f (x2) if x1 < x2 


Nonincreasing: f(xı) => f(x2) if x1 < x2 


¢ Even function: f(—x) = f(x) (graph is symmetric about the y-axis) 
e Odd function: f(—x) = — f(x) (graph is symmetric about the origin) 
¢ Four ways to transform the graph of f: 


f(x)+c Shifts graph vertically |c| units (upward if c > 0, downward if c < 0) 
f(x+c) Shifts graph horizontally |c| units (to the right if c < 0, to the left if c > 0) 
kf (x) Scales graph vertically by factor |k], stretching if |k| > 1, compressing 

if 0 < |k| < 1;ifk < 0, graph is reflected across x-axis 
f (kx) Scales graph horizontally by factor |k|, compressing if |k| > 1, stretching 


if 0 < |k| < 1;ifk < 0, graph is reflected across y-axis 


1.1 EXERCISES 


Preliminary Questions 


Í. Give an example of numbers a and b such that a < b and |a| > Ibl. 


2. Which numbers satisfy |a| = a? Which satisfy |a| = —a? What about 
|—a] = a? 


3. Give an example of numbers a and b such that |a + b| < la| + Ibl. 
4. Are there numbers a and b such that |a + b] > la| + |b|? 


5. What are the coordinates of the point lying at the intersection of the 
lines x = 9 and y = —4? 


6. In which quadrant do the following points lie? 
(a) (1,4) (b) (—3, 2) (e) (4, —3) 


7. What is the radius of the circle with equation 
(x —7)* + (y — 8)? = 9? 


(d) (—4,-1) 


8. The equation f(x) = 5 has a solution if (choose one): 
(a) 5 belongs to the domain of f. 
(b) 5 belongs to the range of f. 


9. What kind of symmetry does the graph have if f(—x) = — f(x)? 


10. Is there a function that is both even and odd? 


Exercises 
1. Which of the following equations is incorrect? 
ON S78" ad! b) (/5)43 = 52/3 


O 3°.27=) (d) 2-7)’ = 16 
2. Rewrite as a whole number (without using a calculator): 
(a) 7° (b) 10° +57?) 
(4) 
4/3 
© pp (a) 27 


(e) g—1/3 : 95/3 (f) 3- 41/4 Ea 9-3/2 
3. Use the binomial expansion formula to expand (2 — x)’. 


4. Use the binomial expansion formula to expand (x + 1)?. 


5. Which of (a)}-(d) are true for a = 4 and b = —5? 


(a) —2a < —2b (b) jal < —ib| (c) ab <0 
@) 5 <; 

6. Which of (a)-(d) are true for a = —3 and b = 2? 

(a) a<b (b) jal] < Ibl (c) ab>0 
(d) 3a < 3b 


In Exercises 7-12, express the interval in terms of an inequality involving 
absolute value. 


he 2a 8. (—4,4) 9. (0,4) 
10. [—4, 0] 


11. [—1,8) 12. (—2.4, 1.9) 
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In Exercises 13-16, write the inequality in the forma < x < b. 
13. |x| < 8 14, |x— 12| < 8 
15. 2x+1|<5 16. |3x —4| <2 


In Exercises 17-22, express the set of numbers x satisfying the given con- 
dition as an interval. 


17. |x| <4 18. |x| <9 
19. |x —4] <2 20. |x+7| <2 
21. j4x —1| <8 22. |3x +5| <1 


In Exercises 23-26, describe the set as a union of finite or infinite intervals. 
23. {x : |x —4| > 2} 24. {x :|2x +4] > 3} 
28, {x : |x? — 1] > 2} 26. {x : |x? + 2x| > 2} 


27. Match (a)-(f) with (ivi). 


(a) a>3 (b) la-sl<; 
(c) a-3|<3 (d) ja|>5 
(e) Ja—4| <3 () l<a<5 


(i) a lies to the right of 3. 
(ii) a lies between | and 7. 
(iii) The distance from a to 5 is less than +. 
(iv) The distance from a to 3 is at most 2. 
(v) a is less than 5 units from 4. 
(vi) a lies either to the left of —5 or to the right of 5. 


28. Describe Ẹ : z 
x+1 


x and x + 1 individually. 


< o} as an interval. Hint: Consider the sign of 


29. Describe {x : x? +2x < 3} as an interval. Hint: Consider the graph 
of y = x? + 2x — 3. 
30. Describe the set of real numbers satisfying |x — 3| = |x — 2| + l asa 
half-infinite interval. 


31. Show thatifa > b, anda, b # 0, then b7! > a7 !, provided that a and 
b have the same sign. What happens if a > 0 and b < 0? 


32. Which x satisfies both |x — 3| < 2 and |x — 5| < 1? 


33. Show that if Ja — 5| < = and |b — 8| < Z, then we can conclude 


that |(a + b) — 13| < 1. Hint: Use the triangle inequality (|a + bj < 
la| + |D|). 

34. Suppose that [x — 4] < 1. 

(a) What is the maximum possible value of |x + 4}? 

(b) Show that |x? — 16] < 9. 

35. Suppose that |a — 6| < 2 and |b| < 3. 

(a) What is the largest possible value of ja + b|? 

(b) What is the smallest possible value of Ja + b|? 

36. Prove that |x| — |y] < |x — y|. Hint: Apply the triangle inequality to 
y and x — y. 

37. Express rı = 0.27 as a fraction. Hint: 100r; — rı is an integer. Then 
express r2 = 0.2666... as a fraction. 

38. Represent 1/7 and 4/27 as infinite repeating decimals. 


39. Plot each pair of points and compute the distance between them: 
(a) (1,4) and (3,2) (b) (2, 1) and (2, 4) 


40. Plot each pair of points and compute the distance between them: 
(a) (0,0) and (—2, 3) (b) (—3, —3) and (—2, 3) 


41. Find the equation of the circle with center (2, 4): 
(a) With radius r = 3 
(b) That passes through (1, —1) 


42. Find all points in the xy-plane with integer coordinates located at a 
distance 5 from the origin. Then find all points with integer coordinates 
located at a distance 5 from (2, 3). 


43. Determine the domain and range of the function 
f :{r,s,t,u} > (A, B,C, D, E} 
defined by f(r) = A, f(s) = B, f(t) = B, f(u) = E. 


44. Give an example of a function whose domain D has three elements 
and whose range R has two elements. Does a function exist whose domain 
D has two elements and whose range R has three elements? 


In Exercises 45-52, find the domain and range of the function. 


45. f(x) =—x 46. g(t) = tf 
47. f(x) =x? 48. e(t) = v2 -=t 
49. f(x)= |x] 50. h(s) = : 


1 
51. f(x) = a 52. g(t) = TS 


In Exercises 53-56, determine where f is increasing. 


53. f(x) =|x41| 54. f(x) =x? 
1 
— xí a. ee 
aoe f(x) == 56. [Oe 


In Exercises 57—62, find the zeros of f and sketch its graph by plotting 
points. Use symmetry and increase/decrease information where 
appropriate, 


57. f(x) =x* —4 58. f(x) = 2x? —4 


59. f(x) =x? — 4x 60. f(x) =x? 
1 
i) y? =n a — 


63. Which of the curves in Figure 27 is the graph of a function of x? 


y y y 
x x 
x 
(A) (B) (C) 
y y y 
x 
x x 
(D) (E) (F) 
FIGURE 27 


64. Of the curves in Figure 27 that are graphs of functions, which is the 
graph of an odd function? Of an even function? 


65. Determine whether the function is even, odd, or neither. 


(a) f(x)=x° b) ef) =P —2 © fos 


t4 4-12 


66. Determine whether the function is even, odd, or neither. 
(a) f(x) =2x —x? 


(ce) f= 


] 
rr ae eres 


67. Write f(x) = 2x4 — 5x3 + 12x? — 3x + 4 as the sum of an even and 
an odd function. 


(d g(t) =2'-2" 


68. Assume that p is a function that is defined for all x. 

(a) Prove that if f is defined by f(x) = p(x) + p(—x) then f is even. 
(b) Prove that if g is defined by g(x) = p(x) — p(—x) then g is odd. 

69. Assume that p is a function that is defined for x > 0 and satisfies 


2—-x\. : 
P(a/b) = p(b) — p(a). Prove that f(x) = p ( F =) is an odd function. 


70. State whether the function is increasing, decreasing, or neither. 
(a) Surface area of a sphere as a function of its radius 

(b) Temperature at a point on the equator as a function of time 

(c) Price of an airline ticket as a function of the price of oil 

(d) Pressure of the gas in a piston as a function of volume 


In Exercises 71—76, let f be the function shown in Figure 28. 

71. Find the domain and range of f. 

72. Sketch the graphs of y = f(x + 2) and y = f(x) +72. 

73. Sketch the graphs of y = f(2x), y = f (4x), and y = 2 f(z). 
74. Sketch the graphs of y = f(—x) and y = — f (—x). 

75. Extend the graph of f to [—4, 4] so that it is an even function. 


76. Extend the graph of f to [—4, 4] so that it is an odd function. 


FIGURE 28 


77, Suppose that f has domain [4,8] and range [2,6]. Find the domain 
and range of: 

(a) y= f(x)+3 b) y= f(x +3) 

(c) y= fx) (d) y=3f(@) 


78. Let f(x) = x”. Sketch the graph over [—2, 2] of: 
(a) y= f@+)) (b) y= f@)+1 
(c) y= fGx) (d) y=5f(%) 


79. Suppose that the graph of f(x) = x4 — x? is compressed horizontally 
by a factor of 2 and then shifted 5 units to the right. 


(a) What is the equation for the new graph? 
(b) What is the equation if you first shift by 5 and then compress by 2? 
(c) Verify your answers by plotting your equations. 


80. Figure 29 shows the graph of f(x) = |x|-+ 1. Match the functions 
(a)}e) with their graphs (i)(v). 

(a) y= f-1) b) y=—f(x) 
(d) y= f@-—1)-2 (e) y= f@+1) 


(b) k(w) = (1 — w +(1+ w? 


(c) y=-—fx)+2 
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FIGURE 29 
81. Sketch the graph of y = f(2x) and y = f (4x), where f(x) = |x| + 1 
(Figure 29). 


82. Find the function f whose graph is obtained by shifting the parabola 
y = x? by 3 units to the right and 4 units down, as in Figure 30. 


FIGURE 30 


83. Define f(x) to be the larger of x and 2 — x. Sketch the graph of f. 
What are its domain and range? Express f(x) in terms of the absolute value 
function. 


84, For each curve in Figure 31, state whether it is symmetric with respect 
to the y-axis, the origin, both, or neither. 


y y 
; ` L > : a heed 
(A) (B) 
y y 
(C) (D) 


FIGURE 31 


85. Show that the sum of two even functions is even and the sum of two 
odd functions is odd. 
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86. Suppose that f and g are both odd. Which of the following functions 87. Prove that the only function whose graph is symmetric with respect to 
are even? Which are odd? both the y-axis and the origin is the function f(x) = 0. 
(a) y= f(x)g(x) b) y= fy 
_ Fo) 
(c) y= f(x) — g(x) (d) y= ae 


Further Insights and Challenges 


88. Prove the triangle inequality (|a + b| < l]a] + |b|) by adding the two Use this to find the decimal expansion of r = 73 Note that 
inequalities: 
2 18 


11 10? — 1 


tja] 3AE lal, —lb/=o Zib] r= 


89. Show that a fraction r = a/b in lowest terms has a finite decimal 


expansion if and only if 91. EA A function f is symmetric with respect to the vertical line x = a 
if f(a — x)= fla +x). 


(a) Draw the graph of a function that is symmetric with respect to x = 2. 


b = 2”5™ forsomen,m > 0 


Hint: Observe that r has a finite decimal expansion when 10” r is an inte- 


(b) Show that if f is symmetric with respect to x =a, then g(x) = 
ger for some N > 0 (and hence b divides 10”). f 7 pe g 


f(x + a) is even. 
90. Let p = pı ... ps be an integer with digits p1,..., ps. Show that 


P 
105 — 1 


92. | A | Formulate a condition for f to be symmetric with respect to the 
= 0.p1-.--Ds point (a, 0) on the x-axis. 


1.2 Linear and Quadratic Functions 


Linear functions are the simplest of all functions, and their graphs (lines) are the simplest 
of all curves. However, linear functions and lines play an enormously important role in 
calculus. For this reason, you should be thoroughly familiar with the basic properties of 
linear functions and the different ways of writing an equation of a line. 

Let’s recall that a linear function is a function of the form 


f(x) =mx+b (mand b constants) | 


The graph of f is a line of slope m, and since f(0) = b, the graph intersects the y-axis at 
y the point (0, b) (Figure 1). The number b is called the y-intercept. 


yt------ The slope-intercept form of the line with slope m and y-intercept b is given by 


The Greek letter A (delta) is commonly used to denote the change in a variable or 
function. Thus, letting Ax and Ay denote the change in x and y = f(x) over an interval 
[x1, x2], we have 


y-intercept-~, 


FIGURE 1 The slope m is the ratio “rise = = on e 
eee Ax =x2-4%1, Ay = y2 — y1 = $2) — f (x1) 
The slope m of a line (Figure 1) is equal to the ratio 


_ Ay _ vertical change rise 
= Ax horizontal change run 


CAUTION Graphs are often plotted using 
different scales for the axes. This is 
necessary to keep the sizes of graphs 
within reasonable bounds. However, 
different scales can produce different 
impressions. Figure 3 shows that you can 
make a graph appear as steep or flat as you 
want by changing scales. 
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This follows from the formula y = mx + b: 


Ay _ y2—yi _ (mx, +b)— (mx +b) _ mG2—m) _ 
Ax x2—-X1 _ x2 — X1 X2 — X1 


The slope m measures the rate of change of y with respect to x. In fact, by writing 
Ay = mAx 


we see that a 1-unit increase in x (i.e., Ax = 1) produces an m-unit change Ay in y. For 
example, if m = 5, then y increases by 5 units per unit increase in x. The rate-of-change 
interpretation of the slope is fundamental in calculus. 

Graphically, the slope m measures the steepness of the line y = mx + b. Figure 2(A) 
shows lines through a point of varying slope m. Note the following properties: 


e Steepness: The larger the absolute value |m], the steeper the line. 

e Positive slope: If m > 0, the line slants upward from left to right. 

¢ Negative slope: If m < 0, the line slants downward from left to right. 

¢ f(x) = mx + bis increasing if m > 0 and decreasing if m < 0. 

¢ The horizontal line y = b has slope m = 0 [Figure 2(B)]. 

e A vertical line has equation x = c, where c is a constant. The slope of a vertical 
line is undefined. It is not possible to write the equation of a vertical line in 
slope-intercept form y = mx + b. A vertical line is not the graph of a function 
[Figure 2(B)]. 


X=C 
(slope undefined) 


b y=b 
(slope 0) 


(A) Lines of varying slopes through P (B) Horizontal and vertical lines through P 


FIGURE 2 


Scale is especially important in applications because the steepness of a graph de- 
pends on the choice of units for the x- and y-axes. We can create very different subjective 
impressions by changing the scale. Figure 3 shows the growth of company profits over a 
4-year period. The two plots convey the same information, but the left-hand plot makes 
the growth look more dramatic. 


Profits (millions) Profits (millions) 


FIGURE 3 
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FIGURE 4 Parallel and perpendicular lines. 


(A) Parallel lines (B) Perpendicular lines 


Next, we recall the relation between the slopes of parallel and perpendicular lines 
that are not vertical (Figure 4): 


e Lines of slopes mı and m3 are parallel if and only if mı = m2. 
¢ Lines of slopes mı and m2 are perpendicular if and only if 


my = —— (or mim = —1) 
m2 


CONCEPTUAL INSIGHT The changes over an interval [x1, x2] 


ASS 7X1, Ay = f (x2) — f(xı) 


are defined for any function f (linear or not), but the rise-over-run ratio Ay/Ax 
may depend on the interval (Figure 5). The characteristic property of a linear func- 
tion f(x) = mx + b is that Ay/Ax has the same value m for every interval. In other 
words, y has a constant rate of change with respect to x. We can use this property to 
test if two quantities are related by a linear equation. 


y y 
A 
AC ay 
Ax 
Ax 
Xx — Xx 

Linear function: The ratio Nonlinear function: The ratio 
Ay/Ax is the same over Ay/Ax changes, depending 
all intervals. on the interval. 


FIGURE 5 


EXAMPLE 1 Testing for a Linear Relationship Do the data in Table 1 suggest a 
linear relation between the pressure P and temperature T of a gas? 


TABLE 1 


Temperature (°C) Pressure (kPa) 


40 1365.80 
45 1385.40 
55 1424.60 
70 1483.40 


80 1522.60 
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Real experimental data generally do not Solution We calculate A P/AT at successive data points and check whether this ratio is 
display perfect linearity. To model a data constant: 
set, the statistical tool called linear 
regression is used to find the linear AP 
function that best approximates the data. (Ti, P1) (T2, P2) AT 
1385.40 — 1365.80 
; 45, 1385.40 = = 3.92 
(40, 1365.80) ( 85.40) 4540 
1424.60 — 1385.40 
Pressure (kPa) - (45, 1385.40) (55, 1424.60) a a T 
55 — 45 
1483.40 — 1424.60 
(55, 1424.60) (70, 1483.40) ~ = 3.92 
70 — 55 
1522.60 — 1483.40 
1483.4 80, 1522.60 —— = 3.92 
T (°C) Ny ee ( ) 80 — 70 
FIGURE 6 Line through Because AP/AT has the constant value 3.92, the data points lie on a line with slope 
pressure—temperature data points. m = 3.92. This is confirmed in the plot in Figure 6. L] 


As mentioned above, it is important to be familiar with the standard ways of writing 
the equation of a line. The general linear equation is 


z 


where a and b are not both zero. For b = 0, we obtain the vertical line ax = c. For 
a =0, we obtain the horizontal line by = c. When b Æ 0, we can rewrite Eq. (1) in slope- 
intercept form. For example, —6x + 2y = 3 can be rewritten as y = 3x + 3. 

Another important form for an equation of a line is the point-slope form. Given the 
slope of the line and a point on it (Figure 7), we can use this form to obtain an equation 
for the line. 


The point-slope form of the line through P = (a,b) with slope m is 


| y—b=m(x - a) 
FIGURE 7 Line with slope m through (a, b). 


EXAMPLE 2 Line of Given Slope Through a Given Point Find the slope-intercept 
equation of the line through (9, 2) with slope —%. 


Solution In point-slope form: 
2 
E A — (pee 
y 3 (x — 9) 
In slope-intercept form: y = —$(x —~9)+2ory= -2x + 8. See Figure 8. E 


EXAMPLE 3 Line Through Two Points Find an equation of the line through (2, 1) and 
(9,5). 


Solution The line has slope 


FIGURE 8 Line through P = (9,2) with 
slope m = —§. ee a 
9—2 7 

Because (2, 1) lies on the line, its equation in point-slope form is y — 1 = 4 (x =—2) g 


Recall that the slope m of a line measures the rate of change of the dependent variable 
y with respect to the independent variable x, that is m = ay. In applications, the slope 
has units: 
units of dependent variable 


units of slope = ——— ~ 
units of independent variable 
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For example: 


¢ Let T = —0.1h + 52 represent the temperature (in °C) as a function of height 
(in m) measured by a weather balloon as it rose from the ground to 1000 meters. 


The slope is —0.1 €, indicating that the temperature dropped by one-tenth of a 
degree for every meter the balloon rose. 
¢ For the time period 1900 to 1920, P = 33.3t + 57.7 models the population of 
Saskatchewan (in thousands) £ years after 1900. The slope is 33.3 Fosag peop, 
indicating the population rose by 33.3 thousand people per year during the time 
period. 


A quadratic function is a function defined by a quadratic polynomial: 
7Q)= ax? +bx+c (a, b, c are constants with a Æ 0) 


The graph of f is a parabola (Figure 10). The parabola opens upward if the leading 
coefficient a is positive and downward if a is negative. Ignoring air resistance, the path 
of a struck baseball is modeled by a downward-opening parabola (Figure 9). 

The discriminant of f(x) = ax? + bx + c is the quantity 


j D = b* —4ac 


The roots of f are given by the quadratic formula (see Exercise 60): 


if ots of f —b + vb? — 4ac —-b+VD 
Pa TO n Ã—A a 
SY eee = 2a 2a 
FIGURE 9 A parabola models the path of The sign of D determines the nature of the roots (Figure 10). If D > 0, then f has two 
the baseball. real roots, and if D = 0, it has one real root (a “double root”). If D < 0, then f has 
no roots that are real numbers, but has two roots that are complex numbers. We focus 
primarily on real numbers and real-number roots (“real roots”) of functions in this text. 
y y y y 
L x NZ x N x: A x 
FIGURE 10 Graphs of quadratic functions Two real roots Double root No real roots Two real roots 


>Oand D>0 dD= 0 and 
f(x) = ax? + bx +c. eto a>Oand D=0 a>OandD<0 a<OQandD>0 


When f has two real roots rı and r2, then f(x) factors as 
f(x) = a(x -rix — r2) 
For example, f(x) = 2x” — 3x +1 has discriminant D = b? — 4ac = 9 ~ 8 = 1 > Q, 
and by the quadratic formula, its roots are (3 + 1)/4, that is, 1 and 2. Therefore, 
f (x) = 2x? —3x4+1 = %x—1)(x- z) 


The technique of completing the square consists of writing a quadratic polynomial 
as a multiple of a square plus a constant. For x? + bx + c, add and subtract the square of 
half the coefficient of the x-term so that a square term (x + b)? can be made: 


$ 2 b 2 2 2 
P+oxtenx?+br+ (2) -(5) te=(x+3) - (3) +c 


If the x? term has a coefficient a, we factor that out first, as demonstrated in the following 
example. 
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Cuneiform texts written on clay tablets EXAMPLE 4 Completing the Square Complete the square for the quadratic polyno- 
ins show that the method of completing the mial f(x) = Ax? — 12x +3. 
square was known to ancient Babylonian f ; a 
adena ias Wis inicia GODO Solution First factor out the leading coefficient: 
years ago. 5 
Ae? — 2x 3 = 4(s? — 324 z) 
Then complete the square for the term x? — 3x: 
3a yay ai 9 
A E E rT TNT ap ON 
x^ — 3x = x" — 3x + ( 5) ( 5) ( >) A 
Therefore, 
3\*7 8 3 3\? 
Ax? = 3=4 —-) —-+-]=4(x-=]} -6 E 
x 12x + ( 5) qi T i) (x 5) 
The method of completing the square can be used to find the minimum or maximum 
value of a quadratic function, as we do in the next example. 
EXAMPLE 5 Finding the Maximum of a Quadratic Function Complete the square and 
find the maximum value of f(x) = —x? + 4x + 1. 
Solution Since the x? term has a coefficient of —1, we factor it out: 
j= —(x? — 4x — 1) = —(x? — 4x +4 — 4 - 1) = —((x -a -SeS 
FIGURE 11 Graph of Now, f (2) = 5, and —(x — 2)? + 5 < 5 for all other x. Thus, the maximum value of f 
O f@)= “52 Aes 1, is 5 occurring at x = 2 (Figure 11). a 
1.2 SUMMARY 
- A linear function is a function of the form f(x) = mx + b. 
« The general equation of a line is ax + by = c. The line y = c is horizontal, and x = c 
is vertical. 
e Two convenient ways of writing the equation of a nonvertical line: 
~ Slope-intercept form: y = mx +b (slope m and y-intercept b) 
— Point-slope form: y — b = m(x — a) [slope m, passes through (a, b)] 
e Two lines of slopes mı and mz are parallel if and only if mı = m2, and they are 
perpendicular if and only if m; = —1/mp. 
e Quadratic function: f(x) = ax? + bx + c. The roots are x = (—b + /D)/2a, where 
D = b* — 4ac is the discriminant. The roots are real and distinct if D > 0, there is a 
double real root if D = 0, and there are no real roots if D < 0. 
- Completing the square consists of writing a quadratic function f(x) = ax? + bx +c 
as a multiple of a square plus a constant; that is, as f(x) = a(x + p)* +q. 
1.2 EXERCISES 
Preliminary Questions 
1. What is the slope of the line y = —4x — 9? 6. What is the result of completing the square for f(x) = x? +1? 
Are the li =2 = wee icular? 
kf ea eee ea iia dias We (4 Describe how the parabolas y = ax? — 1 change as a changes 


When is the line ax + by = c parallel to the y-axis? To the x-axis? from —00 to oo. 


S = 3x +2. ti if x i 2 i 
SBP 39 y = 3x + 2. What is Ay if x increases by 3 8. (4 Describe how the parabolas y = x? + bx change as b changes 
What is the minimum of f(x) = (x + 3)? — 4? from —o0 to oo. 


oP iS 2 
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Exercises 


In Exercises 1-4, find the slope, the y-intercept, and the x-intercept of the 
line with the given equation. 


1. y=3x4+12 2 y=4-x 

3. 4x4+9y =3 4. y—-3=45(x -6) 
In Exercises 5—8, find the slope of the line. 

5. y= 3x+2 6 y= 3(x —9)4+2 
7. 3x+4y=12 8. 3x+4y=-8 


In Exercises 9-20, find the equation of the line with the given description. 
9. Slope 3, y-intercept 8 

10. Slope —2, y-intercept 3 

11. Slope 3, passes through (7, 9) 

12. Slope —5, passes through (0, 0) 

13. Horizontal, passes through (0, —2) 

14. Passes through (—1, 4) and (2,7) 

15. Parallel to y = 3x — 4, passes through (1, 1) 

16. Passes through (1, 4) and (12, —3) 

17. Perpendicular to 3x + Sy = 9, passes through (2, 3) 
18. Vertical, passes through (—4, 9) 

19. Horizontal, passes through (8, 4) 

20. Slope 3, x-intercept 6 


21. Find the equation of the perpendicular bisector of the segment joining 
(1,2) and (5, 4) (Figure 12). Hint: The midpoint Q of the segment joining 


(a;b) and (c,d) is (: TE 25) 


Zo ae 


Y Perpendicular 
bisector 
(5, 4) 


FIGURE 12 


22. Intercept-Intercept Form Show that if a,b Æ 0, then the line with 
x-intercept x = a and y-intercept y = b has equation (Figure 13) 
y 


l 
b 


x 
=+ 
a 


FIGURE 13 


23. Find an equation of the line with x-intercept x = 4 and y-intercept 
y = 3. 


24. Find y such that (3, y) lies on the line of slope m = 2 through (1, 4). 
25. Determine whether there exists a constant c such that the line 
x+tecy=L1: 

(a) Has slope 4 
(c) Is horizontal 


(b) Passes through (3, 1) 
(d) Is vertical 


26. Determine whether there exists a constant c such that the line 
cx —2y=4: 

(a) Has slope 4 
(c) Is horizontal 


(b) Passes through (1, —4) 
(d) Is vertical 


27. Suppose that the number of Bob’s Bits computers that can be sold 
when the computer’s price is P (in dollars) is given by a linear function 
N(P), where N(1000) = 10,000 and N(1500) = 7500. 

(a) Determine N(P). 

(b) What is the slope of the graph of N(P), including units? Describe 
what the slope represents. 

(c) What is the change AN in the number of computers sold if the price 
is increased by AP = $100? 


28. Suppose that the demand for Colin’s kidney pies is linear in the price 
P. Further, assume that he can sell 100 pies when the price is $5.00 and 40 
pies when the price is $10.00. 

(a) Determine the demand N (number of pies sold) as a function of the 
price P (in dollars). 

(b) What is the slope of the graph of N(P), including units? Describe 
what the slope represents. 

(c) Determine the revenue R = N x P for prices P = 5,6,7, 8,9, 10 and 
then choose a price to maximize the revenue. 


29. In each case, identify the slope and give its meaning with the appro- 
priate units. 

(a) The function N = —70t +5000 models the enrollment at Maple 
Grove College during the fall of 2018, where N represents the number of 
students and ¢ represents the time in weeks since the start of the semester. 
(b) The function C = 3.5n + 700 represents the cost (in dollars) to rent 
the Shakedown Street Dance Hall for an evening if n people attend the 
dance. 


30. In each case, identify the slope and give its meaning with the appro- 
priate units. 

(a) The function N = 3.9T — 178.8 models the the number of times, N, 
that a cricket chirps in a minute when the temperature is T° Celsius. 

(b) The function V = 47,500d gives the volume (V, in gallons) of 


molasses in the storage tank in relation to the depth (d, in feet) of the 
molasses. 


31. Materials expand when heated. Consider a metal rod of length Lo at 
temperature To. If the temperature is changed by an amount AT, then the 
rod’s length approximately changes by AL = aLgAT, where a is the ther- 
mal expansion coefficient and AT is not an extreme temperature change. 
For steel, œ = 1.24 x 10->°C7!, 


(a) A steel rod has length Lo = 40 cm at Tọ = 40°C. Find its length at 
T = 90°C. 


(b) Find its length at T = 50°C if its length at To = 100°C is 65 cm. 
(c) Express length L as a function of T if Lọ = 65 cm at Tọ = 100°C. 


32. Do the points (0.5, 1), (1, 1.2), (2,2) lie on a line? 
33. Find b such that (2, —1), (3, 2), and (b, 5) lie on a line. 


\._ 34. Find an expression for the velocity v as a linear function of ¢ that 


matches the following data: 


i 
39.2 58.6 97.4 


35. The period T of a pendulum is measured for pendulums of several dif- 
ferent lengths L. Based on the following data, does T appear to be a linear 


function of L? 
20 30 40 50 
09 4:1 127 142 


36. Show that f is linear of slope m if and only if 


f(x+h)— f(x)=mh (forall x and h) 


That is to say, prove the following two statements: 

(a) f is linear of slope m implies that f(x + h)— f(x)=mh 
(for all x and h). 

(b) f(x+h)— f(x)}=mh (forall x and k) implies that f is linear of 
slope m. 


37. Find the roots of the quadratic polynomials: 
(a) f(x) = 4x? —3x-1 b) f(x) =x? -2x-1 


In Exercises 38-45, complete the square and find the minimum or maxi- 
mum value of the quadratic function. 


38. y =x? +2x+5 39. y =x? -6x +9 


40. y = —9x? +x 41. y =x? +6x +2 


42. y = 2x? — 4x — 7 43. y = —4x? + 3x + 8 


44. y = 3x? + 12x —5 45. y = 4x — 12x? 


46. Sketch the graph of y = x? — 6x + 8 by plotting the roots and the 
minimum point. 

47. Sketch the graph of y = x? + 4x + 6 by plotting the minimum point, 
the y-intercept, and one other point. 


48. Ifthe alleles A and B of the cystic fibrosis gene occur in a population 
with frequencies p and 1 — p (where p is between 0 and 1), then the fre- 
quency of heterozygous carriers (carriers with both alleles) is 2p(1 — p). 
Which value of p gives the largest frequency of heterozygous carriers? 


49. For which values of c does f(x) = x? + cx + 1 have a double root? 
No real roots? 


50. Let f(x) =x? +x —1. 

(a) Show that the lines y = x + 3, y = x — 1, and y = x — 3 intersect the 
graph of f in two, one, and zero points, respectively. 

(b) Sketch the graph of f and the three lines from (a). 


(c) EA Describe the relationship between the graph of f and the lines 
y = x + c as c changes from —œ to œ. 
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51. Let f(x) = x? + 2x — 21. 
(a) Show that the lines y = 3x — 25, y = 6x — 25, and y = 9x — 25 in- 
tersect the graph of f in zero, one, and two points, respectively. 


(b) Sketch the graph of f and the three lines from (a). 


(c) Ef Describe the relationship between the graph of f and the lines 
y = cx — 25 as c changes from 0 to œ. 


52. Let a,b > 0. Show that the geometric mean ~ab is not larger than the 
arithmetic mean (a + b)/2. Hint: Consider (a!/ 2 _ plf2y2 


53. If objects of weights x and w; are suspended from the balance in Fig- 
ure 14(A), the cross-beam is horizontal if bx = aw . If the lengths a and 
b are known, we may use this equation to determine an unknown weight x 
by selecting w, such that the cross-beam is horizontal. If a and b are not 
known precisely, we might proceed as follows. First balance x by wi on 
the left, as in (A). Then wo places and balance x by w2 on the right, as 
in (B). The average x = $(wy + w2) gives an estimate for x. Show that x 
is greater than or equal to the true weight x. 


(A) 


FIGURE 14 


54. Find numbers x and y with sum 10 and product 24. Hint: Find a 
quadratic polynomial satisfied by x. 


55. Find a pair of numbers whose sum and product are both equal to 8. 


56. Show that the parabola y = x” consists of all points P such that 
dı = d2, where dı is the distance from P to (0, 3) and dəz is the distance 


from P to the line y = -4 (Figure 15). 


FIGURE 15 


Further Insights and Challenges 


57. Show that if f and g are linear, then so is f + g. Is the same true of fg? 


58. Show that if f and g are linear functions such that f (0) = 
f(D) = 8(1), then f = g. 
59. Show that Ay/Ax for the function f(x)= x? over the interval 


[x1, x2] is not a constant, but depends on the interval. Determine the ex- 
act dependence of Ay/Ax on xı and x2. 


g(0) and 


60. Complete the square and use the result to derive the quadratic formula 
for the roots of ax? + bx +c =0. 


61. Let a,c Æ 0. Show that the roots of 
ax? + bx +c=—0 and cx? +bx+a=0 


are reciprocals of each other. 
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62. Show, by completing the square, that the parabola 


PRECALCULUS REVIEW 


y =ax? +bx +c 


63. Prove Viète’s Formulas: The quadratic polynomial with œ and ĝ as 
roots is x? + bx + c, where b = —a — f and c = a. 


can be obtained from y = ax? by a vertical and horizontal translation. 


FIGURE 1 The polynomial function 


f(x) = x? — 5x3 4 4x. 


FIGURE 2 The rational function 


fa) = 


x+l 
TE 


| 
I 
| 
| 
l 
| 
] 
l 
l 
l 
I 
| 
1 
l 
l 
I 
| 
| 
| 


1.3 The Basic Classes of Functions 


The primary condition on a function f is that it assigns to each element x of its domain 
a unique element f(x) in its range. There are no other restrictions on how that relation 
is defined. Usually we describe the relationship by a formula for the function, sometimes 
by a table or a graph, but the association could be quite complicated, not lending itself to 
any simple description. The possibilities for functions are endless. In calculus we make 
no attempt to deal with all possible functions. The techniques of calculus, powerful and 
general as they are, apply only to functions that are sufficiently “well-behaved” (we will 
see what well-behaved means when we study the derivative in Chapter 3). Fortunately, 
such functions are adequate for a vast range of applications. 

Most of the functions considered in this text are constructed from the following fa- 
miliar classes of well-behaved functions: 


polynomials rational functions algebraic functions 
exponential functions trigonometric functions 


logarithmic functions inverse trigonometric functions 


We shall refer to these as the basic functions. 


e Polynomials: For any real number m, f(x) = x™ is called the power func- 
tion with exponent m. Power functions include f(x) = x3, f(x) =x", and 
f (x) = x”. The base is the variable, and the exponent is a constant. For now, 
we are interested in power functions with exponents that are positive integers. 
A polynomial is a sum of multiples of power functions with exponents that are 
positive integers or zero (Figure 1): 


f(x) =x — 5x? 44x, 9 op(t) = 71° +2 —3t-1, h(x) = x? 


Thus, the function f(x) = x + x7! is nota polynomial because it includes a term 
x—' with a negative exponent. The general polynomial P in the variable x may 
be written 


Pa) ax" Far" F- -AA eh 


— The numbers ao, @},..., a, are called coefficients. 
— The degree of P is n (assuming that a, Æ 0). 

— The coefficient a, is called the leading coefficient. 
— The domain of P is R. 


A rational function is a quotient of two polynomials (Figure 2): 
P(x 
[@)= an [ P(x) and Q(x) polynomials] 


The domain of f is the set of numbers x such that Q(x) Æ 0. For example, 
l 
fa)= Z domain {x : x Æ 0} 


Tt prir | 
t2—] 


Every polynomial is also a rational function [with Q(x) = 1]. 


h(t) = domain {t : t 4 +1} 


FIGURE 3 The algebraic function 


fx) = V1 +4 3x2 — xt. 


Any function that is not algebraic is called 
transcendental. Exponential and 
trigonometric functions are examples, as 
are the Bessel and gamma functions that 
appear in engineering and statistics. The 
term “transcendental” goes back to the 
1670s, when it was used by Gottfried 
Wilhelm Leibniz (1646—1716) to describe 
functions of this type. 


Example 1 shows that the composition of 
functions is not commutative: The 
functions f o g and g o f may be (and 
usually are) different. 
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An algebraic function is produced by taking sums, products, and quotients of 
roots of polynomials and rational functions (Figure 3): 


ot NE > z +z 
x)=v143x¢ -x’*, H= t=) < h(z) = ———_—— 
fœ =v g(t) = (vt — 2) O= ca 7 
A number x belongs to the domain of f if each term in the formula is defined 
and the result does not involve division by zero. For example, g(t) is defined if 
t > Oand ./t Æ 2, so the domain of g is D = {t : t > O and t Æ 4}. 
Exponential functions: The function f(x) = b*, where b > 0 and b #1, is 
called the exponential function with base b. Some examples are 


f(x)=2%, g(t)=10, AG) = G) — P= 6S. 


Exponential functions and their inverses, the logarithmic functions, are treated 
in greater detail in Section 1.6. 

Trigonometric functions are functions built from sin x and cos x. These func- 
tions and their inverses are discussed in the next two sections. 


Constructing New Functions 


Given functions f and g, we can construct new functions by forming the sum, difference, 
product, and quotient functions: 


(f+ 8x) = f@e)+e), (fF -—8)(%) = f(x) — g(x) 
(f g)(x) = f() g@),. (fje san (where g(x) # 0) 
g g(x) 
For example, if f(x) = x? and g(x) = sin x, then 
(f +8)œx) =x? +sinx, (f — g8g)X(x) =x? — sinx 

2 
(f g(x) = x’ sinx, PR = 

sin x 
We can also multiply functions by constants. A function of the form 

h(x) = ci f(x) + c2 g(x) (c1,c2 constants) 


is called a linear combination of f and g. 

Composition is another important way of constructing new functions. The compo- 
sition of f and g is the function f o g defined by (f o g)(x) = f(g(x)). The domain of 
f o g is the set of values of x in the domain of g such that g(x) lies in the domain of f. 


EXAMPLE 1 Compute the composite functions fog and go f and discuss their 
domains, where 


fe)=Vz%,  g@)=1-x 
Solution We have 
(Fog) = f(g) = fd-x)=V1-x 


The square root ./1 — x is defined if 1 — x > 0, that is, for x < 1. Therefore, the domain 
of f og is {x : x < 1}. On the other hand, 


(go f)\x)=2(f@)) 5 g(x) =1= Vx 
The domain of g o f is {x : x > 0}. a 


EXAMPLE 2 Surface Area and Volume Express the surface area S of a cube as a 
function of its volume V. 
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Solution We will derive a relationship via a composition of functions. 
The volume V and the length L of a side of a cube are related by V = L? (Figure 4). ~~ 
Therefore, L = V/3. Thus, L(V) = V!/? expresses the side length as a function of the 
volume. 
The surface area S is a function of the side length defined by S(L) = 6L? (the cube 
has six sides, each with area L2). Thus, S depends on V by the composition 


So L(V) = SLOVY = S(V3) = 6V 13 = 6V?” 


FIGURE 4 A cube of side length L. It follows that we can express surface area as a function of volume by S(V) = 6V7/>_ m 


The simple geometric relationship derived in the previous example is the basis for 


A power law is a relationship in the form a variety of theoretical power laws in biology and ecology in which an attribute propor- 
y = kx“ for constants k anda. They are tional to an animal’s surface area is related to an attribute proportional to its volume. For 
quite common in biology and ecology. We example, in a particular species, the mass M of an individual is proportional to its volume, 


will introduce a number of examples inthe and the mass F of its fur might be proportional to its surface area. Thus, the relationship 

ranp between fur mass and animal mass could be modeled by a power law F = kM?’ . Typ- 
ically, scientists collect data to check the proposed relationship that either confirms this 
model or suggests adjustments or other factors that must be considered. 


Elementary Functions 


As noted above, we can produce new functions by applying the operations of addition, 
subtraction, multiplication, division, and composition. It is convenient to refer to a func- 
tion constructed in this way from the basic functions listed above as an elementary func- 
tion. The following functions are elementary: 


ETa 
1 + cosx 


F(%) = V2x +sinx, 1@)= 10¥*, fQ@)= 


Piecewise-Defined Functions 


We can also create new functions by piecing together functions defined over limited 
domains, obtaining piecewise-defined functions. One example we have already seen is 
the absolute value function defined by 


EEN ba when x < 0 
= |x  whenx>0 
EXAMPLE 3 Given the function f, determine its domain, range, and intervals where it 
is increasing or decreasing. 


1 when x < 0 
x+1 whenx >0 


f@)= | 


Solution The graph of f appears in Figure 5. The function is defined for all values of x, 
so the domain is all real numbers. Now, for all x < 0, the output of f is just the single 
value 1, and for x > 0, the output covers all values greater than or equal to 1. Hence, the 
range of the function is {y : y = 1}. The function is neither increasing nor decreasing for 
x < 0; however, the function is increasing for x > 0. a 


FIGURE 5 A function defined piecewise. 


1.3 SUMMARY 


e For m a real number, f(x) = x™ is called the power function with exponent m. 


A polynomial P is a sum of multiples of x”, where m is a whole number: as 


P(x) = wir kari | +---+ayx t 
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This polynomial has degree n (assuming that a, Æ 0), and a, is called the leading 


coefficient. 


e A rational function is a quotient P/Q of two polynomials [defined when Q(x) Æ 0]. 

e An algebraic function is produced by taking sums, products, and quotients of roots of 
polynomials and rational functions. 

* Exponential function: f(x) = b*, where b > 0 and b Æ 1 (b is called the base). 

° The composite function f o g is defined by (f o g)(x) = f(g(x)). The domain of 
f o g is the set of x in the domain of g such that g(x) belongs to the domain of f. 

¢ The elementary functions are obtained by taking products, sums, differences, quo- 
tients, and compositions of the basic functions, which include polynomials, rational 
functions, algebraic functions, exponential functions, trigonometric functions, loga- 
rithmic functions, and inverse trigonometric functions. 

e A piecewise-defined function is obtained by defining a function over two or more 


distinct domains. 


1.3 EXERCISES 


Preliminary Questions 

1. Explain why both f(x) = x? + 1 and g(x) = Sai are rational func- 
tions. 

2. Is y = |x| a polynomial function? What about y = |x? + 1|? 


3. What is unusual about the domain of the composite function f o g for 
the functions f(x) = x!/2 and g(x) = —1 — |x|? 


4. Is f(x) = (4) increasing or decreasing? 


5. Explain why both f(x) = a and g(x) = ya are algebraic 
—x 


6. We have f(x)=(x +1), g(x)=x7-24+1, A(x) =2*, and 
k(x) = x? + 1. Identify which of the functions may be described by each 
of the following. 


(a) Transcendental 

(b) Polynomial 

(c) Rational but not polynomial 
(d) Algebraic but not rational 


functions. 
Exercises 
i x 
In Exercises 1-12, determine the domain of the function. 21. f(x) = sin(x?) ZZ. f) = NET 
1. f(x) =x! 2. g) = PP 
23. f(x) =x? + 3x7! 24. = sin(3* 
3. f(x) =x +3x-—4 4. hg =z +z fœ) fœ) (3*) 
5 1 x ] 25. Is f(x)= 22° a transcendental function? 
. t) = ——— e = 
p t+2 fa) x? +4 
26. Show that f(x) = x? +3x7! and p= 3x3 — 9x + x7? are ratio- 
1 JA . - - i 
7. G(u)}= ——— 8 fa)= — nal functions—that is, quotients of polynomials. 
u2—4 x*-—9 
‘ In Exercises 27-34, calculate the composite functions f o g and gof, 
9% fQ =x ta-n 10. F(s) = sin( >) and determine their domains. 
r 4x7! 27. fœ) =x, g(x) =x+1 
11. = 10V 12. ee oe, 
g0) 2. f(x) aay Ee 


In Exercises 13-24, identify each of the following functions as polynomial, 
rational, algebraic, or transcendental. 


13. f(x) = 4x? + 9x2 —8 14. f(x) =x 


15. fœ) =x 16. f(x) = V1 — x2 
2 
17. fœ) = E 18. F(x) = 
2x? +3 3x — 9x7 !/2 
19, f(x)= sa 20. f(x) = I 


1 
28. f(x) = —, pasat 


29. f(x) =2*, g(x) =x? 
30. f(x) = |x|, 9(6) =sin@ 


31. f@)=cos@, g(x) =x3 +x? 


32. =a, eax 


+1 
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1 
a. fO= Wis g(t) = t? 


34. fQ=VJt, gt) =1- t 


35. The volume V and surface area of a sphere [Figure 6(A)] are ex- 
pressed in terms of radius r by V(r) = inr? and S(r) = 4xr7, respec- 
tively. Determine r(V), the radius as a function of volume. Then determine 
S(V), the surface area as a function of volume, by computing the com- 
posite Sor(V). 


36. A tetrahedron is a polyhedron with four equilateral triangles as its 
faces [Figure 6(B)}. The volume V and surface area of a tetrahedron are ex- 
pressed in terms of the side-length L of the triangles by V(L) = “2 and 
S(L) = J/3L7, respectively. Determine L(V), the side length as a function 
of volume. Then determine S(V), the surface area as a function of volume, 
by computing the composite S o L(V). 


(A) 


FIGURE 6 A sphere (A) and tetrahedron (B). 


In Exercises 37-40, draw the graphs of each of the piecewise-defined 
functions. 


3 when x < 0 
x7+3 whenx>0 


7. f= | 


x+1 whenx<0 
1—x whenx>0 


38. f(x) = | 


x? whenx<0 
9. f= e when x > 0 
2x—2 whenx <0 
x when x > 0 


40. f(x) = | 


41. Let f(x) = il 
(a) What are the domain and range of f? 
(b) Sketch the graph of f. 


(c) Express f as a piecewise-defined function where each of the “pieces” 
is a constant. 


42. The Heaviside function (named after Oliver Heaviside, 1850—1925) 
is defined by: 


0 whenx <0 
H@)= £ when x > 0 


The Heaviside function can be used to “turn on” another function at a spe- 
cific value in the domain, as seen in the four examples here. For each of 
the following, sketch the graph of f. 

(a) f(x) = A(x)x? 

(b) f(x) = HE — x?) 

(c) f@)= Ha — Ix 

(d) f(x) = H(x + 2)x? 


43. The population (in millions) of Calcedonia as a function of time t 
(years) is P(t) = 30- 2°.lt Show that the population doubles every 10 
years. Show more generally that for any positive constants a and k, the 
function g(t) = a2"' doubles after 1/k years. 


x+1 


44, Find all val f h that = —— 
in values of c such that f(x) Fn ae 


has domain R. 


Further Insights and Challenges 


In Exercises 45-51, we define the first difference ôf of a function f by 
df (x) = f( + 1) — Ff). 


45. Show that if f(x) =x”, then 6f(x)=2x+1. Calculate Sf for 
f(x) = x and f(x) = x. 


46. Show that 6(10*)=9-10* and, more generally, that (b=) = 
(b —1)b*. 


47. Show that for any two functions f and g, 6(f +g2)=6f + ôg and 
5(c f ) = cd(f ), where c is any constant. 


48. Suppose we can find a function P such that 6 P(x) = (x + 1) and 


P(0) = 0. Prove that P(1) = 1*, P(2) = 1* + 2*, and, more generally, for 
every whole number n, 


P(n) = 1* +24 +..-+n% | 1 | 


49. Show that if 


then ôP = (x + 1). Then apply Exercise 48 to conclude that 


n(n + 1) 
2 


1424+3+4---+n= 


50. Calculate 6(x*), 6(x”), and (x). Then find a polynomial P 
of degree 3 such that ôP =(x+1)* and P(O)=0. Conclude that 
P(n =1? 2? +. +n. 


51. This exercise combined with Exercise 48 shows that for all whole 
numbers k, there exists a polynomial P satisfying Eq. (1). The solution 
requires the Binomial Theorem and proof by induction (see Appendix C). 
(a) Show that &(x*t!) = (k +1)x* + --- , where the dots indicate terms 
involving smaller powers of x. 


(b) Show by induction that there exists a polynomial of degree k + 1 with 
leading coefficient 1/(k + 1): 


eee! + +--+ 


Po) = k4 


such that ôP = (x + 1} and P(0) = 0. 
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1.4 Trigonometric Functions 


We begin our trigonometric review by recalling the two systems of angle measurement: 
radians and degrees. They are best described using the relationship between angles and 
rotation. As is customary, we often use the lowercase Greek letter 0 (theta) to denote 
angles and rotations. 


FIGURE 1 The radian measure @ of a counterclockwise rotation is the length along the unit circle of the arc traversed by P 


as it rotates into Q. 


FIGURE 2 Ona circle of 


traversed by a counterclockwise rotation of 


radius r, the arc 


@ radians has length @r. 
TABLE 1 
Rotation through Radian measure 
Two full circles 4n 
Full circle 20 
Half circle x 
Quarter circle 2n/4=n/2 
One-sixth circle 2x /6 = 2/3 
Radians Degrees 
0 0° 
1 
fed 0° 
6 3 
T 
— 45° 
4 
T 
~ 60° 
3 
x 
dd 90° 
5 0 


Figure 1(A) shows a unit circle with radius O P rotating counterclockwise into radius 
OQ. The radian measure of this rotation is the length 0 of the circular arc traversed by 
P as it rotates into Q. On a circle of radius r, the arc traversed by a counterclockwise 
rotation of @ radians has length @r (Figure 2). 

The unit circle has circumference 27. Therefore, a rotation through a full circle has 
radian measure 0 = 27 [Figure 1(B)]. The radian measure of a rotation through one- 
quarter of a circle is 0 = 27/4 = 1/2 [Figure 1(C)] and, in general, the rotation through 
one-nth of a circle has radian measure 27 /n (Table 1). A negative rotation (with 6 < 0) 
is a rotation in the clockwise direction [Figure 1(D)}. 

The radian measure of an angle such as ZPOQ in Figure 1(A) is defined as the 
radian measure of a rotation that carries OP to OQ. Notice, however, that the radian 
measure of an angle is not unique. The rotations through 0 and 6 + 27 both carry OP to 
OQ. Therefore, 6 and 6 + 27 represent the same angle, even though the rotation through 
6 + 2x takes an extra trip around the circle. In general, two radian measures represent 
the same angle if the corresponding rotations differ by an integer multiple of 2m. For 
example, 7/4, 9/4, and —157/4 all represent the same angle because they differ by 
multiples of 27: 


Every angle has a unique radian measure satisfying 0 < 0 < 27. With this choice, 
the angle @ subtends an arc of length @r on a circle of radius r (Figure 2). 

Degrees are defined by dividing the circle (not necessarily the unit circle) into 360 
equal parts. A degree is = of a circle. A rotation through 0 degrees (denoted 0°) is 
a rotation through the fraction 6/360 of the complete circle. For example, a rotation 
through 90° is a rotation through the fraction a or i of a circle. 

As with radians, the degree measure of an angle is not unique. Two degree measures 
represent that same angle if they differ by an integer multiple of 360. For example, the 
angles —45° and 675° coincide because 675 = —45 + 2(360). Every angle has a unique 
degree measure 6 with O < 6 < 360. 

To convert between radians and degrees, remember that 27 radians is equal to 360°. 
Therefore, 1 radian equals 360/27 or 180/7 degrees. 


e To convert from radians to degrees, multiply by 180/z. 
+ To convert from degrees to radians, multiply by 2/180. 
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Radian measurement is usually the better EXAMPLE 1 Convert (a) 55° toradians and (b) 0.5 radians to degrees. 
2 . Naer 
choice for mathematical purposes, but fotha 
there are good practical reasons for using 
degrees. The number 360 has many Sid , i $ 
divisors (360 = 8 - 9 . 5), and (a) 55° x 780° = 0.9599 radians (b) 0.5 radians x ~~ 28.648° a 
consequently, many fractional parts of the 
citcle:can DG EXINGSSED' aS am-integer Convention Unless otherwise stated, we always measure angles in radians. 
pei pean = ip A ir The trigonometric functions sine and cosine can be defined in terms of right triangles. 
PE ee b i milli oiii Let 0 be an acute angle in a right triangle, and let us label the sides as in Figure 3. 
three-eighths is 135°. 
Then 
- b opposite a adjacent 
Hypotenuse sinĝ = 7 = Hiatt nice’ cos 0 = - = ———_— 
ypotenuse c hypotenuse 
G 
b Opposite 
H A disadvantage of this definition is that it makes sense only if 0 lies between 0 and 
a z /2 (because an angle in a right triangle cannot exceed x /2). However, sine and cosine 
Adjacent can be defined for all angles in terms of the unit circle. Let P = (x, y) be the point on the 
unit circle corresponding to the angle 0, as in Figures 4(A) and (B), and define 
UR . . ’ 
ee cos @ = x-coordinate of P, sin@ = y-coordinate of P 
This agrees with the right-triangle definition when 0 < 0 < 4. On the circle of radius r 
(centered at the origin), the point corresponding to the angle @ has coordinates 
(r cos 6,rsin@) 
Furthermore, we see from Figure 4(C) that f(@) = sin@ is an odd function and f(@) = 
cos @ is an even function: — 


sin(—@) = — sin , cos(—0) = cos @ 


FIGURE 4 The unit circle definition of sine 
and cosine is valid for all angles 0. 


Although we can use a calculator to evaluate sine and cosine for general angles, the 
standard values listed in Figure 5 and Table 2 appear often and are worth knowing. 


(2 2] a) 1, 1) 
PANDAS 


The graph of y = sin@ is the familiar “sine wave” shown in Figure 6. Observe how 
the graph is generated by the y-coordinate of the point P = (cos 0, sin 0) moving around 
the unit circle. 


FIGURE 5 Four standard angles: The x- and 
y-coordinates of the points are cos 80 and 
sin 8. 


FIGURE 6 The graph of y = sin 8 is 
generated as the point P = (cos 0, sin@) 


moves around the unit circle. 


FIGURE 7 Graphs of y = sin@ and 


y = cos over [0, 2x]. 


We often write sinx and cos x, using x 
instead of 0. Depending on the application, 
we may think of x as an angle or simply as 


a real number. 


FIGURE 8 Sine and cosine have period 27. 


Hypotenuse 


FIGURE 9 


c 


a 


Adjacent 


b Opposite 
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TABLE 2 

0 0 T T T T 2r 37 5r 7 
6 4 3 2 3 4 6 

1 T a3 /3 /2 Í 

sin §@ 0 — -— — 1 — — = 0 
2 2 2 2 2 2 
A3 2 1 1 /2 NE 

cos 6 1 — — = 0 — Sol Ze E | 
2 a 2 2 2 2 


The graph of y =cos@ has the same shape but is shifted to the left 7/2 units 
(Figure 7). The signs of sin@ and cos @ vary as P = (cos 0, sin 0) changes quadrant. 


Quadrant of unit circle 


M 


(Tez Cu 


y=sin y= cos 6 


A function f is called periodic with period T if f(x + T) = f(x) (for all x) and 
T is the smallest positive number with this property. The sine and cosine functions are 
periodic with period T = 2x (Figure 8) because the radian measures x and x + 27k 
correspond to the same point on the unit circle for any integer k: 


sinx = sin(x + 27k), cosx = cos(x + 27k) 


y=sinx y=cos x 


There are four other standard trigonometric functions, each defined in terms of sin x 
and cos x or as ratios of sides in a right triangle (Figure 9): 


S 
Tangent: tanx = Cotangent: cotx 


Secant: secx = Cosecant: cscx 


These functions are periodic (Figure 10): y = tanx and y = cotx have period x, and 
y = sec x and y = csc x have period 27 (see Exercise 57). 
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| 
S] 
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FIGURE 10 Graphs of standard trigonometric functions. 


Find the values of the 


EXAMPLE 2 Computing Values of Trigonometric Functions 
six trigonometric functions at x = 47/3. 


Solution The point P on the unit circle corresponding to the angle x = 47/3 lies op- 
posite the point with angle 2/3 (Figure 11). It follows that P = (—1/2, —/3/2), and 
therefore 


. 4n J3 4r 1 
SiN —— = ———— cos 


%. 2 


The remaining values are 


4x  sindx/3  —v3/2 S3. cott = 0842/3 _ v3 
> “Ctia/f A72 7°” 


3 sin4dx/3 a 
An 1 1 4r 1 


—2./3 
— = ———— = —_ = -2, ESC = ——— = —— 
3 cos47/3  —1/2 3 sin 4x /3 3 


FIGURE 11 


(YN 


Sec 


EXAMPLE 3 Find the angles x such that cosx = 5. 


’ Solution From Figure 12, we see that x = 2/3 and x = —x/3 are solutions. We may 
add any integer multiple of 27, so the general solution is x = 42/3 + 27k for any 
integer k. a 


EXAMPLE 4 Sketch the graph of f(x) = 3 cos (2 (x + 5 )) over [0, 277]. 


Solution The graph is obtained by scaling and shifting the graph of y = cos x in three 
steps (Figure 13): 


FIGURE 12 cosx = - for x = +F 


CAUTION To shift the graph of y = cos 2x 
to the left n /2 units, we must replace x by 
x + % to obtain cos (2 (x + Z)). Itis 


incorrect to take cos (2x + z), Note that 
to shift left (in the —x direction), we add 
HA2. 


* Compress horizontally by a factor of 2: 
° Shift to the left x /2 units: 


y = cos 2x 


raai p) 
y = 3008 (2 (<+=)) 4 


y = 3 cos (2(x + al 


e Expand vertically by a factor of 3: 


y = cosx 


21 


Compress Expand 
| Shift left 7 
as horizontally by => __ ene i ' vertically by => 
a factor of 2 ” a -3 


FIGURE 13 


a factor of 3 


100 200 300 


FIGURE 14 Day length in Orange City, 
Iowa. 


The expression (sin x)* is usually denoted 
sin‘ x. For example, sin? x is the square of 
sinx. We use similar notation for the other 
trigonometric functions. However, we 
reserve sin! x for the inverse sine 
function discussed in the next section, 
rather than for +. 


thi 
a 


FIGURE 15 For complementary angles, the 
sine of one angle is equal to the cosine of 
the complementary angle. 
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In the previous example the coefficient 3 of the cosine term is referred to as the 
amplitude of the oscillation. The idea is that the function oscillates by 3 above and below 
a central value of 0. 

The sine function lends itself well to modeling oscillatory phenomena. By scaling 
and translating in both the vertical and horizontal directions, we can fit a sine curve 
to data representing many different relationships. In the next example, we use the sine 
function to model the varying day length throughout the year. 


EXAMPLE 5 A Day-Length Model The function L(t) = 12 + 3.1 sin(2X1) approxi- 
mates the length of a day, in hours from sunrise to sunset, in Orange City, lowa, where 
t represents the day in the year assuming ¢ = 0 is the spring equinox on March 21 
(Figure 14), What are the lengths of the longest day and the shortest day? What are the 
day lengths on May 1, August 1, and November 1? 


Solution The function L oscillates with amplitude 3.1 on either side of a central value 
of 12. According to the model, the longest day is approximately 15.1 hours long, and the 
shortest is approximately 8.9 hours long. 

May 1, August 1, and November 1 correspond to rt = 41, t = 133, and t = 225, 
respectively. Evaluating L(t) at each of these values of t, we find that the day lengths 
are approximately 14.0 hours on May 1, 14.3 hours on August 1, and 10.0 hours on 
November 1. m 


This model L(t), with amplitude 3.1, works for locations along the same latitude as 
Orange City, Iowa, 42 degrees north. At other latitudes, different amplitudes would need 
to be used. In more northern latitudes the days are longer in the summer and shorter in 
the winter, and a greater amplitude would be used. At more southern latitudes (in the 
northern hemisphere), smaller amplitudes would be used (see Exercises 41 and 42). 


Trigonometric Identities 


A key feature of trigonometric functions is that they satisfy a large number of identities. 
First and foremost, sine and cosine satisfy a fundamental identity, which is equivalent to 


the Pythagorean Theorem: 


Equivalent versions are obtained by dividing Eq. (1) by cos? x or sin? x: 


Here is a list of some other commonly used identities. The identities for complementary 
angles are justified by Figure 15. 


Basic Trigonometric Identities 
ie of OO T 

Complementary angles: sin (5 — x) = COS x, COS é x) = sinx 

Addition formulas: sin(x + y) = sin x cos y + cos x sin y 

cos(x + y) = cos x cos y — sin x sin y 


Double-angle formulas: sin? 


1 l 
E 51 —cos2x), cos*x = z. + cos 2x) 


cos 2x = cos? x — sin? x, sin2x = 2 sinx cosx 


Shift formulas: sin (x op =) =cosx, cos (x + =) = —sinx 


32 CHAPTER 1 PRECALCULUS REVIEW 


Hypotenuse 
Opposite 
V21 


5 
fa 
Adjacent 2 


FIGURE 16 


G 
b 
a 


FIGURE 17 


c 
b 
E 
a 


(cos 0, sin 8) 


FIGURE 18 


EXAMPLE 6 For @ between 0 and 27, the equation cos 0 = 2 has a solution in (0, 5) 
and a solution in (22, 2x ). Calculate tan 0 in each case. 


Solution First, using the identity cos? 0 + sin? 0 = 1, we obtain 
f V/21 
sind = +y 1 — cos? 0 = + Le 


If 0 <8 < 4, then sinô is positive and we take the positive square root: 


ad 
sing 21/5 7 J21 


0 = —— = 
e cos 8 2/5 2 


To visualize this computation, draw a right triangle with angle @ such that cos? = $ as 


in Figure 16. The opposite side then has length /21 = vy 5? — 2? by the Pythagorean 
Theorem. 
If E <0 < 27, then sin@ is negative and tan = =e a 


We conclude this section by quoting the Law of Cosines (Figure 17), which is a 
generalization of the Pythagorean Theorem (see Exercise 62). 


THEOREM 1 Law of Cosines If a triangle has sides a, b, and c, and @ is the angle 


opposite side c, then 
c? =a? + b? — 2abcosé 


If 8 = 2/2, then cos @ = 0 and the Law of Cosines reduces to the Pythagorean Theorem. 


1.4 SUMMARY 


* An angle of @ radians subtends an arc of length Or on a circle of radius r. 

To convert from radians to degrees, multiply by 180/z. 

To convert from degrees to radians, multiply by 2/180. 

Unless otherwise stated, all angles in this text are given in radians. 

The functions f(@) = cos@ and f(0) = sin@ are defined in terms of right triangles 
for acute angles and as coordinates of a point on the unit circle for general angles 
(Figure 18): 


opposite a adjacent 
Be wailed cos 8 == B 
c hypotenuse 


b 
sind = - = 


c hypotenuse’ 


Basic properties of sine and cosine: 


— Periodicity: sin(@ + 27) =sin@, cos(@ + 27) = cosé 
— Parity: sin(—@) = — sin ð, cos(—@) = cos 


— Basic identity: sin? @ +cos*@ = 1 


The four additional trigonometric functions: 


sin @ cos @ 
tan 8 = : ot 9 = ; - 
cos 0 sin ð cos sin@ 
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1.4 EXERCISES 
Preliminary Questions 
1. Howis it possible for two different rotations to define the same angle? (a) 0<0< = b) 0<0 <x (© 0<6 <27 


2. Give two different positive rotations that define the angle 1/4. 
3. Give a negative rotation that defines the angle 7/3. 


4. The definition of cos 0 using right triangles applies when (choose the 
correct answer): 


5. What is the unit circle definition of sin 0? 


6. How does the periodicity of f(@) =sin@ and f(@) =cos@ follow 
from the unit circle definition? 


Exercises 
1. Find the angle between 0 and 27 equivalent to 137 /4. 


2. Describe 6 = 7/6 by an angle of negative radian measure. 


3. Convert from radians to degrees: 
T 


5 
(a) 1 (b) 3 (c) T 


3m 
(d) — F 
4. Convert from degrees to radians: 


(a) 1° (b) 30° (c) 25° (d) 120° 


5. Find the lengths of the arcs subtended by the angles 6 and @ radians 
in Figure 19, 


FIGURE 19 Circle of radius 4. 


6. Calculate the values of the six standard trigonometric functions for the 


angle 6 in Figure 20. 
17 
8 
í El 
15 


FIGURE 20 


7. Fill in the remaining values of (cos 8, sin 8) for the points in Figure 21. 


2x 2 zl 3) 


ge 2 


y2, 22) 

2° 72 

5 

= z(v3, 1) 
62 2 


In la 
6 6 
3 3x 3 
2 

FIGURE 21 


8. Find the values of the six standard trigonometric functions at 
6 = 11x /6. 


In Exercises 9-14, use Figure 21 to find all angles between 0 and 27 sat- 
isfying the given condition. 


9, cos = $ 10. tané = 1 

11. tan@ = —1 12. csc’ = 2 
3 

13. sinx = < 14. sect = 2 


15. Fill in the following table of values: 


17. Show that if tan = c and 0 < 0 < 7/2, then cos@ = 1/ V1 Fe. 
Hint: Draw a right triangle whose opposite and adjacent sides have lengths 
cand Í. 


18. Suppose that cos 6 = L, 
(a) Show that if 0 < @ < 7/2, then sin@ = 2//2/3 and tan = 2/2. 
(b) Find sinô and tan @ if 32/2 < 6 < 27. 


In Exercises 19-24, assume that 0 < 0 < 1/2. 


19. Find sin @ and tan9 if cosô = 3. 
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20. Find cos @ and tan 4 if sin@ = 3. 

21. Find sin9, sec 0, and cot if tan = 3. 

22. Find sin, cos@, and sec @ if cot? = 4. 

23. Find cos 20 if sin@ = 3. 

24. Find sin 26 and cos 26 if tan@ = J2. 

25. Find cos @ and tan 6 if sin@ = 0.4 and 7/2 < 0 < x. 
26. Find cos @ and sin 8 if tan 0 = 4andz < 0 < 3x/2. 
27. Find cos @ if cot@ = 3 and sin@ < 0. 

28. Find tan@ if sec@ = /5 and sinf < 0. 


29. Find the values of sin@, cos 0, and tan @ for the angles corresponding 
to the eight points on the unit circles in Figure 22(A) and (B). 


X (0.3965, 0.918) x (0.3965, 0.918) 
(A) (B) 


FIGURE 22 


30. Refer to Figure 23(A). Express the functions sin @, tan @, and csc@ in 
terms of c. 


31. Refer to Figure 23(B). Compute cos W, sin Y, cot Y, and csc y. 


(A) (B) 


FIGURE 23 


32. Express cos (0 + $=) and sin(@ + %) in terms of cos@ and sing. 


Hint: Find the relation between the coordinates (a,b) and (c,d) in 
Figure 24. 


FIGURE 24 


33. Use addition formulas and the values of sin@ and cos@ for 0 = 3, Ẹ 
to compute sin = and cos tks exactly. 

34. Use addition formulas and the values of sin@ and cos@ for 0 = 3,3 
to compute sin 7; and cos 75 exactly. 

In Exercises 35-38, sketch the graph over (0, 23]. 


35. f(0) =2sin 40 
36. (6) = cos (2 (o = =)) 


37. f(6) =cos (28 P =) 


A x 

38. f@)=sin(2 (0-5) +7) +2 

39. Determine a function that would have a graph as in Figure 25(A), stat- 
ing the period and amplitude. 


(A) (B) 


FIGURE 25 


40. Determine a function that would have a graph as in Figure 25(B), stat- 
ing the period and amplitude. 


41. During a year, the length of a day, from sunrise to sunset, in Wolf 
Point, Montana, varies from a shortest day of approximately 8.1 hours to 
a longest day of approximately 15.9 hours, while in Mexico City, the day 
lengths vary from 10.7 hours to 13.3 hours. For each location, determine a 
function L(t) = 12+ A sin( 2t) that approximates the length of a day, in 
hours, where ¢ represents the day in the year assuming t = 0 is the spring 
equinox on March 21. Compare the day lengths in each location on April 1, 
July 15, and November 1. 


42. During a year, the length of a day, from sunrise to sunset, in Ta- 
loga, Oklahoma, varies from a shortest day of approximately 9.6 hours 
to a longest day of approximately 14.4 hours, while in Montreal, the day 
lengths vary from 8.3 hours to 15.7 hours. For each location, determine a 
function L(t) = 12+ A sin( Zt) that approximates the length of a day, in 
hours, where ¢ represents the day in the year assuming t = 0 is the spring 
equinox on March 21. Compare the day lengths in each location on April 
15, July 30, and November 15. 


43. How many points lie on the intersection of the horizontal line y = c 
and the graph of y = sinx for 0 < x < 2x? Hint: The answer depends 
on c. 


44. How many points lie on the intersection of the horizontal line y = c 
and the graph of y = tan x for 0 < x < 27? 


In Exercises 45—46, solve for0 < 0 < 2x. 


45. sin @ = sin 20 Hint: Use the double angle formula for sine. 


46. sinf = cos20 Hint: Use appropriate identities to express cos 20 in 


‘ terms of the sine function. 


In Exercises 47-56, derive the identity using the identities listed in this 
section. 


> 9 1 + cos@ 


47. cos 20 = 2cos?6 — 1 48. cos oa 5 


8 1 — cos 8 
49. sin? — = ———_ 
Sin 7 7 


51. cos(@ +2) = —cos@ 


50. sin(@ + 2) = —sin@ 


52. tanx = cot (5 -x) 


2 tan 
53. tan(x — 0) = — tan 54. tan2x = dT 
1 — tan? x 
1 + cos 2x 


1 — cos 4x 
56. sin? x cos? x = = 


57. Use Exercises 50 and 51 to show that tan 8 and cot 6 are periodic with 
period zr. 
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58. Use the double-angle formulas to show that sin*@ and cos?@ are 
periodic with period v. 


59. Use the identity of Exercise 48 to show that cos % is equal to 


NI 


a 


N| m 


60. Use Exercise 55 to compute tan 3. 


61. Use the Law of Cosines to find the distance from P to Q in Figure 26. 


FIGURE 26 


Further Insights and Challenges 


62. Use Figure 27 to derive the Law of Cosines from the Pythagorean 
Theorem. 


b c 


as 


a 
a — b cos 8 


FIGURE 27 


63. Use the addition formula to prove 


cos 30 = 4cos? @ — 3 cos 8 


64. Use the addition formulas for sine and cosine to prove 


tana + tan b 
tan b) = ——————_ 
Cav) 1 — tan a tan b 
tb+1 
iti) ee 
cot b — cota 
65. Let @ be the angle between the line y = mx + b and the x-axis [Figure 
28(A)]. Prove that m = tané@. 


FIGURE 28 


66. Let Lı and Z2 be the lines of slope mı and m2 [Figure 28(B)}. Show 


mam, +1 
that the angle @ between Lı and L satisfies cot@ = ———. 
mı — my, 


67. Perpendicular Lines Use Exercise 66 to prove that two lines with 
nonzero slopes mı and mz are perpendicular if and only if m2 = —1/my}. 


68. Apply the double-angle formula to prove: 


1 
(a) cos = = V2 4 V2 
a 1 
b — = ~y 2 2 2 
(b) cos -z ar +V¥2+/2 


big 
Guess the values of cos 35 and of cos 5 forall n. 


T a 
— 1.5 Inverse Functions 
D Many important functions, such as logarithms, roots, and the arcsine, are defined as in- 
T a verse functions. In this section, we review inverse functions and their graphs, and we 
oe discuss the inverse trigonometric functions. 


The inverse of f, denoted f—!, is the function that reverses the effect of f (Figure 1). 


FIGURE 1 A function and its inverse. 


For example, the inverse of f(x) = x? is the cube root function f =l (x) = x!/9. Given 
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a table of function values for f, we obtain a table for f—! by interchanging the x and y 


: , assuming the resulting f—! is a function: eal 
In general, f—'(x) Æ TO The expression columns 8 gf 
f7'(x) is simply a notation for the inverse eink liner 
function, and the —1 does not represent an ne ae en a 
exponent. x {@)= x3 x fyer / 
—2 —8 (Interchange columns) —8 —2 
—] —] = —1 —] 
0 0 0 0 
1 1 1 1 
2 8 8 2 
3 2T 27 3 
If we apply both f and f—! to a number x in either order, we get back x. For instance, 
E (apply x°) (apply x!⁄) 
Apply f and then f~’: 5 as a ee 
lex 1/3 r 
Ans amity: pS? gE’ & 
This property is used in the formal definition of the inverse function: 
4a REMINDER The “domain” is the set of DEFINITION Inverse Let f have domain D and range R. If there is a function g 
numbers x such that f(x) is defined (the with domain R such that 
set of allowable inputs), and the “range” is = pa 
the set of all values f(x) (the set of & (f (x)) =x forx¢€ D and i (s (x)) =x forxeR 
outputs). then f is said to be invertible. The function g is called the inverse function and is 
denoted f~t. a 
EXAMPLE 1 Show that f(x) = 2x — 18 is invertible. What are the domain and range 
of f—!? 
The variable y in f(y) = by +9 is Solution We show that f is invertible by computing the inverse function in two steps. 
called a dummy variable. It is “local” tothe Step I. Solve the equation y = f(x) for x in terms of y. 
equation, which means that changing y to 
a different symbol does not change the y=2x — 18 
meaning of the relationship, as well as the y+18 = 2x 
mathematics that precedes and follows the i 
relationship. We could write x=-y+9 
f(A) = 544-9 or 2 
Vat it wo l ; i 
J- (POGI 2 DOG) ie NA This gives us the inverse as a function of the variable y: f~!(y) = sy +9. 
affect the mathematics in Example 1. Step 2. I ‘abl 
Generally, x is preferred as the tep 2. Interchange TRS = ; . 
independent variable when writing We usually prefer to write the inverse as a function of x, so we interchange the roles 
expressions for functions. of x and y: 
1 
t f '@)==x4+9 
2 
sf o = ie Graphs of f and f—! are shown in Figure 2. 
z To check our calculation, let’s verify that f—!(f(x)) = x and f(f—!(x)) = x: 
4 = 1 
z" x FIE) =f "(2x — 18) = z2x — 18) +9 = (x -9)+9=x 
Es -1 } l — 
y=f&)=2x- If eE tR =2| 3*7 +9) -18 =Q + 18)—18 =x 


1 
FIGURE 2 Because f—! is a linear function, its domain and range are R. E 


Another standard term for one-to-one is 
injective. 


FIGURE 3 A one-to-one function takes on 
each value at most once. 


Think of a function as a device for 
“labeling” members of the range by 
members of the domain. When f is 
one-to-one, this labeling is unique and f~! 
maps each number in the range back to its 
label. 


FIGURE 4 In passing from f to f—!, the 
domain and range are interchanged. 
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The inverse function, if it exists, is unique. However, some functions do not have 
an inverse. Consider f(x) = x?. When we interchange the columns in a table of values 
(which should give us a table of values for f—'), the resulting table does not define a 
function: 


Function Inverse (?) 
fo x" * J E) 
_9 4 Se g 4 =) fo! (1) has two 
mi 1 1 | values: 1 and —1. 
0 0 0 0 
1 1 1 1 
2 4 4 2 


The problem is that every positive number occurs twice as an output of f(x) = x”. For 
example, 1 occurs twice as an output in the first table and therefore occurs twice as an 
input in the second table. So the second table gives us two possible values for f—(1), 
namely f =1(1) = 1 and f —1(}) = —1. Neither value satisfies the inverse property. For 
instance, if we set Gl.) = 1, then fFF — if “CH = 1, but an inverse would 
have to satisfy f—!(f(—1)) = -1. 

So when does a function f have an inverse? The answer is: if f is one-to-one, which 
means that f takes on each value at most once (Figure 3). Here is the formal definition: 


DEFINITION One-to-One Function A function f is one-to-one on a domain D if, for 
every value c, the equation f(x) = c has at most one solution for x € D. Or, equiva- 
lently, if for all a,b € D, if a Æ b, then f(a) Æ f(b) 


One-to-one Not one-to-one 


f(x) = c has at most one solution for all c. f(x) = c has two solutions: x = a and x = a’. 


When f is one-to-one on its domain D, the inverse function f—! exists and its do- 
main is equal to the range R of f (Figure 4). Indeed, for every c € R, there is precisely 
one element a € D such that f(a) = c and we may define f—!(c) = a. With this defi- 
nition, f(f—!(c)) = f(a) = c and f—!(f(a)) = f—'(c) = a. This proves the following 
theorem: 


THEOREM 1 Existence of Inverses The inverse function f—! exists if and only if f 
is one-to-one on its domain D. Furthermore, 


e Domain of f = range of f~! 
¢ Range of f = domain of f—! 


Domain of f = range of f~! Range of f= domain of f~! 
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3x +2 
FIGURE 5 Graph of f(x) = ~~. 


5x— 1 


Often, it is impossible to find a formula for 
the inverse because we cannot solve for x 
explicitly in the equation y = f(x). For 
example, the function f(x) = x + sinx 
has an inverse, but we must make do 
without an explicit formula for it. 


(Jj FIGURE 6 The line y = c intersects the 
graph at points where f(a) = c. 


PRECALCULUS REVIEW 


3 2 f 
a is invertible. Determine the domain and range 


EXAMPLE 2 Show that f(x) = 
5x — 1 


of f and f—?. 


Solution The domain of f is D = |x x = 3 (Figure 5). Assume that x € D, and let’s 
solve y = f(x) for x in terms of y: 


3x +2 
5x — 1 
y(5x — 1) = 3x + 2 
Sxy — y = 3x +2 
5xy —3x =y +2 


y = 


(gather terms involving x) 


[2] 


The last step is valid if 5y — 3 # 0—that is, if y Æ 3. But note that y = = is not in 
the range of f. For if it were, Eq. (1) would yield the false equation 0 = 7 + 2. Now 
Eq. (2) shows that for all y Æ 3, there is a unique value x such that f(x) = y. There- 
fore, f is one-to-one on its domain. By Theorem 1, f is invertible. The range of f is 
R= |x:x 43} and 


x(5y —3)=y+2 (factor out x in order to solve for x) 


2 
ax, (divide by Sy — 3) 
Sy —3 


— = x+2 
eS 3 
The inverse function has domain R and range D. E 


We can tell whether f is one-to-one from its graph. The horizontal line y = c inter- 
sects the graph of f at points (a, f(a)), where f(a) = c (Figure 6). There is at most one 
such point if f(x) = c has at most one solution. This gives us the following: 


In Figure 7, we see that f(x) = x? passes the Horizontal Line Test and therefore is 
one-to-one, whereas f(x) = x? fails the test and is not one-to-one. 


si Y 


(A) f(x) = x? is one-to-one. (B) f(x) = x? is not one-to-one. 


FIGURE 7 


EXAMPLE 3 Increasing Functions Are One-to-One Show that increasing functions 
are one-to-one. Then show that f(x) = x? + 4x + 3 is one-to-one. 


NS 


QE 


30 


f@=x 44x43 


—2 


FIGURE 8 The increasing function 
fx= x> + 4x + 3 satisfies the 
Horizontal Line Test. 


One-to-one for x > 0 


FIGURE 9 f(x) = x? satisfies the 
Horizontal Line Test on the domain 
{ce > 0}. 


y œw Ef 4-a 


FIGURE 12 Graph of the inverse g of 


f@)=vV4—-x. 
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Solution An increasing function satisfies f(a) < f(b) if a < b. Therefore, f cannot 
take on any value more than once, and thus f is one-to-one. 
Now observe that 


e Ifn is odd and c > 0, then f(x) = cx” is increasing. 
e A sum of increasing functions is increasing. 


Thus, g(x) = x”, h(x) = 4x, and hence the sum k(x) = x° + 4x are increasing. It follows 
that the function f(x) = x? + 4x +3 is increasing and therefore one-to-one (Figure 8). 
However, determining an explicit formula for its inverse would be difficult. E 


Note that using an argument like the one in the previous example, we can prove that 
decreasing functions are also one-to-one and therefore have inverses. 
We can make a function one-to-one by restricting its domain suitably. 


EXAMPLE 4 Restricting the Domain Find a domain on which f(x) = x? is one-to- 
one and determine its inverse on this domain. 


Solution The function f(x) = x? is one-to-one on the domain D = {x : x > 0}, for if 
a? = b?, where a and b are both nonnegative, then a = b (Figure 9). The inverse of f 
on D is the positive square root f—!(x) = ./x. Alternatively, we may restrict f to the 
domain {x : x < 0}, on which the inverse function is f—!(x) = —./x. fal 


Next, we describe the graph of the inverse function. The reflection of a point (a, b) 
through the line y = x is defined to be the point (b, a) (Figure 10). Note that if the x- and 
y-axes are drawn to the same scale, then (a,b) and (b,a) are equidistant from the line 
y = x and the segment joining them is perpendicular to y = x. 

The graph of f—! is the reflection of the graph of f through y = x (Figure 11). To 
check this, note that (a, b) lies on the graph of f if f(a) = b. But f(a) = b if and only if 
f(b) = a, and in this case, (b, a) lies on the graph of f—!. 


FIGURE 10 The reflection (a, b) through the FIGURE 11 The graph of f =l is the 
line y = x is the point (b,a). reflection of the graph of f through the 
line y=: 


EXAMPLE 5 Sketching the Graph of the Inverse Sketch the graph of the inverse of 
fx) = Jas. 


Solution Let g(x) = f~!(x). Observe that the domain of f is {x : x < 4}, and the range 
of f is {x : x > 0}. We do not need a formula for g(x) to draw its graph. We simply 
reflect the graph of f through the line y = x, as in Figure 12. If desired, however, we 
can easily solve y = ./4 — x to obtain x = 4 — y? and thus g(x) = 4 — x? with domain 
fe: & a0}. fi 


Inverse Trigonometric Functions 


We have seen that the inverse function f~! exists if and only if f is one-to-one on its 
domain. Because the trigonometric functions are not one-to-one, we must restrict their 
domains to define their inverses. 
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Do not confuse the inverse sin~! x with the 


reciprocal 


1 
(sinx)~! = —— = csc x 
sin x 


i I 


The inverse functions sin 
are often denoted arcsin x, arccos x, etc. 


“FIGURE 13 
S—~ X 


Summary of inverse relation between the 
sine and arcsine functions: 
sin(sin™! x) =x  for-—l<x<1 


atene wa aE 
a= 7 =F 


FIGURE 14 sin(5#) = —¥2. 


Summary of inverse relation between the 
cosine and arccosine functions: 
cos(cos~! yy =x for—l <x <1] 


cos” !(cos 6) =8@ fr0 <0 <x 


Xx, COS” Xeo 


PRECALCULUS REVIEW 


First, consider the sine function. Figure 13 shows that f(@) = sin@ is one-to-one on ~ | 


[—%, 4]. With this interval as domain, the inverse is called the arcsine function and is 
=i 


denoted 6 = sin™* x or 0 = arcsin x. By definition, 


uA 
0 = sin! x is the unique angle in |-7, 4 such that sin = x 


f(@) = sin 6 


sin ô with 
restricted domain 


The range of f(x) = sinx is [—1, 1], so fo = sin~! x has domain [—1, 1]. Table 1 
gives some values of 9 = sin! x. 


TABLE 1 

V3 v2 1 1 A2 LB 
ü n le La oe a 
pScoer +o a | © F & FS 


EXAMPLE 6 (a) Show that sin! (sin (7)) = 4. 

(b) Show that sin! (sin (5%) # F. 

Solution The equation sin” '(sin 0) = 9 is valid if @ lies in [—4, 4]. 
(a) Because § lies in [- 3, 3], sin™' (sin (Z)) = 4. 


(b) Now consider sin~! (sin (3#)). Note that the point eee is associated 
51 


with the angle =, as shown in Figure 14. Therefore, sin (3) = =y2 By Table 1, 


. 
Aw 


-—1/-V2\__x sal (ew { SF A atk Sr 
sin (=) = 7+ So, sin (sin (3%) =-3 2. F 


The cosine function is one-to-one on [0, x] rather than [-5.; | (Figure 15). With 
this domain, the inverse is called the arccosine function and is denoted @ = cos~!x or 


0 = arccos x. It has domain [—1, 1]. By definition, 


6 = cos! 


x is the unique angle in [0, 7] such that cos 8 = x 

When we study the calculus of inverse trigonometric functions in Section 3.8, we will 
need to simplify composite expressions such as cos(sin! x) and tan(sin~! x). This can be 
done in two ways: by referring to the appropriate right triangle or by using trigonometric 
identitiés. 


FIGURE 15 


FIGURE 16 Right triangle constructed such 
that sin? = x. 


y=cot!x 


FIGURE 17 
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f = cos 6 


cos @ with 
restricted domain 


EXAMPLE 7 Find an alternative form in terms of x for each of cos(sin~! x) and 
tan(sin~! x). 


Solution This problem asks for the values of cos@ and tan@ at the angle @ = sin”! x. 


Consider a right triangle with hypotenuse of length 1 and angle 0 such that sinĝ = x, as 


in Figure 16. By the Pythagorean Theorem, the adjacent side has length y 1 — x2. Now 
we can read off the values from Figure 16: 


ogo adjacent 
cos(sin l x) = cos? = ee a Vv1—x?2 
hypotenuse 
opposite 9 


= adjacent „x2 


Alternatively, we may argue using trigonometric identities. Because sin 0 = x, 


cos(sin7! x) =cos@=vl1— sin? 8 = vi = x2 
1 


We are justified in taking the positive square root in either approach because @ = sin” x 
lies in [-%. 5] and cos @ is positive in this interval. a 


tan(sin™! x) = tan 


We now address the remaining trigonometric functions. The function f (0) = tan 8 
is one-to-one on (—%, 5), and f(@) = cot@ is one-to-one on (0,7) (see Figure 10 in 
Section 1.4). We define their inverses by restricting them to these domains: 


§ = tan7! x is the unique angle in (>. =) such that tan = x 


6 = cot! x is the unique angle in (0, 7) such that cot@ = x 


The range of both f(@) = tan@ and f(@) = cot@ is the set of all real numbers R. There- 
fore, @ = tan”! x and @ = cot~! x have domain R (Figure 17). 

The function f(@) = sec 8 is not defined at 0 = 4, but we see in Figure 18 that it is 
one-to-one on [0, 5) U (5, x|. Similarly, f (0) = csc 8 is not defined at 0 = 0, but it is 
one-to-one on |- %,0) U (0, z]. We define the inverse functions as follows: 


0 = sec™! 


x is the unique angle in [o, =) U E r | such that sec 0 = x 


T 
0 = csc™! x is the unique angle in [-5. 0) U (0, 3 such that csc@ = x 
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Figure 18 shows that the range of f(O) =sec@ is the set of real numbers x such _ 
that |x| > 1. The same is true of f(@) = csc. It follows that both 0 = sec™! x and 
@ =csc_! x have domain {x : |x] > 1}. 


FIGURE 18 /(@) = sec@ is one-to-one on the interval [0, 2] with 5 removed. 


1.5 SUMMARY 


¢ A function f is one-to-one on a domain D if for every value c, the equation f(x) =c 
has at most one solution for x € D, or, equivalently, if for all a,b € D, if a Æ b, then 
f(a) # f(b). 

° Let f have domain D and range R. The inverse f—! (if it exists) is the unique function 
with domain R and range D satisfying f(f~'(x)) = x and f~!(f(x)) = x. 

¢ The inverse of f exists if and only if f is one-to-one on its domain. 

°- To find the inverse function, solve y = f(x) for x in terms of y to obtain x = g(y). __ 
The inverse is the function g. 

¢ Horizontal Line Test: f is one-to-one if and only if every horizontal line intersects the 
graph of f in at most one point. 

* The graph of f~! is obtained by reflecting the graph of f through the line y = x. 

¢ The arcsine and arccosine are defined for —1 < x < 1: 


0 = sin! x is the unique angle in i> z| such that sin? = x 


0 = cos! x is the unique angle in [0, x] such that cos@ = x 

- tan”! x and cot! x are defined for all x: 
0 = tan! x is the unique angle in (=>. =| such that tan 0 = x 
6 = cot! x is the unique angle in (0, x) such that cot@ = x 


¢ sec”! x and csc7! 


x are defined for |x| > 1: 
T 
0 = sec! x is the unique angle in [o, =) U (=.7] such that sec@ = x 
U 


2 2 
eT adi > ; Ie JT 
= csc ` x is the unique angle in l= 0) (0, = | such that csc 0 = x 


1.5 EXERCISES 


Preliminary Questions 


1. Which of the following satisfy f—'(x) = f(x)? 2. The function f maps teenagers in the United States to their last names. 
(a) f(x) =x (b) f(x) =1—x (c) f(x)=1 Explain why the inverse function f~! does not exist. 


(d) f(x) = yx (e) f(x) = |x] oO fay=x" 


\. 3. The following fragment of a train schedule for the New Jersey Transit 


System defines a function f from towns to times. Is f one-to-one? What 
is f~'(6:27)? 


4. A homework problem asks for a sketch of the graph of the inverse of 
f(x) =x + cos x. Frank, after trying but failing to find a formula for 
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f—(x), says it’s impossible to graph the inverse. Bianca hands in an 
accurate sketch without solving for f—!. How did Bianca complete the 
problem? 


5. Which of the following quantities is undefined? 
(@) sin~(—4) 

(b) cos~1(2) 

(c) csc~!(5) 

(d) csc—!(2) 


6. Give an example of an angle @ such that cos!(cos 8) Æ @. Does this 
contradict the definition of inverse function? 


Exercises 
1. Show that f(x) = 7x — 4 is invertible and find its inverse. 


2. Is f(x) = x? + 2 one-to-one? If not, describe a domain on which it is 
one-to-one. 


3. What is the largest interval containing zero on which f(x) = sinx is 
one-to-one? 


x—2 


4. Show that f(x) = 73 is invertible and find its inverse. 
x 


(a) What is the domain of f? The range of f~!? 
(b) What is the domain of f~!? The range of f? 


5. Verify that f(x) =x? +3 and gxn=a- 3)!/3 are inverses by 
showing that f(g(x)) = x and g(f(x)) = x. 


t+1 t+1 
6. Repeat Exercise 5 for f(t) = as and g(t) = -—. 
. : ; 2GM 
7. The escape velocity from a planet of radius R is v(R) = >; 


where G is the universal gravitational constant and M is the mass. Find 
the inverse of v(R) expressing R in terms of v. 


8. Show that the power law relationship P(Q) = kQ", for Q > 0 and 
r #0, has an inverse that is also a power law, Q(P) =mP*, where 
m =k /" ands = 1/r. 


9. The volume V of a cone that has height equal to its radius r is given by 
Vir= izr, Find the inverse of V (r), expressing r as a function of V. 


10. The surface area S of a sphere of radius r is given by S(r) = 4xr?. 
Explain why, in the given context, S(r) has an inverse function. Find the 
inverse of S(r), expressing r as a function of S. 


In Exercises 11—17, find a domain on which f is one-to-one and a formula 
for the inverse of f restricted to this domain. Sketch the graphs of f and 
ae 


16. f(z) =z’? 


17. f(x) = V¥x3 +9 


18. For each function shown in Figure 19, sketch the graph of the inverse 
(restrict the function’s domain if necessary). 


y y y 
—= Xx VW. x 
(A) (B) (C) 
y BP 
‘ s Tia: 
(D) (Œ) (F) 


FIGURE 19 
19. Which of the graphs in Figure 20 is the graph of a function satisfying 


fis f? 
p N 
(A) (B) 
y k 4 
© D) 


FIGURE 20 


20. Let n be a nonzero integer. Find a domain on which the function 
f(x) = (1 — x")!/" coincides with its inverse. Hint: The answer depends 
on whether n is even or odd. 

21. Let f(x) =x? 4x41. 

(a) Show that f ~l exists (but do not attempt to find it). Hint: Show that 
f is increasing. 

(b) What is the domain of f~!? 

(c) Find f—!(3). 
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22. Show that f(x) = (x? + 1)7! is one-to-one on (—oo, 0], and find a 
formula for f~! for this domain of f. 


Zz. Let f(x) = x? — 2x. Determine a domain on which f -l exists, and 
find a formula for f~! for this domain of f. 


24. Show that f(x) = x +.2x7! is one-to-one on [1, 00), and find the cor- 
responding inverse f~!. What is the domain of f~}? 


For each of the piecewise-defined functions in Exercises 25-28, determine 
whether or not the function is one-to-one, and if it is, determine its inverse 
function. 


25. 
x whenx <0 
Jie # when x > 0 

26. 
NY We when x < —] 
EX) = Vy when x > —1 

27. 

2 

x“ whenx <0 
Cos | when x > 0 

28. 
ips ~—x* whenx <0 
Ed = 1x2 whenx > 0 


In Exercises 29-34, evaluate without using a calculator. 


1 
29. cos7!1 30. sin”! ; 
31. cot7!1 32. sec! e 

A3 
33. tan`! /3 34. sin~!(—1) 


Further insights and Challenges 
59. Show that if f is odd and f~! exists, then f~! is odd. Show, on the 
other hand, that an even function does not have an inverse. 


60. A cylindrical tank of radius R and length L lying horizontally, as in 
Figure 21, is filled with oil to height k. Show that the volume V (A) of oil 
in the tank as a function of height A is 


V(h)=L (r cos! (: = z) — (R — hV2hR — i?) 


In Exercises 35—44, compute without using a calculator. 


4 | I 
36. sin sin — 
3 
37. cos! (cos =| 38. sin! (si (-=)) 


35. sin7! (sin =) 


3 
39. tan—! (ian =) 40. tan~!(tanz) 
=1 2i 3x 
41. sec” ‘(sec 3zr) 42. sec = 
ees -1 Mi- 
43. csc™!(cse(—r)) 44. cot (cot ( =)) 


In Exercises 45-48, simplify by referring to the appropriate triangle or 
trigonometric identity. 


45. tan(cos~! x) 46. cos(tan—! x) 


47. cot(sec—! x) 48. cot(sin=! x) 


In Exercises 49-56, refer to the appropriate triangle or trigonometric 
identity to compute the given value. 


49. cos(sin7! Z) 50. tan(cos~! 2) 


: 51. tan(sin™' 0.8) 


52. cos(cot™! 1) 53. cot(csc™! 2) 


55. cot(tan™! 20) 56. sin(csc~! 20) 


2 
57. Let f(x) = F. 
(a) From a graph of f, explain why f is not invertible. Furthermore, 
explain why f is invertible if we restrict the domain to [0, 00). 
(b) Find the inverse function for f restricted to [0, co). 


58. (GU) Let f(x) = r. 

(a) From a graph of f, explain why f is not invertible. Furthermore, 
explain why f is invertible if we restrict the domain to (—1, 1). 

(b) Let h be the inverse function for f restricted to (—1,1). What are 
(c) Use the quadratic formula to find an expression for h(x). 


FIGURE 21 Oilin the tank has level A. 


1.6 Exponential and Logarithmic Functions 


An exponential function is a function of the form f(x) = b*, where b > 0 and b Æ 1. 
The number b is called the base. Some examples are f(x) = 2*, g(x) = (1.4), and 
h(x) = 10’. The case b = | is excluded because f(x) = 17 is a constant function. Cal- 
culators give good decimal approximations to values of exponential functions: 


24 = 16, 


2-3 = 0.125, 


(1.4)°3 ~ 1.309, 104° ~ 39,810.717 


54. tan(sec~!(—2)) 


Sw 


TABLE 1 
x5 3x 
1 3 
3125 243 
100,000 59,049 
759,375 14,348,907 
9,765,625 847,288,609,443 
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Three properties of exponential functions should be singled out from the start (see 
Figure 1 for the case b = 2): 


¢ Exponential functions are positive: b* > Q for all x. 
° The range of f(x) = b* is the set of all positive real numbers. 
¢ f(x) = b* is increasing if b > 1 and decreasing if 0 < b < 1. 


a4 i 1 i 
y = 2* is increasing y= (3) is decreasing 


FIGURE 1 


If b > 1, the exponential function f(x) = b* is not merely increasing but is, in a cer- 
tain sense, rapidly increasing. Although the term “rapid increase” is perhaps subjective, 
the following precise statement is true: For all n, if x is positive and large enough, then 
f (x) = b* increases more rapidly than the power function g(x) = x” (we will prove this 
in Section 4.5). For example, Figure 2 shows that f(x) = 3* eventually overtakes and 
increases faster than the power functions g(x) = x’, g(x) = x4, and g(x) = x>. Table 1 
compares f(x) = 3* and g(x) = x5, 


y y = 3x y (x) — 3x 
fœ) mua f Fo(a) = x3 


150,000 150,000 150,000 


10 10 10 
FIGURE 2 Comparison of f(x) = 3* and power functions. 


CONCEPTUAL INSIGHT The expressions “exponential growth” and “increases exponen- 
tially” (and related expressions) describe the growth in or modeled by an exponential 
function. A function whose graph increases more and more steeply does not necessarily 
increase exponentially. What distinguishes true exponential growth from other forms 
of growth is the precise way the function values increase. In exponential growth, an 
increase in x by 1 causes an increase in the function value by the same fixed percent, 
regardless of the value of x involved. In contrast, power functions do not exhibit such 
increase. 

For example, Table 2 demonstrates how f(x) = 3(2*) increases by 100% with 
each increase by 1 in x, but g(x) = 4x” does not exhibit growth by a fixed percent. 


TABLE 2 


Š f(x)=3(2*)  % increase g(x) = 4x? % increase 
1 3@)=6 4(12)=4 

2 3(27)=12 100 4(27) = 16 300 

3 3(23)=24 100 4(37) = 36 125 

4 3(24) = 48 100 4(47) = 64 78 

5  3(29) = 96 100 4(57) = 100 56 
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Although written references to the number 
mz go back more than 4000 years, 
mathematicians first became aware of the 
special role played by e in the seventeenth 
century. The notation e was introduced by 
Leonhard Euler, who discovered many 
fundamental properties of this important 
number. The number e has been computed 
to an accuracy of more than 100 billion 
decimal places. Here's a start: 


e = 2.71828182845904523536... 


A 
TF 
ca 
= 
~ 
Zl 
2 
= 
2m 
= 
bi 
= 
HF a 
a 
— 
z 
a! 


Gordon Moore (1929— ). Moore, who later 
became chairman of Intel Corporation, 
predicted that following 1965, the number 
of transistors per integrated circuit would 
grow “exponentially.” This prediction has 
held up for over five decades and may well 
continue into the future. Moore said, 
“Moore’s Law is a term that got applied to 
a curve I plotted in the mid-sixties showing 
the increase in complexity of integrated 
circuits versus time. It’s been expanded to 
include a lot more than that, and I’m happy 
to take credit for all of it.” 


In the next example, to solve exponential equations, we use the fact that f(x) = b* 
is one-to-one. In other words, if b* = b’, then x = y. 


EXAMPLE 1 Solve for the unknown: 
2t 
(a) 23x+1 = 25 (b) RE -a G) 


Solution 
(a) If 23*+! = 25, then 3x + 1 = 5 and thus x = 3. 


(b) Since 1 = 77}, the right-hand side of the equation is Oe = (7~!)}4 = T”. The 


equation becomes 7+! = 77%. Therefore, t + 1 = —2t, ort = —. C 


The Number e 


In Chapter 3, we will use calculus to study exponential functions. One of the surpris- 
ing insights of calculus is that the most convenient or “natural” base for an exponential 
function is not b = 10 or b = 2, as one might think at first, but rather a certain irrational 
number, denoted by e, whose value is approximately e ~ 2.718. A calculator is used to 
evaluate specific values of f(x) = e*. For example, 


e? ~ 20.0855, e714 = 0.7788 


In calculus, when we speak of the exponential function, it is understood that the base is e. 
Another common notation for e* is exp(x). 

How is e defined? There are many different definitions, but they all rely on the 
calculus concept of a limit. Here are four different ways of characterizing or defining e, 
two via limits, two via properties of graphs. We will investigate each at different points 
in the text. 


e As x approaches 0, the values of the expression (1 + x)!/* approach the num- 
ber e. Equivalently (substituting 1 for x), we can say that the values of (1 + 1y 
approach the number e as ¢ gets greater and greater without bound. (See Example 
4 in Section 1.7.) 

* The number e is approached more and more closely as we progressively add 

terms to the sum l+1+3t+éetutptat ti: (With infinitely 

many terms in the sum, the expression is known as an infinite series. We study 

infinite series in Chapter 10.) 

Using Figure 3(A): Among all exponential functions y = b*, b = e is the unique 

base for which the slope of the tangent line to the graph at (0, 1) is equal to 1. 

Using Figure 3(B): The number e is the unique number such that the area of the 

region under the hyperbola y = 1/x for 1 < x < e is equal to 1. 


y 7 
y= e å 
1 
x 
3 
y=x+l 
2 
A Region has area 1 
(0, 1) Tangent line 
has slope 1 


(A) (B) 


FIGURE 3 


N” 


> es 


FIGURE 4 Graphing y = —e—2), 


FIGURE 5 y = Inx is the inverse of y = e*. 
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From these descriptions, it is not clear why e is important. As we will learn, however, 
the exponential function f(x) = e* plays a fundamental role because it behaves in a 
particularly simple way with respect to the basic operations of calculus. 


EXAMPLE 2 Draw the graph of y = —e*~), 


Solution Figure 3(A) shows the graph of y = e*. The graph of y = —e” is simply the 
reflection of this graph over the x-axis, making all values negative instead of positive, as 
in Figure 4. The graph of y = —e“—”) is obtained by translating this graph 2 units to the 
right. E 


Logarithms 


Logarithmic functions are inverses of exponential functions. More precisely, if b > 0 and 
b £ 1, then the logarithm to the base b, denoted log, x, is the inverse of f(x) = b*. By 
definition, y = log, x if b? = x, so we have 


bO% =x and log,(b*) = x 


In other words, log, x is the number to which b must be raised in order to get x. For 
example, 


log,(8) =3 because 27 = 8 
logig(1)=0 because 10° = 1 

1 t 1 
l —~|=-—2 b map A ai 
0g3 ( 5) ecause 3 as 


The logarithm to the base e, denoted In x, plays a special role and is called the natu- 


ral logarithm. 


We use a calculator to evaluate logarithms numerically. For example, 
In 17 © 2.83321 because 783321 ~ 17 


As in Figure 5, f(x) = lnx and g(x) = e* are inverse functions, so we have 


Recall that the domain of f(x) = b* is R, and its range is the set of positive 


real numbers {x : x > 0}. Since the domain and range are reversed in the inverse 
function, 


e The domain of f(x) = log, x is {x : x > 0}. 
°. The range of f(x) = log, x is the set of all real numbers R. 


If b > 1, then log, x is positive for x > 1 and negative for 0 < x < 1. Figure 5 illus- 
trates these facts for the base b = e. Keep in mind that the logarithm of a negative 
number does not exist. For example, log;)(—2) does not exist because 10” = —2 has no 
solution. 

For each law of exponents (see Section 1.1), there is a corresponding law for loga- 
rithms. They are listed in the following table. 
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The Moment Magnitude Scale was 
developed to improve on some 
shortcomings in the more familiar Richter 
Scale. It was defined to be relatively 
consistent with Richter-scale values for 
medium-to-strong earthquakes and is the 
scale currently used by the U.S. Geological 
Survey when reporting earthquake 
magnitudes. 


Laws of Logarithms 


Law Example 


Log of 1 log, (1) = 0 
Log of b log, (5) = 1 
Products log, (xy) = log, x + log, y logs(2 - 3) = logs 2 + logs 3 


x 3 
Quotients log, (=) = log, x — log, y log» G) = log, 3 — log, 7 


1 1 
Reciprocals log, (<) = —log, x log» G) = — log) 7 


Powers (any 72) log,(x”) = n log, x logjo(82) = 2 - logjo 8 


EXAMPLE 3 Using the Logarithm Laws Evaluate: 


(a) logs9 +logę4 (b) In (=) (c) 10 log,(b°) — 4log,( vb) 


Solution 


(a) logs 9 + logs 4 = logg (9 - 4) = log.(36) = log,(67) = 2 


(b) In (=) = In(e~/*) = -> In(e) = -> 
(c) 10log,(b°) — 4 log,( Vb) = 10(3) — 4 log (b!/?) = 30 — 4 (5) = 28 E 


We can change the base in exponential functions and in logarithmic functions using 
the following change-of-base formulas that can be proven via the laws of exponents and 
the laws of logarithms (see Exercises 49 and 50): 


CONCEPTUAL INSIGHT By these change-of-base formulas, we can easily convert be- 
tween bases in exponentials and logarithms. Therefore, from the perspective of alge- 
bra, no base is preferred over any other. Once we start working with calculus, we will 
see that base e provides for simpler calculations of important calculus operations, and 
therefore in the calculus setting, f(x) = e* and g(x) = lnx are preferred over expo- 
nentials and logarithms with other bases. 


Since logarithmic functions are inverses of exponential functions (which grow 
rapidly) logarithmic functions grow slowly, a property that is shown in Figure 5. Scien- 
tists exploit this slow growth of logarithmic functions to define logarithmic scales that 
measure phenomena that can have a very large range of values, such as the energy in 
earthquakes. 

One scale for earthquakes is called the Moment Magnitude Scale, a logarithmic scale 
defined by 


2 
My = 3 [0810 E- 10.7 


where Mw is the unitless moment magnitude of an earthquake and E is the energy (in 
ergs) released by the earthquake, which is directly related to the size of the earthquake 
fault and the distance the fault moved. 


RNa 


Bacteria population P 


CH FIGURE 6 Bacteria population as a 
function of time. 


© Corbis 


FIGURE 7 The St. Louis Arch has the shape 
of an inverted hyperbolic cosine. 
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EXAMPLE 4 Earthquake Measurement The 2011 Tohoku earthquake in Japan, one 
of the strongest ever recorded, released 3.9 x 10? ergs of energy, about 10 billion times 
as much energy as a mild earthquake that rattles the windows in a house. What are the 
magnitudes of the mild (107! ergs of energy) and Tohoku earthquakes? 


Solution If E = 107!, then 
2 2) 2 
My = 3 logo 10° — 10.7 = 32) — 10.7 = 3.3 
For the Tohoku earthquake, E = 3.9 x 102, so 
2 29 2 
My = 3 log;9 3.9 x 107 — 10.7 = z 10810 3.9 + 29) — 10.7 © 9.0 al 


EXAMPLE 5 Solving an Exponential Equation The bacteria population in a bottle at 
time t (in hours) has size P(t) = 1000e°35. After how many hours will there be 5000 
bacteria? 


Solution We must solve P(t) = 10000-35 = 5000 for t (Figure 6): 


e035 — 5000 = 
1000 
In(e®?5) = n5 (take logarithm of both sides) 
0.35t = In 5 % 1.609 [because In(ef) = a] 
1.60 
te ae ~ 4.6 hours ie! 


Hyperbolic Functions 


The hyperbolic functions are certain special combinations of e* and e~~ that play a role 
in engineering and physics (see Figure 7 for a real-life example). The hyperbolic sine and 
cosine, pronounced “cinch” and “cosh,” are shown in Figure 8 and defined as follows: 


y = sinh x y =coshx 


FIGURE 8 The hyperbolic sine and cosine functions. 


As the terminology suggests, there are similarities between the hyperbolic and 
trigonometric functions. Here are some examples: 


* Parity: The trigonometric functions and their hyperbolic analogs have the same 
parity. Thus, f(x) = sin x and f(x) = sinh x are both odd, and f(x) = cos x and 
f(x) = cosh x are both even (Figure 8): 


sinh(—x) = — sinhx, cosh(—x) = cosh x 
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FIGURE 10 
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+ Identities: The basic trigonometric identity sin? x + cos? x = 1 has a hyperbolic 


analog: 
z 


The addition formulas satisfied by sin x and cos x also have hyperbolic analogs: 


sinh(x + y) = sinh x cosh y + cosh x sinh y 


| cosh(x + y) = cosh x cosh y + sinh x sinh y 


¢ Hyperbola instead of the circle: Because of the identity cosh? t — sinh? t = 1, 
the point (cosht, sinh t) lies on the hyperbola x? — y? = 1, just as (cost, sint) 
lies on the unit circle x? + y? = 1 (Figure 9). 


(cos £, sin f) 


x?+y2=1 
FIGURE 9 a, 
¢ Other hyperbolic functions: The hyperbolic tangent, cotangent, secant, and 
cosecant functions (see Figure 10) are defined like their trigonometric counter- 
parts: 
sinh x *—e%* 1 2 
mb ES sechx = —— = ——_ 
coshx e*+e~% coshx e% +e™* 
cosh x ++ e* 1 2 
coth x = — = s B csch x = — -E e 
sinhx e% —e`™* sinhx e* —e* 
y y 
xX 
y = sech x y=cschx y=cothx 
EXAMPLE 6 Verifying the Basic Identity Verify Eq. (2): cosh? x — sinh? x = 1. 
i 1 ] 
Solution Because coshx = ae +e ~) and sinh x = 5 te — e *), we have 


coshx + sinh x = e”, cosh x — sinh x =e” 
We obtain Eq. (2) by multiplying these two equations together: 


cosh? x — sinh? x = (cosh x + sinh x)(cosh x — sinh x) = e* - e™* = 1 
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ee ee ee Inverse Hyperbolic Functions 
Inverse hyperbolic functions a 


Each of the hyperbolic functions, except y = cosh x and y = sech x, is one-to-one on 
its domain and therefore has a well-defined inverse. The functions y = cosh x and y = 
y = sinh! all x sech x are one-to-one on the restricted domain {x : x > 0}. We let y= cosh7! x and 


Function Domain 


x 
y = cosh”! x EE y= sech—! x denote the corresponding inverses. 
y= tanh! x Ixj <1 ee as ft fal a = ee. S 
sets tere i Einstein’s Law of Velocity Addition 
y = sech”! x 0<x<1 The inverse hyperbolic tangent plays a role in the Special Theory of Relativity, developed 


by Albert Einstein in 1905. One consequence of this theory is that no object can travel 
faster than the speed of light, c + 3 x 108 m/s. Einstein realized that this contradicts a 
law stated by Galileo more than 250 years earlier, namely that velocities add. Imagine a 
train traveling at u = 50 m/s and a man walking down the aisle in the train at v = 2 m/s. 
According to Galileo, the man’s velocity relative to the ground is u + v = 52 m/s. This 
agrees with our everyday experience. But now imagine an (unrealistic) rocket traveling 
away from the earth at u = 2 x 10° m/s, and suppose that the rocket fires a missile with 
velocity v = 1.5 x 10° m/s (relative to the rocket). If Galileo’s Law were correct, the ve- 
locity of the missile relative to the earth would be u + v = 3.5 x 108 m/s, which exceeds 
Einstein’s maximum speed limit of c % 3 x 10° m/s. 

However, Einstein’s theory replaces Galileo’s Law with a new law stating that the 
inverse hyperbolic tangents of velocities add. More precisely, if u is the rocKet’s velocity 
relative to the earth and v is the missile’s velocity relative to the rocket, then the velocity 
FIGURE 11 What is the missile’s velocity of the missile relative to the earth (Figure 11) is w, where 


relative to the earth? T ( 2 ) = (“) + tanh”! =) 


EXAMPLE 7 A rocket travels away from the earth at a velocity of 2 x 108 m/s. A mis- 
sile is fired from the rocket at a velocity of 1.5 x 108 m/s (relative to the rocket) away 
from the earth. Use Einstein’s Law to find the velocity w of the missile relative to the 
earth. 


Solution According to Eq. (3), 


2x 108 1.5 x 108 
tanh! (=) = tánh! ( c ) + tanh! (e) æ 0.805 + 0.549 ~ 1.354 


y = csch! x x #0 


c 3 x 108 3 x 108 
Therefore, w/c ~ tanh(1.354) ~ 0.875, and w œ% 0.875c ~ 2.6 x 10 m/s. This value 
obeys the Einstein speed limit of 3 x 10° m/s. m 


Einstein's Law of Velocity Addition [Eq. (3)] EXAMPLE 8 Low Velocities A plane traveling at 300 m/s fires a missile forward at 
reduces to Galileo's Law, w =u + v, when a velocity of 200 m/s. Calculate the missile’s velocity w relative to the earth using both 


u and v are small relative to the velocity of Einstein’s Law and Galileo’s Law. 
light c. See Exercise 52 for another way of 
expressing Eq. (3). Solution According to Einstein’s Law, 


tanh! (=) T EE a a 
E C C 
300 2 : 
w = c - tanh (emn! (=) + tanh“! (=) z~ 499.99999999967 m/s 


This is practically indistinguishable from the value w = 300 + 200 = 500 m/s obtained 
using Galileo’s Law. El 


1.6 SUMMARY 


e f(x) = D* is the exponential function with base b (where b > 0 and b Æ 1). 
* f(x) = D* is increasing if b > 1 and decreasing if b < 1. 
¢ The number e ~ 2.718. 
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e For b > 0 with b Æ 1, the logarithmic function f(x) = log, x is the inverse of 


f(x) = b: 
yale, e © rab 


°- The natural logarithm is the logarithm with base e and is denoted In x. 
- eX = x for x > 0 and In(e*) = x for all x. 
¢ Important logarithm laws: 
z 
(i) log, (xy) = log, x + log, y (ii) log, (=) = log, x — log, y 


(iii) log, (x”) = n log, x (iv) log, 1 = 0 and log, b = 1 


Change of base formulas: b* = a*!8a9, b* = e* Mb log, x = T log, x = 
¢ The hyperbolic sine and cosine: 


x =x x z 
=E 


lnx 
nb 


sinh x = — (odd function), cosh x = - (even function) 


The remaining hyperbolic functions: 


tanh x = mr, coth x = maa, sech x = TE csch x = 
- Basic identity: cosh? x — sinh? x = 1 
« The inverse hyperbolic functions and their domains: 
f(x) = sinh! x, for all x f(x) = coth! x, for |x| > 1 
{a= cosh”! x,forx > 1 fx)= sech! x, for0 <x < 1 


f(x) = tanh! x, for|x| <1 f(x) =csch7!x,forx £0 


sinh x 


1.6 EXERCISES 


Preliminary Questions 
1. When is lnx negative? 
2. What is In(—3)? Explain. 


3. Explain the phrase “The logarithm converts multiplication into 


Compute log,2(b*). 


6. 

7. Which hyperbolic functions take on only positive values? 

8. Which hyperbolic functions are increasing on their domains? 
9 


addition.” 
4. What are the domain and range of f(x) = Inx? . Describe three properties of hyperbolic functions that have trigono- 
5. Explain why f(x) = x? does not grow exponentially. metric analogs. 
Exercises 
In Exercises 1—8, solve for the unknown variable. 17. logg 2 + log, 2 18. logss 30 + logs 2 
l a Pee D po ae 
° : 19. log, 48 — log, 12 20. In(./e - e1”) 
1 

3. 3 = (4)* 4, (/5)* = 125 21. ln(e?) + In(e*) 22. logy 3 + log, 24 
5. 47% = tt 6. b+ =10!2 23. 710829) 24, 8° loss() 
7. r=27 25. Write as the natural log of a single expression: 

3 a) 2In5+31n4 1/2 
8. Wt = (a) 2In543In (b) SIn(x!/) + n(9x) 
In Exercises 9-24, calculate without using a calculator. 26. Solve for x: In(x” + 1) — 3Inx = In(2). 
9. log, 27 10. logs 45 In Exercises 27—32, solve for the unknown. 

St F —4t _ 

11. Inl 12. logs(54) zie” = 100 a Ge =2 


13. log,(2°/°) 
15. loge, 4 


29. gx? 2x =$ 30. ett a Se!-t 


14. log,(8°/*) 


16. log,(497) 31. In(x*) — n(x?) = 2 


32. log, y + 3log,(y*) = 14 


33. Find the inverse of y = e?*~?. 

34, Find the inverse of y = In(x? — 2) for x > a2. 

35. Use a calculator to compute sinh x and cosh x for x = —3, 0, 5. 
36. Compute sinh(in 5) and tanh(3 In 5) without using a calculator. 


37. Show, by producing a counterexample, that In(ab) is not equal to 
(In a)(in b). 


38. For which values of x are y = sinh x and y = cosh x increasing and 
decreasing? 


39. Show that y = tanh x is an odd function. 


40. The population of Integraton (in millions) at time ¢ (years) is 
P(t) = 2.4e9 , where t = 0 is the year 2000. 

(a) What is the population at time t = 0? 

(b) When will the population double from its size at t = 0? 


41. The decibel level for the intensity of a sound is a logarithmic scale 
defined by D = 10 logo Z + 120, where J is the intensity of the sound in 
watts per square meter. 

(a) Express I as a function of D. 

(b) Show that when D increases by 20, the intensity increases by a factor 
of 100. 


42. Consider the equation M, = A logi9 E — 10.7 relating the moment 
magnitude of an earthquake and the energy E (in ergs) released by it. 
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(a) Express E as a function of My. 


(b) Show that when M,, increases by 1, the energy increases by a factor 
of approximately 31.6. 


43. A Refer to the graphs to explain why the equation sinh x = t has a 
unique solution for every ¢ and why cosh x = t has two solutions for every 
t> 1. 


44, Compute cosh x and tanh x, assuming that sinh x = 0.8. 


45. Prove the addition formula for cosh x given by 


cosh(x + y) = cosh x cosh y + sinh x sinh y. 


46. Use the addition formulas to prove 
sinh(2x) = 2 cosh x sinh x 


cosh(2x) = cosh? x + sinh? x 


47. A train moves along a track at velocity v. Bionica walks down the aisle 
of the train with velocity u in the direction of the train’s motion. Compute 
the velocity w of Bionica relative to the ground using the laws of both 
Galileo and Einstein in the following cases: 


(a) v = 500 m/s and u = 10 m/s. Is your calculator accurate enough to 
detect the difference between the two laws? 


(b) v = 10’ m/s and u = 10° m/s. 


Further Insights and Challenges 


48. Show that log, b log, a = 1 for all a,b > O such that a # 1 and 
by 1. 
49. Verify that for all x, the change-of-base formula holds: 


j 
080” fora,b > Osuch thata Æ 1,b # 1. 
log, b 


50. Verify that for all x, the change-of-base formula holds: b* = a* !°8 
fora,b > 0 such that a Æ 1, b Æ 1. 


51. Use the addition formulas for sinh x and cosh x to prove 


tanh u + tanh v 
] + tanh u tanh v 


log, i= 


tanh(u + v) = 


52. Use Exercise 51 to show that Einstein’s Law of Velocity Addition 
[Eq. (3)] is equivalent to 


53. Prove that every function f can be written as a sum in the form 
f(D = fx) + f-(x) where f(x) is an even function and f_(x) is an 
odd function. Express f(x) = Se* + 8e-* in terms of cosh x and sinh x. 
Hint: y = f(x) + f(—x) is an even function, and y = f(x) — f(—x) is 
an odd function. 
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Computer technology has vastly extended our ability to calculate and visualize mathemat- 
ical relationships. In applied settings, computers are indispensable for solving complex 
systems of equations and analyzing data, as in weather prediction and medical imaging. 
Mathematicians use computers to study complex structures and relationships such as the 
geometry and symmetry of cubes of dimensions higher than 3 (Figure 1). We take advan- 


tage of this technology to explore the ideas of calculus visually and numerically. 


FIGURE 1 Representations of cubes of 
dimension 4, 6, 8, and 10. 


CYN 


When we plot a function with a graphing calculator or computer algebra system, the 


graph is contained within a viewing rectangle, the region determined by the range of 
x- and y-values in the plot. We write [a,b] x [c,d] to denote the rectangle for which 
a<=x<bandc < y <d. 
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The appearance of the graph depends heavily on the choice of viewing rectangle. __- 
Different choices may convey very different impressions that are sometimes misleading. 
Compare the three viewing rectangles for the graph of f(x) = 12 — x — x? in Figure 2. 
Only (A) successfully displays the shape of the graph as a parabola. In (B), the graph is 
cut off, and no graph at all appears in (C). Keep in mind that the scales along the axes 
may change with the viewing rectangle. For example, the unit increment along the y-axis 
is larger in (B) than in (A), so the graph in (B) is steeper. 


18 4 l 


FIGURE 2 Viewing rectangles for the graph ~18 sath = 
of f(x) = 12 =i — x2, (A) [-6, 5] x [-18, 18] (B) {—6, 5] x [-4, 4] (C) (-1, 2] x {-3, 1] 


There is no single “correct” viewing rectangle. The goal is to select the viewing 
rectangle that displays the properties you wish to investigate. This usually requires 


experimentation. 
Technology is indispensable but also has EXAMPLE 1 How Many Roots and Where? How many real roots does the function 
its limitations. When shown the computer- f(x) = x? — 20x + 1 have? Find their approximate locations. 
generated results of a complex calculation, i , i ae: *4 
the Nobel prize-winning physicist Eugene Solution We experiment with several viewing rectangles (Figure 3). Our first attempt 
Wigner (1902-1995) is reported to have (A) displays a cut-off graph, so we try a viewing rectangle that includes a larger range 
said, “It is nice to know that the computer of y-values. Plot (B) shows that the roots of f probably lie somewhere in the interval 
understands the problem, but | would like [—3, 3], but it does not reveal how many real roots there are. Therefore, we try the viewing ~_ 
to understand it too.” rectangle in (C). Now we can see clearly that f has three roots. A further zoom in (D) 
shows that these roots are located near —1.5, 0.1, and 1.5. Further zooming would provide 
their locations with greater accuracy. a 
10 10,000 


-12 12 


-10 —10,000 —100 
(A) [-12, 12] x [-10; 10] (B) [-12, 12] x [—10,000, 10,000] (C) [-2, 2] x [-100, 100] (D) [-2, 2] x [-20, 25] 


FIGURE 3 Graphs of f(x) = x? — 20x + 1. 


EXAMPLE 2 Does a Solution Exist? Does cosx = tanx have a solution? Describe 
the set of all solutions. 


Solution The solutions of cos x = tanx are the x-coordinates of the points where the 
graphs of y = cosx and y = tanx intersect. Figure 4(A) shows that there are two so- 
lutions in the interval [0,27]. By zooming in on the graph as in (B), we see that the 
first positive root lies between 0.6 and 0.7, and the second positive root lies between 2.4 
and 2.5. Further zooming shows that the first root is approximately 0.67 [Figure 4(C)]. 
Continuing this process, we find that the first two roots are x œ% 0.666 and x ~ 2.475. 

Since f(x) = cosx is periodic with period 27, and f(x) = tanx is periodic with 
period 7, the picture repeats itself with period 27. All solutions are obtained by adding ~~ 
multiples of 27 to the two solutions in {0, 277]: 


x + 0.666 + 27k and x 2475+ 20k (for any integer k) a 
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ee re ee or ee 


(A) [-7, 13) x [—5, 5] (B) (0, 3] x [-5, 5] (C) [0.5, 0.7) x [0.55, 0.85] 


FIGURE 4 Graphs of y = cos x and y = tan x. 


CAUTION When considering the graph of a 
function such as y = Inx (Figure 5), it 
may appear to approach a horizontal 
asymptote, but in fact, it does not. For any 
given horizontal line, the graph eventually 
rises above it. In this respect, graphing 
calculators and computer graphing systems 
must be used judiciously. 


FIGURE 5 y = Inx. 


TABLE 1 


n 
n ( T 3 
n 
10 2.59374 
102 2.70481 
103 2.71692 
104 2.71815 
105 2.71827 


10° 2.71828 


L—3 
EXAMPLE 3 Functions with Asymptotes Plot the function f(x) = — 


describe its asymptotic behavior. 


and 


Solution First, we plot f in the viewing rectangle [—10, 20] x [—5, 5], as in Figure 6(A). 
The vertical line x = 2 is called a vertical asymptote. Many graphing calculators dis- 
play this line, but it is not part of the graph (and it can usually be eliminated by choosing 
a smaller range of y-values). We see that f(x) tends to oo as x approaches 2 from the 
left, and to —oo as x approaches 2 from the right. To display the horizontal asymp- 
totic behavior of f, we use the viewing rectangle [—10, 20] x [—10,5] [Figure 6(B)]. 
Here, we see that the graph approaches the horizontal line y = —3, called a hori- 
zontal asymptote (which we have added as a dashed horizontal line in the 
figure). E 


—10 


(A) [=10, 20] x [-5, 5] (B) [—10, 20] x [-10, 5] 


i=3 
FIGURE 6 Graphs of f(x) = s 
X — 


Calculators and computer algebra systems give us the freedom to experiment numer- 
ically. For instance, we can explore the behavior of a function by constructing a table of 
values. In the next example, we investigate a function related to the exponential function. 


EXAMPLE 4 Investigating the Behavior of a Function How does f(n) = + 1/n)” 
behave for large positive whole-number values of n? 


Solution First, we make a table of values of f(n) for larger and larger positive values of 
n. Table 1 suggests that f(n) appears to get closer to some value near 2.718. In fact, as 
we indicated in Section 1.6, the values of f(n) approach e as n gets greater and greater. 
This is an example of limiting behavior that we will discuss in Chapter 2. Next, replace 
n by the variable x and plot the function f(x) = (1 + 1/x)*. The graphs in Figure 7 also 
suggest that f(x) approaches a limiting value near 2.7. a 


EXAMPLE 5 Bird Flight: Finding a Minimum Graphically According to one model of 
bird flight, the power consumed by a pigeon flying at velocity v (in meters per second) 
is P(v) = 17v—! + 107v? (in joules per second). Use a graph of P to find the velocity 
that minimizes power consumption. 
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0 500 1000 


x 
FIGURE 7 Graphs of f(x) = (1 4 -) (A) [0, 10] x [0, 3] (B) [0, 1000} x [0, 3} 
x 


Solution The velocity that minimizes power consumption corresponds to the lowest 
point on the graph of P. We plot P first in a large viewing rectangle (Figure 8). This fig- 
ure reveals the general shape of the graph and shows that P takes on a minimum value for 
v somewhere between v = 8 and v = 9. In the viewing rectangle [8, 9.2] x [2.6, 2.65], 
we see that the minimum occurs at approximately v = 8.65 m/s. E 


12 
P (J/s) 
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FIGURE 8 Power consumption P(v) as a 
function of velocity v. (A) [0, 20] x [0, 12] (B) [8, 9.2] x [2.6, 2.65] 


Local linearity is an important concept in calculus that is based on the idea that 
many functions are nearly linear over small intervals. Local linearity can be illustrated 
effectively with a graphing calculator. 


EXAMPLE 6 Illustrating Local Linearity Illustrate local linearity for the function 
Toer Be 1. 


Solution First, we plot f(x) = xix in the viewing window of Figure 9(A). The graph 
moves up and down and appears very wavy. However, as we zoom in, the graph straight- 
ens out. Figures (B)-(D) show the result of zooming in on the point (1, f(1)). When 
viewed up close, the graph looks like a straight line. This illustrates the local linearity of 
jae Ss. E 
Be 1.05 
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FIGURE 9 Zooming in on the graph of f(x) = x5™* near x = 1. 


1.7 SUMMARY 


e The appearance of a graph on a graphing calculator depends on the choice of view- 
ing rectangle. Experiment with different viewing rectangles until you find one that 
displays the information you want. Keep in mind that the scales along the axes may 
change as you vary the viewing rectangle. 
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° The following are some ways in which graphing calculators and computer algebra 
systems can be used in calculus: 


— Visualizing the behavior of a function 

— Finding solutions graphically or numerically 

— Conducting numerical or graphical experiments 

— Illustrating theoretical ideas (such as local linearity) 


1.7 EXERCISES 


Preliminary Questions 


1. Is there a definite way of choosing the optimal viewing rectangle, or 
is it best to experiment until you find a viewing rectangle appropriate to 
the problem at hand? 


2. Describe the calculator screen produced when the function y = 3 + 
x? is plotted with a viewing rectangle: 


(a) [—1,1] x [0,2] (b) [0,1] x [0,4] 


3. According to the evidence in Example 4, it appears that f(n) = 
(1 + 1/n)” never takes on a value greater than 3 for n > 0. Does this evi- 
dence prove that f(n) < 3 for n > 0? 


4. How can a graphing calculator be used to find the minimum value of 
a function? 


Exercises 


The exercises in this section should be done using a graphing calculator 
or computer algebra system. 


1. Plot f(x) = 2x4 + 3x3 — 14x? 
rectangles and determine its roots. 


— 9x + 18 in the appropriate viewing 


How many solutions does x? — 4x + 8 = 0 have? 
How many positive solutions does x? — 12x + 8 = 0 have? 
Does cos x + x = 0 have a solution? A positive solution? 


2 

3 

4 

5. Find all the solutions of sin x = ./x for x > 0. 
6. How many solutions does cos x = x” have? 

Ti 


Let f(x) = (x — 100)? + 1000. What will the display show if you 
graph f in the viewing rectangle [—10, 10] by [—10, 10]? Find an appro- 
priate viewing rectangle. 


8 l 
8. Plot f(x) = S A in an appropriate viewing rectangle. What are the 
T — 


vertical and horizontal asymptotes? 


9. Plot the graph of f(x) = x/(4 — x) in a viewing rectangle that clearly 
displays the vertical and horizontal asymptotes. 


10. Illustrate local linearity for f(x) = x? by zooming in on the graph at 
x = 0.5 (see Example 6). 


11. Plot f(x) = cos(x?) sin x for0 < x < 2m. Then illustrate local linear- 
ity at x = 3.8 by choosing appropriate viewing rectangles. 


12. By zooming in on the graph of f(x) = ./x at x = 0 examine the local 
linearity. How does the resulting “line” appear? 


13. By examining the graph of f(x) = 2x? — x? — 3x4 in appropriate 
viewing rectangles, approximate the maximum value of f(x) and the value 
of x at which it occurs. 


14. (a) Plot the graph of f(x) = -= in a viewing rectangle that clearly 
shows the two vertical asymptotes. 


(b) By examining the graph of f in appropriate viewing rectangles, ap- 
proximate the minimum value of f(x) between the vertical asymptotes, 
and approximate the value of x at which the minimum occurs. 


15. If $500 is deposited in a bank account paying 3.5% interest com- 


N 
pounded monthly, then the account has value V(N) = 500 (1 = 205) 


dollars after N months. By examining the graph of V (N) find, to the near- 
est integer N, the number of months it takes for the account value to reach 
$800. 


16. If $1000 is deposited in a bank account paying 5% interest com- 


pounded monthly, then the account has value V(N) = 1000 (1 + aey" 
dollars after N months. By examining the graph of V(N) find, to the 


nearest integer N, the number of months it takes for the account value 
to double. 


In Exercises 17-22, investigate the behavior of the function as n or x 
grows large by making a table of function values and plotting a graph 
(see Example 4). Describe the behavior in words. 


+1 


17. f(n) =n!” S 


18. finy=s a 


2 


19. f(n) = (1 + >) 


2i: f(x)= (« tan =) 
Se 


= 
20. f(x)= (= 


am ToS (xn -) 
x 


23. The graph of f(@) = Acos@ + Bsin@ is a sinusoidal wave for any 
constants A and B. Confirm this for (A, B) = (1, 1), (1,2), and (3, 4) by 
plotting f. 

24. Find the maximum value of f for the graphs produced in Exercise 23. 
Can you guess the formula for the maximum value in terms of A and B? 


2 


25. Find the intervals on which f(x) = x(x + 2)(x — 3) is positive by 
plotting a graph. 


26. Find the set of solutions to the inequality (x? — 4)(x2 — 1) < 0 by 
plotting a graph, 
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Further Insights and Challenges 


27. Let fi(x) =x and define a sequence of functions by 
farr) = (fa) +x/fn(x)). For example, fo(x) = 5(x +1). Use a 
computer algebra system to compute f,(x) for n = 3, 4, 5 and plot 
y= f, (x) together with y = ./x for x > 0. What do you notice? 

28. Set Po(x) = 1 and P(x) = x. The Chebyshev polynomials (useful in 


approximation theory) are defined inductively by the formula P,+)(x) = 
2x Pa (x) — Pn—1(*). 


(a) Show that P(x) = 2x? — 1. 


(b) Compute P,,(x) for 3 < n < 6 using a computer algebra system or by 
hand, and plot y = P,,(x) over [—1, 1]. 


(c) Check that your plots confirm the following important properties of 
the Chebyshev polynomials. (A) y = P,(x) has n real roots in [—1, 1], and 
(B) for x € [—1,1], P,(x) lies between —1 and 1. 


CHAPTER REVIEW EXERCISES 


1. Match each quantity (a}-(d) with (i), (ii), or (iii) if possible, or 
state that no match exists. 


24 
(a) 273° os 
(c) (2%) ig) 2a 
(i) 22b (ii) 62+ (ii) (2)°~? 


2. Indicate which of the following are correct, and correct the ones 
that are not. 


(a) 52.5? =5 b) (V8)4/3 = 84/3 
w (2%)? =2? 
3. Express (4, 10) as a set {x : |x — a] < c} for suitable a and c. 


4. Express as an interval: 
(a) {x: |x —5| < 4} (b) {x : |5x + 3] < 2} 
5. Express {x : 2 < |x — 1| < 6} as a union of two intervals. 
6. Give an example of numbers x, y such that |x| + |y| =x — y. 


7. Describe the pairs of numbers x, y such that |x + y| =x — y. 


8. Sketch the graph of y = f(x+2)—1, where f(x) =x? for 
-2 <x = 2. 


In Exercises 9-12, let f be the function whose graph is shown in 
Figure 1. 


9. Sketch the graphs of y = f(x)+2 and y = f(x + 2). 
10. Sketch the graphs of y = - f(x)andy = f (4x). 


11. Continue the graph of f to the interval [—4, 4] as an even 
function. 


12. Continue the graph of f to the interval [—4, 4] as an odd 
function. 


FIGURE 1 


In Exercises 13—16, find the domain and range of the function. 


4 
13. f(x) =VJVx4+1 14. PO 
15. fa) =~ 16. f(x) = Vx72—x4+5 


17, Determine whether the function is increasing, decreasing, or 
neither: 


1 
(a) f(x)=3™ b) f(x) = ~— 


x24] 
(c) g(t) =t 41 (d) g(t) =t? +t 


18. Determine whether the function is even, odd, or neither: 
(a) f(x)= x* — 3x? 

(b) g(x) = sin(x + 1) 

Gti 

In Exercises 19-26, find the equation of the line. 

19. Line passing through (—1, 4) and (2, 6) 

20. Line passing through (—1, 4) and (—1, 6) 

21. Line of slope 6 through (9, 1) 

22. Line of slope -3 through (4, —12) 


23. Line through (2, 1) perpendicular to the line given by 
y=3x+7 


24. Line through (3, 4) perpendicular to the line given by 
y=4x-2 


25. Line through (2, 3) parallel to y = 4 — x 
26. Horizontal line through (—3, 5) 
27. Does the following table of market data suggest a linear rela- 


tionship between price and number of homes sold during a one-year 
period? Explain. 


Price (thousands of $) | 180 | 195 | 220 240 | 
No. of homes sold 127 | 118 | 103 


28. Does the following table of revenue data for a computer manufac- 
turer suggest a linear relation between revenue and time? Explain. 


29. Suppose that a cell phone plan that is offered at a price of P 
dollars per month attracts C customers, where C(P) is a linear de- 
mand function for $100 < P < $500. Assume C(100) = 1,000,000 
and C(500) = 100,000. 

(a) Determine the demand function C(P). 

(b) What is the slope of the graph of C(P)? Describe what the slope 
represents. 


< 
5 


Revenue (billions of $) 


(c) What is the decrease in the number of customers for each increase 
of $100 in the price? 


30. Suppose that Internet domain names are sold at a price of $P per 
month for $2 < P < $100. The number of customers C who buy the 
domain names is a linear function of the price. Assume that 10,000 
customers buy a domain name when the price is $2 per month, and 
1000 customers buy when the price is $100 per month. 

(a) Determine the demand function C(P). 

(b) What is the slope of the graph of C(P)? Describe what the slope 
represents. 


31. Find the roots of f(x) = x4 — 4x? and sketch its graph. On which 
intervals is f decreasing? 


32. Let h(z) = —2z* + 12z + 3. Complete the square and find the 
maximum value of h. 


33. Let f(x) be the square of the distance from the point (2,1) to a 
point (x,3x + 2) on the line y = 3x + 2. Show that f is a quadratic 
function, and find its minimum value by completing the square. 


34. Prove that x? + 3x +3 > 0 for all x. 
In Exercises 35-40, sketch the graph by hand. 


35. y= 14 36. y=? 
inl = 
37. y = sin > 38. y= 10 
9, y oxi myat 
x 


41. Show that the graph of y = f (4x — b) is obtained by shifting 
the graph of y = f (3x) to the right 35 units. Use this observation to 
sketch the graph of y = 5x — 4j. 


42. Let h(x) = cos x and g(x) = xTt, Compute the composite func- 
tions h o g and g o h, and find their domains. 


43. Find functions f and g such that the function 
FEO) = (12t + 9)" 


44. Sketch the points on the unit circle corresponding to the follow- 
ing three angles, and find the values of the six standard trigonometric 
functions at each angle: 


27 Tr Tr 
(a) 3 (b) T (c) T 
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45. What are the periods of these functions? 
: —s 

(a) y =sin 20 (b) y=sin5 

(c) y = sin2@ + sin A 

46. Determine A, B, and C so that f(x) = Acos(Bx)+C cycles 

once from 8 to —2 and back to 8 as x goes from 0 to 2. 


47. H(t) = Asin(Bt) + C models the height (in meters) of the tide in 
Happy Harbor at time ź (hours since midnight) in a day. Determine A, 
B, and C if the high tide of 18 m occurs at 6:00 AM and the subsequent 
low tide of 15 m occurs at 6:00 PM. 


48. Assume that sin 0 = z, where 2/2 < 0 < x. Find: 


7 
(a) tan@ (b) sin 20 (c) csc 5 
49. Give an example of values a, b such that 
(a) cos(a + b) Æ cosa + cosb (b) cos 5 = = : 


50. Let f(x) =cosx. Sketch the graph of y=2f (3x — 7) for 
0 <x < 6r. 


51. Solve sin 2x + cosx = 0 for 0 < x < 27. 


52. How does h(n) = n? /2” behave for large whole-number values of 
n? Does h(n) tend to infinity? 


S3. (Gu) Use a graphing calculator to determine whether the equa- 
tion cos x = 5x? — 8x* has any solutions. 


54. (Gu) Using a graphing calculator, find the number of real roots 
and estimate the largest root to two decimal places: 


(a) fx) = 1.8x4 — x5 — x 
(b) g(x) = 1.7x* — x9 — x 


55. Match each quantity (a}{d) with (i), (ii), or (iii) if possible, or 
state that no match exists. 


(a) m (2) o 
(c) elma—nd (d) (Ina)(In b) 


(i) Ina+iInb (ii) Ina — Inb Git) = 


56. Indicate which of the following are correct, and correct the ones 
that are not. 


(a) Ine* =x 


(c) B$ =mn2 


(b) eel =e 
(d) In2 +1In4 = ln8 


57. The decibel level for the intensity of a sound is a logarithmic scale 
defined by D = 10logjg J + 120, where Z is the intensity of the sound 
in watts per square meter. If the intensity of one sound is 5000 times 
greater than the intensity of another, how much greater is the decibel 
level of the more intense sound? 


58. Consider the equation My = Ž logio E — 10.7 relating the mo- 
ment magnitude of an earthquake and the energy E (in ergs) released 
by it. If My increases by 2, by what factor does the energy increase? 


59. Find the inverse of f(x) = yv x3 — 8 and determine its domain and 
range. 


— 


i : 2 
60. Find the inverse of f(x) = — and determine its domain and 
X a 
range. 
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2 : r Fa 
61. Find a domain on which h(t) = (t — 3Y is one-to-one and deter- 
mine the inverse on this domain. 


62. Show that g(x) = : 
x— 
{x : ge 1}. 


i is equal to its inverse on the domain 


63. Let 


—x? whenx <0 
x when x > 0 


jo | 


(a) Is f increasing? 


(b) Does f have an inverse? If so, what is it? 


64. Let 


x—1 whenx =< 1 
Inx when x > 1 


o=] 
(a) Is f increasing? 
(b) Does f have an inverse? If so, what is it? 


65. Suppose that g is the inverse of f. Match the functions (a)-(d) 
with their inverses (1)+(iv). 


(a) fa) +1 (b) fa +1) (c) 4f(%) 
(i) g(x)/4 (ii) g(x/4) (ili) g(x — 1) 


66. (Gu) Plot f(x) = xe” ~* and use the zoom feature to find two so- 
lutions of f(x) = 0.3. 


(d) f(4x) 
(iv) g(x) — 1 


2 LIMITS 


C alculus is usually divided into two branches, differential and integral, partly for his- 
torical reasons. The subject grew out of efforts in the seventeenth century to solve two 
important geometric problems: finding tangent lines to curves (differential calculus) and 
computing areas under curves (integral calculus). However, calculus is a broad subject 
with no clear boundaries. It includes other topics, such as the theory of infinite series, 
and it has an extraordinarily wide range of applications. What makes these methods and 
applications part of calculus is that they all rely on the concept of a limit. We will see 
throughout the text how limits allow us to make computations and solve problems that 
cannot be solved using algebra alone. 

This chapter introduces the limit concept and sets the stage for our study of the 
derivative in Chapter 3. The first section, intended as motivation, discusses how limits 


Many observed phenomena can be arise in the study of instantaneous velocity and tangent lines. 
understood as a long-term stable limit of 


interacting processes. For example, the moon 
once turned rapidly on its axis, but its rotation 


gradually slowed. Under the influence of the 2.1 The Limit Idea: Instantaneous Velocity and Tangent Lines 


earth’s gravity the moon’s rotational period 


(the time for one complete turn about its axis) A limit describes how the values f(x), of a function f, behave as x approaches a num- 
eventually became equal to its orbital period 


(ieina foaie compleexevitution a ber a. Does f(x) get closer and closer to a number L? If so, we say L is the limit of f(x) 

the earth) so that now the same side of the as x approaches a. If not, we say the limit does not exist. 

moon always faces earth. Limits play a key role throughout calculus. In this section, we motivate the need for 

~ the limit concept by examining two closely related questions that are central to differen- 
tial calculus: 


Mouistaphs Temsi Evi Enney Emapes 


e How do we define and compute instantaneous velocity at a particular time? 
e How do we define and compute the slope of the line tangent to a graph at a 


particular point? 

e in motion along a line, velocity may be When we speak of velocity, we usually mean instantaneous velocity, which indicates 
positive (forward motion), negative the speed and direction of an object at a particular moment. The idea of instantaneous 
(backward motion), or zero. Speed, by velocity makes intuitive sense, but care is required to define it precisely. We do that via 
definition, is the absolute value of velocity the concept of a limit. 


and is always nonnegative. Consider an object traveling along a line (linear motion). The average velocity over 


a given time interval has a straightforward definition as the ratio 


i change in position 
average velocity = ————_—____ 


change in time 


Thus, average velocity is the rate of change of position with respect to time over a particu- 
lar interval. For example, if an automobile travels forward 200 km in 4 h, then its average 
velocity during this 4-h period is 290 = 50 km/h. At any given moment, the automobile 
may be going faster or slower than the average. 

Like average velocity, instantaneous velocity is the rate of change of position with 
respect to time, but at a particular instant (thus the term “instantaneous”) rather than 
over an interval. We cannot define instantaneous velocity as a ratio, as above, because 
we would have to divide by a change in time equal to zero. However, we can estimate 
instantaneous velocity by computing average velocity over a small time interval. And 
we can continually improve the estimate by using smaller and smaller time intervals. 
Ultimately, we can obtain an exact value of the instantaneous velocity as a number, which 
is called the limit, that the estimates approach more and more closely as the time interval 
shrinks to zero. 

We investigate the relationship between average velocity and instantaneous velocity 
for the motion of an object falling to earth under the influence of gravity (assuming no 

. 2 air resistance). 
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FIGURE 1 Distance traveled by a falling 
object dropped from rest after £ seconds 
is approximately s(t) = 4.9t meters. 


TABLE 1 
Time Average 
intervals (s) velocity (m/s) 

[0.8, 0.81] 7.889 
[0.8, 0.805] 7.8645 
[0.8, 0.8001] 7.8405 
[0.8, 0.80005] 7.84024 
[0.8, 0.800001] 7.840005 


There is nothing special about the 
particular time intervals in Table 1. We are 
looking for a trend. In fact, we could have 
chosen any intervals [0.8, t] for values of t 
approaching 0.8. We could also have 
chosen intervals [t,0.8] fort < 0.8. 


We read the right side of the equality as, 
“the limit as delta t goes to O of the 
average velocity.” 


Galileo discovered that if the object is released at time t = 0 from a state of rest 
(Figure 1), then the distance traveled (in meters) after t seconds is approximately given 
by the formula 


s(t) = 4.917 
To compute average velocity over a time interval [fo, t1], we set 
As = s(t,) — s(to) = change in position 
ti — tọ |= change in time (length of time interval) 


The change in position As is also called the displacement, or net change in position. 
For ti Æ tọ, 


As _ s(t1) — s(to) 


average velocity over [fo, t1] = 


At ti —t 


EXAMPLE 1 A ball is dropped at time t = 0. What is the average velocity over the time 
interval from fo = 0 to tı = 0.8 s? Estimate the instantaneous velocity at £ = 0.8 s. 


Solution We use Galileo’s formula s(t) = 4.91? to compute the average velocity over 
the interval [fo, t1] = [0, 0.8): 
As = s(0.8) — s(0) = 4.9(0.8)* — 4.9(0)* = 3.136 m 
At =0.8-—0=08s 
The average velocity over [0, 0.8] is the ratio 
As _ 3.136 
At 08 
To estimate the instantaneous velocity at t = 0.8 s, we examine the average velocity 


over the five short time intervals listed in Table 1. Consider the first interval [fo, t1] = 
(0.8, 0.81]: 


As = (0.81) — s(0.8) = 4.9(0.81)” — 4.9(0.8)? œ 3.2149 — 3.1360 = 0.07889 m 
At = 0.81 — 0.8 = 0.01 s 


The average velocity over [0.8, 0.81] is the ratio 


As _ s(0.81)—s(0.8) _ 0.07889 
pages ia ee 


Table 1 shows the results of similar calculations for intervals of successively shorter 
lengths. It looks like these average velocities are getting closer to 7.84 m/s as the length 
of the time interval shrinks: 


7.889, 7.8645, 7.8405, 7.84024, 7.840005 


= 3.92 m/s 


This suggests that 7.84 m/s is a good estimate for the instantaneous velocity at 
= 0.3. : i 


Our estimate of the instantaneous velocity is a guess at what happens to the average 
velocities as we shrink the time interval to 0. Formally, the limit of the average velocities 
is the instantaneous velocity: 


Instantaneous velocity is the limit of average velocity as the length of the time interval 
shrinks to zero. That is, 


instantaneous velocity = „Jim (average velocity) 
i—> 


ee 


Secant line 


As = s(t,) — s(t) 


a ak 


f 
S(fo) At= ti — fo 


to ty 


FIGURE 2 The average velocity over [fp, t1] 
is equal to the slope of the secant line. 


FIGURE 3 The secant lines “rotate into” the 
\___ tangent line as the time interval shrinks. 
Note: The graph is not drawn to scale. 


Secant line 
from 2 to 3 


30 


Secant line 


20 from 2 to P 


\ 


10 Tangent line at 2 


1 2 nS 


FIGURE 4 f(x) = x. 
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To employ the concept of the limit properly in calculus, we need to define the limit, 
establish its properties, and develop rules for computing limits. Those are the goals of the 
remaining sections in this chapter. 

The notion that the limit of average velocities is the instantaneous velocity is vividly 
revealed using graphs. Notice, first, that the ratio defining the average velocity over 
[fo, t1] is the slope of the line, called the secant line, through the points (fo, s(fp)) and 
(tı, s(t1)) on the graph of s (Figure 2). 


. As s(t;) — s(t) 
average velocity = slope of secant ine = — = —————_- 
j Y P At fti — to [a| 


By interpreting average velocity as a slope, we can visualize what happens as the 
time interval gets smaller. Figure 3 shows a closeup of the graph of position for the 
falling ball in Example 1. As the time interval shrinks, the secant lines get closer to—and 
seem to rotate into—a line that appears to be tangent to the graph at t = 0.8. 


Slopes of secants 


Time Average ania ‘ 
interval (s) velocity (m/s) oe eee eS 
[0.8, 0.805] 7.8645 
[0.8, 0.8001] 7.8405 
[0.8, 0.80005] 7.8402 Tangent line at t = 0.8 


0.8 0.80005 \ 0.805 
0.8001 


And since the secant lines approach the tangent line, the slopes of the secant lines get 
closer and closer to the slope of the tangent line. In other words, 


The slope of the tangent line is the limit of the slopes of the secant lines as At shrinks 
to zero. That is, 


slope of tangent line = lim (slopes of secant lines) 
At—>0 


Now, putting together the relationships between instantaneous velocity, average ve- 
locity, slope of tangent, and slope of secant, it follows that 


slope of tangent line = instantaneous velocity 


The concepts of secant lines and tangent lines carry over to graphs of any function 
f, not just functions representing position changing in time. 


EXAMPLE 2 The graph of f(x) = x° is shown in Figure 4. 


(a) Compute the slope of the secant line from x = 2 tox = 3. 
(b) Compute the slope of the secant line from x = 2 to x = P, and then investigate the 


slope of the tangent line at x = 2 by considering what happens to the slopes of the secant 
lines as we let the length of the interval from 2 to P shrink to 0. 


Solution 
(a) Using Eg. (1) for f(x) [rather than s(t)], we have that the slope of the secant line 
from x = 2 to x = 3 is 

JO- LA Zg 


eee Wobeens 
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We are using the difference-of-cubes 
factoring formula: 
a? — b? = (a — b\(a*? + ab + b?) 


TABLE 2 


P? +2P +4 


11.41 
11.9401 
11.994001 

1 1.99940001 
12.61 
12.0601 
12.006001 
12.00060001 


(b) Similarly, the slope of the secant line from x = 2 to x = P is 


f(P)- f2) P?-8 (P-2XP?+2P+4) 
P-2  P-2 P-2 
This expression for the slope of the secant line from x = 2 to x = P holds for both P > 2 
and P < 2. In Table 2 we investigate these slopes for various P near 2. 
The slope of the tangent line at x = 2 is obtained from these secant-line slopes by 
shrinking to 0 the length of the interval from 2 to P. It is apparent from the table that, in 
the limit as P approaches 2, the slopes of the secant lines approach 12. a 


= P? +2P +4 


In the previous example we can also see that the slopes of the secant lines approach 
12 by directly examining the expression for the secant slopes. That is, as P approaches 2, 
the expression P? + 2P + 4 approaches 2? + 2(2) + 4 = 12. This reasoning for comput- 
ing limits is justified by limit “laws” introduced in Section 2.3 and essentially amounts 
to substituting 2 for P in the expression for the secant slope. Sometimes taking a limit 
can be this simple. Other times a substitution might result in an undefined expression, in 
which case special care needs to be taken to understand what that means for the limit. All 
of these points are addressed in our investigation of limits in this chapter. 

We return to the study of tangent lines, velocity (the rate of change of position with 
respect to time), and other rates of change in Chapter 3 when we begin our development 
of the derivative. For now, we need to build a good understanding of limits so that we 


have an appropriate foundation on which we can build the theory of calculus. 


HISTORICAL PERSPECTIVE 


Philosophy is written 
in this grand book—I 
mean the universe— 
which stands 

| continually open 

to our gaze, but it 
cannot be understood 
unless one first learns 
to comprehend the 
language . . . in which it is written. It is written in the 
language of mathematics... 

—GALILEO GALILEI, 1623 
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The scientific revolution of the sixteenth 
and seventeenth centuries reached its high point 
in the work of Isaac Newton (1643—1727), who 
was the first scientist to show that the phys- 
ical world, despite its complexity and diver- 
sity, is governed by a small number of uni- 
versal laws. One of Newton’s great insights 
was that the universal laws are dynamic, de- 
scribing how the world changes over time 
in response to forces, rather than how the 
world actually is at any given moment in 
time. These laws are expressed best in the lan- 
guage of calculus, which is the mathematics of 
change. 


More than 50 years before the work of 
Newton, the astronomer Johannes Kepler 
(1571—1630) discovered his three laws of plan- 
etary motion, the most famous of which states 
that the path of a planet around the sun is an 
ellipse. Kepler arrived at these laws through a 
painstaking analysis of astronomical data, but 
he could not explain why they were true. Ac- 
cording to Newton, the motion of any object— 
planet or pebble—is determined by the forces 
acting on it. The planets, if left undisturbed, 
would travel in straight lines. Since their paths 
are elliptical, some force—in this case, the 
gravitational force of the sun—must be acting 
to make them change direction continuously. In 
his magnum opus Principia Mathematica, pub- 
lished in 1687, Newton proved that Kepler’s 
laws follow from Newton’s own universal laws 
of motion and gravity. 

For these discoveries, Newton gained 
widespread fame in his lifetime. His fame con- 
tinued to increase after his death, assuming a 
nearly mythic dimension, and his ideas had a 
profound influence, not only in science but also 
in the arts and literature, as expressed in this 
epitaph by British poet Alexander Pope: “Na- 
ture and Nature’s Laws lay hid in Night. God 
said, Let Newton be! and all was Light.” 


2.1 SUMMARY 


* Average velocity over [tọo, t1] = 


change in position 
change in time 


— S(ti—s(o) | 


“~ Ato 


* Instantaneous Velocity = lim,;-,9 (average velocity) 


NS 
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e The slope of the secant line through the points (fo, s(f9)) and (t1, s(t1)) on the graph of 


naa ti — to 


s(tı) — 


s(fo) 


e Slope of he tangent line = lim,;-,9 (slopes of the secant lines) 

e Average velocity over an interval [fo, £1] is the slope of the secant line through the 
points (fo, s(f9)) and (t1, s(t,)) on the graph of s(f). 

e Instantaneous velocity at fo is the slope of the tangent line at fo. 

e To estimate the instantaneous velocity or tangent-line slope at fọ, compute the average 
velocity or secant-line slope over several intervals [fo, tı] (or [f1, f9]) for tı close to fo 
and estimate from those values. 


2.1 EXERCISES 


Preliminary Questions 
1. Average velocity is equal to the slope of a secant line through two 
points on a graph. Which graph? 


2. Can instantaneous velocity be defined as a ratio? If not, how is instan- 
taneous velocity computed? 


3. With ¢ in hours, att = 0 Dale entered Highway 1. Att = 2 he was 126 
miles down the highway, on the side of the road with a flat tire. At t = 3 


he was still on the side of the road, waiting for road assistance. What was 
Dale’s average velocity over each of the time intervals: ; 


(a) Fromt =Otot =2 
(b) Fromt = Otot =3 
(c) Froomt = 2tot =3 


4. What is the graphical interpretation of instantaneous velocity at a spe- 
cific time t = tọ? 


Exercises 

1. A ball dropped from a state of rest at time t = 0 travels a distance 
s(t) = 4.9t? m in t seconds. 

(a) How far does the ball travel during the time interval [2, 2.5]? 

(b) Compute the average velocity over [2, 2.5]. 


(c) Compute the average velocity for the time intervals in the table and 
estimate the ball’s instantaneous velocity at t = 2. 


Interval Interval é| [2, 2.01] | [2,2.005] | [2,2.001] | [2,2.00001] 
Average 
velocity 
2. A wrench dropped from a state of rest at time t = 0 travels a distance 
s(t) = 4.9t? min t seconds. Estimate the instantaneous velocity at t = 3. 


3. On her bicycle ride Fabiana’s position (in km) as a function of time (in 
hours) is s(t) = 22t + 17. What was her average velocity between t = 2 
and t = 3? What was her instantaneous velocity at t = 2.5? 


4. Compute Ay/Axx for the interval [2,5], where y = 4x — 9. What is the 
slope of the tangent line at x = 2? 


In Exercises 5—6, a ball is dropped on Mars where the distance traveled is 
s(t) = 1.9t? meters in t seconds. 


5. Compute the ball’s average velocity over the time interval [3, 6] and 
estimate the instantaneous velocity at t = 3. 


6. Compute the ball’s average velocity over the time interval [5,9] and 
estimate the instantaneous velocity at t = 5. 


In Exercises 7—8, a stone is tossed vertically into the air from ground 
level with an initial velocity of 15 m/s. Its height at time t is h(t) = 
15t — 4.917 m 


7. Compute the stone’s average velocity over the time interval (0.5, 2.5] 
and indicate the corresponding secant line on a sketch of the graph 
of h. 


= 


8. Compute the stone’s average velocity over the time intervals [1, 1.01], 
[1, 1.001], [1, 1.0001] and [0.99, 1], [0.999, 1], [0.9999, 1], and then esti- 
mate the instantaneous velocity at t = 1. 


9. The position of a particle at time t is s(t) = 27. Compute the average 
velocity over the time interval [2,4] and estimate the instantaneous veloc- 
ity att = 2. 


10. The position of a particle at time t is s(t) = t? + t. Compute the av- 
erage velocity over the time interval [1,4] and estimate the instantaneous 
velocity att = 1. 


In Exercises 1 1—20, estimate the slope of the tangent line at the point indi- 
cated. 


11. f(x) =x? +x; =D 12. P(x) = 3x? — 5; b 
1 
13. f(t)=12t-—7; t= —4 k =} = 
f(t) 14. y(x) ae = 2 
15. yt) =V3t+1; t=1 16 f@=H<ea*; x=0_ 
17. f@)= x= 18. f&)= hx; x=3 
19. f(x)= tanx; x= 20. f(x)=tanx; x=0 


21. The height (in centimeters) at time ¢ (in seconds) of a small mass oscil- 
lating at the end of a spring is h(t) = 3 sin(27 t). Estimate its instantaneous 
velocity at t = 4. 


22. The height (in centimeters) at time t (in seconds) of a small mass os- 
cillating at the end of a spring is h(t) = 8 cos(127 t). 


(a) Calculate the mass’s average velocity over the time intervals [0, 0.1] 
and [3, 3.5]. 


(b) Estimate its instantaneous velocity at t = 3. 
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23. Consider the function f(x) = ./x. 

(a) Compute the slope of the secant lines from (0,0) to (x, f(x)) for 
x = 1,0.1,0.01, 0.001, 0.0001. 

(b) Discuss what the secant-line slopes in (a) suggest happens to the tan- 
gent line at 0. 

(c) (Gu) Plot the graph of f near x = 0 and verify your observation 
from (b). 


24. Consider the function f(x) =  — De. 

(a) Compute the slope of the secant lines between (1, 0) and (x, f(x)) for 
x = 0.9, 0.99, 0.9999 and for x = 1.1, 1.01, 1.0001. 

(b) Discuss what the secant-line slopes in (a) suggest happens to the tan- 
gent line at 1. 

(c) (Gu) Plot the graph of f near x = 1 and verify your observation 
from (b). 


25. [4 If an object in linear motion (but with changing velocity) covers 
As meters in At seconds, then its average velocity is vo = As/At m/s. 
Show that it would cover the same distance if it traveled at constant ve- 
locity vg over the same time interval. This justifies our calling As/At the 
average velocity. 


26. [4 Sketch the graph of f(x) = x(1 — x) over [0,1]. Refer to the 
graph and, without making any computations, find: 

(a) The slope of the secant line over [0, 1] 

(b) The slope of the tangent line at x = - 

(c) The values of x at which the slope of the tangent line is positive 


27. [A Which graph in Figure 5 has the following property: For all x, 
the slope of the secant line over [0, x] is greater than the slope of the tan- 
gent line at x. Explain. 


x x 


(A) (B) 


FIGURE 5 


28. The height of a projectile fired in the air vertically with initial velocity 
25 m/s is 


h(t) = 25t — 4.917 m 


(a) Compute #(1). Show that A(t) — h(1) can be factored with (¢ — 1) asa 
factor. 

(b) Using part (a), show that the average velocity over the interval [1, ¢] is 
20.1 — 4.91. 


(c) Use this formula to estimate the instantaneous velocity at time ¢ = 1. 


29. Let Q(t) = ¢. Find a formula for the slope of the secant line over the 
interval [1,¢] and use it to estimate the slope of the tangent line at t = 1. 
Repeat for the interval [2, ¢] and for the slope of the tangent line at ¢ = 2. 


30. For f(x) =x°, show that the slope of the secant line over [1, x] is 
x? +x + 1, and use this to estimate the slope of the tangent line at x = 1. 


31. For f(x) = x°, show that the slope of the secant line over [—3, x] 
is x? — 3x +9, and use this to estimate the slope of the tangent line at 
r=. 


Further Insights and Challenges 


The next two exercises involve limit estimates related to the definite inte- 
gral, an important topic introduced in Chapter 5. 


32. (a) Figure 6(A) shows two rectangles whose combined area is an 
over-estimate of the area A under the graph of y = x? from x = Oto x = 1. 
Compute the combined area of the rectangles. 


y 2 


FIGURE 6 


(b) We can improve the estimate by using three rectangles obtained by di- 
viding [0, 1] into thirds, as shown in Figure 6(B). Compute the combined 
areas of the three rectangles. i 

(c) Now divide [0, 1] into subintervals of width 1/5, and, on a graph of 
f. sketch the corresponding five rectangles obtained similar to those in (a) 
and (b). Compute the combined area of the five rectangles to estimate the 
area A. 


(d) Improve your area estimate by dividing [0,1] into 10 subintervals of 


width 1/10 and computing the combined area of the 10 resulting rect- 
angles. 


By dividing [0, 1] into more and more subintervals, you can improve your 
estimate. You can use technology to carry out these computations for large 
numbers of rectangles. The exact value of the area is the limit of the esti- 
mates as the number of subintervals gets larger and larger. 

Alternatively, for this example there is a formula (that we show how 
to derive in Section 5.1) that gives the total area A(n) of the rectangles 
formed when [0, 1] is divided into n subintervals of equal width: 


a. (n+1)X2n +1) 
pe 6n? 


(e) Compute A(n) for n = 2,3,5, 10 to verify your results from (a}(d). 


(f) Compute A(n) for n = 100, 1000, and 10,000. Use your results to con- 
jecture what the area A equals. 


A(n) 


33. Let A represent the area under the graph of y = x? between x = 0 
and x = 1. In this problem, we will follow the process in Exercise 32 to 
approximate A. 

(a) As in (a}(d) in Exercise 32, separately divide [0, 1] into 2, 3, 5, and 
10 equal-width subintervals, and in each case compute an overestimate of 
A using rectangles on each subinterval whose height is the value of x° at 
the right end of the subinterval. 


In this case, it can be shown that if we use n equal-width subintervals, then 
the total area A(n) of the n rectangles is: 


(n +1? 
4n? 
(b) Compute A(n) for n = 2,3,5, 10 to verify your results from (a). 


(c) Compute A(n) for n = 100, 1000, and 10,000. Use your results to con- 
jecture what the area A equals. 


A(n) = 
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2.2 Investigating Limits 


The goal in this section is to define limits and study them. Here we primarily use numer- 
ical and graphical techniques, but in upcoming sections we will develop other means for 
investigating and evaluating limits. We begin with the following question: How do the 
values f(x) of a function f behave when x approaches a number c, whether or not f(c) 
is defined? 

To explore this question, we’ ll experiment with the function 


sin 
f(x) => (xin radians) 
X 


Notice that f (0) is not defined. In fact, when we set x = 0 in 


ogam 


X 


we obtain the undefined expression (sin 0)/0. Nevertheless, we can compute f(x) for 
values of x close to 0. When we do this, a clear trend emerges. 

To describe the trend, we use the phrase “x approaches 0” or “x tends to 0” to indicate 
that x takes on values (both positive and negative) that get closer and closer to 0. The 
notation for this is x — 0, and more specifically we write 


. — OT 
e x> 07 


if x approaches 0 from the right (on the number line). 
if x approaches 0 from the left (on the number line). 


Now consider the values listed in Table 1. The table gives the unmistakable impression 
that f(x) gets closer and closer to 1 as x — OT and as x > 0°. 

This conclusion is supported by the graph of f in Figure 1. The point (0, 1) is miss- 
ing from the graph because f(x) is not defined at x = 0, but the graph approaches this 
missing point as x approaches 0 from the left and right. We say that the limit of f(x) as 
x — 0 is equal to 1, and we write 


lim f(x) = 1 


We also say that f(x) approaches or converges to 1 as x > 0. 


TABLE 1 
sin x sin x 
—— ae xX — 

x x 
0.841470985 —|] 0.841470985 
0.958851077 —0.5 - 0.958851077 
0.998334166 —0.1 0.998334166 
0.999583385 —0.05 0.999583385 
0.999983333 —0.01 0.999983333 
0.999995833 —0.005 0.999995833 
wiih —0.001 0.999999833 (B FIGURE 1 Graph of f(x) = sin x 

f(x)7> 1 x—>0- f(x)—> 1 


In Section 2.6 we will verify the numerical and graphical evidence seen here and 
prove that lim m= = 1. Note that, if instead we use degrees for x rather than radians, 
Í d 


then this limit is 75g * 0.01745 (since x radians = 180 degrees). Exploring “* numeri- 
cally, with x in degrees, you can verify that the values approach 0.01745 as x approaches 
0 (Exercise 6). Because this limit is 1 when x is measured in radians, we primarily work 
with radians when using the trigonometric functions in calculus. Important calculus for- 


mulas are much simpler as a result (see Section 3.6). 
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In a more precise version of the limit 
definition “| f(x) — L| can be made 
arbitrarily small” is expressed as 

“| f(x) — L| can be made less than s for 
any small number s > 0,” and “by taking 
x sufficiently close toc” is expressed as 
“by finding a small numberr > 0 and 
taking |x —c| <r.” 


| fc) -L| + f(x) 


L 
4 
fœ) 


FIGURE 2 Asx > c, f(x)—> L. 


CONCEPTUAL INSIGHT Could we arrive at lim sna by simply substituting O for x and ~— 
x—> 


saying that -- = ; = 1? The answer is no. We cannot divide by 0 under any circum- 
stances, and it is not correct to say that the undefined expression 0/0 equals 1 or any 
other number. 

This example shows that a function g may approach a limit as x — c even if the 
formula for g(c) produces an undefined expression. In this example, the limit turns out 
to be 1. We will encounter examples of other functions g where the formula for g(c) 
produces the undefined expression 0/0 but the limit is a number other than 1 (or the 


limit does not exist). 


Definition of a Limit 

The formal definition of a limit is somewhat technical, and we will wait until Section 2.9 
to present it. Here we present a definition that is more conceptually oriented. It will serve 
our purposes for the time being. To begin, let us recall that the distance between two 


numbers a and b is the absolute value |a — b|. So we can express the idea that f(x) is 
close to L by saying that | f(x) — L| is small. 


DEFINITION Limit Assume that f(x) is defined for all x in an open interval contain- 
ing c, but not necessarily at c itself. We say that 


the limit of f (x) as x approaches c is equal to the number L 


if | f(x) — L| can be made arbitrarily small by taking x sufficiently close (but not 
equal) to c. In this case, we write 


We also say that f(x) approaches or converges to L as x >c [and we write 


f(x) > L}. 


In other words, as x approaches c, f(x) approaches L. See Figure 2 for the graphical 
interpretation. If the values of f(x) do not converge to any number L as x — c, we say 
that lim f(x) does not exist. It is important to note that the value f(c) itself, which may 


or may not be defined, plays no role in the limit. All that matters are the values of f(x) 
for x close to c. Furthermore, if f(x) approaches a limit as x —> c, then the limiting value 
L is unique. 


EXAMPLE 1 Let f(x) =5 and g(x) = 3x + 1. Use the definition above to verify the 
following limits: 


(a) lim f(x) =5 (b) lim g(x) = 13 


Solution 


(a) To show that lim f(x) = 5, we must show that | f (x) — 5| becomes arbitrarily small 


when x is sufficiently close (but not equal) to 7. But note that | f(x) — 5| = |5 — 5] =0 
for all x, so what we are required to show is automatic. 


(b) To show that lim g(x) = 13, we must show that |g(x)— 13| becomes arbitrarily 
xų=> 
small when x is sufficiently close (but not equal) to 4. We have 


Ie(x) — 13| = |x + 1) — 13| = |3x — 12| = 3|x — 4] 


The concept of a limit was not fully 
clarified until the nineteenth century. The 
French mathematician Augustin-Louis 
Cauchy (1789-1857, pronounced 
Koh-shee) gave the following verbal 
definition: “When the values successively 
attributed to the same variable approach a 
fixed value indefinitely, in such a way as to 
end up differing from it by as little as one 
could wish, this last value is called the 
limit of all the others. So, for example, an 

| irrational number is the limit of the various 
fractions which provide values that 
approximate it more and more closely.” 
(Translated by J. Grabiner) 


Utkin/Sputnik/The Image Works 


\—— Olga Ladyzhenskaya (1922-2004) was a 


Soviet-Russian mathematician who 
worked in the field of partial differential 
equations. A major contribution of hers 
was a proof of a theorem verifying that a 
numerical approximation method 
converged in the limit to solutions to the 
Navier-Stokes equations, an important 
model for fluid motion. Such verification 
is valuable because it ensures the accuracy 
of estimates made via the approximation 
method. 


Keep in mind that graphical and numerical 
investigations provide evidence for a limit, 
but they do not prove that the limit exists 
or has a given value. This is done using the 
Limit Laws established in the following 
sections. 
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Because |g(x) — 13| is a multiple of |x — 4|, we can make |g(x) — 13| arbitrarily small 
by taking x sufficiently close to 4. E 


Reasoning as in Example 1 but with arbitrary constants, we obtain the following 
simple but important results: 


To deal with more complicated limits and, especially, to provide mathematically 
rigorous proofs, the precise version of the above limit definition, presented in Section 2.9, 
is needed. There inequalities arẹ used to pin down the exact meaning of the phrases 
“arbitrarily small” and “sufficiently close.” 


Graphical and Numerical investigation 


Our goal in the rest of this section is to develop a better intuitive understanding of limits 
by investigating them graphically and numerically. 


Graphical Investigation Use a graphing utility to produce a graph of f. The graph 
should give a visual impression of whether or not a limit exists. It can often be used 
to estimate the value of the limit. 


Numerical Investigation We write x — c7 to indicate that x approaches c through 
values less than c (i-e., from the left), and we write x — ct to indicate that x approaches 
c through values greater than c (1.e., from the right). To investigate lim 7 (x); 

X->c 


(i) Make a table of values of f(x) for x close to but less than c—that is, as x > c7. 


(ii) Make a second table of values of f(x) for x close to but greater than c—that is, as 
-F 
x> c". 


(iii) If both tables indicate convergence to the same number L, we take L to be an esti- 
mate for the limit. 


The tables should contain enough values to reveal a clear trend of convergence to a 
value L. If f(x) approaches a limit, the successive values of f(x) will generally agree to 
more and more decimal places as x is taken closer to c. If no pattern emerges, then the 
limit may not exist. i 


—9 
EXAMPLE 2 Investigate lim ee graphically and numerically. 
x9 ./x —3 


-9 
Solution The function f(x) = E is undefined at x = 9 because the formula for 


— 


f (9) leads to the undefined expression 0/0. Therefore, the graph in Figure 3 has a gap at 
x = 9. However, the graph suggests that f(x) approaches 6 as x approaches 9. 

For numerical evidence, we consider a table of values of f(x) for x approaching 9 
from both the left and the right. Table 2 supports our impression that 


x—9 
lim ———- = 6 
x39 Jx — 3 


In Section 2.5, we will revisit this limit and show how we can use algebraic simplification 
to prove that this limit is, in fact, 6. a 
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TABLE 2 
= x-9 "e x—9 
x—>9 Wx 3 x-9 Ja 3 
8.9 5.98329 9.1 6.01662 
8.99 5.99833 9.01 6.001666 
8.999 5.99983 9.001 6.000167 
8.9999  5.9999833 9.0001 6.0000167 
FIGURE 3 Graph of f(x) = ~~ 
Gi B = e eF 


EXAMPLE 3 Limit Equals Value of the Function Investigate lim x. 
x—> 


Solution Figure 4 and Table 3 both suggest that lim x? = 16. Furthermore, note that 
r= 


f(x) = x? is defined at x = 4 and f(4) = 16, so in this case, the limit is equal to the 
function value. This pleasant conclusion is valid whenever f is a continuous function, a 


concept treated in Section 2.4. ia 
y 
TABLE 3 
x7 47 x? at x? 
3.9 15:21 4.1 16.81 
3:99 15.9201 4.01 16.0801 
3.999 15.992001 4.001 16.008001 
3.9999 15.99920001 4.0001 16.00080001 


FIGURE 4 Graph of f(x) = x”. The limit is 
equal to the value of the function f(4) = 16. 


FIGURE 5 (0) is undefined but lim f(x) 
x—0 


exists. 


CAUTION Numerical investigations are often 
suggestive, but may be misleading in some 
cases. If, in Example 5, we had chosen to 


1 
evaluate f(x) = sin — at the values 


x = 0.1,0.01,0.001,..., we might have 
concluded incorrectly that f (x) 
approaches the limit 0 as x —> Q. The 
problem is that f(10-") = sin(10"z) = 0 
for every whole number n, but f(x) itself 
does not approach any limit. 


EXAMPLE 4 A Defining Condition of e Investigate lim (1 + x)! numerically and 
xc 

graphically. 

Solution The function f(x) = (1 + x)!/* is undefined at x = 0, but both Figure 5 and 


Table 4 suggest that a limit exists. As we indicated in Section 1.6, one approach to defin- 
ing e is via this limit; that is, e = ima + x)! . From our numerical investigation, we 


see that e ~ 2.71828 accurate to 5 decimal places. on 
TABLE 4 
x> 07 (+x) x> 0f (+x) 
—0.01 2.731999 0.01 2.704814 
—0.001 2.719642 0.001 2.716924 
—0.0001 2.718418 0.0001 2.718146 
—0.00001 2.718295 0.00001 2.718268 


—0.000001 2.718283 0.000001 2.718280 


EXAMPLE 5 A Limit That Does Not Exist Investigate lim sin = graphically and 
x—> 

numerically. 

Solution The function f(x) = sin < is not defined at x = 0, but Figure 6 suggests that 


it win: 2 between +1 and —1 infinitely often as x — 0. It appears, therefore, that 
lim sin Ž does not exist. This impression is confirmed by Table 5, which shows that the 
— 


values of f(x) bounce around and do not tend toward any limit L as x — 0. E 


FIGURE 7 Graph of f(x) = Š 


FIGURE 8 
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TABLE 5 The Function f(x) = sin = Does 
Not Approach a Limit as x — 0 


a 2 wt 
x0 sin — x— ot sin — 
x x 


“ noo ee ee 
—0.1 0 0.1 0 
—0.03 0.866 0.03 —0.866 
—Q.007 —0.434 0.007 0.434 
—0.0009 0.342 0.0009 —0.342 
—0.00065 —0.935 0.00065 0.935 


FIGURE 6 Graph of f(x) = sin 2. 


One-Sided Limits 

The limits discussed so far are two-sided. To show that lim f(x) = L, it is necessary 
KFE, 

to check that f(x) converges to L as x approaches c through values both greater than 

and less than c. In some instances, f(x) may approach L from one side of c without 


necessarily approaching it from the other side, or f(x) may be defined on only one side 
of c. For this reason, we define the one-sided limits 


lim f(x) (left-hand limit), lim f(x) (right-hand limit) 
x—>c~ x—>et 


EXAMPLE 6 Left- and Right-Hand Limits Not Equal Investigate the one-sided limits 
of f(x) = m as x — 0. Does lim f(x) exist? 
x x= 


Solution Figure 7 shows what is going on. For x < 0, 


Therefore, the left-hand limit is = f(x) = —1. But for x > 0, 
f@)=—=-=1 
i x 


Therefore, um, f(x) = 1. These one-sided limits are not equal, so lim f(x) does not 


exist. aie a 


EXAMPLE 7 The function f in Figure 8 is not defined at c = 0, 2, 4. Investigate the 
one- and two-sided limits at these points. 


Solution 
» c =Q: The left-hand limit m f(x) does not seem to exist because f(x) appears 
to oscillate infinitely often to the left of x = 0. On the other hand, BN tf (x)=2. 
e c = 2: The one-sided limits exist but are not equal: 
lm f@)=3 and lim f@)=1 
Therefore, lim f(x) does not exist. 


e c = 4: The one-sided limits exist and both have the value 2. Therefore, the two- 
sided limit exists and lim F(x) = 2. a 
=> 
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4 REMINDER Recall that “large” refers to 
distance from zero. So being negative and 
becoming arbitrarily large means becoming 
arbitrarily far from zero to the left of zero. 


—4 
Asymptote — 
x=0 


FIGURE 9 
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en: Asymptote 


(C) 


LIMITS 


T Asymptote 


x=2 


x=0 


Infinite Limits 


For some functions, f(x) tends to oo or —œ as x approaches a value c. It is important 
to understand that oo and —oo are not numbers, and therefore lim f(x) does not exist. 
x 


However, we say that f(x) has an infinite limit. More precisely, we write 
e lim f(x) =0oo if f(x) is positive and becomes arbitrarily large as x — c. 
xc 
e lim f(x) =—oo if f(x) is negative and becomes arbitrarily large as x — c. 
x—>C 
One-sided infinite limits are defined similarly. 
When f(x) approaches oo or —oo as x approaches c from one or both sides, the line 
x = c is called a vertical asymptote. In Figure 9, the line x = 2 is a vertical asymptote 
in (A), and x = 0 is a vertical asymptote in both (B) and (C). 
In the next example, the notation x —> c* is used to indicate that the left- and right- 
hand limits are to be considered separately. 


EXAMPLE 8 Investigate the one-sided limits graphically: 


(b) 


= c) lim Inx 
x—> 0+ x2 ( ) x—> 0t 


Solution 


(a) Figure 9(A) suggests that 


ó 1 
lim = —O, : 
x>2-x—-—2 x>2+ x —2 


= © 


The line x = 2 is a vertical asymptote. Why are the one-sided limits different? Because 


] 
fa= 
x 


for x > 2 (so the limit from the right is 00). 


5 is negative for x < 2 (so the limit from the left is —oo) and f(x) is positive 


2 
x 
and becomes arbitrarily large as x — 0 from either side. The line x = 0 is a vertical 
asymptote. 


l i 
(b) Figure 9(B) suggests that lim -5 = œ. Indeed, f(x) = — is positive for all x # 0 
x— X 


(c) Figure 9(C) suggests that Lal lnx = —oo because f(x) =In~x is negative for 
x— 
0 < x < 1 and tends to —o0 as x — O°. The line x = 0 is a vertical asymptote. E 


CONCEPTUAL INSIGHT You should not think of an infinite limit as a true limit. The 
notation lim f(x) = œ is merely a shorthand way of saying that f(x) is positive and 
arbitrarily large as x approaches c. The limit itself does not exist. We must be careful 
when using this notation because oo and —œ are not numbers, and contradictions can 
arise if we try to manipulate them as numbers. For example, if oo were a number, it 
would be larger than any finite number, and presumably, co + 1 = oo. But then 


œo + 1 = œ 
(cœ + 1) — œ = œ — œ 
i=9 (contradiction!) 


To avoid errors like this, keep in mind the oo is not a number but rather a convenient 
shorthand notation. 


2.2 SUMMARY 


e By definition, lim f(x) = L if | f(x) — L| can be made arbitrarily small by taking x 
LFG 
sufficiently close (but not equal) to c. We say that 
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- The limit of f(x) as x approaches c is L, or 

— f(x) approaches (or converges to) L as x approaches c. 
¢ If f(x) approaches a limit as x — c, then the value of the limit L is unique. 
e If f(x) does not approach a limit as x —> c, we say that lim f(x) does not exist. 

: ADC 

e The limit may exist even if f(c) is not defined. 
¢ One-sided limits: 

— lim f(x) = Lif f(x) converges to L as x approaches c through values less than c. 

Sas ol, 


= = f(x) = L if f(x) converges to L as x approaches c through values greater 
than c. 
¢ The limit exists if and only if both one-sided limits exist and are equal. 
e Infinite limits: lim f(x) = œ if f(x) is positive and becomes arbitrarily large as x 
approaches c, and lim fœ) = —ow if f(x) is negative and becomes arbitrarily large 


as x approaches c. 
« In the case of a one- or two-sided infinite limit at c, the vertical line x = c is called a 


vertical asymptote. 
2.2 EXERCISES 
Preliminary Questions 
1. What is the limit of f(x) = 1 asx > 2? 09 099 0999 1001 1.01 11. 
2. What is the limit of g(t) = t as t > 2? 7 25 4317 3.00011 3.0047 3.0126 
3. Is lim 20 equal to 10 or 20? 
Ee i agiis: 6. Can you tell whether lim f(x) exists from a plot of f for x > 5? 
x—> 
4. Can f(x) approach a limit as x — c if f(c) is undefined? If so, give an Explain. 


example. 

7. If you know in advance that lim f(x) exists, can you determine its 

5. What does the following table suggest about lim f(x) and fay f(x)? x—>5 
x17 x> 


value from a plot of f for ali x > 5? 


Exercises 


In Exercises 1—5, fill in the table and guess the value of the limit. 
3—1 

1. lim f(x), where f(x) = ——— 
xl x--—I 


= fey = [fe 


Too 998 


C 


Hoos [0.995 


T0000 | 098999 | 


5. lim f(t), where f(t) = eee 
rr 


; cost — I À 
2. lim h(t), where h(t) = ae Note that h is even; that is, 
f Ei 


hee 1). 


eres) 6. Numerically investigate lim sin | computing the values of sin x with x 
v2 


24y—6 in degrees. Make an estimate of the limit accurate to 5 decimal places. 
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: , za T ft—e ; Vig 
f 10. 4l. 42. lim( +2 
7. Determine jm. F(x) for f as in Figure 1 lim Wei lim +2r) 
i ine li in Figure 11. A =—15 _. 
8. Determine ‘im, g(x) for g as in Fig re tan-! x re Halt -x 
y X x>1- cos! x x0 sin! x —x 


45. The greatest integer function, also known as the floor function, is 
defined by |x] = n, where n is the unique integer such thatn < x < n + 1. 


a 1 Sketch the graph of y = |x]. Calculate for c an integer: 
(a) lim |x] (b) lim [x] (c) lim |x] 
xc x—a>ct x—>2.6 


46. Determine the one-sided limits at c = 1, 2, and 4 of the function g 
x shown in Figure 12, and state whether the limit exists at these points. 


0.5 0.5 


FIGURE 10 FIGURE 11 
In Exercises 9-10, evaluate the limit. 


9. lim x 10. lim, V3 


x21 


11. Show, via illustration, that the limits lim x and lima are equal but 
x—> => 


the functions in each limit are different. 


12. Give examples of functions f and g such that lim, io= = g(x), FIGURE 12 
i= X=% 


but f(x) # g(x) for all x, including 0. In Exercises 47—54, determine the one-sided limits numerically or graphi- 


In Exercises 13-20, verify each limit using the limit definition. For ex- cally. If infinite, state whether the one-sided limits are 00 or —00, and de- 
ample, in Exercise 13, show that |3x — 12] can be made as small as desired scribe the corresponding vertical asymptote. In Exercise 54, f(x) = [x] 
by taking x close to 4. is the greatest integer function defined in Exercise 45. 
13. jim 3x = 12 14, lim 3 =5 47. lim Sin x 48. lim |x|! 

x>0* |x| x 0+ 


15. lim(5x + 2) = 17 16. lim(7x — 4) = 10 ae vasi —_ cea 
» Ea 3 . 25 = 
17. lim x? =0 18. lim(3x? — 9) = —9 ltl aca 
x0 x70 4] 2 
te iy ee 52. lim ——— 
19. lim (4x? + 2x + 5) = 5 20. lim@? +12) = 12 E ae E ae ETET 
In Exercises 21—44, estimate the limit numerically or state that the limit ME E y) : T 
does not exist. If infinite, state whether the one-sided limits are 00 or —oo. 53. une ty 54. aon cos (30 — lx] )) 
= 2x? — 32 
21. lim Sai 22. lim ————— ; i 
x>l x—1 x>-4 x+4 55. Determine the one-sided limits at c = 2 and c = 4 of the function f 
CEPIN. a in Figure 13. What are the vertical asymptotes of f? 
23. lim ——— 24. lim ———_——_ 
x32x2—x-—2 x33 x? — 2x -—3 56. Determine the infinite one- and two-sided limits in Figure 14. 
D m S an aa 
x—>0 x x>0 x 
in 3 
me in = 28. lim —~ 
x70 3x x70 3x 
‘ 15 
0-1] 
29. lim 2 30. lim ==> 
0—0 0 x30 x? 10 
1 3—x 
di. lim ——— E : 
x—4 (x — 4)3 i po x—l1 
2 
fe fin: Se Yin Se z$ 
seart 6 x>-2- x +2 
x-4 aoa i 
1 1 In Exercises 57—60, sketch the graph of a function with the given limits. 
37. lim sinh cos — 38. lim cos — 
h-0 h h>0 h 57. lim f(x)=2, lim f(x)=0, lim f(x) =4 
x1 x37 x—>3t 
39. lim |x|” 40 -i 58. li li li 
x30 * x 1t x— 1 i et nae ae FH) = 0, rot lias 


59. lim, f(x) = f(2=3, lim_ feel, lim, f(x)=2F FA) 
60. lim, f(x) = 00, lim f(x) =3, lim f(x) = —00 


61. Determine the one-sided limits of the function f in Figure 15, at the 
points c = 1,3,5,6. 


FIGURE 15 Graph of f. 


62. Does either of the two oscillating functions in Figure 16 appear to 
approach a limit as x — 0? 


(A) (B) 


FIGURE 16 
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(Gu) In Exercises 63-68, plot the function and use the graph to estimate 
the value of the limit. 


sin 50 12* — 1 
. i . li — — 
SS fu ante as De aA 
2* — cos sin? 40 
Cp ae 
x0 x 8—0 cos — 1 
78 — cos 50 _ sin? 26 — 8 sin 46 
ta ie i E E 
9—0 g2 60 4 


69. Let n be a positive integer. For which n are the two infinite one-sided 
limits lim 1/x” equal? 
x—0+ 


I Pa : 
70. Let L(n) = lim T ae for m a positive integer. Investi- 


gate L(n) numerically for several values of z, and then guess the value of 
L(n) in general. 


71. (Gu) In some cases, numerical investigations can be misleading. Plot 
f(x) = cos =. 


(a) Does lim f(x) exist? 
x—> 


1 1 1 
(b) Show, by evaluating f(x)atx = +5» £7 tz, ..., that you might be 
able to trick your friends into believing that the limit exists and is equal to 
=I. 


(c) Which sequence of evaluations might trick them into believing that 
the limit is L = —1? 


Further Insights and Challenges 


72. Light waves of frequency A passing through a slit of width a produce 
a Fraunhofer diffraction pattern of light and dark fringes (Figure 17). 
The intensity as a function of the angle @ is 


sin(R sin @) 2 
O In( Ram) 


where R = xa/A and Iņ is a constant. Show that the intensity function is 
not defined at 0 = 0. Then choose any two values for R and check numer- 
ically that Z(0) approaches Zm as 0 — 0. 


SSS 
—_— 

aj 
C 
— r 


Incident 
light waves 


Slit Viewing Intensity 
screen pattern 


FIGURE 17 Fraunhofer diffraction pattern. 


sin zð 


73. Investigate jim numerically for several positive integer values 
> 


of n. Then guess the value in general. 


is less than 2 with b = 7 and is 


x—> 
greater than 2 with b = 8. Experiment with values of b to find an approxi- 
mate value of b for which the limit is 2. 


74. Show numerically that lim 


x”— 1 
(3,2). Then guess the value of the limit in general and check your guess 
for two additional pairs. 


75. Investigate ae 
x> 


76. Find by numerical experimentation the positive integers k such that 
. RS) 
.  sin(sin* x 
1 ( ) 
x0 x 


B as 
77. E (GU) Plot the graph of fx) = 2 


x-3 
(a) Zoom in on the graph to estimate L = lim fœ). 
x= 


(b) Explain why 


exists. 


f (2.99999) < L < (3.00001) 
Use this to determine L to three decimal places. 


21/x mi 271/x 
78. (Gu) The function f(x) = aE oni 


(a) Investigate lim f(x) and lim f(x) numerically. 
x—> 0+ x—0- 


is defined for x Æ 0. 


(b) Plot the graph of f and describe its behavior near x = 0. 
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The proof of Theorem 1 is discussed in 
Section 2.9 and Appendix D. To illustrate 
the underlying idea, consider two numbers 
such as 2.99 and 5.001. Observe that 2.99 
is close to 3 and 5.0001 is close to 5, so 
certainly the sum 2.99 + 5.0001 is close to 
3 +5 and the product 2.99 x 5.0001 is 
close to3 x 5. In the same way, if f(x) 
approaches L and g(x) approaches M as 
x — c, then f(x) + g(x) approaches the 
sum L + M, and f(x)g(x) approaches the 
product LM. The other laws are similar. 


In Section 2.2, we relied on graphical and numerical approaches to investigate limits and 
estimate their values. In the next four sections, we go beyond this intuitive approach and 
develop tools for computing limits in a precise way. The next theorem provides our first 
set of tools. 


THEOREM 1 Basic Limit Laws If lim f(x) and lim g(x) exist, then 


(i) Sum Law: lim (f(x) + g(x)) exists and 


lim (f(x) + g(%)) = lim f(x) + lim g(x) 


(ii) Constant Multiple Law: For any number k, lim kf (x) exists and 
xc 


lim kf(x) = k lim f(x) 


(iii) Product Law: lim /(x)g(x) exists and 
xc 


Jim, fg) = (Jim £02) (Jim s) 


(iv) Quotient Law: If lim g(x) Æ 0, then lim t exists and 
Ae). ee) 


m —— = So 
x—>c g(x) lim g(x) 


(v) Powers and Roots: If n is a positive integer, then 
Smif = (tim so), tim FG) = yi 76) 


In the second limit, assume that lim f(x) > 0 ifn is even. 
X-F 


n 
, 


If p, q are integers with g Æ 0, then lim [ f(x)|?/4 exists and 
XFC 


limfo = (tim fœ) 


Assume that lim f(x) > 0 if q is even, and that lim f(x) #0 if p/q < 0. 
W= 


Before proceeding to the examples, we make some useful remarks. 
* The Sum and Product Laws are valid for any number of functions. For example, 
lim (Aœ + fox) + fa(x)) = lim fix) + lim fa(x) + lim f3(x) 
¢ The Sum Law has a counterpart for differences: 
lim (fœ) — g@)) = lim f(x) — lim g(x) 
This follows from the Sum and Constant Multiple Laws (with k = —1): 
i y y TAr S ji = 
lim (f(x) — g@)) = lim f(x) + lim (— g(x)) lim f(x) — lim g(x) 
e Recall two basic limits from Theorem 1 in Section 2.2: 


lim k =k, lim x =c 
x—>c x—>c 


You may have noticed that each of the 
limits in Examples 1 and 2 could have 
been evaluated by a simple substitution. 
For example, sett = —1 to evaluate 
t+6 -1+6 5 


in — = —— = - 

ti 2° 2(—1)4 ps 
Substitution is valid when the function is 
continuous, a concept we shall study in the 
next section. 
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Applying Law (v) to f(x) = x, we obtain 


limx?/4 = c?/4 


A= FC 


for integers p and q such that q Æ 0. Note, in Eq. (1) we need to assume that 
c > Oifg is even and that c Æ Oif p/q < 0. 


EXAMPLE 1 Use the Basic Limit Laws to evaluate: 


(a) lim x* (b) lim (x° + 5x +7) (c) lim vx? +5x+7 
Solution 


(a) By Eq. (1), lim P=P =8. 


(b)  lim(x? + 5x +7) = lim x? + lim 5x + lim7 (Sum Law) 
x—>2 x2 x—2 x=? 
— lim x? +5 lim x + lim7 (Constant Multiple Law) 
x22 x—2 x—2 


= 8+ 5(2)+7=25 
(c) By Law (v) for roots and (b), 


lim Vx? + Sx + = [Tima (x? + 5x +7) = V2 = 5 E 
x—> x—> 


t+6 
EXAMPLE 2 Evaluate (a) lim TE 
t—> 


d n eo h/4 ey 4. 51/3. 
= 2 = koz inr ee) 


Solution 


(a) Use the Quotient, Sum, and Constant Multiple Laws: 


: i 

W t+6 Py ae! = poetical! AK x —-1+6 53 

Sea 2° mðn 2m. Da 
t——l1 t> —1 


(b) Use the Product, Powers, and Sum Laws: 
lim 1/4 + 5)? = (im 5) (im Jt + 5) = (av) (; lim t + 5) 
t—>3 t—>3 t—3 t—>3 
2 
= 3147345 =3 4/42) = AT r 
The next example reminds us that the Basic Limit Laws apply only when the limits 
of both f(x) and g(x) exist. 
EXAMPLE 3 Assumptions Matter Show that the Product Law cannot be applied to 
lim f(x)g(x) if f(x) = x and g(x) = x7!. 
x—0 
Solution For all x 40, we have f(x)g(x) =x - x7} = 1, so the limit of the product 
exists: 


lim f(*)gla) = im 1 =1 
x0 x0 


However, there is an issue with the product of the limits because lim xT! does not exist 
Hmp 


(since g(x) = x7! becomes infinite as x —> 0). Therefore, the Product Law cannot be 
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applied and its conclusion does not hold even though the limit of the products does exist. 
Specifically, lim f(x)e(x) = 1, but the product of the limits is not defined: 
x= 


i (garep E) a) 
wr 7 


Does not exist 


2.3 SUMMARY 


e The Basic Limit Laws: If lim f(x) and lim g(x) both exist, then 
X= C x—c 


(i) lim (f(x) + g(x) = lim f(x) + lim g(x) 
(ii) lim kf(x) =k lim f@) 


(iil) lim f(x) g(x) = (lim f(2))( lim g(x)) 


foxy _ im fo 


(iv) If lim g(x) Æ 0, then lim —— 
x—c x— 


c g(x) lim g(x) 


(v) If p,q are integers with g Æ 0, 


limfo% = (lim fœ)" 


For n a positive integer, 


lim(f@!" = (lim f@)). lim ¥/F@) = flim F@) 


°- If lim f(x) or lim g(x) does not exist, then the Basic Limit Laws cannot be applied. 
> mr 3 oe KC 


2.3 EXERCISES 


Preliminary Questions 


1. State the Sum Law and Quotient Law. 


2. Which of the following is a verbal version of the Product Law (assum- 


ing the limits exist)? 


(a) The product of two functions has a limit. 
(b) The limit of the product is the product of the limits. 


(c) The product of a limit is a product of functions. 
(d) A limit produces a product of functions. 


3. Which statement is correct? The Quotient Law does not hold if 
(a) The limit of the denominator is zero 
(b) The limit of the numerator is zero 


Exercises 


In Exercises 1-26, evaluate the limit using the Basic Limit Laws and the 
limits lim x?/4 = c?/4 and lim k =k. 
xc XC 


1. lim<x 


x39 


. lim x4 


x5 


te 


1 


Un 


. limt 
t32 


~J 


. lim Gx + 4) 


bz 


3 lim (3x" =W + 4x) 
x>- 


2. lim 14 
x=>— 

4. lim 22/3 
22327 

6. lim x`? 
x25 


8. lim (3x? + 2x?) 


x> 3 


10. lim (3x°/° — 16x7!) 


11. lim (x + 13x? — 9) 12. lim (4x + 1)(6x — 1) 
x> x5 
13. lim —— Li. Sidi 
* poatta4 ' 2902-1 
3r ~14 
450 tiny eas 16. tim 
t—4 t+1 2399 z—2 
17. lim (16y + 1X272 + 1) 18. lim x(x +1) + 2) 
J= x= 
1 af 
i im ——— a eee 
y4 /6y + 1 w7 ./w—~-3—1 
2 
21. 22. pa 


in ——-— imee e 
gon EO 2 ae ha (t? +24 + 1) 


~~ 


| 


3./t = T 4 
' imn Ch 24. lim (18y* £4) 
a oe (t — 20)2 y> 4 2 
wra 
3/2 iE S 
25. ier + 8t — 5) a eye 


27. Use the Quotient Law to prove that if lim f(x) exists and is nonzero, 


then 
1 


l 
lim —— = —————~ 
xe f(z) lim fE) 
XC 
28. Assuming that lim f(x) = 4, compute: 
x> 


. 2 5 i. 
(a) lim f(x) (b) lim z T (c) lim xy f) 


In Exercises 29-32, evaluate the limit assuming that lim, f(x) = 3 and 
x>— 
lim g(x)= 1. 
x—>—4 


23, lim f@)g@) 30. im 2F@) + 3g(x)) 
g(x) 32. lim f@)+1 


oe ` x54 3g(x) —9 


x>-4 x? 


. Sinx ; 
33. Ei Can the Quotient Law be applied to evaluate lim ms ? Explain. 
x— 
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34. Show that the Product Law cannot be used to evaluate the limit 
lim (x — 5) tan x. 


x1 f2 


35. Assume that if lim f(x) = L, then lim sin f(x) = sin L. In each case 
x—~a xa 
evaluate the limit or indicate that the limit does not exist. 


: x im sin x 
(a) Poat (G — :) (b ) x71 /2 a 
ok C (d) lim x? sin(x?) 
x1 sin(1 — x) x71 


36. Assume that if lim f(x) = L, then lim cos f(x) = cos L. In each 
x => 
case evaluate the limit or indicate that the limit does not exist. 


i i cosx 
@) im, cos (7) O im, 
S i 1 — x? 
(c) Jim x? cos(1 — x) (d) lim PE (2) 


37. Give an example where lim (f(x) + g(x)) exists but neither lim f(x) 
x—> x—> 


nor lim g(x) exists. 
x0 


38. Give an example where din ( F(x) - g(x)) exists but neither lim F@) 
x—> Peo 
nor lim g(x) exists. 
x—0 


39. Give an example where lim LR exists but neither lim f(x) nor 
x—> x—> 

lim g(x) exists. 

A-F 


Further Insights and Challenges 
40. Show that if both lim F(x) g(x) and lim g(x) exist and 
lim g(x) Æ 0, then lim f(x) exists. Hint: Write f(x) = men, 


41. Suppose that lim tg(t) = 12. Show that lim g(t) exists and 
equals 4. 


42. Prove that if lim “© = 5, then lim h(t) = 15. 
t—>3 t>3 


43. LF Assuming that lim £9 — 1, which of the following statements 
xX—> 
is necessarily true? Why? 


(a) f0) = (b) lim f(x) = 


44. Prove that if lim f(x)= L #0 and lim g(x) = 0, then the limit 
x—> 


lim i does not exist. 


45. Ej Suppose that jim g(h)=L 
(a) Explain why jim g(ah) = L for any constant a Æ 0. 

(b) If we assume instead that jim g(h) = L, is it still necessarily true that 
lim glah) = L? 


(c) Illustrate (a) and (b) with the function f(x) = x?. 


— | 
46. Assume that L(a) = exists for all a > 0. Assume also 


PB 


> 
(a) Prove that L(ab) = L(a) + L(b) for a,b > 0. 
Hint: (aby —l=a@b — a" +a — i = a7 (b” —1)+(@ —- 1). 
[This shows that L(a) behaves like a logarithm, in the sense that 
In(ab) = Ina + lnb. In fact, it can be shown that L(a) = Ina.]} 


(b) Verify numerically that L(12) = L(3) + L(A). 


that lim a" = 1. 


2.4 Limits and Continuity 


In everyday speech, the word “continuous” means having no breaks or interruptions. In 


y=f@) 


calculus, continuity is used to describe functions whose graphs have no breaks. If we 


imagine the graph of a function f as a wavy metal wire, then f is continuous if its graph 


f(c) 


consists of a single piece of wire as in Figure 1. 
Many physical phenomena can be considered as continuous. Our position and ve- 


locity vary continuously with time. Barometric pressure varies continuously with altitude 


above the earth. The current in a simple circuit varies continuously with the voltage ap- 


c plied to it. Ultimately; when we determine the rate of change of a function as we do in 


FIGURE 1 f is continuous at x = c. 
properly. 


the next chapter, we will need the function to be continuous for the mathematics to work 
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Ps y = ge) 


FIGURE 2 Discontinuity at x = c: The 
left- and right-hand limits as x — c are not 
equal. 


c 


FIGURE 3 The function f(x) = k is 
continuous. 


FIGURE 4 The function g(x) = x is 
continuous. 


FIGURE 5 Removable discontinuity: The 
discontinuity can be removed by 
redefining f (2). 


A break in the wire as in Figure 2 is called a discontinuity. Observe in Figure 2 that 
the break in the graph occurs because the left- and right-hand limits as x approaches c are 
not equal and thus lim g(x) does not exist. By contrast, in Figure 1, lim f(x) exists and 

LE _ 
is equal to the function value f(c). This suggests the following definition of continuity 
in terms of limits. 


DEFINITION Continuity at a Point Assume that f(x) is defined on an open interval 
containing x = c. Then f is continuous at x = c if 


lim f(x) = FO) 


If the limit does not exist, or if it exists but is not equal to f(c), we say that f has a 
discontinuity (or is discontinuous) at x = c. 


Note that for f to be continuous at c, three conditions must hold: 
1. f(c) is defined. Z lim f(x) exists. 3. They are equal. 


A function f may be continuous at some points and discontinuous at others. If f is 
continuous at all points in its domain, then f is simply called continuous. 


EXAMPLE 1 Show that the following functions are continuous: 

(a) f(x)=k (k any constant) (b) g(x) =x” (na whole number) 
Solution 

(a) We have lim TOS lim k = k and f(c) =k. The limit exists and is equal to the 
function value for all c, so f is continuous (Figure 3). 

(b) By Eq. (1) in Section 2.3, lim g(x) = lim x” =c” for all c. Also g(c) = c", so 


again, the limit exists and is equal to the function value. Therefore, g is continuous. 
(Figure 4 illustrates the case n = 1.) a 


Examples of Discontinuities 


To understand continuity better, let’s consider some ways in which a function can fail to 
be continuous. Keep in mind that continuity at a point x = c requires that: 


1. f(c) is defined. Ze lim f(x) exists. 3. They are equal. 


If lim f(x) exists, but either the limit is not equal to f(c), or f(c) is not defined, 


then we say that f has a removable discontinuity at x = c. The function in Figure 5(A) 
has a removable discontinuity at c = 2 because 


f(2)=10 but lim f(z) =5 


Skee Ee 
Limit exists but is not equal to function value 


y y 
10 e 10 
5 5 
x X 
2 
(A) Removable discontinuity at x = 2 (B) Function redefined at x = 2 


A removable discontinuity at x = c that 
occurs because f(c) is not defined is 
sometimes referred to as a removable 
singularity. 


FIGURE 6 These functions have jump 
discontinuities at x = 2. 
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Removable discontinuities are mild in the following sense: We can make f con- 
tinuous at x = c by redefining f(c) [in the case lim f(x) # f(c)] or defining f(c) [in 


the case f(c) is not defined] so that f(c) = lim f(x). In Figure 5(B), f(2) has been 
redefined as f(2) = 5, and this makes f continuous at x = 2. 


3—8 
ad 5 has a removable discontinuity at x = 2. How 


EXAMPLE 2 Show that g(x) = = 
should g(2) be defined so that g is continuous at x = 2? 


Solution First note that g is not defined at x = 2 since evaluating g at 2 involves division 
by 0. Also, 


x-8 —” Œ- 2? +2x +4) 
Laph = El 
x—2 x—>2 x—2 


lim g(x) = lim = lim (x? +2x + 4) = 12 
x—>2 x—>2 x2 


where the Basic Limit Laws are used to determine the value of the limit. Since lim g(x) 
x—> 


exists, but g(2) is not defined, g has a removable discontinuity at x = 2. If we define 
g(2) = 12, then g would be continuous at x = 2. a 


A worse type of discontinuity is a jump discontinuity, which occurs if the one-sided 


limits lim f(x) and iim f(x) exist but are not equal. In this case f is not continuous 
x>c xc 


at c because lim f(x) does not exist. Figure 6 shows two functions with jump discon- 
xc 


tinuities at c = 2. Unlike the removable case, we cannot make f continuous simply by 
redefining f at the single point c. 


gee ie 


% x 
2 2 


(A) (B) 


y 


In connection with jump discontinuities, it is convenient to define one-sided 
continuity. 


DEFINITION One-Sided Continuity A function f is called 


¢ Left-continuous at x = cif lim f(x) = f(c) 
xc 


f(c) 


°. Right-continuous at x = c if lim, f= 
xc 


In Figure 6 above, the function in (A) is left-continuous at x = 2 but the function in 
(B) is neither left- nor right-continuous at x = 2. 

Many theorems in calculus apply to functions that are continuous on an interval, a 
concept that is defined as follows: 


DEFINITION Continuity on an Interval 7 Assume that 7 is an interval in the form 
(a,b), [a, b), (a,b), or [a,b]. Then f is continuous on / if f is continuous at each 
point in (a, b), f is right-continuous at a (if a is in I), and f is left-continuous at b (if 
b is in T). 


The next example explores one-sided continuity using a piecewise-defined function— 
that is, a function defined by different formulas on different intervals. 
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FIGURE 7 Piecewise-defined function F in 
Example 3. 


CAUTION Piecewise-defined functions may 
or may not be continuous at points where 
they are pieced together. 


FIGURE 8 Functions with an infinite 
discontinuity at x = 2. 


FIGURE 9 Light intensity is inversely 
proportional to d°. 


EXAMPLE 3 Piecewise-Defined Function Discuss the continuity of 


for x < 1 
forl<x<3 


for x > 3 


F(x) = 


ae Wa 


Solution The functions f(x) = x and g(x) = 3 are continuous, so F is also continuous, 
except possibly at the transition points x = 1 and x = 3, where the formula for F(x) 
changes (Figure 7). 
¢ At x = 1, the one-sided limits exist but are not equal: 
lim F(x)= lim x= |, lim F(x)= lim 3=3 
x—>17 x—>17 x—>it x—>it 


Thus, F has a jump discontinuity at x = 1. However, the right-hand limit is equal 
to the function value F(1) = 3, so F is right-continuous at x = 1. 

« At x = 3, the left- and right-hand limits exist and both are equal to F(3), so F is 
continuous at x = 3: 


lm F(= lim 3-— 3, lim F(x)= lim x=3 | 
x—>3- x37 x= 3t x—3t 


We say that f has an infinite discontinuity at x = c if one or both of the one- 
sided limits are infinite [even if f(x) itself is not defined at x = c]. Like with a jump 
discontinuity, in this case f is not continuous at c because lim f(x) does not exist. Figure 

XS=EC 
8 illustrates three types of infinite discontinuities occurring at x = 2. Notice that x = 2 
does not belong to the domain of the function in cases (A) and (B). 


y 34 


(A) 


(C) 


EXAMPLE 4 The Intensity of a Light Source A standard model for the intensity J of 
a light source at varying distances d from the light is an inverse-square law, I (d) = k/d? 
for a constant k > 0 depending on the light source (Figure 9). Show that J has an infinite 
discontinuity at d = 0. 


Solution Regardless of the value of k > 0, as d approaches 0 from the right, the values 

of I(d)= k/d 2 are positive and become arbitrarily large. Therefore Be I(d) = œ, and 
=> 

it follows that J has an infinite discontinuity at 0. 


~~” 


FIGURE 10 Graph of y = sin +. The 
discontinuity at x = 0 is not a jump, 
removable, or infinite discontinuity. 


When a function f is defined and 
continuous for all values of x, we say that 
f is continuous on the real line. 


4 REMINDER A rational function is a 
quotient of two polynomials P/Q. 
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Note that this does not mean that the intensity of the light is actually unbounded as we 
get closer and closer to it. The relationship [(d) = k/d? is a model for the true behavior. 
The model does, however, properly reflect the fact that the intensity rises rapidly as we 
approach the source. E 


Finally, we note that some functions have more severe types of discontinuities than 
those discussed above. For example, f(x) = sin 1 oscillates infinitely often between +1 
and —1 as x — Q (Figure 10). Neither the left- nor the right-hand limit exists at x = 0, so 
this discontinuity is not a jump discontinuity. See Exercises 96 and 97 for even stranger 
examples. 


Building Continuous Functions 


Having studied some examples of discontinuities, we focus again on continuous func- 
tions. How can we show that a function is continuous? One way is to use the Laws of 
Continuity, which state, roughly speaking, that a function is continuous if it is built out 
of functions that are known to be continuous. 


THEOREM 1 Basic Laws of Continuity If f and g are continuous at x = c, then the 
foliowing functions are also continuous at x = c: 


(i) f+gand f—g (ili) fg 
(ii) kf for any constant k (iv) f/g if g(c) #0 


Proof These laws follow directly from the corresponding Basic Limit Laws (Theorem 1, 

Section 2.3). We illustrate by proving the first part of (i) in detail. The remaining laws 

are proved similarly. By definition, we must show that lim (f(x) + g(x) = f(c)+ g(c). 
TFE 


Because f and g are both continuous at x = c, we have 
lim f(x) = f(c), lim g(x) = g(c) 
re DS a & 

The Sum Law for limits yields the desired result: 


jum (f(x) +80) = lim f(x) + lim g(x) = f(c) + (©) ai 


In Section 2.3, we noted that the Basic Limit Laws for Sums and Products are valid 
for an arbitrary number of functions. The same is true for continuity; that is, if fi, ..., fn 
are continuous, then so are the functions 


Uae OP eee | Sa S 


The next two theorems assert that the basic functions are continuous on their do- 
mains. Recall (Section 1.3) that the term “basic function” refers to polynomials, rational 
functions, nth-root and algebraic functions, trigonometric functions and their inverses, 
and exponential and logarithmic functions. 


THEOREM 2 Continuity of Polynomial and Rational Functions 
polynomials. Then: 


Let P and Q be 


¢ P and Q are continuous on the real line. 
* P/Q is continuous on its domain [at all values x = c such that O(c) Æ 0]. 


Proof The function f(x) = x™ is continuous for all whole numbers m by Example 1. 
By Continuity Law (ii), f(x) = ax™ is continuous for every constant a. A polynomial 


Pipa, 4" + apn” | ee ag 
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4 REMINDER The domain of y = x!" is 
the real line ifn is odd and the half-line 
[0, 00) ifn is even. 


is a sum of continuous functions, so it too is continuous. By Continuity Law (iv), a quo- 
tient function P/Q is continuous at x = c, provided that Q(c) Æ 0. a 


This result shows, for example, that f(x) = 3x* — 2x3 + 8x is continuous for all x, 
and that 
x+3 
x2—1 


g(x) = 


is continuous for x Æ +1. Note that if n is a positive integer, then f(x) = x” is contin- 
uous for x Æ 0 because f(x) = x~” = 1/x” is a rational function. 

The continuity of the nth-root, sine, cosine, exponential, and logarithmic functions 
should not be surprising because their graphs have no visible breaks (Figure 11). How- 
ever, complete proofs of continuity are somewhat technical and are omitted. 


THEOREM 3 Continuity of Some Basic Functions 


e y = x!/" is continuous on its domain for n a natural number. 


* y = sinx and y = cosx are continuous on the real line. 
e y = > is continuous on the real line (for b > 0, b Æ 1). 
e y = log, x is continuous for x > 0 (for b > 0, b # 1). 


FIGURE 11 As the graphs suggest, these functions are continuous on their domains. 


14 
2 
l 
| 
| 
i 


FIGURE 12 Graph of y = tan x. 


Because f(x) = sinx and f(x) = cos x are continuous, the Continuity Law (iv) for 
Quotients implies that the other standard trigonometric functions are continuous on their 
domains, consisting of the values of x where the denominators, in the following quotient 
expressions for them, are nonzero: 

COs x 1 ] 


sin x 
tanx = 3 cotx = — s secx = $ cscx = —— 
COS X sin x COS X sin x 


They have infinite discontinuities at points where the denominators are zero. For ex- 
ample, as illustrated in Figure 12, f(x) = tan x has infinite discontinuities at the points 
It 3 5r 
= Ł—, +—, +—,... 
bar 2 2 
The next theorem states that the inverse f—! of a continuous function f is continu- 
ous. This is to be expected because the graph of f—! is the reflection of the graph of f 
through the line y = x. If the graph of f has “no breaks,” the same ought to be true of 
the graph of f-t. 


THEOREM 4 Continuity of the Inverse Function If f is continuous on an interval 7 
with range R, and if f~! exists, then f—! is continuous with domain R. 


FIGURE 13 Graph of f(x) = |x]. 
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One consequence of this theorem is that the logarithms, nth roots, and inverse 
trigonometric functions [f (x) = gi x, f(x) = cos! x, (oz tan~! x, and so on] 
are all continuous on their domains. 

Finally, it is important to know that a composition of continuous functions is again 
continuous. The following theorem is proved in Appendix D. 


THEOREM 5 Continuity of Composite Functions If g is continuous at x = c, and f 


is continuous at x = g(c), then the composite function F(x) = f(g(x)) is continuous 
atx =c. 


For example, F(x) = (x? + 9)!/3 is continuous because it is the composite of the 
continuous functions f(x) = x! and Ax) = x? 4+9. Similarly, F(x) = cos(x—!) is 
continuous for all x Æ 0, and F(x) = 2°* is continuous for all x. 

More generally, an elementary function is a function that is constructed out of ba- 
sic functions using the operations of addition, subtraction, multiplication, division, and 
composition. Since the basic functions are continuous (on their domains), an elementary 
function is also continuous on its domain by the Laws of Continuity. An example of an 
elementary function is 


x? + cos(2* + 9) 
x-8 


F(x) = tan! ( 


This function is continuous on its domain {x : x Æ 8}. 


Substitution: Evaluating Limits Using Continuity 


It is easy to evaluate a limit when the function in question is known to be continuous. In 
this case, by definition, the limit is equal to the function value: 


lim f(x) = f(c) 


We call this the Substitution Method because the limit is evaluated by substituting x = c 
in f(x). 


x 


EXAMPLE 5 Evaluate (a) lim siny and (b) lim 
a 


x>-1 yx +5 
Solution 


(a) We can use substitution because f(y) = sin y is continuous. 


V3 


; ' _ A 
lim sin y = sin — = — 


(b) The function f(x) = 3*//x + 5 is continuous at x = —1 because the numerator and 
denominator are both continuous at x = —] and the denominator \/x + 5 is nonzero at 
x = —|. Therefore, we can use substitution: 

3% 371 l 


im S Å a 
x>-1J/x+5 J-14+5 6 


The greatest integer function f(x) = |x ] is the function defined by |x | = n, where 
n is the unique integer such that n < x < n + 1 (Figure 13). For example, |4.7| = 4 
and |—2.3] = —3. This function is called the greatest integer function because |x] =n 
represents the greatest integer less than or equal to x. 
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EXAMPLE 6 Assumptions Matter Can we evaluate lim, |x] using substitution? 
x—> 


Solution Substitution cannot be applied because f(x) = |x] is not continuous at x = 2. 
In fact, lim |x] does not exist, and that follows because the one-sided limits are not equal: 
x—> 


lim |x| =2 and lim |x| =1 m 
x=>2t x—2-— 


CONCEPTUAL INSIGHT Real-World Modeling by Continuous Functions Continuous func- 
tions are often used to model relationships between physical quantities such as position 
and time, temperature and altitude, and voltage and resistance. This reflects our every- 
day experience that change in the physical world tends to occur continuously rather 
than through abrupt transitions. However, mathematical models are approximations to 
reality and are based on assumptions about the phenomenon being studied. It is always 
important to be aware of a model’s assumptions and the limitations they impose. 

In Figure 14, atmospheric temperature is represented as a continuous function of 
altitude. At such a large scale the assumption of continuity is reasonable because it is 
consistent with our experience. However, at smaller, less familiar scales the situation 
can be different. In fact, in 2002 scientists McGaughey and Ward reported observing 
temperature discontinuities at the surface of evaporating water droplets, suggesting that 
it may not be appropriate to assume temperature is continuous at such small scales. 

The size of a population is often treated as a continuous function of time. Strictly 
speaking, population size is a whole number that changes by +1 when an individual is 
born or dies, so it really is not continuous. At the scale of the size of your family, it does 
not make sense to consider the number of people as a continuous variable. However, 
if a population is large, the effect of an individual birth or death is small, and at such a 
scale it is both reasonable and convenient to treat population as a continuous function 
of time. Ultimately, the test of a model is how well it enables us to understand and 
predict the behavior of the actual system. When it fails to do so, the assumptions need 
to be examined, and possibly adjusted, to try to find a better fit between model and 


reality. 
Temperature (°C) World population (millions) 
= | { 
pa: 
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= | pæ l o 
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FIGURE 14 Atmospheric temperature and world population are modeled by continuous functions. 


2.4 SUMMARY 


° Definition: f is continuous at x = c if lim f(x) = f(c). This means that f(c) exists, 
b eee 
lim f(x) exists, and they are equal. 
XC 
* If iim f (x) does not exist, or if it exists but does not equal f(c), then f is discontin- 
uous at x = C. 


: If f is continuous at all points in its domain, f is simply called continuous. 
° Right-continuous atx = c: lim J aif (Cc). 
P a at A 
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Left-continuous atx = c: lim f(x) = f(c). 
x-—>C™ 
Three common types of discontinuities: 


— Removable discontinuity: lim f(x) exists, but either the limit does not equal f(c) 
x 


or f(c) is not defined. 
— Jump discontinuity: The one-sided limits both exist but are not equal. 
— Infinite discontinuity: The limit is infinite as x approaches c from one or both sides. 


Laws of Continuity: Sums, products, multiples, inverses, and composites of contin- 
uous functions are continuous. The same holds for a quotient f/g at points where 
g(x) #0. 

The basic functions are continuous on their domains where the basic functions are 
polynomials, rational functions, mth-root and algebraic functions, trigonometric func- 
tions and their inverses, and exponential and logarithmic functions. 

Substitution Method: If f is known to be continuous at x = c, then the value of the 


limit lim f(x) is f(c). 


2.4 EXERCISES 


Preliminary Questions 


1. Which property of f(x) = x? allows us to conclude that 
lim x? = 8? 

x2 

2. What can be said about f(3) if f is continuous and 

lim f(x) = 5? 

x—>3 


3. Suppose that f(x) < 0 if x is positive and f(x) > 1 if x is negative. 
Can f be continuous at x = 0? 


4. Is it possible to determine f(7) if f(x) = 3 forall x < 7 and f is right- 
continuous at x = 7? What if f is left-continuous? 


S. Are the following true or false? If false, then draw or give a counterex- 
ample, and state a correct version. 


(a) f is continuous at x = a if the left- and right-hand limits of f(x) as 
x — a exist and are equal. 


(b) f is continuous at x = a if the left- and right-hand limits of f(x) as 
x — aexist and equal f(a). 


(c) If the left- and right-hand limits of f(x) as x —> a exist, then f has a’ 
removable discontinuity at x = a. 


(d) If f and g are continuous at x = a, then f + g is continuous at x = a. 
(e) If f and g are continuous at x = a, then f/g is continuous at x = a. 


Exercises 


1. Referring to Figure 15, state whether f is left- or right-continuous (or 
neither) at each point of discontinuity. Does f have any removable discon- 
tinuities? 


Exercises 2-4 refer to the function g whose graph appears in Figure 16. 


2. State whether g is left- or right-continuous (or neither) at each of its 
points of discontinuity. 


3. At which point c does g have a removable discontinuity? How should 
g(c) be redefined to make g continuous at x = c? 


4. Find the point cı at which g has a jump discontinuity but is left- 
continuous. How should g(c1) be redefined to make g night-continuous 
atx = c)? 


Y WwW A w 


i f 


x 


t 2s 43 6 IZ so f+ o°¢ 


FIGURE 15 Graph of y = f(x). FIGURE 16 Graph of y = g(x). 


5. In Figure 17, determine the one-sided limits at the points of discontinu- 
ity. Which discontinuity is removable and how should f be redefined to 
inake it continuous at this point? 


y 


FIGURE 17 
6. Suppose that f(x) = 2 for x < 3 and f(x) = —4 for x > 3. 
(a) What is f (3) if f is left-continuous at x = 3? 
(b) What is f(3) if f is right-continuous at x = 3? 


In Exercises 7—16, use Theorems I-5 to show that the function is 
continuous. 


7. f(x) =x+sinx 
9. f(x) =3x4+4sinx 


8. f(x)= xsinx 


10. f(x) = 3x? + 8x2. — 20x 
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11. f@)= ES 


B. fx) cos(x?) 
15. f(x) = 3* cos3x 


x? — cosx 
3+ cosx 
14. f(x) = tan! (4*) 
16. f(x) = log,(x? + 1) 


12. f(x) = 


In Exercises 17-38, determine the points of discontinuity. State the type of 
discontinuity (removable, jump, infinite, or none of these) and whether the 
function is left- or right-continuous. 


1 
17. f(x) == 

~2 
19. f(x)= = T 


21. f(x) = [>] 


l 
. h(x) = — 
23. h(x) ETT 
x+1 
25. 5S 
TT 


27. f(x) = 3x? — 9x3 


x72 x #2 
29. f(x) = 4 ix — 2l 
—]1 sn N 
2x2 — 50 
31. = 
fœ) re: 


33. g(t) = tan 2t 


35. f(x) = tan(sin x) 


1 
37. FQ) == FETC] 


eI 


18. f(x) = |x| 
20. f(x) = Lx] 


1 
22. g(t)= aaa i 


1 
x—2 
24. k(x) = 
ser ET 
1 — 2z 


26. h(z) = ————_ 
(z) a ae 


28. g(t) = 317? — 943 
ae 
30. f(x) = [s r 
l x 


|| 


32. w(t) = > 


34. f(x) = csc(x?) 


36. f(x) = cos(z|x}) 


38. f(x) =In|x — 4] 


In Exercises 39-52, determine the domain of the function and prove that it 
is continuous on its domain using Theorems 1—5. 


39. f(x) =2sinx +3cosx 


41. f(x) = J/xsinx 
43. f(x) = x22" 

Ss. {/@=." 

47. f(x) = tan? x 

49. f(x) = (x4 + 13 


cos(x?) 
x? —1 


Si f(x) = 


40. f(x) =Vx274+9 


x2 


SONS ye 


44. f(x)= a pet 
46. f(x) = In — x?) 
48. f(x) = cos(2*) 


50. f(x) =e 


52. f(x) = 9 


53. The graph of the following function is shown in Figure 18. 


x? +3 
f@)=410-x 


forx < 1 
frl<x<2 


6x- x? forx>2 


Show that f is continuous for x 4 1,2. Then compute the right- and left- 
hand limits at x = 1, 2, and-determine whether f is left-continuous, right- 
continuous, or continuous at these points. 


1 2 6 


FIGURE 18 


54. Sawtooth Function Draw the graph of f(x) =x — |x}. At which 
points is f discontinuous? Is it left- or right-continuous at those points? 


In Exercises 55—56, [x] refers to the least integer function. It is defined by 
[x] =n, where n is the unique integer such that n— 1 < x <n. In each 
case, provide the graph of f, indicate the points of discontinuity and type 
of each (removable, jump, infinite, or none of these), and indicate whether 
f is left- or right-continuous. 


55. f(x) = [x] 


56. f(x) = [x] — ix] 


In Exercises 57—60, sketch the graph of f. At each point of discontinuity, 
state whether f is left- or right-continuous. 


2 

x for x < 1 

87. = = 
KE) 2=x forx>Il1 


x+i forx <1 


58. f(x)= 41 
— forx > 1 
x 
x? —3x+2 
_] =Z xz 
59. f@)=) |x- 2] 
0 = 
5 ee | for —co <x <0 


60. fx) =4-x4+1 forO<x <2 
—x*+10x—15 forx>2 


61. Show that the function 


x* — 16 

ME = ig 4 
(ine be T 

10 x=4 


has a removable discontinuity at x = 4. 


62. (Gu) Define f(x) = x sin L + 2 for x Æ 0. Plot f. How should f(0) 
be defined so that f is continuous at x = 0? 


In Exercises 63—64, H is the Heaviside function, defined by 


QO whenx <0 
1 whenx>0 


H(x) = | 
63. In each case, sketch the graph of f, indicate whether or not f is con- 
tinuous, and—if f is not continuous—identify the points of discontinuity. 
(a) f@)= A)? +1) (b) fœ) = Hæ) | 
(©) f@)=H@-2)J/x (d) f(x) = A(14+x)H(1—x)(1 — x?) 


64. Assume that a function f is defined and continuous for all x. Under 
what condition on f are we assured that the function g, defined by g(x) = 
A(x — a) f(x), is continuous? 


ae 


In Exercises 65—67, find the value of the constant (a, b, or c) that makes 
the function continuous. 


2 
x*“—c  forx <5 
65. = 
fœ) n +2c forx>5 
2x+9x-! forx <3 
66. = = 
fœ) E +c forx > 3 
x7! for x < —1 
67. f(x)= {ax+b fr -1 <x<} 
x7! for x > 5 
68. Define 
x+3 forx <—1l 
g(x) = į cx for —l<x<2 


x+2 forx>2 


Find a value of c such that g is 
(a) left-continuous 
In each case, sketch the graph of g. 


(b) right-continuous 


1 
69. Define g(t) = tan! (=) for t # 1. Answer the following ques- 


tions, using a plot if necessary. 
(a) Can g(1) be defined so that g is continuous at t = 1? 
(b) How should g(1) be defined so that g is left-continuous at t = 1? 


70. Each of the following statements is false. For each statement, sketch 
the graph of a function that provides a counterexample. 


(a) If jim f(x) exists, then f is continuous at x = a. 


(b) If f has a jump discontinuity at x = a, then f(a) is equal to either 
lim f(x) or lim f(x). 
xa 


x 7a 

In Exercises 71-74, draw the graph of a function on [0,5] with the given 

properties. 

71. f is not continuous at x = 1, but lim f(x) and lim f(x) exist and 
x—1t x1 

are equal. 


72. f is left-continuous but not continuous at x = 2, and right-continuous 
but not continuous at x = 3. 


73. f has a removable discontinuity at x = 1, a jump discontinuity at 
x= 72, and 
lim f(x) = —oo, lim f(x) =2 
x3 3- x—3+ 
74. f is right- but not left-continuous at x = 1, left- but not right- 
continuous at x = 2, and neither left- nor right-continuous at x = 3. 
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In Exercises 75—88, evaluate using substitution. 


75. lim (2x? — 4) 76. lim (Sx — 12x?) 


x71 
x+2 a . fa 
+ Rea A a = 
79. lim tan(3x) 80. lim 
x—> 4 x>xn cosx 


$1. lim x~>/* 


x74 


82. lim vx? + 4x 
x= 


84. lim (= == y 


83. lim (1 — 8x?» 
x—>-—l1 


x>2\4—x 
85. lim 10° ~ 86. lim 3% 
x—>3 x>-5 
g7. tin dm! (=) 88. lim tan~!(e*) 
x34 - 4 x0 


89. Suppose that f and g are discontinuous at x = c. Does it follow that 
f +g is discontinuous at x = c? If not, give a counterexample. Does this 
contradict Theorem | (i)? 


90. Prove that f(x) = |x| is continuous for all x. Hint: To prove continu- 
ity at x = 0, consider the one-sided limits. 


91. Use the result of Exercise 90 to prove that if g is continuous, then 
F(x) = |g(x)] is also continuous. 


92. Which of the following quantities would be represented by continuous 
functions of time and which would have one or more discontinuities? 


(a) Velocity of an airplane during a flight 

(b) Temperature in a room under ordinary conditions 
(c) Value of a bank account with interest paid yearly 
(d) Salary of a teacher 

(e) Population of the world 


93. É In 2017, the federal income tax T on income of x dollars (up to 
$91,900) was determined by the formula 


0.10x for 0 < x < 9325 
0.15x — 466.25 for 9325 < x < 37,950 
0.25x — 4261.25 for 37,950 < x < 91,900 


Ta 


Sketch the graph of T. Does T have any discontinuities? Explain why, if 
T had a jump discontinuity, it might be advantageous in some situations to 
eam less money. 


Further Insights and Challenges 


94. EA If f has a removable discontinuity at x = c, then it is possible 
to redefine f(c) so that f is continuous at x = c. Can this be done in more 
than one way? Explain. 


95. Give an example of functions f and g such that f(g(x)) is continuous 
but g has at least one discontinuity. 


96. Continuous at Only One Point Show that the following function is 
continuous only at x = 0: 


x for x rational 
—x for x irrational 


ro=| 


97. Show that f is a discontinuous function for all x, where f(x) is de- 
fined as follows: 


1 - for x rational 
—1 for x irrational 


-| 


Show that f? is continuous for all x. 
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y 
12 
8 
4 
Xx 
4 8 
x? — 16 


FIGURE 1 Graph of f(x) = 4 

x —_ 
function is undefined at x = 4, but the 
limit as x — 4 exists. 


Some other indeterminate forms are 1%, 
oo, and 0°. These are treated in 
Section 4.5. 


. This 


2.5 Indeterminate Forms 


Substitution can be used to evaluate limits when the function in question is known to be 


continuous. For example, f(x) = x~? is continuous at x = 3, and therefore, 
‘ 1 
lim x7? = 37? = — 
x—>3 9 


When we study derivatives in Chapter 3, we will be faced with limits iim f(x), where 
f(c) is not defined. In such cases, substitution cannot be used directly. However, many 
of these limits can be evaluated if we use algebra to rewrite the formula for f(x). 
To illustrate, consider this limit (Figure 1): 
x? — 16 
x74 x—4 


x? — 


6 
The function f(x) = is not defined at x = 4 because the formula for f(4) pro- 


duces the undefined expression 0/0. However, the numerator of f(x) factors: 


x* — 16 _ & +4) —4) 


=x+4 (valid for x 4 4) 
x—4 x—4 


This shows that f coincides with the continuous function y = x + 4 for all x Æ 4. Since 
the limit depends only on the values of f(x) for x Æ 4, we have 


lim = lm(x+4)=8 
4 x4 
2? 
Evaluate by substitution 


Given a function f, if the formula for f(c) yields an undefined expression in one of 
the forms 3, = œœ - 0, or œ — œ, then we say that f(x) has an indeterminate form 
(or is indeterminate) at x = c. 


An indeterminate form, as the name suggests, indicates that the limit cannot be deter- 
mined from the form. It does not mean that the limit does not exist. Instead, we think 
of it as a warning sign that tells us more work needs to be done to evaluate the limit. 
One strategy, when f(x) has an indeterminate form at x = c, is to transform f(x) alge- 
braically, if possible, into a new expression that is defined and continuous at x = c, and 
then evaluate the limit by substitution. As you study the following examples, notice that 
the critical step is to cancel a common factor from the numerator and denominator at the 
appropriate moment, thereby removing the indeterminacy. 


2 

_" 
EXAMPLE 1 Calculate lim ~— 12. 
x3 x2 ore Emy 


Solution The function has the indeterminate form 0/0 at x = 3 because 
Numerator at x = 3: x? — 4x +3 = 3 -43)+3=0 
Denominator at x = 3: x? +x- 12 =3?+3-12=0 

Step 1. Transform algebraically and cancel, 


x? —4x +3 CE —1) a | l 
x?+x—12 (x-3Xx+4) i x+4 i E 
\— m 


Cancel common factor Continuous at x = 3 


Note, in Step 1, that the conjugate of 
Jx — 3 is f/x +3, so 
(f/x — 3)./x +3) =x -9. 
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Step 2. Substitute (evaluate using continuity). 
Because the expression on the right in Eq. (1) is continuous at x = 3, 


_ ey 

x 4x +3 _ "E 12 . 
x>3x274x%-12 2x53x+4 7 
——<S— = au 


Evaluate by substitution 


The next example illustrates the algebraic technique of multiplying by the conjugate, 
which can be used to treat some indeterminate forms involving square roots. 


i —9 
EXAMPLE 2 Multiplying by the Conjugate Evaluate lim \ = 


Solution We check that f(x) = has the indeterminate form 0/0 at x = 9: 


== 
Numerator at x = 9: x-9=9-9=0 
Denominator at x = 9: J/x—3=J/9-3=0 
Step I. Multiply by the conjugate and cancel. 
x—9 Jx +3 (x — 9)(./x + 3) 
GE (FE) ERG ars ra 


Step 2. Substitute (evaluate using continuity). 
Because g(x) = ./x + 3 is continuous at x = 9, we can now evaluate the limit by 
substitution: 


lim a? 
x9 ./x —3 


x-1 
1 (x — 1} 


= lim (Vx +3) = 6 E 


EXAMPLE 3 Calculate lim 


Solution The function has the indeterminate form 0/0 at x = 1 because 
Numerator at x = 1: x—-1=12-1=0 
Denominator atx =1: (x«-1°=(1-1)?= 


Step I. Transform algebraically and cancel. 


x-1 @-)DGQ*4+xe4) x*4x41 «. 
eI" a e 7?” 2 | 
a Mr 


Cancel common factor 


Step 2. Determine the limit. 
Because x? +x +1 epiac 3 as x — 1 and (x — 1) is positive and approaches 


hd a =— 
0 as x — 1, it follows that ene is positive and becomes arbitrarily large as 
x? — 1 3—1] 
x — 1. Therefore, in -~— does not exist, but lim —_——_— 
TT ut we can say lim im 5 = 


Note that in this example, we obtained the undefined expression 3/0 for the limit 
form after simplifying. This is not an indeterminate form, and from it we were able to 
evaluate the limit (determining that it does not exist). A limit form a/0 with nonzero a 
is not an indeterminate form. If lim f (x) is in the form a/0 with a + 0, then f takes on 


arbitrarily large values arbitrarily close to c, and we can conclude that the limit does not 
exist. 
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The previous three examples involve limits in the indeterminate form 0/0. In the 
first case the limit is 2/7, in the second it is 6, and in the third the limit does not exist. ~< 
This underscores the meaning of indeterminate. We do not know yet whether or not the 
limit exists. Indeterminate means further work is needed to evaluate the limit. 


tan x 


EXAMPLE 4 The Form = Calculate lim f 
OO X>F sec x 


Solution As we see in Figure 2, both f(x) = tanx and f(x) = sec x have infinite dis- 
continuities at x = 3, so this limit has the indeterminate form 00/0 at x = =. 
y 


FIGURE 2 
Step I. Transform algebraically and cancel. 


— = pina ae) = sinx (ifcosx Æ 0) 


sec x 1 
COS x 
Step 2. Substitute (evaluate using continuity). 


Because f(x) = sin x is continuous, = 
; : . E 
im = lim sinx = sin — = 1 z 
x—+>% Secx x> 5 2 
i 1 2 
EXAMPLE 5 The Form œo — œo Calculate lim — ; 
x>l\x-— 1 x2 — | 
Solution As we see in Figure 3, y = i and y = I] both have infinite discon- 
x— x*— 
tinuities at x = 1. This limit has the indeterminate form oo — oo. 
Step I. Transform algebraically and cancel. 
Combine the fractions and simplify (for x Æ 1): 
É E a a G %— 1 => a 
#1 x?—-1 x*=1 x?—1 x-1 @SDe@ED x+! 
FIGURE 3 Step 2. Substitute (evaluate using continuity). 
À 1 2 1 l 1 
lim — ——_ J = li = — =- 
tim ( a) ot aa 1+1 2 : 
As preparation for work we will do computing derivatives in Chapter 3, we evaluate 
a limit involving a symbolic constant. 
.. (h+af-—a? 
EXAMPLE 6 Symbolic Constant Calculate jim, — —— s where is aconstant. 
Solution We have the indeterminate form 0/0 at h = 0 because 
~ 


Numerator at h = 0: (h+ af =- a? = Ota —a*=0 
Denominator at h = 0: p= 


Gravity | | Air 


resistance 


l 


FIGURE 4 A ball acted on by gravity and air 
resistance. 


0.4 0.8 


FIGURE 5 The maximum height decreases 
as the air resistance (and k) increases. 
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Expand the numerator and simplify (for h # 0): 
(h+a} —a? (hk? +2ah+a*)—a* hh? +2ah _ h(h +2a) 


os —— = — hte 
h h h h 
The function f(h) = h + 2a is continuous (for any constant a), so 
2 ge 
eee Ie = itt Bae a 
h>0 h h>0 


Some expressions that yield an indeterminate form cannot be simplified algebraically 
to determine the limit. In the next two examples we consider limits that cannot be found 
with the rules we have developed so far. Nevertheless, we can investigate the limits nu- 
merically to find estimates for them. In the next section and in Section 4.5 we introduce 
important theorems that provide other tools for evaluating limits in indeterminate forms. 


EXAMPLE 7 Maximum Height Under Air Resistance A one-kilogram bocce ball is 
launched straight upward at 30 m/sec (Figure 4) and is acted on by gravity and an air 
resistance force. We assume that the latter force is in the form —kv(t), where v(t) is 
the ball’s upward velocity and k is a positive constant reflecting the strength of the air 
resistance (the stronger the air resistance, the greater the value of k). It can be shown (see 
Section 9.2) that the maximum height (in meters) that the ball reaches depends on the 
strength of the air resistance and is given by 


150k 
30k — 9.81n (“35° +1) 
k2 
Values of k between 0 and 1 are physically reasonable. Intuitively, it makes sense 


that the stronger the air resistance, the lower the maximum height attained by the ball 
(Figure 5). What is lim H(k)? In other words, what happens to the maximum height with 
— 


HS 


less and less air resistance, and ultimately with none at all? 


Solution This limit has the indeterminate form 0/0. We cannot evaluate it by algebraic 
simplification, so we will estimate it by examining it numerically: 


TABLE 1 


k Ol 0.01 0.001 0.0001 0.00001 0.000001 0.0000001 
H(k) 38.2785 45.0023 45.8249 45.9090 45.9174 45.9173 45.9184 


The values in Table 1 suggest the limit is approximately 45.92. We can say that as 
the air resistance vanishes, the maximum height that the ball attains approaches approxi- 
mately 45.92 m. 

E 


CONCEPTUAL INSIGHT In our work with functions and limits so far, we have encoun- 
tered three expressions that are similar but have different meanings: undefined, does 
not exist, and indeterminate. It is important to understand the meanings of these ex- 
pressions so that you can use them correctly to describe functions and limits. 


¢ The word “undefined” is used for a mathematical expression that is not de- 
fined, such as 2/0 or In 0. 


¢ The phrase “does not exist” means lim f(x) does not exist, that is, f(x) does 
Dh al 3 
not approach a particular numerical value as x approaches c. 
e The term “indeterminate” is used when, upon substitution, a function or limit 
has one of the indeterminate forms. 


The next limit will be important to us in the next chapter when determining the 
derivative of the function f(x) = e*. It is in the indeterminate form 0/0, but we cannot 
simplify it algebraically. 


94 CHAPTER 2 LIMITS 


EXAMPLE 8 Verify graphically and numerically that lim 


N 
Solution The graph in Figure 6 and the results in Table 2 suggest that lim 


FIGURE 6 


basg 
$ =i. 
h_ 
=1. 
h 
TABLE 2 
h ‘N 
h > 07 “ki h —> ot — 
h 
-0.02 0.990 0.02 1.0101 
0.005 0.99750 0.005 1.00250 
0.001 0.999500 0.001 1.000500 
—0.0001 0.99995000 0.0001 1.00005000 
a 


2.5 SUMMARY 


¢ When f is known to be continuous at x = c, the limit can be evaluated by substitu- 
tion: lim F(x) = f(e). 

E 
¢ If the formula for f(c) yields an undefined expression of the type 


0’ 


—, w-0, w-co 


OO 


then we say that f(x) is indeterminate (or has an indeterminate form) at x =c. 
e If f(x) is indeterminate at x = c: 


— Try to transform f(x) algebraically into a new expression that is defined and con- 
tinuous at x = c, and then evaluate by substitution. 


— Examine it numerically or graphically, or evaluate it with specialized theorems (see 
Sections 2.6 and 4.5). 


2.5 EXERCISES 


` 


Preliminary Questions 


1. Which of the following is indeterminate at x = 1? 


x? +1 x? -1 x? —1 x? +1 
x-1’ pp Yr F3 -p J32 


2. Give counterexamples to show that these statements are false: 
(a) If f(c) is indeterminate, then the right- and left-hand limits as x > c 


are not equal. 


(b) If lim f(x) exists, then f(c) is not indeterminate. 


(c) If f(x) is undefined at x = c, then f(x) has an indeterminate form at 


X=. 


3. The method for evaluating limits discussed in this section is sometimes 
called simplify and substitute. Explain how it actually relies on the prop- 
erty of continuity. 


Exercises 


In Exercises 1—4, show that the limit leads to an indeterminate form. Then 
carry out the two-step procedure: Transform the function algebraically 


and evaluate using continuity. 


2 2 
x* — 36 9-—h 
1, lim 2. i 
x>6 x-6 un h—3 
` x* 42x41 2t — 18 


ee 4. Th = _—— 
Sa ae el as 


In Exercises 5—34, evaluate the limit, if it exists. If not, determine whether 
the one-sided limits exist (finite or infinite). 


x—-—7 


ee _ -— 


” x7 x2 — 49 


x? — 64 
x78 x—9 
x? — 64x 


2x* — 9x —5 . d+Ap-1 
. im — 10. lim ———— 
ae pe x? — 25 h—>0 h 
1l. li ER oy E 
Pur eea " 333 x2 —9 
3x2 — 4x — 4 -Gro a2 
. lim ——— 14. lim ———— 
ea ET h>0 h 
_ 44-4 _ (h+2)% -9h 
M BO a a ae 
J/x —4 2t+4 
i 18. — 
t x316 x — 16 Fase 12 — 312 
l l 
air a 2 
>. (h+2 4 y ty i 
19. lim —————_ 20. im ——————— 
h0 h y>3 y3 — 10y +3 
J = Mea a7 
A hey SETS Bi. ‘Sg, SF 
h—>0 h x8 x-—8 
i V5—x-1 
ya a e ili A 
x—4 gl a Se =x x74 2— ye 
1 4 1 1 
25. lim | ———— — ——— 26. im | — — —— 
tim (= =) x—>0+ G 7) 
t to 
27. lim S 28. lim 2 
x0 CSCX 6% csc 
l 2 Sin x — co 
29. tim ( ee ae an in — 
xo1\1—x 1 — x? x>} tan x — 1 
22t 42—20 | 
31. lim ee 32. lim (sec — tan @) 
t>2 2? —4 65 
1 2 
33. lim = — aaa) 
6>% \tan@—1 tan“é@-1 
2 cos? 2 
34. lim cos“ x + 3cosx —2 
x35 2cosx — 1 
35. The following limits all have the indeterminate form 0/0. One of the 
limits does not exist, one is equal to 0, and one is a nonzero limit. Evalu- 
ate each limit algebraically if you can or investigate it numerically if you 
cannot. 
2 al 
xt +3x+2 l—x 
lim ———=— T AE 
(a) x>-2 x+2 (b) a x eet 
2 
c) lim 
(c) lim Tr 
36. The following limits all have the indeterminate form co/oo. One of 
the limits does not exist, one is equal to 0, and one is a nonzero limit. Eval- 
uate each limit algebraically if you can or investigate it numerically if you 
cannot. 
—4 
3cotx 
lim ———— |! 
s. IR i 4+ x7! b) x>0 cscx 
1+4 
©) im e 
x >O0 1 + a 
\— In Exercises 37 and 38, a ball is launched straight up in the air and is acted 


on by air resistance and gravity as in Example 7. The function H gives the 
maximum height that the ball attains as a function of the air-resistance 
parameter k. 
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37. If the mass of the ball is one kilogram and it is launched upward with 
an initial velocity of 60 m/sec, then 
300k 1 1 
60k — 9.8 In ( 2904 + 1) 
k2 


Estimate the maximum height without air resistance by investigating 
im H (k) numerically. 
=" 


A(k) = 


38. If the mass of the ball is 500 grams and it is launched upward with an 
initial velocity of 30 m/sec, then 
z 300k 
15k — 2.45 In (39% + 1) 
k2 


Estimate the maximum height without air resistance by investigating 
lim H (k) numerically. 
za 


H (k) = 


x—4 
39. Use a plot of f(x) = ———————— to estimate lim f(x) to 
(GU) Use a plot of fa) = = lim f) 
two decimal places. Compare with the answer obtained algebraically in 
Exercise 23. 


4 
40. (GU) Use a plot of f(x) = ES -— 
X — = 


numerically. Compare with the answer obtained algebraically in Exercise 
25. 


to estimate lim f(x) 
x74. 


41, Show numerically that for b = 3 and b = 5, lim appears to 
x—> 
equal in 3 and In 5, respectively. 
x — 
42. Show numerically that for b = 2 and b = 4, lim appears to 
-F 


equal In 2 and In 4, respectively. 


In Exercises 43—48, evaluate using the identity 


a? — b’ = (a — ba” + ab + b?) 


s Jan 
43. B 8 yaj be a | 
x>2 x—2 x33 x2? —9 
x* = 5x +4 x? +8 
45. im ————— 46. - — — 
` x1 x3 —1 Sariei 
j x—2]7 
47. | 0 lm = 
‘ ae bai Sites 


In Exercises 49-56, evaluate in terms of the constant a. 


49. lim (2a + x) 50. lim (4ah + 7a) 

x0 h>-2 
Zz a 4x2 

51, lim (4¢ —2at + 3a) ie ee a 
f>-1 xa x-a 

53. lim vx- Ja 54. lim va+2h— Ja 
x>a x—a h>0 h 

Eg ; ' 1 1 

i hig SE E 56. lim 4-2 
x0 A hoa h—a 

J1+h—1 
57. Evaluate jim, ~———. Hint: Set x = 41 +h, express h as a 
— 


h 


function of x, and rewrite as a limit as x > 1. 


i 
V1+th—1 

58. Evaluate lim hii anal Hint: Set x = /1+h, express h as a 

h>0 /1+h-1 

function of x, and rewrite as a limit as x > 1. 
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Further Insights and Challenges 


In Exercises 59-62, find all values of c such that the limit exists. 


2 _ 5x —6 
a lin 
xe A =e 
rs | ee Z 
"S x—l — 1 


o Sie = u(x) 
ee a ee = f(x) 


AA HES) 


X 


FIGURE 1 f is trapped between / and u. 


~g 


Cc 


FIGURE 2 f is squeezed by / and u at 
a Fc, 


FIGURE 3 


60. lim 
x1 


62. lim 


x—0 


63. For which sign, + or —, does the following limit exist? 
x? +3x +c 
x—1 eat = a) 
x20\x x(x—-1) 
1+ex? —J/1 +x? 
x4 


2.6 The Squeeze Theorem and Trigonometric Limits 


In our study of the derivative, we will need to evaluate certain limits involving transcen- 
dental functions such as sine and cosine. The algebraic techniques of the previous section 
are often ineffective for such functions, and other tools are required. In this section, we 
discuss one such tool—the Squeeze Theorem—and use it to evaluate the trigonometric 
limits needed in Section 3.6. | 


The Squeeze Theorem 


Consider a function f that is “trapped” between two functions /, for lower bound, and u, 
for upper bound, on an interval J. In other words, 


I(x) < f(x) < u(x) forallx el] 


Thus, the graph of f lies between the graphs of l and u (Figure 1). 
The Squeeze Theorem applies when f is not just trapped but squeezed at a point 


x = c (Figure 2). By this we mean that for all x 4 c in some open interval containing c, 
I(x) < f(x) < u(x) and lim /(x) = lim u(x) = L 
ASC XC 


We do not require that f(x) be defined at x = c, but it is clear graphically that f(x) must 
approach the limit L, as stated in the next theorem. See Appendix D for a proof. 


THEOREM 1 Squeeze Theorem Assume that for x Æ c (in some open interval con- 
taining c), 


I(x) < f(x) < u(x) and lim I(x) = lim a(xy=L 


Then lim f(x) exists and lim f(x) = L 
A= FC AFE 


EXAMPLE 1 Show that lim x sin + = 0. 

x—> 0 a 
Solution Although f(x) = x sin l is a product of two functions, we cannot use the Prod- 
uct Law because am sin A does not exist. However, the sine function takes on values 
between 1 and —1, and therefore Ísin — ! | < 1 for all x Æ 0. Multiplying by |x|, we sav 
|x sin 4| < |x| and conclude that (Figure 3) 


| 
—|x| < xsin — < |x| 
x 


Furthermore, we have 


lim |x| = and 


x—0 


lim (—|x]) = 0 
x0 


Note that both a and 8-1 are 
indeterminate at @ = 0, so Theorem 2 
cannot be proved by substitution. 


CB FIGURE 4 Graph illustrating the 
inequalities of Theorem 3. 


4 REMINDER Let's recall why a sector of 
angle @ in a circle of radius r has area 
+r7@. A sector of angle 0 represents a 
fraction & of the entire circle. The circle 
has area mr, so the sector has area 
(£)xr? = 4776. In the unit circle 

(r = 1), the sector has area 30. 
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and therefore it follows that f(x) =x sin + is squeezed between /[(x) = —|x| and 


u(x) = |x| at x =0. The Squeeze Theorem now applies, and we can conclude that 


lim x sin + =0. ial 
x—0 


In Section 2.2, we found numerical and graphical evidence suggesting that the limit 


a . . 
ii L m is equal to 1. The Squeeze Theorem will allow us to prove this fact. 
— 


THEOREM 2 Important Trigonometric Limits 


ing 
To apply the Squeeze Theorem to prove that im = = ], we must find functions 
—_> 


sin @ 


that squeeze at 0 = 0. These are illustrated in Figure 4 and provided by the next 


theorem. 


THEOREM 3 


Proof Assume first that 0 < 0 < 5. Our proof is based on the following relation be- 
tween the areas in Figure 5: 


area of AOAB < area of sector BOA < area of AOAC 


Let’s determine these three areas. First, AOAB has base 1 and height sin ð, so its area is 
$ sin 0. Next, recall that a sector of angle 0 has area 10. Finally, to compute the area of 
AOAC, we observe that 


tan@ = ——————__ = — = —=AC 


y 
B = (cos 9, sin 9) ay B 
x Sy, hea 


Area of triangle = 5sin 9 Area of sector = +9 Area of triangle = +tan 9 
FIGURE 5 


CHAPTER 2 LIMITS 
TABLE 1 
7" sin4h . 
h 

+1.0 —0.75680 
+05 1.81859 
£0.2 3.58678 
+0.1 3.89418 
+£0.05 3.97339 
+0.01 3.99893 
+0.005 3.99913 


Thus, AOAC has base 1, height tan @, and area 5 tan@. We have shown, therefore, that 


1. Awe lo < 1 sin 
N all z ~ 2cosô 
Va eee 


— Ue 
Area AOAB Area of sector Area AOAC 


The first inequality yields sin@ < 6, and because 0 > 0, we obtain 


inĝ 
sin i 


to obtain 


: ' ae 2cos @ 
Next, multiply the second inequality in (3) by 


wks E 
0 


[5 | 


The combination of (4) and (5) gives us (1) when 0 < 0 < a However, the functions 
in (1) do not change value when @ is replaced by —@ because both f(x) = cosé@ and 


(Oz “ are even functions. Indeed, cos(—@) = cos @ and 


sin(—0) —sin@ _ sind 
=~ ~ -@ #4# 


Therefore, (1) holds for ~% <0 <0 as well. This completes the proof of 


Theorem 3. 


Proof of Theorem 2 According to Theorem 3, 


in 
cos < Z ag 


sin ð 


Since lim cos 0 = cos 0 = 1 and hm. 1 = 1, the Squeeze Theorem yields hm ann i, 


as required. Jt then follows that 


~. 1—cosé | nn I+cos@\1—cos@ .. 1-—cos*é 
lim —————- — | —— = lim ————_ 
6-0 0 T 9-50 1 + cosé 0 60 (1 + cos 6)0 


1 sin? 6 i sin ĝ sin @ 
= lim | ———— | —— = lim | ————— | — 
0—0 \ 1 +cosô 6 -x>0 \1+cosé 0 


=5-1=0 | | 


In the next example, we evaluate another trigonometric limit. The key idea is to 


rewrite the function of h in terms of the new variable 8 = 4h. 


in 4h 


EXAMPLE 2 Evaluating a Limit by Changing Variables Investigate jim te 


numerically and then evaluate it exactly. 


Solution The values in Table 1 suggest that the limit is equal to 4. To evaluate the limit 


T — sin 0 
exactly, we rewrite it in terms of the limit of == that Theorem 2 can be applied. 


Thus, we set 6 = 4h and write 


sin 4h =4(2") _ 4808 
h Ah 6 


The new variable @ tends to zero as h —> 0 because @ is a multiple of h. Therefore, we 


may change the limit as h — 0 into a limit as 0 > 0 to obtain 


in 4h i 
lim — = lim se = 4( tiem TE) =40)=4 


h>0 h 60 9—0 @ 


ee 
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sin kx 


Note that the change of variables 0 = kx demonstrates that approaches 1 as 


x — 0. We use this limit to our advantage in the next example. 


tan 3 
EXAMPLE 3 Find lim ———. 
x—0 tan 2x 
Solution 
tan 3x _ sin3x cos2x `. gin3x cos2x x 


——_ — 
— e ° 


m m _— = lim —— - — 
x->0tan2x x-0cos3x sin2x x>0cos3x sin2x x 


. 3 fsa 3x 2x cos2x 3 | o S 
= lim - - ee E A 
x>0 2 3x sin 2x J cos3x 2 t 2 


2.6 SUMMARY 


-e We say that a function f is squeezed at x = c if there exist functions / and u such that 
I(x) < f(x) < u(x) for all x Æ c in an open interval J containing c, and 


lim I(x) = lim u(x) = L 
X—>c ZC 


The Squeeze Theorem states that in this case, lim f(x) = L. 
XC 
e Two important trigonometric limits: 


`. sind . 1l—cosé 
lim =l and lim ————— = 0 
6>0 0 6—0 6 
2.6 EXERCISES 
Preliminary Questions 
1. Assume that —x* < f(x) < x?. What is lim f (x)? Is there enough in- 3. If you want to evaluate lim Sa, it is a good idea to rewrite the limit 
formation to evaluate = f(x)? Explain. in terms of the variable (choose one): 
5h 
2. State the Squeeze Theorem carefully. (a) 0 = 5h (b) 6 =3h (e) 0 = 3 
Exercises 
In Exercises 1-10, evaluate using the Squeeze Theorem. 11. State precisely the hypothesis and conclusions of the Squeeze Theo- 
I l rem for the situation in Figure 6. 

1. lim x* cos — 2. lim x sin — 

x0 x x70 x 

de y = u(x) 

3. lim(x — 1)si 4. lim(x? — 

ee ee n RY 
5. lim(2' — 1) cos È G tim yr ena ; wj a 

t—0 t x—0t 

3 Al 
7. lim(t” — 4) cos 8. lim tanx cos( sin z) y=) 

t>2 t—2 x0 X x 

1 2 

9. lim cos6 cos(tan 0) 10. lim sins tan` (Int) P 

=F t— 


FIGURE 6 
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12. In Figure 7, is f squeezed by u and/ at x = 3? At x = 2? ` 


k MEME 
y=f@) 
p 15 y= L(x) 
X 
; = 3. A 
FIGURE 7 


13. What does the Squeeze Theorem say about lim F(x) if the limits 

x—> 
lim I(x) = lim u(x) = 6and f, u, and l are related as in Figure 8? The in- 
x> x= 


equality f(x) < u(x) ifħot satisfied for all x. Does this affect the validity 
of your conclusion? 


7 


FIGURE 8 
14. Determine lim f(x) assuming that cosx < f(x) < 1. 
=F 
15. State whether the inequality provides sufficient information to deter- 
mine lim f(x), and if so, find the limit. 
x—> 


(a) 4x —5 = f(x) = x? 

(b) 2x —1 < f(x) < x? 

(c) 4x —x? < f(x) <x? +2 

16. (Gu) Plot the graphs of u(x) = 1+ |x — z| and /(x) = sin x on the 
same set of axes. What can you say about lim f(x) if f is squeezed by / 
and u atx = 5? x> 7 


In Exercises 17-26, evaluate using Theorem 2 as necessary. 


tan ; sin x sec x 
x>0 x x—0 x 
~t? + 9sint sin? t 
i ty lee Wi diye 
t-0 É t—0 f 
2 l — cost 
21. lim B ia = 
x—>Q sinf x t>F t 
6 — 1] 1 — cos@ 
23. lim a 24. lim LS is 
: 6—0 0 8—0 sin 
i t — cos? t 
25. lim E! T ie 
t>ł% t t0 f 


sin 11x 


27. Evaluate "a using a substitution 0 = 11x. 
x—> 


sin 7t 
28. Evaluate lim salir’ Hint: Multiply the numerator and denominator 
f—>¥ SIN 
by (7)(11)¢. 


In Exercises 29-48, evaluate the limit. 


sin 9h sin 4h 
29. li e li 
P $ auim -a 
inh 
31. lim —— 32. lim — 
.h>0 5h x>% sin 3x 
in 70 tan 4 
33. lim = 34. lim <E 
630 sin 30 x30 9x 
tan 4t 
35. lim x csc 25x 36. lim 
x0 | +0 t sect 
in2h sin3h i 3 
37. a == 38. lim smg) ) 
h-0 h2 z>0 sinz 
in(—-38 tan 4 
m ie e 0. tin —— 
8—0 sin4é@ x—0 tan 9x 
Sloan csc 8t 42. lim lad fin 2x 
t>0 csc 4t x0 sin 3x sin 5x 
43. lim sin pa sin 2x gk ] — cos 2h 
x>0 xsinx h-0 h 
F = h he 
45. lim sin(2h)(1 — cos h) aie im l are 
h>0 £ h2 t>0 sin ar 
= A -— h 
47. lim cos 20 — cos a iii 1 — cos 3 
6-0 8 h> 5 h 


sin 26 — 2 sin 8 


49. Use the identity sin 28 = 2 sin 8 cos 8 to evaluate lim E 


50. Use the identity sin30 = 3 sin —4sin°@ to evaluate the limit, 
. sin38 —3siné@ 

lim ——— 

8—0 63 


51. Explain why jim (csc @ — cot@) involves an indeterminate form, and 

then prove that the limit equals 0. 

52. Explain why im (2tan@ — sec@) involves an indeterminate form, 
=F 

and then evaluate the limit. 


. 1l—cos2h 
53. (Gu) Investigate lim T 


evaluate the limit using the double angle formula cos 2h = 1 — 2 sin? h. 


numerically or graphically. Then 


1—- h 
54. (Gu) Investigate jim — 


prove that the limit is equal to 5 Hint: See the proof of Theorem 2. 


numerically or graphically. Then 


In Exercises 55—57, evaluate using the result of Exercise 54. 


55. lim COS on a 
h->0 he 

cos 3h — | 

56. — 

hoo cos 2h — 1 

1 — t 

B in 2 

t0 t 


58. Use the Squeeze Theorem to prove that if lim | f(x)| = 0, then 
lim F(x) =0. 


»_. Further Insights and Challenges 


59. Use the result of Exercise 54 to prove that form Æ 0, 


cosmx — 1 m2 


Nin = Ee 
x—0 x2 2 


60. [ A Using a diagram of the unit circle and the eT Theo- 
rem, show that 


sin? 0 < (1 — cos 0}? + sin? 6 < 6? 


Conclude that sin? 6 < 2(1 — cos 8) < 62 and use this to give an alterna- 
tive proof that the limit in Exercise 51 equals 0. Then give an alternative 
proof of the result in Exercise 54. 
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61. (a) Investigate the limit lim ee 


x—>c x—c 


numerically for the five 
values c = 0,7, 7, ae 
(b) Can you guess the answer for general c? 


(c) Check numerically that your answer to (b) works for two other values 
of c. 


2.7 Limits at Infinity 


So far we have considered limits as x approaches a number c. It is also important to 


* dim, fO) 


FIGURE 1 The graphed model P(r) fits 
recent world population data and is derived 
with the assumption that the population 
eventually levels off (see Example 2). In 
the model im. P(t) = 17.4, suggesting 
that the human carrying capacity of the 
earth is about 17.4 billion people. 


' lim, f(a) = L 


consider limits where x approaches co or —ov, which we refer to as limits at infinity. In 
applications, limits at infinity arise naturally when we describe the “long-term” behavior 
of a system as in Figure 1. 

The notation x — co indicates that x increases without bound, and x — —co indi- 
cates that x decreases (through negative values) without bound. We write 


= L if f(x) gets closer and closer to L as x —> 00 


if f(x) gets closer and closer to L as x — —co 


As before, “closer and closer” means that | f(x) — L| becomes arbitrarily small. In either 
case, the line y = L is called a horizontal asymptote. We use the notation x — +œ to 
indicate that we are considering both infinite limits, as x —> oo and as x — —oo. 

Infinite limits describe the asymptotic behavior of a function, which is determined 
by the behavior of the graph as we move out indefinitely to the right or the left. 


EXAMPLE 1 Discuss the asymptotic behavior in Figure 2. 


Solution The function g approaches L = 7 as we move to the right and it approaches 


400 


lim g(x) =7 and 
x7 


lim f(x) = œ or 
XA 7OO 


L = 3 as we move to left, so 


lim g(x)=3 
-> —0O : 


Accordingly, the lines y = 7 and y = 3 are horizontal asymptotes of g. © 


A function may approach an infinite limit as x —> -too. We write 


„ïm f(x) = 00 


if f(x) is positive and becomes arbitrarily large as x — oo or —oo. Similar notation is 


FIGURE 2 The lines y = 7 and y = 3 are 
horizontal asymptotes of g. 


used if f(x) approaches —co as x —> +oo. For example, we see in Figure 3(A) that 


However, limits at infinity do not always exist. For example, f(x) = sinx oscillates in- 
definitely [Figure 3(B)], so the following limits do not exist: 


lim sinx and lim sinx 
XO x7 — CO 
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(A) 


FIGURE 3 


EXAMPLE 2 Logistic Functions and the Carrying Capacity of the Earth The function 
P(t) = ae with M, A, k all positive, is known as a logistic function (Figure 4). Such 
functions are used to model phenomena that have an initial rapid increase but then level 
off toward some finite value. 

From 1950 to 1980 to 2010 the human population of the earth grew from 2.65 to 
4.45 to 6.90 billion people. Let t represent time in years since 1950 and P represent the 
population in billions. Using the (¢, P) values for 1950, 1980, and 2010, and employing 
a computer algebra system to solve for M, A, and k in P(t), we obtain the logistic world- 
population model: 


17.4 


poe =mi N 
ATT 


FIGURE 4 PS logistic function Find lim P 
PO 2 ind lim P(t). 
P(t) mat 1+ Ae—*! z I> ( ) 


Solution Since lim e782?” = 0, then 
Í> 0 


; ; 17.4 17.4 
pe dee T PE a al 
We can interpret this limiting value of 17.4 billion as a theoretical carrying capacity of the 
earth. Opinions vary on the earth’s actual human carrying capacity, and many approaches 
have been taken to develop estimates. This simply derived estimate is consistent with the 
carrying capacity models that are presented in a United Nations Environment Program 
2012 review. E 


The limits at infinity of the power functions f(x) = x” are easily determined. If 
n > 0, then x” increases without bound as x — oo, so (Figure 5) 
l 


lim x” = oo and lim x” = lim — = 0 
x—>0O x> x> y” 


=0 


FIGURE 5 (A) n even: limx"= lim x"=00 (B)n odd: lim x" = 00, lim x" = —oo (© lim L = 


I 
x> + x—+>—00 X 


CAUTION lim x! does not exist, since To describe the limits as x —» —oo, assume that n is a whole number so that x” is defined 
=O 


x> = Ld » . . 
the square root of a negative number is not for x < 0. If is even, then x” becomes large and positive as x —> —0o, and if n is odd, 
a real number. it becomes large and negative. We summarize these limits in the following theorem: 
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THEOREM 1 Foralln > 0, 


lim. x” = oo and 
xX—> CO 
If n is a positive whole number, 


lim x” = 
X> -QQ 


OO if n is even 
—oo ifn is odd 


Note also that if p and q are positive integers and q is odd, then lim x?/ 1 = 0 
x—>— 


if p is even and lim x?/4 = —oo if p is odd. In the case that q is even, x?/? is not 
XI —0O 
defined for negative x, so it does not make sense to address the limit as x — —oo. 
The Basic Limit Laws (Theorem | in Section 2.3) are valid for limits at infinity. For 


example, the Sum and Constant Multiple Laws yield 


tim (3 Do | 5) i idla S 
xX¥—~> CO xX- 00 X—> CO xX—> CO 


E S A 
a 
EXAMPLE 3 Calculate lim —20% —>*_. 
x00 3x9 — 4x2 45 


Solution It would be nice if we could apply the Quotient Law directly, but this law is 
valid only if the denominator has a finite, nonzero limit. Our limit has the indeterminate 
form co/oo because 


lim (20x7—3x)=co and lim (3x° — 4x7 +5) = œ 
x—> CO X—> CO 


The way around this difficulty is to divide the numerator and denominator by x” (the 
highest power of x in the denominator): 


20x? — 3x x>(20x* — 3x) 20x73 — 3x74 


3x9 — 4x2 45 x-5(3x5 — 4x2 +5) 3 — 4x73 + 5x75 
Now we can use the Quotient Law: 


-3_2,-4 
ae lim | (20x 3x ) 


A> 


In general, if 


n” apie Hae 
fa) =O 
bmx + bp-1x +---+bo 


where an # 0 and bm + 0, divide the numerator and denominator by x”: 


ynom 4 aem rill a eee T aux” 
bm + bm—1x~! + +--+ box-™ 


mi =I ( a a 
bm + bm—1x—! + +++ + box-™ 


fa=2 


The quotient in parentheses approaches the finite limit a,,/b,, because 
lini. (ae aaa +--- + aox") =%, 
AF OQ 


lim (bm + bm127 + +++ + Box”) = bm 
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This also holds true for x —> —oo, and therefore, 


n 


+an-ıx t +- Hao" a " 
lim f(x)= lim x”” lim Be a a la A Y oe all 
x— +00 x— 00 xXx—+00 Dies + bm—1x7! js + l boa” bm x—+t00 


THEOREM 2 Limits at Infinity of a Rational Function The asymptotic behavior of a 
rational function depends only on the leading terms of its numerator and denominator. 
If an, bm 4 0, then 


Hi gr + esi ae + pie + ag an lim ynom 
x-*Æ0o0 bat” + bm—1x™7! a oe = bo bm X—> 00 


Here are some examples: 


i 3x4-Tx+9 3 aaa 3 
e n=m i — = — 
x—00 TIx4 —4 aod a 
_ 3x7-Tx+9 3. _, 
ilk i jm, Tit E ep ah 
= 
e n> m,n — m odd: lim ST aTe? lim x’ =—oo 
yeo Fx? —4 7 x>- 
_ 3x’-7x+9 3 .. , 
n > m,n — m even: apo 7a = © 


Our method can be adapted to noninteger exponents and algebraic functions. 


3x12 + 7x712 ia 4x 
a ( i a 
x x-+1 


EXAMPLE 4 Calculate the limits (a) lim 
x7 OO 


Solution 


The Quotient Law is valid if lim f(x)= 00 (a) As before, divide the numerator and denominator by x”, which is the highest power 


and lim g(x) = L, where L £ 0: of x occurring in the denominator (this means multiply by x72): 
fe) _ PMI foo itL>0 <a - (=) -kaban es ee 
rc g(x)  limg(x)  |—oco ifL <0 x? — x1/2 x-2 x2 — x!/2 T 


j 3/2 —5/2 
A similar result holds when W aer a lim (Brh mga) 
OE a pak  " meee a F 
X—> CO 


; ; i 4 

(b) First, consider x — oo. The key is to observe that the denominator of =. 
Vx? +1 
behaves like x! = x: 


Vx? +1 =x (1 4x72) = xV14- x7? (for x > 0) 


This suggests that we divide the numerator and denominator by x: 


4x + = É: 4x 4 
Jx2+1 seti xvit Vit” 
Then apply the Quotient Law: 


>o 4x l 4 fone 4 
lim —= = lim — = = - = 4 
x> JP 4] x00 f+ x-2 lim JI +x 1 


x OO 


FIGURE 6 There are horizontal asymptotes 
at y = +4. 


SECTION 2.7 Limits at Infinity 105 


For the limit as x —> —oo, one approach is to replace x with —t. Since x = —t and 
x — —œ, then t —> oo. So we have 


ji 4x i 4(—t) . ‘vet —4t lim 4t 
mae = lim -e E — l — —— 
x> , [x2 mer | {—> 00 /(—t)? a t—>0o t2 d f{—> 00 t2 al 


where the last equality holds by the limit we previously calculated. 


The limits in (b) indicate that the graph of f(x) = Ta has horizontal asymptotes 
ENF 


= —4 


at y = 4 and y = —4, which is confirmed in Figure 6. z 


2.7 SUMMARY 


¢ Limits at infinity: 


- lim f(x)=L if |f(x)— L| becomes arbitrarily small as x increases without 
X> 00 
bound. 

- lim f(x)= L if |f(x)— L| becomes arbitrarily small as x decreases without 
> =CO 


bound. 
—- lim æ = œ and lim e* =0 
Xx— CO x—~2—CO 


¢ A horizontal line y = L is a horizontal asymptote of f if 
i, f(x) or im f@) = 
asia X—>—=00 


A function can have 0, 1 or 2 horizontal asymptotes. 
•. Ifn > 0,then lim x” =0. 


x—+00 
¢ Ifn > 01s a whole number, then 


lim x” =oco and lim x” = 


oO if n is even 
X> OO xa — CO 


—oo ifn is odd 


anx” + an—1x"! 4 +--+ a9 


Sen n—m 
x— 00 fœ) = bm eS 


2.7 EXERCISES 


Preliminary Questions 
1. Assume that 


im fa)=L and Siac 


Which of the following statements are correct? 


(a) x = L is a vertical asymptote of g. 
(b) y = L is ahorizontal asymptote of g. 
(c) x = L isa vertical asymptote of f. 
(d) y = L is a horizontal asymptote of f. 


2. What are the following limits? 


(a) lim x? (b) lim x? 
x—> 00 x——00 


3. Sketch the graph of a function that approaches a limit as x —> oo but 
does not approach a limit (either finite or infinite) as x —> —oo. 


4. What is the sign of a if f(x) = ax? + x + 1 satisfies 
lim, fE) = 00? 


5. What is the sign of the coefficient multiplying x’ if f is a polynomial 
of degree 7 such that h lim F(x) 09? 


6. Explain why lim sin 4 exists but lim sin t does not exist. What is 
Xx->00 x0 


lim sin 4? 
X> x 


(c) lim x4 
t—>-CO 
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Exercises 
1. What are the horizontal asymptotes of the function in Figure 7? 


FIGURE 7 


2. Sketch the graph of a function f that has both y = —1 and y = 5 as 
horizontal asymptotes. 


3. Sketch the graph of a function f with a single horizontal asymptote 
y=. 


4. Sketch the graphs of functions f and g that have both 
y = —2 and y = 4 as horizontal asymptotes but 
dim fx) # lim g(x). 

#2 
5. (Gu) Investigate the asymptotic behavior of f(x) = TIA | 
numerically and graphically: 
(a) Make a table of values of f(x) for x = +50, +100, +500, 
+1000. 
(b) Plot the graph of f. 


(c) What are the horizontal asymptotes of f? 
12x +1 


6. Investigate lim MM numerically and graphically: 

(GU) Investigate, lim | 

(a) Make a table of values of f(x) = le for the following: 
4x2 +9 


x = +100, +500, +1000, +10,000. 
(b) Plot the graph of f. 
(c) What are the horizontal asymptotes of f? 


In Exercises 7-16, evaluate the limit. 


3x2 + 20x 
li . in —_— 
h er 9 x>œ 4x?+9 
; 3x? + 20x 
9. lim —————— 
x00 2x4 4+ 3x3 — 29 x>0x +5 
7x =9 9x? —2 
; 12. li 
da x30 4x +3 i a 6 — 29x 
71x? ~—9 5x —9 
13. li 14. li ———_—_—__ 
sees 4x+3 hes 4x3 +2x +7 
3 D 4 
= 1 a 
15. ii 3x 0 É lm 2x° + 3x 31x 


x=>—o 8x4 — 31x? + 12 
In Exercises 17-24, find the horizontal asymptotes. 


x>-00 x+4 


2x? = 3x 8x = x? 
17. = ——_— ; ee ee 
FO) 8x2 + 8 = JO 7+ 11x — 4x4 
/36x27 +7 = J/36x4 +7 
19. f(x)= ae! 20. fx)= wv 36x +7 
9x +4 9x2 +4 


et 21/3 
a. f= ree: 22. f(t)= (6472 4 9176 
$ = ———_—_ . t) = =? 
me gO T3 24. p(t)=e 


[4A The following statement is incorrect: “If f has a horizontal asymp- 
tote y = L at œ, then the graph of f approaches the line y = L as x 
gets greater and greater, but never touches it.” In Exercises 25 and 26, 
determine dim f(x) and indicate how f demonstrates that the statement 


is incorrect. 


2x 
mje 2 
x 
sin x 
26. = — 
fœ) A 
In Exercises 27—34, evaluate the limit. 
ae ae POR" + 3x 2 om Gs ~x? + 20x 
N A 4x3 +1 * x>% 10x —2 
2 47x1 4x —3 
a_i o im ——_— 
x>- 4/16x4 + 6 x>—00 ./25x2 + 4x 
t4/3 + 21/3 14/3 — of 1/3 
31. t 32. 


Am, (4122/3 + 1)2 too (8t4 + 2)1/3 


4+ 6e 
m —————EEE 
t=- 5 — 9e3t 


Ix| +x 
x>—-œ x+1 


33. 34. 


35. Ei j Determine lim tan`! x. Explain geometrically. 
x—> 


36. Show that lim (v x? + 1 — x) = 0. Hint: Observe that 
x= 


= 1 
V¥x?+1-—x = ———— 
Vx2+1+x 
37. In 2009, 2012, and 2015, the number (in millions) of smart phones 
sold in the world was 172.4, 680.1, and 1423.9, respectively. 


(a) Let t represent time in years since 2009, and let § represent 
the number of smart phones sold in millions. Determine M, A, and k fora 
M 
T that fits the given data points. 
(b) What is the long-term expected maximum number of smart phones 
sold annually? That is, what is jam S(t)? 
—>oo 


logistic model, S(t) = j 


(c) In what year does the model predict that smart-phone sales will reach 
98% of the expected maximum? 


38. Sam was 28 inches tall on her first birthday, 50 inches tall on her 8th, 
and 62 inches tall on her 14th. 


(a) Let t represent Sam’s age in years, and let h represent her 
height in inches. Determine the values of M, A, and k for a logistic model, 


M 
h t) = eee. t 3 3 4 
(t) T A that fits the given height data 
(b) What is Sam’s theoretical long-term expected height? That is, what is 


lim h(t)? 
t> 


(c) At what age does the model predict that Sam will reach 95% of her 
expected maximum height? 


In Exercises 39-46, calculate the limit. 


39, lim (V/4x4 + 9x — 2x”) 40. lim (/9x3 4x — x3/?) 


; -— 1 
41. lim Que = /x + 2) 42. lim € — l ) 
x= 00 x= \ X x+2 
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= 
43> lim (n(3x + 1) — In(2x + 1)) 48. Physicists have observed that Einstein’s theory of special relativity 
— = reduces to Newtonian mechanics in the limit as c > oo, where c is the 
. a ee speed of light. This is illustrated by a stone tossed up vertically from 
tii ay (inc ea nx) ground level so that it returns to Earth 1 s later. Using Newton’s Laws, 


2 : i+ we find that the stone’s maximum height is A = g/8 m (g = 9.8 m/s”). 
45. lim tan`! E3 46. lim tan”! (=) According to special relativity, the stone’s mass depends on its velocity 


SRNR -x = 1—x divided by c, and the maximum height is 
47. | FA j Let P(n) be the perimeter of an n-gon inscribed in a unit circle Ta r 
(Figure 8). h(c) = cy c? /8? + 1/4 — c“ /8 


(a) Explain, intuitively, why P(n) approaches 27 as n —> oo. 
(b) Show that P(n) = 2n sin (Z). 
(c) Combine (a) and (b) to conclude that wim, Z sin (Z) = 1. 


Prove that lim h(c) = g/8. 
C70 


49. According to the Michaelis-Menten equation, when an enzyme is 
: : . sin combined with a substrate of concentration s (in millimolars), the reaction 
(d) Use this to give another argument that xm. Fg = rate (in micromolars/min) is 


As 


ae ae 


(A, K constants) 


(a) Show, by computing fm, R(s), that A is the limiting reaction rate as 
the concentration s approaches oo. 


(b) Show that the reaction rate R(s) attains one-half of the limiting value 


A when s = K. 
(c) For a certain reaction, K = 1.25 mM and A = 0.1. For which concen- 
FIGURE 8 tration s is R(s) equal to 75% of its limiting value? 
Further Insights and Challenges 
. i 3 
50. Every limit as x —> oo can be expressed alternatively as a one-sided (a) lim 3 — 12x (b) lim e! 
~ limit as t > 0*, where t = x7 !. Setting g(t) = f(t—!), we have x00 4x3 +3x +1 x00 ` 
; : : | x+1 
jim f(x) = jue g(t) (c) lim xsin 3 (d) lim In (=) 
2a p — 1/x ; : 
Show that i zi oe i 3 2 iala e O 52. Let G(b) = im (1 + b*)'!* for b > 0. Investigate G(b) numerically 
La x00 2x* S 04 2+ S7 and graphically for b = 0.2, 0.8, 2, 3, 5 (and additional values if neces- 
i sary). Then make a conjecture for the value of G(b) as a function of b. 

51. Rewrite the following as one-sided limits as in Exercise 50 and eval- Draw a graph of y = G(b). Does G appear to be continuous? We will eval- 
uate. uate G(b) using L’ H6pital’s Rule in Section 4.5 (see Exercise 73 there). 


2.8 The Intermediate Value Theorem 


The Intermediate Value Theorem (IVT) says, roughly speaking, that a continuous func- 
tion cannot skip values. Consider a plane that takes off and climbs from 0 to 10,000 m in 
20 min. The plane must reach every altitude between 0 and 10,000 m during this 20-min 
interval. Thus, at some moment, the plane’s altitude must have been exactly 8371 m. Of 
course, this assumes that the plane’s motion is continuous, so its altitude cannot jump 
abruptly from, say, 8000 to 9000 m. 

To state this conclusion formally, let A(t) be the plane’s altitude at time t. The IVT 
asserts that for every altitude M between 0 and 10,000, there is a time tọ between 0 and 
20 min such that A(to) = M. In other words, the graph of A must intersect the horizontal 
line y = M [Figure 1(A)]. 

By contrast, a discontinuous function can skip values. The greatest integer function 
f(x) = |x] in Figure 1(B) satisfies |1] = 1 and |2] = 2, but it does not take on the value 

- 1,5 (or any other value between 1 and 2). 


THEOREM 1 Intermediate Value Theorem If f is continuous on a closed interval 
[a, b], then for every value M, strictly between f(a) and f(b), there exists at least one 
value c € (a,b) such that f(c) = M. 
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FIGURE 2 For every M between f(a) and 
f(b), there is a c between a and b such that 
foO=M. 


NIA 


FIGURE 3 


4 REMINDER A zero or root of a function 
is a value c such that f(c) = 0. 


FIGURE 4 Graph of f(x) =cos? x —2sin A 


Altitude (m) 


10,000 


M 
5000 


to 20 
(A) Altitude of plane A(t) (B) Graph of f(x) = Lx] 


FIGURE 1 


Graphically, as in Figure 2, the result appears obvious. For a continuous function, 
every horizontal line at height M between f(a) and f(b) is forced to hit the graph, and 
therefore there must be at least one value c in (a,b) such that f(c) = M. The proof 
appears in Appendix B. 


EXAMPLE 1 Prove that the equation sin x = 0.3 has at least one solution in the interval 
(0,5). 

Solution We may apply the IVT because f(x) = sin x is continuous. The desired value 
0.3 lies between the values of the function at the endpoints of the interval: 


sin0 = 0 and sinz = 1 


as illustrated in (Figure 3). The IVT tells us that sin x = 0.3 has at least one solution in 
(0, 5). z 
72 


The IVT can be used to show the existence of zeros of functions. If f is continuous 
and takes on both nonpositive and nonnegative values (say, f(a) < 0 and f(b) > 0) then 
the IVT guarantees that f(c) = 0 for some c in [a, b]. This is extremely useful when we 
cannot explicitly solve for the zero but would like to know that there is one in the interval. 


We can locate zeros of functions to arbitrary accuracy using the Bisection Method. 
The idea is to find an interval [a,b] such that the function has opposite signs at the 
endpoints. Then Corollary 2 tells us that there is a zero on this interval. To find its location 
more precisely, we cut the interval into two equal subintervals. Then, check the signs at 
the endpoints of each of these intervals to see which one Corollary 2 tells us has a zero. 
(But keep in mind that there may be more than one zero, so both could contain a zero). 
Next, we repeat the process on this smaller interval. Eventually, we narrow down on a 
zero. This is illustrated in the next example. 


EXAMPLE 2 The Bisection Method Show that f(x) = cos? x — 2sin ž has a zero in 
(0,2). Then, using the Bisection Method, find a subinterval of (0,2) of length 1/8 that 
contains a zero of f. 


Solution To begin, we note that f is continuous on [0,2]. Calculating f(0) and f(2), 
we find that they have opposite signs: 


fO=1>0, f(2)+-0.786 <0 


Corollary 2 guarantees that f(x) = 0 has a solution in (0, 2) (Figure 4). 


Computer algebra systems have built-in 
commands for finding roots of a function or 
solving an equation numerically. These 
systems use a variety of methods, including 
versions of the Bisection Method and 
Newton's Method, a process that we 
introduce in Section 4.8. 
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To locate a zero more accurately, divide [0,2] into two intervals [0, 1] and [1,2]. At 
least one of these intervals must contain a zero of f. To determine which, we evaluate f 
at the midpoint m = 1, obtaining f(1) + —0.203 < 0. Since f(0) = 1, we see that 


f(x) takes on opposite signs at the endpoints of [0. 1] 


Therefore, (0, 1) must contain a zero. Note that from the function values f(1) and f(2) 
alone, we cannot conclude that f does not have a zero in the interval [1,2], but it is clear 
from the graph in Figure 4 that it does not. 

The Bisection Method consists of continuing this process until we narrow down the 
location of a zero to any desired accuracy. In the following table, the process is carried 
out three times to find an interval of length 1/8 containing a zero of f. 


Midpoint 
Interval of interval Function values Conclusion 
(0. 1] 5 f (4) © 0.521 f) =~ —0.203 A zero lies in (4, 1). 
[5.1] 3 f (4) ~ 0.163 fQ) © —0.203 A zero lies in (3, 1) 
L? 4 4 i s 4° ` 
[3.1] $ f(z) ~ — 0.0231 f(ġ)=0.163 A zero lies in (3, 3) 
4° 8 8 i 4 l 4’ 87 
We conclude that f has a zero c satisfying 0.75 < c < 0.875. iz 


EXAMPLE 3 A Meteorological Consequence of the IVT Take a map and draw a 
circle anywhere on it such as in Figure 5. With the IVT we can show that there must 
be a pair of points that have the same temperature and lie opposite each other through the 
center of the circle. 


FIGURE 5 


Let T (8) be the temperature of the location on the circle that is at angle 6 from the 
horizontal (as shown in Figure 5). We assume that T is a continuous function. Define 
another function f by f(@) = 7(@) —T(@ + x). Thus, f(@) is the difference between 
the temperature at location @ and the temperature at the location opposite it on the circle. 
Since T is continuous, it follows that f is as well. 

Show that f(x) = — f (0), and use Corollary 2 and the relationship between f and 
T to argue that there are opposite points on the circle with the same temperature. 


Solution For f we have 
fO) = TO) — T(z) 


fr) = T(x) -Ta +m) =T(a)-TQn)=Tix)-TO=-fO | 1] 
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Since f(x) = — f (0) by Eq. (1), it follows that one of f(0) and f(z) is nonnegative 
and the other is nonpositive. Corollary 2 then implies that there is c between 0 and x such 
that f(c) = 0. So T(c) — T(c + x) = 0, implying that c and c +x are opposite points 
with the same temperature. i 


Note that the argument in Example 3 works with any continuous variable defined 
over the map. Temperature could be replaced with barometric pressure, relative humidity, 
elevation, and so on, and the same type of conclusion could be drawn. 


CONCEPTUAL INSIGHT The IVT seems to state the obvious, namely that a continuous 
function cannot skip values. Yet its proof (given in Appendix B) is subtle because 
it depends on the completeness property of real numbers. To highlight the subtlety, 
observe that the IVT is false for functions defined only on the rational numbers. For 
example, f(x) = x? is continuous, but the Intermediate Value Theorem does not apply 
if we restrict its domain to the rational numbers. Indeed, f(0) = 0, f(2) = 4, and 3 is 
between 0 and 4 but f(c) = 3 has no solution for c rational. The solution c = /3 is 
missing from the set of rational numbers because it is irrational. No doubt the IVT was 
always regarded as obvious, but it was not possible to give a correct proof until the 
completeness property was clarified in the second half of the nineteenth century. 


2.8 SUMMARY 


¢ The Intermediate Value Theorem (IVT) says that a continuous function cannot skip 


values. 


e More precisely, if f is continuous on [a,b] with f(a) # f(b), and if M is a number 
strictly between f(a) and f(b), then f(c) = M for some c € (a,b). 

e Existence of zeros: If f is continuous on [a,b], and if one of f(a) and f(b) is non- 
negative and the other is nonpositive, then f has a zero in [a, b]. 


Bisection Method: Assume f is continuous and that f(a) and f(b) have opposite 


signs, so that f has a zero in (a,b). Then f has a zero in [a,m] or [m,b], where 
m = (a + b)/2 is the midpoint of [a,b]. A zero lies in (a,m) if f(a) and f(m) have 
opposite signs and a zero lies in (m, b) if f(m) and f(b) have opposite signs. Contin- 
uing the process, we can locate zeros with arbitrary accuracy. 


2.8 EXERCISES 


Preliminary Questions 
1. Prove that f(x) = x? takes on the value 0.5 in the interval [0, 1]. 


2. The temperature in Vancouver was 8°C at 6 AM and rose to 20°C at 
noon. Which assumption about temperature allows us to conclude that the 
temperature was 15°C at some moment of time between 6 AM and noon? 


3. What is the graphical interpretation of the IVT? 


4. Show that the following statement is false by drawing a graph that pro- 
vides a counterexample: 


If f is continuous and has a root in [a,b], then f(a) and f(b) have 
opposite signs. 


5. Assume that f is continuous on [1,5] and that f(1) = 20, f(5) = 100. 
Determine whether each of the following statements is always true, never 
true, or sometimes true. 


(a) f(c) = 3 has a solution with c € [1,5]. 

(b) f(c) = 75 has a solution with c € [1,5]. 

(c) f(c) = 50 has no solution with c € [1,5]. 

(d) f(c) = 30 has exactly one solution with c € [1,5]. 


Exercises 


1. Use the IVT to show that f(x) = x? + x takes on the value 9 for some 
x in [1,2]. 


f 
2. Show that g(t) = EN takes on the value 0.499 for some ż in [0, 1]. 


3. Show that g(t) = ¢° tant takes on the value 4 for some t in [0, 4}. 


2 
x 
4. Show that f(x) = AFGI takes on the value 0.4. 
x 
5. Show that cosx = x has a solution in the interval [0,1]. Hint: Show 
that f(x) = x — cos x has a zero in [0, 1]. 
6. Use the IVT to find an interval of length 5 containing a root of 


f(x) =x? 42x 4-1. 


In Exercises 7—16, prove using the IVT. 

7. fo+J/ce+2 = 3 has a solution. 

8. For all integers n, sin nx = cos x for some x € [0, 7]. 
9, ./2 exists. Hint: Consider f(x) = x?. 

10. A positive number c has an nth root for all positive integers n. 
11. For all positive integers k, cos x = x* has a solution. 
12. 2* = bx has a solution if b > 2. 

13. 2* + 3% = 4" has a solution. 

14. cos x =cos~! x has a solution in (0, 1). 

15. e” + Inx = 0 has a solution. 

16. tan~! x = cos~! x has a solution. 


17. Use the Intermediate Value Theorem to show that the equation 
x® — 8x4 + 10x? — 1 = 0 has at least six distinct solutions. 


In Exercises 18-20, determine whether or not the IVT applies to show that 
the given function takes on all values between f(a) and f(b) for x € |a, b]. 
If it does not apply, determine any values between f(a) and f(b) that the 
function does not take on for x € [a,b]. 


18. 

x forx <0 N 
f@)= k, area for the interval [—1, 1]. 
19. 


—x forx <0 


fœ) = E ai Fabs 6 for the interval [—1, 1]. 


20. 
—x? forx <0 

f= + | forx =0 forthe interval [—2, 2]. 
E: forx > 0 


21. Carry out three steps of the Bisection Method for f(x) = 2* — x? as 
follows: 


(a) Show that f has a zero in [1, 1.5]. 

(b) Show that f has a zero in [1.25, 1.5]. 

(c) Detetmine whether [1.25, 1.375] or [1.375, 1.5] contains a zero. 

22. Figure 6 shows that f(x) = x? — 8x — 1 has a root in the interval 


[2.75, 3]. Apply the Bisection Method twice to find an interval of length 
E containing this root. l 
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FIGURE 6 Graph of y = x° — 8x — 1. 


23. Find an interval of length Ż in [1, 2] containing a root of the equation 
x! +3x—10=0. 


24. Show that tan? 6 — 8 tan? 6 + 17tan6 — 8 = 0 has a root in [0.5, 0.6]. 
Apply the Bisection Method twice to find an interval of length 0.025 con- 
taining this root. 


In Exercises 25-28, draw the graph of a function f on [0,4] with the given 
property. 


25. Jump discontinuity at x = 2 and does not satisfy the conclusion of 
the IVT 


26. Jump discontinuity at x = 2 and satisfies the conclusion of the IVT 
on [0,4] 


27. Infinite one-sided limits at x = 2 and does not satisfy the conclusion 
of the IVT 


28. Infinite one-sided limits at x = 2 and satisfies the conclusion of the 
IVT on [0,4] 


29. [A Can Corollary 2 be applied to f(x) = x7! on [-1, 1]? Does f 
have any roots? 


30. (a) Assume that g and h are continuous on [a, b]. Use Corollary 2 to 
show that if g(a) < h(a) and h(b) < g(b), then there exists c € [a, b] such 
that g(c) = h(c)}. 

(b) Interpret the result of (a) in terms of the graphs of g and h, and show, 
by a graphical example, that the conclusion in (a) need not hold if one of g 
or A is not continuous. 


31. At 1:00 PM, Jacqueline began to climb up Waterpail Hill from the 
bottom. At the same time Giles began to climb down from the top. Giles 
reached the bottom at 2:20 PM, when Jacqueline was 85% of the way up. 
Jacqueline reached the top at 2:50. Use the result in Exercise 30 to prove 
that there was a time when they were at the same elevation on the hill. 


32. [4 On Wednesday at noon the weather was fair in Boston with a 
barometric pressure of 1018 mb. At the same time, a low-pressure storm 
system was passing by Buffalo, where the pressure was 996 mb. At noon 
Thursday the storm was approaching Boston, where the pressure was 1002 
mb, while the weather was clearing in Buffalo and the pressure there had 
risen to 1014 mb. Use the result in Exercise 30 to prove that there was 
a time between noon Wednesday and noon Thursday when Boston and 
Buffalo had the same barometric pressure. 


Further Insights and Challenges 


Exercises 33 and 34, address the 1-Dimensional Brouwer Fixed Point The- 
orem. It indicates that every continuous function f mapping the closed in- 
terval [0,1] to itself must have a fixed point; that is, a point c such that 
ft.) =c. 

33. EA Show that if f is continuous and 0 < f(x) <1 for0<x <1, 
then f(c) = c for some c in [0, 1] (Figure 7). 


FIGURE 7 IfO < f(x) < 1 for0 < x < 1, then f has a fixed point c. 
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34. (a) Give an example showing that if f is continuous and 0 < f(x) <1 
for 0 < x < 1, then there does not need to be a c in (0,1) such that 
foe. 

(b) Give an example showing that if 0 < f(x) < 1 for0 <x < 1, but f 
is not necessarily continuous, then there does not need to be a c in (0, 1) 
such that f(c) =c. 


35. Use the IVT to show that if f is continuous and one-to-one on an 
interval [a, b], then f is either an increasing or a decreasing function. 


36. Ei Ham Sandwich Theorem Figure 8(A) shows a slice of ham. 
Prove that for any angle 0 (0 < 0 < x), it is possible to cut the slice in 
half with a cut of incline @. Hint: The lines of inclination @ are given by 
the equations y = (tan @)x + b, where b varies from —oo to oo. Each such 
line divides the slice into two pieces (one of which may be empty). Let 
A(b) be the amount of ham to the left of the line minus the amount to the 
right, and let A be the total area of the ham. Show that A(b) = —A if b is 
sufficiently large and A(b) = A if b is sufficiently negative. Then use the 
IVT. This works if 0 # 0 or >. If @ = 0, define A(b) as the amount of ham 
above the line y = b minus the amount below. How can you modify the 
argument to work when 9 = 5 (in which case tan@ = œ)? 


37. f Figure 8(B) shows a slice of ham on a piece of bread. Prove that 
it is possible to slice this open-faced sandwich so that each part has equal 
amounts of ham and bread. Hint: By Exercise 36, for all 0 < 0 < x there 


is a line L(@) of incline 0 (which we assume is unique) that divides the 
ham into two equal pieces. Let B(@) denote the amount of bread to the left 
of (or above) L(@) minus the amount to the right (or below). Notice that 
L(x) and L(0) are the same line, but B(x) = — B(O) since left and right get 
interchanged as the angle moves from 0 to x. Assume that B is continuous 
and apply the IVT. (By a further extension of this argument, one can prove 
the full Ham Sandwich Theorem, which states that if you allow the knife 
to cut at a slant, then it is possible to cut a sandwich consisting of a slice 
of ham and two slices of bread so that all three layers are divided in half.) 


LO) = L(x) 


(A) Cutting a slice of ham 
at an angle @ 


(B) A slice of ham on top 
of a slice of bread 


FIGURE 8 


2.9 The Formal Definition of a Limit 


In this section, we reexamine the definition of a limit in order to state it in a more rigorous 
and precise fashion. Why is this necessary? In Section 2.2, we defined limits by saying 
that jim f(x) = L if | f(x) — L| becomes arbitrarily small when x is sufficiently close 


(but not equal) to c. The problem with this definition lies in the phrases “arbitrarily small” 
and “sufficiently close.” We must find a way to specify just how close is sufficiently 


close. 


The Size of the Gap 


Recall that the distance from f(x) to L is | f(x) — L|. It is convenient to refer to the 
quantity | f(x) — L| as the gap between the value f(x) and the limit L. 
Let’s reexamine the trigonometric limit 


A rigorous proof in mathematics is an 
argument based on a complete chain of 
logic where each step follows 
unambiguously from what proceeds it. The 
formal definition of a limit is a key 
ingredient of rigorous proofs in calculus. A 
few such proofs are included in 

Appendix D. More complete developments 
can be found in textbooks on the branch of 
mathematics called analysis. 


. Sinx 
i, E 
x>0 x 


- sin x 
In this example, f(x) = a and L = 1, so Eq. (1) tells us that the gap | f(x) — 1| gets 
arbitrarily small when x is sufficiently close, but not equal, to 0 [Figure 1(A)]. 


Suppose we want the gap | f(x) — 1| to be less than 0.2. How close to 0 must x be? 
Figure 1(B) shows that f(x) lies within 0.2 of L = 1 for all values of x in the interval 
[—1, 1]. In other words, the following statement is true: 


If 0 < |x| <1, then 


sin x 


~ +} 


2") 2 


If we insist instead that the gap be smaller than 0.004, we can check by zooming in on 
the graph, as in Figure 1(C), that 


If 0 < |x| < 0.15, then 


sin x 
= am 


x 


< 0.004 


(A) 
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Enlarged view of 
graph near x = 0 


The gap |f(x) - 1| 


— 705 —— The gap Lf) = 1| is less than 0.004. 


is less than 0.2. 


x x 
~0.15 0 0.15 
fA 2 —— 
The interval |x| < 1 The interval |x| < 0.15 
(B) (C) 


(9 FIGURE 1 Graphs of y = iai To shrink the gap from 0.2 to 0.004, we require that x lie within 0.15 of 0. 
x 


The formal definition of a limit is often 
called the €-5 definition. The tradition of 
using the symbols e and ô originated in the 
writings of Augustin-Louis Cauchy on 
calculus and analysis in the 1820s. 


It would seem that this process can be continued: Given any positive number, no 
matter how small, by zooming in on the graph we can find a small interval around c = 0 
where the gap | f(x) — 1| is smaller than the given number. 

To express this in a precise fashion, we follow time-honored tradition of using the 
Greek letters € (epsilon) and ô (delta) to denote small numbers specifying the sizes of the 
gap and the quantity |x — c|, respectively. In our case, c = 0 and |x — c| = |x|. The pre- 
cise meaning of Eq. (1) is that for every choice of € > 0, there exists some 6 (depending 
on €) such that 


If 0 < |x| <6, then 


Z =i 


== 


The number ô pins down just how close is “sufficiently close” for a given e. With this 
motivation, we are ready to state the formal definition of the limit. 


FORMAL DEFINITION OF A LIMIT Suppose that f(x) is defined for all x in an open 
interval containing c (but not necessarily at x = c). Then 


if for all € > O, there exists ô > 0 such that 


if O < |x —c| <ô, then |f(x)— L| <€ 


The condition 0 < |x — c| < 6 in this definition excludes x = c. In other words, the limit 
depends only on values of f(x) near c but not on f(c) itself. As we have seen in previous 
sections, the limit may exist even when f(c) is not defined. 


EXAMPLE 1 Let f(x) = 8x +3. 
(a) Prove that lim f(x) = 27 using the formal definition of the limit. 
> Aa 


(b) Find values of ô that work for e = 0.2 and 0.001. 
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TaN 
2.975 > `3.025 


FIGURE 2 To make the gap less than 0.2, we 
may take 6 = 0.025 (not drawn to scale). 


Solution 
(a) We break the proof into two steps. 


Step 1. Relate the gap to |x — c|. 
We must find a relation between two absolute values: | f(x) — L] for L = 27 and 
jx — c| for c = 3. Observe that 
| f(x) — 27| = |(8x + 3) — 27| = |8x — 24| = 8|x — 3] 
V 
Size of gap 
Thus, the gap is 8 times as large as |x — 3|. 
Step 2. Choose ô (in terms of €). 


We can now see how to make the gap small: If |x — 3| < b then the gap is less than 


8 (£) = e. Therefore, for any € > 0, we choose ô = §. With this choice, the following 


statement holds: 
E 
If 0 < |x —3| <6, then |f(x)—27|<e, where ae 


Since we have specified ô for all € > 0, we have fulfilled the requirements of the 
formal definition, thus proving rigorously that lim (8x + 3) = 27. 
; x— 


(b) For the particular choice € = 0.2, we may take 6 = $ — 92 — 0.025: 
If 0 < |x — 3| < 0.025, then | f(x) —27| < 0.2 


This statement is illustrated in Figure 2. But note that any positive ô smaller than 0.025 
will also work. For example, the following statement is also true, although it places an 
unnecessary restriction on x: 


If 0 < |x —3| < 0.019, then |f(x)— 27| < 0.2 


Similarly, to make the gap less than € = 0.001, we may take 


€ 0.001 
ô = = = CM.’ 
3 3 0.000125 E 


The difficulty in applying the limit definition lies in trying to relate | f(x) — L| to 
|x — c|. The next two examples illustrate how this can be done in special cases. 


EXAMPLE 2 Prove that lim x? = 4. 
x2 


Solution Let f(x) = x?. 


Step I. Relate the gap to |x — c|. 
In this case, we must relate the gap | f(x) — 4| = |x? — 4| to the quantity |x — 2| 
(Figure 3). This is more difficult than in the previous example because the gap is not 
a constant multiple of |x — 2|. To proceed, consider the factorization 


Ix? — 4] = |x + 2| |x — 2| 
Because we are going to require that |x — 2| be small, we may as well assume from 


the outset that |x — 2| < 1, which means that 1 < x < 3. In this case, |x + 2| is less 
than 5 and the gap satisfies 


If jx —2| <1, then |x? — 4) = |x +2) |x —2| <5 |x -21 | 2 | 


( 
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. 4+te 
Function values Ai ion — am 
within € of 4 
—€ 


ee 


FIGURE 3 Graph of f(x) = x2. We 
may choose 6 so that f(x) lies within € of 


— x 
4 for all x in [2 — 6,2 + ô]. 2-87 2 \24+8 


Step 2. Choose ô (in terms of €). 
We see from Eq. (2) that if |x — 2| is smaller than both 3 and 1, then the gap satisfies 


lx? —4| < 5|x —2| <5(=)= E 


Therefore, the following statement holds for all € > 0: 
If 0 <|x—2| <6, then |x?-—4|<e, where Sis the smaller of $ and 1 


We have specified 6 for all € > 0, so me have fulfilled the i of the formal 
limit definition, thus proving that lim x* = 4, B 


ji 
EXAMPLE 3 Prove that lim — =i. 


x—>3 x 
Solution 


Step I. Relate the gap to |x — c|. 
The gap is equal to 


-r-ak 
3x 


sa Because we are going to require that |x — 3| be small, we may as well assume from 
4 REMINDER Ifa > b > 0, then; < 5. the outset that |x — 3| < 1, or equivalently, 2 < x < 4, Now observe that if x > 2, 


Thus, if 3x > 6, then 3 < . then 3x > 6 and — = Ł, so the following inequality is valid if |x — 3| < 1: 
1 3—x 1 I 
fey 5] =] 3x -|> x= 31 < zl -3| 


Step 2. Choose ô (in terms of €). 
By Eq. (3), if |x — 3| < 1 and |x — 3| < 6e, then 


I 1 Í 
~~ 5|< gh 31< 20 = 


Therefore, given any € > 0, we let ô be the smaller of the numbers 6e and 1. Then we 
have 


If 0 < |x —3| <6, then 


er j 
aie ; <€, where 6 is the smaller of 6e and 1 


Again, we have aii the requirements of the formal limit definition, thus proving 


rigorously that lim 5 == = 4. E 
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4 REMINDER The Triangle Inequality 
[Eq. (1) in Section 1.1] states 


jla +b < |a|+|d| 


for alla and b. 


GRAPHICAL INSIGHT Keep the graphical interpretation of limits in mind. In Figure 4(A), 
f(x) approaches L as x — c because for any € > 0, we can make the gap less than € 
by taking 5 sufficiently small. By contrast, consider the function g in Figure 4(B). It 
has a jump discontinuity at x = c. Because of the jump, the gap at c cannot be made 
less than half the distance between a and b. Therefore if € < 5-4 then no matter how 
small we choose ô, the gap corresponding to (c — 6,c + 6) cannot be made smaller 
than €e. Thus, the limit as x — c of g(x) does not exist. 


-m ot ee ee ee 


Lt+e 
with Lo — - 


b 
— Width at 


leastb-—a 


ae a 

a a re ey 
j 

umr y= se eiaa a e i i a a r 


E x x 
c-8” e ‘ct cat ce ert 
(A) The function f is continuous at x = c. (B) The function g is not continuous at x = c. 
By taking ô sufficiently small, we The gap is always larger than (b — a)/2, 
can make the gap smaller than €. no matter how small 4 is. 
FIGURE 4 


Proving Limit Theorems 


In practice, the formal definition of the limit is rarely used to evaluate limits. Most limits 
are evaluated using the Basic Limit Laws or other techniques such as the Squeeze Theo- 
rem. However, the formal definition allows us to prove these laws in a rigorous fashion 
and thereby ensure that calculus is built on a solid foundation. We illustrate by proving 
the Sum Law. Other proofs are given in Appendix D. 


Proof of the Sum Law Assume that 
lim f(x)= L and lim g(x) = M 
ARRE IE 


We must prove that lim (fœ)t+ex)=L+M. 
Apply the Triangle Inequality (see margin) with a = f(x) — L and b = g(x) — M: 
F(x) + g)) — (L + MI < If) — LI + ig) — M| | 4 | 


Each term on the right in (4) can be made small by the limit definition. More precisely, 


given € > 0, we can choose 6 such that if 0 < |x — c] < ò, then | f(x) —L| < 5 and 


le(x) -M| < 5 (in principle, we might choose different 6’s for f and g, but we may 
then use the smaller of the two 6’s). Thus, Eq. (4) gives 


€ € 
If 0 < |x — ô, th x = 
Ix —c| < en (f(x) +80) -(L+MI <5+5 =¢ | 5 | 
This proves that 


lim (f() + g@)) =L + M = lim f(x) + lim g(x) a 


@e 
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2.9 SUMMARY 


°- Informally speaking, the statement lim f(x) = L means that the gap | f(x) — L| tends 
P Se af & 


to 0 as x approaches c. 
¢ The formal definition (called the €-6 definition): lim f(x) = L if, for all € > 0, there 
XFC 


exists a ô > O such that 


if 0 < |x -—c| < ð, 


then |f(x)— L| <€ 


2.9 EXERCISES 


Preliminary Questions 


1. Given that lim cosx = 1, which of the following statements is true? 


P te 
(a) If |cosx — 1| is very small, then x is close to 0. 
(b) There is an € > 0 such that if 0 < Jcosx — 1| < €, then |x| < 1075. 
(c) There is a ô > 0 such that if 0 < |x| < ô, then |cosx — 1| < 107>. 
(d) There is a ô > O such that if 0 < |x — 1| < ô, then |cosx| < 107°. 


2. Suppose it is known that for a given € and ô, if 0 < |x — 3| < ô, then 
| f(x) — 2| < e . Which of the following statements must also be true? 


Exercises 


1. Based on the information conveyed in Figure 5(A), find values of L, 
€, and ô > 0 such that the following statement holds: If |x| < ô, then 
lf(x) -— Lh <e. 


2. Based on the information conveyed in Figure 5(B), find values of c, L, 
€, and 5 > 0 such that the following statement holds: If 0 < |x —c| < ô, 
then | f(x) — L| < €. 


(A) 


FIGURE 5 
3. Make a sketch illustrating the following statement: To prove 
Jim, x =a, given € > 0, we can take ô = € to have the gap be small enough. 
4. Make asketch illustrating the following statement: To prove lim a=, 
given € > 0, we can choose any ô > 0 to have the gap be small enough. 
5. Consider lim f(x), where f(x) = 8x +3. 


(a) Show that | f(x) — 35] = 8|x — 4]. 
(b) Show that for any € > 0, if 0 < |x — 4] < ô, then | f(x) — 35| < €, 
where ô = §. Explain how this proves rigorously that lira FG) = 33: 

x—> 


6. Consider lim f(x), where f(x) = 4x — 1. 
x32 


(a) Show that if 0 < |x — 2| < ô, then | f(x) —7| < 48. 
(b) Find a ô such that 

If 0 < |x —2| <ô, then | f(x)—7| < 0.01 
(c) Prove rigorously that Tin F=. 


(a) If 0 < |x — 3| < 28, then | f(x) — 2] < €. 
(b) If 0 < |x — 3] < ô, then| f(x) — 2| < 2e. 


5 
(©) 0 < |x — 3] < 5, then | f(x) — 21 < =. 


ô 
(d) If0 < |x —3| < z then | f(x) — 2| < €. 


7. Consider lim x? = 4 (refer to Example 2). 
x—> 


(a) Show that if 0 < |x — 2| < 0.01, then |x? — 4} < 0.05. 
(b) Show that if 0 < |x — 2] < 0.0002, then |x? — 4| < 0.0009. 


(c) Find a value of ô such that if 0 < |x — 2| < 4, then |x? — 4| is less 
than 1074. 


8. Consider the limit lim x? =25. 
x 
(a) Show that if 4 < x < 6, then |x? — 25| < 11|x — 5|. Hint: Write 
|x? — 25] = |x + 5| - |x — 5|. 
(b) Find a ô such that if 0 < |x — 5| < ô, then |x? — 25| < 1073. 


(c) Give a rigorous proof of the limit by showing that if 0 < |x — 5| < ô, 
then |x? — 25| < € , where ô is the smaller of £ and 1. 


9. Refer to Example 3 to find a value of ô > 0 such that 


< 1074 


If 0 < |x —3] <ô, then 


10. Use Figure 6 to find a value of ô > 0 such that the following statement 
l 
holds: If 0 < |x — 2| < ô, then E — z < € for € = 0.03. Then find a 
x 
value of ô that works for e = 0.01. 


2.0 ' 


FIGURE 6 
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11. (GU) Piot the function f(x) = /Zx — I together with the horizontal 
lines y = 2.9 and y = 3.1. Use this plot to find a value of 5 > 0 such that 
if 0 < |x — 5| < 4, then |./2x — 1 — 3| < 0.1. 


12. (Gu) Plot the function f(x) = tanx together with the horizontal 
lines y = 0.99 and y = 1.01. Use this plot to find a value of 6 > 0 such 
that if 0 < |x — | < ô, then |tanx — 1| < 0.01. 


"l =Í 
X 


TE i 
13. (au) The number e has the following property: lim 
x— 


-1 
Use a plot of the function f(x) = = to find a value of ô > 0 such 
that if 0 < |x] < ô, then | f(x) — 1| < 0.01. 


14. (GU) Let f(x) = 


of ô > 0 such that if 0 < ma | < 6, then fe) - 15| < €. Repeat for 
€ = 0.2 and 0.1. 


z e = 0.5. Using a plot of f, find a value 


15. Consider lim 3 
x72X 


(a) Show that if |x — 2| < 1, then 


1 J| 1 
saal o jesd 
5) < 5 | 


(b) Find a > 0 such that if 0 < |x — 2| < ô, then |} — | < 0.01. 
(c) Let ô be the smaller of 1 and 2e. Prove the aslini 


If 0 < |x —2| < 4, then 


MR. <€ 
x I2 
: ; mae | 
Then explain why this proves that lim m 
É 
16. Consider lim f/x + 3. 


(a) Show that if |x — 1| < 4, then |./x +3 — 2| < 5 |x — 1|. Hint: Multi- 
ply the inequality by |V x + 3 + 2| and observe that |./x +3 +2] > 2. 


(b) Find ô > O such that if 0 < |x — 1| < 6, then |. /x +3 — 2] < 107+. 


(c) Prove rigorously that the limit is equal to 2. 
17. CA Let f(x) = sinx. Using a calculator, we find 


f (= = 0.1) ~ 0,633, f (=) x 0.707, f = =f 0.1) ~ 0.774 


Use these values and the fact that f is increasing on [0, 3 | to justify the 
statement 

r A 

If 0< |x = =| <0.1, then |f@) - f (=) < 0.08 


Then draw a figure like Figure 3 to illustrate this statement. 


18. Adapt the argument in Example 1 to prove rigorously that 
lim (ax + b) = ac + b, where a, b, c are arbitrary. 
x-—>C 


19, Adapt the argument in Example 2 to prove ngorously that 
lim x? = c? for all c. 


b dr 
20. Adapt the argument in Example 3 to prove rigorously that 
lim x7! = + for all c Æ 0. 


xX—>cC 


In Exercises 21—26, use the formal definition of the limit to prove the state- 
ment rigorously. 


21. lim yx =2 
x4 

22. lim (3x? +x)=4 
x> 


23. lim x° = 1 


x—>l1 

24. lim(x? +x?) =a 
x0 
Ses le eh 

25. lim x? = — 
x—>2 4 


1 
26. lim xsin- =0 
x—0 x 


27. Let f(x) = 


Show that for any L, there always exists ane x such that |x| < 6 but 
Ifœ)—= L| > 2, no matter how small ô is taken. 


—. Prove rigorously that lim f(x) does not exist. Hint: 
x 


28. Prove rigorously that lim |x| = 
x0 


29. Let f(x) = min(x, x”), where min(a, b) is the minimum of a and b. 
Prove ngorously that lim fœ! 
x—_> 


30. Prove rigorously that lim sin 1 does not exist. 
A= 


31. Use the identity 


. ; MEE 
sinx + sin y = 2sin ( 


to prove that 


4 EA ET, sin(h /2) h 
sin{a + h) — sina = h h/2 cos (a+ 5) | 6 | 


< 1 for x Æ 0 to show that 


Then use the inequality = 
x 


|sin(a + h) — sina| < |A| for all a. Finally, prove rigorously that 


lim sinx = sina. 
X ->a 


Further Insights and Challenges 

32. Uniqueness of the Limit Prove that a function converges to at most 
one limiting value. In other words, use the limit definition to prove that if 
lim f(x) = Lı and lim f(x) = Lo, then Lı = Lz. 

xc atc 

In Exercises 33-35, prove the statement using the formal limit definition. 
33. The Constant Multiple Law [Theorem 1, part (ii) in Section 2.3] 

34. The Squeeze Theorem (Theorem 1 in Section 2.6) 


35. The Product Law [Theorem 1, part (iii) in Section 2.3]. Hint: Use the 
identity. 


f(x)g(x) — LM = (f(x) — L) g(x) + L(g(x) — M) 


36. Let f(x) = 1 if x is rational and f(x) = 0 if x is irrational. Prove that 
lim f(x) does not exist for any c. Hint: There exist rational and irrational 


numbers arbitrarily close to any c. 


37. A Here is a function with strange continuity properties: 


1 if x is the rational number p/q in 
lowest terms 


fœ)=į;9 


Q if x is an irrational number 


(a) Show that f is discontinuous at c if c is rational. Hint: There exist 
irrational numbers arbitrarily close to c. 

(b) Show that f is continuous at c if c is irrational. Hint: Let J be the 
interval {x : |x — c| < 1}. Show that for any Q > 0, I contains at most 
finitely many fractions p/q with q < Q. Conclude that there is a ô such 
that all fractions in {x : |x — c| < 6} have a denominator larger than Q. 


CHAPTER REVIEW EXERCISES 


1. The position of a particle at time f (s) is s(t) = vt? +1 m. Com- 
pute its average velocity over [2,5] and estimate its instantaneous ve- 
locity at t = 2. 


2. A rock dropped from a state of rest at time t = 0 on the planet Gi- 
normon travels a distance s(t) = 15.2t” m in t seconds. Estimate the 
instantaneous velocity at t = 5. 


3. For f(x) = /2x compute the slopes of the secant lines from 16 
to each of 16 + 0.01, 16 + 0.001, 16 + 0.0001 and use those values to 
estimate the slope of the tangent line at x = 16. 


4. Show that the slope of the secant line for f(x) = x? — 2x over 
[5, x] is equal to x? + 5x + 23. Use this to estimate the slope of the 
tangent line at x = 5. 


In Exercises 5—10, estimate the limit numerically to two decimal places 
or state that the limit does not exist. 


3 
5. lim eel 6. lim x/@-) 
x0 x x—> 
x* —4 x—2 
1, ii kun ee 
= O SSG S) 
T 3 3% —9 
9, lim — —— 10. li 
tim (= 3) x2 5 — 25 


In Exercises 11-50, evaluate the limit if it exists. If not, determine 
whether the one-sided limits exist. For limits that don’t exist indicate 


whether they can be expressed as = —œ or = œ. 
5 — x2 
11. lim (3 +x! 12. lim 
am ie x>14x+7 
2 
13. lim & 14. 3x" +4x+1 
x> -2 x3 x>-—1 x+1 
p= Y p" 
EE =? E oe 
t>9 t—9 x>3 x—3 
aa 2s deo 
Co lim: == ie tte ee 
x31 x— |1 h>0 h 
"O _ l-vys? +1 
19. lim 20. lim ——————_ 
t>9 /t ~3 s—>0 s? 


Chapter Review Exercises 


38. L Write a formal definition of the following: 


Jim, f)=1 


39. | 4 Write a formal definition of the following: 


21. 


23. 


25. lim 


ag 


29. 


31. lim 


33. 


35, 


37. 


41. 


43. 


45. 


47. 


49. lim 


z+3 


m e—a 
z> -3 z2 +4z +3 


x3 — be 
x>b x—b 


lim 


ioe l 
im ——— 
x-0- x 


1 0 sec 
0 F 


cosx — 1 


x>0 sinx 


lim f(x) = 00 


Gees 
x>0 \ 3x x(x4+3) 


24. 


26. lim 


30. 


32. lim 


36. 


38. 


40. 


42. 


46. 


50. lim 


lim sec@ 
67% 


f x? — ax? +ax — 1 
lim 
x—>lł x— Í 


sin 4x 


x= 0 Sin 3x 


x—4.3 x — |x] 
j sin? t 
lim 

t>0 13 


. lim J/t(nt — 1) 
I>e 


. 1 
lim cos — 
to-0 t 


x? -4 


. ım e E 
x—>5t x* 25 


tan — sin 


6>0 sin’ 6 
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51. Find the left- and right-hand limits of the function f in Figure 1 
at x = 0,2,4. State whether f is left- or right-continuous (or both) at 
these points. 


FIGURE 1 


52. Sketch the graph of a function f such that 

(a) lim f@)=1, lim f(x)=3 
x27 x—>2t 

(b) lim, f(x) exists but does not equal f (4) 
x= 


53. Graph A and describe the discontinuity: 


x 
os e forx <0 
Inx forx >0 


Is A left- or right-continuous? 
54. Sketch the graph of a function g such that 
lim g{x)= œ, 
x—>—37- 


lim g(x) = —o, lim g(x) = oo 
x—>—3t x4 


55. Find the points of discontinuity of 


cos (>) for |x| < 1 
g(x) = 


|x — 1| for |x| > 1 


Determine the type of discontinuity and whether g is left- or right- 
continuous. 


56. Show that f(x) = xe8™~ is continuous on its domain. 


57. Find a constant b such that h is continuous at x = 2, where 


x+1  for|x| <2 


h(x) = 
©) fae for |x| > 2 
With this choice of b, find all points of discontinuity. 


In Exercises 58-65, find the horizontal asymptotes of the function by 
computing the limits at infinity. 


2a 2 2,4 
58. f(x)= 2 59. f(x) = a 
Qx* =x x-l 
8u — 3 Qu* — 1 
60. f(u) = ——— 61. f(u) = —— 
16u? +6 V6 +ut 
3 2/3 9 3/7 1/3 _. 4-13 
gee E E 
7x45 — 4x- 1/3 e r e 
17 1 
64. f(t) = ——_— 65. g(x) =274+2tan ‘x 


E p 


66. Determine values of M, A, and k for a logistic function ON 


M T 
{@®= jaar satisfying f(0)=1, f(1)= 8, and f(2)= 14. 


What are the horizontal asymptotes of f? 


67. Determine values of M, A, and k for a logistic function 
M 
p(t) = Fee] satisfying p(0) = 10, p(4) = 35, and p(10) = 60. 
e 
What are the horizontal asymptotes of p? 


68. Calculate (a)}-(d), assuming that 


lim, f(x) =6, lim, g(x) =4 
(a) lim (f) — 2g(x)) 


fœ) 
(c) = g(x)+x 


(b) lim x? f(x) 
x73 
(d) lim (2g(x)" — g(x)7/*) 


69. Assume that the following limits exist: 


Fe tin sey © Waitin 
x—a 


EF am fŒ), xa a(x) 


Prove that if L = 1, then A = B. Hint: You cannot use the Quotient 
Law if B = 0, so apply the Product Law to L and B instead. 


70. (GU) Define g(t) = (1 + 2!/')—! for t 4 0. How should g(0) be 
defined to make g left-continuous at t = 0? 


71. | A In the notation of Exercise 69, give an example where L 
exists but neither A nor B exists. 


72. True or false? 
(a) If lim f(x) exists, then lim f(x) = f(3). 
x3 x3 


(b) If lim I) = 1, then f(0) = 0. 
x-0 x 
4 5 1 1 
(c) ee f(x) = 8, then im, 7@) =r 
(d) If lim f(x)=4and lim f(x) = 8, then lim f(x)= 6. 
x—>5t 5= x5 


f(x) 


e) If lim —— = 1, then li = 0, 
A a a 


(f) If lim f(x) = 2, then lim f(xp =8. 


73. | 4 | Let fx) = E i where |x | is the greatest integer function. 
Show that for x Æ 0, 

l 1 

x x = 


Then use the Squeeze Theorem to prove that 


Hint: Treat the one-sided limits separately. 


\._. 74. Let ry and rz be the roots of f(x) = ax? — 2x + 20. Observe that 


f “approaches” the linear function L(x) = —2x + 20 as a — 0. Be- 
cause r = 10 is the unique root of L, we might expect one of the roots 
of f to approach 10 as a > 0 (Figure 2). Prove that the roots can be 
labeled so that lim rj = 10 and lim r2 = œ. 

a0 a0 


Root tends to oo 
asa—>0O 


FIGURE 2 Graphs of f(x) = ax” — 2x + 20. 


75. Use the IVT to prove that the curves y = x? and y = cos x inter- 
sect. 


x? 42 


———— has a root in 
cosx +2 


76. Use the IVT to prove that f(x) = x? — 
the interval [0, 2]. 


77. Use the IVT to show that T = x has a solution on (0, 1). 


78. Use the Bisection Method to locate a solution of x? — 7 = 0 to 


> _ two decimal places. 
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79. í A j Give an example of a (discontinuous) function that does not 
satisfy the conclusion of the IVT on [—1, 1]. Then show that the func- 
tion 


p | 
T aa x#0 
0 Tp 


satisfies the conclusion of the IVT on every interval [—a, a]. 


1 
80. Let = ——_., 
fœ) me 
(a) Show that if |x — 2] < 1, then [Fœ " 4 i 
serve that if |x — 2| < 1, then |4(x + 2)| > 12. 


|x — 2] 


. Hint: Ob- 


(b) Find 5 > 0 such that if |x — 2| < 8, then | mos 3| < 0.01. 
(c) Prove rigorously that lim f(x) = i 
x72 
81. (GU) Plot the function f(x) = x!/3, Use the zoom feature to find 
a 5 > 0 such that if |x — 8| < 4, then |x!/3 — 2| < 0.05. 


82. Use the fact that f(x) = 2* is increasing to find a value of ô such 
that |2* — 8| < 0.001 if |x — 2| < 5. Hint: Find cı and c> such that 
7.999 < f(c)) < f(c2) < 8.001. 


83. Prove rigorously that lim 4 + 8x) = —4. 
a 


84. Prove rigorously that lim (x? = x)= 6. 
x3 


3 DIFFERENTIATION 


ifferential calculus is the study of the derivative, and differentiation is the process of 
D computing derivatives. What is a derivative? There are three equally important an- 
swers: A derivative is a rate of change, it is the slope of a tangent line, and (more for- 
mally) it is the limit of a difference quotient, as we will explain shortly. In this chapter. 
we explore all three facets of the derivative and develop the basic rules of differentiation. 
When you master these techniques, you will possess one of the most useful and flexible 
tools that mathematics has to offer. 


3.1 Definition of the Derivative 


We begin with two questions: What is the precise definition of a tangent line? And how 
can we compute its slope? To answer these questions, let’s return to the relationship 
between tangent and secant lines first mentioned in Section 2.1. 

The secant line through distinct points P = (a, f(a)) and Q = (x, f(x)) on the graph 
of a function f has slope [Figure 1(A)] 


Af _ fœ- fa) 


Ax x-—a 


J. Pavreiicience Foure 


Our bodies are complex systems of moving 
parts, evolving structures, flowing masses, where 
and electrical currents. Using the derivative 

we can study the rates at which these changes Af = J (a) and Ax=x—a 

occur, and we can analyze the impact of ne 

these changes on body systems. Following The expression Fœ) — fo) is called the difference quotient. We can think of the secant 
are some typical rates of change for human 
body functions: 

Neuron impulse speed: 120 m/second y 
Blood flow rate out of the aorta: 220 mL/s 
Food speed through the esophagus: 2 cm/s 
Sneeze particle speed: 40 m/s 

Skin cell regeneration rate: 1500 cells/hour 
Air intake rate: 7 L/minute 

Eyelid blink rate: 10 cycles/min 


x—a 
line through P and Q as a rough approximation to the tangent line at P [Figure 1(B)]. 


Q = (x, f(x)) 
P = (a, f(a)) 


y 
\ Af = f(x) — f(a) p- Ca Tangent 
b \ 
FIGURE 1 The secant line has slope x m 


Af/Ax. Our goal is to compute the slope a x a 
of the tangent line at (a, f(a)). (A) (B) 


We can improve the secant-line approximation to the tangent line by moving point 
Q closer to point P, equivalently by moving x closer to a [Figure 2(A-C)]. As Q ap- 
4 REMINDER A secant line is any line proaches P, the secant lines get progressively closer to the tangent line as in Figure 2(D). 
through two points on a curve or graph. Therefore, we may expect the slopes of the secant lines to approach the slope of the tan- 
gent line; that is, we expect that as x approaches a, the limit of the secant-line slopes is 

equal to the slope of the tangent line. 


y y y 
Q Q 
Q 
7 Q 
P 
5 P 
x re X X 
a x a Xx a x 
(A) (B) (C) 


(J FIGURE 2 The secant lines approach the tangent line as Q approaches P. 
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f(a +h) - f(a) 


a x=ath 


FIGURE 3 In terms of k the difference 


quotient is Zag) M 


4 REMINDER The equation of the line 
through P = (a,b) of slopem in 
point-slope form: 


y—b=m(x -a) 


Based on this intuition, we define the derivative f’(a) (which is read “ f prime of a”) 
as the limit 
K — 
POE 
w— 


x>a x-@ 
Slope of the _— 
tangent line Limit of slopes of secant lines 


Another way of writing the difference quotient is to use the variable h = x — a (Figure 3). 
We have x = a + h and, for x Æ a, 


fœ)-— fa) _ flath)— fla) 
x—a a h 


The variable h approaches 0 as x —> a, so we can rewrite the derivative as 


» fe+hae 

‘(a) = lim ————— 
f (a) = lim 7 
Each way of writing the derivative is useful. In examples and proofs in this and the 
upcoming sections, we will use the formula for the derivative that is most appropriate for 
the situation. 


DEFINITION The Derivative The derivative of f at a point a is the limit of the dif- 
ference quotients (if it exists): 


pawn fet h-Io 


h 


or equivalently: 


Tr fæ- 7) 


x->a X — Ter 


f(a) 


When the limit exists, we say that f is differentiable at a. 


We can now define the tangent line in a precise way, as the line of slope f'(a) 
through P = (a, f(a)). 


DEFINITION Tangent Line Assume that f is differentiable at a. The tangent line 
to the graph of y = f(x) at P = (a, f (a)) is the line through P of slope f'(a). The 
equation of the tangent line in point-slope form is 


y — f(a) = f @a — a) 


EXAMPLE 1 Equation of a Tangent Line Find an equation of the tangent line to the 
graph of f(x) = x? atx =5. 


Solution First, we must compute /’(5). We are free to use either Eq. (1) or Eq. (2). 
Using Eq. (2), we have 


-fO a 8 25 
=" a 


(5) = lim = 
fO) es x 5 x>5 x—5 


FIGURE 4 Tangent line to y = x? at 
x= 5. 


FIGURE 5 The graph of f(x) = + and the 
tangent line at x = 2. 
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This limit is in the indeterminate form 0/0. We can simplify and then evaluate by 
substitution: 


—5 $ 
f’6) = lim Ca ee) = lim(x + 5) = 10 
x—5 x—5 x—5 
Next, we apply Eq. (3) with a = 5. Because f (5) = 25, an equation of the tangent line is 
y — 25 = 10(x — 5), or in slope-intercept form, y = 10x — 25 (Figure 4). i 


CONCEPTUAL INSIGHT In the previous example we encountered an indeterminate limit 
in the form 0/0. In general, if f is continuous at a, then the difference-quotient limits 
in Eq. (1) and Eq. (2) are guaranteed to be in the form 0/0. 

Although we do not always indicate that we have an indeterminate form when we 
compute derivatives via the limit definition, it is important to realize that the approach 
we take in evaluating these limits is usually motivated by the fact that we are working 
with an indeterminate form. 


In the next two examples, we perform the differentiation (the process of computing 
the derivative) using Eq. (1). For clarity, we break up the computations into three steps. 


EXAMPLE 2 Compute f’(3), where f(x) = x? — 8x. 
Solution Using Eq. (1), we write the difference quotient at a = 3 as 


h) — 3+h)— FG 
fSth fot ae Gin 


Step I. Write out the numerator of the difference quotient. 
fG+h)— f6) = (3 +h? — 83 +h)) — (3? — 8(3)) 
= ((9 + 6h + h°) — (24 + 8h)) — (9 — 24) 
=h? — 2h 
Step 2. Divide by h and simplify. 


fB+h—fB) h*?-2h h(h—-2) 
h h h 
Cancel h 
Step 3. Compute the limit. 


vn _ 1. f[B+h-f@ _,, r 
I= h Bee 


EXAMPLE 3 Sketch the graph of f(x) = - and the tangent line at x = 2. 
(a) Based on the sketch, do you expect f’(2) to be positive or negative? 
(b) Find f’(2). 
Solution The graph and tangent line at x = 2 are shown in Figure 5. 
(a) We see that the tangent line has negative slope, so f’(2) must be negative. 
(b) We compute f’(2) in three steps as before. 
Step 1. Write out the numerator of the difference quotient. 
E 1 = 2 = 2I — s h 
2+h 2 22+h) A2++h) 2(2 + h) 
Step 2. Divide by h and simplify. 
f(2+h) — f(2) =7-(- h )=- l 
h h 2(2 + h) 2(2 + h) 


JC+h- f= 
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y Step 3. Compute the limit. 


eee f2+h)-f2 . -l 1 


7 Ei = = = 

IO= h>0 22+h) H = 

The graph of a linear function f(x) = mx + b (where m and b are constants) is a 

line of slope m. The tangent line at any point coincides with the line itself (Figure 6), so 

“ we should expect that f'(a) = m for all a. Let’s check this by computing the derivative: 

h)- b) —(ma+b 

Pt) = tn EE ) De 4. (m(a +h)+ ) ( ) 
FIGURE 6 The derivative of h->0 h h>0 h 

f(x) =mx +bis f'(a) =m forall a. . ee 

= im — = lim m =m 

h>0 h h—>0 


fœ =b If m = 0, then f(x) = b is constant and f'(a) = 0 (Figure 7). In summary: 


THEOREM 1 Derivative of Linear and Constant Functions 


e If f(x) = mx + bisa linear function, then f'(a) = m for all a. 
e If f(x) = b is a constant function, then f'(a) = 0 for all a. 


FIGURE 7 ‘The derivative of a constant EXAMPLE 4 Find the derivative of f(x) = 9x — 5 at x = 2 and x = 5. 
function f(x) = b is f'(a) = 0 for all a. 


“ Solution We have f'(a) = 9 for all a. Hence, f’(2) = f’(5) = 9. = 


EXAMPLE 5 Failure to be Differentiable Show that the functions f(x) = |x| and CS 
y g(x) = x!” are not differentiable at x = 0. 


Solution First, note that 


f(x) = |x| 


h>0 h h>0 h h>0 h 
Since 
i h| |1 ifh>0 
f h |—1 TA SG 
FIGURE 8 f is not differentiable at x = 0. 


we have the one-sided limits 


h 
mos and ia Me 


—] 
hoot h h>0~ h 


In general, if lim Lath- fœ and 
h0- h 


lim EtA- ® exist but are not equal, . eh ; 
h—> 0+ h These one-sided limits are not equal; therefore, lim LL does not exist. Thus, f is not 
then f is not differentiable at x, and the nao 


graph of f is said to have a corner at x differentiable ahe tisk , 
(see Exercises 47 and 48). Figure 8 reveals the problem we have here. To the left of x = 0 the secant lines all 


have slope —1, and to the right they all have slope 1. The one-sided limits on either side 
y of 0 equal the corresponding secant-line slopes and therefore are not equal. 
g(x) = xP Now consider g(x) = x!/3. The limit defining g’(0) is infinite: 
er eres 4 O l 
lim ——————. = lim ————_ = lim — = = 
x h->0 h h>0 h h>0 h z ad 
Therefore, g’(0) does not exist, and it follows that g is not differentiable at x = 0. 
In this case, the problem is that the secant lines on either side of x = 0 become 
infinitely steep as h approaches 0. The tangent line is therefore vertical, having an unde- 
FIGURE 9 g is not differentiable at x = 0. fined slope (see Figure 9). E 


Secant 


Tangent 


aath 


FIGURE 10 When A is small, the secant line 


has nearly the same slope as the tangent 
line. 


Secant (h < 0) Tangent 


Secant (h > 0) 


y=sinx 


FIGURE 11 The tangent line is squeezed in 
between the secant lines with h > 0 and 
h <Q. 


We can also approximate f'(x) with the 
slope of the secant line between 


(x — h, f(x —h)) and (x +h, f(x +h)). 


This is called the symmetric difference 
quotient approximation: 


f(x +h)- f(x- h) 


fax z 


We investigate this approximation approach 


further in the exercises. 
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Estimating the Derivative 


Approximations to the derivative are useful in situations where we cannot evaluate f (a) 
exactly. Since the derivative is the limit of difference quotients, the difference quotient 
should give a good numerical approximation when A is sufficiently small: 


f(a +h) — f(a) 
{C 


f~ if h is small 


We refer to this estimate as the difference quotient approximation. Graphically, this 
says that for small h, the slope of the secant line is nearly equal to the slope of the tangent 
line (Figure 10). 


EXAMPLE 6 Estimate the derivative of f(x) = sinx at x = 2. 


Solution We calculate the difference quotient for several small values of h: 
sin(Z +h)—sinZ  sin(Z +h) —-0.5 
— se [ae 


This difference quotient represents the slope of a secant line through the graph at A 
The resulting secant-line slopes are shown in Table 1. Note that Figure 11 indicates that 
the slope of the tangent line at Z lies between the slopes of the secant lines for h > 0 and 
those for h < 0. Thus, we can infer that 

T 


0.8660229 < f’ (=) < 0.8660279 


It follows that f’(Z) ~ 0.8660, accurate to four decimal places. m 


TABLE 1 Values of the Difference Quotient for Small 4 


sin(Z + A) — 0.5 sin £ =p 06 


h>oO 7 h<0 7 
0.01 0.863511 —0.01 0.868511 
0.001 0.865775 —0.001 0.866275 
0.0001 0.866000 —0.0001 0.866050 
0.00001 0.8660229 —0.00001 0.8660279 


In Section 3.6 we develop a derivative formula for f(x) = sinx and will see that 
f'(E) =cos(£) = 2 ~ 0.8660254. 

In the previous example, because we had a specific formula for f(x), we were able 
to choose h as small as we like to obtain an accurate approximation to f'(x). In applied 
situations, as in the following example, we might have only a data set of values available 
for approximating a derivative. We can use the difference quotient approximation, but 
accuracy is limited because we cannot choose / to be arbitrarily small. 


EXAMPLE 7 The Internet of Things The Internet of things (IoT) refers to the collec- 
tion of devices that are connected to the Internet, such as computers, cell phones, smart 
watches, home security systems, and so on. Table 2 gives estimates of the size of the loT 
for the years 2012-2019. Assume that I(t) represents the size of the IoT (in billions of 
devices) t years after January 1, 2012, and that the data in the table represents the size of 
the IoT at the start of the indicated year. Approximate /’(3) and 7’(6). 
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While some early contributions to 
mathematics introduced ideas similar to 
those in calculus, it was Sir Isaac Newton 
(left) and Gottfried Wilhelm Leibniz (right) 
who independently initiated the 
development of mathematical concepts 
that eventually became the modern theory 
of calculus. 

Sir isaac Newton (1643-1727) was 
an English mathematician, scientist, and 
theologian. Beginning in the mid-1660s, 
he developed many of the foundational 
ideas of calculus. He used the term 
“fluxion” (from the Latin word for flow) for 
the concept that was eventually to become 
known as the derivative. 

Gottfried Wilhelm Leibniz 
(1646-1716) was a German 
mathematician and philosopher. In the 
mid-1670s he began publishing works on 
the theory of "calculus differentialis” where 
he also formulated the main concepts of 
calculus. 

Because Newton did not immediately 
publish his work, a long-running dispute 
arose over who should be credited as the 
inventor of calculus. The controversy had 
the effect of creating a nationalistic 
division among mathematicians. Over time, 
the contributions of both mathematicians 
were generally acknowledged, and today 
they are considered independent 
developers of the theory of calculus. 
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TABLE 2 


1 2 3 = 5 6 7 
11.2 14.4 18.2 22.9 28.4 34.8 42.1 


t (years after 2012) 0 
I (billions of devices) 8.7 


Solution We use the difference quotient approximation with h = 1, the time interval for 
the data set. We have 7'(3) ~ @=!@) = 4.7 and I'(6) ~ LOO = 7.3 P 


The derivative of a function defines the slope of the function’s graph. As with the 
slope of a line, the derivative is a rate of change of the dependent variable with respect 
to the independent variable. In applications, when unitg are associated with each of the 
variables, the derivative has units 
Dn units of dependent variable 
units of derivative = ——@@——____—_—_—_- 
units of independent variable 

When we include the units in the previous example, the derivatives are the rates 
of change 1’(3) ~ 4.7 billion devices per year and I’(6) ~ 7.3 billion devices per year. 
These rates of change represent the rate of growth of the Internet of things at the start of 
2015 and 2018, respectively. 


CONCEPTUAL INSIGHT The Significance of Limits in the Definition of the Derivative With 
the introduction of the derivative in this section, we have arrived at an important point 
in the development of the calculus concepts in this text. We summarize how the impor- 
tant ideas of slopes of lines and limits brought us here. 

The slope of a line can be computed if the coordinates of two points P = (x1, y1) 
and Q = (x2, y2) on the line are known: 


w= Vi 
x2 — X] 


slope of line = 


| This formula cannot be applied to the tangent line to the graph of a function f atx =a 


because we know only one point that it passes through, P = (a, f(a)). Limits provide 
an ingenious way around this obstacle. We choose a point Q = (a +h, f(a+h)) on 
the graph near P and form the secant line. The slope of this secant line is just an 
approximation to the slope of the tangent line: 


fla+h) — f@) 
h 


This approximation improves as h is made small. By taking the limit as h > 0, we 
convert our approximations into the exact slope for the tangent line, and that slope is 
f'(a), the derivative of f at a. 


slope of secant line = z% slope of tangent line 


3.1 SUMMARY 


- The difference quotient is the slope of the secant line through the points P and Q on 
the graph of f and equals | 


pee with P = (a, f(a)) and Q = (a +h, f(a +h) 


pone with P = (a, f(a)) and Q = (zx, f(x)) 
° The derivative f'(a) is defined by the following equivalent limits: 


fath)—f@ _ f(x) -— f(a) 
h 


A =a 


lim 


f = li 
Se ae aw 


If the limit exists, we say that f is differentiable at x = a. 
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By definition, the tangent line at P = (a, f(a)) is the line through P with slope f'(a) 
[assuming that f'(a) exists]. 
¢ Equation of the tangent line in point-slope form: 


y — f(a) = f (ax — a) 


To calculate f'(a) using the definition f'(a) = iim Lath f'9). 
-> 


Step J. Write out the numerator of the difference quotient. 
Step 2. Divide by h and simplify. 
Step 3. Compute the derivative by taking the limit. 


¢ For small h, we have the difference quotient approximation: f'(x) © Gros œ) 


3.1 EXERCISES 


Preliminary Questions 
1. Which of the lines in Figure 12 are tangent to the curve? 


D 


FIGURE 12 


2. What are the two ways of writing the difference quotient? 


flath)-f@. 
h 


3. Find a and h such that is equal to the slope of the 


secant line between (3, f(3)) and (5, f(5)). 


Exercises 


1. Let f(x) = 5x”. Show that f(3 + A) = 5h? + 30h + 45. Then show 
that 
fGB+h)— fC) 
h 


and compute /’(3) by taking the limit as h > 0. 


2. Let f(x) = 2x? — 3x — 5. Show that the secant line through (2, f(2)) 
. and (2+ h, f(2 +h)) has slope 2h + 5. Then use this formula to compute: 


(a) The slope of the secant line through (2, f(2)) and (3, f(3)) 
(b) The slope of the tangent line at x = 2 (by taking a limit) 


= 5h + 30 


In Exercises 3-8, compute f’(a) in two ways, using Eq. (1) and Eq. (2). 
3. f(x)=x*4+9x, a =0 

4. fœ)=x°+9x, a=2 

5. f(x) = 3x? +4642, a= -1 

6. f(x)=x?, a=2 

7. f(x)=x°4+2x, a=1 

8 f(x)=1, a=2 

In Exercises 9-12, refer to Figure 13. 


9, (4 Find the slope of the secant line through (2, f(2)) and 
(2.5, f(2.5)). Is it greater than or less than f’(2)? Explain. 


tan(% + 0.0001) — 1, 


4, Which derivative is approximated by 0.0001 


5. What do the following quantities represent in terms of the graph of 
f(x) => sinx? 


sin 1.3 — sin 0.9 


in 1.3 — sin 0.9 
(a) sin sin (b) 04 


(c) f'(0.9) 


6. Choose (a) or (b). The derivative at a point is zero if the tangent line 
at that point is (a) horizontal (b) vertical. 


7. Choose (a) or (b). The derivative at a point does not exist if the tangent 
line at that point is (a) horizontal (b) vertical. 


- SE as 
10. í A Estimate Etn- fO for h = —0.5. What does this quan- 
tity represent? Is it greater than or less than f’(2)? Explain. 
11. Estimate f’(1) and f’(2). 


f2+h)-fQ _ 


12. Find a value of k for which 0. 


rw \- 


15 20 25 


FIGURE 13 


In Exercises 13-16, refer to Figure 14. 
13. Determine f'(a) for a = 1, 2, 4, 7. 


14. For which values of x is f’(x) < 0? 
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15. Which is larger, f’(S.5) or f’(6.5)? 
16. Show that f’(3) does not exist. 


lao 42 8 2 7 Se 


FIGURE 14 Graph of f. 


In Exercises 17-20, use the limit definition to calculate the derivative of 
the linear function. 


17. f(x) =7x -—9 
19. g(t) = 8 —3t 


18. f(x)= 12 
20. k(z) = 14z4+12 


21. Find an equation of the tangent line at x = 3, assuming that f (3) = 5 
and f’(3) = 2. 


22. Find f(3) and f’(3), assuming that the tangent line to y = + (x) at 
a = 3 has equation y = 5x + 2. 


23. Describe the tangent line at an arbitrary point on the graph of 
y = 2x +8. 

24. Suppose that f(2 + h) — f(2) = 3h? + 5h. Calculate: 

(a) The slope of the secant line through (2, f(2)) and (6, f(6)) 

b) f2) 


1 
25. Let f(x)=—. D -2 +h) equal 
TUST PRE EEr aay: age By ly 


Compute the difference quotient at a = —2 with h = 0.5. 


26. Let f(x) = /x. Does f(5 + h) equal V5 + h or V5 + vh? ou 
the difference quotient ata = 5 withh = 1. 


27. Let f(x) = 1/,/x. Compute f’(5) by showing that 


fO+M—FfE)__ 1 
h V5S5 FHSS +h + V5) 
28. Find an equation of the tangent line to the graph of f(x) = 1/,/x at 


tg 


In Exercises 29—46, use the limit definition to compute f'(a) and find an 
equation of the tangent line. 


29. f(x) =2x*+10x, a=3 30. f(x) =4-x?, ax=-l 

31. f(t) =t-—217, a=3 32. f(x) = 8x7, a=1 

33. fœ) =x +x, a=0 34. F() =U? +4, a=4 

35. f(x)=x7', a=8 36. f(x)=x4+x7!, a=4 
1 2 

37. aT a = —2 38. JOST a = —l1 

39. fi) =vVx4+4, a=l 40. fM=VJ314+5, a=—-i 
1 1 

41. = —, = 4 r _ ee a = 

f(x) cs: ae 42. f(x) a ' 4 
43. fF) =v Fl, a&3 44. f(x)=x?, a=-1 


1 
=—. a fOH=t°, wel 
x2+41 FO) 

47. Show that f is not differentiable at x = 1 and has acomer in its graph 
there. 


45. f(x) = 


fœ)= 


x* xsl 


48. Show that f is not differentiable at x = O and has a comer in its graph 
there. 


x? x <0 


f[@)= 


x x>O0 


In Exercises 49-51, sketch a graph of f and identify the points c such that 
f'(c) does not exist. In which cases is there a corner at c? 


49. f(x) =|x +3] 
50. f(x) = x2/5 
51. f(x) = |x? -4| 


52. Figure 15(A) shows the graph of f(x) = ./x. The close-up in 
Figure 15(B) shows that the graph is nearly a straight line near x = 16. 
Estimate the slope of this line and take it as an estimate for f’(16). Then 


_ compute f’(16) with the limit definition and compare with your estimate. 


2 oe: 2 2 ot £ 


fe Eu 


— RQ WwW 


THERERERELERSE' 1 t Ẹ 


m mR 
2 4 6 8 1012 14 16 18 3.9 
(A) Graph of y = Wx (B) Zoom view near (16, 4) 


FIGURE 15 


53. Let 
a (GO) ut yos 
x = Q until the graph appears straight, and estimate the slope f’(0). 


54. (Gu) Let f(x) =cotx. Estimate f’(%) graphically by zooming in 
on a plot of f near x = 3. 


. Plot f over [—2, 2]. Then zoom in near 


+ 


55. Determine the intervals along the x- axis on which the derivative in 
Figure 16 is positive. 


mesere Qeeemeeeer reee renees eeoverejesvreceessvrerasersserrereiporeanneeneneeimmeservresset psen renes renenfeeeen evee 


ais evovrnnoossan prvesvrsnscncasuesessnssena Miwversansonsetesecorrvasrtven Nigger roser Şuana ever Sroosagses ve 


05 10 15 20 25 30 3.5 40 


FIGURE 16 


NL 


56. Sketch the graph of f(x) = sinx on [0,7] and guess the value of 
f’(%). Then calculate the difference quotient at x = 5 for two small pos- 
itive and negative values of h. Are these calculations consistent with your 
guess? 


In Exercises 57-62, each limit represents a derivative f'(a). Find f(x) 
and a. 


3 3—19 
ETA EE, AE 
h=>0 h x35 x—5 
Z +h)—0.5 a T | 
59, tim Sts +4) 60. lim ~— 
a+h _ 92 5* 1 
61. Tp 62. lim 
h—>0 h h>0 h 


63. Apply the method of Example 6 to i (x) = sin x to determine f’ (7) 
accurately to four decimal places. 


64. | A } Apply the method of Example 6 to f(x) = cosx to determine 
f’ (4) accurately to four decimal places. Use a graph of f to explain how 
the method works in this case. 


65. EA For each graph in Figure 17, determine whether f’(1) is larger 
or smaller than the slope of the secant line between x = 1 andx =1+h 
for h > 0. Explain. 


S y =f) 
i x X 
(A) (B) 


FIGURE 17 


66. LŐ Refer to the graph of f(x) = 2* in Figure 18. 
(a) Explain graphically why, for h > 0, 
f(—h) — FO) < f'O < fh) — fO) 
—h h 
(b) Use (a) to show that 0.69314 < f’(0) < 0.69315. 
(c) Similarly, compute f'(x) to four decimal places for x = 1, 2, 3, 4. 


(d) Now compute the ratios f’(x)/f’(0) for x = 1, 2, 3, 4. Can you — 
an approximate formula for f’(x)? 


FIGURE 18 Graph of f(x) = 2*. 


67. (GU) Sketch the graph of f (x) = x’? on [0, 6]. 
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(a) Use the sketch to justify the inequalities for h > 0: 


ia) -— f4- h) Sf4+h)- fH 
h h 
(b) Use (a) to compute f’(4) to four decimal places. 
(c) Use a graphing utility to.plot y = f(x) and the tangent line at x = 4, 
utilizing your estimate for f’(4). 


68. (Gu) Verify that P = (1, 5) lies on the graphs of both 


< fA < 


f@œ)=1/(1 +x?) and L(x)= > +m(x — 1) 


for every slope m. Plot y = f(x) and y = L(x) on the same axes for sev- 
eral values of m until you find a value of m for which y = L(x) appears 
tangent to the graph of f. What is your estimate for f’(1)? 


69. (Gu) Use a plot of f(x) = x* to estimate the value c such that 
f(c) = 0. Find c to sufficient accuracy so that 


for h = +0.001 


| f(ce+ i — f(e) Zio) 


70. (Gu) Plot f(x) = x* and y = 2x + a on the same set of axes for sev- 
eral values of a until the line becomes tangent to the graph. Then estimate 
the value c such that f’(c) = 2 


The vapor pressure of water at temperature T (in kelvins) is the atmo- 
spheric pressure P at which no net evaporation takes place. In Exercises 
71-72, use the following table to estimate the indicated derivatives using 
the difference quotient approximation. 


T (K) 293 303 313 323 333 343 353 


P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754 


71. Estimate P’(T) for T = 293,313,333. (Include proper units on the 
derivative.) 


72. Estimate P’(T) for T = 303, 323,343. (Include proper units on the 
derivative.) 


Let P(t) represent the U.S. ethanol production as shown in Figure 19. In 
Exercises 73-74, estimate the indicated derivatives using the difference 
quotient approximation. 


P (billions of gallons) 


FIGURE 19 U.S. ethanol production. 


73. Estimate P’(t) for t = 1997, 2001, 2005, 2009. (Include proper units 
on the derivative.) 


74. Estimate P’(t) for t = 1999, 2003, 2007, 2011. (Include proper units 
on the derivative.) 
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In the remaining exercises, SDQ refers to the symmetric difference quo- 
tient derivative approximation that is based on the slope of the secant line 
between (x — h, f(x —h)) and (x +h, f(x +h)): 


fxt+h)— f@—A) 
2h 


75. With P(T) as in Exercises 71 and 72, estimate P’(T) for T = 303, 
313, 333, 343, now using the SDQ. 


f'(x) ® 


76. With P(t) as in Exercises 73 and 74, estimate P’(t) for t = 1999, 
2001, 2005, 2011, now using the SDQ. 


In Exercises 77-78, traffic speed S along Katman Road (in kilometers per 
hour) varies as a function of traffic density q (number of cars per kilometer 
of road) according to the data: 


a tdensiy) | «0 [70] 80 [90 | 100, 
Csere | 725 [ers [es | wo | 56 


77. Estimate S’(80) using the SDQ. (Include proper units on the deriva- 
tive.) 


78. [4A Explain why V = gS, called traffic volume, is equal to the num- 
ber of cars passing a point per hour. Use the data and the SDQ to estimate 
V’(80). (Include proper units on the derivative.) 


Exercises 79-81: The current (in amperes) at time t (in seconds) flowing 
in the circuit in Figure 20 is given by Kirchhoff s Law: 


i(t) = Cv'(t) + R7!v(t) 


where v(t) is the voltage (in volts, V), C the capacitance (in farads, F), 
and R the resistance (in ohms, &2). 


Further Insights and Challenges 


82. The SDQ usually approximates the derivative much more closely than 
does the ordinary difference quotient. Let f(x) = 2* and a = 0. Com- 
pute the SDQ with h = 0.001 and the ordinary difference quotients with 
h = +0.001. Compare with the actual value, which is f’(0) = In2. 


83. (a) Show that the symmetric difference quotient $ th= @=—*) is the 
slope of the secant line to the graph of f from x — h to x + A. (Include an 
illustration.) 


(b) Prove that the symmetric difference quotient is the average of the 
slopes of the secant lines from x to x + h and from x — h tox. 


84. Which of the two functions in Figure 21 satisfies the inequality 


f(ath)— fla—h) _ fa+h)- fa) 
2h i h 


for h > 0? Explain in terms of secant lines. 


a c 


FIGURE 20 


79. Calculate the current at t = 3 if 
v(t) =0.5t+4V 
where C = 0.01 F and R = 100 Q. 


80. Use the following data and the SDQ to estimate v’(10). Then estimate 
i(10), assuming C = 0.03 and R = 1000. 


[38] 99 [10 | toa [102 | 


81. Assume that R = 200 Q but C is unknown. Use the following data 
and the SDQ to estimate v’(4), and deduce an approximate value for the 
capacitance C. 


ee 


y y 
ea mu 
a a 
(A) (B) 


FIGURE 21 


85. | 4 | Show that if f is a quadratic polynomial, then the SDQ at x = a 
(for any h # 0) is equal to f'(a). Explain the graphical meaning of this re- 
sult. 


86. Let f(x) = x~*. Compute f’(1) by taking the limit of the SDQs (with 
a=l)ash > 0. 


3.2 The Derivative as a Function 


In the previous section, we computed the derivative f’(a) for specific values of a. It is 
also useful to view the derivative as a function f’ whose values f'(x) are defined by the 
limit definition of the derivative: 


/ i f(x +h) — f(x) ad 
POs i; 


If y = f(x), we also write y’ or y'(x) for f'(x). 


Often, the domain of f’ is clear from the 
context. If so, we usually do not mention 
the domain explicitly. 


y 


f(x) = x3 - 12x 


FIGURE 1 The derivative at each point is 
the slope of the tangent line. 
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The domain of f’ consists of all values of x in the domain of f for which the limit in 
Eg. (1) exists. We say that f is differentiable on (a, b) if f’(x) exists for all x in (a, b). 
When f'(x) exists for all x in the interval or intervals on which f(x) is defined, we say 
simply that f is differentiable. 


EXAMPLE 1 Prove that f(x) = x? — 12x is differentiable. Compute f'(x) and find 
f'(-3), f’), f'(2), and f"(3). 


Solution We compute f'(x) in three steps as in the previous section. 
Step 1. Write out the numerator of the difference quotient. 
f(x +h) — f(x) = (x + hy — 12 +h)) — (x? — 12x) 
= (x? + 3x*h + 3xh? + k? — 12x — 12h) — (x? — 12x) 
= 3x*h + 3xh* +h? — 12h 
= h(3x” + 3xh +h? — 12) (factor out h) 
Step 2. Divide by h and simplify. 


fœ +h) — f(x) — hGx? +3xh+h* — 12) 
h 7 h 


Step 3. Compute the limit. 
f(x +h) — f@) 
h 


= 3x? +3xh +k? —12 (h#0) 


f'(x) = lim = lim (3x? + 3xh + k? — 12) = 3x? — 12 
h—>0 h—>0 
In this limit, x is treated as a constant because it does not change as h — 0. We see 
that the limit exists for all x, so f is differentiable and f'(x) = 3x? — 12. 
Now evaluate: 


© f'(—3) = 3(-3)% — 12 = 15 
¢ f'(0) = 3(0)* — 12 = —12 

-e f'(2) = 3(2)* —12 =0 

e f'(3) = 33)* —12=15 


These derivatives indicate the slope of the graph of f (and the tangent line to the 
graph) at the corresponding points, as shown in Figure 1. a 


In the previous example, we used the definition of f'(x) to find an equation for the 
derivative as a function of x. Using the formula for f’(x) we computed the derivative 
at specific values of x rather than computing each derivative separately using the limit 
definition. As we proceed with the development of the derivative, one goal will be to 
develop formulas and rules for the derivatives of functions so that we do not have to 
return to the limit definition for every derivative computation. 


EXAMPLE 2 Prove that y = x~? is differentiable and calculate y’. 


Solution The domain of f(x) = x~? is {x : x Æ 0}, so assume that x Æ 0. We compute 
f'(x) directly, without the separate steps of the previous example: 


1 l 


ma fat Ee). a Gi x 
J) = lim h T- S l 
x? —(x +h) 
aim D i, Efe OF 
h—>0 h h>0h\ x2(x +h) 
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We read -= and £y as “the derivative of y 
with respect to x.” 


1 /—h(2x +h) l 2x +h 
= la -| | s ————— (cancel k 
Bag ( ee aye ) [> ea | ) 
2x +0 2x 3 
= ——— = x 
x2(x + 0)2 x4 
z5 


The limit exists for all x 4 0, so y = x~? is differentiable and y’ = —2x 


Leibniz Notation 


The “prime” notation y’ and f'(x) was introduced by the French mathematician Joseph 
Louis Lagrange (1736—1813). There is another standard notation for the derivative that 
we owe to Gottfried Wilhelm Leibniz: 

df dy 

dx dx 


In Example 2, we showed that the derivative of y = x~? is y’ = —2x~3. In Leibniz 
notation, we would write 
dy 


it =2x-3 or — ie 


To specify the value of the derivative for a fixed value of x, say, x = 4, we write 


af a, “2 
dx x=4 dx x=4 


You should not think of dy/dx as the fraction “dy divided by dx.” Separately, the 
expressions dy and dx are called differentials. They play a role in linear approximation 
(Section 4.1), and relationships between them are used as a guide for “substitutions” we 
do later when working with integrals. 


CONCEPTUAL INSIGHT Leibniz notation is widely used for several reasons. First, it re- 
minds us that the derivative df /dx, although not itself a ratio, is in fact a limit of ratios 
Af /Ax. Second, the notation specifies the independent variable. This is useful when 
variables other than x are used. For example, if the independent variable is t, we write 
df /dt. Third, we often think of d/dx as an “operator” that performs differentiation on 
functions. In other words, we apply the operator d/dx to f to obtain the derivative 
df /dx. We will see other advantages of Leibniz notation when we discuss the Chain 
Rule in Section 3.7. 


Now we are ready to start assembling a collection of derivative rules and formulas 
that will enable us to compute derivatives of the most common functions in mathematics, 
the sciences, and engineering. We begin with two simple formulas that are consequences 
of Theorem 1 in the previous section: 


d 
PL =0Q for any constant c 


The first indicates that the derivative with respect to x of x is 1, reflecting that the slope of 
the line y = x is 1. The second, known as the Constant Rule, indicates that the derivative 
of a constant is 0. This makes sense, of course, since a constant does not change and 
therefore has a rate of change of zero. As simple as the latter is, we will find it quite 
useful as we work with derivatives throughout the book. 

The next theorem will prove to be very valuable for differentiating polynomial func- 
tions and many other types of functions involving constant powers. 


No” 


Mir” 


~~” 


CAUTION The Power Rule applies only to 
the power functions y = x”. It does not 
apply to exponential functions such as 

y = 2. The derivative of y = 27 is not 
x277}, A key difference between these two 
types of functions is that in x” the base is 
the variable and the exponent is constant, 
while in 2* those roles are reversed, We will 
introduce the derivative of f(x) = e* later 
in this section and the derivative of the 
general exponential f(x) = b* in 

Section 3.9. 
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THEOREM 1 The Power Rule For all exponents n: 


The Power Rule is valid for all exponents. We prove it here for positive integers n. 
See Exercise 93 for a proof for negative integers n and Exercise 87 in Section 3.9 for 
arbitrary n. 


Proof We have 


(x +h)" — x” 

h 
To simplify the difference quotient, we need to expand the (x + h)” term. However, we 
do not need to write all the terms to work through the limit. The binomial expansion 


formula helps here (see Section 1.1); it indicates that expanding (x + h)” results in a 
sum of terms oe , one for each p from 0 to n. For p = 0 we have x”, for 


Tas lim 


p = 1 we have nx”~'h, and for the rest of the terms, it is enough to observe that they are 
terms containing x7h? for p > 2. Thus, for our purposes, we can express the expansion 
of (x +h)’ as 
(x + h)” =x" +nx"—'h + [terms with x7h?, p > 2] 

Now, we have 

(x +h)" — x" 
h 

(x + nx” !h + [terms with x1h?, p > 2]) — x” 

= ling ——<—$ se eee 
h—>0 h 

_ nx” lh + [terms with x7h?, p > 2] 

ha h 


= lim (nx"—! + [terms with x7h?, p > 1}) 
h—>0 


JND 


= nx”! 


At the last stage, the limit of the terms containing x7h? equal 0 as h — 0 because those 
terms include a factor of h to at least the first power. 
This proves that f'(x) = nx"! for the case where n is a positive integer. E 


We make a few remarks before proceeding: 


* The Power Rule in words: To differentiate x to a power, multiply by the power 
and reduce the power by one. 


d 


— yPpower — (power) xpower- 1 


dx 


* The Power Rule is valid for all exponents, whether positive, negative, fractional, 
or irrational: 


d 3/5 3 8/5 d A Ji-1 
A = —-x 5 —X =~ /2 
dx 5 dx v2x 


* The Power Rule can be applied with any variable, not just x. For example, 


{229, {Pan 24% .1,-1r 


dz dt dr 2 
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Next, we state the Linearity Rules for derivatives, which are analogous to the Lin- _ _ 


earity Laws for limits: 


THEOREM 2 Linearity Rules Assume that f and g are differentiable. Then 


Sum and Difference Rules: f + gand f — g are differentiable, and 


Constant Multiple Rule: For any constant c, cf is differentiable, and 


(Pyaar 


Proof To prove the Sum Rule, we use the definition 


(f(x +h) + g +h)) — (F@) + g@)) 
h 


(f +38)(x) = lim 
This difference quotient is equal to a sum (h Æ 0): 
Fa+h) Age +h) —G&)+8@)) fe+h)— fa) i g(x + h) — g(x) 


h h h 
Therefore, by the Sum Law for limits, 


asili a g(x +h) — g(x) 


i ass We . 
(f +8) &)= lim * lim 3 
= f(x) + g(x) 
as Claimed. The Difference and Constant Multiple Rules are proved similarly. ë 


In words, these rules state: 


¢ The derivative of a sum is the sum of the derivatives. 

¢ The derivative of a difference is the difference of the derivatives. 

¢ The derivative of a constant times a function is the constant times the derivative 
of the function. 


EXAMPLE 3 Find the points on the graph of f(t) = t? — 12t + 4 where the tangent 
line is horizontal. 


Solution We calculate the derivative: 


d d 
= = ae — 12t +4) 
Speeds 2 aaa (Sum and Diff Rules) 
Flt) = dt dt dt an 1iference Rules 
d 3 d ‘ 
= at — lat +0 (Constant Multiple Rule and Constant Rule) 
= 317 — 12 (Power Rule) 


The tangent line is horizontal at points where the slope f’(t) is zero, so we solve 


Ps pee 


FIGURE 2 Graph of f(t) = t? — 12t + 4. Now f(2) = —12 and f(—2) = 20. Hence, the tangent lines are horizontal at (2, —12) 
Tangent lines at t = +2 are horizontal. and (—2, 20), as shown in Figure 2. a 
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d - p” 
EXAMPLE 4 Calculate = , Where g(t) = t =i wo 


t=1 
Solution We differentiate term-by-term using the Power Rule and the Linearity Rules. 
Writing /f as t'/*, we have 


/ 1 4\ _ 
a TEES — 1-5) = 31-4 4.2 (3) 171/2 (-5) Thi 


dt dt 
eee p I2 p E os 
5 
dg 4 6 
So] =-3+ipi s a 
iii die aden a oo 


EXAMPLE 5 A power-law model relating the pulse rate P (in beats per minute) in mam- 
mals to body mass m (in kilograms) is given by P = 200m7 1/4 (see Figure 3). It is clear 
from the graph that, from species to species, as the mass increases, the pulse rate drops 
off. Furthermore the pulse rate drops off quickly for small mammals but relatively slowly 
for large mammals. Determine P’(m) at the mass of a guinea pig (1 kg) and at the mass 


of cattle (500 kg). 
Pulse (beats/min) 
200 a ee Pr E er ee ene =, E AE E E 
100 A = 
D Cattle 
: : i i ; i i i i : vo (kg) 
100 200 300 400 500 
FIGURE 3 
Here tangent lines have Solution Applying the Power Rule and the Constant Multiple Rule to P(m) = 200m—*/4, 
y negative slope. 
h> 


we obtain P’(m) = —50m—5/4. So, 


¢ P’(1) = —50 beats per minute per kilogram 
¢ P’(500) = —50(500~>/4) ~ —0.02 beats per minute per kilogram 


These values confirm our observation that P decreases rapidly for small m and decreases 
slowly for large m. = 


43 2 
inia a le The Derivative and Behavior of the Graph 

y fi) >0 The derivative f’ gives us important information about the graph of f. For example, the 
sign of f'(x) tells us whether the tangent line has positive or negative slope. When the 
tangent line has positive slope, it slopes upward and the graph must be increasing. When 
the tangent line has negative slope, it slopes downward and the graph must be decreasing. 
The magnitude of f'(x) reveals how steep the slope is. 


ae 
O 
~ 
A 
© 


l 
l 
| 
i 
| 
| 
l 
6 


EXAMPLE 6 f’andthe Graph of f How isthe graph of f(x) = x? — 12x? + 36x — 16 
related to the derivative f'(x) = 3x? — 24x + 36? 


(B) Graph of the derivative . , ; 2 ; 
fi) = 3 — menses Solution The derivative f'(x) = 3x* — 24x + 36 = 3(x — 6)(x — 2) is negative for 


2 < x < 6 and positive for x < 2 and x > 6 (Figure 4). The following table summarizes 
FIGURE 4 this sign information: 
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Slope of Tangent Line Where 
Negative (0, 1) and (4, 7) 
Zero x= 1,4,7 
Positive (1,4) and (7, co) 


In many books, e* is denoted exp(x). 
Whenever we refer to the exponential 
function without specifying the base, the 
reference is to f(x) = œ. 


Property of f’(x) Property of the Graph of f 
f'@) <0 for2 <x <6 Tangent has negative slope for 2 < x < 6 
(graph is decreasing). 
f'@= f'O@=0 Tangent is horizontal at x = 2 and x = 6. 


f'(x)>0 forx <2andx>6 Tangent has positive slope for x < 2 and x > 6 
(graph is increasing). 


Note also that f'(x) — oo as |x| becomes large. This corresponds to the fact that the 
tangent lines to the graph of f get steeper as |x| grows large. a 


EXAMPLE 7 Identifying the Derivative The graph of f (with some tangent lines in- 
cluded) is shown in Figure 5(A). Which graph, (B) or (C), is the graph of f”? 


7 7 y 
x k * 
Š 4 NF, 1 4 N /1 PaA 
(B) (C) 


(A) Graph of f 
FIGURE 5 


Solution In Figure 5(A), we see that on the intervals (0, 1) and (4,7), the graph is de- 
creasing, and therefore the tangent lines to the graph have negative slope . Thus, f'(x) 
is negative on these intervals. Similarly, on the intervals (1,4) and (7, co), the graph is 
increasing, and therefore the tangent lines have positive slope and f’(x) is positive (see 
the table in the margin). Only (C) has these properties, so (C) is the graph of f’. a 


The Derivative of f(x) = e 


The number e was introduced in Section 1.6 where we presented some important limit 
properties related to it. We will see here one of the most important calculus-related prop- 
erties of e: The exponential function f(x) = e” is its own derivative! When we consider 
the derivative of general exponential functions f(x) = b* in Section 3.9, we will see that 
f(x) = æ stands out as the exponential function with this property. 


THEOREM 3 The Exponential Function Rule 


. ' . . » * . 
In the proof we use the fact that him F L — 1, a limit that we investigated numeri- 
— 


cally and graphically in Section 2.5. 


Proof First, for f(x) = e* we have 


f(x +h) = f(x) B ež th — eX exeh — et ex (eh = 


y fœ) = 3e” -— 5x? 


y =2.17x — 2.17 


= FIGURE 6 


GJ FIGURE 7 Secant lines at a jump 
discontinuity. 
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It follows that, 
lim £C +h) fœ) n e(e®-1) 
= [as a a | in 
Po h a or 
h 
e — ] 
=e ji 
á lim ( h ) 
= e*ř 
Therefore, for f(x) = e* we have f'(x) = e*. x 


Notice that in the proof, we could factor e* outside the limit because e* does not 
depend on h, the variable in the limit. 


EXAMPLE 8 Find the tangent line to the graph of f(x) = 3e* — 5x? at x = 2. 
Solution We compute both f’(2) and f(2): 


d d 
f@= (Be! — 5x?) = 3S — Sa” = 3e” — 10x 


f'(2) = 3e — 10(2) + 2.17 
fC) 32" — 509 22.17 


Since f’(2) is the slope and the tangent line passes through (2, f(2)), an equation of 
the tangent line is y — f(2) = f’(2)(x — 2). Using these approximate values, we write 
the equation as (Figure 6) 


y— 2.17 = 2.17@—2) or ý = 2.17x — 2.17 ie 


Differentiability, Continuity, and Local Linearity 


In the rest of this section, we examine the concept of differentiability more closely. We 
begin by proving that a differentiable function is necessarily continuous. In particular, 
a function with a jump discontinuity cannot be differentiable. Figure 7 shows why: Al- 
though the secant lines from the right approach the line L (which is tangent to the right 
half of the graph), the secant lines from the left approach the vertical (and their slopes 
tend to oo). 

So the limit of the slopes of the secant lines does not exist and therefore the function 
is not differentiable at the point where the jump discontinuity occurs. 


THEOREM 4 Differentiability Implies Continuity If f is differentiable at x = c, then 


f is continuous at x = c. 


Proof By definition, if f is differentiable at x = c, then the following limit exists: 


im 2 (x) — f(e) 


NETIC 


f= 
We must prove that lim f(x) = f(c), because this is the definition of continuity at x = c. 


To relate the two limits, consider the equation (valid for x Æ c) 
f(x) — fe) 


NEEN 


F(x) — flee) =œ- c) 
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Both factors on the right approach a limit as x —> c, so 


fQ)— fo) 


v a h 


= (tim (x =o) (tim 22O) 


=0- fi(c)=0 


lim( FO) - f0) = lim (e-o 


by the Product Law for limits. The Sum Law now yields the desired conclusion: 


lim f(x) = lim(f(@) — FO) + lim fe =0+ FO = FO : 


Most of the functions encountered in this text are differentiable, but exceptions exist. 
As we saw in Example 5 in Section 3.1, the functions f(x) = |x| and g(x) = x!” are not 
differentiable at x = 0. Note that both of these functions are continuous at x = 0, and 
therefore they demonstrate that continuity at a point does not imply differentiability at 
the point (i.e., the converse of Theorem 4 does not hold). 

Example 5 in Section 3.1 showed that f(x) = |x| is not differentiable at 0 due to 
the corner in its graph, and g(x) = x!/? is not differentiable at x = 0 due to the vertical 
tangent. The function 


= 1 > 
xsn= ifx 40 
h(x) = = 
@) t ifx =0 


is also continuous and not differentiable at x = 0, but its failure to be differentiable is 
more complicated than the situation with f and g (see Figure 8). In this case the secant 


lines from (0,0) to nearby points Q on the curve oscillate and do not settle down toa _ | 


limiting tangent as Q approaches the origin (see Exercise 95). 


y Y 


(A) Graph of h (B) Secant lines do not settle 
down to a limiting position. 


FIGURE 8 


As we have seen with f(x) = |x], g(x) = x!/9, and h above, a function may not be 
differentiable at a point because of unusual behavior of the function near the point. On 
the other hand, as we see in the following Graphical Insight, differentiability at a point 
implies that a function behaves quite nicely near the point. 


GRAPHICAL INSIGHT Differentiability has an important graphical interpretation in 
terms of local linearity. We say that f is locally linear at x = a if the graph looks 

| more and more like a straight line as we zoom in on the point (a, f(a)). In this context, 
the adjective linear means “resembling a line,” and local indicates that we are con- 
cerned only with the behavior of the graph near (a, f(a)). The graph of a locally linear 
function may be very wavy or nonlinear, as in Figure 9. But as soon as we zoom in on 
a sufficiently small piece of the graph, it begins to appear straight. 


NN 


FIGURE 9 Local linearity: The graph looks 
more and more like the tangent line as we 
zoom in on a point. 


FIGURE 10 The graph of f(x) = |x| is 
not locally linear at x = 0. The corner does 
not disappear when we zoom in on the 
origin. 
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Not only does the graph look like a line as we zoom in on a point, but as Figure 9 
suggests, the “zoom line” is the tangent line. Thus, the relation between differentiability 


and local linearity can be expressed as follows: 


If f'(a) exists, then f is locally linear at x = a. That is, as we zoom in on 
the point (a, f(a)), the graph becomes nearly indistinguishable from its 
tangent line. 


Local linearity gives us a graphical way to understand why f(x) = |x| is not differ- 
entiable at x = 0. Figure 10 shows that the graph of f(x) = |x| has a corner at x = 0, 
and this corner does not disappear, no matter how closely we zoom in on the origin. 
Since the graph does not straighten out under zooming, f is not locally linear at x = 0, 
reflecting that f is not differentiable at x = 0. 


3.2 SUMMARY 


° The derivative f’ is the function whose value at x is the derivative f’(x). 
* We have several different notations for the derivative of y = f(x): 


dy df 
dx’ dx 

The value of the derivative at a particular point x = a is written 
df 


> 
a dx 


y, ye FON 


/ / dy 
y (a), F (a), de 


x=4 


e Derivative Rules 


d 
The Constant Rule: —c =0 The Power Rule: = x" = nx"! 
dx dx 


The Exponential Function Rule: ae =e 
X 


The Linearity Rules: (f + g)’ = f’ +g’ and (cf) = cf 
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3.2 EXERCISES 


Preliminary Questions 


1. What is the slope of the tangent line through the point (2, f(2)) if 


f'@) =x°? 


2. Evaluate (f — g)’(1) and (3 f + 2g)'(1), assuming that f’(1) = 3 and 


etly=o- 


DIFFERENTIATION 


°. Differentiability implies continuity: If f is differentiable at x = a, then f is continu- 


ous at x = a. However, there exist continuous functions that are not differentiable. 


¢ If f'(a) exists, then f is locally linear in the following sense: As we zoom in on the 


point (a, f(a)), the graph becomes nearly indistinguishable from its tangent line. 


3. To which of the following does the Power Rule apply? 


(a) f(x) =x? 


Exercises 


b) f(x) = 2° 


In Exercises 1—6, compute f'(x) using the limit definition. 


1. f(x)=3x-7 


2. f(x) =x? +3x 
4. f(x)=1—x7} 


© fax)= oe 


In Exercises 7-14, use the Power Rule to compute the derivative. 


3. f(x) =x? 
& f(x)=—x —/x 
ie Os 

dë |2 
is 

dt t=8 

d 
rS 0.35 

dx ü 
13, £ v7 


In Exercises 15—18, compute f'(x) and find an equation of the tangent line 


to the graph at x = a. 


15. f(x)=x*, a=2 


17. f(x) =5x—-—32.//x%, a=4 


19. Calculate: 


d 


Hint for (c): Write e'—3 as e~et. 


d 
8. —r3 
dt  li=4 
10. Z us| 
dt =] 
d 
12. a 14/3 
dx č 
d 2 
4. — ee 
1 E7 t 


16. f(x)=x?, a=5 
18. fo)= Jx, 223 


(b) = (254 — 8e!) (c) 2 3 


20. Find an equation of the tangent line to y = 24e* at x = 2. 


In Exercises 21-32, calculate the derivative. 


21. f(x) = 2x3 — 3x2 +5 
23. f(x) = 4x°/3 — 3x72 — 12 


24. f(x) = x9/4 + 4x7-3/2 + 11x 


25. e(z) = 7754475 +9 


27. f(s) = 4s + Xs 
29. g(x) = e? 


22. f(x) = 2x3 — 3x? + 2x 


= 
vt 


28. W(y) = 6y* + Ty? 


26. h(t) = 6./t + 


30. f(x) =3e — x3 


(c) f(x) =x* 
(e) f(x) =x* 


(d) fa)= e 
E fœ) =x 


4. State whether each claim is true or false. If false, give an example 


demonstrating that it is false. 
(a) If f is continuous at a, then f is differentiable at a. 
(b) If f is differentiable at a, then f is continuous at a. 


31. A(t) = 5e? 


32. f(x) =9 — 12x13 + 8e 


In Exercises 33-38, expand or simplify the function, and then calculate the 


derivative. 

33. P(s) = (4s — 3} 

34. O(r) = (1 — 2r)(3r + 5) 
35. f(x) =(2—x)(2 + x) 
36. g(w) = (1+ 2w)? 


2 1/2 
x+ 4x 1 —2t 
ais g(x) = = gg 38. s(t) = 7e 
In Exercises 39-44, calculate the derivative indicated. 
dT dP 7 
39. —| , T=30P E Dn 
dC \c=8 j c dV |v=—2’ V 
ds dR 
41. —| , s=4z—167" t == , R=w 
d 
43, = , r=t—e! 4g, 22 , p=Teb-2 
dt |= dh | ,=4 


45. Match the functions in graphs (A)-(D) with their derivatives (0I) 
in Figure 11. Note that two of the functions have the same derivative. 


Explain why. 


7 y Ji 
xX 3 : * 
x 
B) © D) 


(A) 


(1) (I) (iT) 


FIGURE 11 


46. E Fí Of the two functions f and g in Figure 12, which is the deriva- 
tive of the other? Justify your answer. 


FIGURE 12 


47. Assign the labels y = f(x), y = g(x), and y = h(x) to the graphs in 
Figure 13 in such a way that f'(x) = g(x) and g'(x) = h(x). 


(A) (B) (C) 


FIGURE 13 


48. Prove each of the following using the definition of the derivative. 
(a) The First-Power Rule: ox =l 


(b) The Constant Rule: te = 0 


49. Use the rules in Exercise 48 and the Linearity Rules to prove the first 
part of Theorem 1 in Section 3.1. 


50. According to the Peak Oil Theory, first proposed in 1956 by geophysi- 
cist M. Hubbert, the total amount of crude oil Q(t) produced worldwide up 
to time ż has a graph like that in Figure 14. 


(a) Sketch the derivative Q’(t) for 1900 < t < 2150. What does Q’(t) 
represent? 


(b) In which year (approximately) does Q’(t) take on its maximum value? 
(c) Whatis L = jim, Q(t)? And what is its interpretation? 


(d) What is the value of lim Q’(t)? 
t—> 00 


Q (trillions of barrels) 


2000 2050 2100 2150 


t (year) 


1900 1950 


FIGURE 14 Total oil production up to time f. 
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51. [Ő Use the table of values of f to determine which of (A) or (B) in 
Figure 15 is the graph of f’. Explain. 


EE aen Ws 92 “25> 3 aS 2 


10 55 98 139 177 210 237 257 268 


y 


x x 


(A) (B) 
FIGURE 15 Which is the graph of f’? 
52. Let R be a variable and r a constant. Compute the derivatives: 


d d 
(a) =z R (b) aR’ 


d 
JR (c) — r R 


dR 
53. Compute the derivatives, where c is a constant. 


(pcs? (b) Z +4ez?) 
Z 


dt 


D © (9¢2y3 — 246) 
dy 


54. Find the points on the graph of f(x) = 12x — x? where the tangent 
line is horizontal. 


55. Find the points on the graph of y = x? + 3x — 7 at which the slope of 
the tangent line is equal to 4. 


56. Find the values of x where y = x? and y = x? + 5x have parallel tan- 
gent lines. 


57. Determine a and b such that 
P(x) =x? +ax +b 
satisfies p(1) = 0 and p’(1) = 4. 
58. Find all values of x such that the tangent line to 
y= 4x? +ilx+2 
is steeper than the tangent line to y = x3. 
59. Let f(x) = x? — 3x + 1. Show that f'(x) > —3 for all x and that, for 
every m > —3, there are precisely two points where f'(x) = m. Indicate 
the position of these points and the corresponding tangent lines for one 


value of m in a sketch of the graph of f. 


60. Show that the tangent lines to y = T —x* at x =a and at x = b 
are parallel if a = b ora +b = 2. 


61. Compute the derivative of f(x) = x?/? using the limit definition. 
Hint: Show that 


fath) ~ fa) +h? -z 
h = h 


1 
as) 
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62. Compute the derivative of f(x) =.x!/? using the limit definition. 


Hint: Multiply the numerator and denominator in the difference quotient 


ftf) py 


(x + hP + +hy3x'3 4 x24 


63. In each case use the limit definition to compute /’(0), and then find 
the equation of the tangent line at x = 0. 


(a) f(x) = xe 
(b) f(x)=—x*e" 


64. The average speed (in meters per second) of a gas molecule is 


SRT 
vee VM 


where T is the temperature (in kelvins), M is the molar mass (in kilograms 
per mole), and R = 8.31. Calculate dvavg/dT at T = 300 K for oxygen, 
which has a molar mass of 0.032 kg/mol. 


65. The brightness b of the sun (in watts per square meter) at a distance 
of d meters from the sun is expressed as an inverse-square law in the form 
b= gn where L is the luminosity of the sun and equals 3.9 x 107° watts. 
What is the derivative of b with respect to d at the earth’s distance from 
the sun (1.5 x 10!! m)? 


66. A power law model relating the kidney mass K in mammals (in kilo- 
grams) to the body mass m (in kilograms) is given by K = 0.007m°-35, 
Calculate d K /dm at m = 68. Then calculate the derivative with respect to 
m of the relative kidney-to-mass ratio K /m at m = 68. 


67. The Clausius—Clapeyron Law relates the vapor pressure of water P 
(in atmospheres) to the temperature T (in kelvins): 


where k is a constant. Estimate d P/dT for T = 303, 313, 323, 333, 343 
using the data and the symmetric difference approximation 


dP P(T +10) — P(T — 10) 
ar’ 20 


T (K) 293 323 333 343 353 


P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754 


Do your estimates seem to confirm the Clausius—Clapeyron Law? What is 
the approximate value of k? 


68. Let L be the tangent line to the hyperbola xy = 1 at x = a, where 
a > 0. Show that the area of the triangle bounded by L and the coordinate 
axes does not depend on a. 


69. In the setting of Exercise 68, show that the point of tangency is the 
midpoint of the segment of L lying in the first quadrant. 


70. Match functions (A}{C) with their derivatives (I)(LID) in Figure 16. 


4 y 
l 
Lal 
(A) (1) 
y y 
x 
x 
(B) (i) 
K y 
| x 
x 
(C) (IH) 


FIGURE 16 


71. Make a rough sketch of the graph of the derivative of the function in 
Figure 17(A). 


72. Graph the derivative of the function in Figure 17(B), omitting points 
where the derivative is not defined. 


y 


FIGURE 17 
73. Sketch the graph of f(x) = x |x|. Then show that f’(0) exists. 
74, Determine the values of x at which the function in Figure 18 is: (a) dis- 


continuous and (b) nondifferentiable. 


¥ 


FIGURE 18 


No 


(Gu) In Exercises 75-80, zoom in on a plot of f at the point (a, f(a)) 
and state whether or not f appears to be differentiable at x = a. If it is 
nondifferentiable, state whether the tangent line appears to be vertical or 
does not exist. 

16. f(ix)=(x-—3P, a=3 


75. f(x)=a-Dx|, a=0 


77. f(x)=@—3)'7, a=3 78. f(x) =sin(x!/3), a=0 


79. {&%)=|snal, a=0 80. f(x)=|x—sinx|, a=0 


81. Find the coordinates of the point P in Figure 19 at which the tangent 
line passes through (5, 0). 


FIGURE 19 


82. (GU) Plot the derivative f’ of f(x) = 2x3 — 10x7! for x > 0 and 
observe that f'(x) > 0. What does the positivity of f'(x) tell us about the 
graph of f itself? Plot f and confirm this conclusion. 


Exercises 83—86 refer to Figure 20. Length QR is called the subtangent at 
P, and length RT is called the subnormal. 
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83. Calculate the subtangent of 
f(x) =x? + 3x atx =2 
84. Show that the subtangent of f(x) = e* is everywhere equal to 1. 


85. Prove in general that the subnormal at P is | f œ) f œ). 


86. Show that PO has length | f(x)|./1 + f'y. 


P = (x, f(x)) 


Tangent line 


FIGURE 20 


87. Prove the following theorem of Apollonius of Perga (the Greek math- 
ematician born in 262 BCE who gave the parabola, ellipse, and hyperbola 
their names): The subtangent of the parabola y = x? at x =a is equal 
to a/2. 


88. Show that the subtangent to y = x? at x = a is equal to 2/3. 


89. Á | Formulate and prove a generalization of Exercises 87 and 88 for 
yx”. 


Further Insights and Challenges 


90. Two small arches have the shape of parabolas. The first is the graph 
of f(x) = 1 — x? for —1 < x < 1 and the second is the graph of g(x) = 
4 — (x — 4} for 2 < x < 6. A board is placed on top of these arches so it 
rests on both (Figure 21). What is the slope of the board? Hint: Find the 
tangent line to y = f(x) that intersects y = g(x) in exactly one point. 


FIGURE 21 


91. A vase is formed by rotating y = x? around the y-axis. If we drop in 
a marble, it will either touch the bottom point of the vase or be suspended 
above the bottom by touching the sides (Figure 22). How small must the 
marble be to touch the bottom? 


FIGURE 22 


92. EA Let f be a differentiable function, and set the function g(x) = 
f(x + c), where c is a constant. Use the limit definition to show that 
g'(x) = f'(x + c). Explain this result graphically, recalling that the graph 
of g is obtained by shifting the graph of f c units to the left (if c > 0) or 
right (if c < 0). 


93. Negative Exponents Letn be a whole number. Calculate the deriva- 
tive of f(x) = x~" by showing that 


f(x th) — f(x) in ol (x +h)? — x" 
h = x"(x+hy h 
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94. Verify the Power Rule for the exponent 1/n, where n is a positive inte- 
ger, using the following trick: Rewrite the difference quotient for y = x t/n 
at x = b in terms of 


u =(b+h)/” and a=b!" 


95. Infinitely Rapid Oscillations Define 


Show that A is continuous at x =0 but h’(0) does not exist (see 
Figure 8). 


96. For which value of à does the equation e” = Ax have a unique solu- 
tion? For which values of À does it have at least one solution? For intuition, 
plot y = e” and the line y = Ax. 


97. If lim fcn- and lim, feth- fi) exist but are not equal, then 
h>0- h->0 
f is not differentiable at c, and the graph of f has a corner at c. Prove that 


f is continuous at c. 


3.3 Product and Quotient Rules 


This section covers the Product Rule and Quotient Rule for computing derivatives. 
These two rules, together with the Chain Rule and implicit differentiation (covered in 
later sections), make up an extremely effective differentiation toolkit. 


4 REMINDER The product function fg is 
defined by (fex) = f(x) g(x). 


entiable and 


THEOREM 1 Product Rule 


(fay (x) = f(x) gx) + f(x) g'(x) 


If f and g are differentiable functions, then fg is differ- 


It may be helpful to remember the Product Rule in words: The derivative of a product 
of terms is equal to the derivative of the first term times the second plus the first term times 
the derivative of the second: 


(first) - second + first - (second)’ 


Be careful when taking the derivative of products. The product rule is not (fg) = 
f'g’; that is, it does not say that the derivative of a product is the product of the 


derivatives. 


We prove the Product Rule after presenting some examples. 


EXAMPLE 1 Find the derivative of A(x) = x7(9x + 2). 


Solution This function is a product: 


First Second 


h(x) = x? (9x +2) 


By the Product Rule (in Leibniz notation), 


7 d 2 m 2 
A )(Qx+2) + 3 


(Fio: First 
pow, Second 
m 


(Second)’ 


d 
= (2x)(9x + 2) + Œ?) = 27x? + 4x = 


EXAMPLE 2 Find the derivative of y = (2 + x~!)(x3/2 + 1). 


Solution Use the Product Rule: 


Note how the prime notation is used in the 
solution to Example 2. We write (x? + 1) 
to denote the derivative of x3/2 + 1. 


(Firsty - Second + First - (Second)’ 
meee, 
y'= (24271) (x97 + 1) 4 (2 PTY 


=(- i) (ee? +1)+ (2+ xt) (3'2) (compute the derivatives) 


eax? L a? 4 ay! 4 3x 1/2 = $x! "e pt (simplify) m 


NG 


7 | Wit) 


L(t) 


FIGURE 1 The length and width of the 
rectangle change in time. 


f+ Dlx +) — g@) 


g(x + h) 


F(x +h) 


FIGURE 2 
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In the previous two examples, we could have avoided the Product Rule by expanding 
the function. Thus, the result of Example 2 can be obtained as follows: 


y = (2+ x7!) (x 4:1) = 2x 4244172 4x74 
d be 
y= rm (2x99 + 2+? xl) = Bll? + 3x — 2 
x 


In the next example, the function cannot be expanded, so we must use the Product 
Rule (or go back to the limit definition of the derivative). 


d 
EXAMPLE 3 Calculate — (2e). 
dt 
d 
Solution Use the Product Rule and the formula A e=e': 


(First)’ - Second + First - (Second)’ 


———————————— a 
d Za d 2i i 2 d í i ro 2f 
= (5 )= ($2): +t a = 2te +t (e) = (Qt+t)e ie 


EXAMPLE 4 Figure 1 depicts a rectangle whose length L(t) and width W(t) (measured 
in inches) are varying in time (t, in minutes). At t = 5, the length is 8, the width is 5, and 
they are changing according to L’(5) = —4 and W’(5) = 3. Compute A’(5). 


Solution Since the area is given by A(t) = L(t)W (t), we can use the product rule to 
compute A’(t). We have A’(t) = L’(t)W(t) + L(t)W’(t). Therefore, 


A’(5) = (—4)(5) + (8)(3) = 4 ia 


It follows that the area of the rectangle in the example is increasing at a rate of 
4 in.2/min at t = 5. This may appear counterintuitive, given that the length is decreas- 
ing at a faster rate than the width is increasing. What is important, as the Product Rule 
demonstrates, is that the decreasing length acts over a short width of 5, contributing —20 
to the rate of change of area, while the increasing width acts over a long length of 8, 
contributing 24 to the rate of change of area, resulting in an increasing area. 


Proof of the Product Rule According to the limit definition of the derivative, 


f(x +hjg(x +h) ~— f(x)g@) 
h 


We can interpret the numerator as the area of the shaded region in Figure 2: the area of the 
larger rectangle f(x + h)g(x + h) minus the area of the smaller rectangle f(x)g(x). This 
shaded region is the union of two rectangular strips, so we obtain the following identity 
[which we can also obtain algebraically by adding and subtracting the term f(x + h)g(x) 
from the left-hand side and then manipulating the result algebraically]: 


f(x +h)g +h) — f(x)g(x) = (fœ +h) — f(x))g(x) + f(x +h)(g(x +h) ~ g(x)) 
Now use this identity to write (fgy (x) as a sum of two limits: 
mae Hie eT) Se ; a(x +h) — g(x) 
(OG) = Kn ee) iG +) [a] 


Sae a S, 
We show that this equals f’(x)e(x). We show that this equals f(x)g'(x). 


(78) œ) = lim 


The use of the Sum Law is valid, provided that each limit on the right exists. To check 
that the first limit exists and to evaluate it, we note that f is differentiable. Thus, 


, J+ B= fC). 4 fea) 
iy ee ee 


= f'(x) g(x)’ 
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4 REMINDER The quotient function f/g 


is defined by 


The second limit is similar, but using the facts that f is continuous (because it is differ- 
entiable) and g is differentiable: 


g(x +h) — g(x) g(x +h) — g(x) 


; = lim f(x +h) lim 7 = f(x)g'(x) 


Using Eq. (2) and Eq. (3) in Eq. (1), we conclude that fg is differentiable and that 
(fe) (x) = f'(x)g(x) + f(x)g'(x) as claimed. “ 


li h 
lim fP ) 


CONCEPTUAL INSIGHT The Product Rule was first stated by the 29-year-old Leibniz in 
1675, the year he developed some of his major ideas on calculus. To document his 
process of discovery for posterity, he recorded his thoughts and struggles, the moments 
of inspiration as well as the mistakes. In a manuscript dated November 11, 1675, Leib- 
niz suggests incorrectly that (fgy equals f’g’. He then catches his error by taking 
f (x) = g(x) = x and noticing that 


(fg) (x) = (x°) =2x  isnotequalto = f’(x)g'(x) = 1-1=1 


Ten days later, on November 21, Leibniz writes down the correct Product Rule and 
comments, “Now this is a really noteworthy theorem.” 


The next theorem states the rule for differentiating quotients. Note, in particular, that 
(f/gy is not equal to the quotient f’/g’; the derivative of the quotient is not the quotient 
of the derivatives. 


THEOREM 2 Quotient Rule If f and g are differentiable functions, then f/g is dif- 
ferentiable for all x such that g(x) Æ 0, and 


Ho- 
§ 


a(x) f(x) — f(x)g’(x) | 
gO) 


The numerator in the Quotient Rule is the bottom times the derivative of the top minus 
the top times the derivative of the bottom. The denominator is the bottom squared: 


bottom - (top)’ — top - (bottomy’ 
bottom? 


Proof of the Quotient Rule Let Q(x) = f(x)/g(x). Our goal is to find the formula for 
Q’(x). First, we multiply the equation for Q(x) through by g(x), then use the product 
rule on the result, and finally solve for Q’(x). So, multiplying by g(x) we have f(x) = 
Q(x) - g(x). Differentiating both sides, utilizing the Product Rule for the right side, we 
obtain f'(x) = Q’(x)- g(x) + Q(x) - g'(x). Solving for Q’(x), we obtain 


oy = LO= Ole) a) LO sep) _ sets) — Fede’) 
g(x) g(x) g(x)2 


as we wanted to show. a 


An alternative proof appears in Exercises 66-68. 


Note that it is not always the simplest 
method to apply the Quotient Rule. If we 
want to differentiate the function 


w(x) = , it is easier to rewrite it 


as w(x) = x~!/2 — x? and then 
differentiate it directly. 


FIGURE 3 Apparatus of resistance R 
attached to a battery of voltage V. 
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EXAMPLE 5 Compute the derivative of f(x) = i = Ju 
X 


Solution Apply the Quotient Rule: 


Bottom (Top Top (Bottom) 


aati g aaa 
f@)= (1+x7) (x) = O 4x2! | (14x?) ax) 


(1 + x2)2 a (1 + x2)? 
o l+? -2x 1-2? = 
~ A+} A+} 
d e 
EXAMPLE 6 Calculate — | —— }. 
dt \ei+t 
Solution Use the Quotient Rule and the formula (efY = e: 
d ef Ne PS) ee at) eae’ ene File Oe Ie 
dt\et+t] (et + t)2 E (et +i)? ~ (et +4)? 
24%=2 
EXAMPLE 7 Find the tangent line to the graph of f(x) = “= Ae =="). 
X 
Solution 
Bottom (Topy Top (Bottom 
PR d (= +x—2\ _ (4? +1) Bx? +x — 2Y — (3x? +x — 2) (4x? + 1Y 
~ de \ ae LA (4x3 + 1) 
(4x3 + 1)(6x + 1) — (3x? + x — 2)(12x?) 
E (4x3 + 1)? 
7 (24x4 + 4x? 6x + 1) = (36x4 + 12x3 — 24x?) 
7 (4x3 + 1)? 
_ —12x* — 8x? + 24x? + 6x + 1 
7 (4x3 + 1)2 
AGx =e |, 
412 .2 
1 = Cia = 
f0) 4+1 5 
—12—~84244641 11 
/ 
hre eS e 
fQ) z2 = 
An equation of the tangent line at (1, 2) is 
2 11, ae 11 1 n 
— — = —(x — = — xy — — 
? a y 
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EXAMPLE 8 Power Delivered by a Battery The power that a battery supplies to an 
apparatus such as a laptop depends on the internal resistance of the battery. For a bat- 
tery of voltage V and internal resistance r, the total power delivered to an apparatus of 


resistance R (Figure 3) is 
V7R 
P = —— 
(R +r? 
(a) Calculate dP/dR, assuming that V and r are constants. 
(b) Where, in the graph of P versus R, is the tangent line horizontal? 
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Solution 


(a) Using the Constant Multiple Rule (V is a constant) and the Quotient Rule, we obtain 


2d d 2 
dP EAI R j- vE RR-R RRt) [4] 


a eae a -S 
dR dR \(R+r/) (R+r)4 


We have £R = 1, and £r = 0 because r is a constant. Therefore, 
d 2. Lra 2 
—(R = — (R + 2r R 
TRS +r) aR +2rR+r*) 


d d d 
= pe ork r 


dR dR dR 
=2R+2r+0=%AR+r) | 5 | 
Using Eq. (5) in Eq. (4), we obtain 
P 

dP >(R+r)* —2R(R +r) >(R+r)—2R > r—R 

= ype ee U a yE a ee 

dR (R +r) (R+r) (R+r) 
(b) The tangent line is horizontal when the derivative is zero. We see from Eq. (6) that 
the derivative is zero when r — R = 0; that is, when R =r. B 

R . . 

3 GRAPHICAL INSIGHT Figure 4 shows that the point where the tangent line is horizontal 
ee is the maximum point on the graph. This proves an important result in circuit design: 
oh oS iina cinta Maximum power is delivered when the resistance of the load (apparatus) is equal to the 

v2R internal resistance of the battery. 
P= 
(R+r)/ 
3.3 SUMMARY 
* Two basic rules of differentiation: 
Product Rule: (fey = f'g + fe’ 
/ ee 
Quotient Rule: (£) = Ss 
§ § 
* Remember: The derivative of fg is not equal to f'g’. Similarly, the derivative of f/2 
is not equal to f’/g’. 
3.3 EXERCISES 
Preliminary Questions 
1. Are the following statements true or false? If false, state the correct (d) a fe) = f(4)9'(4) — 2(4) f'(4) 
version. dx ia 
(a) fg denotes the function whose value at x is f(g(x)). (e) F fg) = f'(0)g(0) + f(0)g’(0) 
X x=0 
(b) f/g denotes the function whose value at x is f(x)/g(x). 2. Find (f/2¥0)if f0) = f'(1) = g(1) = 2 and g'(1) = 4. 


(c) The derivative of the product is the product of the derivatives. 3. Find g(1) if f(1) = 0, f'(1) = 2, and (fey (1) = 10. 
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“eet E e e A A 


Exercises 


In Exercises 1—6, use the Product Rule to calculate the derivative. 


1. f(x) = x?(2x? + 1) 2. f(x) = Gx —5)(2x? — 3) 


3. f(x) =x%e* 4. f(x) = (2x —9)(4e" + 1) 
5. md , h(s) = (s7! +. 287 — s7!) 
ds s=4 
6 si y = (t — 8t-!yet +17) 
i dt AY 


In Exercises 7—12, use the Quotient Rule to calculate the derivative. 


x+4 


x 

na ae et CO pees ra 

dg tl dw 2 
9, = 3 Hj= 10. a 3 w= 

dt|,.9 80) = 1 dz |;=9 Jz+z 

e“ 
; = =~ es = = 

Ae BONS eg IO ey 


In Exercises 13-18, calculate the derivative in two ways. First use the 
Product or Quotient Rule; then rewrite the function algebraically and 
directly calculate the derivative. 


5 


eae x 
13. f(x) =x3x 14. h(x) = a 
15. f(t) = (2t + 1X — 2) 16. f(x) =x*?B4+x7)) 
t? -1 
17. h(t) = = 
3 2 —1 
18. g(x) = x + 2x" + 3x" 
xX 

In Exercises 19-40, calculate the derivative. 
19. f(x) = (x? + 5x? +x + 1) 20. f(x) = (4e — x? Xx? + 1) 
n. 2 , POAR », E SF aint 

dx | =3 x+10 dx |;=? 3x2 +1 

9x5/2 _ 2 

23. f(x) = (~x + Dx — 1) 24. fx)= -R 

dy _ x4 at pe 
25. |? Ee 26. f(x) = ae 

dz 1 3x3 —x*42 
27. el = 28. f(x) = == 

t 
TS (t+ 1X? + 1) 
30. f(x) = x? (2x4 — 3x + x7!) A 
31. f(x) = xe? 32. h(x) = 27(x — 1) 
33. f(x) = (x #3)(x — D(x — 5) 
34. f(x) =e @? + LY +4) 
e* x+1 

35. f(x) = TE 36. f(x)= = 


2- 4 2 
37. g(z)= ( ) (5) Hint: Simplify first. 
2ml z+2 


38. ((ax + b)(abx? + 1)) (a,b constants) 


d 
dx 


—4 
39. A (==) (x constant) 


40. 


d fax+b 

— d 

= (= +2) (a, b, c, d constants) 

In Exercises 41—44, calculate f'(x) in terms of P(x), Q(x), and R(x), as- 
suming that P’(x) = Q(x), Q’(x) = —R(x), and R'(x) = P(x). 


41. f(x) = xR(x) + Qx) 42. f(x) = Q(®)P@) 


P(x) “Me Os O(x) R(x) 


43. f(x) = OG) ae P(x) 


In Exercises 45—48, calculate the derivative using the values: 


45. (fg) (4) and (f/g)'(4) 
46. F'(4), where F(x) = x? f(x) 


47. G'(4), where G(x) = (g(x)? 


j a x 
48. H' (4), where H(x) = Téa) FTO 


In Exercises 49 and 50, a rectangle’s length L(t) and width W(t) (mea- 
sured in inches) are varying in time (t, in minutes). Determine A'(t) in 
each case. Is the area increasing or decreasing at that time? 


49. Att = 3, we have L(3) = 4, W(3) = 6, L'(3) = —4, and W’ (3) = 5. 
50. Att = 6, we have L(6) = 6, W (6) = 3, L'(6) = 5, and W’(6) = —2. 
51. Calculate F’(0), where 


x? + xê + 4x5 — 7x 


F EE ue —————— 
ag eae ae 


Hint: Do not calculate F’(x). Instead, write F(x) = f(x)/g(x) and express 
F'(0) directly in terms of f(0), f’(0), g(0), g’(0). 


52. Proceed as in Exercise 51 to calculate F’(0), where 


- 5 4 


53. Use the Product Rule to calculate ae. 
x 


54. (GU) Plot the derivative of f(x) = x/(x? + 1) over [—4, 4]. Use the 
graph to determine the intervals on which f'(x) > 0 and f’(x) < 0. Then 
plot f and describe how the sign of f'(x) is reflected in the graph of f. 


55. (Gu) Plot f(x) = x/(x? — 1). Use the plot to determine whether 
f'(x) is positive or negative on its domain {x : x # +1}. Then compute 
f'(x) and confirm your conclusion algebraically. 
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56. Let P = VR/(R +r)” as in Example 8. Calculate dP/dr, assuming 
that r is variable and R is constant. 


57. Find a > 0 such that the tangent line to the graph of 
f(x)=x*e* atx=a 


passes through the origin (Figure 5). 


FIGURE 5 


58. Current 7 (amperes), voltage V (volts), and resistance R (ohms) in a 
circuit are related by Ohm’s Law, 7 = V/R. 


dl 
(a) Calculate aR if V is constant with value V = 24. 


R=6 


dV 
(b) Calculate TR if J is constant with value J] = 4. 


R=6 


59. The revenue per month eared by the Couture clothing chain at time t 
is R(t) = N(t)S(t), where N(t) is the number of stores and S(t) is average 
revenue per store per month. Couture embarks on a two-part campaign: 
(A) to build new stores at a rate of five stores per month, and (B) to use 
advertising to increase average revenue per store at a rate of $10,000 per 
month. Assume that N(O) = 50 and S(O) = $150,000. 


(a) Show that total revenue will increase at the rate 


E = 5S(t) + 10,000 N (t) 


Further Insights and Challenges 
65. Let f, g, h be differentiable functions. Show that ( f ghy (x) is equal to 


Fgh) + Sg hE) + fagh x) 
Hint: Write fgh as f (gh). 
66. Prove the Quotient Rule using the limit definition of the derivative. 


67. Derivative of the Reciprocal Use the limit definition to prove 


A aA N a £@) 
A 


Hint: Show that the difference quotient for 1/f (x) is equal to 


TŒ- SE Th 
hf (x) f(x +h) 


Note that the two terms in the Product Rule correspond to the separate 
effects of increasing the number of stores and the average revenue per 
store. 


dR 
(b) Calculate — 

dt t=0 
(c) If Couture can implement only one leg (A or B) of its expansion at 
t = 0, which choice will grow revenue most rapidly? 


60. The tip speed ratio of a turbine is the ratio R = T/W, where T is the 
speed of the tip of a blade and W is the speed of the wind. (Engineers 
have found empirically that a turbine with n blades extracts maximum 
power from the wind when R = 2z/n.) Calculate dR/dt (t in minutes) 
if W = 35 km/h and W decreases at a rate of 4 km/h per minute, and the 
tip speed has constant value T = 150 km/h. 


61. The curve y = 1/(x? + 1) is called the witch of Agnesi (Figure 6) after 
the Italian mathematician Maria Agnesi (1718-1799). This strange name 
is the result of a mistranslation of the Italian word la versiera, meaning 
“that which turns.” Find equations of the tangent lines at x = +1. 


FIGURE 6 The witch of Agnesi. 


62. Let f(x) = g(x) = x. Show that (f/2) 4 f’/2’. 
63. Use the Product Rule to show that ( £7)’ = 2 ff’. 
64. Show that (f°)! = 3 f? f’. 


68. Prove the Quotient Rule using Eq. (7) and the Product Rule. 


69. Use the limit definition of the derivative to prove the following special 
case of the Product Rule: 


Lof (x)) = f(x) + xfx) 


70. Use the limit definition of the derivative to prove the following special 
case of the Quotient Rule: 


@ ( t0) _ xf'@)— f@) 


dx x x2 


71. The Power Rule Revisited If you are familiar with proof by induc- 
tion, use induction to prove the Power Rule for all whole numbers n. Show 
that the Power Rule holds for n = 1; then write x” as x - x”—! and use the 
Product Rule. 


Ne 


SECTION 34 Rates of Change 153 


Exercises 72 and 73: A basic fact ofalgebra states that c is a root of a poly- 
nomial f if and only if f (x) = (x — c)g(x) for some polynomial g. We say 
that c is a multiple root if f(x) = (x — c)*h(x), where h is a polynomial. 


72. Show that c is a multiple root of f if and only if c is a root of both f 


and f’. 


73. Use Exercise 72 to determine whether c = —1 is a multiple root. 


(a) x5 + 2x4 — 4x? — 8x? -x 42 
(b) x4 +x? — 5x? — 3x +2 


74. [4 Figure 7 is the graph of a polynomial with roots at A, B, FIGURE 7 
and C. Which of these is a multiple root? Explain your reasoning using 


Exercise 72. 


We usually omit the word “instantaneous” 
and refer to the derivative simply as the 
rate of change. This is shorter and also 
more accurate when applied to general 
rates, because the term “instantaneous” 
would seem to refer only to rates with 
respect to time. 


3.4 Rates of Change 


In this section, we pause from building tools for computing the derivative and instead 
focus on the derivative as a rate of change, particularly in applied settings. 

Recall the notation for the average rate of change of a function y = f(x) over an 
interval [xo, x1 |: 


Ay = change in y = f(x;) — f(xo) 


Ax = change in x = x1 — xo 


Ay _ fœ- feo) 


average rate of change = 
x Xi Xg 


In our prior discussion in Section 2.1, limits and derivatives had not yet been introduced. 
Now that we have them at our disposal, we can define the instantaneous rate of change 
of y with respect to x at x = xo: 


A 
instantaneous rate of change = f'(xo) = lim ae lim 


f(a) — Fo) 


Ax>0 Ax x1>% =X — XO 


Keep in mind the geometric interpretations: The average rate of change is the slope of 
the secant line (Figure 1), and the instantaneous rate of change is the slope of the tangent 
line (Figure 2). 


(xi f())) 


(Xo, fp) (xo, f(%)) 
x x 
Xo 
FIGURE 1 The average rate of change over FIGURE 2 The instantaneous rate of 
[x9, x1] is the slope of the secant line. change at xg is the slope of the tangent 


line. 
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How important are units? In September 
1999 the $125 million Mars Climate 
Orbiter spacecraft burned up in the 
Martian atmosphere before completing its 
scientific mission. According to Arthur 
Stephenson, NASA chairman of the Mars 
Climate Orbiter Mission Failure 
Investigation Board, 1999, “The ‘root 
cause’ of the loss of the spacecraft was the 
failed translation of English units into 
metric units in a segment of ground-based, 
navigation-related mission software.” 


Alexey Sin Shulicrtiock 


FIGURE 3 A time lapse of a lunar eclipse. 


By Eq. (1), dA/dr is equal to the 
circumference 27r. We can explain this 
intuitively as follows: Up to a small error, 
the area AA of the band of width Ar in 
Figure 4 is equal to the circumference 27r 
times the width Ar. Therefore, 
AA © 27rAr and 

dA es AA 


= = — = 2ar 
dr Ar>0 Ar 


Leibniz notation dy/dx is particularly convenient because it specifies that we are 
considering the rate of change of y with respect to the independent variable x. The rate 
dy/dx is measured in units of y per unit of x. For example, the rate of change of tem- 
perature with respect to time has units such as degrees per minute, whereas the rate of 
change of temperature with respect to altitude has units such as degrees per kilometer. In 
applications, it is important to be mindful of the units on rates of change and to interpret 
properly what the rate of change is communicating about the variables. 


EXAMPLE 1 Surface Temperatures During an Eclipse Since the moon has no at- 
mosphere to help moderate the temperature, its surface experiences large extremes in 
temperature (typically between —150°C and 120°C). Furthermore, the primary source of 
heat is direct radiation from the sun, so a location experiences its highest temperatures 
when in direct sunlight and lowest when in darkness. With a “day” on the moon being 
29.5 Earth days, a location on the moon will cycle between hottest and coldest tempera- 
tures over such a period of time. The only situation where this temperature-change cycle 
is disrupted is when the earth blocks the sun (that is, when a lunar eclipse is seen from 
Earth, as in Figure 3). During an eclipse, the temperature on the moon drops quickly, but 
then rebounds once the earth passes by the sun. 

Table 1 contains data on the temperature (T, in °C) at a location on the moon t 
minutes into an eclipse. 


TABLE 1 


t 0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 
T 45 37 7 —33 —61 —78 —86 —91 -—95 —97 —99 —101 —84 -33 12 37 


(a) Calculate the average rate of change of temperature T from the start of the eclipse to 
the time ¢* when the temperature was coldest and the average rate of change from f* to 
the end of the eclipse. 


(b) Use the difference quotient approximation to estimate the rate of change of the tem- 
perature 60, 160, and 260 min into the eclipse. 


Solution 


(a) From the table, we use t* = 220. The average rate of change from eclipse start to 
t* is D æ —0.66°C/min. The average rate of change from ¢* to eclipse end is 


37—(—101) mwa O e 
(b) + The rate of change at t = 60 is approximately eee = —1.40°C/min. 
°- The rate of change at t = 160 is approximately =217 (3) = —0.10°C/min. 


* The rate of change at t = 260 is approximately 523 = 2.25°C/min. 


For comparison, note that under normal circumstances if the moon heats from —150°C 
to 120°C in one-half of a lunar day (21,240 min), then the average rate of change of 


temperature is “2-59 x 0.013°C/min. a 


EXAMPLE 2 Let A = xr? be the area of a circle of radius r. 
(a) Compute dA/dr atr = 2 andr = 5. 
(b) Explain geometrically why dA/dr is greater at r = 5 than atr = 2. 


Solution The rate of change of area with respect to radius is the derivative 


OA ad =, 
a es )= 2 a] 
(a) We have 
dA dA 
=— =2n(22)21257 wad = = 2x (5) ~ 31.42 
dr r=? dr r=5 


FIGURE 4 The pink bands represent the 
change in area when r is increased by Ar. 


Although C(x) is meaningful only when x 
is a whole number, economists often treat 
C(x) as a differentiable function of x so 
that the techniques of calculus can be 
applied. This is reasonable when the 
domain of C is large. 


50 100 150 200 250 


FIGURE 5 Cost of an air flight. The slopes 
of the tangent lines decrease as x increases, 
so the marginal cost decreases as well. 
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(b) The derivative dA/dr measures how the area of the circle changes when r increases. 
Figure 4 shows that when the radius increases by Ar, the area increases by a band of 
thickness Ar. The area of the band is greater at r = 5 than at r = 2. Therefore, the 
derivative is larger (and the tangent line is steeper) at r = 5. In general, for a fixed Ar, 
the change in area AA is greater when r is larger. E 


Area 


Tangent at r = 5 


Tangent at r = 2 CA 


Marginal Cost in Economics 


Let C(x) denote the dollar cost (including labor and parts) of producing x units of a 
particular product. The number x of units manufactured is called the production level. 
To study the relation between costs and production, economists define the marginal cost 
at production level xo as the cost of producing one additional unit: 


marginal cost = C(xo + 1) — C (xo) 


Note that if we use a difference quotient approximation for the derivative C’(x9) with 

h = 1, we obtain 

_, Co + 1) — C(xo) 
1 

and therefore we can use the derivative at xp as an approximation to the marginal cost. 


C’ (x0) = C(xo + 1) — C(xo) 


EXAMPLE 3 Cost of an Air Flight Company data suggest that when there are 50 
or more passengers, the total dollar cost of a certain flight is approximately C(x) = 
0.0005x* — 0.38x* + 120x, where x is the number of passengers (Figure 5). 


(a) Estimate the marginal cost of an additional passenger if the flight already has 150 
passengers. 


(b) Compare your estimate with the actual cost of an additional passenger. 
(c) Is it more expensive to add a passenger when x = 150 or when x = 200? 


Solution The derivative is C’(x) = 0.0015x* — 0.76x + 120. 
(a) We estimate the marginal cost at x = 150 by the derivative 
C’(150) = 0.0015(150)* — 0.76(150) + 120 = 39.75 


Thus, it costs approximately $39.75 to add one additional passenger. 
(b) The actual cost of adding one additional passenger is 


C(151) — C150) © 11,177.10 — 11,137.50 = 39.60 


Our estimate of $39.75 is close enough for practical purposes. 
(c) The marginal cost at x = 200 is approximately 


C’(200) = 0.0015(200)* — 0.76(200) + 120 = 28 


Since 39.75 > 28, it is more expensive to add a passenger when x = 150 than when 
x = 200. r 
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In his famous textbook Lectures on 
Physics, Nobel laureate Richard Feynman 
(1918-1988) uses a dialogue to make a 
point about instantaneous velocity: 


Policeman: “My friend, you were going 75 
miles an hour.” 


Driver: “That’s impossible, sir, | was 
traveling for only seven minutes.” 


30 


20 


FIGURE 6 Graph of velocity 
v(t) = 25 — 0.917. 


@ad REMINDER “Larger” means farther 
from O, while “smaller” means closer to O. 


DIFFERENTIATION 


Linear Motion 


Recall that linear motion is motion along a straight line. This includes horizontal motion 
along a straight highway and vertical motion of a falling object. Let s(t) denote the posi- 
tion on a line, relative to the origin, at time t. Velocity is the rate of change of position 
with respect to time: 


d 
v(t) = velocity = > 


The sign of v(t) indicates the direction of motion. For example, if s(¢) is the height above 
ground, then v(t) > 0 indicates that the object is rising. Speed is defined as the absolute 
value of velocity, |v(t)}. 


EXAMPLE 4 A truck enters the off-ramp of a highway at ż = 0. Its position on the off- 
ramp after t seconds is s(t) = 25t — 0.377 m for 0 < t < 5. 


(a) How fast is the truck going at the moment it enters the off-ramp? 
(b) Is the truck speeding up or slowing down? 


Solution The truck’s velocity at time ¢ is v(t) = Zos — 0.317) = 25 — 0.927. 


(a) The truck enters the off-ramp with velocity v(0) = 25 m/s. 
(b) Since v(t) = 25 — 0.927 is decreasing and positive (Figure 6), the speed is decreasing 
and the truck is slowing down. a 


When we say “speeding up” or “slowing down” we typically are referring to the 
speed of an object, not its velocity. The relationship between speed and velocity is simple: 
Speed is the absolute value of velocity. Use care to apply velocity and speed properly 
when describing an object’s motion. For instance, as the next example demonstrates, an 
object’s velocity can increase while its speed decreases. 


EXAMPLE 5 Velocity and Speed Figure 7 shows graphs of an object in linear motion 
whose position s is changing in time ¢ in four different circumstances. 


AY 5 AY AY 
= t E= f KO t ene t 
(A) (B) (C) (D) 


FIGURE 7 


(a) In which cases is the velocity increasing? decreasing? 


(b) In which cases is the speed increasing (so the object is speeding up)? decreasing (so 
the object is slowing down)? 


Solution 


(a). in Figure 7(A), the slope is positive and getting larger, so the velocity (or rate 
change) is increasing. 
° In Figure 7(B), the slope is positive and getting smaller, so the velocity is 
decreasing. 


ee 


FIGURE 8 


Galileo’s formulas are valid only when air 
resistance is negligible. We assume this to 
be the case in all examples. 
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¢ In Figure 7(C), the slope is negative and getting smaller; that is, getting closer 
to zero. Since the slope values are negative and approaching zero, the slope is 
increasing, and therefore the velocity is increasing. 

¢ In Figure 7(D), the slope is negative and is getting larger in the negative direction, 
so the velocity is decreasing. 


(b) Now we are considering the absolute value of the velocity; that is, the absolute value 
of the slope of the graph. It (and therefore speed) increases when the slope gets steeper, 
and that occurs in both Figures 7(A) and 7(D). Thus, in both of those cases the object 
is speeding up. On the other hand, in Figures 7(B) and 7(C), the slopes are getting less 
steep and therefore are getting smaller. Thus, in those cases the speed is decreasing and 
the object is slowing down. 


Notice that Figure 7(C) depicts a situation where the velocity is increasing but the object 
is slowing down. © 


Suppose s is the distance between a car and a wall during a crash test, and assume that 
during the test the car continued to speed up until it hit the wall. Which of the four graphs 
above best represents s(t)? This question, and others like it, are addressed in Exercises 
15-16. 


EXAMPLE 6 Describe the motion and velocities of a shuttle train that runs on a straight 
track at the airport, ferrying passengers from Terminal 1 to Terminal 2 according to the 
graph given in Figure 8. Assume that s represents the distance from Terminal 1 in meters, 
t represents time in minutes, and the terminals are 800 m apart. 


Solution Note that the graph has portions resembling each of the four graphs in Example 
5. Analyzing the motion: 


e The train starts at rest, but then speeds up with increasing positive velocity for 

the first 2 min. 

Over the interval [2, 4], the velocity remains positive, but begins decreasing as 

the graph becomes less steep. The train is slowing down as it approaches Termi- 

nal 2. 

In the interval [4,6], the graph is flat with slope 0. In this interval the train is 

stopped at Terminal 2. 

The train speeds up again at £ = 6, now with negative velocity since the distance 

to Terminal 1 is decreasing. Furthermore, since the graph has a negative slope 

and is getting steeper, the velocity is decreasing and getting larger, indicating 

that the train is speeding up. 

e Over the interval [8, 10], the velocity remains negative, but gets smaller as the 
graph become less steep. The train is slowing down as it approaches and arrives 
back at Terminal 1. 


Motion Under the Influence of Gravity 


Galileo discovered that the height s(t) and velocity v(r) at time £ (seconds) of an ob- 
ject tossed vertically in the air near the earth’s surface are accurately represented by the 
formulas 


l 2 ds 
4 | a É — = É 5 É = —= Z i 
S(t) = so + vo 78 v(t) Ta SW gt |2] 


The constants sọ and vp are the initial values: 


So = s(0), the position at time t = 0. 

vo = v(0), the velocity at t = 0. 

—g is the acceleration due to gravity on the surface of the earth (negative because 
the up direction is positive), where 


g © 9.8 m/s? or g & 32 ft/s” 
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Maximum height 


FIGURE 9 Maximum height occurs when 
s’(t) = v(t) = 0, where the tangent line is 
horizontal. 


Galileo's formulas: 


1 
s(t) = So + vot — ger 


ds 
f) = — = — of 
v(t) g 8 


Dorling Kindersley/Getty Images 


FIGURE 10 To explain the motion of falling 
objects, Galileo studied the motion of balls 
on an inclined plane. 


A simple observation enables us to find the object’s maximum height. Since velocity 
is positive as the object rises and negative as it falls back to Earth, the object reaches its 
maximum height at the moment of transition, when it is no longer rising and has not yet 
begun to fall. At that moment, its velocity is zero. In other words, the maximum height is 
attained when v(t) = 0. At this moment, the tangent line to the graph of s is horizontal 
(Figure 9). 

EXAMPLE 7 Finding the Maximum Height A projectile is launched upward from 
ground level with an initial velocity of 30 m/s. 

(a) Find the velocity at t = 2 and at t = 4. Explain the change in sign. 

(b) What is the projectile’s maximum height and when does it reach that height? 


Solution Apply Eq. (2) with so = 0, vo = 30, and g = 9.8: 


s(t) = 30t — 4.927, v(t) = 30 — 9.82 


(a) Therefore, 


v(2) = 30 — 9.8(2) = 10.4 m/s, v(4) = 30 — 9.8(4) = —9.2 m/s 


At t = 2, the projectile is rising and its velocity v(2) is positive (Figure 9). At £ = 4, the 
projectile is on the way down and its velocity v(4) is negative. 
(b) Maximum height is attained when the velocity is zero, so we solve 


150 
— 7.06t = t = — 2S. 
W-E =n => 49 3.06 


The projectile reaches maximum height at t = 150/49 s. Its maximum height is 
s(150/49) = 30(150/49) — 4.9(150/49)* ~ 45.92 m m 


Note that in Example 7 in Section 2.5, we also examined the maximum height for 
a projectile launched upward with an initial velocity of 30 m/s. There the effect of air 
resistance was included, and the maximum height depended on the strength of the air 
resistance. We numerically investigated the maximum height in the limit as we let the air 
resistance go to zero. We obtained an estimate of 45.92 m, consistent with the value we 


obtained here, neglecting air resistance altogether. 


HISTORICAL PERSPECTIVE 


Galileo Galilei 
(1564-1642) dis- 
covered the laws 
of motion for 
falling objects on 
the earth’s surface 
around 1600. This 
paved the way for 
Newton’s general 
laws of motion. 
How did Galileo 
arrive at his for- 
mulas? The motion of a falling object is too 
rapid to measure directly, without modern pho- 
tographic or electronic apparatus. To get around 
this difficulty, Galileo experimented with balls 
rolling down an incline (Figure 10). For a suf- 
ficiently flat incline, he was able to measure 
the motion with a water clock and found that 
the velocity of the rolling ball is proportional to 


Heticnmo/Getty Images 


time. He then reasoned that motion in free-fall 
is just a faster version of motion down an in- 
cline and deduced the formula v(t) = —gt for 
falling objects (assuming zero initial velocity). 

Prior to Galileo, it had been assumed in- 
correctly that heavy objects fall more rapidly 
than lighter ones. Galileo realized that this 
was not true (as long as air resistance is neg- 
ligible), and indeed, the formula v(t) = —gt 
shows that the velocity depends on time but 
not on the weight of the object. Interestingly, 
300 years later, another great physicist, Albert 
Einstein, was deeply puzzled by Galileo’s dis- 
covery that all objects fall at the same rate 
regardless of their weight. He called this the 
Principle of Equivalence and sought to un- 
derstand why it was true. In 1916, after a 
decade of intensive work, Einstein developed 
the General Theory of Relativity, which fi- 
nally gave a full explanation of the Principle of ~ 
Equivalence in terms of the geometry of space 
and time. 
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3.4 SUMMARY 


* The (instantaneous) rate of change of y = f(x) with respect to x at x = xg is defined 


as the derivative 


f’(xo) = lim 


AY tim LRI 


Ax>0 Ax x1 >x0 X1 — x0 


* The rate dy/dx is measured in units of y per unit of x. 

e Marginal cost is the cost of producing one additional unit. If C(x) is the cost of pro- 
ducing x units, then the marginal cost at production level xo is C(xo + 1) — C(xo). 
The derivative C’(xg) is often a good estimate for marginal cost. 

°. For linear motion, velocity v(t) is the rate of change of position s(t) with respect to 
time—that is, v(t) = s’(f). 

e Galileo’s formulas for an object rising or falling under the influence of gravity near 
Earth’s surface ignoring air resistance (so = initial position, vọ = initial velocity): 


i 
s(t) = so + vot — gt’, 


7 v(t) = vo — gt 


where g œ% 9.8 m/s?, or g © 32 ft/s?. Maximum height is attained when v(t) = 0. 


3.4 EXERCISES 


Preliminary Questions 


1i. Which units might be used for each rate of change? 

(a) Pressure (in atmospheres) in a water tank with respect to depth 

(b) The rate of a chemical reaction (change in concentration with respect 
to time with concentration in moles per liter) 


2. Two trains travel from New Orleans to Memphis in 4 h. The first 
train travels at a constant velocity of 90 mph, but the velocity of the sec- 
ond train varies. What was the second train’s average velocity during the 
trip? 


3. Discuss how it is possible to be speeding up with a velocity that is 
decreasing. 


4. Sketch the graph of a function that has an average rate of change equal 
to zero over the interval [0, 1] but has instantaneous rates of change at 0 
and 1 that are positive. 


Exercises 
In Exercises 1—8, find the rate of change. 
1. Area of a square with respect to its side s when s = 5 


2. Volume of a cube with respect to its side s when s = 5 

3. Cube root 3/x with respect to x when x = 1, 8, 27 

4. The reciprocal 1/x with respect to x when x = 1,2,3 

5. The diameter of a circle with respect to radius 

6. Surface area A of a sphere with respect to radius r (A = Arr?) 


7. Volume V of a cylinder with respect to radius if the height is equal to 
the radius 


8. Speed of sound v (in m/s) with respect to air temperature T (in 
kelvins), where v = 20./T 


In Exercises 9-11, refer to Figure 11, the graph of distance s from the 
origin as a function of time for a car trip. 


t (h) 
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FIGURE 11 Distance from the origin versus time for a car trip. 


9. Find the average velocity over each interval. 

(a) [0, 0.5) (b) [0.5,1] (c) [1, 1.5] 
10. At what time is velocity at a maximum? 

11. Match the descriptions (i)}iii) with the intervals (a}(c) in Figure 11. 
(i) Velocity increasing 
(ii) Velocity decreasing 
(iii) Velocity negative 
(a) [0,0.5] 


(d) [1,2} 


(b) [2.5, 3] (© [1.5, 2] 
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Exercises 12 and 13 refer to the data in Example 1. Approximate the 

derivative with the symmetric difference quotient (SDQ) approximation: 
A T(t + 20) — T(t — 20) 

T(t) © a? an 


12. (a) At what t does the SDQ approximation give the fastest rate of 
increase of temperature? What is the rate of change? 


(b) At what ¢ does the SDQ approximation give the fastest rate of decrease 
of temperature? What is the rate of change? 


13. At what t does the SDQ approximation give the smallest (i.e., closest 
to 0) rate of change of temperature? What is the rate of change? 


Exercises 14—16 refer to the four graphs of s as a function of t in 
Figure 7. 


14. Sketch s’ for each of the four graphs of s. 


15. Match each situation with the graph that best represents it. 


(a) Rocky slowed down his car as it approached the moose in the road. 
The distance from the car to the moose is s and the time since he spotted 
the moose is ż. 


(b) The rocket’s speed increased after liftoff until the fuel was used up. 
The distance from the rocket to the launchpad is s and the time since liftoff 
is ft. 

(c) The increase in college costs slowed for the fourth year in a row. The 
cost of college is s and the time since the start of the 4-year period is f. 


16. Match each situation with the graph that best represents it. 


(a) Dusty’s batting average increased over the first 10 games of the sea- 
son but from game to game the amount of increase went down. Dusty’s 
batting average is s and the time since the beginning of the season is £. 


(b) In performing a crash test, the car continued to speed up until it hit the 
wall. The distance between the car and the wall is s and the time since the 
car started moving is t. 


(c) The hurricane strengthened at an increasing rate over the first day of 
its development. The strength of the hurricane is s, and the time since it 
started developing is f. 


17. Sketch a graph of velocity as a function of time for the shuttle train in 
Example 6. 


18. Figure 12 shows the height y of a mass oscillating at the end of a 
spring, through one cycle of the oscillation. Sketch the graph of velocity 
as a function of time. 


FIGURE 12 


19. Fred X has to make a book delivery from his warehouse, 15 mi north 
of the city, to the Amazing Book Store 10 mi south of the city. Traffic is 
usually congested within 5 mi of the city. He leaves at noon, traveling due 
south through the city, and arrives at the store at 12:50. After 15 min at the 
store, he makes the return trip north to his warehouse, arriving at 2:00. Let 
s represent the distance from the warehouse in miles and t represent time 
in minutes since noon. Make sketches of the graphs of s and s’ as functions 
of ¢ for Fred’s trip. 


20. At the start of the 27th century, the population of Zosania was ap- 
proximately 40 million. Early-century prosperity saw the population nearly ` 
double in the first three decades, but the growth slowed in the 30s and 40s 
and then leveled off completely during the war years in the 50s. A postwar 
boom saw another rapid population increase, but that turned around in a 
major decline resulting from the great famine of the 70s. A slow end-of- 
century rebound resulted in an increase of the population to approximately 
90 million at century’s end. Let P represent the population in millions and 
t represent time in years since the start of the century. Make sketches of 
the graphs of P and P’ as functions of t for Zosania’s population during 
the century. 


21. The velocity (in centimeters per second) of blood molecules flowing 
through a capillary of radius 0.008 cm is v = 6.4 x 1078 — 0.001r?, where 
r is the distance from the molecule to the center of the capillary. Find the 
tate of change of velocity with respect to r when r = 0.004 cm. 


22. Figure 13 displays the voltage V across a capacitor as a function of 
time while the capacitor is being charged. Estimate the rate of change of 
voltage at t = 20 s. Indicate the values in your calculation and include 
proper units. Does voltage change more quickly or more slowly as time 
goes on? Explain in terms of tangent lines. 


FIGURE 13 


23. Use Figure 14 to estimate dT /dh at h = 30 and 70, where T is atmo- 
spheric temperature (in degrees Celsius) and h is altitude (in kilometers). 
Where is dT /dh equal to zero? 
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FIGURE 14 Atmospheric temperature versus altitude. 


24. The earth exerts a gravitational force of F(r) = (2.99 x 10!6)/r2 
newtons on an object with a mass of 75 kg located r meters from the center 


of the earth. Find the rate of change of force with respect to distance r at 
the surface of the earth. 


25. For the escape velocity relationship, vese = (2.82 x 107)r—'/2 m/s, 
calculate the rate of change of the escape velocity with respect to distance 
r from the center of the earth. 


26. The power delivered by a battery to an apparatus of resistance R (in 
ohms) is P = 2.25R/(R + 0.5)* watts (W). Find the rate of change of 
power with respect to resistance for R = 3 Q and R = 5 Q. 


27. A particle moving along a line has position s(t) = t — 18t? m at 
time t seconds. At which times does the particle pass through the origin? 
At which times is the particle instantaneously motionless (i.e., it has zero 
velocity)? 


28. (GU) Plot the position of the particle in Exercise 27. What is the far- 
thest distance to the left of the origin attained by the particle? 


29. A projectile is launched in the air from the ground with an initial 
velocity vo = 60 m/s. What is the maximum height that the projectile 
reaches? (Compare your result with Exercise 37 in Section 2.5, where we 
considered maximum height when air resistance is included and we inves- 
tigated the result of letting the air resistance go to 0.) 


30. Find the velocity of an air conditioner accidentally dropped from a 
height of 300 m at the moment it hits the ground. 


31. A ball tossed in the air vertically from ground level returns to Earth 
4 s later. Find the initial velocity and maximum height of the ball. 


32. Olivia is gazing out a window from the 10th floor of a building when 
a bucket (dropped by a window washer) passes by. She notes that it hits the 
ground 1.5 s later. Determine the floor from which the bucket was dropped 
if each floor is 5 m high and the window is in the middle of the 10th floor. 
Neglect air friction. 


33. Show that for an object falling according to Galileo’s formula, the av- 
erage velocity over any time interval [t, t2] is equal to the average of the 
instantaneous Velocities at ¢; and tz. 


34. [Ff An object falls under the influence of gravity near the earth’s 
_ surface. Which of the following statements is true? Explain. 

(a) Distance traveled increases by equal amounts in equal time intervals. 
(b) Velocity increases by equal amounts in equal time intervals. 

(c) The derivative of velocity increases with time. 


35. By Faraday’s Law, if a conducting wire of length £ meters moves at 
velocity v m/s perpendicular to a magnetic field of strength B (in teslas), a 
voltage of size V = —Bév is induced in the wire. Assume that B = 2 and 
£ =0.5. 

(a) Calculate dV /dv. 

(b) Find the rate of change of V with respect to time t if v(t) = 4t + 9. 


36. The voltage V, current 7, and resistance R in a circuit are related by 
Ohm’s Law: V = I R, where the units are volts, amperes, and ohms. As- 
sume that voltage is constant with V = 12 volts (V). Calculate (specifying 
units): 

(a) The average rate of change of J with respect to R for the interval from 
R=8toR= 8.1 

(b) The rate of change of J with respect to R when R = 8 

(c) The rate of change of R with respect to J when J = 1.5 


37. EA Ethan finds that with k hours of tutoring, he is able to answer 
correctly S(h) percent of the problems on a math exam. Which would you 
expect to be larger: S’(3) or S’(30)? Explain. 


38. Suppose (t) measures the angle between a clock’s minute and hour 
hands. What is @’(t) at 3 o’clock? 


39. To determine drug dosages, doctors estimate a person’s body surface 
area (BSA) (in meters squared) using the formula BSA = /hm/60, where 
h is the height in centimeters and m the mass in kilograms. Calculate the 
rate of change of BSA with respect to mass for a person of constant height 
h = 180. What is this rate at m = 70 and m = 80? Express your result in 
the correct units. Does BSA increase more rapidly with respect to mass at 
lower or higher body mass? 
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40. The atmospheric CO2 level A(t) at Mauna Loa, Hawaii, at time t 
(in parts per million by volume) is recorded by the Scripps Institution 
of Oceanography. Reading across, the annual values for the 4-year inter- 
vals are 


(198019641968 | O7 | 1976 | 1980 | 1984 
323.05 


369.48 | 377.38 | 385.34 | 393.87 


(a) Estimate A’(t) in 1962, 1970, 1978, 1986, 1994, 2002, and 2010. 


(b) In which of the years from (a) did the approximation to A’(t) take on 
its largest and smallest values? 


(c) In which of these years does the approximation suggest that the CO2 
level was the most constant? 


41, The tangent lines to the graph of f(x) = x? grow steeper as x in- 
creases. At what rate do the slopes of the tangent lines increase? 


42. According to Kleiber’s Law, the metabolic rate P (in kilocalories per 
day) and body mass m (in kilograms) of an animal are related by a three- 
quarter-power law P = 73.3m°/4, Estimate the increase in metabolic rate 
when body mass increases from 60 to 61 kg. 


43. The dollar cost of producing x bagels is given by the function 
C(x) = 300 + 0.25x — 0.5(x/1000)°. Determine the cost of producing 
2000 bagels and estimate the cost of the 2001st bagel. Compare your esti- 
mate with the actual cost of the 2001st bagel. 


44. Suppose that for x > 1000, the dollar cost of producing x video cam- 
eras is C(x) = 500x — 0.003x? + 107-83. 
(a) Estimate the marginal cost at production level x = 5000 and compare 
it with the actual cost C(5001) — C(5000). 


(b) Compare the marginal cost at x = 5000 with the average cost per cam- 
era, defined as C(x)/x. 


45. EA According to Stevens’s Law in psychology, thè perceived mag- 
nitude of a stimulus is proportional (approximately) to a power of the 
actual intensity J of the stimulus. Experiments show that the perceived 
brightness B of a light satisfies B = kJ*/>, where J is the light intensity, 
whereas the perceived heaviness H of a weight W satisfies H = kW?/? 
(k is a constant that is different in the two cases). Compute dB/dI and 
dH/dW and state whether they are increasing or decreasing functions. 
Then explain the following statements: 


(a) An increase in light intensity is felt more strongly when 7 is small than 
when / is large. 


(b) An increase in load W is felt more strongly when W is large than when 
W is small. 


46. Let M(t) be the mass (in kilograms) of a plant as a function of time 
(in years). Recent studies by Niklas and Enquist have suggested that a re- 
markably wide range of plants (from algae and grass to palm trees) obey a 
three-quarter-power growth law—that is, 


dM 


EP = CM?/*4 for some constant C 


(a) If a tree has a growth rate of 6 kg/yr when M = 100 kg, what is its 
growth rate when M = 125 kg? 


(b) If M = 0.5 kg, how much more mass must the plant acquire to double 
its growth rate? 
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Further Insights and Challenges 


Exercises 47-49; The Lorenz curve y = F(r) is used by economists to 
study income distribution in a given country (see Figure 15). By definition, 
F(r) is the fraction of the total income that goes to the bottom rth part 
of the population, where 0 < r < 1. For example, if F(0.4) = 0.245, then 
the bottom 40% of households receive 24.5% of the total income. Note that 
F(0) = Q and F(1) = 1. 


F(r) 


02 04 06 08 1.0 
(A) Lorenz curve for the United States 
in 2010 


F(r) 


02 04 06 08 1.0 
(B) Two Lorenz curves: The tangent 
lines at P and Q have slope 1. 


FIGURE 15 


47. [A Our goal is to find an interpretation for F’(r). The average in- 
come for a group of households is the total income going to the group 
divided by the number of households in the group. The national average 
income is A = T/N, where N is the total number of households and T is 
the total income earned by the entire population. 

(a) Show that the average income among households in the bottom rth 
part is equal to (F(r)/r)A. 

(b) Show more generally that the average income of households belong- 
ing to an interval [r,r +- Ar] is equal to 


(= + Ar) — =) ‘A 
Ar 


(c) LetO0 <r < 1. A household belongs to the 100rth percentile if its in- 
come is greater than or equal to the income of 100r % of all households. 
Pass to the limit as Ar + 0 in (b) to derive the following interpretation: 
A household in the 100rth percentile has income F’(r)A. In particular, a 
household in the 100rth percentile receives more than the national average 
if F’(r) > 1 and less if F’(r) < 1. 

(d) For the Lorenz curves L; and L2 in Figure 15(B), what percentage of 
households have above-average income? 


Ne” 


48. The following table provides values of F(r) for the United States in 
2010. Assume that the national average income was A = $66,000. 


(a) What was the average income in the lowest 40% of households? 


(b) Show that the average income of the households belonging to the 
interval [0.4, 0.6] was $48,180. 


(c) Estimate F’(0.5). Estimate the income of households in the 50th per- 
centile. Was it greater or less than the national average? 


49. Use Exercise 47(c) to prove: 

(a) F’(r) is an increasing function of r. 

(b) Income is distributed equally (all households have the same income) 
if and only if F(r) =r forO <7 <1. 


In Exercises 50 and 51, the average cost per unit at production level x is 
defined as 
C(x) 
Cavg(x) = Per 


where C(x) is the cost of producing x units. Average cost is a measure of 
the efficiency of the production process. 


50. The cost in dollars of producing alarm clocks is given by 
C(x) = 50x? — 750x? + 3740x + 3750, 


where x is in units of 1000. 
(a) Calculate the average cost at x = 4, 6, 8, and 10. 


(b) Use the graphical interpretation of average cost to find the produc- 
tion level x9 at which average cost is lowest. What is the relation between 
average cost and marginal cost at xp (see Figure 16)? 


cae 
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FIGURE 16 Cost function C(x) = 50x3 — 750x + 3740x + 3750. 


51. Show that Cayg(x) is equal to the slope of the line through the origin 
and the point (x, C(x)) on the graph of y = C(x). Using this interpretation, 
determine whether average cost or marginal cost is greater at points A, B, 
C, D in Figure 17. l 


C 


Production level 


FIGURE 17 Graph of y = C(x). 
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4 REMINDER n-factorial is the number 
n! = n(n — 1)(n — 2)... (2X1) 
Thus, 
isi m= —2 
3! = (3)(2(1) = 6 


By convention, we set 0! = 1. 


It is not always possible to find a simple 
formula for the higher derivatives of a 
function. In most cases, they become 
increasingly complicated. 


Height (m) 
7 
t (S) 
1 2 2.45 
(A) 
Velocity (m/s) 
12 
t (s) 
1 2 2.45 
—12 
(B) 


FIGURE 2 Height and velocity of a ball 
tossed vertically with initial velocity 
12 m/s. 


DIFFERENTIATION 


Polynomials have a special property: Once n is large enough, the nth derivative is 
the zero function, and therefore so are all higher derivatives. More precisely, if f is a 
polynomial of degree k, then f™(x) is zero for n > k. Table 2 illustrates this property 
for f(x) = x>. By contrast, the higher derivatives of a nonpolynomial function are never 
the zero function (see Exercise 85, Section 5.3). 


TABLE 2 Derivatives of x’ 


fe feo /'@® w few Pe Ow 
x 5x4 20x3 60x2 120x 120 0 


EXAMPLE 3 Calculate the first four derivatives of y = x~!. Then find the pattern and 
determine a general formula for y™. 


Solution By the Power Rule, 
yea =x, adr, y"=-2Gx 4, y¥O=26)4)> 


First note that we have a leading negative sign on each odd derivative, but not the even 
derivatives. In a formula for the nth derivative, a factor of (—1)” will provide this alter- 
nating sign. Ignoring the negative sign, the coefficients can be seen to follow the pattern: 
1, (D), (AXDG), (1)(2)3)4), and so on. This can be expressed with a factor of n! in 


the nth derivative. Finally, we see that the power on x is —n — 1 in the nth derivative. In 


general, therefore, y(x) = (—1)"n! pea, a 


EXAMPLE 4 Calculate the first three derivatives of f(x) = xe*. Then determine a gen- 
eral formula for f(x). 
Solution Use the Product Rule: 


fœ) = be =e*+xe* = (1 + x)e* 
dx 
d 
f"(x) = mG + x)e*) =e*+(l + x)e* = (2+ x)e* 


d 
f"a= ze + x)e*) = e* + (2 + x)e* = (3 + x)e* 


We see that f”(x) = e* + f” t(x), which leads to the general formula 
fx) = (n + x) a 


A second derivative that you might be familiar with is acceleration. An object that 
is in linear motion with position s(t) at time t has velocity v(t) = s’(t) and acceleration 
a(t) = v'(t) = s” (t). Thus, acceleration is the rate at which velocity changes and is mea- 
sured in units of velocity per unit of time or “distance per time squared,” such as m/s”. 


EXAMPLE 5 Acceleration Due to Gravity Find the acceleration a(t) of a ball tossed 
vertically in the air from ground level with an initial velocity of 12 m/s. How does a(t) 
describe the change in the ball’s velocity as it rises and falls? 

Solution The ball’s height at time z is s(t) = so + vot — 4.91? m by Galileo’ s formula. In 


our case, so = 0 and vo = 12, so s(t) = 12t — 4.91? m [Figure 2(A)]. Therefore, v(t) = 
s(t) = 12 — 9.8t m/s and the ball’s acceleration is 


d 
a(t) = s” (t) = z2 — 9.8t) = —9.8 m/s? 


C (millions) 
330 
320 
310 
300 
290 
280 
270 


t 
2009 2010 2011 2012 
FIGURE 1 Number of cell phone subscribers 


C in the United States in millions. 


e dy/dx has units of y per unit of x. 
e d?y/dx? has units of dy/dx per unit of 
x or units of y per unit of x squared. 
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3.5 Higher Derivatives 


Higher derivatives are obtained by repeatedly differentiating a function y = f(x). If fF 
is differentiable, then the second derivative, denoted f” or y”, is the derivative 


d 
n ONR 
o= (f'(x)) 
For example, for f(x) = x? + - + ./x, we have 
l 
f'(x) = 2x — x + a 
1 
f(x) = 9) 4- 2x73 e ad 
The second derivative is the rate of change of f'(x), so it is the rate of change of the 
rate of change of f. 


The next example highlights the difference between the first and second derivatives. 


EXAMPLE 1 Figure 1 and Table 1 show the number of cell phone subscribers C(t) in 
the United States in year t. Discuss C’(t) and C”(t). 


TABLE 1 Number of Cell Phone Subscribers in the United States 


Year 2009 2010 2011 2012 
Number in millions 277 301 316 326 
Change in C 24 15 10 
Change in the change in C —9 —5 


Solution We will show that C’(t) is positive but C” (t) is negative. According to Table 1, 
the number of cell phone subscribers each year was greater than the previous year, so the 
rate of change C’(t) is certainly positive. However, the amount of increase declined from 
24 million in 2010 to 15 million in 2011 to 10 million in 2012. Thus, C’(t) is positive, 
but C’(t) decreases from one year to the next, and therefore its rate of change C”(t) is 
negative. Figure 1 supports this conclusion: The slopes of the segments in the graph are 
positive [C’(t) is positive], but the slopes decrease going from one segment to the next 
[C’(t) is negative]. FI 


The process of differentiation can be continued, provided that the derivatives exist. 
The third derivative, denoted f”” (x) or f(x), is the derivative of f” (x). More generally, 
the nth derivative f(x) is the derivative of the (n — 1)st derivative. We use parentheses 
on the superscript for the derivative to distinguish f, the nth derivative of f, from f”, 
the nth power of f. We call f(x) the zeroth derivative and f'(x) the first derivative. In 
Leibniz notation, we write 


df u f dur dif 
dx’ dx?’ dx?’ die °° 
EXAMPLE 2 Calculate f” (—1) for f(x) = 3x% — 2x2 + 7x72. 


Solution We must calculate the first three derivatives: 


d 
f'@® = =~ (3° nDe p ne) = 15x* — 4x — 14x73 
j d 4 
f' @= = (15x" ~ 4x — 14x7?) = 60x? — 4 + 42x 


d 
"œ= 7 (60x? — 4 + 42x74) = 180x? — 168x77 
At x = —1, f” (—1) = 180 + 168 = 348. E 
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S (mph) 


FIGURE 5 Speed as a function of traffic QO (cars/mile) 
density. 100 200 300 400 


Solution Taking the derivatives: 


dS/dQ = —2882Q07? — 0.052 
d? S/d Q? = 576407? 


From these derivative formulas, it is clear that dS/d Q < 0 and d? S/d Q? > 0. Since 
dS/dQ is negative, it follows that as the traffic density increases, the traffic speed de- 
creases, as we would expect. 

Furthermore, since d? S/d Q? is positive, it follows that dS/dQ is increasing. Given 
dS/dQ is negative and increasing and therefore is getting closer to zero, we conclude that 
dS/dQ is getting smaller. This implies that the speed decrease associated with increasing 
traffic density is larger at low density than at high density. This is to be expected as well— 
with low density and a high speed, the speed is going to drop off quickly as the density 
increases, but with higher density and an already low speed the speed is not going to drop 
off very much more as the density increases further. E 


3.5 SUMMARY 


¢ The higher derivatives f’, f”, f”... are defined by successive differentiation: 


df 
dx?’ 


af 


e 


1 _ a / =, m ee 1 = 
f om a O= f Ora (x) = 


The nth derivative is denoted f x) = af à 

¢ The second derivative plays an important role: It is the rate at which f'(x) changes. 
Graphically, f”(x) measures how fast the tangent lines change direction and thus 
measures the “bending” of the graph. 

e If s(t) is the position of an object at time t, then s’(t) is velocity and s(t) is 


acceleration. 
3.5 EXERCISES 
Preliminary Questions 
1. For each headline, rephrase as a statement about first and second 3. Sketch a graph of position as a function of time for an object that is 
derivatives and sketch a possible graph. speeding up and has negative acceleration. 
e “Stocks Go Higher, Though the Pace of Their Gains Slows” 4. True or false? The third derivative of position with respect to time is 


zero for an object falling to Earth under the influence of gravity. Explain. 
° “Recent Rains Slow Roland Reservoir Water Level Drop” J 8 gravity. Explain 


° “Asteroid Approaching Earth at Rapidly Increasing Rate!!” 5. Which type of polynomial satisfies f” (x) = 0 for all x? 


6. What is the millionth derivative of f(x) = e*? 
2. Sketch a graph of position as a function of time for an object that is din staged 


slowing down and has positive acceleration. [A What are the seventh and eighth derivatives of f(x) = x’? 
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Exercises 
In Exercises 1-16, calculate y” and y”. 
1. y= 14x? 2. y=7—2x 
3, y=" -2r t 2x 4. y=4 9% +7 
T 
5. y= zar 6. y=Ẹx4x 
7. y=2014 — 6° 8 yar 
4 -3 —8/3 
9., y=z-—-- 10. y=5 7 +7t 
z 
11. y =67(2647) 12. y= (x? 4+x)0°4 1) 
x-4 l 
1 e = 14. = 
Bey Á l—x 
t ex 
15. y = xe” 16. y = = 


In Exercises 17—26, calculate the derivative indicated. 
17. FOO, f(x) = x4 18. g”(—1), g(t)=—4t5 


d*y 


19. —| , y=41734 372 
dt? f=] á is 
uF 
a -S , t) =6t? -25 
dtt f=1 fC 
d*x —3/4 Wt 2 
1. —— , x=? 22. f"A, (O20 -t 
dit 1=16 


23. f"(-3), f(x) =4e* — x3 a 7D, (Ox 


t+] 


Hes oO), eG) = 


25. h”(1), h(w) = swe” 
s+ 


27. Calculate y“(0) for 0 < k <5, where y = x4 + ax? + bx? +cx +d 
(with a, b, c, d the constants). 

28. Which of the following satisfy f(x) = 0 for all k > 6? 

(a) f(x) = Txt +44! (b) f(x) =x? -2 

(ce) f(x) = yx (d) f(x) =1-x® 

) f()=x/ (f) f(x) = 2x? 4 3x5 


6 


29. Use the result in Example 3 to find +3 o 
ba 


30. (a) Calculate the first five derivatives of f(x) = /x. 

(b) Show that f(x) is a multiple of x~"*+!/2. 

(c) Show that f(x) alternates in sign as (—1)"—! for n > 1. 

(d) Find a formula for f(x) for n > 2. Hint: Verify that the coefficient 
paars. 


Qn 
In Exercises 31—36, find a general formula for f (x), 
31. f(x) =x? 32. f(x) =(x +2)! 
BS. f(x) x? 34. f(x) = x73/2 


35. f(x) = xe~* 36. f(x) = x7e* 


37. (a) Find the acceleration at time t = 5 min of a helicopter whose 
height is s(t) = 300t — At? m. 

(b) Plot the acceleration s” for O < rt < 6. Is the helicopter speeding up or 
slowing down during this time interval? Explain. 


38. Find an equation of the tangent line to the graph of y = f’(x) atx = 3, 
where f(x) = x‘. 


39. Figure 6 shows f, f’, and f”. Determine which is which. 


7 y J 
— — oe 
2 3 l 2 1 2 3 
(A) (B) (C) 
FIGURE 6 


40. The second derivative f” is shown in Figure 7. Which of (A) or (B) 


-is the graph of f and which is f’? 


y y y 
Whe Ae / \ d N 
X 
Fœ (A) (B) 


FIGURE 7 


41. Figure 8 shows the graph of the position s of an object as a function 
of time t. Determine the intervals on which the acceleration is positive. 


10 20 30 40 
Time 
FIGURE 8 
42. Figure 9 shows the graph of the position s of an object as a function of 


time t. For each interval [0, 10], [10, 20], and so on, indicate whether the 
acceleration is negative, zero, or positive. 


S 


t 
10 20 30 40 5 


FIGURE 9 
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43. Find all values of n such that y = x” satisfies 
x?y” —2xy’ = 4y 
44, Find all values of n such that y = x” satisfies 
x7y” —12y =0 


45. According to one model that takes into account air resistance, the ac- 
celeration a(t) (in m/s?) of a skydiver of mass m in free-fall satisfies 


a(t) = —9.8 + =e 
m 


where v(t) is velocity (negative since the object is falling) and k is a con- 
stant. Suppose that m = 75 kg and k = 0.24 kg/m. 

(a) What is the skydiver’s velocity when a(t) = —4.9? 

(b) What is the skydiver’s velocity when a(t) = 0? (This velocity is the 
terminal velocity, the velocity attained when air resistance balances gravity 
and the skydiver falls at a constant speed.) 


46. [4 In contrast to Exercise 45, the size of a falling lightweight ob- 

ject may be more significant than its mass when taking into account air 

resistance. One model that takes such an approach for falling raindrops is 
d*s 0.0005 /ds\? 
ae =? D \dt 


Further Insights and Challenges 
50. Find the 100th derivative of 


PH) = atx $27) +27 a +27) 


51. What is p(x) for p(x) in Exercise 50? 
52. Use the Product Rule twice to find a formula for ( fg)” in terms of f 
and g and their first and second derivatives. 


53. Use the Product Rule to find a formula for (fg) and compare your 
result with the expansion of (a + b}. Then try to guess the general formula 
for (fg). 


where s(t) is the distance a raindrop has fallen (in meters), D is the rain- 
drop diameter, and g = 9.8 m/s”. Terminal velocity Vtem is defined as the 
velocity at which the drop has zero acceleration (one can show that veloc- 
ity approaches Vterm as time proceeds). 


(a) Show that verm = 20002 D. 
(b) Find vtem for drops of diameter 10-3 and 1074 m. 


(c) In this model, do raindrops accelerate more rapidly at higher or lower 
velocities? 


47. In a manufacturing process, a drill press automatically drills a hole 
into a sheet metal part on a conveyor. In the drilling operation the drill bit 
starts at rest directly above the part, descends quickly, drills a hole, and 
quickly returns to the start position. The maximum vertical speed of the 
drill bit is 4 in./s, and while drilling the hole, it must move no more than 
2.6 in./s to avoid warping the metal. Let s(t) be the drill bit’s height (in 
inches) above the part as a function of time ¢ in seconds. Sketch possible 
graphs of the drill bit’s velocity [s’(t)] and acceleration [s’(t)]. 


48. Use a computer algebra system to compute f (x) fork = 1, 
2, 3 for the following functions: 
1 4 


w ra= 


E 35/3 
(a) f()=(1 +29) = 


2 
49. Let f(x) = — Use a computer algebra system to com- 


pute the f(x) for 1 <k <4. Can you find a general formula for 
f(x)? 


54. Compute 


lim F(x +h)+ fx —A)-—2f@) 
h->0 h2 


for the following functions: 
(a) f(x)=x b) f(x) =x? O f@=x 
Based on these examples, what do you think the limit represents? 


3.6 Trigonometric Functions 


We can use the rules developed so far to differentiate functions involving powers of x, 
but we cannot yet handle the trigonometric functions. What is missing are the formulas 


for the derivatives of sin x and cos x. Fortunately, their derivatives are simple—each is 
the derivative of the other up to a sign. 


Recall our convention: 


specified. 


Angles are measured in radians, unless otherwise 


THEOREM 1 Derivative of Sine and Cosine The functions y = sin x and y = cos x 
are differentiable and 


— sinx = cosx and 
dx 


— cosx = — sinx 


dx 


4 REMINDER Addition formula for sin x: 


sin(x + h) = sin x cosh + cos x sink 
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Proof We must go back to the definition of the derivative: 
d . sin(x + h)— sinx 
—sinx = T 1 
a a h 


We cannot cancel the h by rewriting the difference quotient, but we can use the addition 
formula (see marginal note) to write the numerator as a sum of two terms: 


sin(x + h) — sin x = sin x cos h + cos x sinh — sinx (addition formula) 
= (sin x cosh — sin x) + cos x sinh 


= sin x(cos h — 1) + cos x sinh 


This gives us 
sin(x + h) — sinx gi sin x (cosh — 1) cosx sinh 
h p h h 
i h)— si i sh— 1 cosx sinh 

a = sin(x + h) — sın x eat sin x (co ) jig 

dx h—>0 h h—>0 h h->0 h 

, . cosh—1 . sink 
-L Ci e T 4 (cosx) lim —— 


We can take sin x and cos x outside the limits in Eq. (2) because they do not depend on 
the limiting variable h. The two limits are determined by Theorem 2 in Section 2.6, which 
indicates that 

. l— cosh _ ; sinh _ 


=e =f and lim —— = |1 
h-0 h h>0 h 


It follows that lim = = 0, and therefore, Eq. (2) reduces to -> sin x = COS x, as 
— 
desired. The formula n cosx = — sin x is proved similarly (see Exercise 57). E 


CONCEPTUAL INSIGHT One property of f(x) = sin x that makes its derivative formula 
sin 


so simple is that jim = 1. The value of this limit depends on measuring angles 
— 


in radians. The simplicity of this limit explains why we measure angles in radians 

when working with trigonometric functions in calculus. If instead we measure angles 

: ; À . sink i - 

in degrees, then, as we pointed out in Section 2.2, lim —— = 7g- Nothing else in 
h->0 


the previous proof would change, and we would end up with the unwieldy derivative 
formula £ sinx = 75g COSX. 


EXAMPLE 1 For f(x) = sinx, compute f’ atx = 0, %, 4, and Z, 


Solution We have f'(x) = cosx. Thus, f'(0) = cos(0) = 1, f’ (Z) = cos (4) = 8, 
f’ (5) =cos (4) =0, and f'(¥) = cos (%) = =. w 


Note, in Example 6 in Section 3.1, for f(x) = sinx we estimated f’ (2) ~ 0.8660. 
Now we have the exact value f’ (Z) = A, 


GRAPHICAL INSIGHT The formula (sin x)’ = cos x seems reasonable when we compare 
the graphs in Figure 1. The tangent lines to the graph of y = sin x have positive slope 
on the interval ( — F» 5), and on this interval, the derivative y’ = cos x is positive. The 
tangent lines have negative slope on the interval ( A an , where y’ = cos x is negative. 


The tangent lines are horizontal at x = —3, 3, az where cos x = 0. 
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FIGURE 1 The graphs of y = sin x and 
its derivative y’ = cos x. 


RO m 


FIGURE 2 The range of the projectile is 
R(0). 


4 REMINDER The standard trigonometric 
functions are defined in Section 1.4. 


' = cosx 


EXAMPLE 2 Calculate f”(x), where f(x) = xcosx. 


Solution By the Product Rule, 
f'(x) = x’ cosx + x(cos x) = cosx — x sinx 


f(x) = (cos x — x sin xy = — sinx — (x’(sinx) + x(sin xy’) 


= —2 sin x — x cosx o] 


EXAMPLE 3 A projectile is shot from ground level at 100 ft/s at a launch angle of 6 
that is between 0 and 2/2 (Figure 2). Assume that the projectile is acted on by grav- 
ity, but not air resistance. Then, in a simple projectile-motion model (see Section 13.5) 
it can be shown that the projectile lands at a distance R(@) = 625 sin @ cos @ ft from the ` 
launch point. What is the rate of change of the range with respect to the launch angle? For 
what angles does the range increase/decrease with increasing launch angle? What angle 
provides the maximum range, and what is that maximum range? 


Solution Using the Product Rule and the derivative rules for sin@ and cos@, 
we have 


R'(0) = 625(sin 9)(— sin 9) + (cos 9)(cos 0) 
= 625(cos” 0 — sin? 0) = 625 cos 20 


where the last equality results from the double angle formula for cos 28. 

Since cos 20 is positive for 0 < 0 < 1/4 and is negative for 7/4 < 0 < 7/2, it fol- 
lows that the range increases with increasing launch angle for angles between 0 and 2/4 
and decreases with increasing launch angle for angles between 2/4 and 2/2. The maxi- 
mum range occurs at 0 = 7/4, and that maximum range is R(x /4) = 312.5 ft. a 


The derivatives of the other standard trigonometric functions can be computed using 
the Quotient Rule. We derive the formula for (tan x)’ in Example 4 and the remaining 
formulas in Exercises 35-37. 


THEOREM 2 Derivatives of Standard Trigonometric Functions 


d foc 2 d 
— x =SeC” x; — 
dx dx 


secx = secx tanx 


d 
— Col = — esc? x, — cscx = —cscxcotx 


dx ax 
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d i 
y EXAMPLE 4 Derive the formula F tan x = sec? x (Figure 3). 


Solution Use the Quotient Rule and the identity cos? x + sin? x = 1: 


— tan x = 


dx cosx cos? x 


(= ) cos x -(sinx) — sin x - (cos xy 


cos x cosx — sin x(— sin x) 
cos? x 
cos? x + sin? x 1 r 


5 = 5 =sex x E 
COS* Xx COS* x 


| 


Sep OIG 


EXAMPLE 5 Determine y’ for y = tan@ sec 8, and find an equation of the tangent line 
to the graph at @ = 7. 


Solution By the Product Rule, 
y = (tan@) sec@ + tan 6 (sec 0y = sec? 0 sec + tan@ (sec 6 tan 0) 


= sec? 6 + tan? 0 sec 0 


Now use the values sec | = /2 and tan 7 = 1 to compute 


CO FIGURE 3 Graphs of y = tan x and its T x x A 
derivative y’ = sec? x. y (5) = tan (>) sec (=) =vV2 
7T T IT yT 
y (=) = sec? (=) + tan? (=) sec (>) = 2V2 + V2 = 3V2 
4 4 4 4 
An equation of the tangent line (Figure 4) is y — V2 = 3/2 (0 - 7). E 
3.6 SUMMARY 
* The derivatives of the trigonometric functions: 
. d y d ; 
FIGURE 4 Tangent line to y = tan sec ĝ at — sinx = cosx — cosx = —sinx 
a x x 
4 
— tanx = sec? x — sec x = sec x tanx 
dx dx 
2 d 
— cotx = — csc” x —— cscx = —cscxcotx 
dx dx 
3.6 EXERCISES 
Preliminary Questions 
1. Determine the sign (+ or —) that yields the correct formula for the 2. Which of the following functions can be differentiated using the rules 
following: we have covered so far? 
= = 2 = ; 
(a) Z (sin ee (a) y = 3cosxcotx (b) y = cos(x*) (c) y = æ sinx 
3. For each, give an equation of the tangent line to the graph at x = 0. 
(b) ~ secx = +secx tanx So 
dx (b) y = cosx 
(c) d PET 4. How is the addition formula for sine used in deriving the formula 
dx (sinxy = cosx? 
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Exercises 

In Exercises 1-4, find an equation of the tangent line at the point indicated. 
1 y=sinxz, x=% 2. y=cosx, x=F 

3. y=tanx, x=F 4, y=secx, x= % 


In Exercises 5—24, compute the derivative. 
5. f(x) =sinxcosx 6. f(x)=x*cosx 


7. f(x) =xsinx f(x) = 9secx + 12cotx 


9. H(t) =sintsec?t 10. A(t) =9csct+tcotr 
11. f(0) = tan@secé 12. k(0) = 6? sin? 0 
13. f(x) = (2x4 — 4x7) sec x 14, f(z) =ztanz 
sec 0 
= 16. = 
15 r- G(z) eae 
3cos y —4 x 
7. = 18. = 
ae Me? sin y f) sinx +2 
TA 20. f(0)= 6 tan@ secé 
i — 1—tanx . = 
21. f(x) =e sinx 22. A(t) = e csct 
23. f(@) = e°(5sin@ — 4tané@) 24. f(x) = xe" cosx 


In Exercises 25-34, find an equation of the tangent line at the point speci- 

fied. 

25. y=x°+cosx, x=0 26. y =tanð, O=Z% 
_ sint 

?= T+ cost’ 

28. y=sinx+3cosx, x=0 


27. 


Br 
bæ 


Ed 


29. y = 2(sin + cos), 0 = 5 
ae vi 2 = 

3i, y =e cosx, x =O 32. y= e* cos’ x, x= 

33. y=e'(1—cost), t=% 34. y = e° sec, 9=% 


In Exercises 35—37, use Theorem I to derive the formula. 


d d 
35. —cotx = — csc? x 36. — secx = sec x tan x 
dx dx 


d 
37. — csc x = — csc x cot x 
dx 


38. Show that both y = sin x and y = cos x satisfy y” = —y. 


In Exercises 39-42, calculate the higher derivative. 


2 


d? 
40. — cos“ t 


dt? 
42. y”, y”, y=e'sint 


39. f”(0), f(0)=@sin0 


41. ie ye y =tanx 


43. Calculate the first five derivatives of f(x) = cosx. Then determine 
f(x) and fC (x). 


44. Calculate the first five derivatives of f(x) = sinx. Then determine 
FOC) and f(z). 


45. Let f(x) = sinx. We can compute f(x) as follows: First, express 


n =4m +r where m is a whole number and r = 0, 1, 2, or 3. Then < 


determine f(x) from r. Explain how to do the latter step. 


46. Let f(x) = cosx. We can compute f(x) as follows: First, express 
n = 4m +r where m is a whole number and r = 0, 1, 2, or 3. Then deter- 
mine f(x) from r. Explain how to do the latter step. 


30. y=cscx—cotx, x=% 


47. Let f(x) = sin? x and g(x) = cos? x. 

(a) Use an identity and prove f'(x) = —g’(x) without directly computing 
f'(x) and g'(x). 

(b) Now verify the result in (a) by directly computing f’(x) and g'(x). 


48. Let f(x) = tan? x and g(x) = sec? x. 

(a) Use an identity and prove f'(x) = g'(x) without directly computing 
f'(x) and g'(x). 

(b) Now verify the result in (a) by directly computing f'(x) and g'(x). 


49. Find the values of x between 0 and 27 where the tangent line to the 
graph of y = sin x cos x is horizontal. 


50. (Gu) Plot the graph f(@) = sec @ + csc @ over [0, 277] and determine 
the number of solutions to f’(@) = 0 in this interval graphically. Then 
compute /’(@) and find the solutions. 


51. (Gu) Let g(t) = t — sint. 

(a) Plot the graph of g with a graphing utility for 0 < t < 4r. 

(b) Show that the slope of the tangent line is nonnegative. Verify this on 
your graph. 

(c) For which values of t in the given range is the tangent line horizontal? 


52. Let f(x) = (sin x)/x for x # 0 and f(0) = 1. 

(a) Plot f on [—3z, 37]. 

(b) Show that f’(c) = 0 if c = tanc. Approximate the smallest positive 
value co such that f’(co) = 0. 

(c) Verify that the horizontal line y = f(co) is tangent to the graph of 
y = f(x) at x = cg by plotting them on the same set of axes. 


53. Ei Show that no tangent line to the graph of f(x) = tan x has zero 
slope. What is the least slope of a tangent line? Justify by sketching the 
graph of f'(x) = sec? x. 


54. The height at time ¢ (in seconds) of a mass, oscillating at the end of 
a spring, is s(t) = 300 + 40 sint cm. Find the velocity and acceleration at 
t=Zs. 

3 


55. A projectile is launched from ground level with an initial velocity vo 
at an angle 6, where 0 < 0 < x/2. Its horizontal range is 


2 2 
R = (=) sin cos 6, 
8 


where g is the acceleration due to gravity. Calculate dR/d@. The maxi- 
mum range occurs where dR/d@ = 0. Show that that occurs at 0 = 7/4 
and that the maximum range is vg /g. 


56. The graph of y = sin x is shown in Figure 5, along with a tangent line 
at x = @. Show that if + < 6 < x, then the distance along the x-axis be- 
tween 6 and the point where the tangent line intersects the x-axis is equal 
to |tan 6}. 


FIGURE 5 
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\ Further Insights and Challenges 


57. Use the limit definition of the derivative and the addition law for the 
cosine function to prove that (cos x)’ = — sinx. 


58. Use the addition formula for the tangent 


ak tanx + tanh 
x = —— 
1 + tan x tanh 
to compute (tan x)’ directly as a limit of the difference quotients. You will 
tanh 
also need to show that im —— = 1. 
h>0 A 


59. Verify the following identity and use it to give another proof of the 
formula (sinx) = cos x: 


sin(x + h) — sinx = 2cos (x + 3h) sin (4h) 
Hint: Use the addition formula for sine to prove that 


sin(a + b) — sin(a — b) = 2 cosa sin b 


60. [4A Show that a nonzero polynomial function y = f(x) cannot sat- 
isfy the equation y” = —y. Use this to prove that neither f(x) = sinx nor 
f(x) = cosx is a polynomial. Can you think of another way to reach this 
conclusion by considering limits as x —> 00? 


61. Let f(x) = x sin x and g(x) = x cos x. 
(a) Show that f'(x) = g(x) + sin x and g'(x) = — f(x) + cos x. 


(b) Verify that f”(x) = —f(x)+ 2cos x and 
2" (x) = —g(x) — 2sin x. 


(c) By further experimentation, try to find formulas for all higher deriva- 
tives of f and g. Hint: The kth derivative depends on whether k = 4n, 
4n + 1, 4n + 2, or 4n + 3. 


62. í F j Figure 6 shows the geometry behind the derivative formula 


(sin @)’ = cos@. Segments BA and BD are parallel to the x- and y-axes. 
Let A sinô = sin(@ + k) — sin 0. Verify the following statements: 


(a) Asin = BC 
(b) ZBDA=060 Hint: OA LAD. 
(c) BD =(cos@)AD 


Now explain the following intuitive argument: If A is small, then 
BC ~ BD and AD 7% h, so Asin@ © (cos@)h and (sin@)’ = cos@. 


FIGURE 6 


3.7 The Chain Rule 


The Chain Rule is used to differentiate composite functions such as y = cos(x?) and 


y=vxt4+1. 


Recall that a composite function is obtained by evaluating one function at the output 
of another. The composite of f with g, denoted f o g, is defined by 


(f o g(x) = f(g(x)) 


For convenience, we call f the outside function and g the inside function. Often, we 
write the composite function as f(u), where u = g(x). For example, y = cos(x?) is the 
function y = cos u, where u = x?. 


The Chain Rule says 
(f CEDI = outside’ (inside) - inside’ 


Verbally, it is “ the derivative of the outside 
function at the inside function times the 
derivative of the inside function.” 


THEOREM 1 Chain Rule If f and g are differentiable, then the composite function 
(f o Xx) = f(e(x)) is differentiable and 


(LEED) = f’(e(x)) g’(x) 


We will prove the Chain Rule at the end of the section. 


EXAMPLE 1 Calculate the derivative of y = cos(x?). 


Solution As noted above, y = cos(x?) is a composite F(g(x)), where 


f(u) = cosu, u= g(x) = x 


f'(u) = -— sinu, g'(x) = 3x? 
<= Since u = x?, f’(g(x)) = f’(u) = f'(x?) = —sin(x3). So, by the Chain Rule, 
d 
— cos(x?) = — sin(x?) (3x7) = —3x? sin(x’). 
ax ce ee eee’ 


T'e) g(x) 


174 CHAPTER 3 DIFFERENTIATION 


Alternatively, we can build this derivative using the verbal description. Here, the outside 
function is cos O and the inside function is x?. We have 


ad 


¢ The derivative of the outside: — sin O 

* The derivative of the outside at the inside: — sin(x?) 

¢ The derivative of the outside at the inside times the derivative of the inside: 
(— sin(x?))(3x7) 


So £ cos(x?) = —3x? sin(x?). a 


EXAMPLE 2 Calculate the derivative of y = Vx* + 1. 
Solution The function y = v x4 + 1 isa composite f(g(x)), where 


fw =u, u=g(x)=xt+1 
fiw = Sumt, g'(x) = 4x° 


Note that f’(g(x)) = $(x* + 1)~'”?, so by the Chain Rule, 


4x? 
ave s(x" +17? (4x) = ——— 
=| Wat 41 


F(a) g") 


Alternatively, the outside is VO = O!/? and the inside is x4 + 1. Therefore, 


* The derivative of the outside: ¿071/2 
e The derivative of the outside at the inside: 4 (x4 + 1)~1/ 


e The derivative of the outside at the we times the derivative of the inside: ~~ 
5 (x4 + — 


So A4/x4 B 


tS 


EXAMPLE 3 Calculate the derivative of y = e!+si"*, 


Solution The function y = e!+S™~ is a composite f(g(x)), where 
fm=e’, u = g(x)= 1 + sinx 
FU =e", g'(x) = cos x 

Note that f'(g(x)) = e't5™~*, so by the Chain Rule, 


d 1+sinx 1+sin x 


ae = (cos x)e 


Alternatively, the outside is el and the inside is | + sin x. Therefore, 


« The derivative of the outside: eH 

¢ The derivative of the outside at the inside: e!+sin* 

¢ The derivative of the outside at the inside times the derivative of the inside: 
(cos x)e! +sinx 


So eal = (cos x)e!tsin= | a 


EXAMPLE 4 In Example 5 in Section 1.4 we introduced L(t) = 12 + 3.1 sin(<& Ft) as 
a model for the length of a day in hours from sunrise to sunset in Orange City, Iowa, 
where f is the day in the year after the spring equinox on March 21. Determine L(t) and 
use it to calculate the rate that the length of the days are changing on July 1, August 9, 
September 15, and October 1. 


Bettmann/Getty Images 


Christiaan Huygens (1629-1695), one of 
the greatest scientists of his age, was 
Leibniz’s teacher in mathematics and 
physics. He admired Isaac Newton greatly 
but did not accept Newton’s theory of 
gravitation. He referred to it as the 
“improbable principle of attraction,” 
because it did not explain how two masses 
separated by a distance could influence 
each other. 
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Solution By the Chain Rule, 

L'(t) = 3.1 cos (a) 3 = Sod cos (=) 

365 365 365 365 

We use this formula to compute L’ for the given dates as follows: 
July 1 corresponds to t = 102, and L’(102) + —0.01 h/day ~ —0.6 min/day. 
August 9 corresponds to t = 142, and L’(142) ~ —0.04 h/day ~ —2.4 min/day. 
September 15 corresponds to t = 179, and L’(179) ~ —0.05 h/day + —3.0 min/day. 
October 1 corresponds to t = 195, and L’(195) ~ —0.05 h/day ~ —3.0 min/day. 


These results may confirm your experience with the changing length of days in the 
summer. Once summer begins, the lengths of the days start to diminish (L’(t) < 0). As 
we see here, this rate of decrease gets larger throughout the summer, and as summer is 
ending and fall arrives the days are shortening fastest. g 


It is instructive to write the Chain Rule in Leibniz notation. Let 


y= fu) = fex) 
df du 
du 


de A 


d 
Then, by the Chain Rule, T = f'(u)g'(x) = 
X 


— 
— — 


du dx 


CONCEPTUAL INSIGHT In Leibniz notation, it appears as if we are multiplying fractions 
and the Chain Rule is simply a matter of “canceling the du.” Since the expressions 
dy/du and du/dx are not fractions, this does not make sense literally, but it does 
suggest that derivatives behave as if they were fractions (this is reasonable because 
a derivative is a limit of fractions, namely of the difference quotients). Leibniz’s form 
also emphasizes a key aspect of the Chain Rule: Rates of change multiply. To illustrate, 
suppose that (thanks to your knowledge of calculus) your salary increases twice as 
fast as your friend’s. If your friend’s salary increases $4000 per year, your salary will 
increase at the rate of 2 x 4000 or $8000/yr. In terms of derivatives, 


d(your salary) _ d(your salary) m d(friend’s salary) 
dt ~ d(friend’s salary) dt 


$8000/yr = 2 x  $4000/yr 


EXAMPLE 5 A spherical balloon has a radius r that is increasing at a rate of 3 cm/s. At 
what rate is the volume V of the balloon increasing when r = 10 cm? 


Solution Because we are asked to determine the rate at which V is increasing, we must 
find dV /dt. We are given that dr/dt = 3 cm/s. The Chain Rule allows us to express 
dV /dt in terms of dV /dr and dr/dt: 


dV dV dr 
— —= ad X — 
dt dr dt 
—— ——’ —— 
Rate of change of volume Rate of change of volume Rate of change of radius 
with respect to time with respect to radius with respect to time 


To compute dV /dr, we use the formula for the volume of a sphere, V = mr: 


dV d 4 3 ee 
dr dr z naan 
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Because dr/dt = 3, we obtain 


dV dVdr 
—_ = — — = 4 ~ = 2 
A a Ge Ar (3ye M2r 
For r = 10, 
dV 
—| = (127x)10? = 1200r ~ 3770 
dt r=10 
The volume of the balloon is increasing at a rate of approximately 3770 cm?/s. z 


We now discuss some important special cases of the Chain Rule. 


THEOREM 2 General Power and Exponential Rules If g is differentiable, then 


d 
° = (g(x))" = n(g(x)) T! g'(x) (for any number n) 


d 


d 
o ao = e8) g'(x) 


Proof Let f(u) = u”. Then (g(x))” = f(e(x)), and the Chain Rule yields 


d fi — / 
sy GOD" = Fea’) = ng)" 1 9!(x) 
On the other hand, e& = h(g(x)), where h(u) = e”. We obtain 


d 
i = h'(g(x))g’(x) = e&) g’(x) m 


EXAMPLE 6 General Power and Exponential Rules Find the derivatives of 
(a) y=? +7x +21 and (b) y= e, 


d . d ; 
Solution Apply 78 = ng(x)"—!g’(x) in (a) and — = e8) g'(x) in (b). 


d 1 d 
(a) ne hE tae ee een __(e* 4 4B) 
dx 3 dx 
1 
= =e +D AT 
(b) 2 oost = es! Ci t) = —(sinr)e*! E 
dt dt 


EXAMPLE 7 Using the Chain Rule Twice Calculate = S I. 
X 


Solution In the computation that follows, we apply the Chain Rule, first to the square 


root of the inside function u = 1 + vx? + 1 and then to the derivative of the inside func- 
tion: 


< (1 + (x? + yr)" z > (1 +(x? + gay” i Z (1 + (x? + 1)'/?) 


e -( +74 1)')7'? Go + n22) 


1 1/2 
= 5x0? +7? (1+6? +D") 3 


FIGURE 1 A Surge function, 
S(t) = Ate ™!. 


Notice that S’(0) = A, confirming that, at 
least at the outset, S(t) grows like the 
linear term At. 
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EXAMPLE 8 The Surge Function Surge functions have the form S(t) = Ate for 
A > Oandk > 0 (Figure 1). They model phenomena where a variable first increases to a 
maximum and then decreases slowly and levels off. One example is the intake of a drug 
into the bloodstream after ingestion and the subsequent elimination of the drug from the 
body. 

From the form of S(t) we can see that (because e~*t ~ 1 for small t) the function 
initially grows like the linear function At, but subsequently the behavior is dominated by 
the e~™ term, resulting in a decay toward 0. 

There are two important features on the graph of S: The maximum of S (labeled M 
on the graph) and the point D where S is decreasing fastest. The maximum occurs where 
S'(t) = 0, and point D occurs where S’(t) is minimum (the largest negative value of 
S'(t)). That minimum of S’(t) is found where S”(t) = 0. Show that M occurs at t = 1/k, 
and D occurs at t = 2/k. 


Solution Computing the derivatives, using the Product and Chain Rules, we have 
S'(t) = Ae™ + Ate™(—k) = (1 — kt)Ae™ 
Stee =kAe™ 4+ (1 — kp Ae ™ (=*) = (Re + Ae 


Now, since Ae~™ is always positive, S’ = 0 only when 1 — kt = 0, that is, when 
t = 1/k. Similarly, S” = 0 only when —2k + k?t = 0, that is, when t = 2/k. E 


Proof of the Chain Rule The difference quotient for the composite f o g is 


fe +h)) — fee) 


(h #0) 


We express the difference quotient in a more complicated form that, we will see, results 
in the appearance of the appropriate terms in the Chain Rule formula when we take the 
limit as h > 0. 


fex + h)) — f(e(x)) m f(g +h)) — f(g(x)) r g(x +h) — g(x) [a | 
h g(x + h) — g(x) h 


This is legitimate only if the denominator g(x + h) — g(x) is nonzero. Therefore, to con- 
tinue our proof, we make the extra assumption that g(x + h) — g(x) Æ 0 for all h close 
to but not equal to 0. This assumption is not necessary, but without it, the argument is 
more technical (see Exercise 111). 

Under our assumption, we may use Eq. (1) to write (f o g)’(x) as a product of two 
limits: 


(fe pyk) = tim LES EY) PED Sg SO TY = eo) 


x 
h>0 3=—g(x +h) — g(x) h>0 h 
eee 
We show that this equals f’(g(x)). This is g'(x). 


The second limit on the right is g'(x). The Chain Rule will follow if we show that the 
first limit equals f’(g(x)). To verify this, set 


k = g(x +h) — g(x) 
Then g(x +h) = g(x) + k and 


F(g@ +h)) — Fe) _ fe) +k) — fea) 


g(x +h) — g(x) k 
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The function g is continuous because it is differentiable. Therefore, g(x + h) tends to 
g(x) and k = g(x + h) — g(x) tends to zero as h — 0. Thus, we may rewrite the limit in 
terms of k to obtain the desired result: 


Ff(g(x +h))— f(g). f(g) +k) =f E) 


kso g(x th)—2(x) = ——— f 8) 
It now follows that (f o gY (x) = f’(g(x))g’(x). å 


3.7 SUMMARY 


* The Chain Rule expresses (f o g)’ in terms of f’ and g’: 
(AEEY = f’(g(x)) gax) 


dy dyad 
¢ In Leibniz notation: i oat ol where y = f(u) and u = g(x) 
dx du dx 


d 
* General Power Rule: TO = n(g(x))"~! g'(x) 
x 


d 
* General Exponential Rule: —— = 08) g'(x) 


3.7 EXERCISES 


Preliminary Questions 


1. Identify the outside and inside functions for each of these composite (c) y =x -secx (d) y = x4/secx 
functions. e) y =xe* = sin(e*) 
(a) y = V4x + 9x2 (b) y = tan(x? + 1) “2 wy i 
(c) y =secfx (d) y=(1 +e 3. Which is the derivative of f (5x)? 
ti / t 
2. Which of the following can be differentiated without using the Chain (a) 57°) De) © eg 
Rule? n 4. Suppose that f’(4) = g(4) = g'(4) = 1. Do we have enough informa- 
(a) y = tan(7x~ + 2) (b) y= sM tion to compute F'(4), where F(x) = f(g(x))? If not, what is missing? 
Exercises 
In Exercises 1—4, fill in a table of the following type: 8. Calculate £ f(x? + 1) for the following choices of f(u): 


o ahs Foes aa 
ize ee E A 9. Compute 2 if E = 2 ana MH = 6. 


du dx 


d 
1. f@=w?, g(x)=xt+1 10. Compute = „if fw = u?, u(2) = —5, and u'(2) = —5. 
X x= 

pd = 3 =3 + 5 

PONE», SE ae 11. Let f(x) = (2x? — 5}. Compute f'(x) three different ways: 1) Mul- 
3. f(u)=tanu, g(x) = xf tiplying out and then differentiating, 2) using the Product Rule, and 
E E an E 3) using the Chain Rule. Show that the results coincide. 
l l l 12. Let f(x) = (x +sinx)~!. Compute f'(x) separately using the Quo- 
In Exercises 5 and 6, write the function as a composite f (g(x)) and com- tient Rule and the Chain Rule. Show that the results coincide. 
pute the derivative using the Chain Rule. 

In Exercises 13-24, compute the derivative using derivative rules that have 


5. y =(x +sinx)* 6. y = cos(x?) been introduced so far. 


d zr A 3 —/Q,4 3 
7. Calculate an COS for the following choices of u(x): 13. y=(x +5) 14. y = (8x" +5) 
X 


(a) u(x) =9—-— x? (b) u(x) = x7! (c) u(x) = tanx 15. y=vV7x -3 16. y = (4 — 2x — 3x7) 


17. y = (x2 +9x)? 18. y= (x +3x +9) 


19. y = cost 8 20. y = cos(90 + 41) 


22. y=v9 +x +sinx 


24 y= ett 


21. y =(2cos@ + 5sin 0)? 
23. y = eY" 

In Exercises 25-28, compute the derivative of f © g. 
25. f(u)= smu, g(x)=2x+1 

26. f(u) =2u +1, g(x)= sinx 


27. fu)=e", g(x) =x+x7! 
28. f(u) = = g(x) = cscx 
u — 1 
In Exercises 29 and 30, find the derivatives of f (g(x)) and g(f (u)). 


29. f(u)=cosu, g(x)=x?+1 


1 
30. f(u) =u, g(x)= a 


In Exercises 31—44, use the Chain Rule to find the derivative. 


31. y = sin(x?) 32. y = sin? x 
33. y = vt? +9 34. y = (t? + 3t +1)? 
35. y = (x4 — x3 — 1/8 36. y= (vx +1- 19°” 
j 4 
kr A ( a ) 38. y = cos?(128) 
x-1 

1 
39. y = sec — 40. y = tan(0? — 46) 

X 
41. y = tan(@ + cos@) 42. y= e 
43. y= e? 44. y= cos? (eff) 


In Exercises 45-74, compute the derivative using derivative rules that have 
been introduced so far. 


45. y = tan(x? + 4x) 46. y= sin(x? + 4x) 


47. y = xcos(1 — 3x) 48. y= sin(x?) cos(x?) 
49. y = (4t +9)! 50. y = (z + 1) 2z — 1) 
Si y= (x? + cos r 52. y = sin(cos(sin x)) 
53. y = vsin xcosx 54. y = (9 — (5 — 2x47 Y 
55. y = (cos6x + sin x?)!/ 56. y= Gib 

57. y = tan? x + tan(x?) 58. y = V4 — 3 cosx 


z+1 
59. y= fo 


60. y= (cos? x +3cosx + 7 


1 +cosx 
(1/x) 
63. v=cot (x y2 RU 
y = cot’ (x`) 64. y Tax 


9 
65. y = (1 +eott (x4 + 1)) 66. y = 4e-* + Te 
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67. y = (2e* + 3e-**)4 68. y = cos(re~*") 


69. y =e +2443) 70. y = e” 
71. y=yltyl+ve 72. y=ayvxt+141 
173. y =(kx+ b)! 3. k and b constants 
74. y= l ; k and b constants 
A 
In Exercises 75-78, compute the higher derivative. 
a 2 d? 2 5 
75. a sin(x ) 76. Fa ps aie 9) 
d? 8 oe: 
77. aO — x) , 78. 433 sin(2x) 


79. Assume that the average molecular velocity v of a gas in a particu- 
lar container is given by v(T) = 29./T m/s, where T is the temperature 
in kelvins. The temperature is related to the pressure (in atmospheres) by 


d 
T = 200P. Find — 


dP P=1.5 


80. The power P in a circuit is P = Ri?, where R is the resistance and i 


is the current. Find dP/dt at t = 1 if R = 1000 Q and i varies according 
to i = sin(4xtż) (time in seconds). 


81. An expanding sphere has radius r = 0.4¢ cm at time ¢ (in seconds). 
Let V be the sphere’s volume. Find dV /dt when (a)r = 3 and (b) ¢ = 3. 
82. The function L(t) = 12 + 5.5 sin( 2t) models the length of a day 
from sunrise to sunset in Moscow, Russia, where ¢ is the day in the year 
after the spring equinox on March 21. Determine L’(t), and use it to calcu- 
late the rate that the length of the days are changing on March 25, April 30, 
and June 10. Discuss what the results say about the changing day length in 
the spring in Moscow. 


83. The function L(t) = 12 + 3.4sin( 2t) models the length of a day 
from sunrise to sunset in Sapporo, Japan, where ¢ is the day in the year 
after the spring equinox on March 21. Determine L’(t), and use it to cal- 
culate the rate that the length of the days are changing on December 1, 
January 1, and February 1. Discuss what the results say about the changing 
day length in the late fall and winter in Sapporo. 


84. The general shape of the graph of S(t) = At*e* for A,k > 0 is 
shown in Figure 2(A). There are two points on the graph where the tan- 
gent line is horizontal and therefore where S’(t) = 0. Determine t in terms 
of k for these points by solving S’(t) = 0. 


(A) (B) 


FIGURE 2 


85. The general shape of the graph of S(t) = Ate” for A,k > 0 is 
shown in Figure 2(B). There are two points on the graph where the tan- 
gent line is horizontal and therefore where S’(t) = 0. Determine t in terms 
of k for these points by solving S’(r) = 0. 
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86. A 2005 study by the Fisheries Research Services in Aberdeen, Scot- 
land, suggests that the average length of the species Clupea harengus 
(Atlantic herring) as a function of age ¢ (in years) can be modeled by 
L(t) = 32(1 — e~°3"') cm for 0 < t < 13. See Figure 3. 

(a) How fast is the average length changing at age t = 6 yr? 

(b) At what age is the average length changing at a rate of 5 cm/yr? 


2 * © Ss  T) Te 
t (year) 


FIGURE 3 Average length of the species Clupea harengus. 


87. A 1999 study by Starkey and Scarnecchia developed the following 
model for the average weight (in kilograms) at age ¢ (in years) of channel 
catfish in the Lower Yellowstone River (Figure 4): 


3.4026 
Wt) = (3.46293 = aaiae hs ) 


Find the rate at which average weight is changing at age t = 10. 


W (kg) 
8 
7 
6 
5 
4 
3 
2 
1 
5 10 15 20 
t (year) 


FIGURE 4 Average weight of channel catfish at age t. 


88. The functions in Exercises 86 and 87 are examples of the von Berta- 
lanffy growth function 


l/m 


M(t) = (a + (b — a)e™) (m £0) 


introduced in the 1930s by Austrian-born biologist Karl Ludwig von Berta- 
lanffy. Calculate M’(0) in terms of the constants a, b, k, and m. 


89. Assume that 


Calculate the derivatives of the following functions at x = 2: 

(a) f(g@)) b) f(x/2) © g(2g(x)) 
90. Assume that 

Calculate the derivatives of the following functions at x = 0: 

(a) (f@))P (b) fx) (c) f(4x)h(Sx) 


91. Compute the derivative of A(sinx) at x= %, assuming that 
h'(0.5) = 10. 


92. Let F(x) = f(g(x)), where the graphs of f and g are shown in 
Figure 5. Estimate 9’(2) and f’(g(2)) and compute F’(2). 


FIGURE 5 


In Exercises 93—96, use the table of values to calculate the derivative of 
the function at the given point. 


94. ef, x=4 


x=% 


93. f(g@)), 
95. g(x), x = 15 


97. The price (in dollars) of a computer component is P = 2C — 18C7}, 
where C is the manufacturer’s cost to produce it. Assume that cost at time 
t (in years) is C = 9 + 3t—!. Determine the rate of change of price with 
respect to time at t = 3. 


x ==] 


98. (GU) Plot the “astroid” y = (4 — x2/3)3/2 for 0 < x < 8. Show that 
the first-quadrant segment of each tangent line has length 8. 


99. According to the U.S. standard atmospheric model, developed by the 
National Oceanic and Atmospheric Administration for use in aircraft and 
rocket design, atmospheric temperature T (in degrees Celsius), pressure 
P (kPa = 1000 pascals), and altitude A (in meters) are related by these 
formulas (valid in the troposphere h < 11,000): 


288.08 


Use the Chain Rule to calculate d P /dh. Express the result in terms of h. 
100. Climate scientists use the Stefan—Boltzmann Law R= oT‘ 
to estimate the change in the earth’s average temperature T (in 
kelvins) that results from a change in the radiation R (in joules per 
square meter per second) that the earth receives from the sun. Here, 
o = 5.67 x 1078 Js~!m-~*K-+. Calculate dR/dt, assuming that T = 283 
and a = 0.05 K/year. What are the units of dR/dt? 


T 73.1 5.256 
T = 15.04 — 0.00649h, P = 101.29 (a) 


101. In the setting of Exercise 100, calculate the rate of change of T (in 
K/yr) if T = 283 K and R increases at a rate of 0.5 Js~!m~? per yr. 


102. Use a computer algebra system to compute f(x) for 
k = 1,2,3 for the following functions: 
(a) f(x) = cota?) b) f(x) =Vx3 +1 


103. Use the Chain Rule to express the second derivative of f o g in terms 
of the first and second derivatives of f and g. 


104. Compute the second derivative of sin(g(x)) at x = 2, assuming that 
g(2) = %, g'(2) =5, and g”(2) = 3. 


Nee” 


< 
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Further Insights and Challenges 
105. Show that if f, g, and h are differentiable, then 


FEAE = F EAEE hEN E) 


106. EA Show that differentiation reverses parity: If f is even, then f’ 
is odd, and if f is odd, then f’ is even. Hint: Differentiate f(—x). 


107. (a) [4 Sketch a graph of any even function f and explain graph- 
ically why f’ is odd. 

(b) ‘Suppose that f’ is even. Is f necessarily odd? Hint: Check whether 
this is true for linear functions. 


108. Power Rule for Fractional Exponents Consider the functions 
f(u) = u? and g(x) = x?/%. Assume that g is differentiable. 

(a) Show that f(g(x)) = x? (recall the Laws of Exponents). 

(b) Apply the Chain Rule and the Power Rule for whole-number expo- 
nents to show that f’(g(x)) g'(x) = px?7!. 

(c) Use the result of (b) to derive the Power Rule for x?/4. 


109. Prove that for all whole numbers n > 1, 


d" 
dx" 


: ? nri 
sinx = sin (x + =) 


Hint: Use the identity cos x = sin (x + 5). 


110. A Discontinuous Derivative Use the limit definition to show that 
g’(0) exists but g'(0) Æ am g'(x), where 
x> 


TOR x #0 
g(x) = a 
0 x= 


111. Chain Rule This exercise proves the Chain Rule without the spe- 
cial assumption made in the text. For any number b, define a new function 


_ fw—- f) 
i u — b 


F(u) for all u Æ b 


(a) Show that if we define F(b) = f'(b), then F is continuous at u = b. 
(b) Take b = g(a). Show that if x Æ a, then for all x, 


fu) — fea _ u — g(a) 
x—a aie x—a [2| 


Note that both sides are zero if u = g(a). 
(c) Substitute u = g(x) in Eq. (2) to obtain 
fe) — F(g(a)) 


xX-—€@ 


= F(g(x S280 


Derive the Chain Rule by computing the limit of both sides as x —> a. 


3.8 Implicit Differentiation 


We have developed techniques for calculating a derivative dy/dx when y is given in 
terms of x by a formula—such as y = x? + 1; that is, when y is expressed explicitly as a 
function of x. But suppose that y is instead related to x by an equation such as 


Y ta = Fee | 1 | 


In this case, we say that y is defined implicitly as a function of x. How can we find the 
slope of the tangent line at a point, such as (1,1), on the graph (Figure 1)? Although it 
may be difficult or even impossible to solve for y explicitly as a function of x, we can 
find dy/dx using the method of implicit differentiation (see Example 2). 


To illustrate, we first compute the slope of the tangent line to the unit circle at (3. $) 
(Figure 2). The equation of the unit circle is 


FIGURE 2 The tangent line to the unit 
circle x? + y? = 1 at P has slope —3. 


x +y =l 


Compute dy/dx by taking the derivative of both sides of the equation: 


N el A 
dpa, 47 n_ 
aa) Vane 


d 
2x + =-(y’) =0 


How do we handle the term 4 (y2)? We use the Chain Rule. Think of y as a function 


y = y(x). Then y? = (y(x))? and by the Chain Rule, 


d, d 2 dy 
= E = = 2 — = — 
ax? T (y(x)) y(x) T 2y 


dy 
dx 
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Notice what happens if we apply the Chain 
Rule to 7 sin y. The extra derivative factor 
appears, but it is equal to 1: 


ey. 
— SIN 
dy 


d 
y= (cos y) Z = COS y 
dy 


Equation (2) becomes 2x + 2y 3 = 0, and we can solve for 22 if y Æ 0: 


EXAMPLE 1 Use Eq. (3) to find the slope of the tangent line at the point P = 2, 4) on 
the unit circle. 


Solution Set x = > and y = $ in Eq. (3): 


In this particular example, we could have computed dy/dx directly, without implicit 
differentiation. The upper semicircle is the graph of y = ~ 1 — x? and 


pesta 
J 1 — x? 

This formula expresses dy/dx in terms of x alone, whereas Eq. (3) expresses dy/dx in 
terms of both x and y, as is typical when we use implicit differentiation. The two formulas 
agree because y = v/1 — x2. 

Before presenting additional examples, let’s examine again how the factor dy/dx 
arises when we differentiate an expression involving y with respect to x. It would not 
appear if we were differentiating with respect to y. Thus, 


4 Foe in_ eee 
1 x? exh sal a 


7: a dy 
— sin y = COS y but — sin y = (cos y) aH 
x 


dy dx 
d 4 3 d 4 3 dy 
—y' =4 but — y“ = 4y” — 
dy á 4 š dx 4 A dx 
Similarly, the Product Rule applied to xy yields 
x dy dy 
igen aed ae 


The Quotient Rule applied to t7/y yields 


2 d 42 _ pU — p222 


dt \ y y? y? 


EXAMPLE 2 Find an equation of the tangent line at the point P = (1, 1) on the curve in 
Figure | with equation 


y+ apex? ~ xh? 


Solution We break up the calculation into two steps. 


Step I. Differentiate both sides of the equation with respect to x. 
Note that each occurrence of y in the original equation generates an additional ay 
upon differentiation. 


fayi da 
rr tO) = gee —x +2) 


dy dy 
4 dx (» 2) = i [4 | 
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dy 
. l P 
Step 2. Solve for 7x 


Move the terms involving dy/dx in Eq. (4) to the left and place the remaining terms 
on the right: 

dy 
dx 
Then factor out dy/dx and divide: 


d 
4y? po e eg 
dx 


MH) = 3x? —1— y 


dye 3e 
dx 4y34+x [5 | 
To find the derivative at P = (1, 1), apply Eq. (5) with x = 1 and y = 1: 


dy{ _3-1#-1-1 1 
dxlqy 4-41 5 


An equation of the tangent line is y — 1 = 5 (x -l)o y= Ex + a E 


CONCEPTUAL INSIGHT The graph of an equation does not always define a function of x 
because there may be more than one y-value for a given value of x. Implicit differenti- 
ation works because the graph is generally made up of several pieces called branches, 
each of which does define a function (a proof of this fact relies on the Implicit Func- 
tion Theorem from advanced calculus). For example, the branches of the unit circle 
x? + y? = 1 are the graphs of the functions y = /1 — x? and y = —V1 — x?. Sim- 
ilarly, the graph in Figure 3 has an upper and a lower branch. In most examples, the 
branches are differentiable except at certain exceptional points where the tangent line 


may be vertical. 
y y y 
X x X 
FIGURE 3 Each branch of the graph of 
y* +xy= x? —x +2 defines a function 
of x. Upper branch Lower branch 


EXAMPLE 3 Find the slope of the tangent line at the point P = (1, 1) on the graph of 
e = 2x? — y?. 


Solution We follow the steps of the previous example, this time writing y’ for dy/dx: 


a d 
ae 
ro ae x“ = y”) 
e*-Y(1 — y’) = 4x — 2yy’ (Chain Rule applied to e*™? and y”) 


ex — ey = 4x — 2yy’ 


(2y — e* )y’ = 4x —e* (place all y’-terms on left) 


pee ear 
7 2y — e*-y 
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FIGURE 5 Graph of 


ycos(y +t + t?) = 1? 


The tangent line at P = (0, 2) has 
slope —1. 


qe REMINDER In Example 7 of 

Section 1.5, we used the right triangle in 
Figure 6 in the computation 

adjacent 


cos(sin™! x) = cos y = —__ 
hypotenuse 


= V1—x? 


Vi -x 


FIGURE 6 Right triangle constructed so that 
sin y=x. 


The slope of the tangent line at P = (1, 1) is (Figure 4) 


al a Men l 7 
dx (1,1) 2(1) — el~i 2—1 


d 
EXAMPLE 4 Shortcut to Derivative at a Specific Point Calculate = at the point 
P = (0, %) on the curve (Figure 5): P 


ycos(y +t +t?) =t? 


Solution As before, differentiate both sides of the equation (we write y’ for dy/dt): 


d 2 d 3 
— ap t + t = —f 
pe ) dt 


y cos(y +t +1?) — ysin(y +t +O +14 20) = 32? | 6 | 


We could continue to solve for y’ in terms of t and y, but that is not necessary since 


we are only interested in dy/dt at the point P. Instead, we can substitute t = 0, y = — 


directly in Eq. (6) and then solve for y’: 
5 
y’ cos (F +040) — (=) sin (= +0407) (y+1+0)=0 
5 
0 - (=) (1)(y’ + 1) =0 


This gives us y’ +1=Oory = —1. a 


Derivatives of Inverse Trigonometric Functions 


We now apply implicit differentiation to determine the derivatives of the inverse trigono- 
metric functions. An interesting feature of these functions is that their derivatives are not 
trigonometric. Rather, they involve quadratic expressions and their square roots. Keep in 
mind the restricted domains of these functions. 


| THEOREM 1 Derivatives of Arcsine and Arccosine 


1 d me 1 
Ja Cn xj= 0 g zy COS Kja =h == 


l x, our goal is to find A By applying sine to both sides, we have 


Proof For y = sin” 


siny =x 


Differentiating both sides of the equation with respect to x, and treating y as a func- 
tion of x, we obtain 


dy 

BLA 
i ET 
dy 1l 


dx cosy 


In order to determine an algebraic expression in x for cos y, we construct a right triangle 
as in Figure 6 such that sin y = x. We choose y to be its angle, and take its hypotenuse to 
be of length 1 and its opposite edge to have length x. Then, by the Pythagorean Theorem, 


The proofs of the formulas in Theorem 2 
are similar to the proof of Theorem 1. See 


E Exercises 48 and 50. 


N 
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its adjacent side must have length 1 — x?. We can therefore read off the triangle that 


cos y = ~ i= tiie 4/1 — x2. While the triangle demonstrates that this relationship holds 


for positive x and y, it is straightforward that it also holds for the corresponding negative 


values. Thus, over the domain of f(x) = sin”! x, 


The derivation of Z (cos! x) is similar (see Exercise 47). 2 
x 


EXAMPLE 5 Calculate f’ (5), where f(x) = arcsin(x7). 
Solution Recall that arcsin x is another notation for sin! x. By the Chain Rule, 

l d > 2x 
Vina ax? Jiax 
r(3)= 1 a re a 
CE a 


d -a2 d a tl O 
FTA a i sE (sin (x*)) = 


)= 


EXAMPLE 6 Calculate £ (esee +1) 


x=0 
Solution Apply the Chain Rule using the formula kA csc lu = — Pe 
d d 
= cse (e +1)=— —(e* +1) 
dx 


1 
dx lex +1|y(e* + 1)? - 1 
e* 


— ETDE e 
We have replaced |e* + 1| by e* + 1 because this quantity is positive. Now we have 
d l e? 1 
— csc (e* + 1) = —— = — ——_ a 
dx x0 © (0° + 1)Ve9 4 209 2/3 


By using the implicit derivative process repeatedly, we can find higher order derivatives 
of a function that is defined implicitly. We do so in the next example. 


2 
EXAMPLE 7 Find 7} for x? + 4y? =7. 
Solution We differentiate with respect to x, writing y’ for = 


2x + 8yy’ =0 
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Solving for y’, we obtain 


= 


/ 


y 


Differentiating again with respect to x, we obtain 


ft EY) SO) yey 


16y? 4y? 


Substituting in the fact that y’ = x yields 


The last equality holds since x? + 4y? = 7 


Å— a a me 
— 


3.8 SUMMARY 


e Implicit differentiation is used to compute dy/dx when x and y are related by an 


equation. 


Step 1. Take the derivative of both sides of the equation with respect to x, treating y 
as a function of x. 
Step 2. Solve for dy/dx by collecting the terms involving dy/dx on one side and the 
remaining terms on the other side of the equation. 


e Remember to include the factor dy/dx when differentiating expressions involving y 


with respect to x. For instance, 


¢« Derivative formulas: 


— sin” 
dx 


i 


y = 


d 
— sin y = (cos y) dy 
dx 


dx 
1 d i 1 
- = —cos x = —--——- 
V1—x? dx V1 — x? 
1 
aie, —cot !x= -n 
x~+1 d x-+1 
1 1 
esc! x 


3.8 EXERCISES 


Preliminary Questions 


d d 
1, Which differentiation rule is used to show ax sin y = cos y —? 
x ix 


2. One of (a)}{c) is incorrect. Find and correct the mistake. 


d 
a 5 sin(y*) = 2y cosy”) 
d . 2 2 
(b) — sin(x*) = 2x cos(x“) 
dx 
d 
(© —sin(y*) = 2y cos(y°) 
dx 
3. On an exam, Jason was asked to differentiate the equation 


x? +2xy +y =7 


Find the errors in Jason’s answer: 2x + 2xy' + 3y? = 0. 


4. Which of (a) or (b) is equal to Z (x sin t)? 
Š 


(a) (x cos D 


dt 
(b) (x cost)— + sinź 
dx 


5. Determine which inverse trigonometric function g has the derivative 


: ——— 
oe x?4+1 


6. What does the following identity tell us about the derivatives of 


sin”! x and cos 


lx? 


a | =] JE 
sın x + cos e= 


7. Assume that a is a constant and that y is implicitly a function of x. 
Compute the derivative with respect to x of each of a?, x”, and y?. 
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Exercises 


1. Show that if you differentiate both sides of x? + 2y? = 6, the result is 
2x + 6y? z = Q. Then solve for dy/dx and evaluate it at the point (2, 1). 


2. Show that if you differentiate both sides of xy + 4x + 2y = 1, the re- 
sult is (x + 2) + y +4 = 0. Then solve for dy/dx and evaluate it at the 
point (1, —1). 


In Exercises 3—10, differentiate the expression with respect to x, assuming 
that y is implicitly a function of x. 


3. xy? 4 a 5. (x? 4+ y*)3/2 
y 
6. x+y Tes pay 8. tan(xy) 
easel 10. e?” 
y+ 1 


In Exercises 11-28, calculate the derivative with respect to x of the other 
variable appearing in the equation. 


11. 3y? +x? =5 12. yt — 2y = 4x? +x 
13. xy +2xy =x +y 14. xy? +x?y5 —x3 =3 
15. x?R5=1 16. xf +z =1 
yy -¢ 1 1 
17, —+-—=2y 18. /xt+s=-—4- 
æ Y Xs 
19. y? 4 x3/2 = | 20. x! + yP = —4y 
1 2 ; 
2i; r =x +x - 22, sin(xt) =t 
23. sin(x + y} =x + cos y 24. tan(x?y) = (x + y) 
25. xe? = 2xy + y? 26. e = sin(y?) 
27. ek +e%=x-y 28. et ty = x44 


In Exercises 29-32, compute the derivative at the point indicated without 
using a calculator. 


1 


25, y=sin™'x, x 30. y = tan! x, -E 


Il 
AIU 


1 l 


31. y =sec™ x, x=4 32. y = arccos(4x), x= łż 


In Exercises 33—46, find the derivative. 
33. y = sin”! (7x) 34. y = arctan 5 
35. y = cos™! (x?) 36. y = sec l(t +1) 


37. y= xtan" Ly 38. y= eros”! x 


39. y = arcsin(e*) 40. y = csc! (x7!) 
4i. y=vV1 -r +sin!t a2, y= an (TE) 
—t 
= cos—! x 
43, y = (tan! x) ae a e 
sn x 


45. y= cos7! t! — sec“! t 46. y = cos“! (x + sin”! x) 


1 
47. Use Figure 7 to prove that (cos™! xy = -————.. 
8 p EF 
l 
V1 —x? 
x 


FIGURE 7 Right triangle with y = cos! x. 


48. Show that (tan—! x)’ = cos? (tan! x) and then use Figure 8 to prove 
that (tan—! x)’ = (x? +.1)7!. 


V1+x2 


1 


FIGURE 8 Right triangle with y = tan! x. 
49, Let y = sec”! x. Show that if x > 1, then tan y = x2 — 1, and if 
x < 1, then tan y = —v x? — 1. Hint: tany > 0 on (0, 5) and tany <0 
on (5-7). 
50. Use Exercise 49 to verify the formula 
1 


Ix|vx? —1 


51. Show that x + yx! = 1 and y = x — x” define the same curve [ex- 
cept that (0,0) is not a solution of the first equation] and that implicit 
differentiation yields y’ = yx~' — x and y’ = 1 — 2x. Explain why these 
formulas produce the same values for the derivative. 


(sec! xy = 


52. Use the method of Example 4 to compute a | p at P = (2, 1) on the 
curve yx? + yan —10x+y=5. 


In Exercises 53 and 54, find dy/dx at the given point. 
53. (x +2)? — 6(2y + 3)? =3, (1,—1) 


2-x x 
54. sin?(3y) =x +y, | —.,- 
Gy)=x+y ( 4° =) 


In Exercises 55-62, find an equation of the tangent line at the given point. 
55. xy +x7y2=6, (2,1) 56. xP +y =2, (1,1) 
57. x? + sin y = xy? +1, (1,0) 

58. sin(x — y) = x cos (y + Ẹ), (5.7) 

59. 2x!/2 + 4y! = xy, (1,4) 60. x?e? + ye =4, (2,0) 


2x—y a 
6l. e = —, (2, 4) 
y 


62. y2er —16 —xy !=2, (4,2) 


63. Find the points on the graph of y? = x? — 3x + 1 (Figure 9) where 
the tangent line is horizontal, as follows: 

(a) First show that 2yy’ = 3x2 — 3, where y’ = dy/dx. 

(b) Do not solve for y’. Rather, set y’ = 0 and solve for x. This yields two 
values of x where the slope may be zero. 

(c) Show that the positive value of x does not correspond to a point on 
the graph. 

(d) The negative value corresponds to the two points on the graph where 
the tangent line is horizontal. Find their coordinates. 
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FIGURE 9 Graph of y? = x? — 3x +1. 


64. Show, by differentiating the equation, that if the tangent line at a point 
(x, y) on the curve x?y — 2x + 8y = 2 is horizontal, then xy = 1. Then 
substitute y = x—! in x? y — 2x + 8y = 2 to show that the tangent line is 
horizontal at the points (2, 5) and ( — 4, —4). 


65. Find all points on the graph of 3x? + 4y? + 3xy = 24 where the tan- 
gent line is horizontal (Figure 10). 


FIGURE 10 Graph of 3x2 + 4y” + 3xy = 24. 


66. Show that no point on the graph of x? — 3xy + y? = 1 has a horizon- 
tal tangent line. 


67. Figure 1 shows the graph of y* + xy = x? — x + 2. Find dy/dx at 
the two points on the graph with x-coordinate 0 and find an equation of the 
tangent line at each of those points. 


68. Folium of Descartes The curve x? + y? = 3xy (Figure 11) was 
first discussed in 1638 by the French philosopher-mathematician René 
Descartes, who called it the folium (meaning “leaf’”). Descartes’s scien- 
tific colleague Gilles de Roberval called it the jasmine flower. Both men 
believed incorrectly that the leaf shape in the first quadrant was repeated in 
each quadrant, giving the appearance of petals of a flower. Find an equa- 
tion of the tangent line at the point (2, 4). 


y 


FIGURE 11 Folium of Descartes: x3 + y3 = 3xy. 


69. Find a point on the folium x? + y? = 3xy other than the origin at 
which the tangent line is horizontal. 


70. | Á l (Gu) Plot x? + y? = 3xy + b for several values of b and de- 


scribe how the graph changes as b —> 0. Then compute dy/dx at the point ~— 


(b'/,0). How does this value change as b > oo? Do your plots confirm 
this conclusion? 


71. Find the x-coordinates of the points where the tangent line is hori- 
zontal on the trident curve xy = x? — 5x? + 2x — 1, so named by Isaac 
Newton in his treatise on curves published in 1710 (Figure 12). 

Hint: 2x? — 5x? + 1 = (2x — 1)\(x? — 2x — 1). 


FIGURE 12 Trident curve: xy = x? — 5x? + 2x — 1. 


72. Find an equation of the tangent line at each of the four points on the 
curve (x? + y* — 4x)? = 2(x? + y?) where x = 1. This curve (Figure 13) 
is an example of a limaçon of Pascal, named after the father of the French 
philosopher Blaise Pascal, who first described it in 1650. 


y 
3 


~3 
FIGURE 13 Limagon: (x? + y? — 4x)* = 2(x? + y2). 


73. Find the derivative, dy/dx, at the points where x = 1 on the folium 
ee ye = 2 xy’. See Figure 14. 


y 
2 


= 
FIGURE 14 Folium curve: (x? + y Y = xy? 
74. Plot (x? + y?)? = 12(x? — y?) +2 for x and y between —4 
and 4 using a computer algebra system. How many horizontal tangent lines 


does the curve appear to have? Find the points where these occur. 


75. Calculate dx/dy for the equation y* + 1 = y? +x? and find the 
points on the graph where the tangent line is vertical. 


76. Show that the tangent lines at x = 1 + /2 to the conchoid with equa- 
tion (x — 1)?(x? + y?) = 2x? are vertical (Figure 15). 


FIGURE 15 Conchoid: (x — 1)?(x2 + y?) = 2x?. 


qi. Use a computer algebra system to plot y? = x? — 4x for 
x and y between —4 and 4. Show that if dx/dy = 0, then y = 0. Conclude 
that the tangent line is vertical at the points where the curve intersects the 
x-axis. Does your plot confirm this conclusion? 


78. Show that for all points P on the graph in Figure 16, the segments O P 
and PR have equal length. 


y Tangent line 


FIGURE 16 Graph of x? — y* =a’. 


In Exercises 79-80, first compute y' and y” by implicit differentiation. 
Then solve the given equation for y, and compute y' and y” by direct dif- 
ferentiation. Finally, show that the results obtained by each approach are 
the same. 


79. xy=y-—2 
80. xy? =8 
In Exercises 81-84, use implicit differentiation to calculate higher deriva- 
tives. 
81. Consider the equation y? — 3x? =l. 
(a) Show that y’ = x/y? and differentiate again to show that 
ne 4 2 2xyy’ 
p 4 
7 

(b) Express y” in terms of x and y using part (a). 


82. Use the method of the previous exercise to show that y” = —y~? on 
the circle x? + y? = 1. 
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83. Calculate y” at the point (1, 1) on the curve xy? + y — 2 = 0 by the 
following steps: 

(a) Find y’ by implicit differentiation and calculate y’ at the point (1, 1). 
(b) Differentiate the expression for y’ found in (a). Then compute y” at 
(1, 1) by substituting x = 1, y = 1, and the value of y’ found in (a). 


84. Use the method of the previous exercise to compute y” at the point 
(1, 1) on the curve 


x+y =3xr+y-2. 


Exercises 85 and 86 explore the radius of curvature of curves. There can 
be many circles that are tangent to a curve at a particular point, but there 
is one that provides a “best fit” (Figure 17). This circle is called an oscu- 
lating circle of the curve. We define it formally in Section 13.4. The radius 
of the osculating circle is called the radius of curvature of the curve and 
can be computed using either of the formulas: 


_ + @dy/dxy yp? 
T  |d2y/dx2) 


_ d+ G@x/dyyry? 
~ |d*#x/dy?| 


FIGURE 17 The osculating circle (solid red) at a point is the tangent 
circle that best fits the curve. 


85. Consider the ellipse x? + 4y? = 16. 
(a) Compute the radius of curvature in terms of x and y. 


(b) Compute the radius of curvature at (4, 0), (2, /3), and (0, 2). Sketch 
the ellipse, plot these three points, and label them with the corresponding 
radius of curvature. 


86. Consider the ellipse 9x? + y? = 36. 


(a) Compute the radius of curvature in terms of x and y. 


(b) Compute the radius of curvature at (—2, 0), (1, —3/3), and (0, 6). 
Sketch the ellipse, plot these three points, and label them with the corre- 
sponding radius of curvature. 


In Exercises 87-89, x and y are functions of a variable t. Use implicit 
differentiation to express dy/dt in terms of dx /dt, x, and y. 


87. x*y =3 
88. x? —6xy? = y 
89. yt + 2x? = xy 


90. [4 The volume V and pressure P of gas in a piston (which vary in 
time ¢) satisfy PV>/ = C, where C is a constant. Prove that 


dP/dt 3P 
dV/dt 2V 


The ratio of the derivatives is negative. Could you have predicted this from 
the relation PV7/2 = C? 
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Further Insights and Challenges = 
91. Show that if P lies on the intersection of the two curves x? — y? =c 93. Divide the curve in Figure 19 into five branches, each of which is the 
and xy = d (c,d constants), then the tangents to the curves at P are per- graph of a function. Sketch the branches. 
pendicular. 
92. The lemniscate curve (x? + y?) = 4(x? — y?) was discovered by 
Jacob Bernoulli in 1694, who noted that it is “shaped like a figure 8, or 
a knot, or the bow of a ribbon.” Find the coordinates of the four points at 
which the tangent line is horizontal (Figure 18). 
y 
1 
X 
FIGURE 19 Graph of y5 — y = x?y +x + 1. 
=| 
FIGURE 18 Lemniscate curve: (x2 + y”)* = 4(x? — y”). 
3.9 Derivatives of General Exponential and Logarithmic Functions 
In this section, we develop derivative formulas for functions involving exponentials and 
logarithms, including the natural logarithm function f(x) = In x, the general exponential 
function f(x) = b*, the general logarithm function f(x) = log, x, and the hyperbolic 
trigonometric functions and their inverses. We will see that all of the resulting derivative 
formulas arise from the derivative formula e = e* via the rules for differentiation that _ 
it can also be shown that the power rule for we presented previously. ae 
f(x) =x" and the derivative rules for To begin, implicit differentiation simplifies the differentiation of f(x) = lnx. For 
f(x) = sinx and f(x) = cosx (and y = lnx, we want to determine dy/dx. We rewrite y = ln x as e? = x, and then differ- 
therefore for all of the trigonometric entiate implicitly with respect to x to obtain the derivative: 
functions) can be obtained via the 
derivative rule for e*. (See Exercises 87 ey dy =f 
and 88.) dx 
dy 1 1 
dx eF x 
The two most important calculus facts EXAMPLE 1 Differentiate (a) y=xlnx and (b) y= (ln x). 
about exponentials and logs are Solution 
(a) Use the Product Rule: 
d / / 
—(xInx)=x-(Unx)+(@y-Inx 
ax 
1 
=xX:—+lnx=1+Inx 
x 
(b) Use the General Power Rule: = 


2Inx 


d d 
zz (nx)? = 2hix - a = i 


FIGURE 1 Graph of v(h) with vg = 10 and 
ho = 10. The independent variable h is 
plotted on the vertical to depict how v is 
changing with height. The shape of the 
curve reflects the profile of the wind speed 
as the height increases. 
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We obtain a useful formula for the derivative of In( f (x)) by applying the Chain Rule 
with u = f(x): 


d d du TE 
g = TRE a M = Fay) © 


fŒ) 
fx) 


d 
m In( f(x)) = 


EXAMPLE 2 Differentiate (a) y = ln(x? +1) and (b) y =In(Vsinx). 
Solution Use Eq. (2): 


d (x? +1) 3x? 
— Ih 3 D) = = = 
(a) dx eee x3 +] x? +1 


(b) The algebra is simpler if we write In(./sin x) = In ((sinx)'/*) = - In(sin x): 


LA In(Vsinx) = £ In(sin x) 


dx xX 


1 (sinx 1 cosx 1 
=~ =- = cot e 


EXAMPLE 3 The log wind profile is a formula for determining wind speeds at different 
heights near the surface of the earth. Over open agricultural land with few buildings and 
obstructions, it is expressed as 


__ In(h/0.03) 
= "0 3n(ftp /0.03) 


where v (in m/s) is the wind speed at height h (in m) and vg is the known wind speed at 
reference height ho. Meteorologists believe this relationship is accurate for heights up to 
200 m (Figure 1). 

The value 0.03 is called a surface roughness factor. On different surfaces, this factor 
takes on different values. For example, 0.0002 is used over open water, and 0.4 is used 
over villages, forests, and rough uneven terrain. 

Suppose vp = 10 m/s at ho = 10 m above a large corn field (thus with surface rough- 
ness factor 0.03). Determine v and dv/dh at h = 60 (a typical height of a wind-turbine 
tower). 


Solution With vp = 10 at ho = 10, it follows that 


In(h/0.03) h 
I a Fatal ——= \ = 07a kh Sedna) wink 6S 
in(10/0.03) a(z) nya 
Therefore, 
dv 2 
h) = 1.72Inh + 6.03 i. Da 
v(h) 72lnh +6 an Th 7, 


Thus, at h = 60 m, we have v © 13.07 m/s and dv/dh ~ 0.03 m/s per m. This rate of 
change indicates that at that height, the wind speed is increasing at three-hundredths of a 
meter per second for each meter increase in height. E 


The Derivative of f(x) = b* and f(x) = log, x 

From the change-of-base formulas for exponential and logarithmic functions (see 
Section 1.6), we have b* = e*"? and log, x = H Differentiating these equations, 
using the Chain Rule on e”? and the Constant Multiple Rule on BA, we obtain 


Zo ji Zan = (In b)e* 1’ = (Inb)b* 
x X 
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We have taken for granted that b* is a a d lnx S (=) L i 1 
meaningful for all real numbers x, but we i dx Inb Inb/) x  xlnb 
never specified how b* is defined when x is 

irrational. For any rational number 
x =m/n, 


bt = pm/n — (bi/n)” = (y 


Therefore, we have the following theorem: 


THEOREM 2 Derivative of f(x) = b* and f(x) = log, x 


When x is irrational, this definition does a b* = (Inb)b* £ log, x = ‘= 
not apply and b* cannot be defined directly dx dx xInb- 
in terms of roots and powers of b. Instead, 
limits are used. If x is irrational, we can 

find a sequence of rational numbers m/n For example, (10*)’ = (In 10)10* and (logjgx)’ = = - 0 


whose limit is x, and we define 


EXAMPLE 4 Differentiate (a) f(x)=4** and (b) f(x) =log,(x? +1). 


b= lim b™/" 
aiii Solution 
It can be shown (but we do not do so here) _ a . or _ wie 
Aae imie ates, baf biasa (a) The function f(x) = 4°* is a composite of f(u) = 4" and u = 3x: 
depend on the choice of the sequence of d 3 d . du À 3 3 
rational numbers converging to x, and that TN = (54 ) P = (in4)4 (3x)! = (In 4)4°*(3) = (3 In 4)4 s 
the function f(x) = b* thus defined is 
continuous and differentiable. (b) The function f(x) = log,(x? + 1) is a composite of f(u) = log, u and u = x* +1: 
d d du 1 2x 
— | 24 1)=(—1 — = Ae e a ~“ 
qo Te (= og2u ) Zin” Toe e 
pe GRAPHICAL INSIGHT From Æ b* = (inb)b* it follows that -Æ b*| _, =Inb, so the 
Slope at 0 slope of y = b* at x = 0 is lnb (see Figure 2). For example, the slope of y = 2* at 
y equals 1. x = 0 is In2 ~ 0.693, and the slope of y = 3* at x = 0 is In3 © 1.099. Since 1 lies 


between these two slope values, and since the natural] logarithm is continuous, by the 
Intermediate Value Theorem there must be an exponential function, with base between 
2 and 3, whose slope is 1 at x = 0. Furthermore, since the natural logarithm is an 
increasing function, there can be only one such exponential function. Of course, that 
function is f(x) = e*. [Recall that in Section 1.6 we introduced this fact as a charac- 
terization of the number e; that is, we stated that b = e is the unique base for which the 
slope of the tangent line to the graph of y = b* at (0, 1) is equal to 1.] 


CONCEPTUAL INSIGHT We pointed out in Section 1.6 that the change-of-base formu- 
-1 0 I 2 3 las for exponential and logarithmic functions indicate that we can freely change be- 
tween bases—an exponential with one base can be converted to an exponential with 
any other base; similarly for logarithms. From an algebraic perspective, no particular 
base is generally preferred over any other. Now we see that from a calculus perspective, 


FIGURE 2 f(x) = e* is the exponential 
function whose graph has slope equal to 1 


at x = Q. : j : i i 
there is a preferred base, e, for exponential and logarithmic functions. For f(x) = e* 
and f(x) = Inx we have the simple derivative formulas £ e* =e” and s Inx = L, 
but for f(x) = b* and f(x) = log, x, we have to introduce a lnb term in their more 
Se’ ote d = d —_— 7 
awkward derivative formulas =— b* = (Inb)b* and = log, x = zip- 
Logarithmic Differentiation 
Logarithmic differentiation makes what The next example illustrates logarithmic differentiation. This technique saves work 
would be a tedious derivative to take, when the function is a product or quotient with several factors. 
involving multiple applications of the | 
Product and Quotient Rules, into a EXAMPLE 5 Find the derivative of 
relatively easy procedure. (x +1 )2(2x? Sb) 


See 


Net 


> F(x) =x* 


se 


g(x) = xna 


4 8 


FIGURE 3 Graphs of f(x) = x* and 
g(x) = zon x 
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Solution In logarithmic differentiation, we differentiate In( f(x)) rather than f(x) itself. 
First, we take the natural log of both sides of the equation: 
(x + 1)?(2x? — 2) 
Vx? +1 


Then we expand the right-hand side using the logarithm rules: 


nfG)= in( 


In( f (x)) = In ((x + 1)*) + In (2x? — 3) — In (V x2 + 1) 


= 21n +1) +n (2x? — 3) — 5 mx? + 1) 
Next, use Eq. (2): 
Fer & g Shoe Ae DE, 
Aa. & In( f(x) = 2—— In (x + 1) + —— In (2x 3) 5 ay in + 1) 


fey 4) m 4x 1 2x 
fd x+1 2x2—-3 a 


Finally, multiply through by f(x): 


a TE 4x x (x + 1)7(2x? — 3) 
f= (5 + 55-9) ( x2 + ) 


Logarithmic differentiation also allows us to take the derivative of functions of the 
form y = f(x)? (*) where both the base and the exponent depend on x. 


EXAMPLE 6 Differentiate (forx > 0) (a) f(x) =x* and (b) g(x) =x. 


Solution The graphs of f and g are shown in Figure 3. We illustrate two different meth- 
ods; either method could be used in either case. 


(a) Method 1: Use the identity x = e!* to rewrite f(x) as an exponential base e: 
f (x) ae oy ee ey _ ex 0x 
f(x) = (xInx¥e* ™* = (14 Inx)e™™* = (1 + Inx)x* 


(b) Method 2: Apply Eq. (2) to In(g(x)). Since In(g(x)) = In(x“"*) = (sin x) In x, 


g (x) = 4 = d : r sinx 
g(x) Sa pa In(g(x)) = T ((sin x) In x) = a (cos x) Inx 
AE (= ae was inx g(x) = (= + (cos x) inx pen - 


Note that since f(x) = x* has the variable x in both the base and the exponent, it is 
a rapidly growing function. It is evident from its graph that it decreases initially, reaches 
a minimum, and then increases from that point on. Where does that minimum occur and 
what is the minimum value? To answer this, we need to find the x where the slope of the 
graph of f is 0; that is, where f’(x) = 0. We solve: 


(1+1nx)x* =0 
1+Inx=0 (since x” is never 0) 

Inx = —-1 

x=el=tI/e 


So the minimum occurs at x = 1/e, and the minimum value is (1 Je)'/ © & 0.6922. 


194 CHAPTER 3 DIFFERENTIATION 


Derivatives of Hyperbolic Functions 


Recall from Section 1.6 that the hyperbolic functions are special combinations of e* 
and e~*. The formulas for their derivatives are similar to those for the corresponding 
trigonometric functions, differing at most by a sign. 

Consider the hyperbolic sine and cosine: 


sinhx = ————_-, coshx = 


Their derivatives are 


d d 
— sinh x = coshx, — cosh x = sinh x 
dx dx 


We can check this directly. For example, 


d d [e —e™ (e*)! —(e*y et*+e~* 
= | > ott 
i sinh x FP ( 5 ) 5 cosh x 
Note the resemblance to the formulas £ sinx = cos x, -— cosx = — sin x. The deriva- 


tives of the other hyperbolic functions, which are computed in a similar fashion, also 
differ from their trigonometric counterparts by a sign at most. 


4 REMINDER Derivatives of Hyperbolic and Trigonometric Functions 
sinh x e*—e* 
tanh x = = = 2 _ 2 
i ef +e ee mec x, a =esec Xx 
l 2 
sech x = —— = ———_ d d 
cosh x e~+e * — coth x = — csch? X; = cotie csc? oT 
dx dx 
cosh x e+e” 
cothx = — = = d d 
sinhx e* —e€ — sechx = — sech x tanh x, — secx = sec x tan x 
l 2 dx dx 
csch x = = 


sinh x ex — e-* 


d d 
ae csch x = — csch x coth x, T cscx = — csc x cot x 
x 


E 2 
4 REMINDER Hyperbolic sine and cosine EXAMPLE 7 Verify Tx coth x = — csch? x. 
satisfy the basic identity (Section 1.6) 
Solution By the Quotient Rule and the identity cosh? x — sinh? x = 1, 
cosh? x — sinh? x = 1 


a ar coshx\" _ (sinh x)(cosh x)’ — (cosh x (sinh xy 
dx = \sinhx ] sinh? x 
sinh? x — cosh’ x =] 2 
= Ss a Ld 
sinh“ x sinh* x 


bw 

EXAMPLE 8 Calculate (a) ax cosh(3x* +1) and (b) © (sinh x tanh x). 
x x 

Solution 


(a) By the Chain Rule, 4 cosh(3x? + 1) = 6x sinh(3x? + 1). 
(b) By the Product Rule, 


d : 
ao tanh x) = sinh x sech? x + tanh x cosh x = sech x tanh x + sinh x = 


FIGURE 4 


The graphs of y = cosh”! x and 

y = sech™! x have a vertical tangent at the 
endpoint x = 1 of their domains and 
therefore the derivative is undefined there. 


ee es ped 


(9 FIGURE 5 The functions y = tanh7! x 
and y = coth~! x have disjoint domains. 
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Inverse Hyperbolic Functions 


Recall that a function f with domain D has an inverse if it is one-to-one on D. Each of 
the hyperbolic functions except f(x) = coshx and f(x) = sech x is one-to-one on its do- 
main and therefore has a well-defined inverse. The functions f(x) = coshx and f(x) = 
sech x are one-to-one on the restricted domain {x : x > 0}. We let f(x) = cosh7! x and 
f(x) = sech7! x denote the corresponding inverses (Figure 4). In reading the following 
table, keep in mind that the domain of the inverse is equal to the range of the function. 


inverse Hyperbolic Functions and Their Derivatives 
Function Domain Derivative 


y = sinh! x all x 


= cosh~! x 


1 
yx? +1 
1 
vx? -1 


1 
y = tanh—! x 


y= coth“! x 


y= sech! x 


y= csch”! x 


The functions y = tanh~!x and y =coth7!x both have derivative 1 a — x2). 
Note, however, that their domains are disjoint, |x| < 1 for y = tanh™! x and |x| > 1 for 
y =coth! x (Figure 5). 


d i 
EXAMPLE 9 Verify — tanh™' x = z- 
dx l-—x 
Solution Let y = tanh”! x. Then tanh y = x. Differentiating implicitly yields 
dy 
h’ y— =1 
sech* y T 
dy i 
dx sech? y 


To express the derivative in terms of x, we need to rewrite sech? y in terms of x. We 
have 


cosh? y — sinh? y = 1 (basic identity) 
1 — tanh? y = sech? y (divide by cosh? y) 
1 — x? = sech? y (because x = tanh y) 
This gives the desired result: 


4 tanh! x = m 
dx © gech?y 1—x? 
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3.9 SUMMARY 


¢ Derivative formulas: 
x x 


d d 1 d d 
—e =e", —Inx=-, —b* = (Inb)b’, — |I = ——— 
dx À em =a “ee ee dx >” = (nb 
* Use logarithmic differentiation on functions that are products or quotients of several 
factors, and on functions of the form y = f(x)&@. 
¢ Hyperbolic functions: 


d d 
— sinh x = coshx, — cosh x = sinh x 

dx dx 

d d 
— tanh x = sech? T, — coth x = — csch? x 
dx dx 


d d 
— sech x = — sech x tanh x, — csch x = — csch x coth x 
dx dx 


e Inverse hyperbolic functions: 


d 1 I d 1 
— sinh ‘x = ———-., =o l t — (x1 
dx J/ x2 +1 dx x? —1 i ' 
d 1 d i 
igh == (ži = 2, —coth7!x = x|>1 
dx 1 — x? | dx I — x? el > D 
d i —1 d 1 
— sech x = ———_ (0<x < 1), — csth a (x #0) 
dx xVJ/1 — x2 dx lxĮjv x? + 1 
3.9 EXERCISES 
Preliminary Questions 
1. What is the slope of the tangent line to y = 4* at x = 0? 4. What is b if (log, x)’ = Ly 
3 
2. What is the rate of change of y = Inx at x = 10? 
= 5. What are y!) and yD for y = cosh x? 
3. What is b > 0 if the tangent line to y = b* at x = 0 has slope 2? 
Exercises 
In Exercises 1—20, find the derivative. In Exercises 21—24, compute the derivative. 
i y= Fine 2 yotint—-t y r 
21. fœ), f(x) = logi x 22. f (3), f(x) = logs x 
3. y= 4. y=In(x>) ä d 
23. — log;(sint) 24. — logio(t +2’) 
5. y =In(9x? — 8) 6 yan dt dt 
In Exercises 25-36, find an equation of the tangent line at the point 
7. y=(inxy 8. y=x* lnx indicated. 
9, y= er 10. pee 25. fœ) =6, x=2 26. y =(V2)*, x=8 
Xx ; 
27. s(t) =3%, t=2 28. y =n™-2, x=1 
11. y = Indnx) 12. y = In(cotx) 
d 29. f(x) =5* -7, x=1 30. s(t) =Int, t=5 
13. y = (In(inx)) 14. y = In(dnx)) 
i 31. s(t) = In(8 — 4t), t=1 32. f(x) =In(x?), x=4 
Xx 
15. y = In (Œ + 2x +9) 16. y =In( +) z 
x? +] 33. R(2) = log;(222 +7), z=3 34. y = ln(sin x), x= 3 
= — 74x—x? 
17. y= = a= 35. f(w) = log, w, w=3 
2% —3-% i Zij 
19. y = ae; y= 16°" 36. y = log, (1 +4x7™), x=4 


X 
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In Exercises 37-44, find the derivative using logarithmic differentiation as 
in Example 5. 


37. y=(x+5)(x +9) 38. y = (3x+5)(4x4+ 9) 
x(x +1% 
39. y= (x — 1Xx — 12)@ + 7) 40. y= GF 
x(x? + 1) 2 

41. y= ——— 42. y = (2x + 1)(4x°)Vx -9 

y Ware y=( 4x“) x 

= ee) ppd 4 5 2 

43. y= ESIE ES 44. y= (x° +1)" +2) +3) 


In Exercises 45-50, find the derivative using either method of Example 6. 


45. f(x) =x" 46. f(x) =x" 

47. f(x) =x" 48. f(x) =x" 

W. fa) =r" 50. f(x) = e 

In Exercises 51—74, calculate the derivative. 

51. y = sinh(9x) 52. y = sinh(x?) 

53. y = cosh*(9 — 3t) 54. y = tanh(t? + 1) 

55. y = ycoshx +1 56. y = sinh x tanh x 

57. y= =. 58. y = (In(coshx))° 

59. y = sinh(Inx) 60. y = ebx 

61. y = tanh(e") 62. y= sinh(cosh? x) 
63. y = sech(./x) 64. y = In(coth x) 

65. y = sech x coth x 66. y = xSinhx 

67. y = cosh™! (3x) 68. y = tanh“! (e* + x?) 
69. y = (sinh~!(x7))3 70. y fs (csch~! 3x4 

J1. y = econ! = 72. y =sinh(/x2 + 1) 
73. y = tanh“! (Inż) 74. y = ln(tanh™! x) 

In Exercises 75-77, prove the formula. 

75. Z (sech 2) = — sech x tanh x 76. Z sin! t= = ; 


fort > 1 


77, " cosh“! t¢ = 
dt t2 


78. (A Use the formula (In f(x)’ = f’(x)/f(x) to show that y = Inx 
and y = In(2x) have the same derivative. Is there a simpler explanation of 
this result? 
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79. Over rough uneven terrain, the log wind profile from Example 3 is 
expressed as 


_ In(h/0.4) 
= "Oin(ho/04) 


With vo = 10 m/s at ho = 10 m, determine v and du/dh at h = 60. 
80. Over open water, the log wind profile from Example 3 is expressed as 


In(h /0.0002) 


° In(ho/0.0002) 
With vo = 10 m/s at ho = 10 m, determine v and dv/dh at h = 60. 


81. In Exercises 46 in Section 2.3 and 41 and 42 in Section 2.5, similar- 


—> 
that they are equal. Let f(x) = a*. We have f'(x) = (Ina)a”*. Set up and 
simplify the expression for lim Lath- fe) , and use the resulting expres- 


p ; h_ 
sion to show that lim wn: = Ina. 
h-0 


82. The energy (in ergs) associated with an earthquake of moment 
magnitude M, satisfies logjg E = 16.1 + 1.5My. Calculate dE/dM for 
AG = 2,58. 


83. Show that for any constants M, k, and a, the function 


ae! k(t —a) 
70) = st > )) 


satisfies the logistic equation: ~ = = X= KI — >). 


84. Show that V(x) = 2 In(tanh(x/2)) satisfies the Poisson-Boltzmann 
equation V”(x) = sinh(¥V(x)), which is used to describe electrostatic 
forces in certain molecules. 


85. The Palermo Technical Impact Hazard Scale P is used to quantify the 
risk associated with the impact of an asteroid colliding with the earth: 


0.8 
piE 
Plo 
te (Far ) 
where p; is the probability of impact, T is the number of years until impact, 


and E is the energy of impact (in megatons of TNT). The risk is greater 
than a random event of similar magnitude if P > 0. 


(a) Calculate dP/dT, assuming that p; = 2 x 1075 and E = 2 megatons. 


(b) Use the derivative to estimate the change in P if T increases from 8 
to 9 years. 


Further Insights and Challenges 
86. (a) Show that if f and g are differentiable, then 
f'(x) i g'(x) 


fœ) ga) [4 | 


(b) Give a new proof of the Product Rule by observing that the left-hand 


, (fF (x)g(x))’ 
side of Eq. (4) is equal to GEG) 
87. For x > 0 and any real number n, we have x” = e”™*. Show that 
den Inx = nx”—l, thereby proving the Power Rule for all exponents 
(as long as x > 0). 
88. The exponential function f(x) = e* can be defined for exponents that 
are complex numbers, a + bi, where i = ./—1. Complex-valued functions 


d 
PT In(f (x)g(x)) = 


may be differentiated just like real-valued functions, and previous deriva- 
tive rules carry over in this setting. For example, (e™ Y = ae™* holds if a 
and x are complex numbers. Furthermore, in the complex-number domain 
there is an important formula (known as Euler’s formula) relating expo- 
nential and trigonometric functions: e/* = cosx + i sinx. (These topics 
are all addressed formally when we develop the theory of power series in 
Chapter 10.) 

(a) Using Euler’s formula, prove 


eix —e ix eX + ex 
———— and cosx = ——— 

2i is 2 
(b) Using the expressions from (a) and the derivative rule for e*, prove 
the derivative rules for sin x and cos x. 


sinx = 
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Andreas Tolba Shur 


FIGURE 1 


Flow rate in = 5 in.?/s 


FIGURE 2 


DIFFERENTIATION 


3.10 Related Rates 


Suppose you are filling a bottle that has a cylindrical bottom and a top shaped like a cone. 
Water is flowing into the bottle from a faucet at a constant rate (Figure 1). Notice that the 
water level rises at a constant rate in the cylindrical part, but in the conical part, the level 
rises more rapidly. If you are not paying attention—expecting the water level to continue 
to rise at a constant rate—you might overfill the bottle. 

To investigate this situation, we build a related rates model, a relationship between 
the rates of change of different variables that themselves are related. In this case, the rates 
that are related are the rate of increase of the volume of water in the bottle and the rate of 
increase of the height of the water. We investigate these rates of increase of volume and 
height for the cylindrical bottom in Example | and separately for the cone-shaped top in 
Example 2. 


EXAMPLE 1 Filling a Cylindrical Container Water flows into a cylindrical container 
at a rate of 5 in.*/s. Assume that the container has a height of 6 in. and a base radius of 
2 in. At what rate is the water level rising in the container? 


Solution Let V represent the volume of the water in the container in in.*, and let A repre- 
sent the height of the water in in. We draw a cylinder and label it with all the information 
we have (Figure 2). The goal is to find a relationship between the known rate, v, and 


the desired rate, d. That is, 


bini i ta 5 in? 
— given that — = is; 
e PP g J in.” /s 


First, we find a relationship between V and h and then, because we want a relationship 
between = and a we differentiate the relationship between V and h with respect to t. 

The geometry is simple: The volume of the water in the container is the volume of 
a cylinder with height h and base radius 2. So V = 12*h = 4xth. We differentiate with 


respect to ¢ and obtain 
dV 
dt dt 


We are given that a = 5, so substituting that in the above equation and solving for si, 


we find 


dh > « 0.40 
dt 4x 
Thus, the water level is rising in the container at a rate of approximately 0.40 in./s. 
Note that, as expected, the water level is changing at a constant rate. F 


We summarize the steps that we typically follow in developing a related rates model 
and solving an associated problem. 
Step I. Identify variables and the rates that are related. 
Step 2. Find an equation relating the variables and differentiate it. 


Step 3. Use given information to solve the problem. 


EXAMPLE 2 Filling a Conical Container Water flows into a conical container at a 
rate of 5 in.°/s. Assume that the container has a height of 4 in. and a base radius of 2 in. 
Show that the rate that the water level is rising depends on the level of the water in the 
container, rising faster the higher the water level. 


~~ 


Flow rate in = 5 in.?/s 


FIGURE 3 


4 REMINDER The volume of a cone with 
base radius r and height h is 37r7h. 
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Solution 


Step 1. Identify variables and the rates that are related. 
Let V represent the volume of the water in the container in in.°, and let h represent its 
height in in. Draw a cone with the given information (Figure 3). The goal: 


dh 
dt 


dV 
Find a relationship between rg and 


Step 2. Find an equation relating the variables and differentiate it. 
We need to find a relationship between V and h that we can differentiate with re- 
spect to t. The geometry in this case is a little more involved than with the cylindrical 
container. 
To express a relationship between the volume of the water and height, we regard 
the shaded volume in Figure 4 as the difference between the volume of the conical 


container and the volume of the conical space in the container above the water. The 


volume of the conical container is tr (27)(4) = -= and the volume of the conical 


space is tnrs?hs, where r, and h, are the base radius and height, respectively, of 
the conical space. Note that h; = 4 — h. Also note that there are similar triangles in 
Figure 4 from which we obtain fs = 4 = 2. Thus, r, = 4h; = 1E, Now, putting 
together the terms, we have 


léx 1 (4—-h\? lór 1 
Yee ae = ee ee EY 
3 z ( 2 x = ae ae et 


Differentiating with respect to t, and using the Chain Rule on the (4 — h)? term, we 
obtain 


dV 1 dh 1 dh 
== =0 — —734=—8)) ( -— | = -r (4 — h} — 
dt p ( y) ( =) rie dt 
AY 
Water volume Whole container Space above water 
V= 37(2?)4 V= sare yh, 


FIGURE 4 


Step 3. Use the given information to solve the problem. 
Substituting in 5 for —- and solving for a the result is 


dh 20 
dt 2(4—h) 


As we expected, the rate of change dh /dt of the water level depends on the level 
h itself. In fact, it increases as the level increases. For example, at h = 1,2,3 in. j~ 
find 24 ~ 0.71, 1.59, 6.37 in./s, respectively. 
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Next, we examine the “sliding ladder problem” where a ladder that is leaning against ___ 
a wall has its bottom pulled away at constant velocity. The question is, “How fast does 
the top of the ladder move?” What is interesting and perhaps surprising is that the top 
and bottom travel at different speeds. Figure 5 shows this clearly: The bottom travels the 
same distance over each time interval, but the top travels farther during the second time 
interval than the first. In other words, the top is speeding up while the bottom moves at a 
constant speed. We will explore this further through a related rates model. 


EXAMPLE 3 Sliding Ladder Problem A 5-m ladder leans against a wall. The bottom 
of the ladder is 1.5 m from the wall at time t = 0 and slides away from the wall at a rate 
of 0.8 m/s. Find the velocity of the top of the ladder at time t = 1. 


FIGURE 5 Positions of a ladder at times 


k Solution 
Éi Step 1. Identify variables and the rates that are related. 
Since we are considering how the top and bottom of the ladder change position, we 
use the variables x for the distance from the bottom of the ladder to the wall and A for 
‘ the distance from the ground to the top of the ladder (Figure 6). The velocity of the 
h bottom is dx/dt = 0.8 m/s. The unknown velocity of the top is dh /dt. Our goal is to 
dh dx 
: compute Tr att = 1, given that "> 0.8 m/s and x(0) = 1.5m | 
FIGURE 6 The variables x and h. Step 2. Find an equation relating the variables and differentiate it. 
We wish to find a relationship between dx /dt and dh/dt, and therefore we need an 
equation relating x and h (Figure 6). This is provided by the Pythagorean Theorem: 
x2 au h2 = 52 
To calculate dh/dt, we differentiate both sides of this equation with respect to t: 
d >, d3 d 
—x* + —h* = —25 
dt dt dt 
dx dh 
2x — + 2h— = 
dt d 
dh x dx 
Therefore, — = —-— —. 
erefore A ka 
Step 3. Use the given information to solve the problem. 
Since g = 0.8, we have 
dh x 
=, = 08> 
: x h dh/dt 
a S a To use this equation to determine -— at t = 1, we need to find x and h at that time. 
A ie ee Se. Since the bottom slides away from the wall at 0.8 m/s and we are given x(0) = 1.5, 
oe ee we have x(1) = 2.3 and A(1) = V52 — 2.3 ~ 4.44. We obtain 
2 3:1 3.92 —0.63 
3 3.9 3.13 —1.00 dh x(1) 2.3 
— = —0.8——_ ~ —0.8— 7x —0. 
| | dt |, hl) 0 PT 0.41 m/s 
This table of values confirms that the top of 
the ladder is speeding up. The negative value for an reflects the fact that the top of the ladder is sliding down 


the wall. e 


CONCEPTUAL INSIGHT A puzzling feature of Eq. (1) is that the velocity dh/dt, which 

is equal to —0.8x/h, becomes infinite as h > 0 (as the top of the ladder gets close 

to the ground). Since this is impossible, our mathematical model must break down as ~_ 
h — Q. In fact, using physics one can show that the ladder’s top loses contact with the 

wall before reaching the bottom. From that moment on, the formula for dh/dt is no 
longer valid. 


6 km 


FIGURE 7 Tracking a rocket through a 
telescope. 


FIGURE 8 


CAUTION A common mistake is to 
substitute particular variable values (such 
as x = 5 here) prior to differentiating. 
Doing so changes the variable to a constant 
and might prevent you from finding the 


‘proper relationship between the rates of 
change. Wait until Step 3, ater 
differentiating, to substitute particular 
values to answer the posed problem. 
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EXAMPLE 4 Tracking a Rocket A spy uses a telescope to track a rocket launched 
vertically from a launch pad 6 km away, as in Figure 7. At the moment when the angle 0 
between the telescope and the ground is 7, the angle is changing at a rate of 0.9 radians 
per minute. What is the rocket’s velocity at that moment? 


Solution 


Step 1. Identify variables and the rates that are related. 
Let y be the height of the rocket at time t. We wish to determine the rocket’s velocity 
dy/dt when 0 = 3. We are given that d0 /dt = 0.9. Thus, our goal is to 


d dé T 
compute A , given that — = 0.9 rad/min when 6 = 3 


t lon dt 


Step 2. Find an equation relating the variables and differentiate it. 
We want a relationship between dy/dt and d9 /dt; therefore, we need to find a relation 
between 6 and y. As we see in Figure 7, 


y 
tan? = = 
ann: 

Now differentiate with respect to time: 
dð Ildy 
2 
sec’ 0 — = -— 
dt 6dt 


dy 6 dé 
ee a 2 
dt  cos*@dt 
Step 3. Use the given information to solve the problem. 
At the given moment, 6 = 3 and d0 /dt = 0.9, so Eq. (2) yields 


dy 6 6 ; 
— = ——- (0.9) = — (0.9) = 21.6 km/min 
dt PETET ) 0.532 ) 
The rocket’s velocity at 0 = 3 is 21.6 km/min, or approximately 1296 km/h. a 


EXAMPLE 5 Farmer John’s tractor, traveling at 3 m/s, pulls a rope attached to a bale 
of hay through a pulley. With dimensions as indicated in Figure 8, how fast is the bale 
rising when x, the horizontal distance from the tractor to the hay bale, is 5 meters? 


Solution 


Step 1. Identify variables and the rates that are related. 
Let x be the horizontal distance from the tractor to the bale of hay, and let h be the 
height above ground of the top of the bale. We want to determine dh/dt when x = 5. 
We are given dx /dt = 3. Thus, our goal is to 


EET i= 3 m/ 
a > ZIV — = 
oe ii i ing te 7, j 


> 


Step 2. Find an equation relating the variables and differentiate it. 
Let L be the total length of the rope. From Figure 8 (using the Pythagorean Theorem), 


L = y x2 + 4.52 + (6 — h) 


Differentiating with respect to t, we obtain 


dx dh [3] 
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Now L, the length of the rope, is constant. Therefore, dL /dt = 0. It follows from 


Eq. (3) that 


d 
dh _ A 


db Sx? 4452 


Š 


Step 3. Use the given information to solve the problem. 
Apply Eq. (4) with x = 5 and dx/dt = 3. The bale is rising at the rate 


dh (5X3) 
— = = _ © 2.23 mis 
dt — „52 +4.52 


3.10 SUMMARY 


* Related-rate models arise in situations where two or more variables are related and we 


wish to explore how the rate of change of one of the variables is related to the rates of 
change of the other variable(s). 

° The following steps can be helpful in developing a related-rates model and solving an 
associated problem. 


Step J. Identify variables and the rates that are related. 


Step 2. Find an equation relating the variables and differentiate it. (A diagram is often 
helpful in identifying variables and relationships between them.) 


This gives us an equation relating the known and unknown derivatives. Remember 
not to substitute the specific values for the variables until after you have computed all 


derivatives. 


Step 3. Use the given information to solve the problem. 


3.10 EXERCISES 


Preliminary Questions 
1. If Æ =3 and y = x?, what is Z when x = —3,2,5? 
2% if E = 2 and y = x°, what is a} when x = —4, 2,6? 


3. Assign variables and restate the following problem in terms of known 
and unknown derivatives (but do not solve it): How fast is the volume of a 
cube increasing if its side increases at a rate of 0.5 cm/s? 


4. What is the relation between dV /dt and dr /dt if V = (4)xr7? 


In Questions 5 and 6, water pours into a cylindrical glass of radius 4 cm. 
Let V and h denote the volume and water level, respectively, at time t. 


5. Restate this question in terms of dV /dt and dh/dt: How fast is the 
water level rising if water pours in at a rate of 2 cm?/min? 


6. Restate this question in terms of dV /dt and dh/dt: At what rate is 
water pouring in if the water level rises at a rate of 1 cm/min? 


Exercises 


In Exercises I and 2, consider a rectangular bathtub whose base is 18 f. 


` 


1. How fast is the water level rising if water is filling the tub at a rate of 
0.7 ft/min? 


2. At what rate is water pouring into the tub if the water level rises at a 
rate of 0.8 ft/min? 


3. The radius of a circular oil slick expands at a rate of 2 m/min. 

(a) How fast is the area of the oil slick increasing when the radius is 25 m? 
(b) If the radius is 0 at time t = 0, how fast is the area increasing after 
3 min? 


4. At what rate is the diagonal of a cube increasing if its edges are in- 
creasing at a rate of 2 cm/s? 


In Exercises 5-8, assume that the radius r of a sphere is expanding at a 
rate of 30 cm/min. The volume of a sphere is V = }1r° and its surface 
area is 4nr*. Determine the given rate. 


5. Volume with respect to time when r = 15 cm 


6. Volume with respect to time at t = 2 min, assuming that r = 0 at 
tz=0 


7. Surface area with respect to time when r = 40 cm 


8. Surface area with respect to time at tf = 2 min, assuming that r = 10 
attr = 0 


9. A conical tank (as in Example 2) has height 3 m and radius 2 m at 
the base. Water flows in at a rate of 2 m?/min. How fast is the water level 
rising when the level is 1 m and when the level is 2 m? 


i0. (GU) A conical tank (as in Example 2) has height 8 m and radius 
4 m at the base. Water flows in at a rate of 3 m*/min. Determine a asa 


function of h. and provide a graph of this relationship. 


In Exercises 11-14, refer to a 5-m ladder sliding down a wall, as in Fig- 
ures 5 and 6. The variable h is the height of the ladder’s top at time t, and 
x is the distance from the wall to the ladder’s bottom, 


11. Assume the bottom slides away from the wall at a rate of 0.8 m/s. Find 
the velocity of the top of the ladder at t = 2 s if the bottom is 1.5 m from 
the wall attr = Qs. 


12. Suppose that the top is sliding down the wall at a rate of 1.2 m/s. Cal- 
culate dx /dt when A = 3 m. 


13. Suppose that A(0) = 4 and the top slides down the wall at a rate of 
1.2 m/s. Calculate x and dx/dt att = 2 s. 


14. What is the relation between A and x at the moment when the top and 
bottom of the ladder move at the same speed? 


15. The radius r and height A of a circular cone change at a rate of 2 cm/s. 
How fast is the volume of the cone increasing when r = 10 and h = 20? 


16. A road perpendicular to a highway leads to a farmhouse located 2 km 
away (Figure 9). An automobile travels past the farmhouse at a speed of 
80 km/h. How fast is the distance between the automobile and the farm- 
house increasing when the automobile is 6 km past the intersection of the 
highway and the road? 


Automobile 


FIGURE 9 


17. A man of height 1.8 m walks away from a 5-m lamppost at a speed 
of 1.2 m/s (Figure 10). Find the rate at which his shadow is increasing in 
length. 


FIGURE 10 


18. As Claudia walks away from a 264-cm lamppost, the tip of her shadow 
moves twice as fast as she does, What is Claudia’s height? 
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19. Ata given moment. a plane passes directly above a radar station at an 
altitude of 6 km. 


(a) The plane’s speed is 800 km/h. How fast is the distance between the 
plane and the station changing half a minute later? 


(b) How fast is the distance between the plane and the station changing 
when the plane passes directly above the station? 


20. In the setting of Exercise 19, let ð be the angle that the line through 
the radar station and the plane makes with the horizontal. How fast is 6 
changing 12 min after the plane passes over the radar station? 


21. A hot air balloon rising vertically is tracked by an observer located 
4 km from the lift-off point. At a certain moment, the angle between the 
observer’s line of sight and the horizontal is ao and it is changing at a rate 
of 0.2 rad/min. How fast is the balloon rising at this moment? 


22. A laser pointer is placed on a platform that rotates at a rate of 20 rev- 
olutions per minute. The beam hits a wall 8 m away. producing a dot of 
light that moves horizontally along the wall. Let @ be the angle between 
the beam and the line through the searchlight perpendicular to the wall 
(Figure 11). How fast is this dot moving when 0 = 2? 


FIGURE 11 


23. A rocket travels vertically at a speed of 1200 km/h. The rocket is 
tracked through a telescope by an observer located 16 km from the launch- 
ing pad. Find the rate at which the angle between the telescope and the 
ground is increasing 3 min after lift-off. 


24, Using a telescope, you track a rocket that was launched 4 km away. 
recording the angle 9 between the telescope and the ground at half- 
second intervals. Estimate the velocity of the rocket if 6(10) = 0.205 
and @(10.5) = 0.225. 


25. A police car traveling south toward Sioux Falls. Iowa. at 160 km/h 
pursues a truck traveling east away from Sioux Falls at 140 km/h (Figure 
12). At time ¢ = Q, the police car is 20 km north and the truck is 30 km 
east of Sioux Falls. Caiculate the rate at which the distance between the 
vehicles is changing: 


(a) At timet =0 (b) 5 min later 


160 km/h 


pec 140 km/h 


FIGURE 12 
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26. A car travels down a highway at 25 m/s. An observer stands 150 m 
from the highway. 

(a) How fast is the distance from the observer to the car increasing when 
the car passes in front of the observer? Explain your answer without 
making any calculations. 


(b) How fast is the distance increasing 20 s later? 


27. In the setting of Example 5, at a certain moment, the tractor’s speed 
is 3 m/s and the bale is rising at 2 m/s. How far is the tractor from the bale 
at this moment? 


28. Placido pulls a rope attached to a wagon through a pulley at a rate of 
q m/s. With dimensions as in Figure 13: 


(a) Find a formula for the speed of the wagon in terms of q and the 
variable x in the figure. 


(b) Find the speed of the wagon when x = 0.6 if q = 0.5 m/s. 


FIGURE 13 


29. Julian is jogging around a circular track of radius 50 m. In a coordi- 
nate system with its origin at the center of the track, Julian’s x-coordinate 
is changing at a rate of —1.25 m/s when his coordinates are (40, 30). Find 
dy/dt at this moment. 


30. A particle moves counterclockwise around the ellipse with equa- 
tion 9x* + 16y? = 25 (Figure 14). 

(a) Ei In which of the four quadrants is dx/dt > 0? Explain. 

(b) Find a relation between dx /dt and dy/dt. 


(e) At what rate is the x-coordinate changing when the particle passes 
the point (1, 1) if its y-coordinate is increasing at a rate of 6 m/s? 


(d) Find dy/dt when the particle is at the top and bottom of the ellipse. 


FIGURE 14 


In Exercises 31 and 32, assume that the pressure P (in kilopascals) and 
volume V (in cubic centimeters) of an expanding gas are related by 
PV" =C, where b and C are constants (this holds in an adiabatic ex- 
pansion, without heat gain or loss). 


31. Find dP/dt if b = 1.2, P =8 kPa, V = 100 cm, and dV/dt = 
20 cm?/min. 


32. Find b if P = 25 kPa, dP/dt = 12 kPa/min, V = 100 cm?, and 
dV /dt = 20 cm?/min. 


33. The base x of the right triangle in Figure 15 increases at a rate of 
5 cm/s, while the height remains constant at h = 20. How fast is the angle 
0 changing when x = 20? 


Ne 


x 


FIGURE 15 


34. Two parallel paths 15 m apart run east-west through the woods. 
Brooke jogs east on one path at 10 km/h, while Jamail walks west on the 
other path at 6 km/h. If they pass each other at time ¢ = 0, how far apart 
are they 3 s later, and how fast is the distance between them changing at 
that moment? 


35. A particle travels along a curve y = f(x) as in Figure 16. Let L(t) be 
the particle’s distance from the origin. 


(a) Show that 

dL _ [x+f@f'@)\ dx 
dt Vx fay | @ 
if the particle’s location at time t is P = (x, f(x)). 


(b) Calculate L’(t) when x = 1 and x = 2 if f(x) = V3x2 — 8x +9 and —_ 
dx/dt = 4. 


FIGURE 16 


36. Let 6 be the angle in Figure 16, where P = (x, f(x)). In the setting of 
the previous exercise, show that 


do (=> - i) dx 
dt \ x24 f(x)? J dt 


Hint: Differentiate tan6 = f(x)/x with respect to t, and observe that 
cos@ = x/V/x* + f(x). 


Exercises 37 and 38 refer to the baseball diamond (a square of side 90 ft) 
in Figure 17. 


37. A baseball player runs from home plate toward first base at 20 ft/s. 
How fast is the player’s distance from second base changing when the 
player is halfway to first base? 


38. Player 1 runs to first base at a speed of 20 ft/s, while player 2 runs 
from second base to third base at a speed of 15 ft/s. Let s be the distance 
between the two players. How fast is s changing when player 1 is 30 ft 
from home plate and player 2 is 60 ft from second base? 


Second base 


1 
r 

-- A 

4 

A 

AA 


20 ft/s 


— by, 
Home -plate 


FIGURE 17 


39. The conical watering pail in Figure 18 has a grid of holes. Water flows 
out through the holes at a rate of kA m?/min, where k is a constant and A is 
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the surface area of the part of the cone in contact with the water. This sur- 
face area is A = arVh* + r? and the volume is V = amrzh. Calculate 
the rate dh/dt at which the water level changes at h = 0.3 m, assuming 
that k = 0.25 m/min. 


0.45 m 


FIGURE 18 


Further Insights and Challenges 


40. EA A bowl contains water that evaporates at a rate proportional to 
the surface area of water exposed to the air (Figure 19). Let A(h) be the 
cross-sectional area of the bowl at height A. 

(a) Explain why V(h + Ah) — V(h) © A(A)AA if Ah is small. 


V 
(b) Use (a) to argue that Th = A(h). 
(c) Show that the water level k decreases at a constant rate. 


[ ——=====————\_— V(h) = volume up 
| to height h 


Cross-sectional 
area A(h) 


FIGURE 19 


41. A roller coaster has the shape of the graph in Figure 20. Show that 
when the roller coaster passes the point (x, f(x)), the vertical velocity of 
the roller coaster is equal to f'(x) times its horizontal velocity. 


4 
(x, fe) 


FIGURE 20 Graph of f as a roller coaster track. 


42. Two trains leave a station at £ = 0 and travel with constant velocity v 
along straight tracks that make an angle @. 


(a) Show that the trains are separating from each other at a rate 


v/2 — 2cosé@. 
(b) What does this formula give for 0 = m? 


43. As the wheel of radius r cm in Figure 2] rotates, the rod of length L 
attached at point P drives a piston back and forth in a straight line. Let x 
be the distance from the origin to point Q at the end of the rod, as shown 
in the figure. 


(a) Use the Pythagorean Theorem to show that 


L? = (x —rcos6)* + r? sin? 0 [s] 
(b) Differentiate Eq. (5) with respect to £ to prove that 
dx dé do 
2 -i 0 rN j Joe 2 2 si — = 
(x — r cos (2 +rsino) + r Sin'@'c08 6 — 0 
(c) Calculate the speed of the piston when 0 = 4, assuming that 
4 


r=10 cm, L =30 cm, and the wheel rotates at 4 revolutions per 
minute. 


Piston moves 
back and forth 


FIGURE 21 
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44. A spectator seated 300 m away from the center of a circular track of 
radius 100 m watches an athlete run laps at a speed of 5 m/s. How fast is 
the distance between the spectator and athlete changing when the runner is 
approaching the spectator and the distance between them is 250 m? Hint: 
The diagram for this problem is similar to Figure 21, with r = 100 and 
x= 308, 


45. A cylindrical tank of radius R and length L lying horizontally as in 
Figure 22 is filled with oil to height A. 


(a) Show that the volume V (A) of oil in the tank is 
h 
V(h) = L (e cos”! ¢ = =) — (R — kX 2hR — i?) 


(b) Show that $F = 2L./h(QR — h). 

(c) Suppose that R = 1.5 m and L = 10 m and that the tank is filled at 
a constant rate of 0.6 m?/min. How fast is the height h increasing when 
A=OS? 


FIGURE 22 Oil in the tank has level h. 


CHAPTER REVIEW EXERCISES 


In Exercises 1-4, refer to the function f whose graph is shown in 
Figure I. 


1. Compute the average rate of change of f(x) over [0,2]. What is the 
graphical interpretation of this average rate? 


2. For which vaiue of h is JO-7 +") FOR 


the secant line between the points where x = 0.7 and x = 1.1? 


Porte FO for h = 0.3. Is the value of this dif- 


ference quotient greater than or less than f’(0.7)? 


equal to the slope of 


3. Estimate 


4, Estimate f’(0.7) and f’(1.1). 


FIGURE 1 


In Exercises 5-8, compute f'(a) using the limit definition and find an 
equation of the tangent line to the graph of f atx =a. 


5 f(x)=x*-x, a=1 6. f(x) =5—3x, 


w= 2 
7. fœ) =x], a=4 8. f(x)=x7?, a= -2 


In Exercises 9-12, compute dy /dx using the limit definition. 


9, y=4-x? 10. y= V2x+4+1 
1 l 

li. y= —— im) 2 

w "= a 


In Exercises 13—16, express the limit as a derivative. 


wT — 1 EJ 
EN Se Pt as tin 
h->0 h x>-1 x+1 
int t ð — si 
15. lim sint cos 16. lim cos sin@ + 1 
ton t—x 8>xr ð -xr 


17. Find f(4) and f’(4) if the tangent line to the graph of f at x = 4 
has equation y = 3x — 14. 


18. Each graph in Figure 2 shows the graph of a function f and 
its derivative f’. Determine which is the function and which is the 
derivative. 


z V3 5 


FIGURE 2 Graph of f. 


19. Is (A), (B), or (C) the graph of the derivative of the function f 
shown in Figure 3? 


(B) 


FIGURE 3 


O 20. Sketch the graph of f” if the graph of f appears as in Figure 4. 


FIGURE 4 


21. Sketch the graph of a continuous function f if the graph of f’ 
appears as in Figure 5 and f(0) = 0. 


FIGURE 5 


22. A patient is given 40 mg of a drug. After t hours, the amount 
of the drug (in mg) in the patient’s bloodstream is given by A(t) = 
100z (0.3). At what rate was the amount of the drug in the blood- 
stream changing after 30 min? After 2 h? 


23. A girl’s height A(t) (in centimeters) is measured at time tf (in years) 
forO <z < 14: 


52, 75.1, 87.5, 907, 10435, 1118, 118.7, 125.2, 
131.5, 137.5, 143.3, 149.2, 155.3, 160.8, 164.7 


(a) What is the average growth rate over the 14-yr period? 

(b) Is the average growth rate larger over the first half or the second 
half of this period? 

(c) Estimate h’(t) (in cm/yr) for t = 3,8. 


24. A planet’s period P (number of days to complete one revolution 
around the sun) is approximately 0.199A3/2, where A is the average 
distance (in millions of kilometers) from the planet to the sun. Calcu- 
late P and dP/dA for Earth using the value A = 150. 


In Exercises 25 and 26, use the following table of values for the number 
A(t) of automobiles (in millions) manufactured in the United States in 
year t. 


25. What is the interpretation of A’(t)? Estimate A’(1971). Does 
A’(1974) appear to be positive or negative? 
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26. Given the data, which of (A)}(C) in Figure 6 could be the graph 
of the derivative A’? Explain. 


(A) (B) (C) 


FIGURE 6 
, 1 a 
27. Which of the following is equal to ae ? 
x 


(a) 2 (b) (In2)2* (© 1277! (a) —2* 
In 2 


28. Use the Chain Rule to show that if g is the inverse of f, then 
g'(x) = 1/f’(g(x)) for all x in the domain of g such that f(g(x)) # 0. 
Use this to obtain another method for finding the derivative of In x 
using the derivative of e”. 


In Exercises 29-80, compute the derivative. 


29. y = 3x? —7x7 +4 30. y = 4x72 
I ya me 32. y= 4x? =x? 
x+1 3t —2 
33. y= y= — 
‘ x? +1 ST t—9 
35. y = (xf —9x)Í 36. y = (3t? + 20177)® 
37. y = (2 + 9x2)3/? 38. y = œ +1P a +494 
1 B 
39. y= —— w. y= (14 =) 
l-—z x 
4 
1 
ihya A 42. y = ———— 
D's (1—x)/2-—x 


44. h(z) = (z + (e+ 112)? 


45. y = tant?) 46. y = 4cos(2 — 3x) 
2 . {4 
47. y = sin(2x) cos“ x 48. y = sin 5 
t 
49, y = ———_— . y= 
y Peres 50. y = zesc(9z + 1) 
8 
51. y = —— . y = sin! 
ET SAE 
I y= cos(x 100) 54. y = cos(cos(cos(6))) 
4 ial 
55. f(x) = 9e” 5 56. f (x) = P3 
57. o(t) =e? 58. g (t) = t?e!/! 
59, f(x) = In(4x? + 1) 60. f(x) = In(e* — 4x) 


61. G(s) = (ln(s))? 62. G(s) = In(s) 
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63. (0) = In(sind) 64. (6) = sin(Iné) 

65. h(z) = sec(z + Inz) 66. f(x) = esin’x 

67. f(x) =T Bro : Ł = 

69. g(x) = tan” (lnx) 70. G(s) = cos~!(s—}) 
The F(x) = mes x) 72. f(x) = ese x 

73. R(s) = s"" 74. f(x) = (cos? x)°S* 
75. G(t) = (sin? t) 76. h(t) = 10° 

77. g(t) = sinh(t?) 78. h(y) = y tanh(4y) 


80. g(t) = Vt? — 1 sinh! t 


81. For which values of æ is f(x) = |x|% differentiable at x = 0? 


79. g(x) = tanh“! (e*) 


82. Find f’(2) if f(g(x)) = e”, g(1) = 2, and g'(1) = 4. 


In Exercises 83—88, use the following table of values to calculate the 
derivative of the given function at x = 2: 


83. S(x) = 3 f(x) — 2g(x) 


84. H(x) = f(x)g(x) 


fa) 


85. R = 
"Su 


86. G(x) = f(g(x)) 


87. F(x) = f(g(2x)) 88. K(x) = f(x”) 


89. Find the points on the graph of f(x) = x? — 3x2 +x +4 where 
the tangent line has slope 10. 


90. Find the points on the graph of x2/3 + y2/3 = 1 where the tangent 
line has slope 1. 


91. Find a such that the tangent lines to y = x? — 2x7 +x +l at 
x =a and x =a + 1 are parallel. 


92. Eí Use the table to compute the average rate of change of candi- 
date A’s percentage of votes over the intervals from day 20 to day 15, 
day 15 to day 10, and day 10 to day 5. If this trend continues over the 
last 5 days before the election, will candidate A win? 


Candidate A 44.8% 48.3% | 49.3% 
Candidate B 55.2% | 


In Exercises 93-98, calculate y”. 


a y= 12x3 — 5x? +3x 


95. y= V2x + 3 


o y= tan(x?) 


d 
In Exercises 99—104, compute >. 


99, x? — y? =4 
101. y = xy? + 2x? 


103. y = sin(x + y) 


94. y = x~2/9 
96 A 4x 
PTR 


98. y = sin? (4x + 9) 


100. 4x2 — 9y” = 36 
102. ~=x+y 
xX 


104. tan(x + y) = xy 


2 
In Exercises 105—106 compute 2 and E, 


105. x? —4y? = 8 
106. 6xy + y2 = 10 


107. In Figure 7, for the three graphs on the left, identify f, f’, and 


f”. Do the same for the three graphs on the right. 


108. Let f(x) = x? sin(x—!) for x 40 and f(0) =0. Show that 
f'(x) exists for all x (including x = 0) but that f’ is not continuous at 


x = 0 (Figure 8). 


FIGURE 7 


FIGURE 8 Graph of f(x) = x? sin(x—!). 


In Exercises 109-114, use logarithmic differentiation to find the 


derivative. 
1 3 
pee ae a A 
(4x — 2) 
111. y = eV elx-3" 


3x 2 
e-*(x — 2) 


110. y = 
GEER ad) 
e* sin”! 
———— 
Inx 


114. y = xV¥*(x*) 


_ &+D@+2P 


115. How fast does the water level rise in the tank in Figure 9 when 
the water level is h = 4 m and water pours in at 20 m?/min? 


=g 


se 


24 m 


FIGURE 9 


116. The minute hand of a clock is 8 cm long, and the hour hand 
is 5 cm long. How fast is the distance between the tips of the hands 
changing at 3 o’clock? 


117. Chloe and Bao are in motorboats at the center of a lake. At time 
t = 0, Chloe begins traveling south at a speed of 50 km/h. One minute 
later, Bao takes off, heading east at a speed of 40 km/h. At what rate is 
the distance between them increasing at ¢ = 12 min? 


118. A bead slides down the curve xy = 10. Find the bead’s horizon- 
tal velocity at time t = 2 s if the height of the bead at time t seconds 
is y = 400 — 16t? cm. 


119. In Figure 10, x is increasing at 2 cm/s, y is increasing at 3 cm/s, 


and 6 is decreasing such that the area of the triangle has the constant 


value 4 cm’. 
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(a) How fast is 6 decreasing when x = 4, y = 4? 


(b) How fast is the distance between P and Q changing when x = 4, 
y = 4? Hint: Use the Law of Cosines. 


P 


y Q 
FIGURE 10 
120. A light moving at 0.8 m/s approaches a man standing 4 m from a 


wall (Figure 11). The light is | m above the ground. How fast is the tip 
P of the man’s shadow moving when the light is 7 m from the wall? 


FIGURE 11 


In northern forests, where the sun is 
relatively low in the sky, trees tend to be tall 
and narrow to maximize their exposure to the 
available light. In contrast, in equatorial 
regions trees tend to have broad flat tops 
because the sun is mostly overhead during 
the day. Optimization is an important 
characteristic of natural systems, as well as a 
key factor in decision-making processes in 
applied problem solving. In this chapter, we 
will use the derivative to analyze functions 
and find optimal solutions in a variety of 
applied settings. 


y = f@) 


Tangent 
line 


FIGURE 1 The tangent line approximates 


the graph of f near the point of tangency. 


4w REMINDER The notation ~ means 


“approximately equal to.” The accuracy of 


the Linear Approximation is discussed at 
the end of this section. 


Mike Pellinni/Shutterstock 


Graeme Shannon/Shutterstock 


4 APPLICATIONS OF THE 
DERIVATIVE 


his chapter puts the derivative to work. The first and second derivatives are used to 

analyze functions and their graphs and to solve optimization problems (finding mini- 
mum and maximum values of a function). Newton’s Method in Section 4.8 employs the 
derivative to approximate solutions of equations. 


4.1 Linear Approximation and Applications 


In this section, we introduce the process of linear approximation that uses the tangent 
line to the graph of a function f at x = a to approximate f(x) for x near a. These ap- 
proximation methods are desirable because linear functions are usually easier to use and 
compute with than nonlinear ones. We introduce a few different formulas involving lin- 
ear approximation. There are different settings and situations where each is useful. Keep 
in mind that they all come from the same basic idea that the tangent line approximates 
the function close to the point of tangency (Figure 1). 


Linear Approximation 


In some situations, we are interested in the effect of a small change. For example, 


e How does a small change in angle affect the distance of a basketball shot? 
(Exercise 47) 


e How are revenues at the box office affected by a small change in ticket prices? 
(Exercise 37) 


¢ The cube root of 27 is 3. How much greater is the cube root of 27.2? (Exercise 7) 


In each case, we have a function f and we’re interested in the change 


Af = f(a+ Ax) — f(a) 


where Ax is small. The Linear Approximation uses the slope of the tangent line (i.e., 


the derivative) to estimate Af without computing it exactly. By definition, the derivative 
is the limit 


lim. 
Ax Ax—>0 Ax 


f(a) = lim eae J) = a 
Ax-0 
So when Ax is small, we have Af/Ax ~% f'(a), and thus, 


Af = f'(a)Ax 


Linear Approximation of Af If f is differentiable at x = a and Ax is small, then 


It is important to understand the different roles played by Af and f’(a)Ax. The 
quantity of interest is the actual change Af. We estimate it by f'(a) Ax, the change on 
the tangent line with slope f'(a). The Linear Approximation tells us that up to a small 
error, Af is approximately equal to f’(a)Ax when Ax is small. 
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FIGURE 2 Graphical meaning of the Linear 
Approximation Af ~ f’(a)Ax. 


The error in the Linear Approximation Is 
the quantity 


ettor = |Af _ f'(@Ax| 


GRAPHICAL INSIGHT As we indicated, the Linear Approximation is an approximation 
using a tangent line. In fact, it is sometimes called the tangent line approxima- 
tion. Observe in Figure 2 that Af is the vertical change in the graph from x = a to 
x =a + Ax. For a line, the vertical change is equal to the slope times the horizontal 
change Ax, and since the tangent line has slope f'(a), its vertical change is f’(a)Ax. 
So the Linear Approximation approximates Af by the vertical change in the tangent 
line. When Ax is small, the two quantities are nearly equal. 


y y=f(x) 


Tangent line at (a, f(a)) 


Af = change in y along 
the graph of f 


f(a) 


f'(a)Ax = change in y along 


5 the tangent line 


EXAMPLE 1 Use the Linear Approximation to estimate the change in f(x) = 1/x as x 
goes from 10 to 10.2; that is, to estimate 3 — b How accurate is the estimate? 


Solution We apply the Linear Approximation to f(x) = + with a = 10 and Ax = 0.2: 
We have f'(x) = —x~? and f’(10) = —0.01, so Af is approximated by 


Af œ% f'(10)Ax = (—0.01)(0.2) = —0.002 


Since Af = == — b we have the approximation 


l l 
102 rs 10 =~ —0.002 


A calculator gives the value T — a ~ —Q.00196, and thus, our error is less 
than 1074: 


error ~% |—0.00196 — (—0.002)| = 0.00004 < 1074 ia 


EXAMPLE 2 Approximate how much greater </8.1 is than </8 = 2, and then use the 
result to approximate ~/8.1. 


Solution We are interested in ~/8.1 — 48, so we apply the Linear Approximation to 
f(x) = x1? with a = 8 and Ax = 0.1. We have 


TERN OS es a (iG 
fasi and r@=(5)8 =(:)(<)=4 


Therefore, Af ~% f’(8)Ax = 4(0.1) ~ 0.0083, and since 
Af = f(a + Ax) — f(a) = /84+01-—/8= V8.1 -2 
we have the approximation 


V8.1 — 2 7% 0.0083 
Thus, V8.1 is greater than ~/8 by approximately 0.0083. It follows that 
/8.1 © 2 + 0.0083 = 2.0083 m 


_— = on, 
a“ 


FIGURE 3 The border of the actual pizza 
lies between the dashed circles. 


in this example, we interpret AA as the 
possible error in the computation of A( D). 
This should not be confused with the error 
in the Linear Approximation. This latter 
error refers to the accuracy in using 
A’(D) AD to approximate AA. 


FIGURE 4 For x near a, the function value 
J (x) is approximated by the tangent line 
value L(x). 
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Suppose that we measure the diameter D of a circle and use this result to compute 
the area of the circle. If our measurement of D is inexact, the area computation will also 
be inexact. What is the effect of the measurement error on the resulting area computation? 
This can be estimated using the Linear Approximation, as in the next example. 


EXAMPLE 3 Effect of an Inexact Measurement The Cheezy Pizza Parlor claims that 
its pizzas are circular with diameter 50 cm (Figure 3). 


(a) What is the area of the pizza? 
(b) Estimate the quantity of pizza lost or gained if the diameter is off by at most 1.2 cm. 


Solution First, we need a formula for the area A of a circle in terms of its diameter D. 
Since the radius is r = D/2, the area is 


D NX 
A(D)= once — <2 
(D)=xr = (2) 7 


(a) If D = 50 cm, then the pizza has area A(50) = (4)(50)? ~ 1963.5 cm”. 

(b) If the actual diameter is equal to 50 + AD, then the loss or gain in pizza area is 
A(50 + AD) — A(50) = AA. We apply Linear Approximation to A(D) with D = 50 
and AD = 1.2. Observe that A'(D) = 7D and A"(50) = 25m © 78.5 cm, so the Linear 
Approximation yields 


AA ~ A'(D)AD ~ (78.5) AD 
Because AD is at most +1.2 cm, the loss or gain in pizza is no more than around 
AA © +(78.5)(1.2) ~ +94.2 cm? 


This is a loss or gain of approximately 4.8% of the area of 1963.5 cm?. E 


Linearization 
To approximate the function f itself rather than the change A f, we use the linearization 
L(x) centered at x = a, defined by 


L(x) = f'(aXx — a) + f(a) 


Notice that y = L(x) is the equation of the tangent line at x = a. For values of x close to 
a, L(x) provides a good approximation to f(x) (Figure 4). 


y=f(x) 


f 0%) f------------------------------------- Tangent line 
LOD Seen =o ee L(x) = f(a) + f'(@& - a) 


fla) 


Approximating f by Its Linearization If f is differentiable at a and x is close to a, 


then f(x) œ~ L(x), so 
f(x) © fla) + f'(@& — a) 
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Note that, by rearranging the terms in linearization formula, we obtain the Linear Ap- 
proximation formula, Af ~ f’(a)Ax, that we introduced previously. Specifically, with 
Ax = x —a and Af = f(x)— f(a), we have 


f(x) ~ fla) + fax — a) 
f(x) — f(a) ~ f'(a) Ax (since AX = x — a) 
Af AA 
EXAMPLE 4 Determine the approximation formula for f(x) = Jxe*—! resulting from 
the linearization ata = 1. 


Solution The linearization at a = 1 is the approximation formula that is given by f(x) © 


f(D + f/x — 1). Note that f(1) = vlet! = 1. Then, using the Product Rule to 
compute the derivative, we obtain 


1 1 
f'(x) E ae i 4 xl/2e*7! a= (Ge +x!) el 
and therefore, f’(1) = (3 + 1) e? = 3, Thus, 


ae © ag a fe 
rarr mesne 50 -Y)=5x-5 


This yields the approximation formula, valid for x close to 1: 


Jie 2 =F = ki 
y 2 2 


The following table compares values of the linearization to values obtained from a 
10 — calculator for the function f(x) = ./xe* —! in the previous example. Note that the error 
aN is large for x = 2.5, as expected, because 2.5 is not close to the center of the linearization 


a = 1 (Figure 5). 


ae 1 i 
L= x wie" * Linearization 3x — I Calculator Error 
1.1 Site! 3(1.1)- 4 = 1.15 1.15911 los: 
0.999 /0.999e—0-001 3(0.999) — 5 = 0.9985 0.998501 o= 
: 1 
FIGURE 5 Graph of f(x) =./xe*—! and 2.5 Vice 3(2.5) — 4 = 3.25 7.086 3.84 


its linearization ata = 1. 


In the next example, we compute the percentage error, which is often more impor- 
tant than the error itself because it gives us a measure of how large the error is in relation 
to the actual value. An error of 0.1 is more significant when the actual value is 3 than 
when the actual value is 333. By definition, 


error 


ercentage error = | —————_ | x 100% 
P 8 actual value ý 


EXAMPLE 5 Estimate tan (7 + 0.02) and compute the percentage error. 


Solution We use the linearization of f(x) = tan x at a = 7 for our approximation. So 
we need to calculate the terms in f(2/4) + f’(2/4)(x — 2/4): 


GaG rE (2) = 097 =2 


TORO 


As we mentioned before, in the Leibniz 
notation for the derivative, Z does not 
represent a fraction. Ít is via differentials, 
though, that the relationship dy = D dx is 
made mathematically meaningful. We will 
find relationships like this to be very useful 
when simplifying computations involving 
integrals in subsequent chapters. 


FIGURE 6 The approximation 
Ay = dy = f'(a)dx. 
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So, for x near 2/4, we have the approximation formula 
T 
tan(x) ~ 1+2 (x — =) 
At x = 7 + 0.02, this approximation yields the estimate 
na 1 1 
Z 4.0.02) = = 02-7) = 1.04 
tan (= + 0.02) 1+2(5 +02 5 


A calculator gives tan (| + 0.02) ~ 1.0408, so 


1.0408 — 1.04 


x 0.08% E 
1.0408 |x 100 ae 


percentage error ~ : 


Differential Form of Linear Approximation 


Another way of expressing the Linear Approximation is via the differentials dx and dy 
that represent the change in x and y, respectively, on the tangent line to f(x) at x =a. 
Since these differentials represent change on the tangent line, we have 


As before, we let Ay represent the change in y on the graph of f. It follows—as in the 
previous approximations in this section—that with a small change in x, the change in 
y on the graph is approximately the change in y on the tangent line (Figure 6). Thus, 
Ay ~% dy, yielding the following: 


Differential Form of Linear Approximation If f is differentiable at a and dx is small, 


then 
Ay = dy = f'(a)dx 


Ay 
dy = f'(a)dx 


Le Se Á 


a+dx 


CONCEPTUAL INSIGHT At the start of the section, we observed that all of the approx- 
imation relationships presented here are based on the idea that the tangent line is a 
good approximation to the graph of the function near the point of tangency. The Linear 
Approximation, the linearization, and the Differential Form of Linear Approximation 
are illustrated in Figures 2, 4, and 6, respectively. Note that these figures all depict 
the graph of f and the tangent line at x = a. From figure to figure, various features 
are described or labeled differently in order to illustrate the important aspects of each 
approximation relationship. 


You might wonder why we bother with the Differential Form of Linear Approxima- 
tion. At this point, it just appears to be another way of expressing a relationship that we 
already had a perfectly good way of expressing. The intent here is to provide an initial 
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a at+Ax 


FIGURE 7 Graphical interpretation of the 
error in the Linear Approximation. 


glimpse into a tool, the differential, that is employed often by mathematicians, scientists, 
and engineers to express or approximate a small change involving related variables. A 
differential corresponds to the change on the tangent line (as we see here), on the tangent 
plane (see Section 14.4), or in the tangent space (in higher dimensions). Differentials 
provide a straightforward linear means for approximating and working with complicated 
relationships. 


EXAMPLE 6 Thermal Expansion Changes in temperature can have subtle effects on 
physical properties of objects that we might think normally are constant. A thin metal 
cable has length L = 12 cm when the temperature is T = 21°C. Estimate the change in 
length when T rises to 24°C, assuming that 


a kL | 4 | 


where k = 1.7 x 1075°C7! (k is called the coefficient of thermal expansion). 


Solution How does the Linear Approximation apply here? We will use the differential 
dL to estimate the actual change in length AL when T increases from 21°C to 24°C— 
that is, when dT = AT = 3°C. By Eq. (2), the differential dL is 


dD = (Z) dT 
dT 


By Eq. (4), since L = 12, 


dL 


aT = = (l. —5 x —4 ° 
FT peta = RE = (1-7 x 107°)(12) ~ 2 x 10™ cm/°C 


Therefore, with dT = 3, we have 


dL 
dL = (5) dT ~ (2 x 10-*)3) = 6 x 10~™* cm 
Thus, AL ~ dL tells us that when the temperature increases from 21°C to 24°C, we can 
expect the cable to lengthen by approximately 0.0006 cm. a 


The Size of the Error 


The examples in this section may have convinced you that the Linear Approximation 
yields a good approximation to Af when Ax is small, but if we want to rely on the 
Linear Approximation, we need to know more about the size of the error: 


E = eror = |Af — f'(a)Ax| 


Graphically the error E is the vertical gap between the graph of f and the tangent line 
(Figure 7). In Section 10.7, we will prove the following Error Bound: 


| 2 
[5| 


where K is the maximum value of | f” (x)| on the interval from a to a + Ax. 

The Error Bound tells us two important things. First, it says that the error is small 
when the second derivative (and hence K) is small. This makes sense, because f” (x) 
measures how quickly the tangent lines change direction. When |f” (x)| is smaller, the 
graph is flatter and the Linear Approximation is more accurate over a larger interval 
around x = a (compare the graphs in Figure 8). 


FIGURE 8 The accuracy of the Linear 
Approximation depends on how much 
the curve bends. 
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Large error in the 
Linear Approximation 


Small error in the 
Linear Approximation 


l 
Sie 


a“ 
~ oa 


} 
has 


A 
= 


(A) Graph flat, f” (x) is small. (B) Graph bends a lot, f” (x) is large. 


Second, the Error Bound tells us that the error is of order 2 in Ax, meaning that 
E is no larger than a constant times (Ax)*. So if Ax is small, say, Ax = 107”, then 
E has a substantially smaller order of magnitude, since (Ax)* = 10-2". In particular, 
E / Ax tends to zero (because E/Ax < K Ax), so the Error Bound tells us that the graph 
becomes nearly indistinguishable from its tangent line as we zoom in on the graph around 
x = a. This is a precise version of the “local linearity” property discussed in Section 3.2. 


4.1 SUMMARY 


The approximation formulas in this section are all based on the idea that the tangent line 
to the graph of a function f at x = a can be used to approximate f(x) for x near a. 


* Let Af = f(a + Ax) — f(a). The Linear Approximation is the estimate 


| Af ~% f’'(a)Ax (for Ax small) 


°- The linearization of f(x) centered at x = a is the function for the tangent line 


L(x) = f(a) + f/@& — a) 


* The approximation based on linearization is 


f(x) ~ f(a) + faXx—a)  (forx close to a) 


° Differential notation: dx = Ax is the change in x, dy = f’(a)dx is the change on the 
tangent line, and Ay = f(a + Ax) — f(a) is the change in f. In this notation, the 
Differential Form of Linear Approximation is 


Ay = dy = f'(a)dx (for dx small) 


* The error in the Linear Approximation is the quantity 
error = Af = OLG 


The percentage error is often more significant because it is a measure of how large the 
error is in relation to the actual value: 

error 
actual value 


°- The error E in the Linear Approximation is bounded as follows: 


percentage error = | | x 100% 


E< >K (Ax)? 


where K is the maximum value of | f” (x)| on the interval from a to a + Ax. 


218 CHAPTER 4 APPLICATIONS OF THE DERIVATIVE 


4.1 EXERCISES 


Preliminary Questions 


1. True or False? The Linear Approximation says that the vertical change 
in the graph is approximately equal to the vertical change in the tangent 


line. 


2. Estimate (1.2) — g(1) if 2’(1) = 4. 


Exercises 
In Exercises 1—6, use Eq. (1) to estimate Af = f (3.02) — f(3). 
1. f(x) =x? 2. f(x)=x' 
1 
— y-l = 
3. f(x)=x 4 SOD ae, 
5. f(x)=Vx46 6. f(x) = tan = 


3 
7. The cube root of 27 is 3. How much larger is the cube root of 27.2? 
Estimate using the Linear Approximation. 


8. The cube root of 64 is 4. How much smaller is the cube root of 63.6? 
Estimate using the Linear Approximation. 


In Exercises 9-12, use Eq. (I) to estimate Af. Use a calculator to compute 
both the error and the percentage error. 


9% Jx)= Vite 223, Azs= 02 
10. f(x) =2x?-x, a=5, Ax=-04 


11. f(x) = Ax =0.5 


jee = 
12. f(x)= ln(x? +1) a=1, Ax=0.1 


In Exercises 13—20, using Linear Approximation, estimate Af for a 
change in x from x =a to x = b. Use the estimate to approximate f(b), 


and find the error using a calculator. 
13. f(x) =./x,a=25, b=26 14. f(x)=x'4,a=16,b=16.5 


15. f(x)= Fz, a= 100, b= 101 16. f(x)= zz, a= 100, b=98 
17. f(œx)=xP, a=8,b=9 


19. f(x)=e*,a=0, b= -0.1 


18. f(x)=tan“!x,a=1,b=1.05 
20. f(x)=Inx,a=1,b=0.97 


In Exercises 21—28, find the linearization at x =a and then use it to 
approximate f(b). 


21. f(x)=x*, a=1, b=0.96 
1 
22. f(x) ==, a=2, b=2.02 
ae a =. Aa 
23. f(x)=sin’x, a=}, b= =F 
x2 
24. f(x) = , @=4, b= 4.1 
. x—3 
25. fœ)=(1 +x) 1, a=0, b=0.08 


26. fx) =(1 +x), a=3, b=2.88 
27. f(x) =e¥*, a=1, b=0.85 
28. f(x)=e*lnx, a=1, b=1.02 


In Exercises 29-32, estimate Ay using differentials [Eq. (3)]. 


29. y=cosx, a=Z, dx = 0.014 


3. Estimate f(2.1) if f(2) = 1 and f’(2) = 3. 


4. Complete the following sentence: The Linear Approximation shows 
that up to a small error, the change in output Af is directly proportional 


30. y = tan? x, a= 7, dx= —0.02 
10 =x? 
Si y= ee a=1, dx=0.01 


32. y=x'er-!) a=1, dx =0.1 


33. Estimate f(4.03) for f(x) as in Figure 9. 
y 


Tangent line 


FIGURE 9 


34. | A At a certain moment, an object in linear motion has velocity 
100 m/s. Estimate the distance traveled over the next quarter-second, and 
explain how this is an application of the Linear Approximation. 


35. Which is larger: /2.1 — /2 or /9.1 — /9? Explain using the Linear 
Approximation. 


36. Estimate sin61° — sin 60° using the Linear Approximation. Hint: 
Express A@ in radians. 


37. Box office revenue at a cinema in Paris is R(p) = 3600p — 10p? eu- 
ros per showing when the ticket price is p euros. Calculate R(p) for p = 9 
and use the Linear Approximation to estimate AR if p is raised or lowered 
by 0.5 euro. 


38. The stopping distance for an automobile is F(s) = 1.15 + 0.054s? ft, 
where s is the speed in mph. Use the Linear Approximation to estimate 
the change in stopping distance per additional mph when s = 35 and when 
s='S5. 


39. A thin silver wire has length L = 18 cm when the temperature is 
T = 30°C. Estimate AL when T decreases to 25°C if the coefficient of 
thermal expansion is k = 1.9 x 1075°C7! (see Example 6). 


40. At a certain moment, the temperature in a snake cage satisfies 
dT /dt = 0.008°C/s. Estimate the rise in temperature over the next 10 s. 


41. The atmospheric pressure at altitude h (kilometers) for 11 < h < 25 
is approximately 


P(h) = 128¢70-157h kilopascals 


(a) Estimate AP at h = 20 when Ah = 0.5. 


(b) Compute the actual change, and compute the percentage error in the 
Linear Approximation. 


42. The resistance R of a copper wire at temperature T = 20°C is 
R=15 Q. Estimate the resistance at T = 22°C, assuming that 
AR/AT |r- = 0.06 QC. 


43. Newton’s Law of Gravitation shows that if a person weighs w pounds 
on the surface of the earth, then his or her weight at distance x from the 
center of the earth is 


wR? 


W(x) = —— 
x 


3 (for x > R) 


where R = 3960 miles is the radius of the earth (Figure 10). 

(a) Show that the weight lost at altitude A miles above the earth’s surface 
is approximately AW ~ —(0.0005w)h. Hint: Use the Linear Approxima- 
tion with dx = h. 

(b) Estimate the weight lost by a 200-Ib football player flying in a jet at 
an altitude of 7 miles. 


FIGURE 10 The distance to the center of the earth is 3960 + k miles. 


44. Using Exercise 43(a), estimate the altitude at which a 130-lb pilot 
would weigh 129.5 lb. 


45. A stone tossed vertically into the air with initial velocity v cm/s 
reaches a maximum height of h = v?/1960 cm. 

(a) Estimate Ah if v = 700 cm/s and Av = 1 cm/s. 

(b) Estimate AA if v = 1000 cm/s and Av = 1 cm/s. 

(c) In general, does a 1-cm/s increase in v lead to a greater change in h at 
low or high initial velocities? Explain. 


46. The side s of a square carpet is measured at 6 m. Estimate the maxi- 
mum error in the area A of the carpet if s is accurate to within 2 cm. 


In Exercises 47 and 48, use the following fact derived from Newton’s Laws: 
An object released at an angle @ with initial velocity v ft/s travels a hori- 
zontal distance 


l 
s= at sin 26 ft (Figure 11) 


47. A player located 18.1 ft from the basket launches a successful jump 
shot from a height of 10 ft (level with the rim of the basket), at an angle 
0 = 34° and initial velocity v = 25 ft/s. 

(a) Show that As + 0.255A¢@ ft for a small change of A@. 

(b) Is it likely that the shot would have been successful if the angle had 
been off by 2°? 

(c) Estimate As if 0 = 34°, v = 25 ft/s, and Av = 2. 


y 


/é\ 


FIGURE 11 Trajectory of an object released at an angle 0. 


x 
S 
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48. A golfer hits a golf ball at an angle of 0 = 23° with initial velocity 
v = 120 ft/s. 


(a) Estimate As if the ball is hit at the same velocity but the angle is 
increased by 3°. 

(b) Estimate As if the ball is hit at the same angle but the velocity is 
increased by 3 ft/s. 


49. The radius of a spherical ball is measured at r = 25 cm. Estimate the 
maximum error in the volume and surface area if r is accurate to within 
0.5 cm. 


50. The dosage D of diphenhydramine for a dog of body mass w kg 
is D = 4.7w*/3 mg. Estimate the maximum allowable error in w for a 
cocker spaniel of mass w = 10 kg if the percentage error in D must be less 
than 3%. 


51. The volume (in liters) and pressure P (in atmospheres) of a cer- 
tain gas satisfy PV = 24. A measurement yields V = 4 with a possible 
error of +0.3 L. Compute P and estimate the maximum error in this 
computation. 


52. In the notation of Exercise 51, assume that a measurement yields 
V = 4. Estimate the maximum allowable error in V if P must have an 
error of less than 0.2 atm. 


53. Approximate f(2) if the linearization of f(x) ata=2 is L(x) = 
2x +4. 


54. Compute the linearization of f(x) = 3x —4 at a=0 and a =2. 
Prove more generally that a linear function coincides with its linearization 
atx =a for alla. 


55. Estimate ~ 16.2 using the linearization L(x) of f(x) = ./x ata = 16. 
Plot f and L on the same set of axes and from the plot indicate whether 
the estimate is greater than or less than the actual value. 


56. (GU) Estimate 1/15 using a suitable linearization of fo= 
1/./x. Plot f and L on the same set of axes and from the plot indicate 
whether the estimate is greater than or less than the actual value. Use a 
calculator to compute the percentage error. 


In Exercises 57—65, approximate using linearization and use a calculator 
to compute the percentage error. 


1 1 
57. —— a 
JT j 101 
1 
59. (10.03) 032 60. (17)!/4 


61. (64.1)! 62. (1.2) 


63. cos—!(0.52) 64. In 1.07 


65. e— 0.012 


66. (Gu) Compute the linearization L(x) of f (x) =x? —x3/2 at a=4, 
Then plot f — L and identify an interval J around a = 4 such that 
1 f(x) — L(@x)| < 0.1 for x € J. 


67. Show that the Linear Approximation to f(x) = ./x at x = 9 yields 
the estimate VO + h — 3 ~ Zh. Set K = 0.01 and show that | f”(x)| < K 
for x > 9. Then verify numerically that the error E satisfies Eg. (5) for 
h=10",forl <n <4. 


68. (GU) The Linear Approximation to f(x) = tan x atx = 7 yields the 
estimate tan (3 => h) — 1 ~ 2k. Set K = 6.2 and show, using a plot, that 
[f")| < K for x € [}, { +0.1]. Then verify numerically that the error 
E satisfies Eq. (5) for k = 10, for 1 <n < 4. 
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Further Insights and Challenges 


69. Compute dy/dx at the point P = (2,1) on the curve y +3xy=7 
and show that the linearization at P is L(x) = -4x + 3. Use L(x) to esti- 
mate the y-coordinate of the point on the curve where x = 2.1. 


70. Apply the method of Exercise 69 to P = (0.5, 1) on y + y — 2x = 1 
to estimate the y-coordinate of the point on the curve where x = 0.55. 


71. Apply the method of Exercise 69 to P = (—1,2) on y+ + 7xy =2to 
estimate the solution of y4 — 7.7y = 2 near y = 2. 


C(t) mg/mL 


Maximum 
concentration 


t (b) 


2 4 6 8 10 


FIGURE 1 Drug concentration in 
bloodstream (see Exercise 78). 


Often, we drop the word “absolute” and 
speak simply of the min or max on an 
interval I. When no interval is mentioned, it 
is understood that we refer to the extreme 
values on the entire domain of the 
function. 


72. Show that for any real number k, (1 + Ax œ% 1 + kAx for small Ax. 
Estimate (1.02)°7 and (1.02)~®”. 


73. Let Af = f(5 +h) — f(5), where f(x) = x?. Verify directly that 
E = |Af — f’(5)h| satisfies (5) with K = 2. 


74. Let Af = f(1+h)— f(1), where f(x) = x7}. Show directly that 
E =|Af — f’(1)h| is equal to h2/(1 +h). Then prove that E < 2h? if 
3 


— <he< 5. Hint: In this case, 5 <1+R = 5- 


4.2 Extreme Values 


In many applications, it is important to find the minimum or maximum value of a func- 
tion f. For example, a physician needs to know the maximum drug concentration in a 
patient’s bloodstream when a drug is administered. This amounts to finding the highest 
point on the graph of C, the concentration at time t (Figure 1). 

We refer to the maximum and minimum values (max and min for short) as extreme 
values or extrema (singular: extremum) and to the process of finding them as optimiza- 
tion. Sometimes, we are interested in finding the min or max for x in a particular interval 
7, rather than on the entire domain of f. 


DEFINITION Extreme Values on an Interval 
and let a € J. We say that f(a) is the 


¢ Absolute minimum of f on / if f(a) < f(x) forall x € 1. 
e Absolute maximum of f on / if f(a) > f(x) forall x € 1. 


Let f be a function on an interval 7 


Does every function have a minimum or maximum value? Clearly not, as we see 
by taking f(x) = x. Indeed, f(x) = x increases without bound as x — oo and decreases 
without bound as x — —oo. In fact, extreme values do not always exist even if we restrict 
ourselves to an interval 7. Figure 2 illustrates what can go wrong if J is open or f has a 
discontinuity. 


* Discontinuity: (A) shows a discontinuous function with no maximum value. The 
values of f(x) get arbitrarily close to 3 from below, but 3 is not the maximum 
value because f(x) never actually takes on the value 3. 

°- Open interval: In (B), g(x) is defined on the open interval (a, b). It has no max 
because it tends to oo on the right, and it has no min because it tends to 10 on the 
left without ever reaching this value. 


Fortunately, our next theorem guarantees that extreme values exist when the function is 
continuous and 7 is closed [Figure 2(C)}]. 


— Max on fa, b] 
y = h(a) 


10 


Min on fa, b] 


x 


kn a eee am aw a ee oe ee 


a b 


(A) Discontinuous function 
with no max on [a, b], 
and a min at x = a. 


(B) Continuous function 
with no min or max on 
the open interval (a, b). 


(C) Every continuous function on a closed 
interval [a, b] has both a min and a 
max on Ía, b]. 


FIGURE 2 


\ | 4 REMINDER A closed, bounded interval 
is an interval I = [a,b] (endpoints 
included), where a and b are both finite. 
Often, we drop the word “bounded” and 
refer to I more simply as a closed interval. 
An open interval (a, b) (endpoints not 
included) may have one or two infinite 
endpoints. 


JodiJacobson/Cietly Images 


FIGURE 3 In the region surrounding Denali 
in Alaska, there are many local maxima, 
but there is one global maximum, the peak 
of Denali. 
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THEOREM 1 Existence of Extrema on a Closed Interval A continuous function f 


on a closed (bounded) interval 7 = [a,b] takes on both a minimum and a maximum 
value on /. 


CONCEPTUAL INSIGHT Why does Theorem 1 require a closed interval? Think of the 
graph of a continuous function as a string. If the interval is closed, the string is pinned 
down at the two endpoints and cannot fly off to infinity or approach a min/max 
without reaching it as in Figure 2(B). Intuitively, therefore, it must have a highest 
and lowest point. As with the Intermediate Value Theorem in Section 2.8, a rigor- 
ous proof of Theorem 1 relies on the completeness property of the real numbers (see 
Appendix B). 


Local Extrema and Critical Points 


We focus now on the problem of finding extreme values. A key concept is that of a local 
minimum or maximum. 


DEFINITION Local Extrema We say that f(c)isa 


e Local minimum occurring at x = c if f(c) is the minimum value of f on some | 
open interval (in the domain of f) containing c. 

¢ Local maximum occurring at x = c if f(c) is the maximum value of f on some — 

open interval (in the domain of f) containing c. 


A local max occurs at x = c if (c, f(c)) is the highest point on the graph within 
some small box [Figure 4(A)]. Thus, f(c) is greater than or equal to all other nearby 
values, but it does not have to be the absolute maximum value of f (Figure 3). Lo- 
cal minima are similar. On the other hand, as Figure 4(B) illustrates, an absolute max- 
imum of f on an interval [a,b] need not be a local maximum of f in open intervals 
containing the point. In the figure, f(a) is the absolute max on [a,b] but is not a lo- 
cal max on open intervals containing a because f(x) takes on greater values to the left 
of x = a. 


y Absolute max 
on [a, b] y =f@) 


Local max 
(c, f(c)) 
/ 


FIGURE 4 


How do we find the local extrema? The crucial observation is that the tangent line 
at a local min or max is horizontal [Figure 5(A)]. In other words, if f(c) is a local min 
or max, then f’(c) = 0. However, this assumes that f is differentiable. Otherwise, the 
tangent line may not exist, as in Figure 5(B). To take both possibilities into account, we 
define the notion of a critical point. 
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—  —— EX OOO EX 
c c 
(A) Tangent line is horizontal (B) This local minimum occurs at a point 
at the local extrema. where the function is not differentiable. 


FIGURE 5 


y DEFINITION Critical Points A number c in the domain of f is called a critical point 


if either f'(c) = 0 or f'(c) does not exist. 


EXAMPLE 1 Find the critical points of f(x) = x? — 9x? + 24x — 10. 


“v Solution The function f is differentiable everywhere (Figure 6). Therefore, the critical 
points are the solutions of f’(x) = 0: 


f'(x) = 3x? — 18x +24 = 3(x? — 6x + 8) = 3(x — 2)(x — 4) 
FIGURE 6 Graph of To find the critical points, we solve 3(x —2)(x — 4) = 0. Thus, they are x = 2 
fx) =x? = 9x? 4.24% — 10. ahd d a 
y EXAMPLE 2 Nondifferentiable Function Find the critical points of f(x) = |x]. 


Solution As we see in Figure 7, f'(x) = —1 for x < Oand f'(x) = 1 for x > 0. There- — 
fore, f'(x) = 0 has no solutions with x Æ 0. However, f’(0) does not exist. Thus, c = 0 
is a critical point. a 


The next theorem tells us that we can find local extrema by solving for the critical 
= points. It is one of the most important results in calculus. 


FIGURE 7 Graph of f(x) = |x|. THEOREM 2 Fermat’s Theorem on Local Extrema If f(c) : a local min or max, 


then c is a critical point of f. 


Proof Suppose that f(c) is a local minimum (the case of a local maximum is similar). 
If f’(c) does not exist, then c is a critical point and there is nothing more to prove. So, 
assume that f’(c) exists. We must then prove that f’(c) = 0. 
Because f(c) is a local minimum, we have f(c +h) > f(c) for all sufficiently small 
h #0. Equivalently, f(c + h) — f(c) = 0. Now divide this inequality by h. Two possi- 
Secant line has bilities occur depending on whether we are dividing by a positive value or a negative one: 
negative slope 


forh <0 Secant line has fie +h) — J) ; 
or ~ 0 ifh>0 


positive slope 
fle thk)= f(c) i 
DEED <0 ifh<o 


forh>0 
Figure 8 shows the graphical interpretation of these inequalities. Taking the one-sided 
limits of both sides of (1) and (2), we obtain 


C c eth foO= lim Ae s lim 0=0 
hoot h hot 
FIGURE 8 h)— CA 
fc) = lim (ETOT IO 2 lim 0=0 
h=>0- h h->0- 


Thus, f’(c) > 0 and f(c) < 0. The only possibility is f’(c) = 0 as claimed. E 


FIGURE 9 The tangent line at (0, 0) is 
horizontal, but f(0) is not a local min or 
max. 


FIGURE 10 Extreme values of 


f (x) = 2x3 — 15x2 + 24x + 7 on [0,6]. 


FIGURE 11 Extreme values of 
f(x) =1—(« —1)*/7 on [-1,2]. 
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CONCEPTUAL INSIGHT Theorem 2 indicates that a local max or min must be a critical 
point . However, the “converse” need not be true. That is, having a critical point c does 
not guarantee a local min or max occurs at c. For example, f(x) = x? has derivative 
f'(x) = 3x? and f’(0) = 0. So, 0 is a critical point, but f (0) is neither a local min nor 
max (Figure 9). The origin is a point of inflection (studied in Section 4.4), where the 
tangent line crosses the graph. 


Optimizing on a Closed Interval 


Finally, we have all the tools needed for optimizing a continuous function on a closed 
interval. Theorem 1 guarantees that the extreme values exist, and the next theorem tells 
us where to find them, namely among the critical points or endpoints of the interval. 


THEOREM 3 Extreme Values on a Closed Interval Assume that f is continuous on 


[a,b] and let f(c) be the minimum or maximum value on [a,b]. Then c is either a 
critical point or one of the endpoints a or b. 


Proof Ifc is one of the endpoints a or b, there is nothing to prove. If not, then c belongs 
to the open interval (a, b). In this case, f(c) is also a local min or max because it is the 
min or max on (a, b). By Fermat’s Theorem, c is a critical point. B 
EXAMPLE 3 Find the extrema of f(x) = 2x? — 15x? + 24x + 7 on [0, 6]. 


Solution The extreme values occur at critical points or endpoints by Theorem 3, so we 
can break up the problem neatly into two steps. 


Step 1. Find the critical points. 
The function f is differentiable, so the critical points are solutions to f’(x) = 0. 


f'(x) = 6x? ~ 30x + 24 = 6(x ~ 1)X(x — 4) 
The critical points satisfy 6(x — 1)(x — 4) = 0, and therefore are x = 1 and 4. 


Step 2. Compare values of f(x) at the critical points and endpoints. 


x-value Value of f(x) 


1 (critical point) f(Q)= 18 
4 (critical point) f@A=-9 min 


O (endpoint) f(0) =7 
6 (endpoint) Ff) = 43 max 


The maximum value of f(x) on [0, 6] is the greatest of the values in this table, namely 
Ff (6) = 43. Similarly, the minimum is f(4) = —9. See Figure 10. a 


EXAMPLE 4 Function with a Cusp Find the extrema of f(x) = 1 — (x — 1)? on 
{=1, 2]. 
Solution First, find the critical points: 


2 


5) 
} es Oe l i a 


The equation f'(x) = 0 has no solutions because f'(x) is never zero. However, f'(x) 
does not exist at x = 1, so there is a critical point there (Figure 11). 
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(2, —1.55) 
Min 


FIGURE 12 Extreme values of 
f (x) = x? — 8Inx on [1,4]. 


FIGURE 13 Graph of S(@). 


Using Om = cos! (5). the minimum 
value can be shown to be exactly 
24(10 + /2). 


Next, compare values of f(x) at the critical points and endpoints: 


x-value Value of f(x) 
1 (critical point) fF) = 1 max 
—1 (endpoint) f(—1) © —0.59 min 
2 (endpoint) f(2)=0 


So on [—1, 2], the maximum of f is f(1) = 1 and the minimum is f(—1) ~ —0.59. m 


EXAMPLE 5 Logarithmic Example Find the extreme values of the function f(x) = 
x? — 8Inx on [1,4]. 


Solution First, we solve for the critical points. We have f'(x) = 2x — 8/x, so we solve 
8 8 
2x- -=0 >» 2x = -—- 2B x=ł2 
% x 


The only critical point in the interval [1, 4] is x = 2. Next, compare the values of f(x) at 
the critical points and endpoints (Figure 12): 


x-value Value of f(x) 
2 (critical point) f(2) + —1.55 min 
1 (endpoint) FOHA 


4 (endpoint) f4 +49 max 


We see that the minimum on [1,4] is f(2) + —1.55 and the maximum is f (4) =~ 4.9. 
a 


EXAMPLE 6 An Open-Interval Example The function S(9) = 240 + 24 (Aat) 
arises in a model—that we describe after this example—of the geometry of a honeycomb 
cell. Figure 13 shows the graph of S for 0 < 0 < x. As @ approaches 0 and z from inside 
the interval, S(0) — œœ. Therefore, there is no absolute maximum of S$ on (0, 7), but the 
graph suggests that there is an absolute minimum. Find it. 


Solution Computing S’(6), we have 


90) = 24 (sin @)(sin 0) — = — cos8)(cos8)\ _ 4, = L cos 6 

sin“ @ sin“ 6 
The derivative is defined for all @ in the interval and is zero where 1 — /3cos@ = 0. 
Therefore the absolute minimum occurs at 


1 
eo cos! (5) ~~ 0.96 radians ~ 54.7° 


Computing S(0.96), we find that the absolute minimum of S over (0, 7 ) is approximately 
273.94. a 


Honeycomb Geometry The honeycomb of bees has long been of scientific and mathe- 
matical interest (Figure 14). Some believe that, for a fixed cell volume, the specific shape 
of the cell minimizes the cell’s surface area and thus the amount of wax needed to con- 
struct it. Each cell has an open hexagonal top, six quadrilateral sides, and three rhombi 
on the bottom. Imagine that (as in Figure 15) the sides on the hexagonal top are 4 mm, 
three of the vertical sides are 10 mm, and the remaining dimensions can vary. Let 6 be 


( 


Irika Toiy leas 


FIGURE 14 What is the ideal honeycomb 
cell shape? 


4, 


f(a) = f(b) 

i i 
| 

a c b 


FIGURE 16 Rolle’s Theorem: If 
f(a) = f(b), then f’(c) = 0 for some c 
between a and b. 
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the angle between a vertical axis through the center of the cell and the bottom rhombi 
faces. Via geometry, two important facts about the shapes in the figure can be shown: 


* The volume of the cell is independent of the angle 8. 
e The surface area $ of the cell (the total area of the six quadrilaterals and three 
rhombii) depends on @ according to 


S(0) = 240 + 24 (Aa) 


sin @ 


The previous example indicates that for the cells we are considering, the minimum sur- 
face area occurs at 0 + 54.7°. How does this minimum compare with the actual cells that 
the bees construct? 

In the early eighteenth century, astronomer Giacomo Maraldi made extensive mea- 
surements of bees’ honeycomb and observed typical angle measurements consistent with 
the optimal angle we found. Subsequently, mathematicians Samuel Koenig and Colin 
Maclaurin performed a calculus-based analysis of the honeycomb geometry (as we have 
done here) supporting the idea that the bees are economical in their honeycomb construc- 
tion. The question of why bees construct the honeycomb as they do is still unsettled, but 
calculus provides an interesting glimpse at the possibilities. 


Rolle’s Theorem 


As an application of our optimization methods, we prove Rolle’s Theorem: If f is dif- 
ferentiable and takes on the same value at two different points a and b, then somewhere 
between these two points the derivative is zero. Graphically, if the secant line between 
x =a and x = b is horizontal, then at least one tangent line between a and b is also 
horizontal (Figure 16). 


THEOREM 4 Rolle’s Theorem Assume that f is continuous on [a, b] and differen- 
tiable on (a,b). If f(a) = f(b), then there exists a number c between a and b such 
that f’(c) = 0. 


Proof Since f is continuous and [a, b] is closed, f has a min and a max in [a, b]. Where 
do they occur? If either the min or the max occurs at a point c in the open interval (a, b), 
then f(c) is a local extreme value and f’(c) = 0 by Fermat’s Theorem (Theorem 2). 
Otherwise, both the min and the max occur at the endpoints. However, f(a) = f(b), so 
in this case, the min and max coincide and f is a constant function with zero derivative. 
Then, f’(c) = 0 for all c in (a, b). E] 


EXAMPLE 7 Illustrating Rolle’s Theorem Verify Rolle’s Theorem for 
fe) =x*-x? on [—2, 2] 


Solution The hypotheses of Rolle’s Theorem are satisfied because f is differentiable 
(and therefore continuous) everywhere, and f(2) = f(—2): 


fQ)=27-2=12, f(—2)=(-2% -C2 = 12 
We must verify that f’(c) = 0 has a solution in (—2, 2). Since 
f'(x) = 4x? — 2x = 2x(2x? — 1) 
we need to solve 2x(2x* — 1) = 0. The solutions are c = 0 andc = +1/ v2 ~ +0.707. 
They all lie in (—2, 2), so Rolle’s Theorem is satisfied with three values of c. F 


EXAMPLE 8 Using Rolle’s Theorem Show that f(x) = x? + 9x — 4 has precisely 
one real root. 
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FIGURE 17 Graph of f(x) = x? + 9x — 4. 


This function has one real root. 
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Solution First, we note that f(0) = —4 is negative and f(1) = 6 is positive. By the 


Intermediate Value Theorem (Section 2.8), f has at least one root a in [0,1]. If f ers 


had a second root b, then we would have f(a) = f(b) = 0. Rolle’s Theorem would 
then imply that f’(c) =0 for some c € (a,b). This is not possible because J x)= 
3x2 +9 > 9 > 0, so f’(c) =0 has no solutions. We conclude that a is the only real 


root of f (Figure 17). 
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Pierre de Fermat René Descartes 
(1601-1665) (1596-1650) 
Sometime in the 1630s, in the decade before 
Isaac Newton was born, the French mathe- 
matician Pierre de Fermat invented a general 
method for finding extreme values. Fermat said, 
in essence, that if you want to find extrema, you 
must set the derivative equal to zero and solve 
for the critical points, just as we have done in 
this section. He also described a general method 
for finding tangent lines that is not essentially 
different from our method of derivatives. For 
this reason, Fermat is often regarded as an in- 
ventor of calculus, together with Newton and 
Leibniz. 

At around the same time, René Descartes 
(1596-1650) developed a different but less 


0 Beumann/Getty Images 


4.2 SUMMARY 


effective approach to finding tangent lines. 
Descartes, after whom Cartesian coordinates 
are named, was a profound thinker—the lead- 
ing philosopher and scientist of his time in 
Europe. He is regarded today as the father 
of modern philosophy and the founder (along 
with Fermat) of analytic geometry. A dispute 
developed when Descartes learned through an 
intermediary that Fermat had criticized his work 
on optics. Sensitive and stubborn, Descartes re- 
taliated by attacking Fermat’s method of find- 
ing tangents, and only after some third-party 
refereeing did he admit that Fermat was correct. 
He wrote: 


... Seeing the last method that you use for finding tan- 
gents to curved lines, I can reply to it in no other way 
than to say that it is very good and that, if you had 
explained it in this manner at the outset, I would have 
not contradicted it at all. 


However, in subsequent private correspon- 
dence, Descartes was less generous, referring 
at one point to some of Fermat’s work as “le 
galimatias le plus ridicule’—meaning the most 
ridiculous gibberish. Today Fermat is recog- 
nized as one of the greatest mathematicians of 
his age who made far-reaching contributions in 
several areas of mathematics. 


¢ The extreme values of f on an interval I are the minimum and maximum values of f 
for x € J (also called absolute extrema on Í). 


¢ Basic Theorem: If f is continuous on a closed interval [a, b], then f has both a min 


and a max on [a,b]. 


e f(c)isalocal minimum if f(x) => f(c) for all x in some open interval around c. Local 


maxima are defined similarly. 


e x =c is a critical point of f if either f’(c) = 0 or f’(c) does not exist. 
e Fermat’s Theorem on Local Extrema: If f(c) is a local min or max, then c is a critical 


point. 


°. To find the extreme values of a continuous function f on a closed interval [a, b]: 


Step 1. Find the critical points of f in [a, b]. 


Step 2. Calculate f(x) at the critical points in [a, b] and at the endpoints. The min and 
max on [a, b] are the least and greatest among the values computed in Step 2. 


¢ Rolle’s Theorem: If f is continuous on [a,b] and differentiable on (a,b), and if 
f(a) = f(b), then there exists c between a and b such that f’(c) = 0. 
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4.2 EXERCISES 


Preliminary Questions 
1. What is the definition of a critical point? 


In Questions 2 and 3, which is the correct conclusion, (a) or (b)? 


2. If f is not continuous on [0, 1], then 

(a) f has no extreme values on (0, 1]. 

(b) f might not have any extreme values on [0, 1]. 

3. If f is continuous but has no critical points in [0, 1], then 


(a) f has no min or max on (0, 1]. 
(b) Either f(0) or f(1) is the minimum value on [0, 1]. 


4. For each statement, indicate whether it is true or false. If false, correct 
the statement or explain why it is false. 


(a) If f’(c) = 0, then f(c) is either a local minimum or a local maximum. 
(b) If f(c) is the absolute maximum of f on an interval J, then f’(c) = 0. 
(c) If f is differentiable and f(c) is alocal minimum of f, then f’(c) = 0. 


(d) If there is one local minimum of f on an interval J, then it is the 
absolute minimum on J. 


Exercises 


1. The following refer to Figure 18. 

(a) What are the critical points of f on [0,8]? 

(b) What are the maximum and minimum values of f ón (0, 8]? 

(c) What are the local maximum and minimum values of f, and where do 
they occur? 

(d) Find a closed interval on which both the minimum and maximum val- 
ues of f occur at critical points. 

(e) Find an open interval on which f has neither a minimum nor a maxi- 
mum value. 

(f) Find an open interval on which f has a maximum value but no mini- 
mum value. 


[2 6S 3°65) 7 2 
FIGURE 18 


2. State whether f(x) = x~! (Figure 19) has a minimum or maximum 
value on the following intervals: 


(a) (0,2) (b) (1,2) (c) [1,2] 


x 


1 2 3 
FIGURE 19 Graph of f(x) = x7}. 
In Exercises 3-20, find all critical points of the function. 


3. f(x)=x?-2x4+4 4. f(x)=7x-2 
5. f(x) = x9 — 3x? — 54x42 6. f(t)= 8-2? 


7. fœ =x! — x7? 8. g(z)= -— — - 

x x? 
Ww. fa) E 10. f(x) = rs ee 
11. f(t) =t1-44741 12. f(t) =4t —Vi2 +1 
13. f(x) = xe” 14. f(x) =x + |2x+ 1| 
15. g(0) = sin? 6 16. R(0) = cos0 + sin? 0 
iv. f(@) =xinzx 18. f(x)= x2J/1 — x2 
19. f(x) = sin”! x — 2x 20. f(x) = sec! x —Inx 


21. Let f(x) = 2x? — 8x +7. 

(a) Find the critical point c of f and compute f(c). 
(b) Find the extreme values of f on [0,5]. 

(c) Find the extreme values of f on [—4, 1]. 


22. Find the extreme values of f(x) = 2x? — 9x? + 12x on [0,3] and 
[0, 2]. 


23. Find the critical points of f(x) = sin x + cos x and determine the ex- 
treme values on (0, § |. 


24. Compute the critical points of A(t) = (t? — 1)'/3. Check that your 
answer is consistent with Figure 20. Then find the extreme values of h 
on [0, 1] and on [0, 2]. 


h(t) 


FIGURE 20 Graph of A(t) = (t? — 1)!/9. 
25. (Gu) Plot f(x) = 4./x — 2x +3 on [0,3] and indicate where it ap- 


pears that the minimum and maximum occur. Then determine the mini- 
mum and maximum using calculus. 


26. Approximate the critical points of g(x) = 5e” — tanx in 


(-3, 3): 
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In Exercises 27-60, find the minimum and maximum values of the func- 
tion on the given interval by comparing values at the critical points and 
endpoints. 


27. y=2x? +4x +5, [-2,2] 28. y = 2x? +4x +5, [0,2] 
29. y = 6t —t?, [0,5] 30. y = 6t —t?, [4,6] 
31. y =x? — 6x? +8, [1,6] 32. y =x? — 6x? +8, [-1,6] 
33. y =x? — 6x? +8, [1,3] 34. y =x? —6x7+8, [-1,3] 
35. y = 20° +327, [1,2] 36. y =x? —12x*+21x, [0,2] 
37. y =z" —80z, [—3,3] 38. y = 2x9 + 5x?, [-2,2] 
EELT 6. ==, [hal 

x—4 x“ +3x 
4l. y=x- —. (0, 3] 
42. y=2Vx?+1-x, [0,2] 
43. y =(2+x)/2+(2—x)2, [0,2] 
44. y= V1 +x2-2x, [0,1] 
45. y= J/x+x2-2/x, [0,4] 46. y=(t—27)'?,  [-1,2] 


47. y=sinxcosx, [0,3] 48. y=x+sinx, [0,27] 


49. y=/26—-sec6, [0,3] 
50. xt — 2x? +1, [—3,3] 
51. y=x? +x? —x, [-2,2] 

52. y = cos +sin, [0,27] 

53. y=0—2sin0, [0,27] 

54. y = 4sin? 0 — 3 cos? 0, [0,27] 


55. y = tanx — 2x, [0,1] 56. y=xe™, ~ [0.2] 


57. yes, [1,3] 58. y =Stan-!x—x, [1,5] 


59, y =3e* — e”, ae 


61. (Gu) Plot f(x) = = on (0,5) and use the graph to explain why 
there is a minimum value, but no maximum value, of f on (0,5). Use cal- 
culus to find the minimum value. 


62. (Gu) Plot f(x) = on (0, 3) and use the graph to explain why 
there is a maximum value, but no minimum value, of f on (0,3). Use cal- 
culus to find the maximum value. 


60. y=x?-24Inx, [5,3] 


4x— Seega 


63. Let f(0) = 2sin 20 + sin48. 
(a) Show that 8 is a critical point if cos 48 = — cos 20. 


(b) Show, using a unit circle, that cos; = —cos if and only if 


01 = x + 62 + 27k for an integer k. 
(c) Show that cos48 = —cos20 if and only if 6 = 5 +xk or 
0 =% +(5)k. 


(d) Find the six critical points of f on [0,27] and find the extreme values kL 


of f on this interval. 
(e) (Gu) Check your results against a graph of f. 


64. (GU) Find the critical points of f(x) =2cos3x-+3cos2x in 
[0, 27 ]. Check your answer against a graph of f. 


In Exercises 65-68, find the critical points and the extreme values on [0, 4]. 
In Exercises 67 and 68, refer to Figure 21. 


65. y = |x — 2| 66. y = |3x — 9| 
67. y = |x? + 4x — 12| 68. y = | cosx] 
y 
= |cos x] 


= |x? + 4x - 12l 


FIGURE 21 


In Exercises 69-72, verify Rolle’s Theorem for the given interval by check- 
ing f(a) = f(b) and then finding a value c in (a,b) such that f'(c) = 0. 


69. f(x)=x + x71, [3.2] 70. f(x) =sinx, [%. 3] 
2 


71. TOs 8x ~ 15° (3, 5] 


72. f(x) = sin x —cos*x, [Z 2x] 
73. Prove that f(x) = x° + 2x? + 4x — 12 has precisely one real root. 
74, Prove that fxey= x? + 3x? + 6x has precisely one real root. 


75. Prove that f(x) = x* + 5x? + 4x has no root c satisfying c > 0. Hint: 
Note that x = 0 is a root and apply Rolle’s Theorem. 


76. Prove that x = 4 is the greatest root of f(x) = x* — 8x? — 128. 


77. The position of a mass oscillating at the end of a spring is s(t) = 
Asin wt, where A is the amplitude and w is the angular frequency. Show 
that the speed |v(t)| is at a maximum when the acceleration a(t) is zero and 
that |a(t)| is at a maximum when v(f) is zero. 


78. The concentration C(t) (in milligrams per cubic centimeter) of a drug 
in a patient’s bloodstream after t hours is 


0.016r 


C(t) = = 
“o t?+ 4t +4 


Find the maximum concentration in the time interval [0, 8] and the time at 
which it occurs. 


79. (eas) Antibiotic Levels A study shows that the concentration C(t) 
(in micrograms per milliliter) of antibiotic in a patient’ s blood serum after t 
hours is C(t) = 120(e 70.” — e—5t ), where b > 1 is a constant that depends 
on the particular combination of antibiotic agents used. Solve numerically 
for the value of b (to two decimal places) for which maximum concen- 
tration occurs at t = 1 h. You may assume that the maximum occurs at a 
critical point, as suggested by Figure 22. 


t (h) 


10 12 


FIGURE 22 Graph of C(t) = 120(e 70-7 — ety with } chosen so that 


the maximum occurs at f = 1 h. 


80. In the notation of Exercise 79, find the value of b (to 
two decimal places) for which the maximum value of C is equal to 
100 mcg/mi. 


81. In 1919, physicist Alfred Betz argued that the maximum efficiency of 
a wind turbine is around 59%. If wind enters a turbine with speed vı and 
exits with speed v2, then the power extracted is the difference in kinetic 
energy per unit time: 
P= smu} — smu} watts 

where mm is the mass of wind flowing through the rotor per unit time (Fig- 
ure 23). Betz assumed that m = pA(v; + v2)/2, where p is the density of 
air and A is the area swept out by the rotor. Wind flowing undisturbed 
tirough the nit area A would have mass per unit time pAv, and power 
Po=5 l pAv?. The fraction of power extracted by the turbine is F = P/ Po. 


(a) sca that F depends only on the ratio r = v2/v; and is equal to 
F(r) = 3(1—r*)(1 +r), where 0 <r <1. 

(b) Show that the maximum value of F, called the Betz Limit, is 
16/27 = 0.59. 


(c) [fF Explain why Betz’s formula for F is not meaningful for r close 
to zero. Hint: How much wind would pass through the turbine if vz were 
zero? Is this realistic? 


0.5 l 


(B) F is the fraction of energy 
extracted by the turbine as a 
function of r = v/v, 


(A) Wind flowing through a turbine. 


FIGURE 23 


82. (Gu} The Bohr radius ao of the hydrogen atom is the value of r that 
minimizes the energy 
h? e 
E(r) = —— — — 
”) 2mr2 4neor 


where fi, m, e, and ég are physical constants. Show that 
ay = 4 coh? /(me”). Assume that the minimum occurs at a critical point, 
as suggested by Figure 24. 
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E(r) (107}8 joules) 


r (107! m) 


FIGURE 24 ! 


83. The response of a circuit or other oscillatory system to an input of 
frequency w (“omega”) is described by the function 


1 


Job ~ w)? + 4DW? 


Both wo (the natural frequency of the system) and D (the damping fac- 
tor) are positive constants. The graph of ¢ is called a resonance curve, 
and the positive frequency w, > 0, where ¢ takes its maximum value, if 


g(a) = 


it exists, is called the resonant frequency. Show that œw, = ,/ wb — 2D? 


if 0 < D <a/V2 and that no resonant frequency exists otherwise 
(Figure 25). 


$ $ $ 
50 3 l 
2 
0.5 
1 
@ i W w 
oy 2 O, 2 tL S S 


(A) D = 0.01 (B) D =0.2 (C) D = 0.75 (no resonance) 


FIGURE 25 Resonance curves with wọ = 1. 


84. Find the maximum and minimum of y = (1 — x)e®* on [0, 1], where 
0 <a. 


7 85. Find the maximum of y = x" — x? on [0, 1], where 0 < a < b. In par- 


ticular, find the maximum of y = x5 — x!° on [0, 1]. 


In Exercises 86—88, plot the function using a graphing utility and find its 
critical points and ied values on [—5, 5]. 


< CDer 1] 
87. (GU) y = —____ + ; 


er 1+ |x —4] 


x 
88. = 
— e 
89. ‘he zy implicit differentiation to find the critical points on the curve 
27x? = (x? + y?r. 
(b) Plot the cyrve and the horizontal tangent lines on the same set 
of axes. 


90. Sketch the graph of a continuous function on (0,4) with a minimum 
value but no maximum value. 


91. Sketch the graph of a continuous function on (0, 4) having a local min- 
imum but no absolute minimum. 
92. Sketch the graph of a function on [04] having 


(a) Two local maxima and one local minimum 
(b) An absolute minimum that occurs at an endpoint, and an absolute 
maximum that occurs at a critical point 


93. Sketch the graph of a function f on [0,4] with a discontinuity such 
that f has an absolute minimum but no absolute maximum. 
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94. A rainbow is produced by light rays that enter a raindrop (assumed 
spherical) and exit after being reflected internally as in Figure 26. The 
angle between the incoming and reflected rays is 6 = 4r — 2i, where the 
angle of incidence i and the angle of refraction r are related by Snell’s Law 
sini = n sinr with n ~ 1.33 (the index of refraction for air and water). 


dr cosi 
(a) Use Snell’s Law to show that — = 
di ncosr 


(b) Show that the maximum value @max of 0 occurs when i satisfies 


7 
Ps “Reflected ray 


Daniel Ciril iStockphoto.com 


F 
a 


cosi = ee Hint: Show that = = 0 if cosi = 5 00s r. Then use 
i 
Snell’s Law to eliminate r. 
(c) Show that fmax  42.53°. FIGURE 26 


Further Insights and Challenges 


95. Show that the extreme values of f(x)=asinx+bcosx are f(x)= 133 4 4 ox? 4+bx+e 

tya? + b2. 3 2 

96. Show, by considering its minimum, that f(x) = x? — 2x + 3 takes on that ensure f has neither a local min nor a local max. Hint: Apply Exer- 
only positive values. More generally, find the conditions on r and s under cise 96 to f (x). 


which the quadratic function f(x) = x? +rx +s takes on only positive 
values. Give examples of r and s for which f takes on both positive and 
negative values. 


97, Show that if the quadratic polynomial f(x) =x? +rx +s takes on 
both positive and negative values, then its minimum value occurs at the 
midpoint between the two roots. 


98. Generalize Exercise 97: Show that if the horizontal line y = c in- 
tersects the graph of f(x) =x? +rx +s at two points (x1, f(x1)) and 


x 
(x2, f (x2)), then f takes its minimum value at the midpoint M = - Bi a 
(Figure 27). 
FIGURE 28 Cubic polynomials. 
100.Find the min and max of 
f(x) =x?(1—x)? on [0,1] 
where p,q > 0. 
101 4 Prove that if f is continuous and f(a) and f(b) are local min- 
ima where a < b, then there exists a value c between a and b such that 
FIGURE 27 f(c) is a local maximum. (Hint: Apply Theorem 1 to the interval [a, b].) 
Show that continuity is a necessary hypothesis by sketching the graph of 
99. A cubic polynomial may have a local min and max, or it may have a function (necessarily discontinuous) with two local minima but no local 
neither (Figure 28). Find conditions on the coefficients a and b of maximum. 


4.3 The Mean Value Theorem and Monotonicity 


We have taken for granted that if f'(x) is positive, the function f is increasing, and 
if f’(x) is negative, f is decreasing. In this section, we prove this rigorously using an 
Slope important result called the Mean Value Theorem (MVT). Then we develop a method 
fb) -— fia) for “testing” critical points—that is, for determining whether they correspond to local 
b-a maxima, local minima, or neither. 

The MVT says that a secant line between two points (a, f(a)) and (b, f(b)) ona — 
graph is parallel to at least one tangent line in the interval (a,b) (Figure 1). Since the 


secant line between (a, f(a)) and (b, f(b) has slope mnt and since two lines 
—a 


Slope f(c) 


FIGURE 1 By the MVT, there exists at least 
one tangent line parallel to the secant line. 


FIGURE 2 Move the secant line in a parallel 
fashion until it becomes tangent to the 
curve. 


Secant line 


X 
T2 35 £56 7 & 9 I0 i2 


FIGURE 3 The tangent line at c = 4 is 
parallel to the secant line. 
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are parallel if they have the same slope, the MVT is claiming that there exists a point c 
between a and b such that 


fb) - fa) 
Fe) ~ ae 
b—a 
f t li 
Slope of tangent line Slope of secant line 


THEOREM 1 The Mean Value Theorem Assume that f is continuous on the closed 
interval [a,b] and differentiable on (a,b). Then there exists at least one value c in 
(a, b) such that 


fo) — Ffa) 


Ao a Sa 


Rolle’s Theorem (Section 4.2) is the special case of the MVT in which f(a) = f(b). 
In this case, the conclusion is that f’(c) = 0. 


GRAPHICAL INSIGHT Imagine what happens when a secant line is moved parallel to 
itself. Eventually, it becomes a tangent line, as shown in Figure 2. This is the idea 
behind the MVT. We present a formal proof at the end of this section. 


CONCEPTUAL INSIGHT The conclusion of the MVT can be rewritten as 


f(b) — f(a) = f(b — a) 


We can think of this as a variation on the Linear Approximation, which says 


f(b) — f(a) ~ fab — a) 
The MVT turns this approximation into an equality by replacing f'(a) with f’(c) for a 
suitable choice of c in (a, b). 


EXAMPLE 1 Verify the MVT with f(x) = /x,a = 1, and b = 9. 


Solution First, compute the slope of the secant line (Figure 3): 


FO) “FO V/9S/1 39> 1 A 
b-a 9-1 9-1 4 
We must find c such that f’(c) = 1/4. The derivative is f'(x) = 5x 2, and 
1 1 
Lipset ees, — We A ih 
fF (ce) Men — fs > c 
The value c = 4 lies in (1, 9) and satisfies f’(4) = i. This verifies the MVT. F 


As a first application, we prove that a function with zero derivative is constant. 


Proof Ifa; and b; are any two distinct points in (a, b), then, by the MVT, there exists c 
between a, and bı such that 


fè) - f@)=f'Ob-—a)=0 (since f’(c) = 0) 
Thus, f(b) = f(a). This says that f(x) is constant on (a, b). E 
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We say that f is “nondecreasing” if gS ee ee eae Eee Oe ee 
Increasing /Decreasing Behavior of Functions = 
Xi) < f(%2) for x, <x : arm . | ‘ aeg 
O e We prove now that the sign of the derivative determines whether a function f is increas- 
“Nonincreasing” is defined similarly. In ing or decreasing. Recall that f is 


Theorem 2, if we assume that f'(x) > 0 . : 
maar = Ol en f Enie Increasing on (a,b) if f(x1) < f(x2) for all x), x2 € (a,b) such that xı < x2. 


on (a,b). If f'(x) < 0, then f is e Decreasing on (a,b) if f(x1) > f(x2) for all x1, x2 € (a,b) such that xı < xp. 


nonincreasing on (a, b). We say that f is monotonic on (a, b) if it is either increasing or decreasing on (a, b). 


TI 


Increasing function: 
Tangent lined faveponiivo opi: Proof Suppose first that f'(x) > 0 for all x € (a,b). The MVT tells us that for any two 


points xı < x2 in (a, b), there exists c between x; and xz such that 


f (x2) ~— fa) = fox- x1) > 0 
s$ The inequality holds because f’(c) and (x2 — x1) are both positive. Thus, f (x2) > f (x1), 
Xe as required. The case f’(x) < 0 is similar. E 


Decreasing function: GRAPHICAL INSIGHT Theorem 2 confirms our graphical intuition (Figure 4): 
Tangent lines have negative slope. s f' “sei = 


THEOREM 2 The Sign of the Derivative Let f be a differentiable function on an 


open interval (a, b). 


¢ If f'(x) > O for x € (a,b), then f is increasing on (a, b). 
¢ If f'(x) < 0 for x € (a,b), then f is decreasing on (a, b). 


tangent lines have positive slope = f increasing 
FIGURE 4 e f(x) <0 = tangent lines have negative slope = f decreasing 
EXAMPLE 2 Show that f(x) = lnx is increasing. 


Solution The derivative f'(x) = x! is positive on the domain {x : x > 0}, so f(x) = 
In x is increasing (Figure 5). = 


y 


f increasing 


f decreasing A f increasing 


FIGURE 5 Graph of f(x) = lnx. FIGURE 6 Graph of f(x) = x? — 2x — 3. 


EXAMPLE 3 Find the intervals on which f(x) = x? — 2x — 3 is monotonic. 


Solution The derivative f'(x) = 2x — 2 = 2(x — 1) is positive for x > 1 and negative 
for x < 1. By Theorem 2, f is decreasing on the interval (—oo, 1) and increasing on the 
interval (1,00), as confirmed in Figure 6. a 


Testing Critical Points 
There is a useful test for determining whether a critical point yields a min or max (or ~_ 
neither) based on the sign change of the derivative f'(x). 


To explain the term “sign change,” suppose that a function g satisfies g(c) = 0. 
We say that g(x) changes from positive to negative at x = c if g(x) > 0 to the left of 


FIGURE 7 


Sign change 
from + to — 


Sign change 
from — to + 


4 SX 


y = g(x) 


No sign change 
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c and g(x) < 0 to the right of c for x within a small open interval around c (Figure 7). 
A sign change from negative to positive is defined similarly. Observe in Figure 7 that 
g(5) = 0 but g(x) does not change sign at x = 5. 

Now suppose that f’(c) = 0 and that f’(x) changes sign atx = c, say, from + to —. 
Then f is increasing to the left of c and decreasing to the right, so f(c) is a local max- 
imum. Similarly, if f'(x) changes sign from — to +, then f(c) is a local minimum. See 
Figure 8(A). Figure 8(B) illustrates a case where f’(c) = 0 but f'(x) does not change 
sign. In this case, f’(x) > 0 for all x near but not equal to c, so f is increasing and has 
neither a local min nor a local max at c. 


| fx) = 3 — 27x — 20 A y=f@ 


Neither a local 
ag min nor max 


3 
l 
l 
l 
| 
i c 
| I 
i | l 
l l l 
l i | 
| | '@) = 32 - 27 y 
I l | 
i l i 
i I 
l l l 
| | l 

x l 

3 | a 
f'(x) changes f'(x) changes f'(x) does not 
from + to — from — to + change sign 
(A) (B) 
CI FIGURE 8 


A similar analysis holds when f’(c) does not exist and the possibilities for the sign 
of f’ on either side of c are considered. As a result, we have the following theorem: 


THEOREM 3 First Derivative Test for Critical Points Let c be a critical point of f. 
Then 


e f’(x) changes from +to—atc =>  f(c)isalocal maximum. 


e f(x) changes from —to+atc =>  f(c)isalocal minimum. 


To carry out the First Derivative Test, we make a useful observation: f’(x) can 
change sign at a critical point, but it cannot change sign on the interval between two 
consecutive critical points as long as the function is defined over the whole interval. 
In such a case, we can determine the sign of f’(x) on an interval between consecutive 
critical points by evaluating f'(x) at any test point xo inside the interval. The sign of 
f’(xo) is the sign of f'(x) on the entire interval. In a case where a function’s domain 
is made up of separate intervals, this analysis of the sign of f’ needs to be carried out 
individually on each of the intervals. 


EXAMPLE 4 Analyze the critical points of f(x) = x? — 27x — 20. 
Solution Our analysis will confirm the picture in Figure 8(A). 


Step 1. Find the critical points. 
We have f'(x) = 3x? — 27 = 3(x? — 9). The critical points satisfy f’(c) =0 and 
therefore are c = +3. 
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We chose the test points —4, 0, and 4 
arbitrarily. To find the sign of f'(x) on 
(—oo, —3), we could just as well have 
computed f'(—5) or any other value of f 
in the interval (—oo, —3). 


1 


Ur 
a 


| 


Sa aca 


FIGURE 9 Graph of f(x) = cos? x + sin x 
and its derivative. 


Step 2. Find the sign of f'(x) on the intervals between the critical points. 


The critical points c = +3 divide the real line into three intervals: boas 
(—oo, —3), (—3, Y, (3, oO) 
To determine the sign of f'(x) on these intervals, we choose a test point inside each in- 
terval and evaluate. For example, in (—oo, —3) we choose x = —4. Because f’(—4) = 
21 > 0, f'(x) is positive on the entire interval (—3, oo). Taking this result, along with 
the results from test points at 0 and 4, we have 
f'(A=21>0 =  f(x)>0 forall x € (—co, -3) 
f'(0)=-27<0 => f'(x) <0 forall x € (—3,3) 
f'(4 =21>0 => f'(x)>0 forall x € (3,00) 
This information is displayed in the following sign diagram: 
Behavior of f(x) y i ‘Si - Fa 
Simoff') + | — 1 + 
-3 0 3 
Step 3. Use the First Derivative Test. 
e c= —3: f'(x) changes from + to — = f(—3)=34 is a local maxi- 
mum value. 
ec=3: f'(x) changes from ~ to + = f(3)=-—74 is a local mini- 
mum value. E 


ee. 


EXAMPLE 5 Analyze the critical points and the increase/decrease behavior of 
f= cos? x + sin x in (0, 7). 


Solution First, find the critical points: 
f'(x) = —2 cos x sin x + cos x = (cosx)(1 — 2 sin x) 


Therefore, the critical points are solutions to cosx = 0 or sinx = L, Since we are just 
examining the interval (0, x ), the critical points of interest are 7, 5, and oe They divide 
(0, x) into four intervals: 


Ggs GS). Ge 


We determine the sign of f'(x) by evaluating f'(x) at a test point inside each inter- 
val. Since Z ~ 0.52, Z ~ 1.57,  ~ 2.62, and m © 3.14, we can use the following test 
points: 


es Fovam Sign of f'(x) Behavior of f(x) 
(0,%)  f'0.5) ~ 0.04 éi F 
(%3) f'A) ~ —0.37 yi 3 
zg) f'(2) ~ 0.34 + a 
(r) FOS- S 4 


4 


Now apply the First Derivative Test: 


e Local max at c = % and c = 2a because f'(x) changes from + to —. 


Na” 


* Local min at c = 5 because f'(x) changes from — to +. 


The behavior of f(x) and f'(x) is reflected in the graphs in Figure 9. E 


x 


-l1 0 l 


FIGURE 10 Graph of f(x) = x? + +. 


l 


FIGURE 11 Graph of f(x) = (1 —x)?/?. 


FIGURE 12 Graph of f(x) = x — sinx. 


G(x) = f(x) — (mx + r) 


FIGURE 13 G(x) is the vertical distance 
between the graph and the secant line. 
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EXAMPLE 6 Analyze the critical points and the increase/decrease behavior of f(x) = 
7 ae 
x“ + x2" 


Solution Note that f is undefined at x = 0, so we need to analyze f separately on 
(—oo, 0) and (0, co). We have 


: 2 
f (x) = 2x - 3 
xX 

The critical points are solutions to x — 5 = 0; that is, to xt — 1 = 0. They are c = +1. 

Since we need to consider f separately on (—oo,0) and (0,00), there are four inter- 

vals on which we need to examine the sign of f'(x): (—oo, —1), (—1,0), (0,1), and 

(1,00). We determine the sign of f'(x) by evaluating f'(x) at a test point inside each 
interval. 


Interval Test value Sign of f'(x) Behavior of f(x) 
(—oo, —1) fi(=2) = -3.75 = \ 
(—1,0) f'(—0.5) = 15 + Pa 
(0, 1) f'0.5) = —15 -— N 
(1, 00) f'Q) = 3.75 y J 


Applying the First Derivative Test, we see that both critical points are local minima. 
This is verified in the graph in Figure 10. B 


EXAMPLE 7 A Critical Point Where f'(x) Is Undefined Analyze the critical points 
of f(x) =(1—x)*/?. 

Solution The derivative is f'(x) = —$(1-—x) 71? = nE The only critical point 
occurs at c = 1, when f'(x) is undefined. For x < 1, f'(x) is negative. For x > 1, f’(x) 
is positive. So f'(x) changes sign as we pass through c = 1, and by the First Derivative 
Test, f(c) is a local minimum. See Figure 11. ia 


EXAMPLE 8 Infinitely Many Critical Points, No Local Extrema Analyze the critical 
points of f(x) = x — sinx. 


Solution We have f’(x) = 1 — cos x, and therefore critical points occur at solutions to 
cos x = 1; that is, at nx for all even integers n. At none of the critical points does the 
sign of f’ change since f'(x) > 0 for all x. Therefore, none of the critical points are 
local extrema (Figure 12). lä 


b) — 
Proof of the MYT Letm = mont) be the slope of the secant line joining (a, f(a)) 


—a 
and (b, f(b)). The secant line has equation y = mx +r for some r (Figure 13). Now 
consider the function 


G(x) = f(x) — (mx +r) 


As indicated in Figure 13, G(x) is the vertical distance between the graph and the secant 
line at x (it is negative at points where the graph of f lies below the secant line). This 
distance is zero at the endpoints, and therefore, G(a) = G(b) = 0. By Rolle’s Theorem 
(Section 4.2), there exists a point c in (a, b) such that G’(c) = 0. But G’(x) = f’(x) — m, 
so G’(c) = f(c) —m = 0, and f’(c) = m as desired. a 
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4.3 SUMMARY 


* The Mean Value Theorem (MVT): If f is continuous on [a, b] and differentiable on 
(a, b), then there exists at least one value c in (a, b) such that 


fle} —J@) 
a 


TO= a 


This conclusion can also be written 


f(b) — fa) = f(b ~ a) 


¢ Important corollary of the MVT: If f'(x) = 0 for all x € (a,b), then f is constant on 


(a,b). 


°- The sign of f'(x) determines whether f is increasing or decreasing: 


f'(x) > 0 for x € (a,b) 
f'(x) < 0 for x e€ (a,b) 


=> f is increasing on (a, b) 


= f is decreasing on (a, b) 


e On an interval over which f is defined, the sign of f'(x) can change only at the 
critical points, so f is monotonic (increasing or decreasing) on the intervals between 


the critical points. 


e On an interval over which f is defined, to find the sign of f'(x) on an interval between 
two critical points, calculate the sign of f’(xo) at any test point xo in that interval. 
e First Derivative Test: If f is differentiable and c is a critical point, then 


Sign change of f'(x) atc 


Type of critical point 


Local maximum 
Local minimum 


From + to — 
From — to + 


4.3 EXERCISES 


Preliminary Questions 


1. For which value of m is the following statement correct? If f(2) = 3 
and f (4) = 9, and f is differentiable, then f has a tangent line of slope m. 


2. Assume f is differentiable. Which of the following statements does 
not follow from the MVT? 


(a) If f has a secant line of slope 0, then f has a tangent line of 
slope 0. 


(b) If f(S) < f(9), then f’(c) > 0 for some c e (5, 9). 


(c) If f has a tangent line of slope 0, then f has a secant line of 
slope 0. 


(d) If f(x) > 0 for all x, then every secant line has positive slope. 


3. Cana function with the real numbers as its domain that takes on only 
negative values have a positive derivative? If so, sketch an example. 


4. For f with derivative as in Figure 14: 
(a) Is f(c) a local minimum or maximum? 


(b) Is f adecreasing function? 


FIGURE 14 Graph of derivative f’. 


5. Which of the six standard trigonometric functions have infinitely 
many local minima and infinitely many local maxima but no absolute max- 
imum and no absolute minimum over their whole domain? 


6. Compose the absolute value with a familiar function to define a func- 
tion f that 


e has infinitely many local maxima, all of which occur where 
f’ =0, and 

* has infinitely many local minima, all of which occur where f’ is 
undefined. 
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Exercises 


In Exercises 1-8, find a point c satisfying the conclusion of the MVT for 
the given function and interval. 


1 y=x-!, [2,8] 2. y= /x, [9,25] 
x 

=. y= — Si i 4 y= —., [1,4 

3. y=cosx—sinx, [0,27] y a) [1,4] 


5. y=x?, [-4,5] 6. y=xlInx, [1,2] 


7. poe; [0,3] 8 y= -—x, [-1,1] 


In Exercises 9-12, find a point c satisfying the conclusion of the MVT 
for the given function and interval. Then draw the graph of the function, 
the secant line between the endpoints of the graph and the tangent line at 
(c, f(c)), to see that the secant and tangent lines are, in fact, parallel. 


10. y =x, [0,8] 
12. y=/x, [0,3] 


13. (GU) Let f(x) = x5 + x2. The secant line between (0,0) and (1,2) 
has slope 2 (check this), so by the MVT, f’(c) = 2 for some c e (0, 1). 
Plot f and the secant line on the same axes. Then plot y = 2x + b for dif- 
ferent values of b until the line becomes tangent to the graph of f. Zoom 
in on the point of tangency to estimate the x-coordinate c of the point of 
tangency. 


9 y=x, [0, 1] 
1l. y=e, [0,1] 


14. (GU) Plot the derivative of f(x) =3x> —5x3. Describe its sign 
changes and use this to determine the local extreme values of f. Then 
graph f to confirm your conclusions. 


15. Determine the intervals on which f'(x} is positive and negative, as- 
suming that Figure 15 is the graph of f. 


16. Determine the intervals on which f is increasing or decreasing, as- 
suming that Figure 15 is the graph of f’. 


17. State whether f(2) and f(4) are local minima or local maxima, as- 
suming that Figure 15 is the graph of f’. 


FIGURE 15 
18. Figure 16 shows the graph of the derivative f’ of a function f. Find 
the critical points of f and determine whether they are local minima, local 


maxima, or neither. 


y y =f") 


FIGURE 16 


In Exercises 19-22, sketch the graph of a function f whose derivative f’ 
has the given description. 


19. f'(x) > Oforx > 3 and f’(x) < Oforx <3 
20. f’(x) > Oforx < 1and f'(x) < Oforx > 1 
21. f’(x) is negative on (1,3) and positive everywhere else. 
22. f'(x) makes the sign transitions +, —, +, —. 


In Exercises 23-26, find all critical points of f and use the First Derivative 
Test to determine whether they are local minima or local maxima. 
23. f(x) = 4 + 6x — x? 24. f(x)=x° — 12x -—4 


x2 


x+1 


25. f(x)= 26. f(x) =x +x 


In Exercises 27-58, find the critical points and the intervals on which the 
function is increasing or decreasing. Use the First Derivative Test to de- 
termine whether the critical point yields a local min or max (or neither). 


27. y= —x? + 7x — 17 28. y = 5x? + 6x — 4 
29. y = x? — 12x? 30. y = x(x — 27 
31. y = 3x* + 8x? — 6x? — 24x 32. y = x? + (10 — x} 
33. y= jx? +x? + 2x +4 34. y=xt4x3 
35. y =x5 +x? +1 36. y =x +x? +x 
37. y = x4 — 4x? (x>0 38. y =x? — x? (x>0) 
39, y=x4+x7! 40. y=x~?— 4x7! 
l 2x +1! 
4l. = 42. z= = 
á x2? +1 á x? +1 
x? x? 
43. y = ——_ y= 
4 x24 1 pis x? ~3 
45. y=0+sin@+cosé, [0,27] 46. y= sin +v3cosð, [0,27] 
47. y=sin?@+sin0, [0,27] 48. y =0 —2cos0, [0,27] 
49. y=x+e™ 50. mms 
X 
Si. ye "00sx, [-35.3] 52. y = x*e* 
53. y = tan! x — 5x 54. y = (x? — 2x)e* 
In 2 
$5, y =x —Inx? 6. y=—— 
x 
57. y= x! 58. y =x? — x? 


59. Find the maximum value of f(x) = x~* for x > 0. 


60. Show that f(x) = x? + bx + c is decreasing on ( — œ, —8) and in- 
creasing on ( — b, oo). 


61. Show that f(x) = x? — 2x? + 2x isan increasing function. Hint: Find 
the minimum value of f’. 


62. Find conditions on a and b that ensure f(x) = x? + ax + b is increas- 
ing on (—co, oo). 


63. Ron’s toll pass recorded him entering the tollway at mile 0 at 
12:17 PM. He exited at mile 115 at 1:52 PM, and soon thereafter he was 
pulled over by the state police. “The speed limit on the tollway is 65 miles 
per hour,” the trooper told Ron. “You exceeded that by more than five 
miles per hour this afternoon.” “No way!” responded Ron. “I glance at the 
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speedometer frequently, and not once did it read over 65!” How did the 
trooper use the Mean Value Theorem to support her claim that Ron must 
have gone more than 70 miles per hour at some point? 


64. Two days after he bought a speedometer for his bicycle, Lance 
brought it back to the Yellow Jersey Bike Shop. “There is a problem with 
this speedometer,” Lance complained to the clerk. “Yesterday I cycled the 
22-mile Rogadzo Road Trail in 78 minutes, and not once did the speedome- 
ter read above 15 miles per hour!” “Yeah?” responded the clerk. “What’s 
the problem?” How did Lance use the Mean Value Theorem to explain his 
complaint? 

65. Determine where f(x) = (1,000 — x)? + x? is decreasing. Use this to 
decide which is larger: 8007 + 200? or 6007 + 4007. 


66. Show that f(x) =1— |x| satisfies the conclusion of the MVT 


on [a,b] if both a and b are positive or negative, but not if a < 0 
and b > 0. 


Further Insights and Challenges 


72. Show that a cubic function f(x) = x? + ax? + bx + c is increasing 
on (—00, 00) if b > a?/3. 


73. Prove that if f(0) = g(0) and f'(x) < g'(x) for x > 0, then f(x) < 
g(x) for all x > 0. Hint: Show that the function given by y = f(x) — g(x) 
is nonincreasing. 


74. Use Exercise 73 to prove that x < tan x for 0 < x < 3% andsinx < x 
for x > 0. 


75. Use Exercises 73 and 74 to prove the following assertions for all x > 0 
(each assertion follows from the previous one): 

(a) cosx > 1— 45x? 
(b) sinx > x — ex? 

(c) cosx <1- 4x? + 4x4 


Can you guess the next inequality in the series? 


76. Let f(x) = e~*. Use the method of Exercise 75 to prove the following 
inequalities for x > 0: 

(a) e *>1—x 

b) e7 <1—x+ tx? 

(c) e *>1 -x +x’ — $x 
Can you guess the next inequality in the series? 


3 


77. Assume that f” exists and f”(x) = 0 for all x. Prove that f(x) = 
mx + b, where m = f'(0) and b = f (0). 


67. Which values of c satisfy the conclusion of the MVT on the interval 
[a,b] if f is a linear function? 


68. Show that if f is any quadratic polynomial, then the midpoint c = 


satisfies the conclusion of the MVT on [a, b] for any a and b. 


69. Suppose that f(0) = 2 and f’(x) <3 for x > 0. Apply the MVT 
to the interval [0,4] to prove that f(4) < 14. Prove more generally that 
f(x) <2+3x forall x > 0. 


70. Show that if f(2) = —2 and f’(x) > 5 for x > 2, then f(4) > 8. 


71. Show that if f(2)=5 and f’(x)> 10 for x > 2, then f(x) > 
10x — 15 for all x > 2. 


78. (F Define f(x) = x3 sin (1) for x # 0 and f(0) =0. 

(a) Show that f’ is continuous at x = 0 and that x = 0 is a critical point 
of f. 

(b) (Gu) Examine the graphs of f and f’. Can the First Derivative Test 
be applied? 

(c) Show that f (0) is neither a local min nor a local max. 


79. Suppose that f(x) satisfies the following equation (an example of a 


differential equation): 
f'a) =- fa) 


(a) Show that f(x)? + f’(x)? = f(0} + f’(0)* for all x. Hint: Show 
that the function on the left has zero derivative. 

(b) Verify that f(x) = sinx and f(x) = cos x satisfy Eq. (1), and deduce 
that sin? x + cos? x = 1. 


80. Suppose that functions f and g satisfy Eq. (1) and have the same 
initial values—that is, f (0) = g(0) and f’(0) = g’(0). Prove that f(x) = 
g(x) for all x. Hint: Apply Exercise 79(a) to f — g. 


81. Use Exercise 80 to prove f(x) = sin x is the unique solution of Eq. (1) 
such that f(0) = 0 and f’(0) = 1; and g(x) = cos x is the unique solution 
such that g(0) = 1 and g’(0) = 0. This result can be used to develop all the 
properties of the trigonometric functions “analytically”—that is, without 
reference to triangles. 


4.4 The Second Derivative and Concavity 


In the previous section, we studied the increasing/decreasing behavior of a function, as 
determined by the sign of the derivative. Another important property is concavity, which 
refers to the way the graph bends. Informally, a curve is concave up if it bends up and 
concave down if it bends down (Figure 1). 


Ve tS, 7 ey 


Concave up 


FIGURE 1 


Concave down 
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To analyze concavity in a precise fashion, let’s examine how concavity is related 
to tangent lines and derivatives. Observe in Figure 2 that when f is concave up, f’ is 
increasing (the slopes of the tangent lines increase as we move to the right). Similarly, 
when f is concave down, f’ is decreasing. This suggests the following definition. 


Concave up: Slopes of tangent Concave down: Slopes of tangent 
lines are increasing. lines are decreasing. 


FIGURE 2 


DEFINITION Concavity Let f be a differentiable function on an open interval (a, b). 
Then 


+ f is concave up on (a, b) if f" is increasing on (a, b). 
+ f is concave down on (a,b) if f’ is decreasing on (a, b). 


EXAMPLE 1 Concavity and Stock Prices The stocks of two companies, Arenot 
Industries (AI) and Blurbenthal Business Associates (BBA), went up in value, and both 
currently sell for $75 (Figure 3). However, one is clearly a better investment than the 
other, assuming these trends continue in the same manner. Explain in terms of concavity. 


Stock price Stock price 
4 
73 75 


+ Time Time 


Company AI Company BBA 


FIGURE 3 


Solution The graph of Stock AI is concave down, so its growth rate (first derivative) is 
declining as time goes on. The graph of Stock BBA is concave up, so its growth rate is 
increasing. If these trends continue, Stock BBA is the better investment. cs 


The concavity of a function is determined by the sign of its second derivative. Indeed. 
if f(x) > 0, then f’ is increasing and hence f is concave up. Similarly, if f”(x) < 0. 
then f’ is decreasing and f is concave down. 


THEOREM 1 Test for Concavity Assume that f”(x) exists for all x € (a,b). 


* If f(x) > 0 for all x € (a,b), then f is concave up on (a, b). 
- If f"(x) < 0 forall x € (a, b), then f is concave down on (a, b). 
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CAUTION A critical point c is just a single Of special interest are the points on the graph where the concavity changes. We say 
number, whereas a point of inflection that P = (c, f(c)) is a point of inflection of f if the concavity changes from up to down ~~ 
(c, f(c)) is a point in the xy-plane. or from down to up at x = c. Figure 4 shows a curve made up of two arcs—one is concave 


down and one is concave up (the word “arc” refers to a piece of a curve). The point P 
where the arcs are joined is a point of inflection. We will denote points of inflection in 
graphs by a solid square W. 


od i 


Concave down Concave up P = point of inflection 


Concave Concave Concave 
down up down 


FIGURE 4 


According to Theorem 1, the concavity of f is determined by the sign of f”(x). 
Therefore, a point of inflection is a point where f”(x) changes sign. 


fœ) =cos x 


ive) — e ee ee ee 


THEOREM 2 Test for Inflection Points If f”(c)= 0 or f”(c) does not exist and 


f(x) changes sign at x = c, then f has a point of inflection at x = c. 


fF") = -cosx 


| 
l 
| 
| 
I EXAMPLE 2 Find the points of inflection of f(x) = cos x on [0, 2z]. 
! Solution We have 

: 32 o 

F 
Figure 5 shows that f”(x) changes sign at x = 5 and BE so f has a point of inflection 
at both points. a 


f"(x)=-cosx, and f"(x)=0 forx= S 


FIGURE 5 
EXAMPLE 3 Points of Inflection and Intervals of Concavity Find the points of in- 


flection and the intervals on which f(x) = 3x? — 5x4 + 1 is concave up and concave 
y y=f(x) down. 


No point of 


Solution The first derivative is f'(x) = 15x4 — 20x3 and 
inflection ~_ 


2 f” Œ) = 60x? — 60x? = 60x?(x — 1) 


pte ae The zeros of f(x) = 60x2(x — 1) are x = O and x = 1. They divide the x-axis into three 


l 

i 

| E intervals: (—00, 0), (0, 1), and ( l, oo). We determine the sign of f” (x) and the concavity 
i of f by computing test values within each interval (Figure 6): 
| 

i 

l 

l 


X i 
Interval Test value Sign of f”(x) Behavior of f(x) 
ş (—o0, 0) f”(~1)=—120 — Concave down 
—2 
(0, 1) a (5) =— 2 _ Concave down 
fF’) does not m 
chehigeisign ! cHangesatpa (1,00) J (2) =240 + Concave up l 


l 

Since the concavity changes at x = 1 there is an inflection point there. The inflection 
FIGURE 6 Graph of f(x) = 3x? -5x4 +1 point is (1,—1). Note that, even though f”(0) = 0, there is not an inflection point at 
and its second derivative. x = 0 because the concavity does not change at x = 0 


Usually, we find the inflection points by solving f”(x) = 0. However, an inflection 
point can also occur at a point (c, f(c)), where f”(c) does not exist. 


« |] al 


FIGURE 7 The concavity of f(x) = x°/° 
changes at x = 0 even though f”(0) does 


not exist. 


Point of 
inflection 


Y Points of inflection 


l 
l 
| 
l 
l 
| 

Local 
[ 
l 
l 
l 
i 


~ Local min 


of f’ 


f’(x) changes sign 


FIGURE 8 


Mnemonic Device: 


FIGURE 10 


f°) >0 = local min 


f"(c) <0 => local max 
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EXAMPLE 4 A Case Where the Second Derivative Does Not Exist Find the points of 
inflection of f(x) = ph, 


Solution In this case, f'(x) = 3x7/? and f”(x) = xT 3. Although £”(0) does not 
exist, f” (x) does change sign at x = 0: 


10 
f"(x) ji = ¥ 0 forx >0 


<Q forx <0 
Therefore, the concavity of f changes at x = 0, and (0,0) is a point of inflection 
(Figure 7). E 


GRAPHICAL INSIGHT Points of inflection are easy to spot on the graph of the first 
derivative f’. If f’(c)=0 and f”(x) changes sign at x =c, then the increas- 
ing/decreasing behavior of f’ changes at x = c: 


e If f” (x) goes from positive to negative at x = c, then f’ has a local max at x =c. 
- If f” (x) goes from negative to positive at x =c, then f’ has a local min at x =c. 


Thus, inflection points of f occur where f’ has a local min or max (Figure 8). 


Second Derivative Test for Critical Points 


There is a simple test for critical points based on concavity. Suppose that f’(c) = 0. As 
we see in Figure 9, f(c) is a local max if f is concave down, and it is a local min 
if f is concave up. Concavity is determined by the sign of f”(x), so we obtain the 
Second Derivative Test in Theorem 3. (See Exercise 73 for a detailed proof.) 


¥ fc) <0 y f"c)>0 
y = f@) y =f) 
x i x 
C C 
Concave down—local max Concave up—local min 


FIGURE 9 Concavity determines the type of the critical point. 


THEOREM 3 Second Derivative Test Let c be a critical point of f (x). If f” (c) exists, 
then 


e f") >0 = f(c)isa local minimum. 


e fc) <0 = f(c)isalocal maximum. 
© f"c)=0 = inconclusive: f(c) may be a local min, a local max, or neither. 


The mnemonic device appearing in Figure 10 provides an easy way to remember the 
test. 


EXAMPLE 5 Analyze the critical points of f(x) = (2x — x”)e*. 
Solution First, we have 


f' (x) = (2 — 2x) + (2x — x?) = (2 — xde” 
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y To find the critical points, solve (2 — x?)e* = 0. Therefore c = +./2. Next, determine 
the sign of the second derivative at the critical points: 


f"(x) = (—2x)e* + (2 — x? = (2 — 2x — x*)e* 


f'(-V2) = (2 - (-Vv2) - Gye" = 226-2 > 0 (local min) 
f" (V2) = (2 — 22 — (/2)?)e¥? = —2V20V2 <0 (local max) 
By the Second Derivative Test, f has a local min at x = —./2 and a local max at x = /2 
(Figure 11). a 


FIGURE 11 


EXAMPLE 6 Second Derivative Test Inconclusive Analyze the critical points of 
f(x) =x? — 5x*. 


Solution The first two derivatives are 
f' (x) = 5x4 — 20x? = 5x7(x — 4) 
f(x) = 20x? — 60x? 
The critical points are c = 0,4, and the Second Derivative Test yields 
f O=6 => Second Derivative Test fails 
f'(4)=320>0 = f(4 isa local min 


The Second Derivative Test fails at x = 0, so we fall back on the First Derivative Test. 
Choosing test points to the left and right of x = 0, we find 


f(D) =5+20=25>0 = f'(x) is positive on (—oo, 0) 


f'd=5-20=-15<0 =  f'(x)is negative on (0,4) 


FIGURE 12 Since f'(x) changes from + to — at x = 0, f(0) is a local max (Figure 12). a 


4.4 SUMMARY 


- A differentiable function f is concave up on (a,b) if f’ is increasing and concave 
down if f’ is decreasing on (a, b). 


°- The signs of the first two derivatives provide the following information: 


First derivative Second derivative 


f'>0 = f isincreasing f”>0 = fis concave up 
f' <0 = fis decreasing f" <0 =  fisconcave down 


* A point of inflection is a point (c, f(c)) where the concavity changes from concave up 
to concave down, or vice versa. 


* Second Derivative Test: If f’(c) = 0 and f”(c) exists, then 


— f(c) is a local maximum value if f”(c) < 0 
— f(c) is a local minimum value if f”(c) > 0 
— The test fails if f’(c) = 0 


If this test fails, use the First Derivative Test. 


x 
~ea 
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4.4 EXERCISES 


Preliminary Questions 


1. If f is concave up, then f’ is (choose one) 


(a) increasing (b) decreasing 


2. What conclusion can you draw if f’(c) = 0 and f” (c) < 0? 


3. True or false? If f(c) is a local min, then f”(c) must be positive. 


Exercises 


1. Match the graphs in Figure 13 with the description: 
(a) f”(x) < 0 for all x. (b) f”(x) goes from + to —. 
(ce) f”(x) > 0 for all x. (d) f”(x) goes from — to +. 


LLN 


FIGURE 13 


2. Match each statement with a graph in Figure 14 that represents com- 
pany profits as a function of time. 


(a) The outlook is great: The growth rate keeps increasing. 

(b) We’re losing money, but not as quickly as before. 

(c) We’re losing money, and it’s getting worse as time goes on. 
(d) We’re doing well, but our growth rate is leveling off. 

(e) Business had been cooling off, but now it’s picking up. 

(f) Business had been picking up, but now it’s cooling off. 


bra 4 


(ili) (iv) (v) (vi) 


FIGURE 14 


3 (Gu) Plot f(x) = (2x — x?)e* and indicate on the graph where it 
appears that inflection points occur. Then find the inflection points using 
calculus. 


4. (GU) Plot f(x) = x(x — 4)? and indicate on the graph where it ap- 
pears that inflection points occur. Then find the inflection points using 
calculus. 


In Exercises 5-24, determine the intervals on which the function is concave 
up or down and find the points of inflection. 


5. y =x? — 4x43 6. y= — 6t? +4 
7. y=10x?-— x5 8. y=5x? +xí 
9% y=0—2sin, [0,27] 10. y=@+sin?6, [0,7] 
11. y= x(x —8/x) (x > 0) 12. y=x!/2 — 35x? 
13. y = (x —2)(1 — x°) 14. y=x!/ 
i 9 16. y= —— 
xt +3 x*+9 


4. True or false? If f”(c) = 0, then f has an inflection point at x = c. 


f iT 
5. The function f(x) = + + ! is concave down for x < 0 and concave up 


for x > 0. Is there an inflection point at x = 0? Explain. 


6. Cana function have an inflection point at a critical point? Explain. 


x? pl 
J. = _ e: — 
17. f(x) ET 18. w(t) 
D ya xe 20. y = (x? —7)e* 


21. y=2x74+1nx (x >0) 22. y=x-—Inx (x>0) 


23. f(t) = te” 
24. The Surge Function S(t) = Ate—*, with A,k > 0 


25. The position of an ambulance in kilometers on a straight road over a 
period of 4 hours is given by the graph in Figure 15. 


(a) Describe the motion of the ambulance. 


(b) Explain what the fact that this graph is concave up tells us about the 
speed of the ambulance. 


— me am a ee ese 


FIGURE 15 


26. The position of a bicyclist on a straight road in kilometers over a pe- 
riod of 4h is given by the graph in Figure 16, where inflection points occur 
when ¢ = 0.5 and t = 2. 


(a) Describe the motion of the bicyclist. 


(b) Explain what the concavity of the graph over various intervals tells us 
about the speed of the bicyclist. 


FIGURE 16 
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27. [Ff The growth of a sunflower during the first 100 days after sprout- 
ing is modeled well by the logistic curve y = h(t) shown in Figure 17. Es- 
timate the growth rate at the point of inflection and explain its significance. 
Then make a rough sketch of the first and second derivatives of h. 


wi n, 


20 40 60 80 100 
FIGURE 17 


28. Assume that Figure 18 is the graph of f. Where do the points of in- 
flection of f occur, and on which interval is f concave down? 


FIGURE 18 


29. Repeat Exercise 28 but assume that Figure 18 is the graph of the 
derivative f’. 


30. Repeat Exercise 28 but assume that Figure 18 is the graph of the sec- 
ond derivative f". 


31. Figure 19 shows the derivative f’ on [0, 1.2]. Locate the points of in- 
flection of f and the points where the local minima and maxima occur. 
Determine the intervals on which f has the following properties: 

(a) Increasing (b) Decreasing 


(c) Concave up (d) Concave down 


FIGURE 19 


32. Leticia has been selling solar-powered laptop chargers through her 
Web site, with monthly sales as recorded below. In a report to investors, 
she states, “Sales reached a point of inflection when I started using pay- 
per-click advertising.” In which month did that occur? Explain. 


EODEBLAE a 
smes [230 |300 f0 | 150 730 | 300 


In Exercises 33—46, find the critical points and apply the Second Deriva- 
tive Test (or state that it fails). 


33. f(x) = x? — 12x? + 45x 34. f(x) = x4 — 8x? + 1 


33 {x)= 3x4 — 8x3 + 6x? 36, fa) = x — x 


x* — 8x 38. f(x) = 1 


= —— 
are TO) x+1 —x +2 


39. y= 6x3/2 — 4x!/2 40. y= 9x7/3 — 21x!/2 


41. f(x) = sin? x + cosx, [0,7] 


1 
42. y= ————, [0,2 
7 sinx +4 oram 


43. f(x) = xe” 44. f(x) =e* —4e7% 


45. f(x)=x?Inx (x >0) 


46. f(x) =Inx +In(4—x?), (0,2) 


In Exercises 47—62, find the intervals on which f is concave up or down, 
the points of inflection, the critical points, and the local minima and 
maxima. 


47. f(x) =x? -2x2 +x 48. f(x) =x? (x — 4) 


49. fF) =- 2 50. f(x) = 2x4 — 3x? + 2 
51. f(x) = x? — 8x? (x>0) 
52. f(x) = x3? — 4,72 (x > 0) 
1 
n f= sy a ear 


55. f(x) =x% —x 56. f(x) = (œ — 1)? 


57. f@)=6+sin9, [0,27] 58. f(x) =cos*x, [0,7] 


59. f(x)=tanx, (-5,5) 
= 3 
60. f(x)=e*cosx, [-5, 4] 


61. y=(x2 —2)e*_ (x >0) 62. y = ln(x? + 2x +5) 


63. Sketch the graph of an increasing function such that f(x) changes 
from + to — at x = 2 and from — to + at x = 4. Do the same for a 
decreasing function. 


In Exercises 64-66, sketch the graph of a function f satisfying all of the 
given conditions. 


64. f'(x) > Oand f”(x) < O forall x 


65. (i) f’(x) > 0 for all x, and 
(ii) f(x) < 0 forx < Oand f"(x) > 0 forx > 0 


66. (i) f'(x) <0 forx <Oand f'(x) > 0 for x > 0, and 
Gi) f(x) < 0 for |x| > 2, and f”(x) > 0 for |x| < 2 


athe 


T 67. E A j An infectious flu spreads slowly at the beginning of an epi- 


demic. The infection process accelerates until a majority of the susceptible 
individuals are infected, at which point the process slows down. 

(a) If R(t) is the number of individuals infected at time t, describe the 
concavity of the graph of R near the beginning and end of the epidemic. 
(b) Describe the status of the epidemic on the day that R has a point of 
inflection. 


68. [4 Water is pumped into a sphere at a constant rate (Figure 20). Let 
h(t) be the water level at time t. Sketch the graph of h (approximately, but 
with the correct concavity). Where does the point of inflection occur? 


69. EJ Water is pumped into a sphere of radius R at a variable rate in 
such a way that the water level rises at a constant rate (Figure 20). Let V(t) 
be the volume of water in the tank at time ¢. Sketch the graph V (approxi- 
mately, but with the correct concavity). Where does the point of inflection 
occur? 


FIGURE 20 


70. (Continuation of Exercise 69) If the sphere has radius R, the volume 
of water is 


V =2(Rh? — =h), 


where h is the water level. Assume the level rises at a constant rate of | 
e.h = t). 

(a) Find the inflection point of V. Does this agree with your conclusion 
in Exercise 69? 


(b) (GU) Plot V for R = 1. 


71. Image Processing The intensity of a pixel in a digital image is mea- 
sured by a number u between 0 and 1. Often, images can be enhanced 
by rescaling intensities, as in the images of Amelia Earhart in Figure 21. 
When rescaling, pixels of intensity u are displayed with intensity g(u) for 
a suitable function g. One common choice is the sigmoidal correction, 
defined for constants a, b by 


fu) - f 


fA) -f f(0)’ where f(u) = (1 + a 


g(u) = 
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Both: Library of Congress Prints 


and Photographs Division 


Sigmoidal correction 
FIGURE 21 


Figure 22 shows that g(u) reduces the intensity of low-intensity pixels 
[where g(u) < u} and increases the intensity of high-intensity pixels. 


(a) Verify that f’(u) > 0 and use this to show that g(x) increases from 0 
tol forO <u <1. 


(b) Where does g(u) have a point of inflection? 


02 04 06 08 1.0 


FIGURE 22 Sigmoidal correction with 
a = 047, be-172. 


72. | F j Use graphical reasoning to determine whether the following 
statements are true or false. If false, modify the statement to make it 
correct. 


(a) If f is increasing, then f—! is decreasing. 

(b) If f is decreasing, then f—! is decreasing. 

(c) If f is concave up, then f~! is concave up. 
(d) If f is concave down, then f—! is concave up. 


Further Insights and Challenges 

In Exercises 73-75, assume that f is differentiable. 

73. Proof of the Second Derivative Test Let c be a critical point such 
that f”(c) > 0 [the case f”(c) < 0 is similar]. 

(a) Show that f’(c) = jim im 2D 


(b) Use (a) to show that there exists an open interval (a, b) containing c 
such that f'(x) < 0 if a <x <c and f’(x) > 0 ifc <x < b. Conclude 
that f(c) is a local minimum. 


74. [4 Prove that if f” exists and f”(x) > 0 for all x, then the graph 
of f “sits above” its tangent lines. 

(a) For any c, set G(x) = f(x) — f'(cXx —c) — f(c). It is sufficient to 
prove that G(x) > 0 for all c. Explain why with a sketch. 


(b) Show that G(c) = G’(c) = 0 and G” (x) > 0 for all x. Conclude that 
G'(x) < 0 for x < c and G’(x) > 0 for x >c. Then deduce, using the 
MVT, that G(x) > G(c) for x # c. 


75. | A Assume that f” exists and let c be a point of inflection 
of f. 


(a) Use the method of Exercise 74 to prove that the tangent line at 
x =c crosses the graph (Figure 23). Hint: Show that G(x) changes sign 
atx =c. 


(b) (Gu) Verify this conclusion for f(x) = Sa by graphing f and 
the tangent line at each inflection point on the same set of axes. 
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FIGURE 23 Tangent line crosses graph at point of inflection. 


76. Let C(x) be the cost of producing x units of a certain good. Assume 
that the graph of C is concave up. 

(a) Show that the average cost A(x) = C(x)/x is minimized at the pro- 
duction level x9 such that average cost equals marginal cost—that is, 
A(xo) = C’(xo). 

(b) Show that the line through (0, 0) and (xo, C(x9)) is tangent to the graph 
of C. 


77. Let f be a polynomial of degree n > 2. Show that f has at least one 
point of inflection if n is odd. Then give an example to show that f need 
not have a point of inflection if is even. 


78. Critical and Inflection Points If /’(c) = 0 and f(c) is neither a lo- 
cal min nor a local max, must x = c be a point of inflection? This is true 
for “reasonable” functions (including the functions studied in this text), but 


it is not true in general. Let 
ed 
_ Jx*sin: for x #0 
I k for x =0 


(a) Use the limit definition of the derivative to show that /’(0) exists and 
f'0) =0. 
(b) Show that (0) is neither a local min nor a local max. 


(c) Show that f'(x) changes sign infinitely often near x = 0. Conclude 
that x = 0 is not a point of inflection. 


L’Hépital’s Rule is named for the French 
mathematician Guillaume Francois Antoine 
Marquis de L’Hépital (1661-1704), who 
wrote the first textbook on calculus in 
1696. The name L’Hépital is pronounced 
“Lo-pee-tal,” 


CAUTION When using L'Hôpital’s Rule, be 
sure to take the derivative of the numerator 
and denominator separately: 


foa f') 


lim —— = lim 
x—a g(x) x>a g'(x) 
Do not take the derivative of the function 
y = f(x)/g(x} as a quotient, for example 
using the Quotient Rule. 


4.5 UHopital’s Rule 


L’ H6pital’s Rule is a valuable tool for computing certain limits that are otherwise difficult 
to evaluate, and also for determining “asymptotic behavior” (limits at infinity). We will 
use it for graph sketching in the next section. 

Consider the limit of a quotient: 


lim f(x) 


xa g(x) 


Roughly speaking, L’Hôpital’s Rule states that when f(x)/g(x) has an indeterminate 
form of type 0/0 or œ/œ at x = a, then we can replace f(x)/g(x) by the quotient of the 
derivatives f'(x)/g' (x). 


THEOREM 1 ĽHôpital’s Rule Assume that f and g are differentiable on an open 
interval containing a and that 


f(a) = g(a) =0 
Also assume that g'(x) Æ 0 (except possibly at a). Then 


Om ee 


x>a g(x) x>a g'(x) 


if the limit on the right exists or is infinite (00 or —oo0). This conclusion also holds if 

f and g are differentiable for x near (but not equal to) a and | 
lim / (x) =cboo and lim g(x) = +00 
x—>a x—>a 


Furthermore, this rule is valid for one-sided limits. 


x38 
52 1° p2 =. 


EXAMPLE 1 Use L’Hôpital’s Rule to evaluate lim 


Solution Let f(x) = x? — 8 and g(x) = xt + 2x — 20. Both f and g are differentiable 
and f(x)/g(x) is indeterminate of type 0/0 at a = 2 because f (2) = g(2) = 0. 
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Furthermore, g'(x) = 4x? + 2 is nonzero near x = 2, so L’H6pital’s Rule applies. 
We may replace the numerator and denominator by their derivatives to obtain 
> 3 — 8) 2 IA 12 6 
x>2x°+2x-2 x2 (x4 4+ 2x — 2) x32 4x3 42 4(23) +2 34 17 
a_a 
L’H6pital’s Rule 


cos” x 


EXAMPLE 2 Evaluate lim ———. 
x >x/21—smx 


Solution Again, the quotient is indeterminate of type 0/0 at x = 5 since 
*(=)=0, 1-sin> =1-1=0 
cos ( 5 sin 5 


The other hypotheses are satisfied, so we may apply L’ H6pital’s Rule: 


cos? x (cos? xy _  —2cosx sinx 
— = ~ = — = lim (2sinx)=2 
xon/21—sinx x—>zxz/2 (1 — sinx x >n/2 — cosx x—>nj2 
Å—— m — m 
L’ H6pital’s Rule Simplified 
—2cosx sinx . . . : 
Note that the quotient —-——————— is also indeterminate at x = 7/2. We removed this 
— cosx 
indeterminacy by cancelling the factor — cos x. m 


EXAMPLE 3 The Form 0.o Evaluate lim xInx. 
x—> 0+ 


Solution This limit is one-sided because f(x) = x Inx is not defined for x < 0. Further- 
more, as x > OT, 


* x approaches 0. 
e Inx approaches —oo. 


So f(x) presents an indeterminate form of type 0- co. To apply L’H6pital’s Rule, we 
rewrite our function as f(x) = (Inx)/x—! so that f(x) presents an indeterminate form of 
type —oo/oo. Then L’H6pital’s Rule applies: 


l -tik . (Unxy , a. 
lim xInx = lim -r = lim LLU (=)= lim (—x)=0 Em 
x—0t x>0t xX ret (a x—0t+ \—xT x—> 0+ 
N a — 
L’H6pital’s Rule Simplified 
*¥—x—-—] 


EXAMPLE 4 Using L'Hopital’s Rule Twice Evaluate lim es, 
x30 cosx —1l 


Solution The limit is in the indeterminate form 0/0 since at x = 0, we have 
aw bee” —0E led, cosx —l1=cos0—1=0 
A first application of L’H6pital’s Rule gives 


e~—x-1 _ (ee —x-1) e=—1 . l-e 
— = lim > = lim = li 
x30 cosx —1 x0 (cosx — 1y x0 


— sinx x>0 sinx 


This limit is again indeterminate of type 0/0, so we apply L’Hôpital’s Rule a second 
time: 


biome A —e -—e° 
x30 sinx x >0cosx  cos0 
It follows that 
e* —x-1 
lim ——————— = —] ë 


x ~0 cosx — | 
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EXAMPLE 5 Maximum Height Under Air Resistance In Example 7 in Section 2.5 
we introduced a function 


30k — 9.81n (49 + 1) 

k2 
that gives the maximum height attained by a one kilogram ball launched upward at 30 m/s 
with gravity and air resistance acting on it. (The function is derived in Section 9.2.) The 


variable k reflects the strength of the air resistance. We investigated what happens to the 
maximum height as the air resistance approaches zero; that is, we investigated fim H(k) 
—> 


H(k) = 


numerically. Show this limit can be evaluated using L’H6pital’s Rule and find the limit. 
30k—9.8 in( 439 +1) 
—— 
limit, we need to use L’ Hôpital’ s Rule twice: 


Solution The quotient has the indeterminate form 0/0. To evaluate the 


30 4500/49 
eee (+1) 0-H) _ 2250 ~ 45.92 
0 2 oc a) oe = SS W f 


This value of 45.92 m matches our previous numerical estimate and the result we 
obtained separately in Example 7 in Section 3.4 where we considered the launched pro- 
jectile’s height, ignoring air resistance altogether. 


gift 
1 
EXAMPLE 6 Assumptions Matter Can L’Hôpital’s Rule be applied to lim L 5 — a 
x 
Solution The answer is no. The function does not have an indeterminate form because 
x*+1]  274+1 2 aed 
2x+1},, 2-141 3 
x*74+1 2 
This limit can be evaluated directly by substitution: lim 5T Erea] =F An incorrect ap- 
ž 
plication of L’H6pital’s Rule gives the wrong answer: 
2 7 
1 zx 
ei = lim — =1 (not equal to original limit) iad 


x31 (2x + (2x + 1Y > Li? 


EXAMPLE 7 The Form œ — œo Evaluate lim (= = =). 


x30 \ sinx x 


Solution Both 1/ sinx and 1/x become infinite at x = 0, so we have an indeterminate 
form of type oo — oo. We rewrite the function as 


1 f_ x= sinx 


sinx x xsinx 
to obtain an indeterminate form of type 0/0. Applying L’ Hépital’s Rule twice yields 
1 1 x — sinx l — cosx 
x>0\sinx x/ x>0 xsinx  x>0xcosx + sinx 
V 


L’Hôpital’s Rule 


sin x 0 
= in = E — 0 
x30 —x sinx +2cosx 2 
— m 
L’H6pital’s Rule again 
FIGURE ; The graph confirms that This value of the limit is confirmed graphically in Figure 1. E WN 


y= ie approaches 0 as x — 0. 
x A r z A 
Limits of functions of the form f(x)® can lead to the indeterminate forms 0°, 1°, 


or co". These are indeterminate since the limit can take on a variety of values, depending 


ae 


= 


q= REMINDER The change-of-base 
formula, changing an exponential base a to 
base e, isa” = e°, 


U WwW e 


1 £ 


FIGURE 2 The function y = x* approaches 
I as x > OT. 
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on the relative rates at which the base and exponent approach their limits. In evaluating 
these limits, we use the change-of-base formula to write f(x)£®) = e80 n fœ and then 
we obtain 


lim f(x)®™ = lim enf — oii, 20n fŒ) 
x—>a x—a 


The last equality is justified by the continuity of the exponential function. 


EXAMPLE 8 TheForm0°® Evaluate lim a 


x—0 


Solution With x* = e*!"* by the change-of-base formula, it will be enough to consider 
the limit of x Inx. Example 3 showed a x lnx = 0. Therefore, 


In lim xInx 0 
lim x* = lim e*?* = ex>0t =g =|] 
x—>0+ x—>0+ 
This value for the limit is confirmed graphically in Figure 2. E 


In Section 1.6, we pointed out that e is the value that (1 + x)! approaches as x 
approaches 0. This can be verified now by evaluating lim (1 +x)! using L’ Hôpital’ s 
x= 


Rule. 
EXAMPLE 9 Theform1© Find lim (+x), 
x= 


Solution This has the indeterminate form 1°. We take the approach used in Example 8. 
Thus, we write (1 + x)!/* = ex "0+ and consider lim l in(1 + x). We obtain (using 
x—> 


L’ H6pital’s Rule for the first equality) 


lnd +x r= 
lim eee), 2 a | 
x20 x x-0 | 
Therefore, 
lim In(1+ x) 
lim(1 + x)!” = lim ex n(l+x) _ oso * a elie ü 
x> 0 x—0 


t 
Note that if we substitute x = - into im (1 + 1) we obtain the limit in the pre- 
==00 
t 
vious example. Therefore im (1 55 1) = e. It is important to be familiar with these 
>00 
limits whose values are e: 


x—>0 


] t 
e = lim(1 +x)! and e= lim (1+7) 
too f 


They arise in limit evaluations that we will see subsequently in the text. 


CONCEPTUAL INSIGHT Exponential Limit Forms Knowing that 0 - co is an indeterminate 
form, and using the exponential identity a” = e” lna we can see why 0°, 1%, and o0? 
are indeterminate forms. A similar approach also shows why 0° is not indeterminate 
and corresponds to a limit that equals 0. 

The Form 0°; If lim f (x)® is in the form 0°, then f(x) > 0 and g(x) > 0. There- 


fore, in the limit, the equivalent exponential expression e2 fœ has an exponent in 
the indeterminate form 0(—oo) since g(x) —> 0 and In f(x) > —oo (because f(x) > 
0). Therefore, 0° is an indeterminate form. 

Similar arguments can be made to demonstrate that 1° and oo” are indeterminate 
forms (see Exercise 61). 
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The Form 0%: If lim f(x) is in the form 0%, then f(x) — 0 and g(x) > œ. ~ 
x—>a 


Therefore, in the limit, the equivalent exponential expression e8%)ln fŒ) has an expo- 
nent in the form (co)(—00). Since the limit of the exponent is —oo, it follows that the 
limit of e£ fœ) is 0, and therefore the limit of f (x)£® is as well. Thus, the form 
0% is not indeterminate but instead corresponds to a limit that is equal to 0. 


Comparing Growth of Functions 


Sometimes, we are interested in determining which of two given functions grows faster. 
For example, Quick Sort and Bubble Sort are two standard computer algorithms for sort- 
ing data (e.g., alphabetizing, ordering according to rank). The average time required to 
sort a list of size n is approxiamtely n In n for Quick Sort and n? for Bubble Sort. Which 
algorithm is faster when the size n is large? This problem amounts to comparing the 
growth of Q(x) = x ln x and B(x) = x? as x > œo. 
We say that f(x) grows faster than g(x) if 
f(x) g(x) 


m —— = œ or, equivalently, lim 


2S 
x00 g(x) x00 f(x) 


To indicate that f(x) grows faster than g(x), we use the notation g(x) < f(x). For ex- 
ample, x < x? because 
et 


lim — = lim x = œ 
x> x x—> 00 


To compare the growth of functions, we need a version of L’ Hépital’s Rule that applies 
to limits at infinity. 


SS 
THEOREM 2 ĽHôpital’s Rule for Limits at Infinity Assume that f and g are differ- 
entiable in an interval (b, 00) and that g'(x) # 0 for x > b. If lim f (x) and lim g(x) 
x— x 
exist and either both are zero or both are infinite, then 


lim I@) = lim fe) 


x00 g(x) x00 g'(x) 


provided that the limit on the right exists. A similar result holds for limits as x — —oo. 


EXAMPLE 10 The Form = Which of B(x) = x? or Q(x) = x lnx grows faster as 
x> œ? 


Solution Both B(x) and Q(x) approach infinity as x —> oo, so L’ Hôpital’ s Rule applies 
to the quotient: 


B(x) fic x? 


xX—>0O O(x) ~ x-300 xInx x00 lnx x00 x71 X00 
VŘ 


L’Hôpital’s Rule 


We conclude that x In x < x? (Figure 3). E 


Note that this example implies that Quick Sort is a much faster sorting algorithm 
than Bubble Sort for large n. Ww 
In Section 1.6, we asserted that exponential functions increase more rapidly than 


the power functions. We now prove this by showing that x” < e* for every exponent n 
(Figure 4). 


4 8 12 


FIGURE 4 Graph illustrating that x5 « e*. 


A full proof of L’H6pital’s Rule, without 
simplifying assumptions, is presented in a 
supplement on the text’s Web site. 
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THEOREM 3 Growth of f(x) = e* 


ee for every exponent n 


e* 
In other words, lim — = œ forall n. 
x—oo x” 


Proof We first prove the theorem for positive integers n. 


2% x x 
“a e 


lim — = lim = lim —————~ =...= lim — 
x>00 x” x 00nx"™-1  x>œ n(n — 1)x"-2 x00 n 


€ 


We applied L’Hôpital’s Rule n times, each time obtaining an indeterminate form =, 
until the last stage shown. In lim Z the numerator goes to œ and the denominator is 
xX Q 


constant (relative to x). Therefore, that limit is infinite, implying that lim a =oifn 
xX CO 


iS a positive integer. 

If n is any exponent, we can choose a natural number k such that k > n. It is easy 
to see that x” < x*, and because we also have x* < e", it follows that x” < e* for all 
exponents n. a 


Proof of L’'Hopital’s Rule 


We prove L’ H6pital’s Rule here only in the first case of Theorem 1—namely, in the case 
that f(a) = g(a) = 0. We also assume that f’ and g’ are continuous at x = a and that 
g'(a) # 0. Then g(x) Æ g(a) for x near a, but not equal to a, and 


Ff) — fa) 
fœ) f@)-f@M___x-a 
g(x) g(x)— g(a) ga) ~ 82) 
x—a 
By the Quotient Law for Limits and the definition of the derivative, 


un LW I@ 
fin, LO ag Bi PAO. oe La) 
roa g(x), 8)— 8@) g'a) xa g'(x) 


x—a x—a 


4.5 SUMMARY 
° L’H6pital’s Rule: Assume that f and g are differentiable near a and that 
fa) = g(a) =0 
Assume also that g'(x) Æ 0 (except possibly at a). Then 


IC). FG) 
m = lim 
xa g(x) xa g'(x) 
provided that the limit on the right exists or is infinite (co or —o0). 

° L’Hopital’s Rule applies to indeterminate forms 0/0 and -oo/oo. It can also apply to 
limits in any of the forms 0 - 00, co — cv, 09, 1%, and oo? by converting the expres- 
sion to one in either the form 0/0 or the form +00/00. 

- L’H6pital’s Rule also applies to limits as x —> oo or x > —oo. 

°- In comparing the growth rates of functions, we say that f(x) grows faster than g(x), 
and we write g < f, if 
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4.5 EXERCISES 


Preliminary Questions 
2 
ee 
1. What is wrong with applying L’ H6pital’s Rule to lim TNE 
x= = 
2. Does L’Hôpital’s Rule apply to lim Ft (x)g(x) if f(x) and g(x) both 
approach œ as x — a? 
3. What is wrong with saying, “To apply L’H6pital’s Rule to the limit 
S In(l — 
Har ney use the Quotient Rule to differentiate a 
x— 
take the limit.” 


? 


and then 


Exercises 


In Exercises 1—10, evaluate the limit, using L’H6épital’s Rule where it 
applies. 


E = 5 x? —25 
. a li en 
1 pas x—4 : Pa a TE, 
3 x? — 64 4 x Bree 1 
"yo x2 + 16 x>-1 x5 —2x— 1 

1/2 an v x 
5. lim 1 +x~-6 6. lim vx+1—-2 
x99 x2 —27 233 2 = 7x -—G 
4 sin 4x g a x? 


x30 x? +3x4+1 x30 sinx —x 


9 lim cos2x — 1 10. lim cosx — sin’ x 


x-0 sinx x0 sin x 


In Exercises 11—16, use L’H6pital’s Rule to evaluate the limit. 


9x +4 : > | 
ti iie Ses 12. lim xsin- 
l 
13, lim —> 14, lim ~ 
x> x /2 x00 et 
In 4 2 
I io Lo > tő: tim — 
x—>—00 x x00 ef 
In Exercises 17—54, evaluate the limit. 
V8 + x — 3x! 1 4 
Ti m Runt a 
x>1 x?—3x+2 x>4| x-2 x—4 
= 2/3 
19. ee 20. eee 
x>- 1 — 5x x00 x5/3 — x 
; 7x? + 4x 3x? + 4x? 
es ae ae a 
_ (14+3x)/2 -2 _ PrP —Jy= 16 
23. im ————————_ , ——— 
ri +73 —2 a ae er 
in 2x 
i > ine 
x20 sin 7x x0 tan 5x 
. tan 1 
sj. lim => 28. lim (cots — =) 
x>0 x x>0 x 
sinx — 
a io 30. lim (x 2. =) Hie 
x—>0 x — snx x7 /2 2 
cos(x + 3) x? 


31. lim 
x70 Sin x 


32. lim ————- 
x20 1 — cos x 


4. What is wrong with applying L’H6pital’s Rule to lim, xt? 
x> 


5. What property of the function f(x) = e* allows us to say 


fiet n O 
x—a 
cosx 1 
33. lim 4. lim | — — csc? 
sori Sin(2X) = (= =) 
2 
ex — 4 
35. lim (secx — tanx) 36. lim 5 
x37/2 x32 x-2 
: TX . x(lnx—1)+1 
37. lim tan { — }1n . lim —————— 
x=>l ( = ) s m x21 (x—1)Inx 
ei _ 
S tka > w= 
x70 snx x21 lnx 
2e | = 7: ee l= 
git eS 42. lim © £ 
x—>0 X x—> 0 x2 
43. lim (sinż)(inż) 44. lim e™*(x? — x? +9) 
t>Ot x00 
a* — 2 
45. lim (a > 0) 46. lim x! 
x>0 Xx x—> 09 
47. lim(1 + Inx)!/@—D 48. lim xsinx 
x—1 x—0t 
3 2 x > 
49. lim(cos x)?/* 50. lim ( ) 
x0 x>o00 \x +1 
3 sin”! x , tan`! x 
51. lim 52. lim 
a x0 sin”! x 
tan`! x= z i 
ange gee 


, cosmx 
55. Evaluate lim ———, where m, n Æ 0 are integers. 
x—>n/2 COSNX 


lias 
i for any numbers m,n + 0. 


56. Evaluate lim 
x1 x” — 


57. Evaluate each of the following limits. 
1\* 
(a) lim (1 + =) 
X00 x 
1 x 
lim (1 F =) 
x—> 00 X 


k r\~ 
58. Show that lim (1 + =) =g, 
x> x 


(b 


Nes 


Kom a In Exercises 59-60, a ball is launched straight up in the air and is 


acted on by air resistance and gravity as in Example 5. The function M 
gives the maximum height that the projectile attains as a function of the 
air resistance parameter k. In each case, determine the maximum height 
as we let the air resistance term go to zero; that is, determine Mu M(k). 


59. A ball with a mass of 1 kilogram is launched upward with an initial 
velocity of 60 m/s, and 


60k — 9.8 In(2Q% + 1) 
k2 
(Compare with Exercises 37 in Section 2.5 and 29 in Section 3.4.) 


M(k) = 


60. A ball with a mass of 500 grams is launched upward with an initial 
velocity of 30 m/s, and 


15k — 2.45 In(3Q + i 
M(k) = ee 


(Compare with Exercise 38 in Section 2.5.) 


61. In each case, show that the form is indeterminate by showing that if 
lim f(x)?“ has the form, then the limit in the exponent in a 
has d known indeterminate form. 

(a) 1% 


(b) 0? 

62. (GU) Can L’Hôpital’s Rule be applied to lim, xl)? Does a 
x—_ 

graphical or numerical investigation suggest that the limit exists? 


63. Let f(x) =x!/* for x > 0. 
<a) Calculate lim f(x) and lim f(x). 

x—0t X00 
(b) Find the maximum value of f and determine the intervals on which f 
is increasing or decreasing. 
64. (a) Use the results of Exercise 63 to prove that x'/* =c has 
a unique solution if 0<c <1 or c=e!/¢, and has two solutions if 
1 < c <e!/¢, and no solutions if c > e!/¢. 


(b) (GU) Plot the graph of f(x) = x!/* and verify that it confirms the 
conclusions of (a). 


65. Determine whether f < g or g < f (or neither) for the functions 
F(x) = logig x and g(x) = lnx. 


66. Show that (in x)? « x!/3 and (Inx)* « x. 


67. Just as exponential functions are distinguished by their rapid rate 
of increase, the logarithm functions grow particularly slowly. Show that 
Inx < x? foralla > 0. 


68. Show that (Inx)” < x for all N and all a > 0. 
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69. Determine whether f/x < e¥!®* or e¥"* < ./x. Hint: Use the sub- 
stitution u = In x instead of L’ H6pital’s Rule. 


70. Show that lim x"e~* = 0 for all whole numbers n > 0. 
x 


71. Assumptions Matter Suppose f(x) = x(2 + sin x) and let 
g(x) =x? +i. 
(a) Show directly that im F(%)/2@) = 0. 
(b) Show that lim f(x)= lim g(x) = oo, but lim f’(x)/g’(x) does 
x7>0O X—>0O X—> 00 
not exist. 
Do (a) and (b) contradict L’ H6pital’s Rule? Explain. 
In(1 + b* 
72. Let H(b) = lim mT ee 
x00 x 
(a) Show that H(b) = lnb ifb > 1. 
(b) Determine H(b) for 0 <b < 1. 


73. Let G(b) = lim (1 + pyi’, 


(a) Use the result of Exercise 72 to evaluate G(b) for all b > 0. 

(b) (GU) Verify your result graphically by plotting y = (1 +5*)!/* 
together with the horizontal line y = G(b) for the values b = 0.25, 
O85, 2; 3. 

74. Show that jim, tke” = 0 for all k. Hint: Compare with 

lim t*e* =0. 

{30 


In Exercises 75—77, let 


ex? forx £0 


TS k forx=Q0 


These exercises show that f has an unusual property: All of its derivatives 
at x = 0 exist and are equal to zero. 


75. Show that m i = 0 for all k. Hint: Let t = x7! and apply the 
x—> 


result of Exercise 74. l 


76. Show that f’(0) exists and is equal to zero. Also, verify that f” (0) 
exists and is equal to zero. 


77. Show that for k > 1 and x 40, 


P(x)e7/*? 
xT 


FOR) = 


for some polynomial P(x) and some exponent r > i. Use the result of 
Exercise 75 to show that f“(0) exists and is equal to zero for all k > 1. 


Further Insights and Challenges 


78. Show that L’ H6pital’s Rule applies to im. but that it does 


x 
Vx? +1 
not help. Then evaluate the limit directly. 

79. The Second Derivative Test for critical points fails if f”(c) = 0. This 
exercise develops a Higher Derivative Test based on the sign of the first 
nonzero derivative. Suppose that 


FO=f"O=--- =f" %O =0, but FOF 
(a) Show, by applying L’H6pital’s Rule n times, that 
iia OSTEO), al fC) 
xe (x — c) n! 


where n! = n(n — 1)(n — 2)---(2)(1). 


(b) Use (a) to show that if n is even, then f(c) is a local minimum if 
f™®(c) > 0 and is a local maximum if fc) < 0. Hint: If n is even, then 
(x — c)" > 0 for x 4a, so f(x)— f(c) must be positive for x near c if 
fO >. 

(c) Use (a) to show that if n is odd, then f(c) is neither a local minimum 
nor a local maximum. 


80. When a spring with natural frequency à /2z is driven with a sinusoidal 
force sin(wt) with w Æ A, it oscillates according to 


(A sin(wt) — @ sin(Ar)) 


l 
ne 35S 


Let yo(t) = lim y(t). 
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(a) Use L’H6pital’s Rule to determine yo(t). 


f(x) = (x —a) fic), a(x) = (x — a)gi(x) 


(b) Show that yo(t) ceases to be periodic and that its amplitude |yo(t)| 


tends to co as t > oo (the system is said to be in resonance; eventually, 


Use this to verify L’H6pital’s Rule directly for lim FS (x)/g(x). 


the spring is stretched beyond its structural tolerance). 


(€) Plot y for 4 = 1 and œ = 0.8, 0.9, 0.99, and 0.999. Do the 


graphs confirm your conclusion in (b)? 


83. Patience Required Use L’Hôpital’s Rule to evaluate and check 
your answers numerically: 


i (a) lim =F (b) lim ( oe ) 

| sinx . a : aye 

81. A We expended a lot of effort to evaluate Le — in x70t \ x x>0\sin?x x? 
Pe Ss a 

Chapter 2. Show that we could have evaluated it easily using 84. In the following cases, check that x = c is a critical point and use 
L’H6pital’s Rule. Then explain why this method would involve circular Exercise 79 to determine whether f(c) is a local minimum or a local max- 
reasoning. imum. 
82. By a fact from algebra, if f, g are polynomials such that (a) f(x) = x — 6x4 + 14x? — 16x? +9x +12 (C=1) 
f (a) = g(a) = 0, then there are polynomials f1, g1 such that (b) f(x) = x®—x3 (c=0) 
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FIGURE 2 The graph of f with transition 
points and sign combinations of f’ and f”. 


4.6 Analyzing and Sketching Graphs of Functions 


In this section, our goal is to study graphs of functions f using the information provided 
by the first two derivatives f’ and f”. You will see that you can acquire a good un- 
derstanding of the properties of a graph without plotting a large number of points. Evan 
though almost all graphs you may see are produced by computer (including, of course, 
the graphs in this textbook), the tools of calculus provide information beyond the image 
displayed on a computer. This information includes the exact locations of critical points 
and inflection points, the rates of increase and decrease over the function’s domain, and 
the concavity of the function. 

Most graphs are made up of smaller arcs that have one of the four basic shapes, 
corresponding to the four possible sign combinations of f’ and f” (Figure 1). Since f’ —_ 
and f” can each have sign + or —, the sign combinations are 


++ +- -+ — 


In this notation, the first sign refers to f’ and the second sign to f”. For instance, —+ 
indicates that f'(x) < 0 and f”(x) > 0. We use a slanted arrow over the first sign to 
indicate whether the function is increasing or decreasing, and an upturned or downturned 
V over the second sign to indicate the concavity. 

In analyzing a graph, we focus on the transition points, where the basic shape 
changes due to a sign change in either f’ (local min or max) or f” (point of inflec- 
tion). In this section, local extrema are indicated by solid dots, and points of inflection 
are indicated by green solid squares (Figure 2). 

In examining the properties of a function, it is often useful to investigate the asymp- 
totic behavior—that is, the behavior of f(x) as x approaches either too or a vertical 
asymptote. 

In the examples that follow, we use calculus to investigate the behavior of specific 
functions, and then we use the information we gather to construct a picture of the func- 
tion’s graph—that is, to “sketch the graph.” The first three examples treat polynomials. 
Recall from Section 2.7 that the limits at infinity of a polynomial 


foai" tana | +--+ + ayx +09 
(assuming that a, # 0) are determined by 
lim f(x%)=a, lim x" 
XO X—> 00 
ko 
In general, the graph of a polynomial oscillates up and down a finite number of times and 


tends to positive or negative infinity as x tends to positive or negative infinity. Typical 
examples appear in Figure 3. 
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‘ A) D 3,a,>0 Degree 4, a, >0 C) Degree 5, a. <0 
FIGURE 3 Graphs of polynomials. sa is ital 74 (C) Degr 5 


EXAMPLE 1 Quadratic Polynomial Investigate the behavior of f(x) = x? — 4x + 3 
and sketch its graph. 


Solution Note that f(x) = (x — 1)(x — 3) so the graph intersects the x-axis at x = 1 and 
x = 3. We have f'(x) = 2x — 4 = X(x — 2). We can see directly that f'(x) is negative 
for x < 2 and positive for x > 2, but let’s confirm this using test values, as in previous 


sections: a ee E 

y Interval Test value Sign of f’ 
(=00;2), f(y -2 = 
(2, 00) f'@=2 + 


Furthermore, f”(x) = 2 is positive, so the graph is everywhere concave up. To sketch 
the graph, plot the local minimum (2, —1), the y-intercept, and the roots x = 1,3. Since 
the leading term of f is x*, f(x) tends to œo as x —> too. This asymptotic behavior is 


on a noted by the arrows in Figure 4. a 
FIGURE 4 Graph of f(x) = x? — 4x + 3. EXAMPLE 2 Cubic Polynomial Investigate the behavior of the cubic function f(x) = 
x? — 4x? — 2x +3 and sketch the graph. 
Solution 
Step I. Determine the signs of f’ and f”. 
First, solve for the critical points: 
fœ =x? —x-2=(04+)D0G-2) 
The critical points are c = —1,2, and they divide the x-axis into three intervals 
(—oo, —1), (—1, 2), and (2, co), on which we determine the sign of f’ by computing 
test values: 
Interval Test value Sign of f’ 
(—00, —1) f'(-2) =4 + 
17 f'(0) = -2 = 
(2, 00) f'3) =4 + 
Next, f”(x) = 2x — 1, and therefore x = - is the only solution to f’(x) = 0. We 
have 
Interval Test value Sign of f” 
(%3) f"@) = —1 = 
oS pees ag Wee (5,00) f"(1)=1 + 
x 
S- S N, a Step 2, Note transition points and sign combinations. 
Local Inflection Local This step merges the information about f’ and f” in a sign diagram (Figure 5). There 
max point min 


are three transition points: 


FIGURE 5 Sign combinations of f’ and f”. * c = —1: local max since f’ changes from + to —. 
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ceg 5: corresponds to a point of inflection since f” changes sign. 


e c = 2: local min since f’ changes from — to +. 


In Figure 6(A), we plot the transition points and, for added accuracy, the y-intercept 
f (0), using the values 


25 1 23 | 

—l)j= = = | = -—, = 5, 2) = —— 

fEl) 5 r(3) 19 (0) = 3 f (2) 3 

Step 3. Draw arcs of appropriate shape and asymptotic behavior. 
The leading term of f(x) is ix, Therefore, lim f(x)=ooand lim f(x)= —o. 
x> x= =00 
To create the sketch, it remains only to connect the transition points by arcs of the 
appropriate concavity and asymptotic behavior, as in Figure 6(B) and (C). E 
(=> 2c 


— m oe ee ee ee ee 


FIGURE 6 Graph of 
f(x) = jx? — 5x? — 2x +3. (A) 


EXAMPLE 3 Investigate the behavior of f(x) = 3x4 — 8x? + 6x? + 1 and sketch its 9 
graph. 
Solution 


Step 1. Determine the signs of f’ and f”. 
First, solve for the transition points: 


f'(x) = 12x? — 24x? + 12x = 12x(x — 1}, sof’=0 => x=0,1 
Ff" (x) = 36x? — 48x + 12 = 12% —DGx-1), sof’=0 > x= =! 


The signs of f’ and f” are recorded in the following tables: 


Interval Test value Sign of f’ Interval Test value Sign of f” 
(—00,0) = f"(-1) = —48 = (—0,3) f"O)=12 7 
oD f'()=3 $ 1) #"(3) =-3 - 
(1, 00) f'(2) = 24 am (1, co) f"QH=0 tr 
a" t Fu | AN l FN azo . > e > 
-+ ll fap | +4 Step 2. Note transition points and sign combinations. 
io ee NG Ne x The transition points c = 0, ż, 1 divide the x-axis into four intervals (Figure 7). The 
3 type of sign ch determines th iti int: 
Uotal infection hadio yp ign change determines the nature of the transition point 
min point point e c = 0: local min since f’ changes from — to +. 
AEE S e c = 3: corresponds to a point of inflection since f” changes sign. 


e c = 1: neither a local min nor a local max since f’ does not change sign, but 
it is a point of inflection since f”(x) changes sign. onl 


We plot the transition points c = 0, 1, 1 in Figure 8(A) using function values 
fO)=1, f(}) = 8, and f(1)=2. 


FIGURE 8 f(x) = 3x4 — 8x3 + 6x2 +1. 


FIGURE 9 f(x) =cosx + $x. 
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Step 3. Draw arcs of appropriate shape and asymptotic behavior. 
Before drawing the arcs, we note that f(x) has leading term 3x4, so f(x) tends to oo 
as x — œ and as x — —oo. We obtain Figure 8(B). a 


+C 
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(B) 


EXAMPLE 4 Investigate the behavior of f(x) = cosx + 5x over [0,7], and sketch its 
graph. 


Solution First, we find the transition points for x in [0, |: 


1 m 5x 
d = — j =) i — 0 — “y Se 
F(x) sin x + 5 so f (x) H: 5° 6 
T 
f"(x)=-—cosx, so f"(x)=0 > 45 
The sign combinations are shown in the following tables: 
Interval Test value Sign of f’ Interval Test value Sign of f” 
(0,2)  f"(%) + 0.24 + (0,2) f"(%)=-2 5 
5 1 
2 es Gn) PEF + 


in) fl (HE) ~ 0.24 m 


We record the sign changes and transition points in Figure 9 and sketch the graph 
using the values Sm 


fO=1, f (=) x 1.13, f G) 0.79, f (=) ~0.44, f(x)+057 m 


EXAMPLE 5 Investigate the behavior of f(x) = xe* and sketch its graph. 
Solution As usual, we solve for the transition points and determine the signs: 
fix)=xt +e =(e4+ le, soflx)=0 3 =l 
fœ) = (x + Dem +A =x, sof"x)=0 > x=-2 


Sign Sign 

Interval Test value of f Interval Test value of f” 
(-00,-1) f(-2)=-e 2 - (—00,~2) f"(-3)=-e~? ~ 
(—1, 00) fo=-e -+ (— 2,00) f'"(O) = et + 


The sign change of f’ shows that f(—1) is a local min. The sign change of f” shows 
that f has a point of inflection at x = —2, where the graph changes from concave down 
to concave up. 
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y The last pieces of information we need are the limits at infinity. Both x and e” tend 
EEEE to co as x > œ, s0 lim xe” = oo. On the other hand, the limit as x —> —oo is indeter- “~~ 
| x—>0O 


minate of type oo - 0 because x tends to ~oo and e” tends to zero. Therefore, we write 
xe* = x/e~~ and apply L’H6pital’s Rule: 


DO a re ween eect = 


5 , x 3 S 
m lim xe*~ = lim —— = lim — — lim e* =0 
x-—>—00 x—-—00 e~* x—>-co —e7* x—>—0©O 


Figure 10 shows the graph with its local minimum and point of inflection, drawn with the 


FIGURE 10 Graph of f(x) = xe*. The sign correct concavity and asymptotic behavior. al 
combinations ——, —+, +-+ indicate the 

. / n i : 3x +2 ; 
i i EXAMPLE 6 Investigate the behavior of f(x) = a and sketch its graph. 


Solution The function f is not defined for all x. This plays a role in our analysis so we 
add a Step 0 to our procedure. 


Step 0. Determine the domain of f. 
Since f(x) is not defined for x = 2, the domain of f consists of the two intervals 
(—oo, 2) and (2, co). We must analyze f on these intervals separately. 

Step I. Determine the signs of f’ and f”. 
Calculation shows that 


8 


fe)=- G F 


i 
= 2?’ f @= 
Although f'(x) is not defined at x = 2, it is not a critical point because x = 2 is not 
in the domain of f. In fact, f’(x) is negative for x Æ 2, so f is decreasing and has no 
critical points. 
On the other hand, f’(x) > 0 for x > 2 and f”(x) < 0 for x < 2, so the con- ~~ 
cavity of f changes at x = 2. However, there is not an inflection point at x = 2 
because—as was the case above—x = 2 is not in the domain of f. 
Step 2. Note transition points and sign combinations. 
There are no transition points in the domain of f. 


(—oo,2) f’(x) <Oand f”(x) <0 
(2, 00) f'(x) < Oand f”(x) > 0 


Step 3. Draw arcs of appropriate shape and asymptotic behavior. 
The following limits as x — boo, evaluated using L’ Hépital’s Rule, show that y = 3 
is a horizontal asymptote: 


The line x = 2 is a vertical asymptote because f(x) has infinite one-sided limits 


3x +2 . 3x+2 
I = ; lim = 


To verify this, note that for x near 2, the numerator 3x + 2 is positive while the de- 
nominator 2x — 4 is small and negative for x < 2 and is small and positive for x > 2. 
Figure 11(A) summarizes the asymptotic behavior. 

Now, to the left of x = 2, the graph is decreasing [ f’(x) < 0], is concave down 
[ f(x) < 0], and approaches the asymptotes. The x-intercept is x = -4 because 
Ff ( — 2) = 0, and the y-intercept is y = f (0) = —}. We obtain the left part of the 
graph as shown in Figure 11(B). To the right of x = 2, the graph is decreasing 
[f (x) < 0], is concave up [f”(x) > 0], and approaches the asymptotes as shown. @ 


3x +2 
FIGURE 11 Graph of y = = a 


-40 -20 0 20 40 


FIGURE 13 The graph of the logistic 
function P(x). 
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Horizontal i 

asymptote i ag 
i 
l 


EXAMPLE 7 A Logistic Function Analyze the behavior of P(x) = 
sketch the graph. 


50 
1+2e-9.lx and 


Solution The function P is defined for all x. With some careful calculation and simpli- 
fication, we find that 


10e7®-1* TE a e01 (2e70.-1x - 1) 
(1+ 2e—0.-1x)2 Gee 2e—0.1x)3 


First, note that P’(x) is defined and positive for all x; therefore P is increasing for 
all x. 

The sign of P(x) is equal to the sign of 2e~°-!* — 1 because the denominator and 
the other factor in the numerator are positive for all x. It follows that P”(x) = 0 when 
2e70-1* _ 1 = 0. Solving for x: 


P(x) = 


Je 0.lx = 1 

1 

—0.ix E 

ý 2 
—0.ix =In= 


1 
i= —Wila = 10ln2 


Thus, P”(x) = 0 at x = 101n2 ~ 6.93. Furthermore, P”(x) is positive to the left of 
10 1n 2 and is negative to the right. Therefore there is an inflection point at x = 101n2. 

Figure 12 summarizes the sign information. 

The lines P = 0 and P = 50 are horizontal asymptotes because 

a eg a 
x> | + 2e—O.lx x+>—00 EE 

The graph of P increases away from the asymptote P = 0 and is concave up un- 
til reaching x = 101n2 ~ 6.93. From that point on, it continues to increase but is con- 
cave down and approaches the asymptote P = 50. Note that P(10 1n 2) = 25, so that at 
the inflection point, we are at half of the limiting value 50. The graph is sketched in 
Figure 13. a 


Properties that i observed for P in the previous example hold for general logistic 
functions P(x) = aie for M, A, and k all positive. In particular (see Exercise 73): 


1+ 
* lim P(x)=Oand lim P(x) = M, so P has horizontal asymptotes at P = 0 
X3-00 x00 
and P = M. 


e P is increasing for all x. 
¢ There is an inflection point at (BA, x), and P is concave up to the left of the 
inflection point, concave down to the right. 
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FIGURE 14 The four basic shapes. 


4.6 EXERCISES 


If a logistic function is modeling a population, such as in Example 2 in Section 2.7, then 


these properties show that the population increases at an increasing rate until it equals ` 


half of the carrying capacity; beyond that, it continues to increase but at a decreasing 
rate, approaching the carrying capacity in the long run. 


4.6 SUMMARY 


* Most graphs are made up of arcs that have one of the four basic shapes (Figure 14): 


Sign combination Curve type 
t+ f' =O, f" ap Increasing and concave up 
+S f 20, f" =0 Increasing and concave down 
= F 20, ">U Decreasing and concave up 
—— fie, f” <0 Decreasing and concave down 


. A transition point is a point in the domain of f at which either f’ changes sign (local 
min or max) or f” changes sign (point of inflection). 
° It is convenient to break up the curve-sketching process into steps: 
Step 0. Determine the domain of f. 
Step 1. Determine the signs of f’ and f”. 
Step 2. Note transition points and sign combinations. 
Step 3. Determine the asymptotic behavior of f(x). 
Step 4. Draw arcs of appropriate shape and asymptotic behavior. 


Preliminary Questions 


1. Sketch an arc where f’ and f” have the sign combination ++. Do the (b) f(c) is a local max. 


same for —+. 


(c) (c, f(c)) is a point of inflection. 


2. If the sign combination of f’ and f” changes from ++ to +— at 3. The second derivative of the function f(x) = (x — 4)! is 


x = c, then (choose the correct answer) 
(a) f(c)is a local min. 


Exercises 


1. Determine the sign combinations of f’ and f” for each interval A-G 


in Figure 15. 


AP € O EPF G 


FIGURE 15 


2. State the sign change at each transition point A-G in Figure 16. 


Example: f'(x) goes from + to — at A. 


Ff" (x) = Xx — 4)73. Although f”(x) changes sign at x = 4, f does not 
have a point of inflection at x = 4. Why not? 


FIGURE 16 


In Exercises 3-6, draw the graph of a function for which f! and f" take 


on the given sign combinations in order. 


3. ++, +-, —- 4. +-, -~, —+ 


7. Sketch the graph of a function that could have the graphs of f’ and f” 


~ appearing in Figure 17. 


ns 


—— ee ee m m jed 

-=-= 
EEE ee 
=-=- 


y =f") 
FIGURE 17 


8. Sketch the graph of a function that could have the graphs of f’ and f” 
appearing in Figure 18. 


--+-------wW 
~ 2 ---- += 
wee U 


[N9] -=æ m ee ee ee e ee 


4 
y=f"Œ) 


FIGURE 18 


9, Investigate the behavior and sketch the graph of y = x? — 5x + 4. 
10. Investigate the behavior and sketch the graph of y = 12 — 5x — 2x2. 


11. Investigate the behavior and sketch the graph of f(x) = x — 32? +2. 
Include the zeros of f, which are x =1 and 1+ J/3 (approximately 
—0.73, 2.73). 


12. Show that f(x) = x? — 3x2 + 6x has a point of inflection but no local 
extreme values. Sketch the graph. 


13. Extend the sketch of the graph of f(x) = cos x + 5x in Example 4 to 
the interval [0, 57]. 


14. Investigate the behavior and sketch the graphs of y=x7/> and 
_ 4/3 
y=x i, 


In Exercises 15-36, find the transition points, intervals of in- 
crease/decrease, concavity, and asymptotic behavior. Then sketch the 
graph, with this information indicated. 


15. y =x? + 24x? 16. y =x? — 3x45 
17. X = x? — 4x? 18. y = $x? +x? + 3x 
19. y =4— 2x? + 3x4 20. y = 7x4 — 6x7 +1 
21. y=x°+5x 22. y = x — 15x? 
23. y = xt — 3x? + 4x 24. y = x(x — 4} 


$ 
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25. y=x! — 14x® 26. y=x°— 9x4 
27. y=x—A./x 28. y= J/x+J16—x 
29. y= x(8 — x)! 30. y = (x? — 4x)!/? 
3l y= xe? 32. y = (2x? — 1)e-*” 
33. y=x—2lnx 34. y =x(4— x)—3lnx 


35. y = x? —2lnx 
36. y = x — 2ln(x? + 1) 


37. Investigate the behavior and sketch the graph of the function f(x) = 
18(x — 3)(x — 1)? using the formulas 


n _ 30(% ~ 3) 
a= Casi” 


n 20(x — =) 
f= G-p 


38. Investigate the behavior and sketch the graph of f(x) = 


the formulas 


Eel using 


— x? _ 2x(x? — 3) 


7 =. n 
Paa fa ale TIS | 


In Exercises 39-42, sketch the graph of the function, indicating all 
transition points. If necessary, use a graphing utility or computer algebra 
system to locate the transition points numerically. 


39. y = x? — 10In(x? + 1) 40. y=e-*/2Inx 
41. y =x — 4x? +x +1 
42. y = 2./x — sinx, 


0<x<2xr 


In Exercises 43—48, sketch the graph over the given interval, with all tran- 
sition points indicated. 


43. y =x + sinx, [0,27] 
44. y= sinx " cosx, [0,27] 
45. y =2sinx — cos? x, [0,27] 
46. y=sinx+ 5x, [0,27] 

47. y = sinx + VJ3cosx, [0,7] 
48. y = sinx —}sin2x, [0,7] 


49. Ei Are all sign transitions possible? Explain with a sketch why the 
transitions ++ — —+ and —— — +-— do not occur if the function is dif- 
ferentiable. (See Exercise 80 for a proof.) 


50. Suppose that f is twice differentiable satisfying (i) /(0) =1, 
(ii) f(x) > 0 for all x 0, and (iii) f(x) < 0 for x < 0 and f(x) > 0 
for x > 0. Let g(x) = f(x’). 


(a) Sketch a possible graph of f. 
(b) Prove that g has no points of inflection and a unique local extreme 
value at x = 0. Sketch a possible graph of g. 


In Exercises 51-52, draw the graph of a function f having the given limits 
at +œ and for which f’ and f” take on the given sign combinations in 
order. 


51. im | f@)= =F, Jim, FQ) = 0; ca | =+, ++, +— 


52. lim foye=|, lim (Oe ++. +—, — -+ 
x> x00 
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53. Match the graphs in Figure 19 with the two functions y = sig and In Exercises 55—72, sketch the graph of the function. Indicate the transition 
5 xl points and asymptotes. isai 
3x ; 
y = -z - Explain. 1 x-2 
| = y= 56. y= 
7 ares a A 
3 1 
y= 58. y=x+-— 
x—2 x 
1 1 1 1 
- y= — 60. y= =- — 
vii x ü x—1 a x x-1 
1 x 
61. = 62. DTi 
e eA 2 
1 ae | 
63. y = ————_ 64. y= 
nid x*—6x+4+8 2 Ps 
3 4 1 1 
(A) (B) Sr y=1--4— 66. y= — + —__ 
` x t x’ ie (x — 2%} 
FIGURE 19 Tane l 1 Paas 4 
the n 7" Gy sede 
54, Match the functions below with their graphs in Figure 20. 
l x? mK jaa 70. y= 5 
© =a a S GFI 7 GIDE) 
P D 
© y= @) y=——— | __* 
—_ . y -a a e T2. y na O 
x24] x*—1] Ua? +1 vx? 41 
y 
73. Consider the general logistic function, P(x) = Tee: with A, M, 
and k all positive. Show that 
—kx 2 kx -kr 
O Pie) = E and Prg) = Mae ela i 
(b) lim P(x)=Oand lim P(x)= M, and therefore P = 0 and P = Pe 
X>- I> CO ` 
x i M are horizontal asymptotes of P. 
(A) (B) (c) P is increasing for all x. 


(d) The only inflection point of P is at (44, y), To the left of it P is 
concave up, and to the right of it P is concave down. 


74. Show that the function R(x) = “ (Z + tan! x), with M > 0, has 

the following properties (similar to the general logistic function): 

(a) lim R(x)=0and lim R(x) = M, and therefore R = 0 and R = 
XF =09 I> 

M are horizontal asymptotes of R. 

(b) R is increasing for all x. 


(c) R has a single inflection point. The value of R at the inflection point 
is M/2. To the left of the inflection point R is concave up, to the right R is 
FIGURE 20 concave down. 


(C) 


Further Insights and Challenges 


In Exercises 75-79, we explore functions whose graphs approach a non- (d) y = x + 1 is a slant asymptote of f as x > too. 
horizontal line as x — oo. A line y = ax + bis called a slant asymptote if (e) The slant asymptote lies above the graph of f for x < 1 and below 
the graph for x > 1. 
lim (f(x) — (ax + b)) = 0 
x00 


or 


7 lim (f (x) — (ax + b) = 0 


x 


2 
7d. Let f(x) = — (Figure 21). Verify the following: 


(a) f(0) is a local max and f(2) a local min. 


(b) f is concave down on (—oo, 1) and concave up on (1, 00). 


i um ey eames lim fil) Se FIGURE 21 


. 16. (4 1f f(x) = P(x)/Q(x), where P and Q are polynomials of de- 
grees m + | and m, then by long division, we can write 
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78. Show that y = 3x is a slant asymptote for f(x) = 3x +x~*. Deter- 
mine whether f(x) approaches the slant asymptote from above or below, 


and make a sketch of the graph. 
f(x) = (ax + b) + Pi(x)/ Q(x) 
where Pı is a polynomial of degree <m. Show that y = ax + b is the 79. Sketch the graph of f(x) = Le x? 
slant asymptote of f(x). Use this procedure to find the slant asymptotes of 2-—x 
the following functions: 
x? x? +x 80. Assume that f’ and f” exist for all x and let c be a critical point of f. 
(a) y= x42 (b) y= Ts Da Show that f(x) cannot make a transition from ++ to —+ at x = c. Hint: 
rd 
77. Sketch the graph of pone, PVE: 
2 g r 
Taa E - 81. L Assume that f” exists and f”(x) > 0 for all x. Show that f(x) 
x 


Proceed as in the previous exercise to find the slant asymptote. 


D(v) (km) 
200 
150 
100 
50 
v (m/s) 
10 20 30 0 


FIGURE 1 Physiology and aerodynamics 
are applied to obtain a plausible formula 
for bird migration distance D as a function 
of velocity v. The optimal velocity 
corresponds to the maximum point on the 
graph (see Exercise 69). 


An equation relating two or more 
independent variables in an optimization 
problem is called a constraint equation. 
The idea is that we cannot assume the 
variables take on any values we want; 
instead they are constrained to Satisfy a 
specific equation. In Example 1, the 


constraint equation Is 


2x+2y=L 


cannot be negative for all x. Hint: Show that f'(b) # 0 for some b and use 
the result of Exercise 74 in Section 4.4. 


4.7 Applied Optimization 


Optimization plays a role in a wide range of disciplines, including the physical sciences, 
economics, and biology. For example, scientists have studied how migrating birds choose 
an optimal velocity v that maximizes the distance D they can travel without stopping, 
given the energy that can be stored as body fat (Figure 1). 

In many optimization problems, the first step is to write down the objective function. 
This is the function whose minimum or maximum we seek. Once we find the objective 
function, we can apply the techniques developed in this chapter. Our first examples re- 
quire optimization on a closed interval [a,b]. Let’s recall the steps for finding extrema 
developed in Section 4.2: 


(i) Find the critical points of f in [a,b]. 
(ii) Evaluate f(x) at the critical points and the endpoints a and b. 
(iii) The least and greatest values are the extreme values of f on [a, b]. 


EXAMPLE 1 A piece of wire of length L is bent into the shape of a rectangle (Figure 2). 
Which dimensions produce the rectangle of maximum area? 


FIGURE 2 


Solution The rectangle has area A = xy, where x and y are the lengths of the sides. 
Since A depends on two variables x and y, we cannot find the maximum until we elimi- 
nate one of the variables. We can do this because the variables are related: The rectangle 
has perimeter L = 2x + 2y, so y = 4L — x. This allows us to rewrite the area in terms 
of x alone to obtain the objective function 


| l 
A(x) = oe ig pe 
(x)=x (52 =) J x 


On which interval does the optimization take place? The sides of the rectangle are non- 
negative, so we require both x > 0 and iL — x > 0. Thus, 0 < x < iL. Our problem is 
to maximize A(x) on the closed interval [0, 4L]. 
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Calverton 


FIGURE 3 


19:52 50 


FIGURE 4 Graph of time of trip as function 
of x. 


We have A’(x) = 5L — 2x. Solving A’(x) = 0, we obtain just a single critical point, __ 


x= iL. Comparing values of A, we find: 


Endpoints: A(0) =0 


Critical point: A a) = af a i wil T 
— oe kee INS aR Cae 


The greatest value occurs for x = iL, and in this case, y = +L — IL = aL. The rect- 


angle of maximum area is the square of sides x = y = iL. 
ia 


EXAMPLE 2 Minimizing Travel Time Your task is to build a road joining the small 
town of Calverton to Route 1 to enable drivers to reach Capital City in the shortest time 
(Figure 3). How should this be done if the speed limit is 60 km/hour on the road and 
110 km/h on Route 1? The perpendicular distance from Calverton to Route 1 is 30 km, 
and Capital City is 50 km down Route 1. 


Solution We will solve this problem in three steps. These steps can be helpful when 
solving other optimization problems. 


Step 1. Choose variables. 
We need to determine the point Q where the road will join the Route 1. So let x be the 
distance from Q to the point P where the perpendicular joins Route 1. 

Step 2. Find the objective function and the interval. 
Our objective function is the time T(x) of the trip as a function of x. To find a formula 
for T(x), recall that distance traveled at constant velocity v is d = vt, and the time 
required to travel a distance d is t = d/v. The road has length v30? + x2 by the 
Pythagorean Theorem, so at velocity v = 60 km/h, it takes 


v 30° +x? 


60 hours to travel from Calverton to Q 


The segment of Route 1 from Q to Capital City has length 50 — x. At velocity 
v = 110 km/h, it takes 


50— x 


ETI h to travel from Q to the city 


The total number of hours for the trip is 


y 302 + x2 H 50 —x 

60 110 

Our interval is 0 < x < 50 because the road joins Route 1 somewhere between P 
and Capital City. So our task is to minimize T on [0,50] (Figure 4). 


Step 3. Optimize. 
Solve for the critical points: 


T(x) = 


i a A 
60/302 4x2 110 — 


110x = 607307 +x? => 1lx =6V/302+232 3 


121x* = 3630? +x?) = 85x? =32,400 = x= ./32,400/85 ~ 19.52 


banan] 


FIGURE 5 In this case T(x) has no critical 
points in [0, 50]. 
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To find the minimum value of T, we compare the values of T(x) at the critical 
point and the endpoints of [0, 50]: 


T (0) ~ 0.95 h, T (19.52) + 0.87 h, T (50) ~ 0.97 h 


We conclude that the travel time is minimized if the road joins Route 1 at a distance 
x % 19.52 km along the highway from P. m 


EXAMPLE 3 Old Route 1 and Minimizing Travel Time We revisit the situation in 
Example 2, considering a different pair of speeds along the road and Route 1. Suppose 
that Route 1 is old and in disrepair and we cannot expect to travel faster than 70 km/hour 
on it. Furthermore, assume that the new road will be designed for travel at 80 km/h. Now, 
how should the road be laid out in relation to Route 1? 


Solution Intuitively it seems clear that we should have the road go straight from Calver- 
ton to Capital City, completely avoiding Route 1. We will work out the solution and see 
how this case compares with the previous example. Taking the same approach used in 
the previous example, we find that the task is to determine the minimum of 


J900+x? 50—x 
-—— 


Poa ag 70 


over the interval [0, 50]. 

In this case, T has no critical points (see Exercise 19). Thus, the minimum of T must 
occur at one of the endpoints (Figure 5). We have 7(0) ~ 1.09 h, and T(50) ~ 0.73 h. 
So the minimum of T over [0,50] occurs at x = 50. Therefore, to minimize the time of 
the trip, the road should go directly from Calverton to Capital City, confirming our initial 
intuitive analysis. a 


In Example 2, the minimum occurred at an x between 0 and 50, and in Example 3, it 
occurred at x = 50. It is natural to ask whether there is a combination of speeds along the 
road and Route 1 so that the minimum occurs at x = 0? The answer is no (see Exercise 
19). By choosing the Route 1 speed large enough in relation to the road speed, it is 
possible to have the minimum of T occur at a critical point as close as you like to x = 0, 
but there is no combination of speeds that results in a minimum at exactly x = 0. 


EXAMPLE 4 Optimal Price All units in a 30-unit apartment building are rented out 
when the rent is set at r = $2000 per month. A survey reveals that for each $100 increase 
in rent, demand for apartments will decrease, such that one additional apartment becomes 
vacant. Suppose that each occupied unit costs $200 per month in maintenance. Which 
rent 7 maximizes monthly profit? 


Solution 


Step 1. Choose variables. 
Our goal is to maximize the total monthly profit P. Let r be the monthly rent and let 
N(r) be the number of occupied units when the rent is set at r. 

Step 2. Find the objective function and the interval. 
Since one unit becomes vacant with each $100 increase in rent above $2000, we find 
that (r — 2000)/100 units are vacant when r > 2000. Therefore, 


1 1 
Nr = 30 — —(r — oo 
(r) 100 (r — 2000) = 50 100" 


Total monthly profit is equal to the number of occupied units times the profit per unit, 
which is r — 200 (because each unit costs $200 in maintenance), so 


1 1 
P(r) =N Xr — 200) = (50 - ar er — 200) = —10,000 + 52r — o” 
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Which interval of r-values should we consider? There is no reason to lower the rent 
below r = 2000 because all units are already occupied when r = 2000. On the other 
hand, for the upper limit of r we take the rent at which no units are occupied; that is, 
the r for which N(r) = 0. That occurs at r = 100 - 50 = 5000. Therefore, we consider 
P(r) over the interval 2000 < r < 5000. 

Step 3. Optimize. 
Solve for the critical points: 


l 
P'(r) = 52 — gr 8° P'(r)=0 = r=2600 


and compare values at the critical point and the endpoints: 
P (2000) = 54,000, P (2600) = 62,400, P(5000) = 0 


We conclude that the profit is maximized when the rent is set at r = $2600. In this 
case, 24 units are occupied. Note that if the maximum profit had occurred at a price 
that gave us a fractional number of units occupied, we could not have achieved that 
maximum. Instead, we would have taken the price corresponding to rounding the frac- 
tional number up or down to the integer number of units that maximized our profit. 

wi 


In contrast to the case of a closed interval, when optimizing a function over an open 
interval, there is no guarantee that a min or max exists. For example, in Figure 6, a 
minimum exists at x = c but there is no maximum value. As we approach the endpoint 
at b, the function values increase, but there is no maximumum because b is not included 
in the interval (and furthermore the function is not defined there). NU 

If a min or max does exist on an open interval, then it must occur at a critical point 
(because it is also a local min or max). 

With a closed interval, to search for a min and max, we need to evaluate the function 
FIGURE 6 A function with a minimum but at the endpoints of the interval. With an open interval, we need to examine the behavior 
no maximum over the open interval (a, b). of the function as x approachs the endpoints of the interval in order to make conclusions 
about the existence (or lack thereof) of max values and min values. For example, if f(x) 
tends to infinity at the endpoints, then there is no maximum, and a minimum must occur 
at a critical point somewhere in the interval. We consider such a situation in the next 
example. 


EXAMPLE 5 Designa cylindrical can of volume 900 cm? so that it uses the least amount 
of metal (Figure 7). In other words, minimize the surface area of the can (including its 


top and bottom). 
FIGURE 7 Cylinders with the same 
volume but different surface areas. 

Solution 


Step 1. Choose variables. 
We want to find the radius and the height of the can with minimum surface area. 
Therefore, we let r be the radius and h the height. Furthermore, we denote the surface 
area of the can by A. 


See” 


Surface area A 


1000 
500 


Radius r 
5 10 15 


FIGURE 8 Surface area increases as r tends 
to 0 or co. The minimum value exists. 


In the case of a single critical point, as we 
have here, a second method for proving 
that the point corresponds to a minimum is 
to apply the First Derivative Test. Since 
A'(r) <0 forr < (42) and A'r) > 0 


forr > Gay >’ the critical point must be 
a local minimum and as the only critical 
point, the global minimum. A third method 
would be to apply the Second Derivative 
Test to show this is a local minimum and 
therefore, as the only extreme point, the 
global minimum. 


The Principle of Least Distance is also 
called Heron's Principle after the 
mathematician Heron of Alexandria 

(c. 100 CE). See Exercise 81 for an 
elementary proof that does not use 
calculus and would have been known to 
Heron. Exercise 56 develops Snell’s Law, a 
more general optical law based on the 
Principle of Least Time. 
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Step 2. Find the objective function and the interval. 
We express A as a function of r and h: 


A= nr? + nr? +2nrh = 2nr? +2nrh 
-= ai m 
Top Bottom Side 
The can’s volume is V = zr2h. Since we require that V = 900 cm?, we have the 


constraint equation zr7h = 900. Thus, h = (900/z)r—? and 
1800 


r 


900 
Alr) = 2nr? + 2nr (=) = 2nr? + 
ur 


The radius r can take on any positive value, so we minimize A(r) on (0, oo). 


Step 3. Optimize the function. 
Observe that A(r) tends to infinity as r approaches the endpoints of (0, œo): 


* A(r) > coasr — oo (because of the r? term). 
* A(r) > coasr — 0 (because of the 1/r term). 


Therefore, A(7) must take on a minimum value at a critical point in (0, oo) (Figure 8). 
We solve in the usual way: 
= 1800 _ 


dA 
TO 2 =U => 7 


We also need to calculate the height: 


900 450 450\ /450\ 777 450\ 1⁄3 
n= Sy (2) =2(=) (=) =2(=) ~ 10.46 cm 
wr IE JE A IT 


Since we have a single critical point in our interval, it follows that we obtain the 
minimum of A there. Thus, the minimum surface area occurs when a can has radius 
approximately 5.23 cm and height approximately 10.46 cm. Notice that the optimal 
dimensions satisfy h = 2r. In other words, the optimal can is as tall as itis wide. & 


S 


EXAMPLE 6 Optimization Problem with No Solution Is it possible to design a cylin- 
der of volume 900 cm? with the largest possible surface area? 


Solution The answer is no. In the previous example, we showed that a cylinder of vol- 
ume 900 cm? and radius r has surface area 


1800 
A(r) = Qnr? + a 2 


This function has no maximum value because it tends to infinity as r —> 0 or r > œ 
(Figure 8). This means that a cylinder of fixed volume has a large surface area if it is 
either very fat and short (r large) or very tall and skinny (7 small). ™ 


The Principle of Least Distance states that a light beam reflected in a mirror travels 
along the shortest path. More precisely, a beam traveling from A to B, as in Figure 9, is 
reflected at the point P for which the path APB has minimum length. In the next example, 
we show that this minimum occurs when the angle of incidence is equal to the angle of 
reflection, that is, 0; = 62. 


EXAMPLE 7 Show thatif P is the point for which the path APB in Figure 9 has minimal 
length, then 0; = &. 


Solution By the Pythagorean Theorem, the path APB has length 


f(z) =AP + PB= fx? +h + (L -x+h 
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FIGURE 9 Reflection of a light beam in 
a mirror. 


10 20 30 40 


FIGURE 10 Graph of path length for 
hy) = 10, hp = 20, 2 = 40, 
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with x, h1, and h as in the figure. The function f is defined for all x and tends to infinity 
as x approaches oo (i.e., as P moves arbitrarily far to the right or left). It follows that 
f has an absolute minimum value, and it must occur at a critical point (see Figure 10). 


Taking the derivative: 
* L=x | 
Jx2th? J(L—x)?+h3 
Since f'(x) is defined for all x, critical points occur where f'(x) = 0. It is not necessary 


to solve for x because our goal is not to find critical points, but rather to show that 0; = @2 
at the minimum. To do this, we set the derivative equal to 0 in Eq. (1) and rewrite as 


x DÆK 
AN ee A 
Jet sE- +n a 


Note that the critical point x that satisfies Eq. (2) must lie between 0 and L because no 
x < Ocan satisfy this equation (otherwise, we would have a negative value on the left and 
a positive on the right) and no x > L can satisfy this equation (for similar reasons). Since 
the critical point x lies in [0, L] we can associate angles @, and 92 with x as in Figure 9. 
We claim that 0; = 02. To see this, observe that with 0; and 0 as pictured, we have 


x L-x 
(x2 +h? 


faye 


cos 6; = and cos = 


j 2 


Therefore, Eq. (2) implies that cos 6; = cos 62, and since 6; and 62 lie between 0 and 7, 
we conclude that @; = & as claimed. a 


CONCEPTUAL INSIGHT Often, a maximum or minimum at a critical point represents the 
best compromise between “competing factors.” In Example 4, we maximized profit 
by finding the best compromise between raising the rent and keeping the apartment 
units occupied. In Example 5, our solution minimizes surface area by finding the best 
compromise between height and radius. In Example 2, the solution represents a com- 
promise between the slower speed on the road that leads to Route 1 and the faster speed 
along Route 1. On the other hand, in Example 3, since there is no compromise, a solu- 
tion occurs at an endpoint of the interval rather than at a critical point. The faster speed 


‘| along the road yields a road straight to the city, avoiding Route 1 altogether. 


4.7 SUMMARY 


* There are usually three main steps in solving an applied optimization problem: 

Step I. Choose variables. 
Determine which quantities are relevant, often by drawing a diagram, and assign 
appropriate variables. 

Step 2. Find the objective function and the interval. 
Restate as an optimization problem for a function f over an interval. If f depends 
on more than one variable, use a constraint equation to write f as a function of 
just one variable. 
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Step 3. Optimize the objective function. 


°- If the interval is open, f does not necessarily take on a minimum or maximum value. 
But if it does, these must occur at critical points within the interval. To determine if 
a min or max exists, analyze the behavior of f as x approaches the endpoints of the 


interval. 


4.7 EXERCISES 


Preliminary Questions 


1. The problem is to find the right triangle of perimeter 10 whose area is 
as large as possible. What is the constraint equation relating the base b and 
height k of the triangle? 


Exercises 


1. Find the dimensions x and y of the rectangle of maximum area that 
can be formed using 3 m of wire. 


(a) What is the constraint equation relating x and y? 

(b) Find a formula for the area in terms of x alone. 

(c) What is the interval of optimization? Is it open or closed? 
(d) Solve the optimization problem. 


2. Wire of length 12 m is divided into two pieces and each piece is bent 
into a square. How should this be done in order to minimize the sum of the 
areas of the two squares? 

(a) Express the sum of the areas of the squares in terms of the lengths x 
and y of the two pieces. 


(b) What is the constraint equation relating x and y? 
(c) What is the interval of optimization? Is it open or closed? 
(d) Solve the optimization problem. 


3. A rectangular bird sanctuary is being created with one side along a 
straight riverbank. The remaining three sides are to be enclosed with a 
protective fence. If there are 12 km of fence available, find the dimension 
of the rectangle to maximize the area of the sanctuary. 


4. The rectangular bird sanctuary with one side along a straight river is 
to be constructed so that it contains 8 km? of area. Find the dimensions 
of the rectangle to minimize the amount of fence necessary to enclose the 
remaining three sides. 


5. Find two positive real numbers such that the sum of the first number 
squared and the second number is 48 and their product is a maximum. 


6. Find two positive real numbers such that they sum to 108 and the 
product of the first times the square of the second is a maximum. 


7. A wire of length 12 m is divided into two pieces and the pieces are 
bent into a square and a circle. How should this be done in order to mini- 
mize the sum of their areas? 


8. Find the positive number x such that the sum of x and its reciprocal is 
as small as possible. Does this problem require optimization over an open 
interval or a closed interval? 


9. Find two positive real numbers such that they add to 40 and their prod- 
uct is as large as possible. 


10. Find two positive real numbers x and y such that they add to 120 and 
xy is as large as possible. 


2. Describe a way of showing that a continuous function on an open in- 
terval (a, b) has a minimum value. 


3. Is there a rectangle of area 100 of largest perimeter? Explain. 


11. Find two positive real numbers x and y such that their product is 800 
and x + 2y is as small as possible. 


12. A flexible tube of length 4 m is bent into an L-shape. Where should 
the bend be made to minimize the distance between the two ends? 


13. Find the dimensions of the box with square base with 
(a) Volume 12 and the minimal surface area. 
(b) Surface area 20 and maximal volume. 


14. A jewelry box with a square base is to be built with copper-plated 
sides, nickel-plated bottom and top, and a volume of 40 cm’. If nickel 
plating costs $2 per cm? and copper plating costs $1 per cm?, find the 
dimensions of the box to minimize the cost of the materials. 


15. A rancher will use 600 m of fencing to build a corral in the shape of 


a semicircle on top of a rectangle (Figure 11). Find the dimensions that 
maximize the area of the corral. 


FIGURE 11 


16. What is the maximum area of a rectangle inscribed in a right triangle 
with legs of length 3 and 4 as in Figure 12? The sides of the rectangle are 
parallel to the legs of the triangle. 


3 


FIGURE 12 
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17. Find the dimensions of the rectangle of maximum area that can be 
inscribed in a circle of radius r = 4 (Figure 13). 


Ea 
T 


FIGURE 13 


18. Find the dimensions x and y of the rectangle inscribed in a circle of 
radius r that maximizes the quantity xy?. 


19. In the setting of Examples 2 and 3, let r denote the speed along the 
road, and 4 denote the speed along the highway. 
(a) Show that the travel-time function 7 (x) has a critical point at 


30 
/(h/r)* — 1 


and explain why this indicates that if r > h there is no critical point. 
(b) Explain why there cannot be a critical point at x = 0, but depending 
on the speeds, the critical point can be arbitrarily close to 0. 


20. In the setting of Examples 2 and 3, replace 30 and 50 with general 
distances D and L, respectively. Also, let r denote the speed along the 
road, and h denote the speed along the highway. Show that the travel-time 
function T(x) has a critical point at 


D 


Vh/ry? -1i 


21. In the article “Do Dogs Know Calculus?” the author Timothy Pen- 
nings explained how he noticed that when he threw a ball diagonally into 
Lake Michigan along a straight shoreline, his dog Elvis seemed to pick 
the optimal point in which to enter the water so as to minimize his time 
to reach the ball, as in Figure 14. He timed the dog and found Elvis could 
run at 6.4 m/s on the sand and swim at 0.91 m/s. If Tim stood at point A 
and threw the ball to a point B in the water, which was a perpendicular 
distance 10 m from point C on the shore, where C is a distance 15 m from 
where he stood, at what distance x from point C did Elvis enter the water 
if the dog effectively minimized his time to reach the ball? 


FIGURE 14 


22. A four-wheel-drive vehicle is transporting an injured hiker to the hos- 
pital from a point that is 30 km from the nearest point on a straight road. 
The hospital is 50 km down that road from that nearest point. If the vehicle 
can drive at 30 kph over the terrain and at 120 kph on the road, how far 
down the road should the vehicle aim to reach the road to minimize the 
time it takes to reach the hospital? 


23. Find the point on the line y = x closest to the point (1,0). Hint: It is 
equivalent and easier to minimize the square of the distance. 


24. Find the point P on the parabola y = x? closest to the point (3,0) 
(Figure 15). 


FIGURE 15 


25. Find a good numerical approximation to the coordinates of 
the point on the graph of y = Inx — x closest to the origin (Figure 16). 


FIGURE 16 


26. Problem of Tartaglia (1500-1557) Among all positive numbers 
a,b whose sum is 8, find those for which the product of the two numbers 
and their difference is largest. 


27. Find the angle @ that maximizes the area of the isosceles triangle 
whose legs have length £ (Figure 17), using the fact the area is given by 


A= ġġ sind. 
ER 


FIGURE 17 
28. A right circular cone (Figure 18) has volume 
V = ST?h 


and surface area S = zrs/r? + h2. Find the dimensions of the cone with 
surface area 1 and maximal volume. 


FIGURE 18 


ta” 


N” 


29. Find the area of the largest isosceles triangle that can be inscribed in a 
circle of radius 1 (Figure 19). 


(x. x) 


FIGURE 19 


30. Find the radius and height of a cylindrical can of total surface area A 
whose volume is as large as possible. Does there exist a cylinder of surface 
area A and minimal total volume? 


31. A poster of area 6000 cm? has blank margins of width 10 cm on the 
top and bottom and 6 cm on the sides. Find the dimensions that maximize 
the printed area. 


32. According to postal regulations, a carton is classified as “oversized” if 
the sum of its height and girth (perimeter of its base) exceeds 108 in. Find 
the dimensions of a carton with a square base that is not oversized and has 
maximum volume. 


33. Kepler’s Wine Barrel Problem In his work Nova stereometria do- 
liorum vinariorum (New Solid Geometry of a Wine Barrel), published in 
1615, astronomer Johannes Kepler stated and solved the following prob- 
lem: Find the dimensions of the cylinder of largest volume that can be 
inscribed in a sphere of radius R. Hint: Show that an inscribed cylinder 
has volume 27 x(R? — x), where x is one-half the height of the cylinder. 


34. Find the angle @ that maximizes the area of the trapezoid with a base 
of length 4 and sides of length 2, as in Figure 20. 


FIGURE 20 


35. A landscape architect wishes to enclose a rectangular garden of area 
1000 m? on one side by a brick wall costing $90/m and on the other three 
sides by a metal fence costing $30/m. Which dimensions minimize the to- 
tal cost? 


36. The amount of light reaching a point at a distance r from a light source 
A of intensity Z4 is J4/r*. Suppose that a second light source B of in- 
tensity 7p = 4/4 is located 10 m from A. Find the point on the segment 
joining A and B where the total amount of light is at a minimum. 


37. Find the maximum area of a rectangle inscribed in the region bounded 
>X 


and the axes (Figure 21). 


A 
by the gra hofy=-— 
ý p : PP 


FIGURE 21 
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38. Find the maximum area of a triangle formed by the axes and a tangent 
line to the graph of y = (x + 1)? with x > 0. 


39. Find the maximum area of a rectangle circumscribed around a rect- 
angle of sides L and H. Hint: Express the area in terms of the angle 8 


(Figure 22). 


H 
L 


Koar 


FIGURE 22 


40. A contractor is engaged to build steps up the slope of a hill that has the 


PRAN EREA 


shape of the graph of y = for O < x < 80 with x in meters 


(Figure 23). What is the maximum vertical rise of a stair if each stair has a 
horizontal length of - m? 


5 
i 
40 + 


40 


FIGURE 23 


4]. Find the equation of the line through P = (4, 12) such that the triangle 
bounded by this line and the axes in the first quadrant has minimal area. 


42. Let P = (a,b) lie in the first quadrant. Find the slope of the line 
through P such that the triangle bounded by this line and the axes in the 
first quadrant has minimal area. Then show that P is the midpoint of the 
hypotenuse of this triangle. 


43. Archimedes’s Problem A spherical cap (Figure 24) of radius r and 
height A has volume V = wh? (r — th) and surface area $ = 27rh. Prove 
that the hemisphere encloses the largest volume among all spherical caps 
of fixed surface area $. 


FIGURE 24 


44. Find the isosceles triangle of smallest area (Figure 25) that circum- 
scribes a circle of radius | (from Thomas Simpson’s The Doctrine and 
Application of Fluxions, a calculus text that appeared in 1750). 
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BA 


FIGURE 25 


45. A box of volume 72 m° with a square bottom and no top is constructed 
out of two different materials. The cost of the bottom is S40/m? and the cost 
of the sides is $30/m?. Find the dimensions of the box that minimize total 
cost. 


46. Find the dimensions of a cylinder of volume 1 m? of minimal cost if 
the top and bottom are made of material that costs twice as much as the 
material for the side. 


47. Your task is to design a rectangular industrial warehouse consisting of 
three separate spaces of equal size as in Figure 26. The wall materials cost 
$500 per linear meter and your company allocates $2,400,000 for that part 
of the project involving the walls. 


(a) Which dimensions maximize the area of the warehouse? 
(b) What is the area of each compartment in this case? 


FIGURE 26 


48. Suppose, in the previous exercise, that the warehouse consists of n 
separate spaces of equal size. Find a formula in terms of for the maxi- 
mum possible area of the warehouse. 


49. According to a model developed by economists E. Heady and 
J. Pesek, if fertilizer made from N pounds of nitrogen and P Ib of phos- 
phate is used on an acre of farmland, then the yield of corn (in bushels per 
acre) is 


Y =7.5+0.6N +0.7P — 0.001 N7 —0.002P? + 0.001N P 


A farmer intends to spend $30/acre on fertilizer. If nitrogen costs 
25 cents/lb and phosphate costs 20 cents/lb, which combination of N and 
P produces the highest yield of corn? 


50. Experiments show that the quantities x of corn and y of soybean re- 
quired to produce a hog of weight Q satisfy Q = 0.5x!/*y!/4. The unit of 
x, y, and Q is the cwt, an agricultural unit equal to 100 1b. Find the values 
of x and y that minimize the cost of a hog of weight Q = 2.5 cwt if corn 
costs $3/cwt and soy costs S7/cwt. 


51. All units in a 100-unit apartment building are rented out when the 
monthly rent is set at r = $900/month. Suppose that one unit becomes 
vacant with each $10 increase in rent and that each occupied unit costs 
$80/mon in maintenance. Which rent r maximizes monthly profit? 


52. An 8-billion-bushel corn crop brings a price of $2.40/bushel. A com- 
modity broker uses the rule of thumb: If the crop is reduced by x percent, 
then the price increases by 10x cents. Which crop size results in maximum 
revenue and what is the price per bushel? Hint: Revenue is equal to price 
times crop size. 


53. The monthly output of a Spanish light bulb factory is P = 2L K? (in 
millions), where L is the cost of labor and K is the cost of equipment 


(in millions of euros). The company needs to produce 1.7 million units per 
month. Which values of L and K would minimize the total cost L + K? 


54. The rectangular plot in Figure 27 has size 100 m x 200 m. Pipe is to 
be laid from A to a point P on side BC and from there to C. The cost of 
laying pipe along the side of the plot is $45/m and the cost through the plot 
is $80/m (since it is underground). 

(a) Let f(x) be the total cost, where x is the distance from P to B. De- 
termine f(x), but note that f is discontinuous at x = 0 (when x = 0. the 
cost of the entire pipe is $45/m). 

(b) What is the most economical way to lay the pipe? What if the cost 
along the sides is $65/m? 


B 
100 
A 200 
FIGURE 27 


55. Brandon is on one side of a river that is 50 m wide and wants to reach 
a point 200 m downstream on the opposite side as quickly as possible by 
swimming diagonally across the river and then running the rest of the way. 
Find the best route if Brandon can swim at 1.5 m/s and run at 4 m/s. 


56. Snell’s Law When a light beam travels from a point A above a 
swimming pool to a point B below the water (Figure 28), it chooses the 
path that takes the least time. Let v; be the velocity of light in air and 
v2 the velocity in water (it is known that v; > v2). Prove Snell’s Law of 
Refraction: 


FIGURE 28 


57. Vascular Branching A small blood vessel of radius r branches off 
at an angle @ from a larger vessel of radius R to supply blood along a path 
from A to B. According to Poiseuille’s Law, the total resistance to blood 
flow is proportional to 


r a~—bcot@  bescé 
~\ Re e ya 


where a and b are as in Figure 29. Show that the total resistance is mini- 
mized when cos 8 = (r/ RÝ. 


FIGURE 29 


In Exercises 58-59, a box (with no top) is to be constructed from a piece 
of cardboard with sides of length A and B by cutting out squares of length 
h from the corners and folding up the sides (Figure 30). 


58. Find the value of h that maximizes the volume of the box if A = 15 
and B = 24. What are the dimensions of this box? 


59, Which values of A and B maximize the volume of the box if h = 10 
cm and AB = 900 cm?? 


FIGURE 30 


60. Which value of kh maximizes the volume of the box if A = B? 


61. Given 7 numbers x|,....X,, find the value of x minimizing the sum 
of the squares: 


(x — xy +(x - xo) +e +o N 
First, solve for n = 2, 3 and then try it for arbitrary n. 


62. A billboard of height b is mounted on the side of a building with its 
bottom edge at a distance h from the street as in Figure 31. At what dis- 
tance x should an observer stand from the wall to maximize the angle of 
observation @? 


63. Solve Exercise 62 again using geometry rather than calculus. There 
is a unique circle passing through points B and C that is tangent to the 
street. Let R be the point of tangency. Note that the two angles labeled y 
in Figure 3] are equal because they subtend equal arcs on the circle. 

(a) Show that the maximum value of @ is @ = w. Hint: Show that 

vy =6+2ZPBA, where A is the intersection of the circle with PC. 

(b) Prove that this agrees with the answer to Exercise 62. 

(c) Show that QRB = £RCQ for the maximal angle y. 


FIGURE 31 
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64. Optimal Delivery Schedule A gas station sells Q gallons of gaso- 
line per year. which is delivered N times per year in equal shipments of 
Q/N gallons. The cost of each delivery is d dollars and the yearly stor- 
age costs are sQT, where T is the length of time (a fraction of a year) 
between shipments and s is a constant. Show that costs are minimized for 
N = J/sQ/d. (Hint: T = 1/N.) Find the optimal number of deliveries if 
Q = 2 million gal, d = $8000, and s = 30 cents/gal-year. Your answer 
should be a whole number, so compare costs for the two integer values of 
N nearest the optimal value. 


65. Victor Klee’s Endpoint Maximum Problem Given 40 m of straight 
fence, your goal is to build a rectangular enclosure using 80 additional me- 
ters of fence that encompasses the greatest area. Let A(x) be the area of the 
enclosure, with x as in Figure 32. 

(a) Find the maximum value of A(x). 


(b) Which interval of x values is relevant to our problem? Find the maxi- 
mum value of A(x) on this interval. 


FIGURE 32 


66. Let (a,b) be a fixed point in the first quadrant and let S(d) be the sum 
of the distances from (d. 0) to the points (0, 0), (a. b). and (a, —b). 

(a) Find the value of d for which S(d) is minimal. The answer depends 
on whether b < /3a or b > V3a. Hint: Show that d = 0 when b > Ba. 


(b) (GU) Let a = 1. Plot $ for b = 0.5, v3. 3 and describe the position 
of the minimum. 


67. The force F (in Newtons) required to move a box of mass m kg in 
motion by pulling on an attached rope (Figure 33) is 


roja —2*8 _ 
cos@ + f sing 

where @ is the angle between the rope and the horizontal, f is the coeffi- 
cient of static friction, and g = 9.8 m/s2. Find the angle @ that minimizes 
the required force F. assuming f = 0.4. Hint: Find the maximum value of 
cos + f sing. 


FIGURE 33 


68. In the setting of Exercise 67, show that for any f the minimal force 
required is proportional to 1/,/1 + f?. 


69. Bird Migration Ornithologists have found that the power (in joules 
per second) consumed by a certain pigeon flying at velocity v m/s is de- 
scribed well by the function P(v) = 17u7! + 107%v? joules/s. Assume 
that the pigeon can store 5 x 107 joules of usable energy as body fat. 

(a) Show that at velocity v, a pigeon can fly a total distance of D(v) = 
(5 x 10f)v/ P(w) if it uses all of its stored energy. 


(b) Find the velocity up that minimizes P. 
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(c) Migrating birds are smart enough to fly at the velocity that maximizes 
distance traveled rather than minimizes power consumption. Show that 
the velocity vg which maximizes D(v) satisfies P’(vz) = P(va)/va. Show 
that vg is obtained graphically as the velocity coordinate of the point where 
a line through the origin is tangent to the graph of P (Figure 34). 

(d) Find v4 and the maximum distance D(va). 


Power (joules/s) 
Minimum power 
consumption 


distance 
traveled 


Velocity (m/s) 


FIGURE 34 


70. The problem is to put a “roof” of side s on an attic room of height h 
and width b. Find the smallest length s for which this is possible if b = 27 
and h = 8 (Figure 35). 


71. Redo Exercise 70 for arbitrary b and h. 


aa } 
ASA 


FIGURE 36 


FIGURE 35 
72. Find the maximum length of a pole that can be carried horizontally 
around a corner joining corridors of widths a = 24 and b = 3 (Figure 36). 
73. Redo Exercise 72 for arbitrary widths a and b. 


74. Find the minimum length £ of a beam that can clear a fence of height 
h and touch a wall located b ft behind the fence (Figure 37). 


FIGURE 37 


75. Eá A basketball player stands d feet from the basket. Let h and a 
be as in Figure 38. Using physics, one can show that if the player releases 
the ball at an angle 8, then the initial velocity required to make the ball go 
through the basket satisfies 


iis 16d 
~ cos? 6(tan @ — tana) 


(a) Explain why this formula is meaningful only for a < 8 < 4. Why 
does v approach infinity at the endpoints of this interval? 

(b) (Gu) Take a= z and plot v? as a function of 8 for <0 < F. 
Verify that the minimum occurs at ô = 7. 


(c) Set F(0) = cos? 6(tan@ — tana). Explain why v is minimized for 8 
such that F(@) is maximized. 

(d) Verify that F’(@) = cos(a — 26) seca (you will need to use the addi- 
tion formula for cosine) and show that the maximum value of F on |æ, 5 | 
occurs at o = 5 + 3- 

(e) Fora given g, the optimal angle for shooting the basket is 9 because 
it minimizes v? and therefore minimizes the energy required to make the 
shot (energy is proportional to v*). Show that the velocity vopt at the opti- 
mal angle ĝo satisfies 


2 _ 32dcosa _ 32d? 
om Tsing E E 


(£ (Gu) Show with a graph that for fixed d (say, d = 15 ft, the distance 
of a free throw), a is an increasing function of h. Use this to explain 
why taller players have an advantage and why it can help to jump while 
shooting. 


FIGURE 38 


76. Three towns A, B, and C are to be joined by an underground fiber 
cable as illustrated in Figure 39(A). Assume that C is located directly be- 
low the midpoint of A B. Find the junction point P that minimizes the total 
amount of cable used. 


(a) First show that P must lie directly above C. Hint: Use the result of Ex- 
ample 7 to show that if the junction is placed at point Q in Figure 39(B), 
then we can reduce the cable length by moving Q horizontally over to the 
point P lying above C. 


(b) With x as in Figure 39(A), let f(x) be the total length of cable used. 
Show that f has a unique critical point c. Compute c and show that 
0 <c < Lif and only if D < 273 L. 

(c) Find the minimum of f on [0, L] in two cases: D = 2, L = 4 and 
DSS L= 


FIGURE 39 


S” 
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Further Insights and Challenges 


77. Tom and Ali drive along a highway represented by the graph of f in 
Figure 40. During the trip, Ali views a billboard represented by the seg- 
ment BC along the y-axis. Let Q be the y-intercept of the tangent line to 
y = f(x). Show that ô is maximized at the value of x for which the angles 
LOP B and ZQCP are equal. This generalizes Exercise 63 (c) [which cor- 
responds to the case f(x) = 0]. Hints: 


(a) Show that d@/dx is equal to 


HOSEN) — H - F@) — xf’ @ -F a) = xf) 
(x? + (b — SENE +e- SEN 


(b) Show that the y-coordinate of Q is f(x) — xf'(x). 
(c) Show that the condition d6/dx = 0 is equivalent to 


(b-c) 


PQ*=BQ-CQ 


(d) Conclude that AQPB and AQCP are similar triangles. 


Billboard 


= (x, f Œ)) 


Highway 
FIGURE 40 


Seismic Prospecting Exercises 78—80 are concerned with determining 
the thickness d of a layer of soil that lies on top of a rock formation. Ge- 
ologists send two sound pulses from point A to point D separated by a 
distance s. The first pulse travels directly from A to D along the surface of 
the earth. The second pulse travels down to the rock formation, then along 
its surface, and then back up to D (path ABCD), as in Figure 41. The pulse 
travels with velocity vı in the soil and v2 in the rock. 


78. (a) Show that the time required for the first pulse to travel from A to 
D is t = s/v. 


(b) Show that the time required for the second pulse is 


provided that 


ano < | 3 | 


(Note: If this inequality is not satisfied, then point B does not lie to the left 
of C.) 


(c) Show that t is minimized when sin = v/v. 


79. In this exercise, assume that v2/v; > y1 + 4(d/s). 
(a) Show that inequality (3) holds if sin@ = vı /v2. 


(b) Show that the minimal time for the second pulse is 
NE A 
vi v2 


where k = vı /v2. 
sagged lf? 
t 2d(1 — k^) k 


— 


(c) Conclude that 2 
ti S 


80. Continue with the assumption of the previous exercise. 

(a) Find the thickness of the soil layer, assuming that vı = 0.7v2, 
t/t; = 1.3, and s = 400 m. 

(b) The times ¢; and % are measured experimentally. The equation in Ex- 
ercise 79(c) shows that /t; is a linear function of 1/s. What might you 


conclude if experiments were formed for several values of s and the points 
(1/s, t2/t) did not lie on a straight line? 


FIGURE 41 


81. [Ff In this exercise, we use Figure 42 to prove Heron’s principle of 
Example 7 without calculus. By definition, C is the reflection of B across 
the line MN (so that BC is perpendicular to MN and BN = CN). Let P 
be the intersection of AC and MN. Use geometry to justify the following: 
(a) APNB and APNC are congruent and 6; = 6). 

(b) The paths AP B and APC have equal length. 

(c) Similarly, AQB and AQC have equal length. 

(d) The path APC is shorter than AQC for all Q Æ P. 

Conclude that the shortest path A Q B occurs for Q = P. 


FIGURE 42 


82. A jewelry designer plans to incorporate a component made of gold 
in the shape of a frustum of a cone of height 1 cm and fixed lower 
radius r (Figure 43). The upper radius x can take on any value between 
0 and r. Note that x = 0 and x = r correspond to a cone and cylinder, re- 
spectively. As a function of x, the surface area (not including the top and 
bottom) is S(x) = ms(r + x), where s is the slant height as indicated in the 
figure. Which value of x yields the least expensive design [the minimum 
value of S(x) for 0 < x <r]? 


(a) Show that S(x) = x(r + x)./1+(r —x/y. 
(b) Show that if r < ./2, then S is an increasing function. Conclude that 
the cone (x = 0) has minimal area in this case. 
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(c) Assume that r > /2. Show that S has two critical points xı < x2 in 
(0,r), and that S(x) is a local maximum, and S(x2) is a local minimum. 


(d) Conclude that the minimum occurs at x = 0 or x2. 


(e) Find the minimum in the cases r = 1.5 andr = 2. 


(f) Challenge: Let c = vi (5 + 3./3)/4 œ 1.597. Prove that the minimum 


occurs at x = 0 (cone) if /2 <r < c, but the minimum occurs at x = x2 


ifr >c. 


qed REMINDER A “zero” or “root” of a 
function f is a solution of the equation 


f(x) = 0. 


FIGURE 1 Graph of y = x° — x — 1. With 
Newton’s Method, we can approximate the 
root c as accurately as we like. 


CB FIGURE 2 The sequence produced by 
iteration converges to a root. 


FIGURE 43 Frustum of height 1 cm. 


4.8 Newton’s Method 


Newton’s Method is a procedure for finding numerical approximations to zeros of func- 
tions. Numerical approximations are important because it is often impossible to find the 
zeros exactly. For example, the polynomial f(x) = x° — x — 1 has one real root c (see 
Figure 1), but we can prove, using an advanced branch of mathematics called Galois 
Theory, that there is no algebraic formula for this root. In this section, using Newton’s 
Method, we show that c + 1.1673, and we show that we can compute c to any desired 
degree of accuracy with enough computation. 

In Newton’s Method, we begin by choosing a number xo, which we believe is close 
to a root of the equation f(x) = 0. This starting value xo is called the initial guess. New- 
ton’s Method then produces a sequence x9,x1,x2,x3... of successive approximations 
that, in favorable situations, converge to a root. 

Figure 2 illustrates the procedure. Given an initial guess xo, we draw the tangent 
line to the graph at (xo, f(xo)). The approximation x; is defined as the x-coordinate of 
the point where the tangent line intersects the x-axis. To produce the second approxima- 
tion x2 (also called the second iterate), we apply this procedure to x1. Then, repeatedly 
applying this procedure, we produce the sequence of approximations xo, X1, X2, X3 .... 


X1 Xo X3 Xi Xo 


First iteration Second iteration 


Let’s derive a formula for x;. The tangent line at (xo, f (xọ)) has equation 
y = f (x0) + f'(x0)Œ — xo) 
The tangent line crosses the x-axis at x1, where y = 0, that is, where 
fo) + f’(xo)(x1 — x0) = 0 


To solve for xı, we first divide by f’(xo) (as long as it is not zero) to obtain 
xı — xo = — f (xo)/f' (xo), and therefore, 


f (xo) 
F'(xo) 


x1 = X0 — 


Newton's Method is an example of an 
iterative procedure. To “iterate” means to 
repeat, and in Newton's Method, we use 
Eq. (1) repeatedly to produce the sequence 
of approximations. 


FIGURE 3 Graph of f(x) = sin 3x — cos x. 
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The second iterate x2 is obtained by applying this formula to x; instead of xo: 


f) 
f'(1) 
and so on. Notice in Figure 2 that x; is closer to the root than xo is and that x2 is closer 


still. This is typical: The successive approximations usually converge to the actual root. 
However, there are cases where Newton’s Method fails (see Figure 4). 


x2 = 41 — 


Newton’s Method To approximate a root of f(x) = 0: 


Step 1. Choose an initial guess x9 (close to the desired root if possible). 
Step 2. Generate successive approximations x1, x2,..., where 


Ff (Xn) 
F'n) | 


Xn+1 = Xn — 


EXAMPLE 1 Calculate the first five approximations x;,...,x5 to a root of f(x) = 


x> — x — 1 using the initial guess x9 = 1. 


Solution We have f'(x) = 5x* — 1. Therefore, 


We compute the first two approximations as follows: 


f (xo) P=i~{ 
LERS Ge) 5(1)? — 1 
fx) 1.255 — 1.25-—1 
Cear 2 5 Ea E y 
ee eh 5a) en 


Continuing, rounding to six decimal places at each stage, we obtain x3 ~ 1.167547, 
x4 © 1.167304, and x5 œ% 1.167304. This suggests that, accurate to six decimal places, 
1.167304 is a root of f(x) = x$ — x — 1. is 


We can check our approximation; evaluating x> — x — 1 atx = 1.167304, we obtain 
0.00000018 (to eight decimal places), verifying that we have a good approximation to a 
root of f(x) =x -x — 1. 


How Many Iterations Are Required? 


How many iterations of Newton’s Method are required to approximate a root to within a 
given accuracy? There is no definitive answer, but in practice, it is usually safe to assume 
that if xn and x,41 agree to m decimal places, then the approximation x, is correct to 


these m places. 
EXAMPLE 2 (GU) Letc be the smallest positive solution of sin 3x = cos x. 


(a) Use a computer-generated graph to choose an initial guess xo for c. 
(b) Use Newton’s Method to approximate c to within an error of at most 1076. 


Solution 


(a) A solution of sin 3x = cos x is a zero of the function f(x) = sin 3x — cos x. Figure 3 
shows that the smallest positive zero is approximately halfway between 0 and 7 Because 
3 ~% 0.785, a good initial guess is xo = 0.4. 
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(b) Since f'(x) = 3 cos3x + sin x, Eq. (1) yields the formula 
sin 3x, — COS Xn 


Xn+1 = Xn — SOF 
ial 3 cos 3x, + sin x, 


There is no single “correct” initial guess. In With xp = 0.4 as the initial guess, the first four iterates are 
Example 2, we chose xp = 0.4, but 


another possible choice is xọ = 0, leading xı © 0.3925647447 

to the sequence x2 © 0.3926990382 
x, = 0.3333333333 x3 ©% 0.39269908 16987196 
X2 © 0.3864547725 x4 œ 0.3926990816987241 


zæ 0,3926082513 . a 
j Stopping here, we can be fairly confident that x4 approximates the smallest positive root 


x4 œ% 0.3926990816 c to at least 12 places. In fact, c = ġ and x4 is accurate to 16 places. F 


You can check, however, that xọ = 1 yields 


a sequence converging to 7, which is the Which Root Does Newton’s Method Compute? 


second positive solution of sin3x = Cos x. 

Sometimes, Newton’s Method computes no root at all. In Figure 4, the iterates diverge 
to infinity. In practice, however, Newton’s Method usually converges quickly, and if a 
particular choice of xo does not lead to a root, the best strategy is to try a different initial 
guess, consulting a graph if possible. If f(x) = 0 has more than one root, different initial 
guesses xo may lead to different roots. 


EXAMPLE 3 Figure 5 shows that f(x) = x4 — 6x? + x + 5 has four real roots. 


(a) Show that with x9 = 0, Newton’s Method converges to the root near —2. 
(b) Show that with x9 = —1, Newton’s Method converges to the root near —1. 


Solution We have f'(x) = 4x3 — 12x + 1 and 


xt — 6x2 + xn +5 3x4 —6x2-5 
Xn+1 = Xn i SS SS r 

4x3 — 12xn + 1 4x3 — 12xn + 1 
FIGURE 4 Function has only one zero 


(a) On the basis of Table 1, we can be confident that when x9 = 0, Newton’s Method 
but the sequence of Newton iterates goes 


converges to a root near —2.3. Notice in Figure 5 that this is not the closest root to xo. 


off to infinity. l 
(b) Table 2 suggests that with xọ = —1, Newton’s Method converges to the root 
near —0.9. | | 
TABLE 1 TABLE 2 
xo 0 x0 —] 
xi —5 X1 —0.8888888888 
X? —3.9179954 x2 —0.8882866 140 
x3 —3.1669480 x3 —0.88828656234358 
X4 —2.6871270 x4 —0.888286562343575 
FIGURE 5 Graph of E -D — = 
hero a xe —2.3572979 
x7 —2.3495000 


EXAMPLE 4 Approximating /5 We know that the solutions to x2 — 5 = 0 are x = 
+./5. We can use Newton’s method to obtain approximations to these values. Approxi- 
mate 4/5 using an initial guess x9 = 2. 


Solution We have f'(x) = 2x. Therefore, 
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We compute the successive approximations as follows: 


7* — 5 
x1 = x0 — fo) = 2 — ——— =s 
f’ (xo) 22 
f(x1) 2.257 —5 
=— = 2.25 — —_— ~ 2.23611 
aT eg 7 pa 
f (x2) 2.236117 — 5 
= x2 — = 2.23611 — ———__——_ ~ 2.23606797789 
me) iai 2 . 2.23611 


Therefore, V5 ~ 2.23606797789. 


A calculator computation of ~/5 yields 
V5 = 2.23606797750... 


Observe that x3 is accurate to within an error of less than 10~?. This is impressive accu- 
racy for just three iterations of Newton’s Method. a 


4.8 SUMMARY 


e Newton’s Method: To find a sequence of numerical approximations to a root of f, 
begin with an initial guess x9. Then construct the sequence xo, x1, %2,... using the 
formula 


= T (Xn) 

f'n) 
You should choose the initial guess xo as close as possible to a root, possibly by 
referring to a graph. In favorable cases, the sequence converges rapidly to a root. 


¢ If x, and x,41 agree to m decimal places, it is usually safe to assume that x, agrees 
with a root to m decimal places. 


Xn+1 = Xn 


4.8 EXERCISES 


Preliminary Questions 


1. How many iterations of Newton’s Method are required to compute a 3. What happens in Newton’s Method if your initial guess happens to be 


root if f is a linear function? 


a local min or max of f? 


4. Is the following a reasonable description of Newton’s Method: “A 


2. What happens in Newton’s Method if your initial guess happens to be root of the equation of the tangent line to the graph of f is used as an 
a zero of f? approximation to a root of f itself’? Explain. 

Exercises 

In this exercise set, all approximations should be carried out using New- 7. Use Figure 6 to choose an initial guess x9 to the unique real root of 


ton’s Method. 


x? + 2x +5 = 0 and compute the first three Newton iterates. 


In Exercises 1-6, apply Newton’s Method to f and initial guess xg to cal- 


culate x1, X2, X3. 


f(x) =x7-6, x =2 


F(x) =x? IU xe =2 


= W F 7 PP 


f(x) =x? —3x +1, xo =3 


f@=x2 +x +1, xo = -1 
f(x) =cosx — 4x, x9 =1 


f(x) =1-—xsinx, x9 =7 


FIGURE 6 Graph of y = x? +2x + 5. 
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8. Approximate a solution of sin x = cos 2x in the interval [0, 3 | to three 
decimal places. Then find the exact solution and compare with your ap- 
proximation. 


9. Approximate both solutions of e” = 5x to three decimal places 
(Figure 7). 


1 Z 3 


FIGURE 7 Graphs of y = e* and y = 5x. 


10. The first positive solution of sinx =O is x =x. Use Newton’s 
Method to calculate x to four decimal places. 


In Exercises 11—14, approximate to three decimal places using Newton’s 
Method and compare with the value from a calculator. 


11. v11 iz 5! 13. 27/3 14. 3-1/4 


15. Approximate the largest positive root of f(x) = x* — 6x? +x +5 to 
within an error of at most 1074. Refer to Figure 5. 


(Gu) In Exercises 16-21, approximate the value specified to three deci- 
mal places using Newton’s Method. Use a plot to choose an initial guess. 


16. Largest positive root of f(x) = x? — 5x + 1 
17. Negative root of f(x) = x? — 20x + 10 
18. Positive solution of sin@ = 0.86 

19. Positive solution of 2 tan`! x = x 

20. The least positive solution of x cosx = 10 


21. Solution of ln(x + 4) =x 


22. Let xı, x2 be the estimates to a root obtained by applying Newton’s 
Method with xo = 1 to the function graphed in Figure 8. Estimate the nu- 
merical values of x; and x2, and draw the tangent lines used to obtain 
them. 


FIGURE 8 


23. (Gu) Find the smallest positive value of x at which y =x and 
y = tan x intersect. Hint: Draw a plot. 


24, In 1535, the mathematician Antonio Fior challenged his rival Niccolo 
Tartaglia to solve this problem: A tree stands 12 braccia high; it is broken 
into two parts at such a point that the height of the part left standing is 
the cube root of the length of the part cut away. What is the height of the 
part left standing? Show that this is equivalent to solving x? + x = 12 and 
finding the height to three decimal places. Tartaglia, who had discovered 


the secret of solving the cubic equation, was able to determine the exact 
answer: 


(Y A2919 + 54 — 3/2919 — 54) 
——__ 


b —— 


25. Find (to two decimal places) the coordinates of the point P in Figure 9 
where the tangent line to y = cos x passes through the origin. 


y 


FIGURE 9 


Newton’s Method is often used to determine interest rates in financial cal- 
culations. In Exercises 26-28, r denotes a yearly interest rate expressed 
as a decimal (rather than as a percent). 


26. If P dollars are deposited every month in an account earning interest 
at the yearly rate r, then the value § of the account after N years is 


pl2N+1 _p 
= — here b = 1 + — 
S P( ay ). where e 


You have decided to deposit P = $100 per month. 

(a) Determine S after 5 years if r = 0.07 (i.e., 7%). 

(b) Show that to save $10,000 after 5 years, you must earn interest at a 
rate r determined by the equation b6! — 101b + 100 = 0. Use Newton’s 
Method to solve for b. Then find r. Note that b = 1 is a root, but you want 
the root satisfying b > 1. 


27. If you borrow L dollars for N years at a yearly interest rate r, your 
monthly payment of P dollars is calculated using the equation 


1 — b7 !2N r 
L = P| ——— h b=1+— 
( = ). where +H 


(a) Find P if L = $5000, N = 3, and r = 0.08 (8%). 
(b) You are offered a loan of L = $5000 to be paid back over 3 years with 
monthly payments of P = $200. Use Newton’s Method to compute b and 
find the implied interest rate r of this loan. Hint: Show that 
(L/P)b!2N+) _ 4 L/Pyp!?* 41 =0 

28. If you deposit P dollars in a retirement fund every year for N years 
with the intention of then withdrawing Q dollars per year for M years, you 
must eam interest at a rate r satisfying 

PY —1)= Q0 -b7™), whereb=1+4r 
Assume that $2000 is deposited each year for 30 years and the goal is to 
withdraw $10,000 per year for 25 years. Use Newton’s Method to compute 


b and then find r. Note that b = 1 is a root, but you want the root satisfying 
b> 1. 


29. There is no simple formula for the position at time t of a planet P in 
its orbit (an ellipse) around the sun. Introduce the auxiliary circle and angle 


0 in Figure 10 (note that P determines 0 because it is the central angle of ~ 


point B on the circle). Let a = OA and e = OS/OA (the eccentricity of 
the orbit). 


(a) Show that sector BSA has area (a? /2)(0 — e sin 8). 


Xo 


(b) By Kepler’s Second Law, the area of sector BSA is proportional to the 
time ¢ elapsed since the planet passed point A, and because the circle has 
area ma”, BSA has area (7a*)(t/T), where T is the period of the orbit. 
Deduce Kepler’s Equation: 
T =0 — esin 
T 

(c) The eccentricity of Mercury’s orbit is approximately e = 0.2. Use 
Newton’s Method to find @ after a quarter of Mercury’s year has elapsed 
(t = T/4). Convert 8 to degrees. Has Mercury covered more than a quarter 
of its orbit at t = T /4? 


Auxiliary circle 


FIGURE 10 


30. The roots of f(x) = 1x3 — 4x +1 to three decimal places are 
—3.583, 0.251, and 3.332 (Figure 11). Determine the root to which New- 
ton’s Method converges for the initial choices x9 = 1.85, 1.7, and 1.55. 
The answer shows that a small change in xg can have a significant effect 
on the outcome of Newton’s Method. 
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FIGURE 11 Graph of f(x) = 4x° — 4x +1. 


31. Let f(x) =xe™. 
(a) Show that a sequence obtained by applying Newton’s Method to f 
2 

satisfies x41 = ate 

(b) Compute x1, x2,...,x19 Separately with x9 = 0.8 and xo = 5. 

Discuss what appears to be happening in each case. (Note: the only root of 

fisatx =0,) 

32. Let f(x) = xe”. 

(a) Show that a sequence obtained by applying Newton’s Method to f 
204 

satisfies X,41 = HT 

(b) Compute x1, x2, ...,x19 separately with x9 = —3 and xo = 7. 


Discuss what appears to be happening in each case. (Note: the only root of 
f isatx =0.) 


33. What happens when you apply Newton’s Method to find a zero of 
f(x) = x!7 Note that x = 0 is the only zero. 


34. What happens when you apply Newton’s Method to the equation 
x? — 20x = 0 with the unlucky initial guess xo = 2? 


Further Insights and Challenges 

35. Newton’s Method can be used to compute reciprocals without per- 
forming division. Let c > 0 and set f(x) = x7! — c. 

(a) Show that x — (f(x)/f’(x)) = 2x — cx?. 


(b) Calculate the first three iterates of Newton’s Method with c = 10.3 
and the two initial guesses x9 = 0.1 and x9 = 0.5. 


(c) Explain graphically why xo = 0.5 does not yield a sequence converg- 
ing to 1/10.3. 


In Exercises 36 and 37, consider a metal rod of length L fastened at both 
ends. If you cut the rod and weld on an additional segment of length m, 
leaving the ends fixed, the rod will bow up into a circular arc of radius R 
(unknown), as indicated in Figure 12. 


~ 
ee a 


FIGURE 12 The bold circular arc has length L + m. 


36. Let h be the maximum vertical displacement of the rod. 
(a) Show that L = 2R sin and conclude that 


FA L(1 — cos 8) 
= 2sin@ 


(b) Show that L + m = 2R6 and then prove 


sin @ E 
8 L+m 


[2] 


37. Let L = 3 and m = 1. Apply Newton’s Method to Eq. (2) to estimate 
8, and use this to estimate h. 


38. Quadratic Convergence to Square Roots Let f(x) = x? — c and 
let €n = Xn — fc be the error in xp. 


(a) Show that xn41 = $ (Xn +c/Xn) and en41 = €2/2xp. 
(b) Show that if xo > ./c, then x, > „/c for all n. Explain graphically. 
(c) Show that if xo > s/c, then en41 < e2/(2./c). 


In Exercises 39-41, a flexible chain of length L is suspended between two 
poles of equal height separated by a distance 2M (Figure 13). By New- 
ton’s laws, the chain describes a catenary y = a cosh() where a is the 
number such that L = 2a sinh( ), The sag s is the vertical distance from 
the highest to the lowest point on the chain. 
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39. Suppose that L = 120 and M = 50. 

(a) Use Newton’s Method to find a value of a (to two decimal places) 
satisfying L = 2a sinh(M/a). 

(b) Compute the sag s. 


40. Assume that M is fixed. 

(a) Calculate gs Note that s = a cosh (“) — a. 

(b) Calculate de by implicit differentiation using the relation 
L = 2a sinh (%). 

(c) Use (a) and (b) and the Chain Rule to show that 


ds _ ds da _ cosh(M/a) — (M/a) sinh(M/a) — 1 [3 | 


41. Suppose that L = 160 and M = 50. = 


(a) Use Newton’s Method to find a value of a (to two decimal places) 
satisfying L = 2a sinh(M /a). 


(b) Use Eq. (3) and the Linear Approximation to estimate the increase in 
sag As for changes in length AL = 1 and AL =5. 


(c) Compute s(161) — s(160) and s(165) — s(160) directly and 
compare with your estimates in (b). 


y = acosh(x/a) 


FIGURE 13 Chain hanging between two poles. 


CHAPTER REVIEW EXERCISES 


In Exercises 1—6, estimate using the Linear Approximation or lin- 
earization, and use a calculator to estimate the error. 


1 1 
1° gu’? —3 2 ——--= 
V4.1 2 
3, 6251/4 — 6241/4 4. /101 
! 5 
ae 6. /33 
1.02 
In Exercises 7—12, find the linearization at the point indicated. 
7. y= sX, a=25 8. v(t) = 32t-—417, a=2 


9, Alr)= aur, a=%s 

10. V(h) = 4h(2 —h)(4—2h), a=1 
11. Pœ) =e, a=1 

In Exercises 13—16, use the Linear Approximation. 


13. The position of an object in linear motion at time ¢ is s(t) = 
0.417 + (t + Di. Estimate the distance traveled over the time inter- 
val [4, 4.2]. 


14. A bond that pays $10,000 in 6 years is offered for sale at a price 
P. The percentage yield Y of the bond is 


1/6 
Y = 100 (=) = ) 


Verify that if P = $7500, then Y = 4.91%. Estimate the drop in yield 
if the price rises to $7700. 


15. When a bus pass from Albuquerque to Los Alamos is priced 
at p dollars, a bus company takes in a monthly revenue of R(p) = 
1.5p — 0.01 p (in thousands of dollars). 


(a) Estimate AR if the price rises from $50 to $53. 


(b) If p = 80, how will revenue be affected by a small increase in 
price? Explain using the Linear Approximation. 


12. f(x)=ln(x+e} a=e 


16. Show that va? +b ~a + 2 if b is small. Use this to estimate 
4/26 and find the error using a calculator. 


17. Use the Intermediate Value Theorem to show that sin x— cos x=3x 
has a solution, and use Rolle’s Theorem to show that this solution is 


unique. 


18. Show that f(x) = 2x3 + 2x + sinx +1 has precisely one real 
root. 


19. Verify the MVT for f(x) = Inx on [1,4]. 


20. Suppose that f(1) = 5 and f’(x) > 2 for x > 1. Use the MVT to 
show that f(8) > 19. 


21. Use the MVT to prove that if f'(x) < 2 for x > 0 and f(0) = 4, 
then f(x) < 2x + 4 for all x > 0. 


22. A function f has derivative f’(x) = 


A . Where on the inter- 
x* +] 
val [1,4] does f take on its maximum value? 


In Exercises 23-28, find the critical points and determine whether they 
are minima, maxima, or neither. 


23. f(x) = x3 — 4x2 + 4x 24. s(t) = t4 — 8t? 
25. f(x) = x? + 2)3 26. f(x) = x2/3(1 — x) 
27. g(0) = sin? 0 +0 28. h(@) = 2cos 20 + cos 40 
In Exercises 29-36, find the extreme values on the interval. 

29. f@œ)=x(10 =x), [—1,3] 

30. f(x) = 6x4 — 4x6, [-2,2] 

31. g(0) = sin? 0 — cos, [0,27] 


t 
32. RE) = ———, (0, 
(9) ESES 0,3) 


33. f(x) =x —2x!/7, [-1,3] 
34. f(x) =4x—tan?x, [-%, F] 
35. f(x)=x— 12lnx, [5,40] 
36. f(x) =e* — 20x — 1, [0,5] 


37. Find the critical points and extreme values of 
F(x) = |x — 1| + [2x — 6 in (0, 8]. 


38. Match the description of f with the graph of its derivative f’ in 
Figure 1. 


(a) f is increasing and concave up. 
(b) f is decreasing and concave up. 
(c) f is increasing and concave down. 


b 1'i y 
a KN 
x. X 
(i) (ii) 


(iti) 
FIGURE 1 Graphs of the derivative. 
In Exercises 39-44, find the points of inflection. 


39, y = x? — 4x2 4 4x 
x2 


40. y =x —2cosx 


x 
(x2 — 4)1/3 


44. f(x) = x(Inx)* 


41. y= 42. y= 


x2+4 
43. f(x) = (x? — x)e7* 


In Exercises 45-54, sketch the graph, noting the transition points and 
asymptotic behavior. 


45. y = 12x — 3x? 46. y= 8x2 — x4 


47. y =x? —2x7 +3 48. y = 4x —x3/2 


49, y=— a 
ee ery 77 @2 428 
1 
ai ys Se ee bee 
P= raaF 2 


ss. y= /3 sin x — cos x on [0, 27r] 
54. y = 2x — tan x on [0,27] 


55. Draw a curve y = f(x) for which f’ and f” have signs as indi- 
cated in Figure 2. 


— + --— -+ ++ +- 


FIGURE 2 


56. Find the dimensions of a cylindrical can with a bottom but no top 
of volume 4 m? that uses the least amount of metal. 


57. A rectangular open-topped box of height h with a square base of 
side b has volume V = 4 m°. Two of the side faces are made of ma- 
terial costing $40/m?. The remaining sides cost $20/m*. Which values 
of b and h minimize the cost of the box? 
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58. The com yield on a certain farm is 
Y = —0.118x* + 8.5x +12.9 (bushels per acre) 


where x is the number of com plants per acre (in thousands). Assume 
that com seed costs $1.25 (per thousand seeds) and that com can be 
sold for $1.50/bushel. Let P(x) be the profit (revenue minus the cost 
of seeds) at planting level x. 

(a) Compute P(xo) for the value xg that maximizes yield Y. 

(b) Find the maximum value of P(x). Does maximum yield lead to 
maximum profit? 


59. Let N(t) be the size of a tumor (in units of 10° cells) at time ¢ (in 
days). According to the Gompertz Model, dN /dt = N(a — bln N), 
where a, b are positive constants. Show that the maximum value of N 
is e*/® and that the tumor increases most rapidly when N = ae 


60. A truck gets 10 miles per gallon (mpg) of diesel fuel traveling 
along an interstate highway at 50 mph. This mileage decreases by 
0.15 mpg for each mile per hour increase above 50 mph. 

(a) If the truck driver is paid $30/h and diesel fuel costs P = $3/gal, 
which speed v between 50 and 70 mph will minimize the cost of a trip 
along the highway? Notice that the actual cost depends on the length 
of the trip, but the optimal speed does not. 

(b) (Gu) Plot cost as a function of v (choose the length arbitrarily) 
and verify your answer to part (a). 

(c) (Gu) Do you expect the optimal speed v to increase or decrease if 
fuel costs go down to P = $2/gal? Plot the graphs of cost as a function 
of v for P = 2 and P = 3 on the same axis and verify your conclusion. 


61. Find the maximum volume of a right-circular cone placed upside- 
down in a right-circular cone of radius R = 3 and height H = 4 as in 


Figure 3. A cone of radius r and height h has volume qmreh. 


62. Redo Exercise 61 for arbitrary R and H. 


FIGURE 3 


63. Show that the maximum area of a parallelogram ADEF that is 
inscribed in a triangle ABC, as in Figure 4, is equal to one-half the 
area of AABC. 


FIGURE 4 
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64. A box of volume 8 m? with a square top and bottom is constructed 
out of two types of metal. The metal for the top and bottom costs 
$50/m2 and the metal for the sides costs $30/m~. Find the dimensions 
of the box that minimize total cost. 


65. Let f be a function whose graph does not pass through the x-axis 
and let Q = (a,0). Let P = (xg, f(xo)) be the point on the graph clos- 
est to Q (Figure 5). Prove that P Q is perpendicular to the tangent line 
to the graph of xg. Hint: Find the minimum value of the square of the 
distance from (x, f(x)) to (a, 0). 


N y =f) 


Q = (a, 0) 
FIGURE 5 


66. Take a circular piece of paper of radius R, remove a sector of 
angle @ (Figure 6), and fold the remaining piece into a cone-shaped 
cup. Which angle 8 produces the cup of largest volume? 


Cc => 


er oo 


FIGURE 6 


67. Use Newton’s Method to estimate </25 to four decimal places. 


68. Use Newton’s Method to find a root of f(x) = x? — x — 1 to four 
decimal places. 


e 4] 


69. Find the local extrema of f(x) = ——. 
extl 


70. Find the points of inflection of f(x) = ln(x? + 1) and, at each 
point, determine whether the concavity changes from up to down or 
from down to up. 


In Exercises 71—74, find the local extrema and points of inflection, 
and sketch the graph. Use L’H6pital’s Rule to determine the limits as 
x > 0+ or x > +00 if necessary. 


TL y=xinx (x >0) Thy y= ex—x? 


73. y=x(nx)* (x >0) 


2 
es el 
74. y = tan (=) 


73. [A Explain why L’H6pital’s Rule gives no information about 
lim es Da Evaluate the limit by another method. 

x00 3x + cos 2x 

76. Let f be a differentiable function with inverse g which is also 

differentiable. Assume that f(0) = 0 and f’(0) Æ 0. 


(a) Use the fact that f(g(x)) =x and the Chain Rule to show that 
1 
/ 
x)=. 
Bee Fea) 
(b) Prove that 


In Exercises 77—88, verify that L’Hépital’s Rule applies and evaluate 
the limit. 


4x — 12 
x3 x2 —5x+6 


x? +2x? —x-—2 


a aed 
x—>—2 Ay 
ln(e + 1 
79. lim +! nx a fiat en 
x—ot t> t 


2sin@ — sin 28 


(ey — 251 ey 


Ot. dig ee r a 82. li 
IN sin — ĝ cos ð beens x2 
x 
S tin wea 84. lim ( 3 -=) 
t>oo logot x>0\e*—-1 x 
| Si y2 
Sk. im — "Ae pets a 
y>0 y3 x—1 cos! x 
inh(x? — si 
Pe iy ee oie e 
x0 cosh x — l x>0 sinx—x 


2 + » 
89. Let f(x) = e—Ax"/2, where A > 0 is a constant. Given any n 
numbers a), @2,..., Gn, set 


P(x) = fx — a) f(x — a2)--- f(x — an) 


(a) Assume n = 2 and prove that ® attains its maximum value at the 
average x = 5 (ay + az). Hint: Calculate ©’(x) using logarithmic dif- 
ferentiation. 


(b) Show that for any n, ® attains its maximum value at 
l 
x= | (41 + a2 +: +an). 


This fact is related to the role of f(x) (whose graph is a bell-shaped 
curve) in statistics. 


66,.33 


For many years, the elongated “s” was 
commonly used in writing and print. Here 
Gottfried Wilhelm Leibniz introduces it as a 
symbol for “summa,” the mathematics 
concept he is developing that was to become 
the definite integral. Although the elongated 
“s” is no longer used in everyday writing, it 
became the iconic symbol representing the 
integral in mathematics. You will be 
introduced to the integral in this chapter, and 
the integral sign will become a familiar 
symbol that plays an important role in the 
mathematics that you learn and apply. 


Ə INTEGRATION 


he last two chapters developed the derivative, one of the primary topics in calculus. 

The derivative was motivated by the basic problem of finding a line tangent to a curve 
at a given point. In addition, we saw that the derivative is much more significant than just 
a means for finding tangent lines. 

In this chapter, we introduce the next primary topic, the definite integral. It too is 
motivated by a basic problem: finding the area under a curve. And in this case as well, 
once you become familiar with the definite integral you will realize that its importance 
goes well beyond computing area. 

Computing tangent lines and areas may seem completely unrelated, and therefore 
the derivative and the definite integral may appear to be completely separate topics. They 
aren’t. There is a deep connection between them that is revealed by the Fundamental 
Theorem of Calculus, discussed in Sections 5.4 and 5.5. This theorem expresses the “in- 
verse” relationship between integration and differentiation. It plays a truly fundamental 
role in nearly all applications of calculus, both theoretical and practical. 


5.1 Approximating and Computing Area 


Why might we be interested in the area under a graph? Consider an object moving in a 
straight line with constant positive velocity v. The distance traveled over a time interval 
[t], £2] is equal to vArt, where At = (f — tı) is the time elapsed. This is the well-known 
formula 


distance traveled = velocity x time elapsed 
-———————~——__—_— 


vAt 


Because v is constant, the graph of velocity is a horizontal line (Figure 1) and vAt is 
equal to the area of the rectangular region under the graph of velocity over [t), f2]. So we 
can write Eq. (1) as 


distance traveled = area under the graph of velocity over [t1, £2] 


There is, however, an important difference between these two equations: Eq. (1) makes 
sense only if velocity v is constant, whereas Eq. (2) is correct even if the velocity changes 
with time. We examine the relationship in Eq. (2) further in Section 5.6. Thus, the ad- 
vantage of expressing distance traveled as an area is that it enables us to deal with much 
more general types of motion. 

To see why Eq. (2) might be true in general, let’s consider the case where velocity 
changes over time but is constant on intervals. In other words, we assume that the ob- 
ject’s velocity changes abruptly from one interval to the next as in Figure 2. The distance 
traveled over each time interval is equal to the area of the rectangle above that interval, 
so the total distance traveled is the sum of the areas of the rectangles. In Figure 2, 


distance traveled over [0,8] s = 10+ 15+304+10 =65m 
a 


Sum of areas of rectangles 


v (m/s) 
Area = vAt 
Vv — 
t (s) 
í 2 

At = 5 z ty . ‘s) 
FIGURE 1 The rectangle has area våt, FIGURE 2 Distance traveled equals the sum 
which is equal to the distance traveled. of the areas of the rectangles. 
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FIGURE 3 Distance traveled is equal to the 
area under the graph. It is approximated by 
the sum of the areas of the rectangles. 


Recall the two-step procedure for finding 
the slope of the tangent line (the 
derivative): First approximate the slope 
using secant lines and then compute the 
limit of these approximations. In integral 
calculus, there are also two steps: 


¢ First, approximate the area under the 
graph using rectangles. 

e Then compute the exact area (the 
integral) as the limit of these 
approximations. 


Our strategy when velocity changes continuously (Figure 3) is to approximate the area 
under the graph by a sum of areas of rectangles. We can continually improve the approx- 
imation by using thinner and thinner rectangles, and then take a limit to obtain an exact 
value of distance traveled. This idea leads to the concept of an integral. 


Approximating Area by Rectangles 


Our goal is to compute the area under the graph of a function f. In this section, we assume 
that f is continuous and positive, so that the graph of f lies above the x-axis (Figure 4). 
The first step is to approximate the area using rectangles. 

To begin, choose a whole number N and divide [a,b] into N subintervals of equal 
width, as in Figure 4(A). The full interval [a, b] has width b — a, so each subinterval has 
width Ax = (b — a)/N. The right endpoints of the subintervals are 


Note that the last right endpoint is xy = b because a + NAx =a+N((b—a)/N) =b. 
The general term x; can be expressed as x; =a + j Ax, indicating that it is obtained by 
adding j intervals of width Ax to a. Next, as in Figure 4(B), above each subinterval 
construct a rectangle whose height is the value of f(x) at the right endpoint of the 
subinterval. 
Height of 
second rectangle 

Height of is f@2). 
first rectangle 
is f Gp). 


; hS 
g 


(A) Divide [a, b] into N subintervals, (B) Construct right-endpoint rectangles. 
each of width Ax. 


FIGURE 4 


The sum of the areas of these rectangles provides an approximation to the area under 
the graph. The first rectangle has base Ax and height f(x1), so its area is f(x1)Ax. 
Similarly, the second rectangle has height f(x2) and area f(x2) Ax, and so on. The 
sum of the areas of the rectangles is denoted Ry and is called the Nth right-endpoint 
approximation: 


Ry = f(x1)Ax + f(x2)Ax +---+ f(xn)Ax 


Factoring out Ax, we obtain the formula 


Ry = Ax (f (x1) + f2) +--- + f(en)) 


To summarize: 


a = left endpoint of interval [a, b] 
b = right endpoint of interval [a, b] 


N = number of subintervals in [a,b] 


Ax = 


b—a 
N 
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In words: Ry is equal to Ax times the sum of the function values at the right endpoints 
of the subintervals. 


EXAMPLE 1 Calculate R4 and Re for f(x) = x? on the interval [1, 3]. 

Solution 

Step 1. Determine Ax and the right endpoints. 
To calculate R4, divide [1,3] into four subintervals of width Ax = Ant == 5. The 
right endpoints are the numbers x; =a + jAx=1+ iG) for j = 1,2,3,4. They 
are spaced at intervals of - beginning at 3, SO, aS we see in Figure 5(A), the right 
endpoints are 5, $, 3, £, 

Step 2. Calculate Ax times the sum of function values. 
R4 is Ax times the sum of the function values at the right endpoints: 


ECORI RIOHIO) 
AO OOHO) -07 


3—1 


Re is similar: Ax = 4 = 3, and the right endpoints are spaced at intervals of l 


1 
3? 
beginning at : and ending at 3, as in Figure 5(B). Thus, 


s=3(s(3) +43) +2(3) +4 (G) +7(3) +4(3)) 


1/16 25 36 49 64 81\ 271 
=5(S4F4 Ft St S45) T © 10087 E 


(A) The approximation R4 (B) The approximation R¢ 


FIGURE 5 


The R4 and Re values in the previous example are clearly overestimates of the area 
under y = x? between 1 and 3, although the approximation improves going from R4 to 
Re. Later in the section, we show how to obtain a general expression for Ry. With that, 
we can then take the limit as N — oo to obtain an exact value of 84 as the area (see 
Exercise 55). 


Summation Notation 


Summation notation is a standard notation for writing sums in compact form. The sum 
of numbers d,,,...,@, (m < n) is denoted 


n 
X aj = Om + Omi ++ an 


j=m 
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n 
The Greek letter )~ (capital sigma) stands for “sum,” and the notation J, tells us to start __ 


j=m 
the summation at j = m and end it at j = n. For example, 


5 
> PSP+Bayr +e 45° = 55 
j=l 
In this summation, the jth term is a; = j 2 We refer to j? as the general term. The letter 


j is called the summation index. It is also referred to as a dummy variable because any 
other letter can be used instead. For example, 


6 k=4 k=5 k=6 
X (P — 2k) = (4 — 24) + (57 — 2) + (€ — 2) = 47 
k=4 
9 
p 1=1414+153 (because a7 = ag = dg = 1) 
m=7 


The usual commutative, associative, and distributive laws of addition give us the 
following rules for manipulating summations. 


Linearity of Summations 


n n n 
DI uL ar 
j=m j=m j=m 


n n 
- 2 > Ca; =0 7 b (C any constant) 
j=m j=m 


n 
° >. C=nC (C any constant and n > 1) 
j=l 


For example, 


5 
YOU? + = 6? +3) +4 444667 +5) = 62 
j=3 


can also be expressed as 


5 5 
VP +> f= VP 4+4F 457) + 34445) =50412=62 
j=3 j=3 


The linearity properties can be used to write a single summation as a linear combi- 
nation of several summations. For example, 


100 100 100 100 
OIK? — åk + 9) = XOR + X (—4k) + » 9 
k=0 k=0 k=0 k=0 


100 100 100 
=15 e -45 EFI 
k=0 k=0 k=0 
It is convenient to use summation notation when working with area approximations. ~~ 
For example, Ry is a sum with general term f (xj): 


Ry = Ar| fœ) + fOD + +--+ few)] 


4 REMINDER 


Ax = 


b 


— a 


N 
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The summation extends from j = 1 to j = N, so we can write Ry concisely as 


N 
Ry = Ax 9 f (xj) 


Jal 


We shall make use of two other rectangular approximations to area: the left-endpoint 
and the midpoint approximations. Divide [a, b] into N subintervals as before. In the left- 
endpoint approximation Ly, the heights of the rectangles are the values of f(x) at the 
left endpoints [Figure 6(A)]. These left endpoints are 


xo =a, xı =a + Ax, x2 =a + 2Ax, ..., xy-1 =4 + (N — 1)Ax 
and the sum of the areas of the left-endpoint rectangles is 
Ly = Ax( fo) F POPEO eek f(xn-1)) 


Note that both Ry and Ly have general term f(x;), but the sum for Ly runs from j = 0 
to j = N — 1 rather than from j = 1 to j = N: 


N—1 


Ly = Ax fj) 


j=0 


In the midpoint approximation My, the heights of the rectangles are the values of 
f (x) at the midpoints of the subintervals rather than at the endpoints. As we see in Figure 
6(B), the midpoints are 
Xo +X, xı +x2 XN-1 + XN 
a SO ee ae 
The sum of the areas of the midpoint rectangles is 


My = Ax (s Eu A) (EE) 


In summation notation, 


\ 

Feta ta 
2 

(A) Left-endpoint rectangles (B) Midpoint rectangles 


FIGURE 6 


EXAMPLE 2 Calculate Rg, Le, and Mg for f(x) = x7! on [2,4]. 
Solution In this case, Ax = (b — a)/N = (4 — 2)/6 = t. For the six intervals, the right 


endpoints are $, s, 3, 2, 4, and 4, and the left endpoints are 2, As 3, 3, 2, and 2. 


290 CHAPTER 5 INTEGRATION 


Left-endpoint 
rectangle 


Right-endpoint 
rectangle 


2 3 4 


FIGURE 7 Le and Re for f(x) = x7! 
on [2, 4]. 


Right-endpoint 
rectangle 


Left-endpoint 
rectangle 


FIGURE 9 When f is increasing, the 
left-endpoint rectangles lie below the graph 
- and right-endpoint rectangles lie above it. 


FIGURE 10 The error decreases as we use 
more rectangles. 


Therefore (Figure 7), 


1 7 8 10 11 
r= (GG) or (3) h5) +0) 
Al RAA 


1 
2 par r Ea 
Statstatatg) p 


Ly ye es aa 3 
=-({(-+-+-4+-4+--4+-—]70.7 
(itiiti t oti) ee 


Xj + Xj+i 
2") 


In this case, the midpoints are B, 5, H, B, a and 2 Summing from j = 0 to 5, we 


obtain (Figure 8) 


“ti (s)+ (a) +46) +78) +(e) +7) 


6 
Stet tp tay ty) $0 a 


The general term in Me is 


3 


GRAPHICAL INSIGHT Monotonic Functions Observe in Figure 7 that the left-endpoint 
rectangles for f(x) = x71 extend above the graph and the right-endpoint rectangles lie 
below it. The exact area A under the graph of f from 2 to 4 must lie between Re and 
Le, and so, according to the previous example, 0.65 < A < 0.74. More generally, when 
f is monotonic (increasing or decreasing), the exact area lies between Ry and Ly 
(Figure 9): 


e f increasing = Ly < area under graph < Ry 
e f decreasing = Ry < area under graph < Ly 


Notice that Me lies between Re and Le. This is always the case for a monotonic func- 
tion (see Problem 93). In the upcoming sections, we will see how to determine the 
exact area in the example. It turns out to be ln 2 ~ 0.693, and thus, Me provides the 
best estimate, which is understandable considering these observations. 


Computing Area as the Limit of Approximations 


Figure 10 shows several right-endpoint approximations. Notice that the error in com- 
puting the area, corresponding to the yellow region above the graph, gets smaller as the 
number of rectangles increases. In fact, it appears that we can make the error as small as 
we please by taking the number N of rectangles large enough. If so, it makes sense to 
consider the limit as N —> oo, as this should give us the exact area under the curve. The 
next theorem guarantees that the limit exists (see Theorem 7 in Appendix D for a proof 
and Exercise 93 for a special case). 


In Theorem 1, it is not assumed that 

f(x) = 0. If f(x) takes on negative 
values, the limit L no longer represents 
area under the graph, but we can interpret 
it as a “signed area,” discussed in the next 
section. 


A method for proving power sum formulas 
is developed in Exercises 47-51 of Section 
1.3. Formulas (3)-(5) can also be verified 
using the method of induction. 


4 REMINDER 


N 
Rn = Ax)” f(x;) 


j=l 


N=1 


Ly = Ax 9 f(x;) 
j=0 
Ao 
N 
x; =a+JAx 
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THEOREM 1 If f is continuous on [a,b], then the endpoint and midpoint approxi- 
mations approach one and the same limit as N — oo. In other words, there is a value 
L such that 


lim Ry = lm Ly= lm My=L 
N> N-co N> 


If f(x) > 0 on [a, b], we define the area under the graph over [a, b] to be L. 


CONCEPTUAL INSIGHT In calculus, limits are used to define basic quantities that other- 
wise would not have a precise meaning. Theorem 1 allows us to define area as a limit 
L in much the same way that we define the slope of a tangent line as the limit of slopes 
of secant lines. 


The next three examples illustrate Theorem 1 using formulas for power sums. The 
kth power sum is defined as the sum of the kth powers of the first N integers. We shall 
use the power sum formulas for k = 1, 2, 3. 


Power Sums 
N 


2 
Yojait2t-- twa SFO = 4 


j=l 


6 


j=l 
N 
Y PPH? + +N? = 
E 


N?(N +1% _ N4 
= 


3 
aT NIN +1)2N+1) N? N? 
Y = 1424-0 +N? = = — + 5 H | 4 | 


For example, by Eq. (4), 
6 


oo. eee E ee 6 GA Ņ 
Y j= HH =91 
= MN 


3 
N pN N for N=6 


As a first illustration, we verify this limit approach to area by computing the area of 
a right triangle, a figure whose area we can also compute geometrically. 


EXAMPLE 3 Find the area A under the graph of f(x) = x over [0, 4] in three ways: 
(a) Using geometry (b) lim Ry (c) lim Ly 
N- oo N> 


Solution The region under the graph is a right triangle with base b = 4 and height h = 4 

(Figure 11). 

(a) By geometry, A = $bh = ($)(4)(4) = 8. 

(b) We compute this area again as a limit. Since Ax = (b — a)/N = 4/N and f(x) = x, 
4 


fap=sa+jan= s (0+3 (£)) ei) 


N N : N 
Ry = Ax f= Ty = Bj 


j=l j=l j=! 
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FIGURE 11 The right-endpoint approximations approach the area of the triangle. 


In the last equality, we factored out 4/N from the sum. This is valid because 4/N is a 
constant that does not depend on j. Now use formula (3): 


N 
ni 16 (NN +1) Ee see ae 
Formula for power sum 


The second term 8/N tends to zero as N approaches oo, so 


—> 00 


g \. 
= lij = j +—}= 
A jim Rn jim (s ) 8 


As expected, this limit yields the same value as the formula + bh. 
(c) The left-endpoint approximation is similar, but the sum begins at j = 0 and ends at 


In Eq. (6), we apply the formula J=aN— I: 
L. NN +1) oe we! 6 /W-DN 8 
j=l 0 N = N 2 N 


wih N — Iin piacenti: Note in the second step that we replaced the sum beginning at j = 0 with a sum beginning 


N-1 (N —1)N at j = 1. This is valid because the term for j = 0 is zero and may be dropped. Again, we 
I find that A = lim Ly = lim (8 — 8/N) =8. i 
—> OO —> 00 


j=l 


In the next example, we compute the area under a curved graph. Unlike the previous 
example, it is not possible to compute this area directly using geometry. 


EXAMPLE 4 Let A be the area under the graph of f(x) = 2x* —x+3 over [2,4] 
(Figure 12). Compute A as the limit „im Ry. 
> 00 


Solution 


Step 1. Express Ry in terms of power sums. 
In this case, Ax = (4 — 2)/N = 2/N and 


N N 2 N F 
Ru = Ar FG) = Ax) flat jan= = ds (2+ 7) 
j=l 


j= j=l 


FIGURE 12 Area under the graph of a 
f(x) = 2x? — x +3 over [2,4]. Let’s use algebra to simplify the general term. Since f(x) = 2x? — x + 3, 


a 24\* 2j 
p (24) =2(24 2) - (242) +3 


8j 4j? 2j 8, 14 
ahh eee | a =j pj 
(4) (2+) +3 pi ee) 


f@)=sin x 


FIGURE 13 The area of this region is more 
difficult to compute as a limit of endpoint 
approximations. 
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Now we can express Ry in terms of power sums: 


N N N N 
2 8 a 14, 2 B55 2 14, 2 
ees bd = + 3 ee TS eTo 
Ry DAA + Ti+) =p ee PS ee 2 
j=l j=l j=1 j=l 
is X N | 
2 
=A +5 ray Eyi 
j=l ue 
Step 2. Use the formulas for the power sums. 
Using formulas (3) and (4) for the power sums in Eq. (7), we obtain 
16 (N N? N 28 (N* N\ 18 
= — | — + — + — | — + — (N 
Rw a(S ar EAEG TERT ) 
16 8 8 14 
={—+—+-— 144+ — 18 
(5 +5 +5a3)+( +5)+ 
132 « Ze 8 
3 N 3N 
Step 3. Calculate the limit. 
A= lim R i 112 of 22 i 8 Wiz P 
— = m — — — = r 
aco NEN s N Nes 3 


The area under the graph of any polynomial can be calculated using power sum 
formulas as in the examples above. For other functions, such as in the next example, the 
limit defining the area may be difficult or impossible to evaluate directly. 


EXAMPLE 5 Let A be the area under the graph of f(x) = sin x on the interval Ez E] 
(Figure 13). Set up (but do not compute) the expression A = pn Ry for determining 
—> co 


the area. 


Solution In this case, Ax = S —1/4)/N =1/(2N) and the area A is 


mbat) 


The limit in the previous example is difficult to compute; however, it can be approxi- 
mated by computing Ry for large N (see Exercise 83). In Section 5.4, we will see that 
this area is straightforward to compute (and is /2) using the definite integral and the 
Fundamental Theorem of Calculus. 


HISTORICAL PERSPECTIVE 


A= lim Ry = lim Bs cas 
J=l 


With the help of [these formulas] it took me less than 
half of a quarter of an hour to find that the 10th powers 
of the first 1000 numbers being added together will 


We used the for- visitas 


eee mulas for the kth 
i | power sums fork = maar generi 10mm 
l, 2, 3. Do similar oe aes s formula has the general form 
formulas exist for „k+l EPE, T 
all powers k? This ce = T 7" mi 12” +- 


problem was stud- 


= =n 


=] i z - 

~- — sone L mA a = 

see “INQ. à NOULL me is 

errr Se e e ta ii L 
E 


Ena +a ead 
=o i. 


oilman Images 


Jacob Bernoulli 
(1654—1705) 


iy $ ied in the seven- 


teenth century and 
eventually solved 
around 1690 by the 


` great Swiss math- 


ematician Jacob 
Bernoulli. Of this 
discovery, he wrote 


The dots indicate terms involving smaller pow- 
ers of n whose coefficients are expressed in 
terms of the so-called Bernoulli numbers. For 
iia 
i I 
nò 4 
= an -eñ 

ys J g 7” 3” ~ 30 
These oe are available on most computer 
algebra systems. 
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5.1 SUMMARY 


e Approximations to the area under the graph of f over the interval [a, b] 


b-a , i 
(Ax = yrs =act jAx): 


Power Sums 
N oN(N+1) N? N N 

1o aa Ry = Ax > f (xj) = Ax(f@1) + (x2) +--+ fw) 
j=l 

N 3 2 

ee ae N-1 

aa Ly = Ax ` f(aj) = Ax(f(ao) + fE) +--+ + fan) 

N 3 N42 Nt N N? j=0 

- le a 


a x; txja4 
a, 
My = Ax Y g (*4 81) 
=0 


j= 


a O(S) (EE) 


- If f is continuous on [a, b], then the endpoint and midpoint approximations approach 
one and the same limit L: 


lim Ry = lim Ly = lim My=L 
N-> co i N->co p N>oco i 


- If f(x) > 0 on [a,b], we take L as the definition of the area under the graph of 


y = f(x) over [a, b]. 


5.1 EXERCISES 


Preliminary Questions 


1. What are the right and left endpoints if [2,5] is divided into six 
subintervals? 


2. The interval [1,5] is divided into eight subintervals. 
(a) What is the left endpoint of the last subinterval? 
(b) What are the right endpoints of the first two subintervals? 


3. Which of the following pairs of sums are not equal? 


4 5 
O 2 E 
j=l 


k=2 


4 5 
a $ i+), YOG- D 


4 5 
© > j, Xa- 
j=l 


i=2 i=l j=2 
100 100 100 100 

4. Explain: $` j= >> jbut > 1isnotequalto >> 1. 
ja j ja j=0 


5. Explain why L100 > Rioo for f(x) = x~? on [3, 7]. 


Exercises 


1, Figure 14 shows the velocity of an object over a 3-minute inter- 
val. Determine the distance traveled over the intervals [0,3] and [1, 2.5] 
(remember to convert from kilometers per hour to kilometers per minute). 


FIGURE 14 


2. An ostrich (Figure 15) runs with velocity 20 km/hour for 2 minutes 
(min), 12 km/h for 3 min, and 40 km/h for another minute. Compute the 
total distance traveled and indicate with a graph how this quantity can be 
interpreted as an area. 


— 


© Gallo Images/Alamy 


FIGURE 15 Ostriches can reach speeds as high as 70 km/h. 


Tui 3. A rainstorm hit Portland, Maine, in October 1996, resulting in record 


rainfall. The rainfall rate R(t) on October 21 is recorded, in centimeters 
per hour, in the following table, where ¢ is the number of hours since mid- 
night. Compute the total rainfall during this 24-hour period and indicate on 
a graph how this quantity can be interpreted as an area. 


02 24 49. 9219 17202024 


R(t) (cmh) | 05 . 03 1.0 2.5 LS 0.6 


4, The velocity of an object is v(t) = 12¢ m/s. Use Eq. (2) and geometry 
to find the distance traveled over the time intervals [0,2] and [2, 5]. 


5. Compute Rs and Ls over [0, 1] using the following values: 


= fe 


06 08 1 
42 40 


0.2 0.4 
46 44 


| f(z) | 50 48 


6. Compute Rs, Le, and M3 to estimate the distance traveled over [0, 3] 
if the velocity at half-second intervals is as follows: 


7. Let fx) =2x +3. 

(a) Compute Re and Le over [0, 3]. 

(b) Use geometry to find the exact value of the area A, and compute the 
errors |A — Rel and |A — Lel in the approximations. 

8. Repeat Exercise 7 for f(x) = 20 — 3x over [2, 4]. 


9, Calculate R3 and L3 for f(x) = x? — x + 4 over [1,4]. Then sketch 
' the graph of f and the rectangles that make up each approximation. 
Is the area under the graph larger or smaller than R3? Is it larger or smaller 
than L3? 


10. Let f(x) = Vx? +1 and Ax = 4. Sketch the graph of f and draw 
the right-endpoint rectangles whose area is represented by the sum 


6 
XO f0 +iAx)Ax. 


i=l 


11. Estimate R3, M3, and Le over [0, 1.5] for the function in Figure 16. 


FIGURE 16 


12. Calculate the area of the shaded rectangles in Figure 17. Which 
approximation do these rectangles represent? 
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FIGURE 17 


13. Let f(x) = x°. 
(a) Sketch the function over the interval [0,2] and the rectangles corre- 
sponding to L4. Calculate the area contained within them. 


(b) Sketch the function over the interval [0,2] again but with the rect- 
angles corresponding to R4. Calculate the area contained within them. 


(c) Make a conclusion about the area under the curve f(x) = x? over the 
interval [0, 2]. 


14, Let f(x) = x. 
(a) Sketch the function over the interval [0,4] and the rectangles corre- 
sponding to L4. Calculate the area contained within them. 


(b) Sketch the function over the interval [0,4] again but with the rect- 
angles corresponding to R4. Calculate the area contained within them. 


(c) Make a conclusion about the area under the curve f(x) = ./x over 
the interval [0, 4]. 


In Exercises 15-22, calculate the approximation for the given function and 
interval. 


15. L f(x) =J2—x, [0,2] 
16. Le, f(x) = J6x+2, [1,3] 
17. Re, f(x) =2x —x*, [0,2] 
18. Rs, f(x)=x? +x, [-1,1] 
19. Ms, f(x)=Inx, [1,3] 
20. My, f(œ&)=2, [1,3] 
21. L4, f(x) =cos*x, [%,%] 
22. Le, f(x) =x?+3hz|, [—2,1] 
In Exercises 23-28, write the sum in summation notation. 
23. 474+.5'7+674+7' +8’ 
24, (27 + 2)+ (37 + 3)4+ 47 +4) + (52 +5) 
25. (27 + 2) + (2° + 2)+ (2* +2)+(25 +2) 
WAtP+ i++ tH 
1 2 

27. mta in 
28. E E TE E elm 
29. ye the sums: 
(a) > 9 

(=l 
30. Calculate the sums: 


(a) D sin (j =) 
j=3 


4 
© oe 


k=2 


5 
(b) $4 
i=0 


5 2 
w D © J3! 
k=3 j=0 
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31. Let bı = 4, b2 = 1, b3 = 2, and b4 = —4. Calculate: 54. Show, for f(x) = 3x? — x? over [1,5], that \ 
4 2 3 N 
bj b; 4 192; 128j?  28j 
(a) `b; b) 9 (25) — bj) (c) $ kbr si j 2i 2 
dX 2 k=l By 22 N3 tOM N 
2 ` Then evaluate lim œR 
32. Assume that a; = —5, Dä = 20, and > b; = 7. Calculate: s Noo N. 
= r m: i In Exercises 55—62, find a formula for R y and compute the area under the 
10 1 a 
raph as a limit. 
(a) $ (dai +3) (b) Jai O J Qa 3b) SP ; 
i=l i=2 i=l 55. f(x)=x*, [1,3] 56. f(x) =x?, [-1,5] 
am 57. f(x) =6x?—4, [2,5] 58. f(x)=2x2+7x, [6,11] 
33. Calculate > j. Hint: Write as a difference of two sums and use 
j=101 59, f(x)=x?°—x, [0,2] 
formula (3). 
in 60. f(x) =2x? +x?, [-2,2] 
30 
34. Calculate Ý \(2j + 1)’. Hint: Expand and use formulas (3)}-(4). 61. f(x)=2x+1, [a,b] (a,b constants with a < b) 
F 62. f(x)=x?, [a,b] (a,b constants with a < b) 
i ineari 5 ite and eval- 
a E RE li el eam In Exercises 63—66, describe the area represented by the limits. 
20 30 We j 4 3 N 3j 4 
d . j aes EE e i =A 2 =m 
ET 36. ) ak — 3) me we > (x) E gia ( + 2 
j=! k=1 y= = 
150 200 pa, T 
3 > H Ea —2+5j/N 
37. Y` n? 38. Ý k SS uN u 
n=51 k=101 =O 
50 30 4j? PAPA x N l m m jn 
39. > th = 1) 40. Dlui) e DN sin (5-2 + 5) 
j=0 j= j=l ae. 
30 20 2 In Exercises 67—72, express the area under the graph as a limit using the 
41 Ss (4 — m? 42 p, (s ie 3m ) approximation indicated (in summation notation), but do not evaluate. 
. : 3 
m=1 m= 67. Rn, f(x) = sinx over [0, x] 


68. Ry, f(x) =x7! over [1,7] 


N . N 3 
43, lim > 44. lim pas 69. LN, f@)=<J2x + 1 over [7,11] 
N>% &— N? N>œ —~ N4 
i=l j=l 70. Ly, f(x) = cosx over [z. z] 
N= ă b N 3 
i i“—i+1l ; I 20 71. Mn, f(x)= tanx over | 
i=l i=l 72. My, f(x)= x7? over [3,5] 


In Exercises 47—52, calculate the limit for the given function and interval. 
Verify your answer by using geometry. 


N e. 2 
l 
73. Evaluate lim — y 1— (4) by interpreting it as the area of 
: N>œ N 4 N 
47. im Ry, f(x)=9x, [0,2] j=l 
>00 


part of a familiar geometric figure. 
48. lim Ry, f@)=3x+6, [1,4] 


aes In Exercises 74-76, let f(x) =x* and let Ry, Ly, and My be the 
approximations for the interval [0, 1}. 
° lim > =F ’ 4 
49 jim En f(x) = 5x42, [0,4] j i 
74. | 4 Show that Ry =>+=_—+7,5. Interpret the quantity 
50. lim Ly, f(x)=4x—-2, [1,3] ; l 3 2N 6N 
iiir T Enz 38 the area of a region. 
51. lim My, f(x)=x, [0,2] 
in 75. Show that 
52. lim My, f(x)=12-4x, [2,6] l 1 1 1 1 
dii Ly = Gat ae =i 
3 2N 6N? 3 12N? 


53. Show, for f(x) = 3x? + 4x over [0, 2], that 
Then, given that the area under the graph of y = x7 over [0, 1] is 3, rank 


az gal oi 7. the three approximations Ry, Ly, and My in order of increasing accuracy ~~ 
i Sg >p i (use Exercise 74). 


76. For each of Ry, Ly, and My, find the smallest integer N for which 


Th aluate lim Ry. : 
en evalu Jim, N the error is less than 0.001. 


In Exercises 77-82, use the Graphical Insight on page 290 to obtain 
bounds on the area. 


77. Let A be the area under f(x) = ./x over [0,1]. By computing R4 
and L4, prove that 0.51 < A < 0.77. Explain your reasoning. 
L- 


78. Use Rs and Ls to show that the area A under y = x~? over [10, 13] 
satisfies 0.0218 < A < 0.0244. 


79. Use R4 and L4 to show that the area A under the graph of y = sinx 
over [0, 3 | satisfies 0.79 < A < 1.19. 


80. Show that the area A under f(x) = x~! over [1,8] satisfies 


prpehtdedapepsasitpadededeges 


81. Show that the area A under y = x!/* over [0,1] satisfies 
Ly <A < Ry for all N. Use a computer algebra system to calculate Ly 
and Ry for N = 100 and 200, and determine A to two decimal places. 


82. Show that the area A under y = 4/(x? + 1) over (0, 1] satis- 
fies Ry < A < Ly for all N. Determine A to at least three decimal places 
using a computer algebra system. Can you guess the exact value of A? 


83. Compute R100 from Example 5, approximating the area under 
the graph of f(x) = sin x between 2/4 and 37/4. 


84. Compute R100 from Exercise 67, approximating the area un- 
der the graph of f(x) = sinx between 0 and 7. Can you guess the exact 
value of the area? 


85. Compute Rioo, approximating the area under the graph of 
> f(x) E Ł between 1 and e. Can you guess the exact value of the area? 


86. Separately for n = 2, 3,4, and 9, compute R109, approximat- 
ing the area under the graph of f(x) = x” between 0 and 1. Can you guess 
what the area is in general, expressed in terms of n? 


Further Insights and Challenges 


89. Although the accuracy of Ry generally improves as N increases, this 
need not be true for small values of N. Draw the graph of a positive con- 
tinuous function f on an interval such that R; is closer than R2 to the exact 
area under the graph. Can such a function be monotonic? 


90. Draw the graph of a positive continuous function on an interval such 
that R2 and L2 are both smaller than the exact area under the graph. Can 
such a function be monotonic? 


91. [4 Explain graphically: The endpoint approximations are less ac- 
curate when f'(x) is large. 


92. Prove that for any function f on [a,b], 
b = 
Ry — Ly = ——“(f) - f@) | 9 | 


93. Ed In this exercise, we prove that lim Ry and lim Ly exist and 
ho ; ee 

are equal if f is increasing (the case of f decreasing is similar). We use 

the concept of a least upper bound discussed in Appendix B. 

(a) Explain with a graph why Ly < Ry forall N, M > 1. 

(b) By (a), the sequence {Ly} is bounded, so it has a least upper bound L. 


By definition, Z is the smallest number such that Ly < L for all N. Show 
that L < Ry for all M. 


(c) According to (b), Ly < L < Ry for all N. Use Eq. (9) to show that 
jim Ly = Land lim RN =L. 
— oo > oO 
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87. In this exercise, we evaluate the area A under the graph of y = e” 
over [0, 1] [Figure 18(A)] using the formula for a geometric sum (valid for 
r= 1): 


N-1 Noi 
EE le, a ee | 8 | 
l+r+r°+-:--+r >? 7 Fy 
j=0 
Te 
Ee, ee JIN 
(a) Show that Ly = TA 
j=0 
ihr eln ees | 
(b) Apply Eq. (8) with r = e'/* to prove Ly = NENI 


(c) Compute A= lim Ly using L’Hôpital’s Rule. 
Noo 


88. Use the result of Exercise 87 to show that the area B under the graph 
of f(x) = lnx over [1, e] is equal to 1. Hint: Relate B in Figure 18(B) to 
the area A computed in Exercise 87. 


(A) 


FIGURE 18 


94, Ei | Use Eq. (9) to show that if f is positive and monotonic, then the 
area A under its graph over [a, b] satisfies 


ie: 
IRn — Al < =F) —f@| | 10 | 


In Exercises 95-96, use Eq. (10) to find N such that |Ry — A| < 1074 for 
the given function and interval. 


95. f(x) =/x, [1,4] 


97. EA Prove that if f is positive and monotonic, then My lies between 
Ry and Ly and is closer to the actual area under the graph than both Ry 
and Ly. Hint: In the case that f is increasing, Figure 19 shows that the 
part of the error in Ry due to the ith rectangle is the sum of the areas 
A + B + D, and for My itis |B — E|. On the other hand, A > E. 


"96. f(x) =V9—x2, [0,3] 


x;-, Midpoint x; 


FIGURE 19 
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a 


5.2 The Definite Integral — 


a E ——————ee ese 


In the previous section, we saw that if f is continuous on an interval [a,b], then the 
endpoint and midpoint approximations approach a common limit L as N — oo: 


= lim Ry = lim Ly = im M 1 | 
a a e A a 


In a moment, we will state formally that L is the definite integral of f over [a, b]. Before 
doing so, we introduce Riemann sums, sums that are structured similar to the approxi- 
mating sums Ly, Ry, and My, and that generalize them. 

Recall that Ry, Ly, and My use rectangles of equal width Ax, whose heights are 
the values of f(x) at the endpoints or midpoints of the subintervals. In Riemann sums, 
we relax these requirements: The rectangles need not have equal width, f(x) can have 
any real-number value, and the height (which could be negative) may be any value of 
f(x) within the subinterval. 

To specify a Riemann sum, we choose a partition and a set of sample points: 


¢ Partition P of size N: a choice of points that divides [a, b] into N subintervals 
(not necessarily of equal width): 


P m= % < X1 << --: <i D 
Ax; e 
a ¢ Sample points C = {c),...,cn}: ci belongs to the subinterval [x;—1, x;] for all 
C å I Cil CN i = 1,...,N, (and could be any point in the subinterval). 
a a a TL 
re ae Xi- ži xN=b See Figures 1 and 2(A). The length of the ith subinterval [x;—1, x;] is 
FIGURE 1 Partition of size N and set of 
sample points. i 
The norm of the partition P, denoted ||P ||, is the maximum of the lengths Ax;. 

Given P and C, as Figure 2(B) illustrates, on each subinterval [x;—1, x;] we have a 
rectangle whose height is f(c;). We allow the possibility that f(c:) < 0. For each rect- 
angle, we refer to f(c;)Ax as its signed area. Note that 

¢ If f(c;) > 0, the signed area is positive and is equal to the area of the rectangle 
e If f(c;) < O then the signed area is negative and is equal to the negative of the 
area of the rectangle 
The Riemann sum is the sum of the f(c;)Ax; terms that are determined by P and C, and 
Keep in mind that Ry, Ly, and My are it is expressed as 
particular examples of Riemann sums in 
which Ax; = (b — a)/N for alli, and the N 
sample points c; are either endpoints or R(f, P,C)= > f(cpAx = f(c1)Ax + f(c) Axe +--+: + f(cN)AxXN | | 2 | 
midpoints. ey 
Rectangle has 
Largest subinterval 
Ap =a x] eR Xi-1 | Xi | pp 
ith intermediate point 
(A) Partition of [a, b] into subintervals (B) Construct rectangle above each I iil eat ah — 
subinterval of height f(c,) Riemann sum with ||P! all (a 
large number of rectangles). 


FIGURE 2 Construction of R(f, P, C). 


SECTION 5.2 The Definite Integral 299 


EXAMPLE 1 Calculate the Riemann sum R(f, P,C), where f(x) = 8 + 12sinx — 4x 
on [0, 4], 
P: x9 = 0,x] = 1, x2 = 1.8, x3 = 2.9, x4 = 4 


© : cp 04 5cp—41.2, es — 274 = 35 
What is the norm ||P ||? 
Solution The widths of the subintervals in the partition (Figure 3) are 
Ax, =x; —x»=1-0=1, Axo = X — xı = 1.8 — 1 = 0.8 
Ax3 = X3 — 242 = 2.9 — 1.8 = 1.1, Ax4 = x4 — x3 = 4 — 2.9 = 1.1 


The norm of the partition is ||P || = 1.1 since the two longest subintervals have width 1.1. 
Using a calculator, we obtain 


R(f, P,C) = fF(0.4)Ax1 + f(1.2)Ax2 + f(2)Ax3 + f(8.5)Ax4 


~ 11.07(1) + 14.38(0.8) + 10.91(1.1) — 10.2(1.1) % 23.35 = 

FIGURE 3 Rectangles defined by a Riemann 
sum for f(x) = 8+ 12sinx — 4x. Note in Figure 2(C) that as the norm ||P || tends to zero (meaning that the rectangles 
get thinner), the number of rectangles N tends to oo and the sums R(f, P, C) approach a 


limiting value. 

This leads to the following definition: f is integrable over [a, b] if all of the Rie- 
mann sums (not just the endpoint and midpoint approximations) approach one and the 
same limit L as || P|] tends to zero. Formally, we write 


L= lim R(f,P,C) = lim » fle) Axi 


if |R(f, P, C) — L| gets arbitrarily small as the norm , - || tends to zero, no matter how 
we choose the partition and sample points. The limit L is called the definite integral of 
f over [a, b]. 


One of the greatest mathematicians of the 
nineteenth century and perhaps second 
only to his teacher C. F. Gauss, Riemann 
transformed the fields of geometry, 
analysis, and number theory. Albert — i 
Einstein based his General Theory of DEFINITION Definite Integral The definite integral of f over [a,b] , denoted by the 


Relativity on Riemann’s geometry. The integral sign, is the limit of Riemann sums: 
Riemann Hypothesis dealing with prime 
numbers is one of the great unsolved 2 
problems in present-day mathematics. The / f(x)dx = li Rf 
Clay Mathematics Institute has offered a \| P|) 

$1 million prize for its solution. 


3 f (ci) Axi 


C= 
i PI 


When this limit exists, we say that f is integrable over [a, b]. 


The definite integral is often called, more simply, the integral of f over [a,b]. The 
process of computing integrals is called integration and f(x) is called the integrand. 
The endpoints a and b of [a, b] are called the limits of integration. Finally, we remark 
that any variable may be used as a variable of integration. That is, that variable is a 
dummy variable. Thus, the following three integrals all denote the same quantity: 


b b b 
| sin x dx, Í sin t dt, ji sin u du 
a a a 


The next theorem assures us that continuous functions (and even functions with 
finitely many jump discontinuities) are integrable (see Appendix D for a proof). In prac- 
Georg Friedrich Riemann (1826-1866) tice, we cm on this theorem rather than attempting to prove directly that a given function 
is integrable. 


The Granger Collection, NYC—AIll rights reserved. 


THEOREM 1 If f is continuous on [a,b], or if f is continuous except at finitely 


many jump discontinuities in [a, b], then f is integrable over [a, b]. 
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A constant function f(x) = K is integrable over every interval [a,b]. The following _ | 
theorem provides the value of the integral and indicates that when K is positive, the 
integral is the area of the rectangle in Figure 4. 


THEOREM 2 Integral of a Constant For any constant function f(x) = K, 


b 
| f(x)dx = K(b — a) | 4 | 


Proof Let R(f,P,C) = Ñ f(ci)Ax; be a Riemann sum for f over [a,b]. Then, 


N 


b 
= - i=l 
FIGURE 4 i K dx = K(b - a). f(c;) = K for each c;, and therefore, 


N N N 
R(f,P,C) = TOR = D K Ax; = K > Ax; = K(b—a) 
i=] i=l i=l 
The latter equality holds because the sum of the Ax; is the overall length b — a of the 
interval [a,b]. Since every Riemann sum has the value K(b — a), it follows that the 


b 
integral does as well. Thus, | f(x) dx = K(b — a). a 
a 


The Definite Integral and Signed Area 


We motivated the development of approximating sums, Riemann sums, and the definite 

integral with the problem of determining the area under the graph of a function. The 

definite integral provides an exact value for such areas. Specifically, if f is integrable 
b 


and f(x) > 0 over [a, b], then the area under the graph of f over [a, b] is | f(x)dx. 


When the geometry of a region is simple (e.g., rectangles, triangles, circles) the defi- 
nite integral corresponds to the area obtained by a geometric formula, as demonstrated for 
a rectangle in Theorem 2. In some instances, this correspondence enables us to compute 
a definite integral using geometric formulas (as in Example 2 below). 

Allowing the possibility that f(x) takes on both positive and negative values, we 
define the notion of signed area, where regions below the x-axis provide a negative con- 
tribution (Figure 5). Intuitively, the signed area of a region is the area above the x-axis 
minus the area below. 

The f(c;)Ax; terms in a Riemann sum are signed areas of rectangles. Therefore, a 
signed area such as in Figure 5 can be approximated by Riemann sums and is given by a 
definite integral. Thus, for all integrable f over [a,b], 


b 
The signed area between the graph of f and the x-axis over [a, b] is | f(x)dx. 
a 


EXAMPLE 2 Definite Intregrals Via Simple Geometry Calculate 


5 5 
| (3 — x)dx and | [3 — x| dx 
FIGURE 5 Signed area is the area above the 0 0 


¢-axis ins the area below the x-axis: Solution The region between y = 3 — x and the x-axis consists of two triangles of areas 
2 and 2 [Figure 6(A)]. The triangle with area 5 lies above the x-axis and therefore has 
signed area 2, The second triangle lies below the x-axis, so it has signed area —2. In the 
graph of y = [3 — x|, both triangles lie above the x-axis [Figure 6(B)]. It follows that 


? 9 5 : 9 13 
[ @-nax=5-2=3 i 3 —x]dx = =- +2 = — 
0 2 0 2 


2 2 


In the next example, the first integral is geometrically simple but the second is 
not. For the second, we need to take a limit of Riemann sums to arrive at a value. In 
Section 5.4, we will start to develop tools that make the computation of integrals such as 
the latter much simpler. 


FIGURE 7 
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Signed area —2 


(A) (B) 


FIGURE 6 


EXAMPLE 3 Ford > 0, calculate 


b b 
@ | xdx and w) | x? dx 
0 0 


Solution The integrals represent the shaded areas in Figure 7. 

(a) This integral represents the area of a triangle with base and height equal to b. 
Therefore, 

b2 

2 

(b) We evaluate by taking a limit of Riemann sums. Because f(x) = x? is continuous, 
it is also integrable by Theorem 1. It follows that the right-endpoint approximations Ry 


b 1 
Í xdx = —(b)(b) = 
0 2 


b 
converge to the integral. Therefore, we compute í x? dx by computing im Rn. 
0 <> co 


We divide the interval [0, b] into N subintervals of width Ax = ee = 2. 


N N ; N Po 
b b b b 
Rv = Ax) fo) =5 DF (F) = 7 (4) 
j=l j=l 


j=l 


Hien! ian oR) Sf oN” GK 


BF ae ie = N2 Nar b 
j=l 


b 
Taking the limit of Ry as N — oo, we obtain | x dx = —. E 
0 


The results of the previous example will be helpful in other definite integral compu- 
tations in this section. Summarizing, if b > 0, then 


b b2 b p? 
xdx = — and x dx = — 
Í 5 mi | ai 5 | 
b 
The integrals in Eq. (5) suggest a pattern. What do you think the value of i x” dx is? 
0 
The n = 3 case is considered in Exercise 50. We will compute this integral for general n 
in Section 5.4. 
In cases where we do not have an exact representation of a function, such as in the 
following example, the best we can do to compute a definite integral is to approximate it 
using a Riemann sum. 


EXAMPLE 4 AGrid-Connected Energy System At their home, Malina and Hors have 
solar panels and an energy system that is grid connected. They use energy from their 
panels and from the Apollo Power Company (APC) for their household needs. When the 
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panels are supplying more energy than they need, the excess is fed into the grid and they 
receive energy credit from APC. 

We can view their daily APC energy use E (in kilowatts) as a function of time t 
(in hours). When E < Q, they are supplying energy to APC. 


b 
Their net APC energy use over a period of time a < t < b is given by | E(t) dt 


a 
(in kilowatt-hours). For the function E shown in the graph in Figure 8, approximate the 
net APC energy use from 6:00 AM (t = 6) to 6:00 PM (¢ = 18). 


xy ri 6. 8: 10 12 14 6. 18. 20: 22$ 24 


z z H : A A : = : : : : z = = = : > z H H H H A 


FIGURE 8 Energy use E in kilowatts as a Tie tea a eh 2 ce 


function of time ¢ in hours since midnight. RE E pE E 


18 
Solution We approximate E(t) dt with a left-endpoint approximation and At = 1. 
6 


That sum is expressed as 
L = E(O)At + E()At+---+ E(17)At 
= (2.5)(1) + (2X(1) + (0.3)C1) + (0.5)(1) + (0.4)(1) + (—0.8)(1) 
+ (—1.3)(1) + (—1.2)(1) + (—0.5)(1) + (—0.8)(1) + (0.3)(1) + (1.2)(1) 
= 2.6 


where the values of E(t) are approximated from the graph. Therefore the net 12-hour 
APC energy use is 


18 
f) E(t) dt © 2.6 kilowatt-hours La] 
6 


Properties of the Definite Integral 


In the rest of this section, we discuss some basic properties of definite integrals, beginning 
with the linearity properties. 


THEOREM 3 Linearity of the Definite Integral If f and g are integrable over [a, b], 
then f + g and Cf are integrable (for any constant C), and 


b b b 
si (F(x) + ee) dx = | fods | g(x) dx 


b b 
z Cfædz =c f f(x)dx 


Proof These properties follow from the corresponding linearity properties of sums and 
limits. For example, Riemann sums are additive: 


N N N 
Rf +8, P,C)= $ (F) +8) Axi = Y fleAn +Y elc)Axi 


i=l i=l i=l 
= R(f, P,C) + R(g, P,C) 


According to Eq. (6), the integral changes 
sign when the limits of integration are 
reversed. 
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By the additivity of limits, 
b 
| (FO) + ede = lim RS +g, P,C) 


= fn ROA PG m eNO) 
Pi oo Ot eee 


b b 
=| fdz + | g(x)dx 


The second property is proved similarly. ¥ 


3 
EXAMPLE 5 Calculate | (2x? — 3x —7)dx. 
0 


Solution 


3 2 
=2(5)-3(5)-76-9=- [Eq. (5)] = 


b 
So far we have used the notation f f(x)dx with the understanding that a < b. 
a 


i 
Can we make sense of and compute integrals like i f(x)dx? The answer is yes. To do 


5 
so rigorously involves expanding the idea of Riemann sum to allow Ax; to be negative 
because we are essentially integrating in a negative direction. We do not pursue the details 
here. For our purposes, the following definition captures the idea properly. 


DEFINITION Reversing the Limits of Integration Fora < b, we set 


For example, by Eqs. (5) and (6), 


0 5 3 
[ Pdx=— | Se 5 ee 
5 0 3 3 


When a = b, the interval [a,b] = [a, a] has length zero and we define the definite inte- 
gral to be zero: 


/ f(x)dx =98 


EXAMPLE 6 Prove that, for all b (negative, zero, and positive), 


Solution These integral formulas hold for b > 0 by Eq. (5), and they hold for b = 0 by 
definition of a definite integral on an interval of length zero. 


b ji b j 
| xdx=-—b* and Í x? dx = -b° 
0 2 0 3 
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Now, we consider the situation where b < 0. In this case, the integrals can be deter- 


} mined from the signed area of the dark shaded regions in Figure 9. The signed area of the 
o ai 
dark shaded triangle is J x dx. By symmetry and Eq. (5), 
b 
0 b| ] ; 
b | rdx=- | xdx = —-|b| 
j b 0 2 


Therefore, 
b 1 1 
dx = =|b|* = ~b? 
[ x dx z| | 5 


In a similar way, by symmetry and Eq. (5), we have 


0 [bl 1 
f x? dx = f x? dx = ipl 
b 0 3 


Therefore, 

b 1 1 
| x? dx = —-|b? = -b° ā 

b 0 3 3 
FIGURE 9 Definite integrals satisfy an important additivity property: If f is an integrable func- 
tion and a < b < c as in Figure 10, then the integral from a to c is equal to the integral 
from a to b plus the integral from b to c. We state this in the next theorem (a formal proof 

can be given using Riemann sums). 


THEOREM 4 Additivity for Adjacent Intervals 
integrable. Then 


Let a < b < c, and assume that f is 


C b c 
| flx)dx = | fædx+ | f(x)dx 
a a b 


FIGURE 10 The area over [a, c] is the sum : s , "I i : 
of the areas over [a, b] and [b, c]. This theorem remains true as stated even if the condition a < b < c is not satisfied 


(Exercise 88). 


7 
EXAMPLE 7 Calculate Í x? dx. 
4 
Solution Using Theorem 4, we can write 


4 Fi 7 
| Pax + | Pax = | x? dx 
0 4 0 


Solving this equation for the desired integral, and using Eq. (5), we have 


7 7 4 1 1 
[a2] xax- | xtax= (3) P- (5) =93 a 
4 0 0 3 3 


Another basic property of the definite integral is that if f(x) > g(x), then the integral 
of f is greater than the integral of g (Figure 11). 


THEOREM 5 Comparison Theorem If f and g are ikeen and g(x) < f(x) for x 
in [a, b], then 


FIGURE 11 The integral of f is greater than 


b b 
the integral of g. | B(x) dx <| f(x) dx 
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Proof If g(x) < f(x), then for any partition and choice of sample points, we have 
2(c;)Ax; < f(ci)Ax; for all i. Therefore, the Riemann sums satisfy 


N N 
> e@Axn = > fledAx: 


i=l i=l 
Taking the limit as the norm ||P || tends to zero, we obtain 


N 


b N b 
[sear = jm Sean < jim Yo sadan=f fode om 
cf i=l a 


peso E ~ IP il-+0 


4 4 
Íl l 
EXAMPLE 8 Prove the inequality | = dx <f — dx. 
1 x 1 


X 


Solution If x > 1, then x? > x, and x7? < x7! (Figure 12). Therefore, the inequality 
tE ta follows from the Comparison Theorem, applied with g(x) = x~? and f(x) =x7!. m 


Suppose there are numbers m and M such that m < f(x) < M for x in [a,b]. We 
call m and M lower and upper bounds for f(x) on [a,b]. By the Comparison Theorem, 


y b b b 
/ max < | fods < | M dx 
a a 2i 


By Theorem 2, it follows that 


b 
: m(b—a) < | f(x)dx < M(b — a) 


This says simply that if f(x) > 0 over [a, b], then (as in Figure 13) the integral of f lies 


b 
FIGURE 13 The integral x)dx lies ; : f i - 
a fœ) between the areas of two rectangles, one of height M enclosing the region associated with 


a 
between the areas of the rectangles of the integral, and one of height m enclosed in the region. 
heights m and M. 
mpe- “À 
EXAMPLE 9 Prove the inequalities — < -dx <3. 
y 4 1/2 X 
2 Solution Because f(x) = x7! is decreasing (Figure 14), its minimum value on | 5, 2] is 
m = f(2) = 4 and its maximum value is M = f(5) = 2. By Eq. (8), 
a4 | 1 a | 1 
TA Totalt —dx<2|(2- =]=3 m 
4 1 IE E a= ( i) 
L ES = ee e—a 


X 


b 
CONCEPTUAL INSIGHT Keep in mind that a definite integral f(x)dx is defined as a 


limit of Riemann sums over finer and finer partitions of [a, b], and each Riemann sum 
R(f, P,C) is a sum of terms f(c;)Ax; determined by a partition P. The situation that 
we saw with the derivative in Chapters 3 and 4 is being repeated in our development of 
the theory of the definite integral: 


j= 
LSS] 


FIGURE 14 


¢ Definition: We define the definite integral via a limit definition. Limits are 
needed in the definition in order to properly capture the concept. 

e Properties: We establish properties of the definite integral by proving theo- 
rems based on the limit definition. Some properties provide insight into the 
workings of the definite integral, and some provide computational tools. 
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e Computation: Computing the definite integral directly from the limit defini- 
tion is messy at best and generally very difficult. We establish rules that aid us 
significantly in carrying out definite integral computations. The most impor- 
tant is the first part of the Fundamental Theorem of Calculus that we introduce 
in Section 5.4. 

Application: While most of the definite integral computations that we do are 
simplified by computation rules, we cannot lose sight of its definition. Know- 
ing that a definite integral is a limit of sums defined over finer and finer parti- 
tions of the domain will help us identify when to use this tool in applications. 
We will see plenty of instances in the sections and chapters ahead. 


5.2 SUMMARY 


e A Riemann sum R(f, P, C) for the interval [a, b] is defined by choosing a partition 
P °G=2) I << =< zy 
and sample points C = {cj}, where cj € [xj-1,x;]. Let Ax; = x; — xj-1. Then 
N 
Rf, P,C)= >) fe) Ax; 
i=1 


* The maximum of the widths Ax; is called the norm ||P || of the partition. 
* The definite integral is the limit of the Riemann sums (if it exists): 


b 
| deia T ed 


We say that f is integrable over [a, b] if the limit exists. 
* Theorem: If f is continuous on [a, b], then f is integrable over [a,b]. 


* The signed area of the region between the graph of f and the x-axis over [a,b] is 


b 
/ F(x) dx. 


b 
* Using geometry: When the geometry of the corresponding region is simple, | f(x)dx 
can be computed using geometric formulas to determine the signed areas involved. 
b b 
1 1 

° | xdx =—b* and | x? dx = -b° 

0 2 0 3 
* Properties of definite integrals: 


b b b 
/ (f(x) + g(x)) dx =| f(x) dx g) g(x)dx 
b b 
/ Cf(x)dx = c | f(x)dx for any constant C 
a b 
i fœdx=- | f(x)dx 
b a 


| fdr =U 


b c c 
/ fie)dx + | fdz = | f(x)dx forall a,b,c 
a b a 


SECTION 52 The Definite Integral 307 


e Comparison Theorem: If f(x) < g(x) on [a, b], then 


[ f(x)dx < [ seas 


- Ifm < f(x) < M on [a,b], then 


b 
a) < | ETET E 


5.2 EXERCISES 


Preliminary Questions 
5 

1. What is J dx [the function is f(x) = 1]? 
3 


7 


2. Let I= f(x)dx, where f is continuous. State whether the fol- 


lowing are true or false: 

(a) J is the area between the graph and the x-axis over [2,7]. 

(b) If f(x) > 0, then J is the area between the graph and the x-axis 
over [2, 7]. 


Exercises 


In Exercises 1—10, draw a graph of the signed area represented by the 
integral and compute it using geometry. 


3 3 
1. ji 2x dx 2. | (2x + 4) dx 
23 —2 


1 
4. J 4dx 
—2 


32/2 
6. i sin x dx 
{2 


3 
8. J |x| dx 
—2 


5 
10. ji (3 +x —2|x|)dx 
= 


U 


1 
k | ox+4ax 
29 


8 
$ Í (7 —x)dx 
6 


5 
3 j y 25 — x? dx 
0 


un 


~J 


xD 


2 
. f @-ixDax 
=) 


10 
11. Calculate (8 — x) dx in two ways: 
0 


(a) Asthe limit lim Ry 
N-0o 


(b) By sketching the relevant signed area and using geometry 


4 
12. Calculate i (4x — 8) dx in two ways: 
-1 
(a) As the limit lim Ry 
N- oo 
(b) By using geometry 


In Exercises 13 and 14, refer to Figure 15. 


2 6 
13. Evaluate: (a) l f(x)dx (b) [ f(x)dx 
0 0 


(c) If f(x) < 0, then —/ is the area between the graph of f and the x-axis 
over [2, 7]. 


r 
3. Explain graphically: ih cos x dx = 0. 
0 


-5 —1 
4. Which is negative, i 8dx or l 8dx? 
a —§5 


4 6 
14. Evaluate: (a) i F(x) dx (b) j | f(x)| dx 
1 1 


y=f@) 


FIGURE 15 The two parts of the graph are semicircles. 


In Exercises 15 and 16, refer to Figure 16. 


3 5 
15. Evaluate 1 g(t)dt and [ g(t) dt. 
0 3 


c 


a 
16. Find a, b, and c such that Í g(t)dt and l g(t)dt are as large as 
0 b 
possible. 


FIGURE 16 
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17. Describe the partition P and the set of sample points C for the Rie- 
mann sum shown in Figure 17. Compute the value of the Riemann sum. 


FIGURE 17 


In Exercises 18-22, calculate the Riemann sum R(f, P.C) for the given 
function, partition, and choice of sample points. Also, sketch the graph of 
f and the rectangles corresponding to R(f, P,C). 


18. f@œ&)=x. P= {1,1.2,1.5,2}, C = (1.1.1.4, 1.9} 
19. f(x) =2x4+3, P= {-4,-1,1.4,8}. C = (—3.0,2,5} 
20. f(x) =x? +x, P= [2,3,4.5,5}, C = (2,3.5,5} 

21. f(x)=sinx, P= (0,%.3,34}, C = (0.4,0.7, 1.2} 

22. f(x)=x}7 +x, P = {0,1,2.5,3.2,5}, C = {0.5,2,3.4.5} 


23. In Example 4, approximate the net APC energy use from midnight to 
noon. 


24. In Example 4. approximate the net APC energy use from noon to 
midnight. 


In Exercises 25—30, sketch the signed area represented by the integral. 
Indicate the regions of positive and negative area. 


a/4 
26. | tan x dx 
—7/4 


2a 3T 
27. | sinx dx 28. | sinx dx 
T 0 


2 
29. f Inx dx 
L/2 


In Exercises 31-34, determine the sign of the integral without calculating 
it, Draw a graph if necessary. 


] ] 
31. | xt dx 32. | x dx 
=) = 


2a 
33, (GU) | x sinx dx 
0 


In Exercises 35-44, use properties of the integral and the formulas in the 
summary to calculate the integrals. 


5 
25. | (4x — x*) dx 
0 


1 
30. | tan`! x dx 
=] 


4 2 
35, | (6t — 3) dr 36. | (4x + 7)dx 
0 —3 


9 i 5 
37: | x” dx 38. | x? dx 
0 2 


1 1/2 
39. | (u? — 2u)du 40. | (12x7 +6y)dy 
0 0 


l 
41. | (Tt? +t4+ ldt 42. 
=3 


3 

(9x — 4x7) dx 
3 
a- 


i 
43. (x? +x)dx 44, | x? dx 
ad 


—a 


In Exercises 45—48, calculate the integral, assuming that 


5 5 
| f(x)dx = 5., | g(x) dx = 12 
0 0 


5 
46. | (2 TO= 520) dx 
A 3 


5 
48. | (f(x) -—x)dx 
0 


5 
45. | (fx) + a(x) dx 


0 
47. | g(x)dx 
5 
49. Assume a < b and H is the Heaviside function given by 


~_ JO whenx <0 
He) = l when x > 0 


b 
Find an expression for | H(x)dx in terms of a and b. 
a 


50. By computing the limit of right-endpoint approximations, prove that 
b pł 
ifb > 0, then f wdx=—. 

0 4 


51. Using the result of Exercise 50, prove that for all b (negative. zero, 
and positive), 


In Exercises 52-56, evaluate the integral using the formulas in the sum- 
mary and Eg. (9). 


3 
52. | xe dx 
l 


1 
54, | (2x? ~x+4)dx 
0 


3 
53. i (x — x7) dx 
0 
l 
55. | (12x? + 24x? — 8x) dx 
0 


P 
56. | (2x? — 3x7) dx 
-2 


In Exercises 57—60, calculate the integral, assuming that 


l 2 4 
| f(x)dx = 1, | Fa)dx =4. | FOidy =7 
0 0 l 
j 2 
57. | f@x)dx 58. | f(x)dx 
0 l 


l 4 
59, | f(x)dx 60. | f(x)dx 
4 2 


In Exercises 61-64, express each integral as a single integral. 


3 7 

e f fods f f(x)dx 
0 3 
9 9 

62. | fod- f f(x)dx 
2 4 
9 5 

63. | f(x)dx -f fa) dx 


3 9 
64. | f(x)dx + | fix)dx 
7 3 


\.__In Exercises 65—66, prove the relationship for arbitrary a and b using the 


formulas in the summary. 


b a 
65. f gee? 5 
s 2 


67. [4 Explain the difference in graphical interpretation between 
b b 

f f(x)dx and | | f(x)| dx. 

a a 


b Ai, A3 
66. ji E E a = 
7 3 


68. [4 Use the graphical interpretation of the definite integral to ex- 
plain the inequality 


b 
< i fŒ) dx 


i ET 


where f is continuous. Explain also why equality holds if and only if either 
f(x) > 0 for all x or f(x) < 0 for all x. 


69. Let f(x) = x. Find an interval [a, b] such that 


b 1 b El 
f seax]=5 ma f vreia = 5 


70. Evaluate 7 = sin? x dx and J = cos? x dx as follows. First, 
0 0 
show with a graph that J = J. Then, prove that / + J = 2x. 


In Exercises 71—74, calculate the integral. 


6 3 
71. [ 13 —x|dx 72% f |2x — 4| dx 
0 1 


1 2 
73. J |x°| dx 74. f lx? — 1|dx 
= 0 
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75. Use the Comparison Theorem to show that 


1 1 2 2 
f x’ dx <| xt dx, | x4 dx F) x’ dx 
0 0 1 1 


6 


76. Provexpar - <f igy < tf 
3 4% 2 
0.3 
77. Prove that 0.0198 < Í sin x dx < 0.0296. Hint: Show that 
0.2 
0.198 < sinx < 0.296 for x in [0.2, 0.3]. 
er /4 
78. Prove that 0.277 < | cos x dx < 0.363. 
1/8 
Nf os 
79. Prove that 0 < f Ge < v2 
mjá x 2 
, l dx 
80. Find upper and lower bounds for f —— m. 
0 V75x7+4 


81. [4 Suppose that f(x) < g(x) on [a,b]. By the Comparison The- 
b b 
orem, f f(x)dx < i g(x) dx. Is it also true that f'(x) < g'(x) for 
a a 


x € [a,b]? If not, give a counterexample. 


82. A State whether the following statement is true or false. If false, 
sketch the graph of a counterexample. 


b 
(a) If f(x) > O, then f f(x)dx > 0. 


b 
(b) rf f(x)dx > 0, then f(x) > 0. 


Further Insights and Challenges 
83. Explain graphically: If f is an odd function, then Todt =A 


1 
84. Compute f (sin x)(sin? x + 1)dx. 
-l 


85. Let k and b be positive. Show, by comparing the right-endpoint ap- 


proximations, that 
b 1 
f x* dx = “ila | x* dx 
0 0 
86. Verify for 0 < b < 1 by interpreting in terms of area: 


b 
Vl—x-dx = —bV¥1—b-+-—-sin b 
0 Z z 


87. | A Suppose that f and g are continuous functions such that, for 
all a, 


i some f g(x)dx 


=a 
Give an intuitive argument showing that f (0) = g(0). Explain your idea 
with a graph. 


88. Theorem 4 remains true without the assumption a < b < c. Verify 
this for the cases b < a < candc <a <b. 


5.3 The Indefinite Integral 


In earlier chapters, we have seen how useful it is to be able to find the derivative of 
a function. But what about the inverse problem? Given the derivative of an unknown 
function, can we find the function itself? For example, in physics we may know the 
velocity v(t) (the derivative) and wish to compute the position s(t) of an object. Since 
s’(t) = v(t), this amounts to finding a function whose derivative is v(t). A function F 
whose derivative is f is called an antiderivative of f. Antiderivatives will turn out to be 
the key to evaluating definite integrals. 
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y=FQ)+C 


y = F@) 


GJ FIGURE 1 The tangent lines to the 
graphs of y = F(x) and y = F(x)+C are 
parallel. 


DEFINITION Antiderivatives A function F is an antiderivative of f on an open 


interval (a, b) if F’(x) = f(x) for all x in (a,b). 


Examples: 


e F(x) = —cosx is an antiderivative of f(x) = sin x because for all values of x, 
d 
F’(x) = — (— cos x) = sinx = f(x) 
ax 


“Faye qx? is an antiderivative of f(x) = x” because for all values of x, 


F'(x) = < (5*°) = x? = f(x) 


One critical observation is that antiderivatives are not unique. We are free to add a 
constant C because the derivative of a constant is zero, and so, if F’(x) = f(x), then 
(F(x) + CY = f(x). For example, each of the following is an antiderivative of x: 


l 3 1 3 l 3 
=x”, = 5; ~x° -—4 
3% a ale 37 
Are there any antiderivatives of f other than those obtained by adding a constant to a 


given antiderivative F'? Our next theorem says that the answer is no if f is defined on an 
open interval (a, b). 


THEOREM 1 The General Antiderivative Let y = F(x) be an antiderivative of 
y = f(x) on (a,b). Then every antiderivative on (a,b) is of the form y = F(x) + C 
for some constant C. 


Proof Assume y = G(x) is an antiderivative of y = f(x), and set H(x) = G(x) — F(x). 
Then A’(x) = G’(x) — F’(x) = f(x) — f(x) = 0. By the Corollary to the Mean Value 
Theorem in Section 4.3, H(x) must be a constant—say, H(x) = C—and therefore 
G(x) = F(a) + C. = 


GRAPHICAL INSIGHT ‘The graph of y = F(x) + C is obtained by shifting the graph of 
y = F(x) vertically by C units. Since vertical shifting moves the tangent lines without 
changing their slopes, it makes sense that the functions y = F(x) + C, for all possible 
C, have the same derivative (Figure 1). Theorem 1 asserts that these functions are 
all of the functions with the same derivative as F. That is, they all are in the form 
y = F(x) + C and have a graph that is a vertical shift of the graph of y = F(x). 


We often describe the general antiderivative of a function in terms of an arbitrary 
constant C, as in the following example. 


EXAMPLE 1 Find the general antiderivative of f(x) = cos x. 


Solution The function F(x) = sinx is an antiderivative of f(x) = cosx. The general 
antiderivative is F(x) = sin x + C, where C is any constant. ial 


The process of finding an antiderivative is called antidifferentiation or integration. 
In the next section we will see why the term “integration” is used when we discuss the 
connection between antiderivatives and areas under curves given by the Fundamental 


Theorem of Calculus. Anticipating this result, we begin using the following notation and 
additional terminology for the general antiderivative: 


`L P 


The terms “antiderivative” and “indefinite 
integral” are used interchangeably. In some 
textbooks, an antiderivative is called a 
primitive function. 


Notice that in integral notation, we treat 
dx as a movable variable, and thus, we 


1 dx 
write f — dx as | —. 
x x 


FIGURE 2 
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NOTATION Indefinite Integral The notation 


[ fas = F(x)+C meansthat F’(x)= f(x) 


We say that y = F(x)+C is the general antiderivative or indefinite integral of 
y = fœ). 


The expression f(x) appearing in the integral sign is called the integrand. The symbol 
dx is a differential. It is part of the integral notation and serves to indicate the independent 
variable. The constant C is called the constant of integration. 

Some indefinite integrals can be evaluated by reversing the familiar derivative for- 
mulas. For example, we obtain the indefinite integral of y = x” by reversing the Power 
Rule for derivatives. 


n+l 
Proof We just need to verify that F(x) = a i is an antiderivative of f(x) = x”: 
a 7 xr! 1 
F’ = — | —— C —_— 1 n y” 
(x) TT (+ ) sai j” =x a 


In words, the Power Rule for Integrals says that to integrate a power of x, “increase 
the power by one and divide by the new power.” Here are some examples: 


1 1 5 
[ Bax= a+, [Pax = -ic [8dr = 2% +c 


ntl 
n+1 


The Power Rule is not valid for n = —1 because when n = —1, the expression 
is undefined. 


d 1 
Recall, however, that the derivative of the natural logarithm is Tx Inx = —. This 
x x 


1 
shows that F(x) = lnx is an antiderivative of y = —. Thus, for n = —1, instead of the 
x 


Power Rule we have 
[S=mr+c 
x 


This formula is ini for x > 0, where In x is defined. We would like to have an anti- 
derivative of y = — on its full domain, namely on {x : x 4 0}. To achieve this end, 


x 
we extend F(x) to an even function by setting F(x) = In |x| (Figure 2). Then F(x) = 
F(—x), and by the Chain Rule, F’(x) = —F’(—x). For x < 0, we obtain 


d 1 
—In|x| = F’(x) = —F'(—x) = -— = - 
dx —x x 


d 1 
This proves that — In |x| = — for all x 40. 
dx p 
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] — 
THEOREM 3 Antiderivative of y = = The function F(x) = In |x| is an antideriva- | ~— 


1 
tive of y = — in the domain {x : x Æ 0}; that is, 
x 


The indefinite integral obeys the usual linearity rules that allow us to integrate term 
by term. These rules follow from the linearity rules for the derivative (see Exercise 79). 


THEOREM 4 Linearity of the Indefinite Integral 


e Sum Rule: OEEO) dx = | fdz + | sœ)dx 


e Multiples Rule: [ere dx = cf f(x) dx 


EXAMPLE 2 Evaluate {(3x* — 5x2/3 + x-7)dx. 


Solution We integrate term by term and use the Power Rule: 


[ox — 5x? 4 xO)dx = | 3x4 dx — J 5x? dx + [xo dx (Sum Rule) 


3 / x dx—5 J x? dx + / x-?dx (Multiples Rule) — 
When we break up an indefinite integral 5 5/3 2 
into a sum of several integrals as in 43 (=) —5 (=) a -y ae (Power Rule) 


Example 2, it is not necessary to include a 5 5/3 —2 
separate constant of integration for each 3 5 5/3 I _» 
integral. = 57 = 3x — i +C 


To check the answer, we verify that the derivative is equal to the integrand: 


cs (5. Ba ee + c) = 3x4 S670 x m 
dx 3 2 
While we do not always do so in the text, it is often beneficial to check your work 
when computing antiderivatives. It is simply a matter of verifying that the derivative of 
your result is the function that you were antidifferentiating. 
While there are no Product, Quotient, or Although the linearity rules for the derivative carry over to linearity rules for indef- 
Chain Rules for integrals, we will see that inite integrals, there are no rules for directly computing indefinite integrals of products, 
the Product Rule for derivatives leads toan quotients, and compositions of functions. At this point the best approach, if possible, is to 


important technique called Integration by convert the integrand algebraically so that the result is an integral that can be computed 
Parts (Section 7.1) and the Chain Rule with the rules we have 
leads to the Substitution Method , 


(Section 5.7). yeh 6 


ax. 
x3 


EXAMPLE 3 Evaluate f 
Solution We rewrite the integrand to produce an integral we can compute: 


2 
|== af E-S) 2 6 f xax 
X X X X Na 


—2 
=Sin|s|-6() +0 =sinix| +317 +c = 
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The differentiation formulas for the trigonometric functions give us the following 
integration formulas. Each formula can be checked by differentiation. 


Basic Trigonometric Integrals 


J sinxdx = -cosx +c, [cosxax =sinx +c 
f sec?xdx =tanx +c, f csc? xax = —cotx +c 


J secx tans dx = secx +C, fox cotx dx = — csc x + C 


EXAMPLE 4 Evaluate f (sint + 20sec? t) dt. 
Solution 
J (sint + 203001) de = f sint dt +20 f sec? at 
= —cost+20tant+C F 


Integrals Involving e* 


The formula (e*)’ = e* says that f(x) = e* is its own derivative. But this means that 
f(x) = e* 1s also its own antiderivative. In other words, 


More generally, for any constant k Æ 0, 


EXAMPLE 5 Evaluate (a) J (3e* —4)dx and (b) J 12e- dx. 
Solution 
(a) foe — 4)dx =3 | eas - f 4ax = 3e” = 4x +C 


(b) / 12e'—3* dx = 12 J el e—** dx = 12e! (5) "Er aa TO a 


CONCEPTUAL INSIGHT Definite Versus Indefinite Integrals While the definite inte- 
gral and the indefinite integral have similar names and notation, it is important to real- 
| ize that they are very different objects. They are about as similar as apples and bricks. 
The definite integral is a numerical value obtained as a limit of Riemann sums. The 
indefinite integral is a family of functions whose derivative is a given function. Make 
sure you understand these differences and use the names and notations properly. 
Even though the definite integral and indefinite integral are very different, they are 
closely related to each other via the Fundamental Theorem of Calculus (FTC). We will 
| learn more about the FTC relationships in the next two sections. 
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An initial condition is like the y-intercept 
of a line, which determines one particular 
line among all lines with the same slope. 
The graphs of the antiderivatives of 

y = f(x) are all parallel (Figure 1), and 
the initial condition determines one of 
them. 


As with antiderivative computations, it is 
always beneficial to check your solution to 
an initial value problem. There are two 
things to check: that the differential 
equation is satisfied, and that the initial 
condition is as well, 


Negative acceleration is often referred to as 


deceleration. 


Relation between position, velocity, and 
acceleration: 


st) = vt), s= fro dt 


v(t) = a(t), v(t) = [ew dt 


Differential Equations 


We can think of an antiderivative as a solution to the differential equation 


2 


In general, a differential equation is an equation relating an unknown function and its 
derivatives. The unknown in Eq. (2) is a function y = F(x) whose derivative is f(x). 

There are infinitely many solutions to Eq. (2)—all functions in the form 
y= F(x)+C, where y = F(x) is an antiderivative of y = f(x). However, we can 
specify a particular solution by imposing an initial condition—that is, by requiring that 
the solution satisfies y(xo) = yo for some fixed values xp and yo. A differential equation 
with an initial condition is called an initial value problem. 


dy _ 
roe lis 


d 
EXAMPLE 6 Solve -= = 4x7 subject to the initial condition y(0) = 4. 
X 


Solution First, find the general antiderivative: 
7 I g 
y(x) = | 4x’ dx = ae +C 


Next, choose C so that the initial condition is satisfied: From y(x) = ~x8 + C we have 
y(0) = 0+ C, and from the initial condition, we have y(0) = 4. This yields C = 4, and 


1 
our solution is y = se + 4. 5 


d 
EXAMPLE 7 Solve the initial value problem = = sint, y(0)= 2. 


Solution First, find the general antiderivative: 


y(t) = f sine at =-—cost+C 


Then solve for C: From y(t) = — cos t + C we have 
y(0) = — cos(0) + C = -14+C 


and from the initial condition we have y(0) = 2. So, —1 + C = 2, implying that C = 3. 
Therefore, the solution of the initial value problem is y(t) = — cost + 3. a 


EXAMPLE 8 A car traveling with velocity 24 m/s begins to slow down at time t = 0 s 
with a constant acceleration of a = —6 m/s”. Find (a) the velocity v(t) at time f, and 
(b) the distance traveled before the car comes to a halt. 


Solution (a) The derivative of velocity is acceleration, so velocity is the antiderivative 
of acceleration: 


vt) = fadr= [odt = -6+¢ 


The initial condition v(0) = 24 yields C = 24 and therefore v(t) = —6t + 24 m/s. 
(b) Position is the antiderivative of velocity, so the car’s position in meters is 


s(t) = J v(t)dt = fs +24)dt = —3t? + 24t + C; 


re, 
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where C4 is a constant. We are not told where the car is at t = 0, so let us set s(0) = O for 
convenience, obtaining Cı = 0. With this choice, s(t) = —3t? + 24t. This is the distance 
traveled from time t = 0. 

The car comes to a halt when its velocity is zero, so we solve 


0=vt)=-0t+24 > t=4s 


The distance traveled before coming to a halt is s(4) = —3(4*) + 24(4) = 48 m. E 


Antidifferentiation is generally a more difficult process than differention. We will be 
developing indefinite integral formulas and techniques in the sections and chapters that 
follow. In this section, we derived a collection of integral formulas shown in the sum- 
mary. At the end of this text there is a table of a few dozen integral formulas. Computer 
algebra systems such as WolframAlpha are excellent tools for computing integrals; they 
have made the process much easier than it used to be. Previously, extensive tables of 
integrals were relied on for computation of antiderivatives. Such tables are published by 
the CRC Press in their Book of Standard Mathematical Tables, containing over 50 pages 
of integral formulas. 


5.3 SUMMARY 


e F is called an antiderivative of f if F’(x) = f(x). 
e Any two antiderivatives of f on an interval (a, b) differ by a constant. 
e The general antiderivative is denoted by the indefinite integral: 


[ Fax = F(x)+C 


e Some integration formulas: 


ntl 
foax=c [kdx=kx+c [rias +C (n Æ —1) 
n 


+1 
J sinxas = — cosx + C J cosxax = sinx + C 
J sec?xdx = tanx +C [ osc? xdx = -cox +c 
J secxtanx dx = setx + C J cscxcotxax = —cscx+C 
[ S=tisi+e [ Parsi c (k #0) 
| todz =c f fax [¢@+senar= f fdr f ear 


aa d 
e To solve an initial value problem oe te f(x), y(xo) = yo, first, find the gen- 


eral antiderivative y = F(x)+C. Then, determine C using the initial condition 
F(xo) + C = yo. 
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5.3 EXERCISES 


Preliminary Questions 
1. Find an antiderivative of the function f(x) = 0. 


2. Is there a difference between finding the general antiderivative of a 


function f and evaluating i f(x)dx? 


3. Jacques was told that f and g have the same derivative, and he won- 


4. Suppose that F’(x) = f(x) and G’(x) = g(x). Which of the following 
statements are true? Explain. 

(a) If f = g, then F =G. 

(b) If F and G differ by a constant, then f = g. 

(c) If f and g differ by a constant, then F = G. 


5. Is y = x a solution of the following initial value problem? 


ders whether f(x) = g(x). Does Jacques have sufficient information to dy —] a 

a * — "S X yO) re 1l 
answer his question? dx 
Exercises 
In Exercises 1—8, find the general antiderivative of f and check your 22; f x(x? — 4)dx 23. f 2 +I +1) at 
answer by differentiating. 
1. f(x) = 18x? 2. f@)=x3P 

12—z x3+3x—4 

3. f(x) = 2x4 — 24x? + 12x7! 4. f(x) =9x + 15x7? rg i, lim 7 i a 


5. f(x) =2cosx —9sinx 6. f(x) =4x’ —3cosx 


7. f(x) = 12e — 5x7? 8. f(x) =e —4sinx 
9, Match functions (a)(d) with their antiderivatives (iv). - 
(a) f(x) = sinx 
(b) f(x) = x sin(x?) 


(c) f(x) = sin(1 — x) 


(i) F(x) = cos(1 — x) 
Gi) F(x) = —cosx 
(iii) F(x) = —4 cos(x?) 


(d) f(x) = xsinx (iv) F(x) = sinx — xcosx 


In Exercises 10-37, evaluate the indefinite integral. Remember, there are 
no Product, Quotient, or Chain Rules for integration. 


10. J (9x + 2)dx 


12. J x dx 


14. I (5° =—17>) dt 


11. J (4 — 18x) dx 

13. i; phe 

15. f (181° — 10¢4 — 281) dt 
16. ii 145? ds 

17. leet? — 27/3 4 25/4) gz 


3 1 
1 . ae A -A 
8 f z ax 19 | 2 ham 


dx 36 dt 
20. | aps Ži. T 


1 1 
26. IG sin x — cosx) dx 


28. fe + sec? 0) d8 


27. f r2sccx tans ax 
2. f csc t cott dt 

30. fe — sint) dt 31. {ce — sec” x)dx 
32. f mo cos a0 


n f(-2) 


36. / e%—4 dt Hint: e279 = ete 


33. fs 6(sec 6 + tan @) dé 


35. J (3e>*) dx 


37. f (8x — 4e?) dx Hint: e7tb = ete 


38. In Figure 3, is graph (A) or graph (B) the graph of an antiderivative of 
y= f(x)? 


y =f(x) (A) (B) 


FIGURE 3 


NU 


39. In Figure 4, which of graphs (A), (B), and (C) is not the graph of an 
antiderivative of y = f(x)? Explain. 


y 

X 

y =f() 

y y y 
Æ xX 
i 
(A) (B) (C) 
FIGURE 4 


40. Verify that the function F(x) = A(x + 13) is an antiderivative of 
f(x) = +13). 
In Exercises 41-44, verify by differentiation. 


41. fe + 13)°dx = La + 13) E 


1 
— = 
T 42. for az. = ze +19) +C 


43. J (4x + 13)? dx = = (x MI Cc 


44. fox +b)" dx = (ax+b)"t! +C (forn #-—1) 


1 
a(n + 1) 


In Exercises 45—46, we demonstrate that, in general, you cannot obtain an 
antiderivative of a product of functions by taking a product of antideriva- 
tives of each. 


45. Show that G(x) = xe” is not an antiderivative of f(x) = 2xe* but 
H(x) = 2xe* — 2e” is. 


46. Show that G(x) = 3x? sinx is not an antiderivative of f(x) = 
6x cos x but H(x) = 6x sin x + 6cos x is. 


In Exercises 47-60, solve the initial value problem. 


dy 3 dy 
. — =x, = . —=3-2t, = —5 
47 PE x”, y0)=4 48 E t, y(0) 
49. Z = 9 +917, y(1)=2 
dt 
sp 2 = 8x? +3x?, y(2)=0 
dx i 
dy dz _ 3/2 
5 c= : — >. — = 3 4 = — 
1 T Jt, yx(1)=1 52 a= z(4) l 
dy 
53. — = 3 = 
Es (3x +2Y, y(0)=1 
dy -2 
54. — = (4 +3“, y(l)=0 
dt 
dy : ii 
55. -mi sinx, y (3) = | 
dy 2 1% 
56. ax = SEC“ x, y(3)=2 
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dy e dy E 
a 5 = == 3 0 — 0 
57 T e s2)=9 58 P e y(0) 
so, 27 — Qe!2-3" (4) =7 
dt 
dy 


60. — =t +2e'~?, y(9) =4 

bn E E A T ET TEN y. 
61. f"œ)=12x, fO =1, f)=2 

62. f"(x)=x?—2x, f(1)=0, f(l)=2 

63. f"(x) =x3 -2x +1, f'O=1, fO)=0 
64. f"(x)=x9-2x4+1, f')=0, f(l)=4 
65. O=, A=, fa=4 


66. f"(@)=cos0, f' (=) =i, y (5) = 6 
f'0)=2, fO)=-2 


68. Show that F(x) = tan? x and G(x) = sec? x have the same derivative. 
What can you conclude about the relation between F and G? Verify this 
conclusion directly. 


67. f"(t) =t — cost, 


69. A particle located at the origin at t = 1 second moves along the x-axis 
with velocity v(t) = (6t? — t) m/s. State the differential equation with its 
initial condition satisfied by the position s(t) of the particle, and find s(t). 


70. A particle moves along the x-axis with velocity v(t) = (6t? — t) m/s. 
Find the particle’s position s(t), assuming that s(2) = 4 m. 


71. A water balloon is dropped from a high building. It falls for 5 sec- 
onds before hitting the ground. Determine the velocity it is traveling when 
it is about to hit the ground, assuming an acceleration due to gravity of 
—9.8 m/s? and no wind resistance. 


72. A hammer is dropped and it falls for 2 seconds before hitting the 
ground. Determine how far it falls, assuming an acceleration due to gravity 
of —9.8 m/s? and no wind resistance. 


73. A mass oscillates at the end of a spring. Let s(t) be the displacement of 
the mass from the equilibrium position at time ¢. Assuming that the mass 
is located at the origin at ¢ = 0 and has velocity v(t) = sint m/s, state the 
differential equation with initial condition satisfied by s(t), and find s(t). 


74. Beginning at ¢ = 0 with initial velocity 4 m/s, a particle moves in a 
straight line with acceleration a(t) = 3t!/* m/s*. Find the distance trav- 
eled after 25 s. 


75. At time t =Q a car traveling 25 m/s begins to accelerate at a constant 
rate of —4 m/s”. After how many seconds does the car come to a stop and 
how far will the car have traveled between ¢t = 0 and the time it stopped? 


76. At time ż = 1 second, a particle is traveling at 72 m/s and begins to 
accelerate at the rate a(t) = —t—!/? until it stops. How far does the particle 
travel from t = 1 until the time it stopped? 


77. A 900-kg rocket is released from a space station. As it burns fuel, the 
rocket’s mass decreases and its velocity increases. Let v(m) be the veloc- 
ity (in meters per second) as a function of mass m. Find the velocity when 
m = 729 kg if du/dm = —50m~'/2, Assume that v(900) = 0 m/s. 


78. As water flows through a tube of radius R = 10 cm, the velocity v of 
an individual water particle depends only on its distance r from the center 
of the tube. The particles at the walls of the tube have zero velocity and 
du/dr = —0.06r. Determine v(r). 


79. Verify the linearity properties of the indefinite integral stated in 
Theorem 4. 
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Further Insights and Challenges 


80. Find constants c; and c2 such that F(x) = cı sin 3x + c2x cos 3x is an 85. Using Theorem 1, prove that if F’(x) = f(x), where f is a polyno- 


antiderivative of f(x) = 2x sin3x. 


mial of degree n — 1, then F is a polynomial of degree n. Then prove that 
if g is any function such that g(x) = 0, then g is a polynomial of degree 


81. Find constants cı and c2 such that F(x) = c)xe~* + c2e * is an anti- at most n. 
derivative of f(x) = 3xe™*. | 
x -1 . —, A 
82. Suppose that F’(x) = f(x) and G’(x) = g(x). Is it true that y = 86. Show that F(x) = -a is an antiderivative of y = x” for 


F(x)G(x) is an antiderivative of y = f(x)g(x)? Confirm or provide a 


counterexample. 


83. Suppose that F’(x) = f(x). 


n Æ —1. Then use L’H6pital’s Rule to prove that 


lim F(x) =Inx 
n——1 


(a) Show that y = I F(2x) is an antiderivative of y = f(2x). 
(b) Find the general antiderivative of y = f(kx) for k # 0. In this limit, x is fixed and n is the variable. This result shows that, al- 


84, Find an antiderivative for f(x) = |x|. 


The FTC was first stated clearly by Isaac 
Newton in 1666, although other 
mathematicians, including Newton's 
teacher Isaac Barrow, had discovered 
versions of it earlier. 


4 REMINDER 

F is called an antiderivative of f if 
F’(x) = f(x). We say also that F is an 
indefinite integral of f, and we use the 
notation 


| f(x)dx = F(x)+ C 


though the Power Rule breaks down for n = —1, the antiderivative of 
y = x”! is a limit of antiderivatives of y = x” as n > —1. 


5.4 The Fundamental Theorem of Calculus, Part | 


Since we have so far introduced both derivatives and integrals, a very reasonable question 
is why they appear together in this topic called calculus. The answer is the Fundamen- 
tal Theorem of Calculus (FTC), which is one of the most important theorems in all of 
mathematics. This foundational result reveals an unexpected connection between the two 
main operations of calculus: differentiation and integration. The theorem has two parts. 
Although they are closely related, we discuss them in separate sections to emphasize the 
different ways they are used. The first part of the Fundamental Theorem of Calculus will 
allow us to compute definite integrals without having to take limits of Riemann sums. ~~ 
To explain FTC I, recall a result from Example 7 of Section 5.2: 


7 1 1 
2 3 3 
j x" dx = (5) — G) = 93 


3 


Now, observe that F(x) = ix is an antiderivative of f(x) = x”, so we can write 


7 
/ x? dx = F(T) — F(4) 
4 


According to FTC I, this is no coincidence; this relation between the definite integral and 
the antiderivative holds in general. 


THEOREM 1 The Fundamental Theorem of Calculus, Part! Assume that a < b and 
that f is continuous on [a, b]. If F is an antiderivative of f on [a,b], then 


b 
/ f(x)dx = F(b) — F(a) 


Proof The quantity F(b) — F(a) is the total change in F (also called the net change) 
over the interval [a,b]. Our task is to relate it to the integral of F’(x) = f(x). There are 
two main steps. 


Ne” 


Write total change as a sum of small changes: Given any partition P of [a,b]: 


P: xoa <x <x <... <x =b 


FIGURE 1 Note the cancellation when we 
write F(b) — F(a) as a sum of small 
changes F(x;) — F(xj_1). 
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we can break up F(b) — F(a) as a sum of changes over the intervals [x;—1, x;]: 
F(b) — F(a) = (F(b) — F(xw-1) + (F Gw-1) — F@N-2)) 
+--+ (Pix) = F(x) + Pa) 2 @) 


On the right-hand side, — F (xy —1) is canceled by F(xy_1) in the second term, — F (xy-2) 
is canceled by F(xy-—2) in the third term, and so on (Figure 1). In summation notation, 


N 


F(b) — F(a) = J (FQ) — F@i-v) [2 | 


i=] 


y = FQ) 


F a F(b) - Fos) 

i a PGs) — FU) | b) — F(a) 
*2) F(x2) — F(x) : 

ee) eo 


F(x) — F(a) 


a= Xo X %2% b= x4 


Interpret Eq. (2) as a Riemann sum: The Mean Value Theorem tells us that there is a 
point c* in [x;—1,x;] such that 


F(xi) — F(xi—1) = Fc) Gi — xi-1) = f (Xx: — x1-1) = f (cf) Axi 


Therefore, Eq. (2) can be written 


N 
F(b) — F(a) = >> f (cf) Axi 


i=] 
This sum is the Riemann sum R(f, P, C*) with sample points C* = {c7}. 
b 
Now, f is integrable (Theorem 1, Section 5.2), so R( f, P, C*) approaches | f(x)dx 
a 


as the norm ||P || tends to zero. On the other hand, R(f, P, C*) is equal to F(b) — F(a) 
with our particular choice C* of sample points. This proves the desired result: 


b 
F(b) — F(a) = lim RU P.C*) = | f(x) dx "a 


CONCEPTUAL INSIGHT A Tale of Two Graphs In the proof of FTC I, we used the 
MVT to write a small change in y in the graph of y = F(x) in terms of the derivative 
mG) = f): 


F(x;) — F(xi-1) = f(c7)Ax; 


But f(c*)Ax; is the signed area of a thin rectangle that approximates a sliver of signed 
area under the graph of f (Figure 2). This is the essence of the Fundamental Theorem: 


° The total change, F(b) — F(a), is 

¢ The sum of small changes, F(x;) — F(x;~1), which is 

* The sum of the signed areas of rectangles from the graph of f, and that is 
e A Riemann sum for f. 


The Fundamental Theorem itself is then obtained by taking the limit as the widths of 
the rectangles tend to zero. 
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This change is equal to the area f(c?) Ax; of this rectangle. 


ee” 


y Graph of y = F(z) y 


FIGURE 2 


FTC I tells us that if we can find an antiderivative of f, then we can compute the 


definite integral easily, without calculating any limits, It is for this reason that we use 


b 
the integral sign | for both the definite integral | f(x) dx and the indefinite integral 
(antiderivative) | f(x)dx. 

While Theorem 1 is stated with the 


assumption thata < b, it holds for general 
a and b as well. See Exercise 63. 


~ x l 
NOTATION F(b) — F(a) is denoted F (x)| . In this notation, the FTC reads 


b 
/ f(x)dx = F(x)| where [reas = F(x) +C 


Nr 


This form of FTC I suggests a two-step approach for evaluating the definite integral 
b 
/ dx: 
a 


* Compute | f(x)dx = F(x)+ C 
b 
° Evaluate | f(x)dx = F(x) i = F(b) — F(a) 


In examples that follow, we will use this two-step process. As we become more familiar 
with antidifferentiation, we will usually carry out both steps at once. 


qed REMINDER The Power Rule for EXAMPLE 1 Calculate the area under the graph of f(x) = x? over [2,4]. 
Integrals (valid for n # —1) states 


n+l 
[ra= +C 
n 


eg j iF = 1 l 
3 4 4 4 
x dx= = —4*~— -27 = 
I 4 | 4 4 m s 


; I 
Solution Since | x dx = qx + C, we have 


EXAMPLE 2 Find the area under g(x) = x—9/4 + 3x5/3 over [1,3] (Figure 3). 
Solution To begin, 


Therefore, the area is equal to 


3 
i (x~7/4 4. 3x5/3) dy = (42 + =) 
1 8 
FIGURE 3 Region under the graph of 


g(x) = x73/4 + 3x5/3 over [1, 3]. = (4 gre ; . ry hia (4 git. a 188) 
8 


3 


1 — 


% 26.325 — 5.125 = 21.2 w 


FIGURE 4 The area of one hump is 2. The 
signed area over [0,277] is zero. 
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CONCEPTUAL INSIGHT Which Antiderivative? As we have seen, antiderivatives are 
not unique. Does it matter then, which antiderivative is used in the FTC? The answer 
is no. If F and G are both antiderivatives of a continuous function f on [a,b], then 
F(x) = G(x) + C for some constant C, and 


F(b) — F(a) = (G(b) + C) — (G(a) + C) = G(b) — G@) 
The constant cancels. 


The two antiderivatives yield the same value for the definite integral: 
b 
| f(x)dx = F(b) — F(a) = G(b) — Ga) 
a 


ý 1 $ 1 

In Section 5.2, we showed that | ai = a and | x? dx = Pe We asked 
0 0 

you to conjecture what the result is for general f(x) = x”. We are now in a position to 

consider the general case. 


b 


EXAMPLE 3 Calculate / x” dx, assuming that n Æ —1. 
0 


1 
Solution First, | x” dx = 
RF 


b 1 
| x” dx = xhtl 
0 n+l 


We know that the definite integral is equal to the signed area between the graph and 
the x-axis. Needless to say, the FTC “knows” this also: When you evaluate an integral 
using the FTC, you obtain the signed area. 


pen + C. Therefore, 


A. É 
= prtl -s 
0 n+ i 


3/4 


n 2x 
EXAMPLE 4 Evaluate (a) i sinxdx (b) [ sinxdx (c) il sin x dx. 
0 0 x/4 


Solution 


T 
@) | sinx dx = —cosx| = —cos x — (—c0s0) = ~(-1) — (-1) =2 
0 


20 an 
(b) | sinx dx = — cos x| = (— cos(27) — (— cos0)) = —1 — (-1) = 0 
0 


32/4 3x /4 
(c) oe S cos x = — cos(32/4) — (— cos(7 /4)) 
m/4 z/4 


It is an interesting fact that the area under one hump of the sine graph (Figure 4) is a 
nice whole-number value, 2. That is certainly worth remembering. Also, it is no surprise 
that the result of the second integral in this example is zero since it corresponds to the 
signed area from 0 to 27, and that value is zero since the contribution from the hump 
below the axis exactly cancels the contribution from the hump above. 

Finally, in Example 5 in Section 5.1, we introduced a general right-hand sum Ry 
for approximating the area associated with the integral in (c). We indicated that directly 
taking the limit of Ry to get an exact value is a difficult task, but now with FTC J, the 
process of obtaining the area couldn’t be easier: Antidifferentiate sin x, evaluate the result 
at the endpoints, and take the difference. 
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FIGURE 5 


EXAMPLE 5 Probability density functions are used to calculate, via integration, the 

likelihood that an event has a value that lies within a specific range of values. The Edding- 

ton Bulb Company uses a probability density function p(t) = 0.001e 70201! to determine 

the likelihood of failure of their Cool-Lite refrigerator bulb over any interval of hours of 

use. What is the probability that a Cool-Lite bulb lasts for more than 500 hours of use? 
500 

Solution The integral 0.001e~°-"" dt gives the probability that a Cool-Lite bulb 


0 
fails before 500 h of use. Subtracting this value from 1 provides the desired probability. 
To begin, 


1 
0.001¢—0-001* a+ — 0.00] ———_e- 0.00! 46. GC = — 90.0011 
| : a OS Te 


Therefore, for the definite integral, 


500 500 
i OE ae ag OL: ae 2 § = (21) O48 
0 
It follows that the probability that a Cool-Lite bulb lasts for more than 500 h of use is 
~ 0.61. = 


Recall (Section 5.3) that F(x) = In |x| is an antiderivative of f(x) = x7! in the do- 
main {x : x Æ 0}. Therefore, FTC I yields the following formula that is valid if a and b 
are both positive or both negative [see Figure 5(A)]. Note that when a < 0 < b, FTCI 
does not apply since f is not continuous over [a, b]. 


b 
d b 
/ fZ =In|b| —inja] =In— 
a * a 


8d —2 e 
EXAMPLE 6 Evaluate @) f = w | al © | =i 
2 X A X 1 < 
Solution By Eq. (3), 
8 d 8 
@ | o* =In— =1n4 * 1.39 
2 X 2 
—2 
dx —2 1 
b — = İn | — } = In- ~ —0.6 
G z; (3) 2 i 
€ dx e 
(c) | —=In(=)=Ine=1 a 


The signed areas represented by (a)-(c) are shown in (B) and (C) in Figure 5. When 
we introduced the number e in Section 1.6, we observed that e is the number for which 


the area under y = 1/x from 1 to e is equal to 1. We have now verified this fact via a 
definite integral. 


1 1 
p U 


Signed area = In 4 Signed area = In 5 Signed area = 1 


(A) (B) (C) 
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CONCEPTUAL INSIGHT FTC I reveals a valuable relationship for bampinng definite in- 
tegrals, but it does not always help. For example, to use FTC I for i /1+cosx dx, 


we need an antiderivative formula for f(x) = </1 + cos x. Unfortunately, even though 
f has an antiderivative, there is no formula for the antiderivative that helps determine 
the definite integral. (We elaborate on these points further in the next section.) 

This does not mean that we cannot obtain a value for this definite integral. Remem- 
ber, a definite integral is a limit of Riemann sums, so we can obtain an approximate 
value to the definite integral using Riemann sums directly. In this case, partitioning 
[0,4] into 1000 subintervals and computing (using technology!) the left-endpoint ap- 

4 


proximation, we obtain | V1 + cosx dx =% 3.190. In Section 7.8, we introduce other 


0 
techniques for approximating definite integrals. 


5.4 SUMMARY 
¢ The Fundamental Theorem of Calculus, Part I, states that 
b 
j f(x)dx = F(b) — F(a) 


where F is an antiderivative of f. 


¢ Two-step approach for using FTC I to evaluate the definite integral [ f(x)dx: 
— Compute J F(x)dx = F(x)+ C. 


s Evaluate f f@)dx= re = F(b) — F(a). 


- Antiderivative formulas are helpful for evaluating definite integrals. See the summary 
in Section 5.3 and the table of integrals in this text’s endleaf. 


5.4 EXERCISES 


Preliminary Questions 


1. Suppose that F’(x) = f(x) and F(0) = 3, F(2) =7. 3. Are the following statements true or false? Explain. 
(a) What is the area under y = f(x) over [0,2] if f(x) > 0? (a) FIC Lis valid only for positive functions. 
(b) What is the graphical interpretation of F(2) — F(0) if f(x) takes on (b) To use FTC I, you have to choose the right antiderivative. 


both positive and negative values? (c) If you cannot find an antiderivative of f, then the definite integral 


2. Suppose that f is a negative function with antiderivative F such that does not exist. 


F(1) =7 and F(3) = 4. What is the area (a positive number) between the 9 f 
x-axis and the graph of f over [1,3]? 4. Evaluate i f (x) dx, where f is differentiable and f (2) = f(9)=4. 
2 

Exercises 

‘ E : 1 2 
In Exercises I—4, sketch the region under the graph of the function and f Pn? 2 
find its area using FTC I. a Miaa iE 
1. f(x)=x?, [0,1] 2 fœ)=2x-x?, [02] 2 ; 

i (12x° + 3x? — 4x) dx 10. J (10x? + 3x>) dx 
0 —2 
3 f=x, [1,2 4 f(x)=cosx, [0,5] i ' 
ii Pier orod ; ttu? — 

In Exercises 5—40, evaluate the integral using FTC I. I i ) 1 Je Smee 


6 9 4 8 
5. f) xdx 6. [ 2dx 13. j ./y ay 14. | xt’ dx 
3 0 0 I 
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1 1 
15. Í t4 dt 16. [ 15/2 dt 
1/16 4 
3 4 
17. g 18. | x74 dx 
1 t2 1 
1 —! 1 
19 f a 20. f -z4x 
1/2 a —2 x 
2 9 
of | G@*=x-*)ax 22. J p 
1 1 
27 L 1043 = 8!” 
23. ji tth 24. [ E 
l JI 8/27 t 
fd 137 
25. f sin 6 d 26. f sin x dx 
-x /4 0 
{3 1/6 
a. | cost dt 28. f sec 8 tan@ dé 
0 0 
3x /4 1.57079 
29. / (2 — esc? x)dx 30. [ sec? t dt 
w/4 0 
1 5 
31. [ e* dx 32. f e* dx 
0 3 
3 3 
33. Í el-® dt 34. J e“ di 
0 2 
10 DA 
35. i ceo! 36. | ad 
2 x =17 = 
e 4 2 4 
37. f ate 38. f Le 
1 H 1 3t 
0 6 1 
39. (3x — 9e**) dx 40. i (: + =) dx 
=2 2 Xx 


41. In Example 5, what is the probability that the Cool-Lite bulb lasts for 
more than 100 hours of use? more than 1000 h of use? 


42. In Example 5, after how many hours of use can we expect that 90% of 
the Cool-Lite bulbs have burned out? 


In Exercises 43-48, write the integral as a sum of integrals without abso- 
lute values and evaluate. 


1 
43. J |x| dx 
—2 


3 
45, | |x? | dx 
-2 


5 
a. f 13 — xļdx 
0 
3 
s. | |x? — 1jdx 
0 


x 5 
a. f Icos x| dx as. | |x? — 4x + 3] dx 
0 0 


In Exercises 49-54, evaluate the integral in terms of the constants. 


b a 

49. J x’ dx 50. f x4 dx 
1 b 
b 


x 
51. f x dx 52. | (t? +1) dt 
1 


oe 


5a bt d 
53. i) =a 54. J = 
a x b x 


3 
55. Calculate J f (x) dx, where 
-2 


12— x? forx <2 
fœ) = k 


forx >2 


an 
56. Calculate [ f(x) dx, where 
0 


sin x forx < x 


f@)= | 


—2sinx forx >x 


1 


57. Use FTC I to show that l x” dx = Q if n is an odd whole number. 
| 
Explain graphically. 


58. Plot the function f(x) = 3 sinx — x. Find the positive root of 
f to three decimal places and use it to find the area under the graph of f 
in the first quadrant. 


59. Calculate F(4) given that F(1) = 3 and F’(x) =x*. Hint: Express aol 


F (4) — F(1) as a definite integral. 


60. Calculate G(16), where dG/dt = t~'/? and G(9) = —5. 


— 1 

61. - 4 With n > 0, does f x” dx get larger or smaller as n increases? 
0 

Explain graphically. 


1 


62. [4 With k > 0, does e—** dx get larger or smaller as k in- 


creases? Explain graphically. 
63. Theorem 1 is stated with the assumption that a < b. Prove that the 
FTC I relationship 


b 
| f(x)dx = F(b) — F(a) 


also holds for a = b and for b < a assuming that F is an antiderivative of 
f on [b,a]. 


64. Show that the area of the shaded parabolic arch in Figure 6 is equal to 
four-thirds the area of the triangle shown. 


FIGURE 6 Graph of y = (x — a)(b — x). 
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Further Insights and Challenges 


65. Prove a famous result of Archimedes (generalizing Exercise 64): For 
r < s, the area of the shaded region in Figure 7 is equal to four-thirds the 
area of triangle AAC E, where C is the point on the parabola at which the 
tangent line is parallel to secant line AE. 

(a) Show that C has x-coordinate (r + s)/2. 

(b) Show that AB DE has area (s — r)>/4 by viewing it as a parallelogram 
of height s — r and base of length CF. 

(© Show that AACE has area (s — r)’/8 by observing that it has the 
same base and height as the parallelogram. 

(d) Compute the shaded area as the area under the graph minus the area 
of a trapezoid, and prove Archimedes’s result. 


FIGURE 7 Graph of f(x) = (x — a)(6 — x). 
66. (a) Apply the Comparison Theorem (Theorem 5 in Section 5.2) to 
the inequality sinx < x (valid for x > 0) to prove that 


x 
b> > Shere 


(b) Apply it again to prove that 
Pe 
aS = <snx<x (forx > 0) 


(c) Verify these inequalities for x = 0.3. 


67. Use the method of Exercise 66 to prove that 


oe ee a 

z = = 2 24 

3 3 5 

x x x 
=—_— = i <ly = e= n5 fi > oO 
x g =smx sx 6+ To (for x > 0) 


Verify these inequalities for x = 0.1. Why have we specified x > 0 for 
sin x but not for cos x? 


68. Calculate the next pair of inequalities for sin x and cos x by integrating 
the results of Exercise 67. Can you guess the general pattern? 


69. Use Part I of the Fundamental Theorem of Calculus to prove that if 
IF O)| < K forx € [a,b], then | f(x) — f(a@)| < K|x — alfor x € [a,b]. 


70. (a) Use Exercise 69 to prove that |sina — sinb| < |a — b| for all 
a,b. 

(b) Let f(x) = sin(x + a) — sin x. Use part (a) to show that the graph of 
f lies between the horizontal lines y = +a. 


(c) (Gu) Plot y = f(x) and the lines y = +a to verify (b) fora = 0.5 
and a = 0.2. 


5.5 The Fundamental Theorem of Calculus, Part I! 


Part I of the Fundamental Theorem says that we can compute definite integrals using 
indefinite integrals (antiderivatives). Part II does the opposite, providing a way to com- 
pute antiderivatives using definite integrals. Another interpretation of Part II of the FTC 
demonstrates how definite integration and differentiation are inverse processes. We will 
focus on that aspect of FTC II first, considering a motivating example before stating the 


theorem. 


The idea behind this inverse relationship is as follows: 


¢ Start with a function f. 

e Create a new function A via definite integration of f. The function A is called 
an area function of f. 

¢ Differentiate A to return to the original function f. 


To begin, we introduce the area function of f with lower limit a: 


It would be more appropriate to call A a 
signed area function, but for simplicity we 
drop “signed.” Keep in mind, though, that 
A(x) is a signed area determined by a 
definite integral. 

In the definition of A(x), we use t as 
the variable of integration to avoid 
confusion with x, which is the upper limit 
of integration. In fact, t is a dummy 
variable and may be replaced by any other 
variable. 


function 1s 


x 
A(x) = f f(t)dt = signed area from a to x 
a 


For A(x) to be defined, f must be integrable over [a,x] when x > a or over [x,a] 
when x < a. The definite integral defining A(x) yields a function because we regard the 
upper limit x as a variable. 

Let us consider an example with f(x) =4—.x? and a = 1. The resulting area 


A(x) = / ueni 
H 


326 CHAPTER 5 INTEGRATION 


We can obtain an expression for A(x) by using FTC I to evaluate the definite integral: 


ie ae = 7! *) ~( al +} = Ae lt 
Aw) = | aie (4 55) = (4x—5x A-3? ) =4r-51 


1 
Thus, A(x) = 4x — 5x? — a, Now, notice that if we differentiate this area function, 
the result is f, the function we started with: 


Al(x) =4—x? = f(x) 


Thus, if we start with f, create an area function A, and then differentiate A, we return 
to f. Part II of the Fundamental Theorem of Calculus asserts that if f is continuous, then 
this relationship always holds: 


THEOREM 1 Fundamental Theorem of Calculus, Part II! Assume that f is continu- 
ous on an open interval J and let a be in J. Then the area function 


A(x) = [ f(t) dt 


is an antiderivative of f on J; that is, A’(x) = f(x). Equivalently, 


d xX 
mm / fdt = f(x) 
X Ja 


Proof For simplicity we assume that f is nonnegative and increasing. (For the general 
In this proof, case, see Exercise 54.) First, we use the additivity property of the definite integral to write ~ _ 
the change in A over [x, x + h] as an integral: 


A(x) = / f@dt x+ 


h x x+h 
fod- f far = | f(t) dt 


X+h 
A(x +h) — A(x) = | f(t) dt In other words, A(x + h) — A(x) is equal to the area of the thin sliver between the graph 
7 and the x-axis from x to x + h in Figure 1. 
A(x +h) — A(x) 


f = . 
aC ie h 1 


A(x +h) -— A(x) = / 


This area equals 
A(x + h) — A(x). 


t 


a x x+h 
FIGURE 1 The area of the thin sliver equals FIGURE 2 The shaded sliver lies between 
A(x +h) — A(x). the rectangles of heights f(x) and f(x + h). 


Since f is nondecreasing, when h > 0, this thin sliver lies between the two rect- 
angles of heights f(x) and f(x + h) in Figure 2, and we have 


hf (x) < A(x +h)-AG@)S hf t+h) 
Neen soe ee — 
Area of smaller rectangle Area of sliver Area of larger rectangle 


Now divide by A to squeeze the difference quotient between f(x) and f(x + h): 
A(x +h) — A(x) 
ee <f(x+h) 
We have io f(x +h) = f(x) because f is continuous, and Rc F(x) = f(x), so the 
> — 
Squeeze Theorem gives us 


FIGURE 3 


FIGURE 4 
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A(x +h) — A(x) 
Pane h z fœ) [1 | 


A similar argument shows that for h < 0, 
A(x +h) — A(x) 


f@+A< h < fx) 
Again, the Squeeze Theorem gives us 
. A(x+h)— A(x) 
E o = 
eee h F@) 2 | 
Equations (1) and (2) show that A’(x) exists and that A’(x) = f(x). a 


EXAMPLE 1 Let f(x)= 1 — 6x — cosx and a =~mx. Compute the area function 
x 
A(x) = / f(t) dt, and then verify the FTC II inverse relationship by showing that 


Al(x) = f(x). 


Solution 
x 
A(x) = (1 — 6t —cost)dt = (t — 327 — sin Dine =x — 3x? — sinx +2 +37? 
-Jp 
Taking the derivative, 


d 
A(x) = FPG — 3x? — sinx + x +37?) = 1 — 6x — cos x = F(x) 


Thus, we see that when we start with f, compute an area function of it, and differentiate 
the area function, we obtain the function f back. mi 


EXAMPLE 2 A Numerically Approximate FTC Il Verification Consider the function 

f that is presented graphically in Figure 3. Here we will approximate an area function 

and its derivative to demonstrate (at least approximately) the FTC II inverse relationship. 
x 


Let A be the area function defined by A(x) = Í f(t)dt. 
0 


(a) By estimating the corresponding signed areas, approximate A(x) for x = 0,1, 
Zye. el 


(b) Use the symmetric difference quotient approximation, A’(x) œ% AtA AG Ax) = 


with Ax = 1 to approximate A’(x) for x = 1,2,...,9. Plot these values of A’(x) on the 
graph of f to demonstrate A’ ~ f. 


Solution 0 
(a) First note that A(O) = f f(t) dt = 0. For other x, we can estimate A(x) by counting 


the 1 x 1 squares (and partial squares) between the graph and the x-axis from 0 to x. For 
example, for A(1) we have 4.4 squares between the graph and the x-axis from x = 0 
to x = 1. Therefore, A(1) ~ 4.4. Continuing, we obtain the approximate values of A(x) 
shown in the table below. Note that in determining the values for A(8) through A(10), 
each square below the x-axis contributes a value of —1 to the signed area. 


(b) As a couple of examples, for x = 1 and x = 9, we obtain the following difference 


quotient approximations: 
A(2)— A(O) 89-0 A(10) — 14.7 — 23.3 
Se, Pee 2a 


2 Z 2 2 


The remaining values of A’(x) are obtained similarly and are plotted with f in 
Figure 4. 


A’(1) 


x 
Aœ) |O 44 89 133 74 uo 237 32 %3. 193 147 


| A’(x) | 445 445 4.25 385 3.15 21 -02 -295 —4.3 
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We can see in the graph, at least approximately, the FTC II inverse relationship: If _ _ 
we start with a function f, compute an area function of f, and then take the derivative of 
the area function, we return to f. a 


CONCEPTUAL INSIGHT The FTC shows that integration and differentiation are inverse 
operations. By FTC I, if you start with a continuous function f and form the integral 
x 


j f(t) dt, then you get back the original function by differentiating: 
E x 
e . d x 
Ae gem | OTI n = J f()dt = f(x) 
a a 


On the other hand, by FTC I, if you differentiate first and then integrate, you also 
recover f(x) [but only up to a constant f(a)]: 


Dilainuste 


f(x) fia) E : filt)dt = f(x) —f@ 


In addition to showing the inverse relationship between integration and differentia- 
tion, FTC II also reveals how area functions may be used to compute antiderivatives. For 


example, 
x 


e AGT | t? dt is an antiderivative of faj= x, 
0 


x 
‘ A) = [ cos t dt is an antiderivative of f(x) = cosx, 
0 


x E 
© A(x) = | /1 + cost dt is an antiderivative of f(x) = V1 + cos x. 
0 


Since we already have simple expressions for antiderivatives of f(x) =x? and 
f(x) = cosx, the area-function version might not be helpful. On the other hand, fora — 
function like f(x) = «/1 + cos x, the situation is different. Try as you may, you cannot 
find an elementary function whose derivative is f(x) = </1 + cos x. That does not mean 
that there is no antiderivative. In fact, FTC II guarantees that there is an antiderivative, 
but expressing it in the area-function form might be the best we can do. 


x 
Unfortunately, the antiderivative A(x) = f V1 +costdt for f(x) = /1 + cosx 


does not yield a formula that we can use to compute definite integrals involving f 
via FTC I. Instead, we need to consider alternative approaches such as numerical 
approximation. 


x 
While it might seem unfortunate that A(x) = | </1 + cost dt is the best that we 
0 


can do for an antiderivative of f(x) = </1 + cos x, as the next example shows, there is 
plenty that we can do to understand the behavior of A. 


EXAMPLE 3 Graphing an Area Function Let A(x) = a J/1 + cost dt. 


(a) For x = 1,2,...,20, with Ax = 0.01, use technology to calculate a right-endpoint 
Riemann sum that anproximites the definite integral defining A(x). Plot the points 
(x, A(x)) and connect them with a smooth curve to obtain a graph of A. 

(b) Examine A’ to determine the critical points of A and the increasing/decreasing 
behavior of the graph of A. 

Solution 

(a) We use Ax = 0.01 and a right-endpoint Riemann sum to approximate each definite 
integral. For example, to approximate A(4), we compute Rago for the definite integral 
over [0,4]. We obtain the following values for A(x): 


3 i s 6 7 8 9 10 < 


FIGURE 5 Graph of 1 z 2. A 2.80 3.19 410 529 654 7.63 835 8.66 
A(x) = [ Yl + cost dt. 
w= [Fe 


A(x) | 9.45 10.58 11.83 12.99 13.85 14.18 14.83 15.89 17.13 18.33 


ee 
The Gauss error function 
2 
erf(x) = — | e dt is defined via an 
Ju Jo | 
area function. It is important in many areas 
of mathematics. We explore it in 
Exercise 53. 
ae 
y 
y=f@) 
AA at X2 
m att 
x} x4 


(9 FIGURE 6 The change in area AA fora 
given Ax is larger when f(x) is larger. 
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These points are plotted and joined with a smooth curve to obtain a graph of A in 
Figure 5. 
(b) By FTC Il, A’(x) = </1 + cos x. Thus, A has critical points when cos x = —1; that 
is, at nz for all odd n. Furthermore, except at the critical points, A’(x) is positive, and 
therefore, A is an increasing function. ü 


CONCEPTUAL INSIGHT Every continuous function on an open interval J is guaranteed 
by FTC II to have an antiderivative. Furthermore, we can obtain an antiderivative via 
an area function. 

A number of important functions studied and employed by mathematicians, sci- 
entists, and engineers are defined by area functions. When no simple formula for such 
functions is available, we can examine their behavior by approximating the function via 
definite-integral estimates and by using the first and second derivatives to determine 
increasing and decreasing behavior and concavity. 


EXAMPLE 4 Given 
Acs) = f V¥1+tdt 
2 


calculate or approximate A(2), A(3), A’(2), and A’(3). 


2 3 
Solution First, A(2) = J y1 +£ dt =Q. For A(3) = i y 1+ £ dt, we need to ap- 


proximate the definite integral because we do not have a e antiderivative that en- 
ables us to compute the integral using FTC I. We compute an approximating Riemann 
sum, R100, and find A(3) ~ 4.11. 

By FTC II, A’(x) = v1 + x. In particular, 


A(2)=V1+2=3 and = A(3)=V14+33 = v28 r 


When the upper limit of the integral is a function of x rather than x itself, we use 
FTC II together with the Chain Rule to differentiate a function defined via an integral. 


EXAMPLE 5 The FTC and the Chain Rule Find the derivative of 


x2 
ce) = | sin t dt 
—2 
Solution FTC If does not apply directly because the upper limit is x? rather than 
x. It is necessary to recognize that G is a composite function with outer function 


Ag) = | sin t dt: 


2 2 


G(x) = A(x?) = / sint dt 
=2 


FTC II tells us that A’(x) = sin x, so by the Chain Rule, 
G' (x) = A’(x”) - (x)! = sin(x?) - (2x) = 2x sin(x?) 
Alternatively, we may set u = x” and use the Chain Rule as follows: 
tae @ a 


int dt i sin t dt ae (sin u)2. 2x sin(x?) a 
a S = | — To e = LX X 
dx dx jJj du Jo dx nilai 


GRAPHICAL INSIGHT Another Tale of Two Graphs FTC II tells us that A’(x) = f(x), or 
in other words, f(x) is the rate of change of A(x). If we did not know this result, we 
might come to suspect it by comparing the graphs of A and f. Consider the following: 
¢ Figure 6 shows that the increase in area AA for a given Ax is larger at x2 than at x; 
because f (x2) > f(x1). So the size of f(x) determines how quickly A(x) changes, 

as we would expect if A’(x) = f(x). 
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y ¢ Figure 7 shows that the sign of f(x) determines whether A is increasing or decreas- 
ing. If f(x) > 0, then A is increasing because positive area is added as we move to 
the right. When f(x) turns negative, A begins to decrease because we start adding 
negative area. 

e A has a local max at points where f(x) changes sign from + to — (the points where 


AS the area turns negative), and has a local min when f(x) changes from — to +. This 


Area increasing y=f(x) 
here 


Increasing 


Increasing ë ě 5,5 SUMMARY 


| J ——_ agrees with the First Derivative Test. 
1 H k S 
iocal aay | maou These observations show that f behaves like A’, as claimed by FTC II. 

| 

: 
A 
l 
l 
l 


x 
* The area function with lower limit a: A(x) = l f(t) dt. It satisfies A(a) = 0. 
a 


FTC H: A’(x) = f(x), or equivalently, = re f@)dt = f(x). 


FTC II shows that every continuous function on an open interval J has an antideriva- 
tive on /—namely, its area function (with any lower limit in /). 

i g(x) 

FIGURE 7 The sign of f(x) determines the e To differentiate the function G(x) = f(t)dt, write G(x) = A(g(x)), where 
increasing/decreasing behavior of A. a 


x 
A(x) = / f(t) dt. Then use the Chain Rule: 
a 


x 


G'(x) = A'(g(x)) g(x) = Fee a) 


5,5 EXERCISES 


Preliminary Questions 


x pe 

1. Let G(x) = j vt? + ldt. 4. Let G(x) = [ sintdt. Which of the following statements are 
4 

(a) Is the FTC II needed to calculate G(4)? correct? 


(a) G is the composite function sin(x?). 


I FT ’(4)? 
Ne ai) atonal AG) (b) G is the composite function A(x3), where 


2. Which of the following is an antiderivative F of f(x) = x? satisfying A(x) = f j sint dt 
F(2) = 0? 4 
x 2 x : : k P 
(a) f ve (b) f am, © f) Ra (ec) G(x) is too ici to differentiate. 
2 0 2 (d) The Product Rule is used to differentiate G. 

(e) The Chain Rule is used to differentiate G. 

3. Does every continuous function have an antiderivative? Explain. (f) G’(x) = 3x? sin(x3). 

Exercises 

In Exercises 1—8 compute an area function A(x) of f(x) with lower limit 6. f(x)=1l—x-+cosx, a=0 

a. Then, to verify the FTC II inverse relationship, compute A’(x) and show 

that it equals f(x). 7. f(x)=e*, a=0 


1. f(x#)=4-2x, a=0 
we f~a=Her, a=-l 
Zz f@)=4—2x, 225 
In Exercises 9-12, compute or approximate the corresponding function 


3. f(x)= 4x +6x?, a=—1 values and derivative values for the given area function. In some cases, ~__ 
r approximations will need to be done via a Riemann sum. 
4. f(ix)=x*=8, a=3 
x 
8 Fa me, 9. Fa)= f VP ede. Find FO), FG), F'O, and F'G). 
0 


\ 10. G@)= f V4 — t? dt. Find G(0), G(2), G’ (0), and G’(1). 
0 


11. F(x) = J i -Hz Find F(—2), F(2), F’(0), and F’(2). 
—2 ut +1 


iz. T@) = A í tan 6 d0. Find T (0), T (2/3), T’(O), and T’(2/3). 
0 


In Exercises 13-22, find formulas for the functions represented by the 
integrals. 


x x 
13. f u* du 14. f (12t? — 8t)dt 
2 2 
xX x 
15. | sinudu 16. f sec? 6 dé 
0 —7/4 
x 0 
17. [ e™ du 18. f e' dt 
4 x 
x? x/4 
19. i t dt 20. il sec? u du 
1 x/2 
9x+2 NE dt 
21. / e “du 22. f — 
3x 2 t 


= 1 

23. Verify f a= 5 lel. Hint: Consider x > 0 and x <0 sepa- 
0 

rately. 

= 1 

24. Verify f [tP dt = grl. Hint: Consider x> 0 and x <0 
0 

separately. 


In Exercises 25—28, calculate the derivative. 


d x 5 3 d 6 
— = U= tud 
25 A (f° — 9t°) dt 26 5f cotu du 


27 a, 5x — 9)d 28 í f tan ; d 
. — — © — — } du 
dt Jio a i ds J l +u? 


29. Let A(x) = f f(t)dt for f(x) in Figure 8. 
0 


(a) Calculate A(2), A(3), A’(2), and A’(3). 
(b) Find formulas for A(x) on [0, 2] and [2, 4], and sketch the graph of A. 


FIGURE 8 


x 
30. Make a rough sketch of the graph of A(x) = f g(t)dt for the 
0 
function g(x) in Figure 9. 


34 


FIGURE 9 
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In Exercises 31-32, do the following: 


e Forx =0,1,2,...,10, approximate A(x) = [ f@dt. 
e For x = 1,2,3,...,9, approximate A'(x) wee Ax = 1 and the sym- 
metric difference quotient approximation, 
A(x + Ax) — A(x — Ax) 
2Ax 
° Plot the values of A'(x) on a graph of f to demonstrate A’ = f. 


31. Use f(x) from Figure 10(A). 


A'(x) S 


32. Use f(x) from Figure 10(B). 


{ort cre eee mreerscesegeecammrnnnneererseneeeeteeei ents ee eeeeeet ry ere 


Demre ereeeeer innremmer ren eežees erme nnerenreni hewmen s 


= 8—10 


C EEE EERE T N ae 
a = T 


—§ —— a a S ae 
(B) 
FIGURE 10 
In Exercises 33-38, calculate the derivative. 
2 

a! of * wat TAE i ae 
33. — —_ 4. — t dt 
od ares i. 

cos s F x* 

35. = | ut du 36. — Vt dt 

ds —6 dx x2 
Hint for Exercise 36: F(x) = A(x*) — A(x”). 

d x? 3u 
37. =| tan t dt 38. A vx? +1dx 

dx J Jz di Ju 


In Exercises 39-42, with f(x) as in Figure 11, let 


A(x) = f f@)adt and = B(x) = [ f(t)dt 
0 2 


39. Find the min and max of A on [0, 6]. 
40. Find the min and max of B on [0, 6]. 
41. Find formulas for A(x) and B(x) valid on [2, 4]. 
42. Find formulas for A(x) and B(x) valid on [4, 5]. 


FIGURE 11 


43. Let A(x) = Í f(t) dt, with f(x) as in Figure 12. 
0 


(a) Does A have a local maximum at P? 

(b) Where does A have a local minimum? 

(c) Where does A have a local maximum? 

(d) True or false? A(x) < 0 for all x in the interval shown. 
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FIGURE 12 Graph of y = f(x). 


x 
44, Let A(x) = i. f(t) dt, with f(x) as in Figure 12. 
0 


(a) Where does A have its absolute maximum over the interval [P, S]? 
(b) Where does A have its absolute minimum over the interval [P, S]? 
(c) On what interval is A increasing? 


x 
In Exercises 45—46, let A(x) = Í f(t)dt. 
a 


45. [4 Area Functions and Concavity Explain why the following 
statements are true. Assume f is differentiable. 

(a) If A has an inflection point at x = c, then f’(c) = 0. 

(b) A is concave up if f is increasing. 

(c) A is concave down if f is decreasing. 


46. Match the property of A with the corresponding property of the graph 
of f. Assume f is differentiable. 


Area function A 

(a) A is decreasing. 

(b) A has a local maximum. 

(c) A is concave up. 

(d) A goes from concave up to concave down. 


Graph of f 

(i) Lies below the x-axis. 

(ii) Crosses the x-axis from positive to negative. 
(iii) Has a local maximum. 
(iv) f is increasing. 


x 
47, Let A(x) = [ f(t) dt, with f(x) as in Figure 13. Determine: 
0 


(a) The intervals on which A is increasing and decreasing 
(b) The values x where A has a local min or max 

(c) The values of x where there are inflection points of A 
(d) The intervals where A is concave up or concave down 


FIGURE 13 


48. Let f(x) =x? —5x — 6 and F(x) = [ f(t) dt. 
0 


(a) Find the critical points of F and determine whether they are local min- 
ima or local maxima. 


(b) Find the points of inflection of F and determine whether the concavity 
changes from up to down or from down to up. 


(c) (Gu) Plot y = f(x) and y = F(x) on the same set of axes and con- 
firm your answers to (a) and (b). 


49. Sketch the graph of an increasing function f such that both f'(x) and 
x 
Alx) = i f(t) dt are decreasing. 
0 


50. Ed Figure 14 shows the graph of f(x) = xsinx. Let F(x) = 


x 
f) tsint dt. 
0 


(a) Locate the local max and absolute max of F on (0, 37]. 
(b) Justify graphically: F has precisely one zero in [7,27]. 
(c) How many zeros does F have in [0,37]? 


(d) Find the inflection points of F on [0,37]. For each one, state whether 
the concavity changes from up to down or from down to up. 


ne 


FIGURE 14 Graph of f(x) = x sinx. 


51. (GU) Find the smallest positive critical point of 
x 
Fay | cos(t?/) dt 
0 


and determine whether it is a local min or max. Then find the smallest posi- 
tive inflection point of F(x) and use a graph of y = cos(x7/) to determine 
whether the concavity changes from up to down or from down to up. 


x 
52. Let ac) = f V4 — 12 dt. 
-4 


(a) For x = —3, —2, . . . ,4, calculate a Riemann sum that approx- 
imates the definite integral defining A(x). Plot the points (x, A(x)) for 
x = —4, —3, —2,...,4 and connect them with a smooth curve to obtain 
a graph of A. 
(b) Examine A’ to determine the critical points of A and the increas- 
ing/decreasing behavior of the graph of A. 

2 x 
53. The Gauss error function is defined by erf(x) = —= 


Vx Jo 


_2 
e" dt. 


(a) Explain why erf(x) is an increasing function. 
(b) Explain why erf(x) is an odd function. 


(c) Use Riemann sums to approximate erf(x) for x = 1/2,1, 
3/2,2, aa'5/2. 


(d) From (b) and (c), where does it appear that erf(x) has horizontal 
asymptotes? 


(e) From the information in (a)-(d), sketch a graph of erf(x). 


Further Insights and Challenges 


54. Proof of FTC II The proof in the text assumes that f is nonnega- 
tive and increasing. To prove it for all continuous functions, let m(h) and 
M(h) denote the minimum and maximum of f on [x,x + h] (Figure 15). 


The continuity of f implies that jim m(h) = lim M(h) = f(x). Show that 


for h > 0, 
hm(h) < A(x +h) — A(x) < hM(h) 


For h < 0, the inequalities are reversed. Prove that A’(x) = f(x). 


y | y=f) 


a x x+h 
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56. Can Every Antiderivative Be Expressed as an Integral? The area 


x 


function A(x) = f(t) dt is an antiderivative of f for every value of 


a. However, not all antiderivatives are obtained in this way. The general 
antiderivative of f(x) =x is F(x) = 5x? +C. Show that F is an area 
function if C < 0 but not if C > 0. 


57. Prove the formula 


d v(x) 


Ts f(t)dt = fva) a) — fuu x) 
X Ju(x) 


FIGURE 15 Graphical interpretation of A(x + h) — A(x). 


58. Use the result of Exercise 57 to calculate 


55, Proof of FTC I FTC I asserts that f(t) dt = F(b) — F(a) if me ip 
a ae 2 
F’(x) = f(x). Use FTC II to give a new proof of FTC I as follows. Set oo sin t dt 


A(x) = | f(t) at. 


(a) Show that F(x) = A(x) + C for some constant. 


b 
(b) Show that F(b) — F(a) = A(b) — A(a) = | f(t)dt. 


r (L/s) 


1.0 y=r(t) 


t (s) 
1 2 4 


FIGURE 1 The quantity of water in the 
bucket is equal to the area under the graph 
of the flow rate r(t). 


In Theorem I, the variable t does not have 
to be a time variable. 


5.6 Net Change as the Integral of a Rate of Change 


So far, we have seen how the definite integral can be used to compute area. That appli- 
cation barely scratches the surface of ways that this important tool from calculus can be 
applied. In this section, we use the integral to compute net change, a concept that arises 
in a broad range of applications. 

Consider the following problem: Water flows into an empty bucket at a rate of r(t) 
liters per second. How much water is in the bucket after 4 seconds? If the rate of water 
flow were constant—say, 1.5 L/s—we would have 


quantity of water = flow rate x time elapsed = (1.5)4 = 6 L 


Suppose, however, that the flow rate r(t) varies as in Figure 1. Then the quantity of water 
is equal to the area under the graph of y = r(t). To prove this, let s(t) be the amount 
of water in the bucket at time ¢. Then s’(t) = r(t) because s’(t) is the rate at which the 
quantity of water is changing, that is, the rate that water is entering the bucket, r(t). 
Furthermore, s(0) = 0 because the bucket is initially empty. By FTC I, 


4 
| s(t)dt = s(4) — s(0) = s(4) 
0 e 


Water in bucket 


Area under the graph aesa 


of the flow rate 


More generally, s(t2) — s(tı) is the net change in s(t) over the interval [t;, t2]. FTC I 
yields the following result: 


THEOREM 1 Net Change as the Integral of a Rate of Change The net change in 


s(t) over an interval [t1, t2] is given by the integral 


s(t2) — s(t) 
Va e” 


Net change over [t,t] 


t2 
Í s (dt = 
ti 


Integral of the rate of change 


EXAMPLE 1 Water leaks from a tank at a rate of 2 + 5t L/hour, where t is the number 
of hours after 7 AM. How much water is lost between 9 and 11 AM? 
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Solution Let s(t) be the quantity of water in the tank at time ¢. Since 2 + 5t represents 
the rate that the water is leaving that tank, the rate of change of the water in the tank is 
—(2 + 5t). So s’(t) = —(2 + 5t). Since 9 AM and 11 AM correspond to ¢t = 2 and t = 4, 
respectively, the net change in s(t) between 9 and 11 AM is 


| 


4 4 
s(4) — s(2) = [ s'(t)dt = -f (2 + 5t)dt 
2 2 
4 

= (—48) — (—14) = —34 liters 


5 
a- (2+ 5) 
2 Jh 


The tank lost 34 L between 9 and 11 AM. Pa 


In the next example, we estimate an integral using numerical data. We shall com- 
pute the average of the left- and right-endpoint approximations, because this is usually 
more accurate than either endpoint approximation alone. This method of approximation 
is called the Trapezoidal Approximation; we investigate it further in Section 7.8. 


EXAMPLE 2 Traffic Flow The number of cars per hour passing an observation point 
along a highway is called the traffic flow rate g(t) (in cars per hour). 

f2 
(a) Which quantity is represented by the integral | q(t) dt? 
(b) The flow rate on the Jocoro Highway is recorded at 15-minute intervals on Monday 
morning between 7:00 and 9:00 AM. Estimate the number of cars using the highway 
during this 2-hour period. 


7:00 7:15 7:30 7:45 8:00 815 8:30 8:45 9:00 2e 


1044 1297 1478 1844 1451 1378 1155 802 542 


Solution 


to 
(a) The integral | q(t) dt represents the total number of cars that passed the observa- 
t 
tion point during the time interval [t , t2]. 


(b) The data values are spaced at intervals of At = 0.25 h. Thus, 
Ly = 0.25 (1044 + 1297 + 1478 + 1844 + 1451 + 1378 + 1155 + 802) ~ 2612 
Ry = 0.25 (1297 + 1478 + 1844 + 1451 + 1378 + 1155 + 802 + 542) ~ 2487 


In Example 2, Ly is the product of At and We estimate the number of cars that passed the observation point between 7 and 9 AM by 


the sum of the values of q(t) at the left taking the average of Ry and Ly: 
endpoints 9 1 l 
thdt~ —(R Ln) = =(2612 + 2487) + 2550 
7:00, 7:15, ..., BAS l q(t) 5 (Rn + Ln) z4 + ) 
and Ry is the product of At and the sum Approximately 2550 cars used the Jocoro Highway during the time period. E 
of the values of q(t) at the right endpoints 
7:15, ..., 8:45, 9:00 The integral of Velocity 


Let s(t) be the position at time ¢ of an object in linear motion. Then the object’s velocity 
is v(t) = s‘(t), and the integral of v is equal to the net change in position or displacement 
over a time interval [7), f2]: 


fa {9 
f u(t) dt = ji s'(t)dt = s(t2)— s(t) 
ti ty —— / 
Displacement or net 

change in position 


FIGURE 2 Top: graph of 
v(t)= t? — 1027 + 24t. Bottom: graph of 
|u(t)}. 


Distance 
0 36 128 
3 


FIGURE 3 Path of the particle along a 
straight line. 


In Section 3.4, we defined the marginal 
cost at production level xq as the cost 


C(x + 1) — C(x0) 


of producing one additional unit. Since this 
marginal cost is approximated well by the 
derivative C’(xo) for large values of xo 
compared to 1, economists often refer to 
C'(x) itself as the marginal cost. 
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We must distinguish between displacement and distance traveled. If you travel 10 km 
and then return to your starting point, your displacement is zero but your distance trav- 
eled is 20 km. To compute distance traveled rather than displacement, we integrate the 
speed |v(t)}. 


THEOREM 2 The Integral of Velocity For an object in linear motion with velocity 
v(t), then 


t2 


displacement during [f), #2] = / v(t) dt 


f1 


h 
distance traveled during [t1, t2] = f lu(t)| dt 


fi 


EXAMPLE 3 A particle has velocity v(t) = t? — 10t? + 24t m/s. Compute: 
(a) Displacement over [0, 6] (b) Total distance traveled over [0, 6] 
Indicate the particle’s trajectory with a motion diagram. 


Solution First, we compute the indefinite integral: 


1 10 
[wa = fe — 10? + 241) dt = zt = ae Or? tE 


(a) The displacement over the time interval [0, 6] is 


6 6 
14 10.3 2 
hi v(t)dt = (4: 7! +127) 


0 


(b) The factorization v(t) = t(t — 4)(t — 6) shows that v(t) changes sign at t = 4. It is 
positive on [0, 4] and negative on [4, 6], as we see in Figure 2. Therefore, the total distance 


traveled is 
6 4 6 
f pold = f voar- f v(t) dt 
0 0 4 


We evaluate these two integrals separately: 


= 36m 


i 1 1 + 
[0, 4]: | v(t)dt = (3 n || ate 
0 4 3 0 
6 6 
1 1 
[4,6]: 1 v(t)dt = (3 Æ PE +12? | = ae m 
4 4 3 r 


The total distance traveled is us — (-2) = 148 = 493 m. 
Figure 3 is a motion diagram indicating the particle’s trajectory. The particle travels 


m during the first 4 s and then backtracks = m over the next 2 s. Fl 


Total Versus Marginal Cost 


Let C(x) represent a manufacturer’s cost to produce x units of a particular product or 
commodity. The derivative C’(x) is called the marginal cost. The cost of increasing 
production from a units to b units is the net change C(b) — C(a), which is equal to the 
integral of the marginal cost: 


b 
cost of increasing production from a units to b units = / C'(x) dx 
a 
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5.6 EXERCISES 


INTEGRATION 


EXAMPLE 4 The marginal cost of producing x computer chips (in units of 1000) is 
C’(x) = 300x? — 4000x + 40,000 (dollars per thousand chips). in 


(a) Find the cost of increasing production from 10,000 to 15,000 chips. 
(b) Determine the total cost of producing 15,000 chips, assuming that it costs $30,000 to 
set up the manufacturing run [i.e., C(0) = 30,000]. 


Solution 
(a) The cost of increasing production from 10,000 (x = 10) to 15,000 (x = 15) is 


15 
C(15) — C(i0) = J (300x? — 4000x + 40,000) dx 
10 
3 2 15 
= (100x° — 2000x~ + 40,000x) 3 


= 487,500 — 300,000 = $187,500 


(b) The cost of increasing production from 0 to 15,000 chips is 
15 
C(15) — C(0) = | (300x? — 4000x + 40,000) dx 
0 


15 
= (100x? — 2000x? + 40,000x) » = $487,500 


The total cost of producing 15,000 chips includes the set-up costs of $30,000: 
C(15) = C(O) + 487,500 = 30,000 + 487,500 = $517,500 


5.6 SUMMARY | — 


e Many applications are based on the following principle: The net change in a quantity 
S(t) is equal to the integral of its rate of change: 


i2 


OD = / s!(t) dt 
—— m ti 
Net change over [ż;,ż2] 


e For an object traveling in a straight line at velocity v(t), 


ty 
displacement during [t), #2] = / v(t) dt 
| 
2 
total distance traveled during [f), t2] = i lu(t)| dt 


t 


°- If C(x) is the cost of producing x units of a commodity, then C’(x) is the marginal 
cost and the cost of increasing production from a units to b units is 


b 
C(b) — C(a) = / C'(x) dx 


a 


Preliminary Questions 


1. A hot metal object is submerged in cold water. The rate at which the 2. A plane travels 560 km from Los Angeles to San Francisco in 1 hour . | 
object cools (in degrees per minute) is a function f(t) of time. Which quan- (h). If the plane’s velocity at time f is v(t) km/h, what is the value of 


T 1 
tity is represented by the integral | f(t)dr? Í u(t) dt? 
0 


o 3. Which of the following quantities would be naturally represented as 


derivatives and which as integrals? 
(a) Velocity of a train 
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(b) Rainfall during a 6-month period 
(c) Mileage per gallon of an automobile 
(d) Increase in the U.S. population from 1990 to 2010 


Exercises 


1. Water flows into an empty reservoir at a rate of 3000 + 207 L per hour 
(t is in hours). What is the quantity of water in the reservoir after 5 h? 


2. A population of insects increases at a rate of 200 + 10r + 0.252? in- 
sects per day (¢ in days). Find the insect population after 3 days, assuming 
that there are 35 insects at £ = 0. 


3. A survey shows that a mayoral candidate is gaining votes at a rate 
of 2000t¢ + 1000 votes per day, where t is the number of days since she 
announced her candidacy. How many supporters will the candidate have 
after 60 days, assuming that she had no supporters at £ = 0? 


4. A factory produces bicycles at a rate of 95 + 3t? — t bicycles per week 
(t in weeks). How many bicycles were produced from the beginning of 
week 2 to the end of week 3? 


5. Find the displacement of a particle moving in a straight line with ve- 
locity v(t) = 4t — 3 m/s over the time interval [2, 5]. 


6. Find the displacement over the time interval [1,6] of a helicopter 
whose (vertical) velocity at time ¢ is v(t) = 0.02r2 + ¢ m/s. 


7. A cat falls from a tree (with zero initial velocity) at time t = 0. How 
far does the cat fall between t = 0.5 second and t = 1 s? Use Galileo’s 
formula v(t) = —9.82 m/s. 


8. <A projectile is released with an initial (vertical) velocity of 100 m/s. 
Use the formula v(t) = 100 — 9.8t for velocity to determine the distance 
traveled during the first 15 seconds. 


In Exercises 9-12, a particle moves in a straight line with the given velocity 
(in meters per second). Find the displacement and distance traveled over 
the time interval, and draw a motion diagram like Figure 3 (with distance 
and time labels). 


9 v(t) =12—4t, [0,5] 
10. v(t) = 36 — 24t + 322, [0,10] 
11. v(t) =1-%—1, [0.5,2] 12. v(t)=cosr, [0,37] 


13. Find the net change in velocity over [1,4] of an object with a(t) = 
8t — t? m/s”. 


14. Show that if acceleration is constant, then the change in velocity is 
proportional to the length of the time interval. 


15. The traffic flow rate past a certain point on a highway is q(t) = 
3000 + 2000r — 300r? (z in hours), where t = 0 is 8 AM. How many cars 
pass by in the time interval from 8 to 10 AM? 


16. The marginal cost of producing x tablet computers is 
C'(x) = 120 — 0.06x + 0.00001 x? 


What is the additional cost of producing 3000 units if the set-up cost is 
$90,000? If production is set at 3000 units, what is the cost of producing 
200 additional units? 


17. A small boutique produces wool sweaters at a marginal cost of 
40 —5|x/5]| for O < x < 20, where |x] is the greatest integer function. 
Find the cost of producing 20 sweaters. Then compute the average cost of 
the first 10 sweaters and the last 10 sweaters. 


18. The rate (in liters per minute) at which water drains from a tank 
is recorded at half-minute intervals. Compute the average of the left- 
and right-endpoint approximations to estimate the total amount of water 
drained during the first 3 min. 


| t(min) | 0 Ose We (Scans 


r (L/min) | 50 48 46 44 42 40 38 


19. The velocity of a car is recorded at half-second intervals (in feet per 
second). Use the average of the left- and right-endpoint approximations to 
estimate the total distance traveled during the first 4 s. 


20. To model the effects of a carbon tax on CO2 emissions, policymakers 
study the marginal cost of abatement B(x), defined as the cost of increas- 
ing COz reduction from x to x + 1 tons (in units of ten thousand tons— 
Figure 4). Which quantity is represented by the area under the curve over 
[0, 3] in Figure 4? 


B(x) ($/ton) 
100 
75 
50 
25 
x 
1 2 3 


Tons reduced (ten thousands) 


FIGURE 4 Marginal cost of abatement B(x). 


21. The snowfall rate R (in inches per hour) was tracked during a ma- 
jor 24-hour lake effect snowstorm in Buffalo, New York. The graph in 
Figure 5 shows R as a function of t (hours) during the storm. What quan- 


24 
tity does f R(t)dt represent? Approximate the integral. 
0 


FIGURE 5 The snowfall rate during a major 24-h storm. 
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22 [A Figure 6 shows the migration rate M(t) of Ireland in the period 
1988-1998. This is the rate at which people (in thousands per year) moved 
into or out of the country. 


(a) Is the following integral positive or negative? What does this quantity 
represent? 


1998 
M(t) dt 
1988 


(b) Did migration in the period 1988-1998 result in a net influx of people 
into Ireland or a net outflow of people from Ireland? 


(c) During which 2 years could the Irish prime minister announce, 
“We’ve hit an inflection point. We are still losing population, but the trend 
is now improving.” 


M(t) 
30 
20 
10 


1996 1998 2000 


0 
io 1988 
-20 
-30 
—40 
-50 


FIGURE 6 Irish migration rate (thousands per year). 


23. Let N(d) be the number of asteroids of diameter < d kilometers. 
Data suggest that the diameters are distributed according to a piecewise 
power law: 


1.9 x 10°d~*3 ford < 70 


N'(d) = 
= x 10"%d-4 ford >70 

(a) Compute the number of asteroids with a diameter between 0.1 and 

100 km. 


(b) Using the approximation N(d + 1) — N(d) ~ N’(d), estimate the 
number of asteroids of diameter 50 km. 


24. Heat Capacity The heat capacity C(T) of a substance is the amount 
of energy (in joules) required to raise the temperature of 1 g by 1°C at tem- 
perature T. 


(a) Explain why the energy required to raise the temperature from T} to 
Tə is the area under the graph of C(T) over (71, 72]. 


(b) How much energy is required to raise the temperature from 50°C to 
100°C if C(T) =6+0.2/T? 


25. Figure 7 shows the rate R(t) of natural gas consumption (billions of 
cubic feet per day) in the mid-Atlantic states (New York, New Jersey, 
Pennsylvania). Express the total quantity of natural gas consumed in 2009 
as an integral (with respect to time t in days). Then estimate this quantity, 
given the following average monthly values of R(t): 


3.18, 2.86, 2.39, 1.49, 1.08, 0.80, 
1.01, 0.89, 0.89, 1.20, 1.64, 2.52 


Keep in mind that the number of days in a month varies with the month. 


Natural gas consumption (10° ft?/day) 


J FMAMJ TAS OND 


FIGURE 7 Natural gas consumption in 2009 in the mid-Atlantic states. 


26. EA Cardiac output is the rate R of volume of blood pumped by the 
heart per unit time (in liters per minute). Doctors measure R by inject- 
ing A mg of dye into a vein leading into the heart at t = 0 and recording 
the concentration c(t) of dye (in milligrams per liter) pumped out at short 
regular time intervals (Figure 8). 

(a) Explain: The quantity of dye pumped out in a small time interval 
(t,t + At] is approximately Rc(t)At. 

T 


(b) Show that A = R [ c(t) dt, where T is large enough that all of the 


0 
dye is pumped through the heart but not so large that the dye returns by 
recirculation. 


(c) Assume A =5 mg. Estimate R using the following values of c(t) 
recorded at 1-second intervals 


ch). 0 0.4 28 65 98 89 61 4 #23 11 0 


Measure 
concentration 
Inject dye here ' 
t /hter 
i < c(t) (mg ) 
rA 
— > 
Blood flow g 


FIGURE 8 


Exercises 27 and 28: A study suggests that the extinction rate r(t) of ma- 
rine animal families during the Phanerozoic Eon can be modeled by the 
function r(t) = 3130/(t + 262) for 0 < t < 544, where t is time elapsed 
(millions of years) since the beginning of the eon 544 million years ago. 
Thus, t = 544 refers to the present time, t = 540 is 4 million years ago, 
and So on. 


27. Compute the average of Ry and Ly with N = 5 to estimate the total 
number of families that became extinct in the periods 100 < t < 150 and 
350 < t < 400. 


28. Estimate the total number of extinct families from t = 0 to 
the present, using My with N = 544. 


Further Insights and Challenges 

29. Show that a particle, located at the origin at ż=1 and moving 
along the x-axis with velocity v(t) =1~*, will never pass the point 
ym 2. 


30. Show that a particle, located at the origin at t = 1 and moving along 
the x-axis with velocity v(f) = t—'/2 moves arbitrarily far from the origin 
after sufficient time has elapsed. 


Ne 


31. Ina free market economy, the demand curve is the graph of the func- 
tion D that represents the demand for a specific product by the consumers 
in the economy at price q. It is not surprising that the curve is decreasing, 
as the demand drops as the price goes up. The supply curve is the graph of 
the function S that represents the supply of the product that the producers 
are willing to produce as a function of the price q. As the price goes up, the 
producers are willing to produce more of the item, and therefore, this curve 
is increasing. The point (p*, q*) at which the two curves cross is called the 
equilibrium point, where the supply and demand balance. Tradition in eco- 
nomics is to make the horizontal axis the quantity g of the item and the 
vertical axis the price p. We define p = S(q) to correspond to the supply 
curve and p = D(q) to correspond to the demand curve. In other words, 
we have inverted the formula for these two functions from giving quantity 
in terms of price to giving price in terms of quantity. The areas depicted in 
Figure 9 represent the excess supply and excess demand. 

(a) The consumer surplus represents the savings on the part of consumers 
if they pay price p* rather than the price greater than p* that many were 
willing to pay. Write a formula for this consumer surplus. The formula will 
include a definite integral and it will depend on p* and q*. 

(b) The producer surplus represents the savings on the part of producers if 
they sell at price p* rather than the price less than p* that some producers 
were willing to accept. Write a formula for this producer surplus. 
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(c) A variety of coffee shops in a town sell mocha latte supreme coffees. 
If the supply curve is given by p = = + 1 and the demand curve is given 


10 
by p = ————-, determine the equilibrium point (p*, g*) and the con- 
yp q/100 +1 quilibrium point (p*, q”) 


sumer surplus and producer surplus when the mocha latte supreme coffees 
are sold at price p*. 


Price p 
p = S(q) 


Consumer surplus 


p = D(q) 


Quantity g 


FIGURE 9 The supply and demand curves. 


5.7 The Substitution Method 


The term “integration” is used in two ways. 
It refers to 


¢ The process of computing a definite 
integral 

¢ The process of finding an antiderivative 
(evaluating an indefinite integral) 


4 REMINDER A composite function has 
the form f(g(x)). For convenience, we call 
u = g(x) the inside function and f(u) the 
outside function. 


Integration (antidifferentiation) is generally more difficult than differentiation. There are 
no sure-fire methods, and many antiderivatives cannot be expressed in terms of elemen- 
tary functions. However, there are a few important general techniques. One such tech- 
nique is the Substitution Method, which is essentially an inverse of the Chain Rule for 
Differentiation. 


Consider the integral j Dx cos(x?) dx. We can evaluate it if we remember the Chain 


Rule calculation: 
d 
— sin(x?) = 2x cos(x?) 
dx 
This tells us that sin(x?) is an antiderivative of 2x cos(x?), and therefore, 


2 se 
2x cos(x“) dx = sin(x“) + C 


Derivative of 
inside function 


Inside 
function 


A similar Chain Rule calculation shows that 


J (1+ 3x?) cos(x + x°) dx = sin(x + x?) +C 
SS a_r u aa 


Derivative of 
inside function 


Inside 
function 


In both cases, the integrand is the product of a composite function and the derivative of 
the inside function. The Chain Rule does not help if the derivative of the inside function 
is missing. For instance, we cannot use the Chain Rule to compute | cos(x + x dx 


because the factor (1 + 3x”) does not appear. 
In general, if F’(u) = f(u), then by the Chain Rule, 


d 
=~ Flue) = FUME) = fuu) 
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The symbolic calculus of substitution using 
differentials was invented by Leibniz and is 
considered one of his most important 
achievements. It reduces the otherwise 
complicated process of transforming 
integrals to a convenient substitution 
procedure. 


In substitution, the key step is to choose 
the appropriate expression to assign to u. 
Often u can be chosen to be an inside 
function in a composition. 


This translates into the following integration formula: 


THEOREM 1 The Substitution Method If F’(x) = f(x), and u is a differentiable 
function whose range includes the domain of f, then 


J fulu (x) dx = F(u(x))+ C 


Substitution Using Differentials 


Before proceeding to the examples, we discuss the procedure for carrying out substitu- 
tion using differentials. We can treat the symbols du and dx that occur in integration as 
differentials, and in that way can use the relationship (introduced in Section 4.1 on linear 
approximation) 


to symbolically substitute into integrals in order to simplify them. 
Equivalently, du and dx are related by 


du = u'(x)dx 1 


[F u = x’, then du = 2x dx 


For example, 


If u = cos(x), then du = —3x*sin(x*)dx 


Now when the integrand has the form f(u(x))u’(x), we can use Eq. (1) to rewrite the 
entire integral (including the dx term) in terms of u and its differential du: 


J Oy TE E | One 
a 
f(u) u 


This equation is called the Change of Variables Formula. It transforms an integral in 
the variable x into a (hopefully simpler) integral in the new variable u. 


EXAMPLE 1 Evaluate / 3x7 sin(x?) dx. 


Solution The integrand contains the composite function sin(x?), so we set u = x°. The 
differential du = 3x* dx also appears, so we can carry out the substitution: 


[32 sin(x?) dx = J sia?) 3x? dx = | sinudu 
i meal 


sin u du 


Now evaluate the integral in the u-variable and replace u by x? in the answer: 
[ 32? sina?) ax = f sinu a = — cosu + C = — cos(x?) +C 
Let’s check our answer by differentiating: = 


d d 
aS cos(x?)) = sin(x? Frad = 3x? sin(x?) z 


Substitution Method: 
(1) Choose u and compute du. 


(2) Rewrite the integral in terms of u and 
du, and evaluate. 


(3) Express the final answer in terms of x. 
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EXAMPLE 2 Multiplying du by aConstant Evaluate | x(x? +9) dx. 


Solution We let u = x? + 9 because the composite u> = (x? + 9) appears in the inte- 
grand. The differential du = 2x dx does not appear as is, but we can multiply by 5 to 
obtain tdu = ux 
Now we can apply substitution: 
1 l 
2 ao 2 5 aig a T ox 2 
[x + 9) dx = | ( + 9) xdx=5 fu du Tl +C 


u5 ldu 


Finally, we express the answer in terms of x by substituting u = x? +9: 


1 1 
[ =+ dx= Gu +O = Sa? +98 +0 gE 
(x? + 2x) dx 


LE c. 
EXAMPLE 3 Evaluate G34 ax? E 


Solution The appearance of (x? + 3x? + 12)~® in the integrand suggests that we try 
u = x° + 3x2 + 12. With this choice, 
du = (3x? + 6x)dx = 3(x? +2x)dx > 5 du = (x? + 2x) dx 


| (x? + 2x) dx 


3 2 ~6§ 7.2 
— = 3 12 2x)d 
G3 + 3x2 + 12) |r ) (x +2x)dx 


u-® E du 


aE) 


ji 
= ge per Pn ae = 


CONCEPTUAL INSIGHT An integration method that works for a given function may fail 
if we change the function even slightly. In the previous example, if we replace 2 by 
(a? + Dex 
(x3 + 3x2 + 12)9’ 
The problem is that (x? + 2.1x) dx is nota multiple of du = (3x? + 6x) dx. 


2.1 and consider instead the Substitution Method does not work. 


EXAMPLE 4 Evaluate | sin(7@ + 5) dé. 
Solution Letu = 76 + 5. Then du = 7 d0 and 5 du = d0. We obtain 


l ; 1 1 
J snas +5) dg = 5 | sinudu = = cosu + C= 5 c0s(70 +5) +C E 


. 1 
sin u zdu 


EXAMPLE 5 Evaluate | e~™ dt. 


Solution Use the substitution u = —9t, du = —9 dt. Then dt = —gdu: 


1 1 1 | 
[a= fe (—jau) =—5 [etdu=—je+0=-5¢ aC al 
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Antiderivatives of sin@ and cos@ came naturally to us from the corresponding __ 
derivative formulas. However, we have not yet found an antiderivative for tan 0. We can 
obtain one now using the Substitution Method. 


EXAMPLE 6 Integral of tan 8 Evaluate Í tano dð. 


inĝ dé , 
Solution In this case, the idea is to write tan d0 = = ; and to note that if 
u = cos, then du = — sin d0 so —du = sin@dé: 
inĝ d@ d 
fno= [= —— << =-—In|ul| +C =—In|cos@{+C 
cos 6 u 


Alternate forms of this antiderivative are obtained using the identity — ln u = In L, Thus, 
— ln |cos 0| = In ar and we have 


f noae =p 


[+c = miseca + B 
cos @ 


A similar approach shows that 


f cove a0 = ln |sinð| + C 


EXAMPLE 7 Additional Step Necessary Evaluate | x/5x+1dx. 


Solution Since ./5x + 1 appears, we are tempted to set u = 5x + 1. Then 


1 
du=3dx => V5x+1dx = z vudu 
a Unfortunately, the integrand is not /5x + 1 but x./5x + 1. To take care of the extra 
The Substitution Method does not always 1 
, factor of x, we solve u = 5x + 1 to obtain x = (u — 1). Then 
work, even when the integral looks 5 
relatively simple. For example, 1 1 tows n 1/2 
sin(x?) dx cannot be evaluated avon + Naa (ze B n) 5 vudu = z5” Bai 
explicitly by substitution, or any other 
method. With experience, you will learn to 1 3/2 1/2 
recognize when substitution is likely to be | xV5x + 1dx= 25 | (u*/? — u?) du 
successful. iL 2 
= Sal Spo. La 
25 (2 ee ) e 
-= Bag ah — care ia Oe re 
125 75 
Change of Variables Formula for Definite Integrals 
The Change of Variables Formula can be applied to definite integrals provided that the 
limits of integration are changed, as indicated in the next theorem. 
" ee gi Po THEOREM 2 Change of Variables Theorem for Definite Integrals If w’ is continuous 
CATO POTASO O MTERA Wien TAE on [a, b], and fis continuous on the range of u, then 
to the u-variable are u(a) and u(b). Think | 


of it this way: As x varies froma tob, the 


(b 
variable u = u(x) varies from u(a) to u(b). m 


) 
fu)du 


b 
| f(u(x)u'(x) dx = k 


FIGURE 1 


FIGURE 2 Area under the graph of 


ae 
ame 


| eee 


over [1,3]. 
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Proof If F(x) is an antiderivative of f(x), then F(u(x)) is an antiderivative of 
f(u(x))u'(x). FTC I shows that the two integrals are equal: 


b 
/ f (u(x) )u'(x) dx = F(u(b)) — F(u(a)) 
u(b 


) 
' f(u)du = F(u(b)) — F(u(a)) z 
u(a 


EXAMPLE 8 Evaluate in x’ V x3 + 1dx. 
0 


Solution We use the substitution u = x? + 1. Thus, du = 3x? dx, and therefore x?dx = 
tdu. By Eq. (2), the new limits of integration are 


u(0)=0?+1=1 and uQ) =2+1=9 


Thus, 
a L” a E 
[2 Olds =; | Ju du = =u?!” = — 
0 3 Ji 9 ıı 9 
This substitution shows that the area in (A) in Figure 1 is equal to one-third of the area 
in (B). ” 


In the previous example, we can avoid changing the limits of integration by evaluat- 
ing the indefinite integral in terms of x: 


| 2 2 
[eve Fidxs=} f Judu= 5+ c= 


2 > 52 
This leads to the same result: j x? x? + ldx = 5 Guk D ie T 
0 


m/4 
EXAMPLE 9 Evaluate tan? 0 sec? 0 dé. 
0 


Solution The substitution u = tan 0 makes sense because du = sec? 0 d@, and therefore, 
u? du = tan? 6 sec? 6 d@. The new limits of integration are 


u(0)=tan0=0 and u (=) =tan(7) zi 


Thus, 
n4 


I T 
tan? @ sec? 0 do =| u? du = ze 
0 


0 


EXAMPLE 10 Calculate the area under the graph of y = over [1,3]. 


x*+1 


dx. We use the substitution 


3 
Solution The area (Figure 2) is equal to | 5 
1 x*4+1 


u=x +1, du = 2xdx, 


The new limits of integration are u(1) = 1? + 1 = 2 and u(3) = 3? + 1 = 10, so 


3 10 
x 1 (Odu 1 10 | 1 
a es J- — = —'] = — İn 10 — —In2 ~ 0.805 E 
| ze si gl, 5 ae 
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5.7 SUMMARY 


¢ Try the Substitution Method when the integrand has the form f(u(x)) u’(x). If F is an 
antiderivative of f, then 


J f(u(x)) u! (dx = Fua) + C 


¢ The differential of u(x) is related to dx by du = u’(x) dx. 
°- The Substitution Method is expressed by the Change of Variables Formula: 


i f(u(x)) u(x) dx = J f(u)du 


e Change of Variables Formula for definite integrals: 


u(b) 


b 
/ f(u(x)) u(x) dx = f(u)du 


u(a 
¢ There are two approaches that can be taken to compute a definite integral in x by a 
change of variables to u. 


— Change the limits of integration to the corresponding limits of integration in u 
and compute the definite integral in u. 


— Compute the antiderivative first, expressing it in terms of x. Then use that anti- 
derivative to compute the definite integral in x. 


* Two new trigonometric integral formulas: 


J t2n6.d9 =n seco) +c and J cote do = tn sing] +c 


5.7 EXERCISES 


Preliminary Questions 


1. Which of the following integrals is a candidate for the Substitution (a) J x(x? +9)* dx (b) J x? sin(x?) dx 
Method? 
P aes (c) sin x cos? x dx 
(a) Sx” sin(x”) dx (b) sin” x cos x dx 
2 
(c) | oats 3. Which of the following is equal to Í x?(x? + i)dx for a suitable 
substitution? 
2. Find an appropriate choice of u for evaluating the following integrals 1 f? 9 1 f°? 
by substitution: (a) 3 f u du (b) f udu (c) z i u du 
0 0 3 
Exercises 
In Exercises 1-6, calculate du. 9, f (3t — 4% dt, u=3t—4 
l. u=x —x? 2. u= 2x44 8x7! 
3. u = cos(x?) 4. u=tanx 10. [e-»Pax, u=8—x 
5. u= ett! 6. u=In(x* +1) 


11. | VEFi, u=t?+1 


In Exercises 7-24, write the integral in terms of u and du. Then evaluate. 


7: JEt ax, u=x+8 12. f + Deostt + 4x) ar, u = xt + 4x 


13 
8. feta, u=x+25 13. {aur u=4— 2:4 


14. | Ea, u=4x-1 
15. fratan, u=x+1 
16. | 4E ias, u = 4x — i 
17. [ Nizas, u=4-x 
18. | sin(49 —7)d@, u=40-—7 
19. J sinð cos” 0 dð, u = cos9 
20. f sec? xtanz dx, u = tanx 
21. | xe” dx, u= —x? 


22. J (sec? t)e®™' dt, u = tant 


2 
d 
23. | T, S 
x 
tan`! x)*d 
24. ae u = tan! x 
x-+1 


In Exercises 25-28, evaluate the integral in the form a sin(u(x)) + C for 
an appropriate choice of u(x) and constant a. 


25. i x? cos(x*) dx 26. J x? cos(x? + 1)dx 


27, J x!/? cos(x3/*) dx 28. | cos x cos(sin x) dx 


In Exercises 29-76, evaluate the indefinite integral. 


dx 
. 14 9d i : 

29 farts x 30 G98 
31. | -= 32. foor+2y° at 
a/t +12 ( ) 

x+i 
33. Guay 


34. J (x + 1x? + 2x)?/4 dx 


35. ji NEEE dx 36. | : qin 
37. J Oxak 38. i (4—x>) dx 
39. J x 2x = T ax 40. f 6x? (4 — x3)* dx 
41. J (3x + 8)!! dx 42. | x(3x + 8)!!! dx 
43. { x?/x3 + 1 dx 44. { xo V/x3 + 1dx 

2 


47. | zz + 1)!" dz 
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48. J (z +472 (Z? + 1)” dz 


49. J (x + De 1)"4 dx 50. J x(x? — 1P dx 
51. J sin(8 — 30) dé 52. J 6 sin(6*) dé 
53, i) cos vt iy 54. | x? sin(x? + 1) dx 
aft 
55, ji tan(40 + 9) d8 56. J sin® 8 cos 6 d@ 
57. f cotxax 58. J ant) dx 
59, J sec? (4x + 9)dx 60. l sec? x tan* x dx 
2 
61. J sec*(/X) dx "y n 
JX (1 + sin2x)2 
63. | sinaxJeosa +1 dx 64. [ c0sx0 sinx — 1)dx 
65. J seco an (s00 — 1)dé 66. fan: + sint)cost dt 
67. i el4x—T dx 68. | (x + Det + dx 
e* dx 
6 | = : 2 9)e'™9 do 
(e+ DF 70 [sec Je 
e dt dx 
Yo | =e dd a 
i | m úg | 
4 
73. [= 74. — PP 
x x 
tan(In 
75. pan) y 76. | (cot x) In(sin x) dx 


77. Evaluate [<== an using u = 1+./x. Hint: Show that dx = 


2(u — ldu. 


rF 


78. Can They Both Be Right? Hannah uses the substitution u = tanx 
and Akiva uses u = sec x to evaluate | tanx sec” xdx. Show that they 


obtain different answers, and explain the apparent contradiction. 


79. Evaluate f sinxcosxdx using substitution in two different ways: 


first using u = sin x and then using u = cos x. Reconcile the two differ- 
ent answers. 


80. Some Choices Are Better Than Others Evaluate 


J sinx cos? x dx 


in two ways. First use u = sin x to show that 
f sinx cos? x dx = fui — u? du 
and evaluate the integral on the right by a further substitution. Then show 
that u = cos x is a better choice than u = sin x to begin with. 
81. What are the new limits of integration if we apply the substitution 
N 


u = 3x + x to the integral | sin(3x + 72)dx? 
0 
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82. Which of the following is the result of applying the substitution 
8 
u = 4x — 9 to the integral | (4x — 9)” dx? 
2 


8 
(a) { u” du 
2 
ae E 
(c) af u” du (d) F u” du 
aj 4 J-i 


In Exercises 83—84, compute the definite integral two ways: 


¢ Multiply out the integrand and then integrate directly without a 
substitution. 

¢ Use the Change of Variables Formula with the substitution pro- 
vided. 


4 
83. | x —3) dx, u = 2x —3 
1 


3 
84. Í x(x? +4% dx, u =x? +4 
0 


In Exercises 85-98, use the Change of Variables Formula to evaluate the 
definite integral. 


2 dx 6 
85. f —— s6. | Vx+3dx 
0 2x +5 l 
l x 2 
87. f aa s8. f «5x +6dx 
o (x? +1) -1 


4 2 Ax+12 
89. i xv x2 +9 dx 90. J ve 
0 1 


CETFT 


100. Find numbers a and b such that 


b x /4 
1 (u? + 1)du = | sect 0 dO 
a —r/4 
and evaluate. Hint: Use the identity sec? 0 = tan? 0 + 1. 
101. Wind engineers have found that wind speed v (in meters per second) 
at a given location follows a Rayleigh distribution of the type 


1 2 
W(v) = Bre pees 


This means that at a given moment in time, the probability that v lies be- 
tween a and b is equal to the shaded area in Figure 3. 

(a) Show that the probability that v € [0, b] is 1 — e7? /™. 

(b) Calculate the probability that v e [2,5]. 


graph of W(v) 


FIGURE 3 The shaded area is the probability that v lies between 
a and b. 


l 17 
91. | (x + 1)(x? + 2x% dx 92. | (x—9)-* dx n/2 
0 10 102. Evaluate f sin” x cos x dx for n > 0. 
0 
Jezi 3 
93. l p dx 94. [ "ais dx In Exercises 103—106, use substitution to evaluate the integral in terms 
i: ae 0 x7+41 of f (x). 
l x /6 T@ 
95. | @tan(6”)dée 6. f s 2x-—)d 103. | 3 f'aya 104. d 
| ome | se? (22-2) d fx)? f'@)dx o. | dx 
{2 {2 , 
97. | cos? x sin x dx 98. J cot? = csc” va dx 105. fœ) dx 106. J f'(—x+7)dx 
0 x/3 2 2 f(x) 
2 x/6 72 1 
99. Evaluate f ry5—V4-—r2dr. 107. Show that f(sin@) dé = f(u)\——— du. 
0 0 0 V1 —u2 
Further Insights and Challenges 
. a - 1 b ] b/a ] 
108. Use the substitution u = 1 + x!/” to show that 44%, Prove thai + dx z J = Ax foray b> 0. Thewehow taithe 


J Var =n f Pu- D- du 


Evaluate for n = 2,3. 


wr /2 
109. Evaluate 7 = i ae Hint: Use substitution to show 
that J i al to J os = h 
at 7 is equal to J = ———————-—_ and then check that 7 + J = 
a [ 1 + cot ¢ A 


fz 
[a 
0 


110. Use substitution to prove that f(x)dx =0 if f is an odd 


—a 
function. 


regions under the ‘yy Pol over the intervals [1,2], [2,4], [4,8], . 
have the same area (Figure 4). 


FIGURE 4 The area under y = 4 over [2”, 2”+!] is the same for all 
oe (4) Bea 
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FIGURE 3 The shaded region has an area 
equal to tan! 1 = Ẹ. 


derivatives do not result in antiderivative formulas for new functions, just alternate 


formulas for functions for which we have a formula above. For example, 
1 
—cos 'x = 


dx 
dx Jl — a ly=r 


—cos! x +C 


l dx 
EXAMPLE 1 Evaluate i —— 
go x~+1 


Solution This integral is the area of the region in Figure 3. By Eq. (3), 


1 d 1 
[ a stan! x| = tan! 1 -tan0= 7 -0= 


| a 


1 
MEF d 
EXAMPLE 2 Using Substitution Evaluate J = 


v2 xV 4x2 —1 


Solution Notice that 4x2 — 1 can be written as ./(2x)* — 1, so it makes sense to try 


the substitution u = 2x. Thus, x = žu and dx = tdu. Furthermore, 


u? = 4x? and y4x? — 1 = Vu? — 1 


The new limits of integration are u(1/ V2) = 2(1//2) = v2 and u(1) = 2. By Eq. (4), 


[ dx [ 5 du [ du 
1/ V2 xV4x? — | JAZ uvu? —1 Suva — 1 
= sec"! 2~sec7!/2 
tT uh R 


3/4 dx 
EXAMPLE 3 Using Substitution Evaluate | ——. 
. 0 9 -— 16x2 


Solution Let us first rewrite the integrand: 


Thus, it makes sense to use the substitution u = 4x. Then du = tdx and 


ae e V9 — 16x2 = 3y 1 — u? 


+ 4 


The new limits of integration are u(0) = 0 and u(3) =i: 


3 du I 1 


m ne 


T ay 1 
| an hed | ffl 4 


Integrals Involving f(x) — p* 


The exponential function f(x) = e” is particularly convenient because e* is both its own 


derivative and its own antiderivative. For other bases b, we have 


a: aime => oat Aa = b” 
dx dx \Inb}) — 


Pi 
=|. = z(sin“! 1 — sin™' 0) 


N 


Nov 
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112. Show that the two regions in Figure 5 have the same area. Then use a E 


= EE a 


== the identity cos? u = 41 + cos 2u) to compute the second area. 


Hint: Use a change of variables to show that A is equal to ab times the 
area of the unit circle. 


—a 


(A) 


FIGURE 5 me 
113. Area of an Ellipse Prove the formula A = mab for the area of the x y b 
ellipse with equation (Figure 6) FIGURE 6 Graph of ae + pb =l. 
5.8 Further Integral Formulas 
S In Section 5.4, we used FTC I to show that when a and b have the same sign, 
Ong b 
= = ln- 


Area = In x We obtain a formula for In x as a definite integral by setting a = 1 and b = x and keeping 


in mind that In 1 = 0: 


FIGURE 1 Thus, In x is equal to an area under the hyperbola y = 1/t from 1 to x (Figure 1). 
It is possible to take Eq. (1) as the In a similar fashion, we can express sin! x as a definite integral using the derivative 


definition of În x and to define e* as the formula from Section 3.8 (Figure 2): 
corresponding inverse function (see 


Exercises 82-83). d sins x = : 


dx 
——= ———— => — 
dx V1 — x? ls 


y Since sin~! 0 = 0, we have 


= sin! x +C 


for—l<x <1) 


Area = sin™' x On the other hand, the derivative formulas from Section 3.8 yield integration formulas 
that are useful for evaluating new types of integrals. 


Inverse Trigonometric Functions 
ame: 1 
— sin l x 


dx 
dx Jae | Rae ye 


FIGURE 2 
= sin”! x+C 


d 
[awrite 
x24+1 


d 
eae E G 


ae Er 
x = —_——., 
\x|vx2 — 1 [x|/x2 — 1 


( 


In this list, we omit the integral formulas corresponding to the derivatives of 
y =cos!x, y = cot™! x, and y = csc! x because their derivatives are the negative of 
the derivatives of y = sin~! x, y = tan7! x, and y = sec™! x, respectively. The omitted 
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In Exercises 1—12, evaluate the definite integral. 


Exercises 
1 FE 
1 x 


20 d 
2. [ ie 
4 x 
4. ion a 
aaa t 


Te dt 
6. 
tInt 


i a dx Si xdx 
1 x2?+i1 2 x? +1 
à dx a W3 dx 
0 v1—x2 2 PAET. sl 


3 
11. f 2 dx 
0 


3 
12. f 2 ax 
0 
- 13. Use the substitution u = x /3 to prove 


J: "ETY: 
J 94x2 3 


z 
14. Use the substitution u = 2x to evaluate [as 


4x2? +1 
In Exercises 15—34, calculate the integral. 
ae 4x 
15. — d 16.: | —— 
| ú | æn 
3 dx 
17. 18. 
f x? +3 [a as +9 
1/5 
19. J — 20. [ wip OH 
V1 — 16t2 =1/5 V4 — 25x2 
21 J ‘ 22 J a = 
J 5 — 38? » Siy(2v2) x 16x? = 1 
x xdx 
23; J —— 24. J 
: xV/12x2 —3 x44+1 
0 
25. J NS. a a 26. J (x + Idx 
xatt = Í > a i—i 
0 d —1 
37. í e* a 38. J In{cos” * x)dx 
-m2 l+e (cos—! x)V1 — x? 
=i V3 
a9, [ tan_*4x 30, f aanu 
1 +x? 3  (tan—! x)(1 +?) 
log, (3) id 
31. j 4* dx 32. i rs dt 
0 0 
33 f F siar 34 J me 
=J 5 =1 


In Exercises 35—74, evaluate the integral using the methods covered in the 


text so far. 
dx 
35. | ye” d 36. J e 
i ” á 3x +5 
e/a 38 J (x — x72)? dx 
`J sax? +9 y 


39. 


4l. 


43. 


45. 


47. 


~J 


49. 


51. 


53. 


55. 


57. 


59. 


61 


63. 


65. 


67. 


69. 
71. 


73. 


LEA 


+ 


J T~ dx 


f sec? 6 tan’ 6 a0 
if /1—Inw 
~ dw 
Ww 
t dt 
/7 — t* 
(3x + 2) dx 
x244 


=: 


J (e™ — 4x)dx 


f (x + 5)dx 


4 — x? 


J e* cos(e*) dx 


$ 
J /9 — 16x? 
fee + 1) dx 


es 


[oe 
ball 
“32 


lax+5 , 


J x3* dx 


J cot x In(sin x) dx 


[evi —3dt 


Use Figure 4 to prove 


40. 


42. 


46. 


48. 


50. 


52. 


54, 


56. 


58. 


60. 


62. 


66. 


68. 


70. 


72. 


74, 


a dit 


f sec" otano ao 


f cos(In t) dt 


t 


f 27e% dx 


f ancax + 1)dx 
[eve +1dt 


fo — e) gy 


x 
fe =F 
fe+ Dyt + ldt 


J E. a 
RESI 

dx 

(4x — 1) In(8x — 2) 


f dx 
x(in x) 


(3x — 1)dx 
9 — 2x + 3x? 


J COS x d 
2sinx +3” 
J (sec 6 tan 0)5%®? do 
In(in x) 
d 
[>= i 
tdt 
T= 


f cos x57207 dx 


FIGURE 4 


76. Use the substitution u = tan x to evaluate 
| dx 
1+ sin? x 


dx a du 
1 + 2u? 


Hint: Show that 


1 + sin? x 
77. Prove 


[ sin teat = 1—2? +tsin !t+C 
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78. (a) Verify for r Æ 0: 


T rT 
e*'(rT—1)+1 
dP gga ODE E] 
j, 7 


Hint: For fixed r, let F(T) be the value of the integral on the left. By FTC 
ll, F’(t) = te™’ and F(0) = 0. Show that the same is true of the function 
on the right. 

(b) Use L’ H6pital’s Rule to show that for fixed T, the limit as r — 0 of the 
right-hand side of Eq. (6) is equal to the value of the integral for r = 0. 


Further Insights and Challenges 
79. Recall that if f(t) > g(t) fort > 0, then for all x > 0, 


Í f(t)at > Í g(t)dt 


The inequality ef > 1 holds for t > 0 because e > 1. Use (7) to prove that 
e* > 1 +x for x > 0. Then prove, by successive integration, the following 
inequalities (for x > 0): 


1 1 1 
ee ltx+ 5x", feltxt5x tex 


80. Generalize Exercise 79; that is, use induction (if you are familiar with 
this method of proof) to prove that for all n > 0, 


l 1 1 
EERE r i (x > 0) 


pi 6 


\_ 81. Use Exercise 79 to show that e*/x? > x/6 and conclude that 


lim e* ecm = oo. Then use Exercise 80 to prove more generally that 
I> CO 


lim e*/x” = oo for all n. 
Xr >> & 


Exercises 82-84 develop an elegant approach to the exponential and log- 
arithmic functions. Define a function G(x) for x > 0: 


C= f zar 
m 


82. Defining Inx as an Integral This exercise proceeds as if we didn’t 
know that G(x) = Inx and shows directly that G has all the basic proper- 
ties of the logarithm. Prove the following statements: 


ab 
(a) [; bis 


u = t/a. 

(b) G(ab) = G(a) + G(b). Hint: Break up the integral from 1 to ab into 
two integrals and use (a). 

(c) G(1) = 0 and G(a7!) = —G(a) fora > 0. 

(d) G(a") = nG(a) for all a > 0 and integers n. 


1 
(© Gal/") = ~G(a) for all a > 0 and integers n Æ 0. 
O Ga@)= rG(a) for all a > 0 and rational numbers r. 


(g) G is increasing. Hint: Use FTC II. 


(h) There exists a number a such that G(a) > 1. Hint: Show that 
G(2) > 0 and take a = 2” for m > 1/G(2). 
(i) lim G(x) =ooand lim G(x) = —oo. 

xO x3 0+ 


f: ig for all a,b > 0. Hint: Use the substitution 


. () There exists a unique number & such that G(E) = 1. 
(k) G(E’) = r for every rational number r. 


83. Defining e* Use Exercise 82 to prove the following statements: 


(a) G has an inverse with domain R and range {x : x > 0}. Denote the 
inverse by F. 


(b) F(x + y) = F(x)F(y) for all x,y. Hint: It -suffices to show that 
G(F(x) FQ) = G(F(@ + y)). 

(c) F(r) = E for all numbers. In particular, F(0) = 1. 

(d) F’(x) = F(x). Hint: Use the formula for the derivative of an inverse 
function that appears in Exercise 28 of the Chapter 3 Review Exercises. 
This shows that E = e and F(x) = e* as defined in the text. 


84. Defining b” Let b > 0 and let f(x) = F(xG(b)) with F as in Ex- 
ercise 83. Use Exercise 82 (f) to prove that f(r) = b" for every rational 
number r. This gives us a way of defining b” for irrational x, namely 
b” = f(x). With this definition, y = b* is a differentiable function of x 
(because F is differentiable). 


n+l 
85. The formula | +C is valid for n 4 —1. Show that 


the exceptional case n = —1 is a limit of the general case by applying 
L’ H6pital’s Rule to the limit on the left: 


x" dx = 


s 
lim ae fe — f re (for fixed x > 0) 
1 1. 


n—>—l 


+1 _ 1 
Note that the integral on the left is equal to = i 
n 


86. (cas) The = inside the limit on the left in Exercise 85 is 
n+ 


i 
equal to ie = SETE for x # —1. Investigate the limit graphically 


by plotting y = fn(x) for n = 0, —0.3, —0.6, and —0.9 together with 
y = Inx on a single plot. 


87. EA (a) Explain why the shaded region in Figure 5 has area 


Ing — 
f e’ dy. 
0 p B 


Pelna 
(b) Prove the formula i lnx dx = alna — J e’ dy. 
1 0 


a 
(c) Conclude that [ Inxdx =alna —a+ l1. 
1 


(d) Use the result of (a) to find an antiderivative of y = ln x. 


FIGURE 5 
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CHAPTER REVIEW EXERCISES 


In Exercises 1-4, refer to the function f whose graph is shown in 
Figure 1. 
1. Estimate L4 and M4 on [0, 4]. 


2. Estimate R4, L4, and M4 on [1,3]. 


b 
3. Find an interval [a,b] on which R4 is larger than | f(x)dx. Do 
a 


the same for L4. 


AL 2 9 
4. Justify - < | F(x) dx < -. 
2 1 + 


FIGURE 1 


In Exercises 5—8, let f(x) = x? + 3x. 


5. Calculate Rg, Mg, and Le for f on the interval [2,5]. Sketch the 
graph of f and the corresponding rectangles for each approximation. 


Xx 
6. Use FTC I to evaluate A(x) = i fdt. 
=, 


7. Find a formula for Ry for f on [2,5] and compute 
5 
| f (x) dx by taking the limit. 
2 


8. Find a formula for Ly for f on [0,2] and compute 
2 
i f(x) dx by taking the limit. 
0 


9. Calculate R5, M5, and Ls for f(x) = (x? + 1)~! on the interval 
[0, 1]. 


10. Let Ry be the Nth right-endpoint approximation for f(x) = x3 
on [0, 4] (Figure 2). 
64(N + 1)? 

N2? 
(b) Prove that the area of the region within the right-endpoint rec- 
tangles above the graph is equal to 


(a) Prove that Ry = 


64(2N + 1) 
N2 


FIGURE 2 Approximation Ry for f(x) = x? on [0, 4]. 


11. Which approximation to the area is represented by the shaded rect- 
angles in Figure 3? Compute R5 and Ls. 


FIGURE 3 


12. Calculate any two Riemann sums for f(x) = x on the inter- 


val [2,5], but choose partitions with at least five subintervals of un- 
equal widths and intermediate points that are neither endpoints nor 
midpoints. 


In Exercises 13-16, express the limit as an integral (or multiple of an 
integral) and evaluate. 


N 
15. lim — $ /4-45j/N 
N-> = 
1* ok - k 
te. dts e e ree Wi) 


In Exercises 17-30, calculate the indefinite integral. 


17. / (4x? — 2x?) dx 18. J x L 
19. [ sinc — 8)dé 20. feos — 70)d0 
21. / (41-3 — 121-4) dt 22. J (9172/3 pA dt ~— 


23. J sec? x dx 24. | tan 36 sec 36 d@ 


- ~a 


sao 


3x3 —9 
25. fo +2 dy 26. J “= dx 
xX 
27. fe —x)dx 28. J dx 


30. J sin(4x — 9) dx 


29. J 4x7! dx 


In Exercises 31—36, solve the differential equation with the given ini- 
tial condition. 


dy 


31. — = 4x, y(1)=4 
dx 
S dy = 317 + cos t, y(0)= 
dt 
d 
49 a IP yat 
dx 
dy 2 
34. Jy 7e y(%) =2 
35. ey =e*, y0)= 
dx 
36. 2 =e%, y(1)=1 
dx 


37. Find f(t) if f(t) = 1 —2t, f(0) = 2, and f’(0) = — 


38. At uis t = 0, a driver begins decelerating at a constant rate of 
—10 m/s? and comes to a halt after traveling 500 m. Find the velocity 
att = 0. 


- In Exercises 39-42, use the given substitution to evaluate the integral. 


2 dt 
[ wlio 2 


2 
40. J= + 1l)dx 


ciu =x Be 
(x3 + 3x4’ aime 


x/6 
41. f sin x cos* x dx, u = COSX 
0 


42. J sec?(20)tan(20)d0, u = tan(20) 
In Exercises 43—92, evaluate the integral. 


2 
43. J (20x4 — 9x? — 2x)dx 44, f (12x? — 3x”) dx 
0 


1 
45. J (2x2 — 3x) dx 46. [ (x1 — 2x4) ax 
0 


5 3 4 3 
47. [Sa a8. | r`4dr 
bY 1 
3 7 4 
49. J ib — | dx 50. f I(x — 1)\(x — 3) dx 
L —2 
4 2 
si. | |2t | dt 52. f t — |t] dt 
1 0 
3 
53. J (10t — 7)!4 dt 54. | Jy —5dy 
2 
(2x3 + 3x) dx m xdx 
(3x4 + 9x25 PER +5)? 
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5 
57. | 1S5xVvx +4 dx 58. J PFa: 
0 


l 7 50 — 
59. f cos (Že + 2) dt 60. | sin ( =) dé 
0 3 x/2 
61. J t? sec2(9t? + 1)dt 62. J sin? (30) cos(30) dé 
63. | csc(9 — 20) dé 64. J sin @4/4 — cos 6 d8 
T/3 sin@ sec? t dt 
65. ae Ss. | 2 
[ cos2/3 @ (tant — 1} 
3 
67. J e? 2% dx 68. | ef*—3 dx 
1 
ln 3 
69. [Pe dx 70. er dx 
0 


71. J e* 10% dx 


ea 
73, =< dx 
(e7* + (e 


1/6 27/3 1 
75. f tan 20 d0 76. | cot (5°) dé 
0 2/3 2 
77. J dt 78. f cos(In x) dx 
t(1 + (Int)) x 
e Iinxdx dx 
79, J 80. J 
1 x xV/Inx 
0.8 
81. f em 82. N 
4x2 +9 0 Ta? 
12 d 3 
m ie 84. if ae 
4 xx] 0 x? +9 
3 dx dx 
85. f 86. J 
0 x2? +9 Jex] 
87 xdx 88 ee dx 
J1—x4 EENE age 
4 d 8 
89. i ea 90. [ awa 
0 2x-+1 5 xy x2 — 16 
1 =] 73 —l1 
91. (tan~* xY dx 92. cos ‘tdt 
0 1+x? l — z2 


93. Combine to write as a single integral: 


8 0 6 
[ Fans. i sanded Í Payee 
0 —2 8 
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x 
94. Let A(x) = i f(x)dx, where f is the function shown in 
0 


Figure 4. Identify the location of the local minima, the local maxima, 
and points of inflection of A on the interval [0, E], as well as the inter- 
vals where A is increasing, decreasing, concave up, or concave down. 
Where does the absolute maximum of A occur? 


7 


FIGURE 4 


95. Find the local minima, the local maxima, and the inflection points 
** pat 

of A(x) = | ae: 

3 t-+1 

96. A particle starts at the origin at time t = 0 and moves with velocity 

v(t) as shown in Figure 5. 

(a) How many times does the particle return to the origin in the first 

12 seconds? 

(b) What is the particle’s maximum distance from the origin? 

(c) What is the particle’s maximum distance to the left of the origin? 


u(t) (m/s) 


FIGURE 5 


97. For the function f illustrated in Figure 6 do the following: 
X 
(a) For x = 0,1,2,...,10, approximate A(x) = | fiat. 
0 


(b) For x = 1,2,3,...,9, approximate A’(x) using Ax = 1 and the 
symmetric difference quotient approximation, 
A(x + Ax) — A(x — Ax) 
Zak 
(c) Plot the values of A’(x) on a graph of f to demonstrate A’ ~ f. 


A(x) & 


FIGURE 6 


98. The sine integral function Si is an area function defined by Six) = 
* sint 
0 t 
(a) Explain why Si has critical points at nz for all nonzero integers n. 


(b) Use Riemann sums to approximate Si(x) for x= 
nm, 2m,..., 87 and sketch a graph of Si(x) for 0 < x < 87. 


99. On a typical day, a city consumes water at the rate of r(t) = 
100 + 72t — 3t? (in thousands of gallons per hour), where ¢ is the 
number of hours past midnight. What is the daily water consumption? 
How much water is consumed between 6 PM and midnight? 


100. The learning curve in a certain bicycle factory is L(x) = 
12x—1/5 (in hours per bicycle), which means that it takes a bike me- 
chanic L(n) hours to assemble the nth bicycle. If a mechanic has pro- 
duced 24 bicycles, how long does it take her or him to produce a sub- 
sequent batch of 12? 


101. Cost engineers at NASA have the task of projecting the cost P of 
major space projects. It has been found that the cost C of developing 
a projection increases with P at the rate dC /dP ~% 21 p 065. where 
C is in thousands of dollars and P in millions of dollars. What is the 
cost of developing a projection for a project whose cost turns out to be 
P = $35 million? 


102. An astronomer estimates that in a certain constellation, the num- 
ber of stars of magnitude m, per degree-squared of sky, is equal to 
A(m) = 2.4 x 1076m" 4 (fainter stars have higher magnitudes). Esti- 
mate the total number of stars of magnitude between 6 and 15 in a 
1-degree-squared region of sky. 


8 x 15 dx 
103. Evaluate i , using the properties of odd functions. 


—8 3+ cos? x 


l 


104. Evaluate f(x)dx, assuming that f is an even continuous 


function such that 
2 1 
| f(x) dx = 5, J f(x)dx =8 
l a9 


105. (cu) Plot the graph of f(x) = sin mx sinnx on [0,7] for the 
pairs (m,n) = (2,4), (3,5) and in each case guess the value of 


i= f(x) dx. Experiment with a few more values (including two 


cases with m = n) and formulate a conjecture for when 7 is zero. 


106. Show that 
[: f(x)dx =x F(x) — G(x) 


where F’(x) = f(x) and G’(x) = F(x). Use this to evaluate 


xcosx dx. 
107. Prove 


2 1 = 1 
2<| 2* dx <4 and | 3° dx - 
1 9 1 3 


108. (Gu) Plot the graph of f(x) = x~* sin x, and show that 


2 
0.2 <j fœ)dx <09, 
l 


— 1 
109. Find upper and lower bounds for i f(x)dx, for y = f(x) in 
Figure 7. 0 


2 y=x!2 +1 
ji 
x 
1 
FIGURE 7 


In Exercises 110-115, find the derivative. 
x 
110. A’(x), where A(x) = iL sin(t?) dt 
3 


X cost 
1+ft 


at 


111. A’(r), where A(x) = [ 
2 


d y 
112. — il 3* dx 
dy J_2 


sin x 
113. G'(x), where G(x) = i tdt 
= 


3 
x 
“— 114. G’(2), where G(x) = i} /t+ldt 
0 


an | 
115. H’(1), where H(x) =f -dt 
4x2 t 


116. [4 Explain with a graph: If f is increasing and concave up on 
[a,b], then Ly is more accurate than Ry. Which is more accurate if 
f is increasing and concave down? 


117. 4 Explain with a graph: If f is linear on [a,b], then the 


b 1 
/ Ia 5 (Rn + Lyn) for all N. 
a 
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118. In this exercise, we prove 


(for x > 0) 


forx > 0. 


x2 
x— > Sind +x)=x 


(a) Show that a(i +2) = f um 
a Jo 1+t 


1 
(b) Verify that 1 — t < ET < l for allt > 0. 


(c) Use (b) to prove Eq. (1). 
(d) Verify Eq. (1) for x = 0.5, 0.1, and 0.01. 


119. Let 


x 
Fax) = xv =1-2 | Vt2—I1dt 
1 


Prove that F(x) and y = cosh~! x differ by aconstant by showing that 
they have the same derivative. Then prove they are equal by evaluating 
both at x = 1. 


120. [4 Let f be a positive increasing continuous function on 
[a,b], where 0 < a < b as in Figure 8. Show that the shaded region 
has area 


b 
1 = bf) af(a)— | fdx [2] 
a 


FIGURE 8 


121. EA How can we interpret the quantity J in Eq. (2) if 
a < b < 0? Explain with a graph. 


6 APPLICATIONS OF THE 
INTEGRAL 


i n the previous chapter, we used the integral to compute areas under curves and net 
change. In this chapter, we discuss some of the other quantities that are represented by 
integrals, including volume, average value, work, total mass, population, and fluid flow. 


6.1 Area Between Two Curves 


Sometimes we are interested in the area between two curves. Figure 1 shows projected 
electric power generation in the United States through renewable resources (wind, solar, 
biofuels, etc.) under two scenarios: with and without government stimulus spending. 
The area of the shaded region between the two graphs represents the additional energy 
projected to result from stimulus spending. How can we compute such an area? 


mandritoiu/Deposit Photos 


The scans of the cranium show slices through 


the brain. Each slice reveals information U. S. Renewable Generating Capacity 

about the structure and health of the brain. Forecast Through 2030 

The images are combined to show the Gigawatts (GW) 

functioning of the entire brain. In much the 160 4 one 160 gigawatts with 
same way, a definite integral takes stimulus spending 
slice-by-slice information about a function 140 


and sums it to analyze the function over the 
entire domain. In this chapter, we will see 
how this accumulating property of the 
definite integral may be applied in many 
different settings. 


120 +—-~—_ serge SEMUS spending 
100 


80 Year 
2006 2010 2015 2020 2025 2030 


FIGURE 1 The area of the shaded region (which has units of power x time, or energy) represents 
the additional energy from renewable generating capacity projected to result from government 
stimulus spending in 2009-2010. Source: Energy Information Agency. 


Now suppose that we are given two functions y = f(x) and y = g(x) such that 
y f(x) > g(x) for all x in an interval [a,b] (Figure 2). We call such a region vertically 
Vertical lines simple since any vertical line that intersects the region does so in a single point or a 
Ta \ single vertical line segment with its lower endpoint on the graph of y = g(x) and upper 
endpoint on the graph of y = f(x). Then the graph of y = f(x) lies above the graph of 
y = g(x), and the area between the graphs is equal to the area under the top function 
minus the area under the bottom function (Figure 3): 


b b 
area between the graphs = | f(x)dx — J g(x)dx 
a a 


a b 
b 
FIGURE 2 A vertically simple region. g / (f las (x) ax a| 


Figure 3 illustrates this formula in the case that both graphs lie above the x-axis. We see 
that the region between the graphs is obtained by removing the region under y = g(x) 


from the region under y = f(x). 


7 y=f() 4 y =f(x) f y=f@ 
re 
y = g(x) y = g(x) y = a(x) 
x x Xx 
a b 
Region between the graphs 


FIGURE 3 The area between the graphs is a difference of two areas. 
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f@) =x* -— 4x4 10 


FIGURE 4 


3 y=f)+C 


FIGURE 5 Shifting functions up to become 
positive-valued. 


y f(x) =x? — 5x-7 


=x — 12 


FIGURE 6 


In Example 2, we found the intersection 
points of y = f(x) and y = g(x) 
algebraically. For more complicated 
functions, it may be necessary to use a 
computer algebra system. 


EXAMPLE 1 Find the area of the region between the graphs of the functions as shown 
in Figure 4: 


f(x) = x? — 4x + 10, g(x) = 4x — x’, l<x<3 


Solution Figure 4 shows that f(x) > g(x) over [1,3], and therefore the region is verti- 
cally simple. By Eq. (1), the area between the graphs is 


3 3 
| (œ = s(z)) dx = $ ((x? — 4x + 10) — 4x — a) dx 
1 l 


3 3 
= j! (2x* — 8x + 10) dx = Ga — 4x? + 10x) 
1 


1 
20 16 

=g a if 

Before continuing with more examples, we note that Eq. (1) remains valid whenever 

f(x) = g(x), even if f(x) and g(x) are not assumed to be positive. As in Figure 5, we 

can simply shift the two functions up by adding to each a constant C big enough so that 

both functions are positive over the interval [a, b]. This does not change the area between 
them. Then by our previous result, we have 


b 
area between the graphs = | (( f(x) + C) — (g@) + C)) dx 


b 
= | (f(x) — g(x)) dx 


Writing yop = f(x) for the top curve and Ybot = g(x) for the bottom curve, we obtain 


b b 
area between the graphs = | (Ytop — Yoot) dx = i ( f&œ)- g(x)) ax 
a a 


EXAMPLE 2 Find the area between the graphs of f(x)=x?—5x—7 and 
g(x) = x — 12 over [—2, 5]. 


Solution First, we must determine which graph lies on top. 


Step 1. Sketch the region (especially, find any points of intersection). 
We know that y = f(x) is a parabola with y-intercept —7 and that y = g(x) is a line 
with y-intercept —12 (Figure 6). To determine where the graphs intersect, we look for 
values of x where f(x) = g(x), or equivalently, where f(x) — g(x) = 0: 


f(x) — g(x) = (x? — 5x — T) — (x — 12) = x? — 6x + 5 = (x — 1x — 5) 
The graphs intersect where (x — 1)(x — 5) = 0, that is, at x = 1 and x = 5. 
Step 2. Set up the integrals and evaluate. 


We see that f(x) — g(x) > 0 for —2 < x < 1, and f(x)— g(x) < 0 forl <x <5. 
Thus, 


f(x) = g(x) on [-2, 1] and g(x) => f(x) on [1,5] 
This tells us to subdivide our region into separate vertically simple regions, one over 


[—2,1] and the other over [1,5]. Therefore, we write the area as a sum of integrals 
over the two intervals: 
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5 5 
[ re» — Ybor) dx = S (f (x) — g(x)) dx +f (g(x) — f(x)) dx 
1 
=i ((x* — 5x — 7) — (x — 12)) dx 
—2 


5 
+f (œ — 12) — (x* — 5x — 7)) dx 
1 


1 5 
=f (a? -6x +5)dx+ | (—x? + 6x — 5) dx 
z>) 1 
l! 


1 
= (5*° BQ a sx) + (-32" + 3x2 — sx) 


=(5-")+(F-S)-F E 
3 3 3 3 3 


EXAMPLE 3 Calculating Area by Dividing the Region Find the area of the region 
bounded by the graphs of y = 8/x*, y = 8x, and y = x. 


5 


Solution 


Step I. Sketch the region (especially, find any points of intersection). 
The curve y = 8/x? cuts off a region in the sector between the two lines y = 8x and 
y = x (Figure 7). We find the intersection of y = 8 /x* and y = 8x by solving 


8 


z=8k > e=1 > x= 1 
x 


and the intersection of y = 8/x* and y = x by solving 


Step 2. Set up the integrals and evaluate. 
Figure 7 shows that ypor = x, but ytop changes at x = 1 from yop = 8x to Ytop = 8 oe. 
So, the region is not vertically simple. Therefore, we break up the regions into two 
parts, A and B, each vertically simple, and compute their areas separately. 


7 


1 1 1 F; 
area of A = | (op = ma) dx = f @x—x) dx= | Txdx =—x?| =- 
2 2 2 
8 S 1l 5 
area of B = = dx = — —) gy ={ —— — G == 
f (ww-ne)ax= f (a=) a= (a)l 
The total area bounded by the curves is the sum 5 + 3 = 6; W 


FIGURE 7 Area bounded by y = 8/x2, 
y = 8x, and y = x as a sum of two areas. 
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FIGURE 9 A horizontally simple region. 


FIGURE 10 


Integration Along the y-Axis 


Suppose we are given x as a function of y, say, x = g(y). What is the meaning of the 
d 
integral | 2(y) dy? This integral can be interpreted as signed area, where regions to 


c 
the right of the y-axis have positive area and regions to the left have negative area: 
d 
/ 2(y) dy = signed area between graph and y-axis for c < y < d 
E 


In Figure 8(A), the part of the shaded region to the left of the y-axis has a negative signed 

area. The signed area of the entire region is 

6 
= 36 

—6 


6 1 
Í (y?-9)dy = (59° — 9y) 
deena 


Area to the right of y-axis minus 
area to the left of y-axis 


Xen = hO)  Xig = BO) 


(A) Region between x = y? — 9 (B) Region between x = h(y) 
and the y-axis and x = g(y) 


FIGURE 8 


More generally, if g(y) > h(y) as in Figure 8(B), then the graph of x = g(y) lies to 
the right of the graph of x = h(y). In this case, we write xyight = g(y) and xet = A(y). 
We call the region horizontally simple, since every horizontal line that intersects the 
region in more than a single point does so in a single line segment such that the left 
endpoint is on the curve x = A(y) and the right endpoint is on the curve x = g(y), as in 
Figure 9. The formula for the area corresponding to Eq. (2) is 


EXAMPLE 4 Calculate the area enclosed by the graphs of h(y) = y*—1 and 
g(y)=y? — gy* +1. 


Solution Figure 10 shows that the enclosed region stretches between the two points of 
intersection of the graphs and that g(y) > h(y) over the region. Therefore, the Tegion is 
horizontally simple with Xright = g(y) and xjeft = h(y). To set up the integral for the area, 
we need to determine the points of intersection. 

We do that by solving g(y) = h(y) for y: 


l 1 
y—syvtizy?-1 = cyt-220 > y=+2 


it would be more difficult to calculate the 
area of the region in Figure 10 as an 
integral with respect to x because the 
curves are not graphs of functions of x. 


FIGURE 11 This region is horizontally 
simple but it is easier to cut it into two 
vertically simple regions. 
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Now, we have 
1 1 
Xright — Xleft = (> N si at 1) —(y?-1l) =2- “al 


The enclosed area is 


2 2 1 P 1 
| Cin- miend dy — JË (2- g )ay - (2 - 707 ) 


16 16 32 
= — — | —— I] = — E 
5 5 5 
For many regions, we have a choice of whether to find the area by integrating with 
respect to x or with respect to y. The decision is usually based on two factors: 


e How easy it is to obtain the curves as functions of one variable in terms of the 
other 

e How easy it is to subdivide the region into simple regions and to integrate the 
functions involved 


In the next example, we carry out the area computation, both integrating with respect to 
x and integrating with respect to y, demonstrating how these factors are involved. 


EXAMPLE 5 Find the area of the region that is bounded by the three curves y = x”, 
y = (x — 2)’, and y = 0. 


Solution The area appears in Figure 11. Notice immediately that it is not vertically sim- 
ple, since the top function changes over the interval [0, 2]. It is horizontally simple, but 
to calculate the area using the fact it is a horizontally simple region takes some work to 
set up the expressions for Xright and ~teft. 

We first compute the area of the region by splitting it into two vertically simple 
regions. In this case, the area is given by 


1 2 3 3 
| Pax | (x — 2}? dx = m ug CE3 
0 1 3 lo 3 

Now, let’s redo the problem using the fact the region is horizontally simple. To 

determine Xright aNd Xjef, We must invert the formulas for each of the parabolas. The left 

boundary of the region is the right side of the parabola given by y = x”. Solving for x, 

we have x = +,/y. The right side of the parabola corresponds to the positive choice; 

therefore, xje; = ./y. The right boundary of the region is the left side of the parabola 
y = (x — 2)?. We solve for x: 

Ke 2 ayy 


x=2+/y 
The left side of the parabola is obtained by choosing the minus sign, and therefore 


Aright = a wy. . 
Then the area is given by 
pi 


(e d "(2 —2y") a 43/2)| 
f « = VIVEN) y= | ( — 2y ) y= (3-7 J=; E 


: SEY I 2 


Taams 


6.1 SUMMARY 


e If f(x) = g(x) on [a, b], then the region between the graphs is vertically simple and 
we have 


b b 
area between the graphs = / (Ytop — Ybot) as | ( f(x) - g(x)) dx 
a a 
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e To calculate the area between y = f(x) and y = g(x), sketch the region to find ytop. be 
If necessary, find points of intersection by solving f(x) = g(x). 


d 
e Integral along the y-axis: j g(y) dy is equal to the signed area between the graph 
C 


and the y-axis for c < y < d. The signed area to the right of the y-axis is positive and 
the signed area to the left is negative. 

°. If g(y) > h(y) on [c,d], then x = g(y) lies to the right of x = h(y) and the region is 
horizontally simple: 


d d 
area between the graphs = | (Xright — Xleft) dy = ji (g(y) — h(y)) dy 
Cc é 


6.1 EXERCISES 


Preliminary Questions 


b ' ; 
1. What is the area interpretation of J (f(x) — g(x)) dx if 4, r Suppose that the graph of x = f(y) lies to the left of the y-axis. Is 
f(x) = g(x)? É f f(y) dy positive or negative? 
a 


b 
2. Is J (f(x) — g(x)) dx equal to the area between the graphs of f 
a 


b 
5. Explain what i |) — g(x)| dx represents. 
and g if f(x) > 0 but g(x) < 0? a 


3. Suppose that f(x) > g(x) on [0,3] and g(x) > f(x) on [3, 5]. Express 6. Draw a region that is both vertically simple and horizontally 

the area between the graphs over [0,5] as a sum of integrals. simple. 

Exercises <P 
1. Find the area of the region between y = 3x7 + 12 and y = 4x 44 3. Find the area of the region enclosed by the graphs of f(x) = x7 +2 
over [—3, 3] (Figure 12). and g(x) = 2x + 5 (Figure 14). 


FIGURE 12 


FIGURE 14 


2. Find the area of the region between the graphs of f(x) = 3x + 8 and 4. Find the area of the region enclosed by the graphs of f(x) = x? — 10x 
g(x) = x? + 2x +2 over [0, 2} (Figure 13). and g(x) = 6x (Figure 15). 


y 


y fœ =x? - 10x 
20 


fœ) =3x48 | 
104 ——~ f 


gx) =r +2x+2 


FIGURE 13 FIGURE 15 


aa 


\._ In Exercises 5 and 6, sketch the region between y = sinx and y = cosx 
over the interval and find its area. 


au T 
. Ea or . 0, 

p Fon Sra OME 

In Exercises 7 and 8, let f(x) =204+x —x? and g(x) = x? — 5x. 


7. Sketch the region enclosed by the graphs of f and g, and compute its 
area. 


8. Sketch the region between the graphs of f and g over [4, 8], and com- 
pute its area as a sum of two integrals. 


9, Find the area between y = e* and y = e% over [0, 1]. 


10. Find the area of the region bounded by y = e* and y = 12 — e* and 
the y-axis. 


11. Sketch the region bounded by the line y =2 and the graph of 


ier x for —4 <x < 7 and find its area. 


12. Sketch the region bounded by 


y=v4—x2 and y=—-vV4—x? 


for —2 < x < 2. Give a definite integral for the area of the region, but do 
not compute the integral. Instead, find the area using geometry. 


In Exercises 13—16, determine whether or not the region bounded by the 
curves is vertically simple and/or horizontally simple. 


13. x = y*?,x =2-y? 
~ 14. y=x*,x=y? 
\ Ue y=x,y=2x,y=+ 
16. In the first quadrant, y = x, y = sin(¥x) 
In Exercises 17-20, find the area of the shaded region in Figures 16-19. 


I7., 
18. 
FIGURE 17 
è y 
= (x 8) 
{\6 2 


= cos x 
oe r 
Zz = x 
6 3 2 
FIGURE 18 
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20. 


FIGURE 19 
In Exercises 21 and 22, find the area between the graphs of x = sin y and 
x = 1 — cos y over the given interval (Figure 20). 


IE 
ys 7 


FIGURE 20 


23. Find the area of the region lying to the right of x = y? + 4y — 22 and 
to the left of x = 3y + 8. 


24. Find the area of the region lying to the right of x = y? — 5 and to the 
left of x = 3 — y?. 


25. Figure 21 shows the region enclosed by x = y? — 26y + 10 and 
x = 40 — 6y? — y>. Match the equations with the curves and compute the 
area of the region. 


FIGURE 21 


26. Figure 22 shows the region enclosed by y =x? — 6x and y =8 — 3x?. 
Match the equations with the curves and compute the area of the region. 


FIGURE 22 Region between y = x? — 6x and y = 8 — 3x?. 
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In Exercises 27 and 28, find the area enclosed by the graphs in two ways: 
by integrating along the x-axis and by integrating along the y-axis. 

27.x=9-y*, x=5 
28. The semicubical parabola y? = x? and the line x = 1 


In Exercises 29 and 30, find the area of the region using the method (inte- 
gration along either the x- or the y-axis) that requires you to evaluate just 
one integral. 


29. Region between y? = x +5 and y? =3—x 
30. Region between y = x and x + y = 8 over (2, 3] 


In Exercises 31—50, sketch the region enclosed by the curves and compute 
its area as an integral along the x- or y-axis. 


31. y=25—x2, y=x?—25 
32. y =x? — 6, y =6— x, 720 


33. x+y=4, x-—y=0, y+3x=4 

34. y=8— 3x, y=6-—x, y=2 

SB yHis—/x, yo2/x, x«=0 
x x 

a ee aS 

37. = = pi x=1-|y| 


38. y = |x], y=i+3 


39. x= y? — 18y, y+2x=0 
40. y=xJ/x —2, ye=x./x — 2, X S4 
4l. x=2y, x+1=(y-1) 
42. x+y =1, x? +y =1 


2x 
7 
44. y = tanx, y = -— tanx, S= 
45. y = sinx, y=csc?x, rae 
2 
46.x=siny, x=—y 
It 
wy, foe, F=2 
48. y=Se*, y=e*, x=0 
In 
49, y=, y=0, x=e 
x 
In 2 
sae os 
x x 
51. (CAS) Plot 
X 
y= -== ad y=&-1? 
Vx2 +1 


on the same set of axes. Use a computer algebra system to find the points 
of intersection numerically and compute the atea between the curves. 


52. Sketch a region whose area is represented by 


2/2 
/ (V1 — <2 = ei) ae 
J/2/2 


and determine the area using geometry. 


53. | A Beginning at the same time and location, Athletes 1 and 2 run 


for 30 seconds along a straight track with velocities v(t) and v2(t) (in 
meters per second) as shown in Figure 23. 

(a) What is represented by the area of the shaded region over [0, 10]? 

(b) Which of the following is represented by the area of the shaded region 
over [10, 30]? 

i. How far Athlete 2 is ahead of Athlete 1 at t = 30. 

ii. How much further Athlete 2 ran than Athlete 1 did over the last 
20 seconds. 

(c) Who is ahead at the end of each 5-second interval, t = 5,10,..., 30? 


FIGURE 23 


54. Express the area of the shaded region in Figure 24 as a sum of three 
integrals involving f(x) and g(x). 


FIGURE 24 


55. Find the area enclosed by the curves y = c — x? and y = x? — c asa 
function of c. Find the value of c for which this area is equal to 1. 


56. Set up (but do not evaluate) an integral that expresses the area between 
the circles x? +y? =2 and x? + (y — 1} = 1. 


57. Set up (but do not evaluate) an integral that expresses the area between 
the graphs of y = (1 + x*)~! and y = x?. 


58. Find a numerical approximation to the area above 
y = l— (x/r) and below y = sinx (find the points of intersection 
numerically). 


59. Find a numerical approximation to the area above y = |x| and 
below y = cos x. 


60. Use a computer algebra system to find a numerical approxi- 
mation to the number c (besides zero) in [0, A where the curves y = sinx 


and y = tan? x intersect. Then find the area enclosed by the graphs over 
[0, c]. 


61. Lauren and Harvey own a field that is bordered by Route 271, 
Rogadzo Road, and the Riemann River (Figure 25). To estimate the area 
of the field, at 50-ft intervals along Route 271 they measured the distance 
from Route 271 to the river, parallel to Rogadzo Road. Their measure- 
ments (in feet) are shown in the figure and in the following table where x 


N 
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represents the measurement location along Route 271 and y represents the (a) Show that 
distance from Route 271 to the Riemann River (both in feet). i 
G= 2 | (r — F(r))dr 
0 50 100 150 200 250 300 350 400 s 


260 265 215 205 250 305 295 240 150 (b) Calculate G if 


1 
| ies F(r) | ; 

Compute right-endpoint and left-endpoint Riemann sums to obtain 2r—2 fori<r< 
approximations of the area of the field. 3 ü A 
(c) The Gini index is a measure of income distribution, with a lower value 
indicating a more equal distribution. Calculate G if F(7) = r (in this case, 
all households have the same income by Exercise 49(b) of Section 3.4). 
(d) What is G if all of the income goes to one household? Hint: In this 
extreme case, F (r) = OforO<r < 1. 


64. Calculate the Gini index of the United States in the year 2010 from 
the Lorenz curve in Figure 26, which consists of segments joining the data 
points in the following table: 


Toy 02 [0a fos | oe Tr 
Fe) | 0 | 0.033 [0.118 | 0264 | 0.480 |1 


Rogadzo Road 


Route 271 


FIGURE 25 


62. Referring to Figure 1 at the beginning of this section, estimate the pro- 
jected number of additional joules produced in the years 2009-2030 as a 
result of government stimulus spending in 2009-2010. Note: One watt (W) 
is equal to 1 joule/second (J/s), and 1 gigawatt (GW) is 10° watts. 


Exercises 63 and 64 use the notation and results of Exercises 47-49 of 
Section 3.4. For a given country, F(r) is the fraction of total income that 
goes to the bottom rth fraction of households. The graph of y = F(r) is 
called the Lorenz curve. 


02 04 06 08 1 


63. E Let A be the area between y = r and y = F (r) over the interval FIGURE 26 Lorenz curve for the United States in 2010. 
[0, 1] (Figure 26). The Gini index is the ratio G = A/B, where B is the 
area under y = r over [0, 1]. 


Further Insights and Challenges 


65. Find the line y = mx that divides the area under the curve y = 67. Z j Explain geometrically (without calculation): 
x(1 — x) over [0, 1] into two regions of equal area. 
1 1 
66. Let c be the number such that the area under y = sinx over f x" dx + [ PTE (forn > 0) 
[0, x] is divided in half by the line y = cx (Figure 27). Find an equation 0 0 


for c and solve this equation numerically using a computer algebra system. 
68. | A f Let f be an increasing function with inverse g. Explain geomet- 
rically: 


a f(a) 
Í fiaydx + | g(x)dx = af(a) 
0 FQ) 


FIGURE 27 


6.2 Setting Up Integrals: Volume, Density, Average Value 


Which quantities are represented by integrals? Roughly speaking, integrals represent 
quantities that are the “total amount” of something such as area, volume, or mass. We 
can approximate each quantity as a sum obtained by dividing an object into small pieces 
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over which the quantity is easy to compute. We obtain an exact value by taking a limit; 
that is, by using an integral. There is a two-step procedure for computing such quantities: 
(1) approximate the quantity by a sum of N terms, and (2) pass to the limit as N —> oo 
to obtain an integral. We’ll use this procedure often in this and other sections. 


Volume 
The terms “solid” and “solid body” refer to Our first example is the volume of a solid body. Before proceeding, let’s recall that the 
a solid three-dimensional object. volume of a right cylinder (Figure 1) is Ah, where A is the area of the base and h is 


the height, measured perpendicular to the base. Here, we use the “right cylinder” in the 
general sense; the base does not have to be circular, but the sides are perpendicular to the 
base. 

Suppose that a solid body extends from height y = a to y = b along the y-axis as 
in Figure 2. Furthermore, assume that the area of the horizontal cross sections (the 
intersections of the solid with horizontal planes) vary from level to level within the solid. 
Let A(y) be the cross-sectional area at height y. 


Volume of 
ith slice = A(y;_,)Ay. 


| <o - -------- E 
i h Ba! / ia iAy 


Cross section 


at height y;_, 
Base has area A. has arcadia). 
FIGURE 1 The volume of a right cylinder is FIGURE 2 Divide the solid into thin horizontal slices. Each  ~— 
Ah. slice is nearly a right cylinder whose volume can be approximated 


as area times height. 


To compute the volume V of the body, divide the body into N horizontal slices of 
thickness Ay = (b — a)/N. The ith slice extends from y;_; to y;, where y; = a + i Ay. 
Let V; be the volume of the slice. 

If N is very large, then Ay is very small and the slices are very thin. In this case, 
the ith slice is nearly a right cylinder of base A(y;—ı) and height Ay, and therefore, 
V; ~ A(yi-i)Ay. The whole volume is obtained by summing the volumes of the slices, 
and therefore, 


N 
V=) Va} AGi-DAY 


i=l i=] 


b 

The sum on the right is a left-endpoint approximation to the integral / A(y) dy. If we 
. . æ . ° * a s 

assume that A is a continuous function, then the approximation improves in accuracy and 


converges to the integral as N —> oo. We conclude that the volume of the solid is equal 
to the integral of its cross-sectional area. 


Volume as the integral of Cross-Sectional Area Let A(y) be the area of the horizon- 
tal cross section at height y of a solid body extending from y = a to y = b. Then 


b 
Volume of the solid body = / A(y) dy 


a 


(J FIGURE 3 A horizontal cross section of 
the pyramid is a square. 


Cross section is a semicircle 


of radius ¥4 — y. 
\ 


FIGURE 5 
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EXAMPLE 1 Voiume of a Pyramid Calculate the volume V of a pyramid of height 
12 m whose base is a square of side 4 m. 


Solution To use Eq. (1), we need a formula for the horizontal cross section A(y). 


Step 1. Find a formula for A{y). 
Figure 3 shows that the horizontal cross section at height y is a square. To find the 
side s of this square, apply the law of similar triangles to AABC and to the triangle of 
height 12 — y whose base of length 55 lies on the cross section: 


base 2 NS 
= — = = HGO = 
a me ey CU 


We find that s = 4(12 — y), and therefore, A(y) = s? = 3 (12 ys 
Step 2. Compute V as the integral of A(y). 


12 12] 5 i x 12 ; 
V = A(y)dy = ~(12 — y)*dy = —— (12 — = 64 
| aoray= fo 502- Pay =-F2-y) |) = 64m 


We found the antiderivativ -4 (12 — yy using a substitution u = 12 — y. The re- 
sulting relation du = —dx introduces the negative sign appearing in the result. 
This volume of 64 m° agrees with the result obtained using the formula V = 5Ah 


for the volume of a pyramid of base A and height k, since i Ah = 5(4*)(12) = 64. 
E 


EXAMPLE 2 Compute the volume V of the solid in Figure 4, whose base (shown at the 
bottom in the figure) is the region between the parabola y = 4 — x? and the x-axis, and 
whose vertical cross sections perpendicular to the y-axis are semicircles. 


Solution To find a formula for the area A(y) of the cross section, observe that y = 
4 — x? can be written x = +./4 — y. We see in Figure 4 that the cross section at y is 
a semicircle of radius r = 4/4 — y. This semicircle has area A(y) = iar? = 5(4 — y). 


Therefore, 
4 x fí JT ] 
y= A(y)dy = — 4—y)dy=—[4y~—-y? 
J (y)dy | y)dy 5 (49 597) 


In the next example, we compute volume using vertical rather than horizontal cross 
sections. This leads to an integral with respect to x rather than y. 


4 
= 4n E 
0 


EXAMPLE 3 Volume of a Sphere: Vertical Cross Sections Compute the volume of 
a sphere of radius R. 


Solution As we see in Figure 5, the vertical cross section of the sphere at x is a circle 


whose radius r satisfies x? +r? = R? or r = /R? — x2. Note that R is the fixed radius 
of the sphere, while r varies as the cross sections vary. The area of the cross section is 
A(x) = mr? = n (R? — x”). Therefore, the sphere has volume 


R 3\ JR 3 4 
J a(R? — x? )dx =x (Rs - 5) =2 (=r — x=) = -n R? E 
—R 3 —R 3 3 
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FIGURE 6 The two stacks of coins have 
equal cross sections, hence equal volumes 
by Cavalieri’s principle. 


The symbol p (lowercase Greek letter rho) 
is used often to denote density. 


FIGURE 7 The total mass of the rod is equal 
to the integral of the mass density p along 
the rod. 


CONCEPTUAL INSIGHT Cavalieri’s principle states: Solids with equal cross-sectional 
areas have equal volume. It is often illustrated convincingly with two stacks of coins 


b 
(Figure 6). Our formula V = J A(y) dy includes Cavalieri’ s principle, because the 
a 


volumes V are certainly equal if the cross-sectional areas A(y) are equal. 


Density 


Next, we show that the total mass of an object can be expressed as the integral of its mass 
density. Consider a rod of length 2. The rod’s linear mass density p is defined as the 
mass per unit length. If p is constant, then by definition, 


total mass = linear mass density x length = p - £ 


For example, if £ = 10cm and p = 9 g/cm, then the total mass is pf = 9-10 = 90 g. 
Now, consider a rod extending along the x-axis from x = a to x = b whose density 


y = p(x) is acontinuous function of x, as in Figure 7. To compute the total mass M, we 
N 


break up the rod into N small segments of length Ax = (b — a)/N. Then M = vs Mi, 
i=] 
where M; is the mass of the ith segment. 


Density p 


Mass = p(c;)Ax 


Xi- Ti 


We cannot use Eq. (2) directly to find the mass of the rod because p(x) is not con- 
stant. However, we can argue that if Ax is small, then p(x) is nearly constant along the 
ith segment, and we can use Eq. (2) to obtain the mass of the ith segment. If the ith seg- 
ment extends from x;_) to x; and c; is any sample point in [x;_1, x;], then M; ~ p(c;)Ax 
and 

N N 
total mass M = >. Mi; © o p(c;) Ax 
i=l i=l 
As N — oo, the accuracy of the approximation improves. However, the sum on the right 
is a Riemann sum whose value approaches f a (x) dx, and thus, it makes sense to define 
the total mass of a rod as the integral of its linear mass density: 


Note the similarity in the way we use thin slices to compute volume and small pieces 
to compute total mass. 


b 
Total mass M = | p(x) dx 
a 


EXAMPLE 4 Total Mass Find the total mass M of a 2-m rod of density 
p(x) = 1+ 2x — x? kg/m, where x is the distance from one end of the rod. 


Solution 


2 2 1 2 
m= | p(xydx = f (1 +2x —x?)dx = (x +27 - 323) 
0 0 


o 3 


\_ | /n general, population density is a function 
p(x, y) that depends not just on the 
distance to the origin (city center) but also 
on the coordinates (x, y) (the specific 
location). Total population is then 
computed using double integration, a topic 
in multivariable calculus. 


Ring of 
width Ar, 
Area = 27r;Ar 


FIGURE 8 Dividing the circle of radius R 
into Ñ thin rings of width Ar = R/N. 


~~ | Remember that for a radial density 
function, the total population is obtained 
by integrating 2mrp(r) rather than p(r). 
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In some situations, density is a function of distance to the origin. For example, in 
the study of urban populations, it might be assumed that the population density p(r) (in 
people per square kilometer) depends only on the distance r from the center of a city. 
Such a density function is called a radial density function. 

We now derive a formula for the total population P within a radius R of the city 
center, assuming a radial density o(r). First, divide the circle of radius R into N thin 
rings of equal width Ar = R/N as in Figure 8. 

Let P; be the population within the ith ring, so that the total population is given by 

N 


Pa D P;. If the outer radius of the ith ring is r;, then the circumference is 277r;, and 
i=l 
if Ar is small, the area of this ring is approximately 2rr; Ar (outer circumference times 
width). Furthermore, the population density within the thin ring is nearly constant with 
value p(r;). With these approximations, 
Px 27rar Ar x plr) = 2rnriplrijAr 


Area of ring Population 
density 


Adding up the P;, we obtain 
N 


N 
P= y P; x 2n > riplri)Ar 
= i=] 
R 
This last sum is a right-endpoint approximation to the integral 27 i ro(r)dr. As 


N tends to oo, the approximation improves in accuracy and the sum converges to the 
integral. Thus, for a population with a radial density function p, 


[4 | 


EXAMPLE 5 Computing Total Population The population in the city of Isaactonia 
and its surrounding suburbs has radial density function p(r) = 15(1 + r7)~!/2, where r 
is the distance from the city center in kilometers and p has units of thousands per square 
kilometer. How many people live in the ring between 10 and 30 km from the city center? 


R 
Population P within a radius R = 27x | rp(r)dr 
0 


Solution The population P (in thousands) within the ring is 


r 


30 30 
P =2n | r(150 +r!) dr = 20 (15 J a 
0 ( ) (15) 10 (1 4 72y1/2 


Now use the substitution u = 1 +r?, du = 2r dr. The limits of integration become 
u(10) = 101 and u(30) = 901: 


901 m ] 901 
P = 30x f u™!/ (=) du = 30ru!/? ~~ 1882 thousand 
101 2 101 


In other words, the population in the ring is approximately 1.9 million people. B 


Flow Rate 


When fluid flows through a tube, the flow rate Q is the volume per unit time of fluid 
passing through the tube (Figure 9). The flow rate depends on the velocity of the fluid 
particles. If all particles of the fluid travel with the same velocity v (say, in units of cubic 
meters per minute), and the tube has radius R, then 
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FIGURE 9 The column of fluid flowing past 
P in 1 unit of time is a cylinder of volume 
z Rĉ?v. 


FIGURE 10 Laminar flow: Velocity of fluid 
increases toward the center of the tube. 


uv(7;) 


Ring of 
width Ar, 
Area = 2ar;Ar 


FIGURE 11 In a laminar flow, the fluid 
particles passing through a thin ring at 
distance r; from the center all travel at 
nearly the same velocity v(r;). 


The French physician Jean Poiseuille 
(1799-1869) discovered the law of 
laminar flow that cardiologists use to study 
blood flow in humans. Poiseuille’s Law 
highlights the danger of cholesterol buildup 
in blood vessels: The flow through a blood 
vessel of radius R is proportional to R*, so 
if R is reduced by one-half, the flow is 
reduced by a factor of 16. 


APPLICATIONS OF THE INTEGRAL 


flow rate Q = cross-sectional area x velocity = x R?v cm?/min 
ne, so! 


Volume per unit time 


Why is this formula true? Let’s fix an observation point P in the tube and ask: Which 
fluid particles flow past P in a 1-min interval? A particle travels v centimeters each 
minute, so it flows past P during this minute if it is located not more than v centimeters 
to the left of P (assuming the fluid flows from left to right). Therefore, the column of 
fluid flowing past P in a 1-min interval is a cylinder of radius R, length v, and volume 
x R?v (Figure 9). 


In reality, the fluid particles do not all travel at the same velocity because of friction. 
However, for a slowly moving fluid, the flow is laminar, by which we mean that the 
velocity u(r) depends only on the distance r from the center of the tube. The particles 
at the center of the tube travel most quickly, and the velocity tapers off to zero near the 
walls of the tube (Figure 10). 


If the flow is laminar, we can express the flow rate Q as an integral. We divide 
the circular cross section of the tube into N thin concentric rings of width Ar = R/N 
(Figure 11). The area of the ith ring is approximately 27r;Ar and the fluid particles 
flowing past this ring have a velocity that is nearly constant with value v(7;). Therefore, 
we can approximate the flow rate Q; through the ith ring by 


Q; © cross-sectional area x velocity ~ (27r; Ar)v(7;) 


We obtain 


N 
g= DA Q; © 2x X riv(riAr 
i=] i=1 
R 
ru(r)dr. 


Once again, we let N tend to oo to obtain the formula for laminar flow with velocity u(r), 


[5] 


Note the similarity of this formula and its derivation to that of population with a radial 
density function. 


The sum on the right is a right-endpoint approximation to the integral 27r 


R 
Flow rate Q = an | ru(r)dr 
0 


EXAMPLE 6 Laminar Flow According to Poiseuille’s Law, the velocity of blood 
flowing in a blood vessel of radius R centimeters is v(r) = k(R? — r°), where r is the 
distance from the center of the vessel (in centimeters) and k is a constant. Calculate the 
flow Q as function of R, assuming that k = 0.5 (cm-s)~!, 


Solution By Eq. (5), 


R 
It 
= — R* om?/s 


o 4 


R THE) 
Q= Zr | (0.5)r (R? — r?) dr = z ( R= = — 
0 2 4 


Note that Q is proportional to R4 (this is true for any value of k). E 


a = Xo Xi X PE b= xy 


FIGURE 12 The average of the values of 
`n f(x) at the points x1, x2,...,xy is equal 
Rn 
b-a 


to 


FIGURE 13 The area under the graph is 


~~ equal to the area of the rectangle whose 
height is the average value M. 
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CONCEPTUAL INSIGHT In this section, we saw a number of examples of Riemann sums 
and the definite integral at work. In each case there was a quantity that we were in- 
terested in computing over a whole domain. We cut the domain into small pieces over 
which the quantity was straightforward to compute. Adding those results yielded a Rie- 
mann sum approximation of the desired whole-domain quantity, and then passing to the 
limit resulted in a definite integral formula for determining the exact value. 

In the remainder of this text we will see many more examples where this approach 
is carried out and Riemann sums and the definite integral are employed to compute a 
desired quantity. 


Average Value 


Next, we discuss the average value of a function. Recall that the average of N numbers 
a1,Q@2,...,@n is the sum divided by N: 


aj +ag+:-:-+an he 
-n ee 


We cannot define the average value of a function f on an interval [a,b] as a sum 
because there are infinitely many values of x to consider. But recall the formula for the 
right-endpoint approximation Ry (Figure 12): 


b — 
Ry = —— (Fx) + fœ) +--+ f(ew)) 


where x1,...,xy are the right endpoints of the subintervals. We see that Ry divided by 
(b — a) is equal to the average of the equally spaced function values f(x;): 


1 fr) + fe) ++ + fw) 
b-—a N N 
V, 
Average of the function values 
If N is large, it is reasonable to think of this quantity as an approximation to the average 
of f(x) on [a,b]. Therefore, we define the average value itself as the limit: 


average value = lim 
N-> 


1 r o 1 b j 
— wN=5— | fous 


DEFINITION Average Value The average value of an integrable function f on [a,b] | 
is the quantity 


] b 
Average value = ——— | f(x)dx 
b—a Ja 


The average value of a function is also called the mean value. 


GRAPHICAL INSIGHT The average value M of a nonnegative function is the average 
height of its graph (Figure 13). The region under the graph has the same area as the 


rectangle of height M, because [ f(x) dx = M(b — a). 


EXAMPLE 7 Find the average value of f(x) = sin x on [0,7]. 


Solution The average value of f(x) = sin x on [0, x] is 


f I a. | 2 
— sinx dx =——cosx| = —(-—(-1) — (—1)) = — 7 0.637 
m Jo T 0o & T 
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A bushbaby can jump as high as 2 m (its 
center of mass rises more than five body 
lengths). By contrast, an Olympic high 
jumper rises a little more then one body 
length in a sump. 


Speed (cm/s) 


-400 98 Velocity ™x, 


FIGURE 14 Graph of speed 
Ih (£) = 1600 — 980|. 


y Points where f takes on 
its average value 


FIGURE 15 The function f takes on its 
average value M at the points where the 
upper edge of the rectangle intersects the 
graph. 


APPLICATIONS OF THE INTEGRAL 


This answer is reasonable because sin x varies from 0 to 1 on the interval [0, x] and the 
average 0.637 lies somewhere between the two extremes (Figure 13). a 


EXAMPLE 8 Vertical Jump of a Bushbaby The bushbaby (Galago senegalensis) is 
a small primate with remarkable jumping ability. Find the average speed during a jump 
if the initial vertical velocity is vg = 600 cm/s. Use Galileo’s formula for the height 
h(t) = vot — 5 gt? (in centimeters, where g = 980 cm/s?). 


Solution The bushbaby’s height is h(t) = vot — }gt? = t(vo — Zt). The height is 
zero at t = 0 and at t = 2vo/g = —- = 5 seconds, when the jump ends. 

The bushbaby’s velocity is h’(t) = vo — gt = 600 — 980z. The velocity is negative 
fort > vo/g = 3s so as we see in Figure 14, the integral of speed |h’(t)| is equal to the 


sum of the areas of two triangles of base s and height 600: 


6/4.9 1/6 l/ 5 3600 
— = — { — } (600) + — { — } (600) = —— 
Í |600 — 980t | dt 5 (5) y+ 5 (5) ) F 


The average speed s is 


6/4.9 1 
pe zÍ 1600 — 980t| dt = — (= = 300 cm/s - 
6 | 6 \ og 
4.9 49 


There is an important difference between the average of a list of numbers and the 
average value of a continuous function. If the average score on an exam is 84, then 84 Lies 
between the highest and lowest scores, but it is possible that no student received a score of 
84. By contrast, the Mean Value Theorem (MVT) for Integrals asserts that a continuous 
function always takes on its average value somewhere in the interval (Figure 15). 


THEOREM 1 Mean Value Theorem for integrals If f is continuous on [a, b], then 
there exists a value c € [a, b] such that 


1 b 
fo) = Tri) f(x) dx 


For example, the average of f(x) = sin x on [0,2] is 2/2 by Example 7. We have 
f(c) = 2/m for c = sin7!(2/x) © 0.69. Since 0.69 lies in [0,7], f(x) = sinx indeed 
takes on its average value at a point in the interval. 


1 b 
Proof Let M = Ez | f(x)dx be the average value. Because f is continuous, we 


can apply Theorem 1 of Section 4.2 to conclude that f takes on a minimum value mmin 
and a maximum value Max on the closed interval [a,b]. Furthermore, by Eq. (8) of 
Section 5.2, 


b 
B [ Ode = Mente E 


Dividing by (6 — a), we find 
Mmin < M < Mmax 


In other words, the average value M lies between Mmin and Mmax. The Intermediate 


Value Theorem guarantees that f(x) takes on every value between its min and max, so 
f(c) = M for some c in [a,b]. ü 
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6.2 SUMMARY 


e Formulas: ý 
Volume V = J A(y) dy, A(y) = cross-sectional area 
a 
b 
Total Mass M= j p(x) dx, p(x) = linear mass density 
a 
R 
Total Population P=25 | rp(ír)dr, p(r) = radial density 
0 
R 
Laminar Flow Rate OQ = 20 | rv(r)dr, v(r) = velocity at radius r 
0 
l b 
Average value M= Di / f(x)dx, f = any continuous function 


* The MVT for Integrals: If f is continuous on [a, b] with average (or mean) value M, 
then f(c) = M for some c € [a,b]. i 


6.2 EXERCISES 


Preliminary Questions 


1. What is the average value of f on [0, 4] if the area between the graph 4. Which assumption about fluid velocity did we use to compute the flow 
of f and the x-axis is equal to 12? rate as an integral? 


2. Find the volume of a solid extending from y = 2 to y = 5 if every 


4 
cross section has area A(y) = 5. 5. The average value of f on [1,4] is 5. Find J F(x) dx. 


3. What is the definition of flow rate? 


Exercises 


1. Let V be the volume of a pyramid of height 20 whose base is a square 
of side 8. 

(a) Use similar triangles as in Example 1 to find the area of the horizontal 
cross section at a height y. 


(b) Calculate V by integrating the cross-sectional area. 


2. Let V be the volume of a right circular cone of height 10 whose base 
is a circle of radius 4 [Figure 16(A)]. 

(a) Use similar triangles to find the area of a horizontal cross section at a 
height y. 


(b) Calculate V by integrating the cross-sectional area. FIGURE 16 Right circular cones. 


3. Use the method of Exercise 2 to find the formula for the volume of a 
right circular cone of height h whose base is a circle of radius R [Figure 


16(B)]. i 

4 
4. Calculate the volume of the ramp in Figure 17 in three ways by inte- y 
grating the area of the cross sections: 2 
(a) Perpendicular to the x-axis (rectangles) Qs 
(b) Perpendicular to the y-axis (triangles) y 


c) Perpendicular to the z-axis (rectangles 
©) aap en a a FIGURE 17 Ramp of length 6, width 4, and height 2. 
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5. Find the volume of liquid needed to fill a sphere of radius R to height A 
(Figure 18). 


FIGURE 18 Sphere filled with liquid to height A. 


6. Find the volume of the wedge in Figure 19(A) by integrating the area 
of vertical cross sections. 


(B) 
FIGURE 19 


7. Derive a formula for the volume of the wedge in Figure 19(B) in terms 
of the constants a, b, and c. 


8. Let B be the solid whose base is the unit circle x? + y? = 1 and whose 
vertical cross sections perpendicular to the x-axis are equilateral triangles. 
Show that the vertical cross sections have area A(x) = /3(1 — x?) and 
compute the volume of B. 


In Exercises 9-14, find the volume of the solid with the given base and 
cross sections. 


9. The base is the unit circle x? + y? = 1, and the cross sections perpen- 
dicular to the x-axis are triangles whose height and base are equal. 


10. The base is the triangle enclosed by x + y = 1, the x-axis, and the 
y-axis. The cross sections perpendicular to the y-axis are semicircles. 


11. The base is the semicircle y = /9 — x2, where —3 < x < 3. The 
cross sections perpendicular to the x-axis are squares. 


12. The base is a square, one of whose sides is the interval [0, £] along 
the x-axis. The cross sections perpendicular to the x-axis are rectangles of 
height f(x) = x?. 


13. The base is the region enclosed by y = x? and y = 3. The cross sec- 
tions perpendicular to the y-axis are squares. 


14. The base is the region enclosed by y = x” and y = 3. The cross sec- 
tions perpendicular to the y-axis are rectangles of height y°. 


15. Find the volume of the solid whose base is the region |x| + |y] < 1 
and whose vertical cross sections perpendicular to the y-axis are semicir- 
cles (with diameter along the base). 


16. Show that a pyramid of height A whose base is an equilateral triangle 


of side s has volume ¥3 52, 


17. The area of an ellipse is mab, where a and b are the lengths of the 
semimajor and semiminor axes (Figure 20). Compute the volume of a 
cone of height 12 whose base is an ellipse with semimajor axis a = 6 and 
semiminor axis b = 4, 


FIGURE 20 


18. Find the volume V of a regular tetrahedron (Figure 21) whose face is 
an equilateral triangle of side s. The tetrahedron has height h = ./2/3s. 


FIGURE 21 Regular tetrahedron. 


19. A frustum of a pyramid is a pyramid with its top cut off [Figure 
22(A)]. Let V be the volume of a frustum of height A whose base is a 
square of side a and whose top is a square of side b witha > b > 0. 

(a) Show that if the frustum were continued to a full pyramid, it would 
have height ha/(a — b) [Figure 22(B)]. 

(b) Show that the cross section at height x is a square whose side length 
is given by s(x) = (1/h)(a(h — x) + bx). 

(c) Show that V = h(a? +ab+b*). A papyrus dating to the year 
1850 BCE indicates that Egyptian mathematicians had discovered this for- 
mula almost 4000 years ago. 


FIGURE 22 


20. A plane inclined at an angle of 45° passes through a diameter of the 
base of a cylinder of radius r. Find the volume of the region within the 
cylinder and below the plane (Figure 23). 


FIGURE 23 


21. The solid S in Figure 24 is the intersection of two cylinders of radius 
r whose axes are perpendicular. 

(a) The horizontal cross section of each cylinder at distance y from the 
central axis is a rectangular strip. Find the strip’s width. 

(b) Find the area of the horizontal cross section of S at distance y. 

(c) Find the volume of S as a function of r. 


FIGURE 24 Two cylinders intersecting at right angles. 


22. Let S be the intersection of two cylinders of radius r whose axes in- 
tersect at an angle @. Find the volume of S as a function of r and @. 


23. Calculate the volume of a cylinder inclined at an angle 6 = 30° with 
height 10 and base of radius 4 (Figure 25). 


FIGURE 25 Cylinder inclined at an angle @ = 30°. 


24. The areas of cross sections of Lake Nogebow at 5-m intervals are 
given in the table below. Figure 26 shows a contour map of the lake. 
Estimate the volume V of the lake by taking the average of the right- and 
left-endpoint approximations to the integral of cross-sectional area. 


Depth (m) 0 5 10 15 20 
Area (million m?) | 2.1 1.5 1.1 0.835 0.217 


FIGURE 26 Depth contour map of Lake Nogebow. 
25. Find the total mass of a 2-m rod whose linear density function is 
p(x) = 12x + 4)7' kg/m for 0 <x <2. 


26. Find the total mass of a 3-m rod whose linear density function is 
p(x) = 3 + cos(x x) kg/m for 0 < x < 3. 


27. A mineral deposit along a strip of length 6 cm has density s(x) = 
0.01x(6 — x) g/cm for 0 < x < 6. Calculate the total mass of the deposit. 
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28. Charge is distributed along a glass tube of length 10 cm with lin- 
ear charge density p(x) = x(x? + 1)~? x 1074 coulombs per centimeter 
(C/cm) for 0 < x < 10. Calculate the total charge. 


29. Calculate the population within a 10-mile radius of the city center 
if the radial population density is p(r) = 4(1 + r?)!/? (in thousands per 
square mile). 


30. Odzala National Park in the Republic of the Congo has a high den- 
sity of gorillas. Suppose that the population density is given by the radial 
density function p(r) = 52(1 + r?°)? gorillas/km?, where r is the distance 
from a grassy clearing with a source of water. Calculate the number of go- 
rillas within a 5-km radius of the clearing. 


31. Table 1 lists the population density (in people per square kilometer) 
as a function of distance r (in kilometers) from the center of a rural town. 
Estimate the total population within a ].2-km radius of the center by taking 
the average of the left- and right-endpoint approximations. 


TABLE 1 Population Density 


r pír) r p(r) 
0.0 125.0 0.8 56.2 
0.2 102.3 1.0 46.0 
0.4 83.8 2 37.6 
0.6 68.6 


32. Find the total mass of a circular plate of radius 20 cm whose mass 
density is the radial function p(r) = 0.03 + 0.01 cos(zr?) g/cm?. 


33. Assume that the density of deer in a forest is given by the radial func- 
tion p(r) = 150(r? + 2)-? deer per square kilometer, where r is the dis- 
tance (in kilometers) to a small meadow. Calculate the number of deer in 
the region 2 < r < 5 km. 


34. Show that a circular plate of radius 2 cm with radial mass density 
p(r) = + g/cm? has finite total mass, even though the density becomes 
infinite at the origin. 


35. Find the flow rate through a tube of radius 4 cm, assuming that the 
velocity of fluid particles at a distance r centimeters from the center is 
v(r) = (16 — r?) cm/s. 


36. The velocity of fluid particles flowing through a tube of radius 5 cm 
is v(r) = (10 — 0.3r — 0.34r?) cm/s, where r centimeters is the distance 
from the center. What quantity per second of fluid flows through the por- 
tion of the tube where 0 < r < 2? 


37. A solid rod of radius 1 cm is placed in a pipe of radius 3 cm so that 
their axes are aligned. Water flows through the pipe and around the rod. 
Find the flow rate if the velocity of the water is given by the radial function 
v(r) = 0.5(r — 1)(3 — r) cm/s. 


38. Let v(r) be the velocity of blood in an arterial capillary of radius 
R = 4 x 1075 m. Use Poiseuille’s Law (Example 6) with k = 10° (m-s)—! 
to determine the velocity at the center of the capillary and the flow rate (use 
correct units). 


In Exercises 39-50, calculate the average over the given interval. 


39. f(x)=x°, [0,4] 40. f(x)=x?, [-1,1] 


41. f(x) =cosx, lo, = | 


42. f(x) = sec? x, |z z | 
a f= ny 


X 


43. f(s) =s, [2,5] 


1 
46. fœ) = ay i=) 


45. = 2x3 — 6x?, [-1,3 
f(x) x“, [+1,3] ar 


47. F(x) == sinnx, [0, z] 
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48. f(x) =coshnx forn £0, [—1,1] 
49. f(x)=x"forn ~-1, [0,2] 
50. f(x) =e™ forn £0, [0,a] 


51. The temperature (in degrees Celsius) at time ¢ (in hours) in an art mu- 
seum varies according to T(t) = 20+ 5 cos( 5 t). Find the average over 
the time periods [0, 24] and [2, 6]. 


52. A steel bar of length 3 m experiences extreme heat at its center, 
so that the temperature at coordinate x on the bar is given by T(x) = 
40 sin (=) + 50°C where the bar sits along the interval [0,3] on the 


3 
x-axis. Determine the average temperature of the bar. 


53. The temperature in the town of Walla Walla during the month of July 


follows a pattern given by T(t) = 10 sin() + 14 sin() + 73°F. Here, 
t is measured in days, and there are 31 days in July. Explain why you 
might see a pattern like this and compute the average temperature during 


the month of July. 


54. The door to the garage is left open, and over the next 4 hours the 
temperature in a house in degrees Celsius is given by T(t) = 20e~’ Jl 
Determine the average temperature over those 4 h. 


55. A 10-cm copper wire with one end in an ice bath is heated at the other 
end, so that the temperature at each point x along the wire (in degrees Cel- 
sius) is given by T(x) = 50cos 50° Find the average temperature over the 
wire. 


56. A ball thrown in the air vertically from ground level with initial ve- 
locity 18 m/s has height A(t) = 18t — 9.81? at time t (in seconds). Find 
the average height and the average speed over the time interval extending 
from the ball’s release to its return to ground level. 


57. Find the average speed over the time interval [1,5] (time in seconds) 
of a particle whose position at time f¢ is s(t) = t? =6)? m. 


Further Insights and Challenges 


69. An object is tossed into the air vertically from ground level with initial 
velocity vo ft/s at time t = 0. Find the average speed of the object over the 
time interval [0, T], where T is the time the object returns to Earth. 


58. An object with zero initial velocity accelerates at a constant rate of 
10 m/s?. Find its average velocity during the first 15 seconds. 


59. The acceleration of a particle is a(t) = 60t — 4t? m/s?. Compute the 
average acceleration and the average speed over the time interval [2, 6], 
assuming that the particle’s initial velocity is zero. 


60. What is the average area of circles whose radii vary from 0 to R? 


61. Let M be the average value of f(x) = x* on [0,3]. Find a value of c 
in [0,3] such that f(c) = M. 


62. Let f(x) = ./x. Find a value of c in [4,9] such that f(c) is equal to 
the average of f on [4, 9]. 


63. Let M be the average value of f(x) = x? on [0, A], where A > 0. 
Which theorem guarantees that f(c) = M has a solution c in [0, A]? 
Find c. 


64. Let f(x) =2sinx — x. Use a computer algebra system to 
plot f and estimate: 


(a) The positive root a of f 
(b) The average value M of f on [0, a] 
(c) A value c € [0,a] such that f(c) = M 


65. Which of f(x) = xsin? x and g(x) = x? sin? x has a larger average 
value over [0, 1]? Over [1, 2]? 


66. Find the average of f(x) = ax + b over the interval [—M, M], where 
a, b, and M are arbitrary constants. 


67. [A Sketch the graph of a function f such that f(x) > 0 on [0,1] 
and f(x) < 0 on [1,2], whose average on [0, 2] is negative. 


68. Give an example of a function (necessarily discontinuous) that does 
not satisfy the conclusion of the MVT for Integrals. 


70. A Review the MVT stated in Section 4.3 (Theorem 1) and show 
how it can be used, together with the Fundamental Theorem of Calculus, 
to prove the MVT for Integrals. 


6.3 Volumes of Revolution: Disks and Washers 


We use the terms “revolve” and “rotate” 
interchangeably. 


A solid of revolution is a solid obtained by rotating a region in the plane about an axis. 
The sphere and right circular cone are familiar examples of such solids. Each of these is 


“swept out” as a plane region revolves around an axis (Figure 1). 


FIGURE 1 The right circular cone and the sphere are solids of revolution. 


Ne 


This method for computing the volume is 
referred to as the disk method because the 
vertical slices of the solid are circular 
disks. 


FIGURE 3 Region under y = x? rotated 
about the x-axis. 
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Suppose that f(x) > 0 for a < x < b. The solid obtained by rotating the region un- 
der the graph about the x-axis has a special feature: All vertical cross sections are circles 
(Figure 2). In fact, the vertical cross section at location x is a circle of radius R = f(x) 
and thus, 


area of the vertical cross section = m R? = nf (x) 
We know from Section 6.2 that the total volume V is equal to the integral of cross- 
b b 
sectional area. Therefore, V = 2 / R* dx = | nf (x)? dx. 


a a 


fœ 
x 
a b : 
(A) (B) Cross section is a circle (C) Solid of revolution 


of radius f(x). 


FIGURE 2 


Volume of Revolution: Disk Method If f is continuous and f(x) > 0 on [a,b], 
then the solid obtained by rotating the region under the graph about the x-axis has 
volume 


b b 
van | Rdz =x f f(x)? dx 
a a 


EXAMPLE 1 Calculate the volume V of the solid obtained by rotating the region under 
y = x? about the x-axis for 0 < x < 2. 


Solution The solid is shown in Figure 3. By Eq. (1) with f(x) = x”, its volume is 


2 2 2 os 
v=x | Radx=x | Pax =n | xtdx =n — 
0 0 0 5 


2 25 32 
= LS = = ÉE 
‘ 5 5 


There are some useful variations on the formula for a volume of revolution. First, 
consider the region between two curves y = f(x) and y = g(x), where f(x) > g(x) => 0 
as in Figure 5(A). When this region is rotated about the x-axis, segment AB sweeps out 
the washer shown in Figure 5(B). The inner and outer radii of this washer (also called an 
annulus; see Figure 4) are 


Router = f (x), Rinner = g(x) 


The washer has area 7 R?,,.. — 0 R? ne, or w(f(x)* — g(x)*), and the volume of the solid 


of revolution [Figure 5(C)] is the integral of this cross-sectional area: 


b b 
vam | (Ru Rize?) x=" | (FP - (2) dx 
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Area = TRS te Paen 


Washer 


FIGURE 4 The region between two 
concentric circles is called an 
annulus, or more informally, (A) (B) (C) 
a washer. 


FIGURE 5 AB generates a washer when rotated about the x-axis. 


EXAMPLE 2 Region Between Two Curves Find the volume V obtained by revolving 
CAUTION When using the washer method, the region between y = x? + 4 and y = 2 about the x-axis for 1 < x < 3. 
make sure you use (f(x)? — g(x)*) in the 


integrand, not (f(x) — g(x). Solution The graph of y = x? + 4 lies above the graph of y = 2 (Figure 6). Therefore, 


Router = a + 4 and Rinner = 2. By Eq. (2), 


3 3 
V= f (Kier — Riada / (x? +4)? — 27) dx 
1 I 


3 2126 


3 
l 8 
= x | (x4 + 8x? + 12) dx =n Ga + zx + 12x) 
l 


y y=x? +4 y 


Tee gone mm 


FIGURE 6 The area between y = x? + 4 
and y = 2 over [1, 3] rotated about the 


x-axis. 
In the next example, we calculate a volume of revolution about a horizontal axis 

parallel to the x-axis. 
EXAMPLE 3 Revolving About a Horizontal Axis Find the volume V of the “wedding 
band” [Figure 7(C)] obtained by rotating the region between the graphs of f(x) = 2-42 
and g(x) = 4 — x? about the horizontal line y = —3. 

When you set up the integral for a volume Solution First, let’s find the points of intersection of the two graphs by solving 

of revolution, visualize the cross sections. 

These cross sections are washers (or disks) fzx)=e(x%) = x? +2=4- x? => væl > x=+Łl1 


whose inner and outer radii depend on the 
axis of rotation. Figure 7(A) shows that g(x) > f(x) for—1 <x <1. 


Some” 


We get Router by subtracting y = —3 from 
y = g(x) because vertical distance is the 
difference of the y-coordinates. Similarly, 
we subtract —3 from f(x) to get Rinner- 


In Figure 8, the length of AB is 12 — f(x) 


rather than f(x) — 12 because the line 
= 12 lies above the graph of f. 
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rotation 


(A) (B) The inner and outer radii 
are 3 units longer. 


FIGURE 7 


If we wanted to revolve about the x-axis, we would use Eq. (2). Since we want to 
revolve around y = —3, we must determine how the radii are affected. Figure 7(B) shows 
that when we rotate about y = —3, AB generates a washer whose outer and inner radii 
are both 3 units longer, and therefore we have 


e Router = g(x) — (—3) = (4 — x?) +3 =7- x? 
Rimer = f(x) — (—3) = (x? +2) +3 = x? +5 


The volume of revolution (about y = —3) is equal to the integral of the area of this 
washer: 


I 
V=x [ (Roae: z Rinner) dx 


| 
=x | ((7 — x??? — (x? +5)”) dx 
= 


1 
= / ((49 = 14x? + xÍ) — (x$ + 10x? + 25)) dx 
=I 
: 1 
= oF ji (24 — 24x2) dx = 1m(24x — 8x°)| = 327 ia 
—]| — 


EXAMPLE 4 Find the volume obtained by rotating the graphs of f(x) = 9— x? and 
y = 12 for 0 < x < 3 about 


(a) The line y = 12 (b) The line y = 15 
The resulting solids are illustrated in Figure 8. 


Solution To set up the integrals, let’s visualize the cross section. Is it a disk or a washer? 


(a) Figure 8(B) shows that AB rotated about y = 12 generates a disk of radius 
R = length of AB = 12 — f(x) = 12 — (9 ~ x?) = 3 +x? 


The volume when we rotate about y = 12 is 


3 3 3 
v=x | Rdr =r | G+Pdr =n | (9 + 6x? + x*) dx 
0 0 0 
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_ =3 
NR = =F (x) 


(A) fœ) = 9 — x? (B) In (a), rotation about the line y = 12. (C) In (b), rotation about the line y = 15. 


FIGURE 8 Segment AB generates a disk when rotated about y = 12, but it generates a washer 
when rotated about y = 15. 


(b) Figure 8(C) shows that AB rotated about y = 15 generates a washer. The outer 
radius of this washer is the distance from B to the line y = 15: 


Router = 15 — f(x) = 15 — (9 — x?) = 64x” 


The inner radius is Rinner = 3, so the volume of revolution about y = 15 is 


3 3 
Var f (Roce — Rained) dx =m | (6+1? - 3) dx 
0 0 


3 
=g [ OT Pie +x ax 
0 


1 3 1188 
=x (21x +42? + 23°) = —— m o] 
5 0 5 


We can use the disk and washer methods for solids of revolution about vertical axes, 
but it is necessary to describe the graph as a function of y—that is, x = g(y). 


EXAMPLE 5 Revolving About a Vertical Axis Find the volume of the solid obtained 
by rotating the region under the graph of f(x) = 9 — x? for 0 < x < 3 about the vertical 
axis x = =2. 


Solution Figure 9 shows that A B sweeps out a horizontal washer when rotated about the 
vertical line x = —2. We are going to integrate with respect to y, so we need the inner 
and outer radii of this washer as functions of y. Solving for x in y = 9 — x?, we obtain 
x? = 9 — y, or x =+./9 — y. Since we are rotating the right half of the parabola, we 
choose the positive square root. Therefore, 


Router = /9 — y + 2, Rimer = 2 
/ 2 
Rode Kea) ee) —27=(9—y)+4/9—y+4-4 
=9-yt+4/9-y 


The region extends from y = 0 to y = 9 along the y-axis, so 


9 9 
v=x f (Rime — Rina) 49 =n | (9-y+4/9-y)dy 


? 225 


1 8 
= dy ~~ 2a sees FO in) = 
z ( ey 30° y) 1 mT E 
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FIGURE 9 


CONCEPTUAL INSIGHT A few different volume formulas were introduced in this sec- 
tion. Note that they all arise from the formula in the previous section for the volume as 
an integral of cross-sectional area A(y): 


b 
v= A(y) dy 


To compute the volumes in this section, we developed the cross-sectional area formulas 
for the different situations: disks or washers, and horizontal or vertical rotation axes. 
While they might appear to be distinct cases, we do not need to consider disks and 
washers separately. A disk is simply a washer with Rinner = 0. 


6.3 SUMMARY 


e Disk method: When you rotate the region between two graphs about an axis, the seg- 
ments perpendicular to the axis generate disks or washers. The volume V of the solid 
of revolution is the integral of the areas of these disks or washers. 

e Sketch the graphs to visualize the disks or washers. 

¢ Figure 10(A): region between y = f(x) and the x-axis, rotated about the x-axis. 


— Vertical cross section: a circle of radius R = f(x) and area m R? = rf (x): 


b b 
van| Rdx=n | f(xy dx 
a a 


- Figure 10(B): region between y = f(x) and y = g(x), with f(x) = g(x), rotated 
about the x-axis. 
— Vertical cross section: a washer of outer radius Router = f(x) and inner radius 
Rinner = g(x): 


b b 
V =x / a 3 Ree) dx =r / (f (x) — g(x)*) dx 


b4 


(D) 


FIGURE 10 
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e To rotate about a horizontal line y = c, modify the radii appropriately. 


— Figure 10(C): c > f(x) > g(x): 


Router = c — g(x), Rinner'= c — f(x) 


- Figure 10(D): f(x) > g(x) 2 c: 


Router = f(x) — c, Riner = g(x) — c 


¢ To rotate about a vertical line x = c, express Router and Rinner as functions of y and 
integrate along the y-axis. 


6.3 EXERCISES - 


Preliminary Questions 

1. Which of the following is a solid of revolution? 

(a) sphere (b) pyramid (c) cylinder (d) cube 
2. True or false? When the region under a single graph is rotated about 


the x-axis, the cross sections of the solid perpendicular to the x-axis are 
circular disks. 


3. True or false? When the region between two graphs is rotated about 
the x-axis, the cross sections of the solid perpendicular to the x-axis are 
circular disks. 


Exercises 


In Exercises 1-4, (a) sketch the solid obtained by revolving the region un- 
der the graph of f about the x-axis over the given interval, (b) describe 
the cross section perpendicular to the x-axis located at x, and (c) calculate 
the volume of the solid. 


1. f(x)=x4+1, [0,3] $ fajyex*, 11,3] 


3. fx)=vVvx4+1, [1,4] 4. f(x)#x', 11,4] 


In Exercises 5—14, find the volume of revolution about the x-axis for the 
given function and interval. 


1 


5. f(x) =3x—x’, [0,3] 6. f(x) = 5: [1,4] 


7. f(x) =x, [1,8] 8. f(x) =4-x%, [0,2] 


9. T [1,3] 10. f(x) =Vx? 41, [1,3] 


x+1 


11. f(x) =e’, [0,1] ik f(x)=e*, [0,10] 


13. f(x) =~v3cosx, [0,4] 
14. f(x) =Vcosxsinx, [0,3] 


In Exercises 15 and 16, R is the shaded region in Figure 11. 


15. Which of the integrands (i)}{iv) is used to compute the volume 
obtained by rotating region R about y = —2? 


O FEF + 2?) — (g(x)? + 2”) 
(ii) (f(x) +2? — (g(x) +2)" 
(iti) (f(x)? — 27) — (g(x)? — 27) 
(iv) (f(x) — 2)? ~ (g(x) — 2)? 


4. Which of the following integrals expresses the volume obtained by 
rotating the area between y = f(x) and y = g(x) over [a,b] around the 
x-axis? [Assume f(x) > g(x) > 0.] 


4 2 
(a) = / (f(x) — gœ) dx 


b 
(b) x i (F(x)? — g(x)’) dx 


a 


16. Which of the integrands (i)}{iv) is used to compute the volume ob- a 
tained by rotating R about y = 9 in Figure 11? 
(i) 9+ f(x)? —O + g(x)? 
Gi) (9 + g(x)? ~ 9+ f(x)’ 
(ii) (9 — f(x))* — 9 — a(x)’ 
(iv) (9 — g(x)? — 9 — fa)? 


FIGURE 11 


In Exercises 17-22, (a) sketch the region enclosed by the curves, (b) de- 
scribe the cross section perpendicular to the x-axis located at x, and 
(c) find the volume of the solid obtained by rotating the region about the 
X-axis. 
17, y=x? +2, y=10-x? 18. y=x*?, y=2x+3 

NL 


19. y=16-—x, y=3x412, x= -1 


5 


1 
20. a age Gs 


— 


KN 


T T 
2 ° = >C = = U, =-=, = — 
1. y=secx, y=0, x p PER 


"=A 


In Exercises 23—26, find the volume of the solid obtained by rotating the 
region enclosed by the graphs about the y-axis over the given interval. 


“a y= y0 E0, 


Deren), we; lsyzz4 
24. x = y Siny, 
25. x = y’, x= /y 


26. x=4— y, x=16-y* 


x=0; O<yzsx 


27. Rotation of the region in Figure 12 about the y-axis produces a solid 
with two types of different cross sections. Compute the volume as a sum 
of two integrals, one for —12 < y < 4 and one for 4 < y < 12. 


FIGURE 12 


` 28. Let R be the region enclosed by y = x? +2, y = (x — 2)? and the 


pA 


-a 


N 


axes x = 0 and y = 0. Compute the volume V obtained by rotating R 
about the x-axis. Hint: Express V as a sum of two integrals. 


In Exercises 29-34, find the volume of the solid obtained by rotating region 
A in Figure 13 about the given axis. 


30. y = —2 
33. x = —3 


Shey 2 
34. x =2 


29. x-axis 


32. y-axis 


FIGURE 13 


In Exercises 35—40, find the volume of the solid obtained by rotating region 
B in Figure 13 about the given axis. 


36. y= —2 
38. y-axis 


35. x-axis 
oF, ys 


Hint for Exercise 38: Express the volume as a sum of two integrals along 
the y-axis or use Exercise 32. 


39. x =2 40. x = —3 


In Exercises 41—54, find the volume of the solid obtained by rotating the 
region enclosed by the graphs about the given axis. 


4l. y = x’, y=12-—x, x=0, aboutty=-—-2 x2>0 


42. y=x?, y=12-—x, x=0, abouty=15 
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43. y=16— 2x, y=6, x=0, about x-axis 


44. y =32— 2x, y=2+4x, x=0, about y-axis 
3 l 
45. y = secx, y=1+ =% about x-axis 


46. x=2, x=3, y=16-—xf, y=0, about y-axis 


47. y=2./x, y=x, aboutx = -—2 
48. y = 2./x, your, about y = 4 
49. y=x9, y=x'/3, forx>0, about y-axis 
50. y =x?, y=x!/*, aboutx = —2 
9 2 
sl. y= =: y= 10- x4, x20, about yH12 
x 
9 2 
52. = -5> y=10-—x*, x> 0, aboutx = —1 
x 
53. y=e*, y=l-—e™*, x=0, about y =4 
54. y=coshx, x =+2, about x-axis 


55. The bowl in Figure 14(A) is 21 cm high, obtained by rotating the 
curve in Figure 14(B) as indicated. Estimate the volume capacity of the 
bowl shown by taking the average of right- and left-endpoint approxima- 
tions to the integral with N = 7. The inner radii (in centimeters) starting 
from the top are 0, 4, 7, 8, 10, 13, 14, 20. 


y 


FIGURE 14 


56. The region between the graphs of f and g over [0, 1] is revolved about 
the line y = —3. Use the midpoint approximation with values from the fol- 
lowing table to estimate the volume V of the resulting solid: 


= [or [03s [os] 07] 09) 
Cc fc a a 


In Exercises 57-58, you assist your grandfather Umberto who wants to 
know the volume of his wine barrels. Knowing that you are taking a calcu- 
lus course, he thought that you might be able to help. So he measured the 
circumference around each barrel at regular intervals from the bottom to 
the top and provided the measurements to you. “Can you figure out from 
this how many gallons each holds?” he asked. 


* 


z 
= 
— 


57, With the following barrel circumference measurements, estimate the 
volume of the barrel in gallons. 


Dist from Bottom (in.)| 0 3 6 9 12 15 18 21 24 
Circumference (in.) 30 36 38 40 41 39 38 35.28 
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58. With the following barrel circumference measurements, estimate the 
volume of the barrel in gallons. 


Dist from Bottom (in.)| 0 4 8 12 16 20 24 28 32 36 
Circumference (in.) 62 70 75 79 83 83 77 74 68 62 


59. Find the volume of the cone obtained by rotating the region under the 
segment joining (0, h) and (r,0) about the y-axis. 


60. The torus (doughnut-shaped solid) in Figure 15 is obtained by rotat- 
ing the circle (x — a)? + y? = b? around the y-axis (assume that a > b). 
Show that it has volume 27?ab?. Hint: After simplifying it, evaluate the 
integral by interpreting it as the area of a circle. 


FIGURE 15 Torus obtained by rotating a circle about the y-axis. 


61. (Gu) Sketch the hypocycloid x?/3 + y?” = 1 and find the volume 
of the solid obtained by revolving it about the x-axis. 


62. The solid generated by rotating the region between the branches 
of the hyperbola y? — x? = 1 about the x-axis is called a hyperboloid 
(Figure 16). Find the volume of the hyperboloid for —a < x <a. 


Further Insights and Challenges 


64. LÉ Find the volume V of the bead (Figure 17) in terms of r and 
R. Then show that V = 7A°, where h is the height of the bead. This for- 
mula has a surprising consequence: Since V can be expressed in terms 
of h alone, it follows that two beads of height 1 cm, one formed from 
a sphere the size of an orange and the other from a sphere the size of the 
earth, would have the same volume! Can you explain intuitively how this is 
possible? 


65. The solid generated by rotating the region inside the ellipse with equa- 
tion (2) + (2y = | around the x-axis is called an ellipsoid. Show that 


the ellipsoid has volume 37 ab*. What is the volume if the ellipse is rotated 
around the y-axis? 


66. The curve y = f(x) in Figure 18, called a tractrix, has the following 
property: The tangent line at each point (x, y) on the curve has slope 


eee? 
dx “Ji = 


Let R be the shaded region under the graph of y = f(x) forO0 <x < ain 
Figure 18. Compute the volume V of the solid obtained by revolving R 
around the x-axis in terms of the constant c = f(a). Hint: Use the substi- 
tution u = f(x) to show that 


1 
v=x f uy 1—u2du 
E 


FIGURE 16 The hyperbola with equation y2- x? =l. 


63. A “bead” is formed by removing a cylinder of radius r from the center 
of a sphere of radius R (Figure 17). Find the volume of the bead with r = 1 
and R = 2. 


FIGURE 17 A bead is a sphere with a cylinder removed. 


FIGURE 18 The tractrix. 


67. Verify the formula 


x2 I 
J -e -adx = 31 a [3 | 


Then prove that the solid obtained by rotating the shaded region in Fig- 
ure 19 about the x-axis has volume V = 2 BH”, with B and H as in the 


figure. Hint: Let x; and x2 be the roots of f(x) = ax +b — (mx +c)’, 
where x; < x2. Show that 


V= xf f(x)dx 
x) 


ae 


and use Eq. (3). 
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68. Let R be the region in the unit circle lying above the cut with the line 
y = mx + b (Figure 20). Assume that the points where the line intersects 
the circle lie above the x-axis. Use the method of Exercise 67 to show that 
the solid obtained by rotating R about the x-axis has volume V = Zhd?, 
with h and d as in the figure. 


FIGURE 19 The line y = mx + c intersects the parabola y? =ax+b 


at two points above the x-axis. 


Width Ar 


FIGURE 1 The volume of the cylindrical 
Shell is approximately 27Rh Ar, where 
Ar = R =r. 


FIGURE 20 


6.4 Volumes of Revolution: Cylindrical Shells 


In the previous two sections, we computed the volume of solids by slicing them into 
parallel planar cross sections and integrating the cross-sectional area. The Shell Method, 
based on dividing a solid into concentric cylindrical shells, is more convenient in some 
cases, depending on the geometry of the solid under consideration. 

Consider a cylindrical shell (Figure 1) of height 4, with outer radius R and inner 
radius r. Because the shell is obtained by removing a cylinder of radius r from the wider 
cylinder of radius R, it has volume 


nR*h — rh = wh(R? — r?) = wh(R +r)\(R—r)=ah(R+r)Ar 
where Ar = R — r is the width of the shell. If the shell is very thin, then R and r are 
nearly equal and we may approximate (R + r) with 2R to obtain 


volume of shell ~ 2 RhAr = 2x (radius) x (height of shell) x (thickness) |1 | 


This is the product of surface area of the outer cylinder with the thickness Ar. 

Now, let us rotate the region under y = f(x) from x =a to x = b about the y- 
axis as in Figure 2. The resulting solid can be divided into thin concentric shells. More 
precisely, we divide [a, b] into N subintervals of length Ax = (b — a)/N with endpoints 
X0, X1, ..- XN. When we rotate the thin strip of area above [x;_1, xj] about the y-axis, we 


obtain a thin shell whose volume we denote by V;. The volume of the solid is equal to 
N 


the sum V = Ý V;. 


i=] 


ith shell ith shell 


y=f(x) 
y=f@) 


FIGURE 2 The shaded strip, when rotated about the y-axis, generates a “thin shell.” 


The top rim of the ith thin shell in Figure 2 is curved. However, when Ax is small, 
we can approximate this thin shell by the cylindrical shell (with flat rim) of height f(x;) 
and radius x;. Then, using Eq. (1), we obtain 
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V; ~% 2r (radius) (height of shell) (thickness) = 27r x; f(xj)Ax 


N N 
V = X V; + 2n > xf Ax 


i=} i=] 


The sum on the right is the volume of a cylindrical shell approximation that converges to 
V as N — oo (Figure 3). This sum is also a right-endpoint approximation that converges 
b 


to 27 / xf (x) dx. Thus, we obtain Eq. (2) for the volume of the solid. 
a 


FIGURE 3 Cylindrical shell approximations as N > oo. 


Note: In the Shell Method, we integrate | Volume of Revolution: The Shell Method The solid obtained by rotating the region 
with respect to x when the region is rotated under y = f(x) over the interval [a, b] about the y-axis has volume 
about the y-axis. 


b b 
V=2et | (radius) (height of shell) drsn f xf(x)dx 
a 


a 


EXAMPLE 1 Find the volume V of the solid obtained by rotating the region under the 
graph of f(x) = 1 — 2x + 3x? — 2x? over [0, 1] about the y-axis. 


Solution The solid is shown in Figure 4. By Eq. (2), 


1 1 
V = 2x | xf (x) dx =2n | x(1 — 2x + 3x? — 2x3) dx 
0 0 


1 
=2n | (x — 2x? F 3x — xt) dx 
0 


FIGURE 4 The graph of 
f@)=1-—2x+4+ 3x2 — 2x3 rotated about 
the y-axis. 
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CONCEPTUAL INSIGHT Shells Versus Disks and Washers 


¢ Shell Method: To calculate a volume, you must find the shell height, which is 
always parallel to the axis of rotation (Figure 5). 

¢ Disk and Washer Method: To calculate a volume, you must find the disk 
radius or washer radii, which are always perpendicular to the axis of rotation. 


Some volumes can be computed equally well using either the Shell Method or the Disk 

This segment generates and Washer Method. In Example 1, however, the Shell Method is much easier because 

a disk of radius R = g(y). the shell height is f(x). Using the Disk Method would have been more challenging 

oN because we would need to find an expression for the radius of the disk a ais to 

sat CE i Ng the y-axis (Figure 5). This would require finding the inverse g(y) = f~*(y), and that 
eee) could be difficult or impossible. 

In general: Use the Shell Method if finding the shell height is easier than finding 

pe as the disk radius or washer radii. Use the Disk and Washer Method when finding the disk 

ae radius or washer radii is easier. 


When we rotate the region between the graphs of two functions f and g satisfying 
FIGURE 5 For rotation about the y-axis, the f(x) => g(x), the vertical segment at location x generates a cylindrical shell of radius x 
Shell Method uses y = f(x) but the Disk and height f(x) — g(x) (Figure 6). Therefore, the volume is 
Method requires the inverse function 
x = g(y). r 
/ x(f (x) — g@)) dx 


a 


b 
V =27 / (radius) (height of shell) dx = 2x 
a 


FIGURE 6 The vertical segment at location 
x generates a shell of radius x and height 


fasea) 


H oE EXAMPLE 2 Region Between Two Curves Find the volume V obtained by rotating 
the region enclosed by the graphs of f(x) = x(5 — x) and g(x) = 8 — x(5 — x) about the 
y-axis. 


Solution First, find the points of intersection by solving x(5 — x) = 8 — x(5 — x). We 
obtain 0 = x? — 5x + 4 = (x — 1)(x — 4), so the curves intersect at x = 1,4. Sketching 
the graphs (Figure 7), we see that f(x) > g(x) on the interval [1,4] and 


height of shell = f(x) — g(x) = x(5 — x) — (8 — x(5 — x)) = 10x — 2x? — 8 


4 4 
VY = 28 | (radius)(height of shell)dx = 27 Fk x(10x — 2x? — 8) dx 
1 


1 
= 2 (5 — ax! — 4x?) 


4 
64 7 
3 nae (F-(-§)) 45" - 


FIGURE 7 


The reasoning in Example 3 shows that if 
we rotate the region under y = f(x) over 


a alt vertical line x = c, then EXAMPLE 3 Rotating About a Vertical Axis Use the Shell Method to calculate the 
e volume is volume V obtained by rotating the region under the graph of f(x) = x~! over [1,4] 
about the axis x = —3. 


b 
V =2n | (x-—c)f(x)dx ife<a 
f Solution If we were rotating this region about the y-axis (i.e., x = 0), we would use 
Eq. (3). To rotate it around the line x = —3, we must take into account that the radius of 


b 
y = 2 = } > . . + 
N I oe SEE revolution is now 3 units longer. 
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Figure 8 shows that the radius of the shell at x is now x — (—3) = x + 3. The height & 
of the shell is still f(x) = x !/2 s0 


4 
V =27 | (radius) (height of shell) dx 
1 


4 a) 4 
= an | (x + 3)x 1/2 ax = 20 ($e + gi) = 
1 1 


647 
3 


FIGURE 8 Rotation about the axis 
x= —3. 


The method of cylindrical shells can be applied to rotations about horizontal axes, 
but in this case, the graph must be described in the form x = g(y). 


EXAMPLE 4 Rotating About the x-Axis Use the Shell Method to compute the volume 
V obtained by rotating the region in the first quadrant between y = 9 — x? and the x-axis 
about the x-axis (Figure 9). 


Solution When we rotate about the x-axis, the cylindrical shells are generated by hori- 
zontal segments (AB in Figure 9) and the Shell Method gives us an integral with respect 
to y. The radius of the shell is y, the distance from the rotation axis to the segment. The 
length of AB is the height of the shell (we use the term “height” even though the shell is 
horizontal). The length of AB is given by the positive value of x on the parabola associ- 
ated with y, that is, by x = ./9 — y. The volume is then obtained as follows, where we 
use a substitution u = 9 — y, du = —dy, in the integral computation: 
4 REMINDER After making the 9 9 
substitution u = 9 — y, the limits of V= 27 [ (radius) (height of shell) dy = 27 | y 4/9 — ydy 
integration must be changed. Since 0 0 
u(0) = 9 and u(9) = 0, we change 0 9 
[ ’ [ = —27 f (9 — u) Vu du = 2x [ Ou! P u’ dà 
Se 9 0 
0 9 
a ? 648 
= 28 (42 =" aš 2 a 
5 0 5 
NL 


FIGURE 9 Shell generated by a 
horizontal segment in the region under the 
graph of y = 9 — x?. 
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ae 6.4 SUMMARY 


° Shell Method: When you rotate the region between two graphs about an axis, the 
segments parallel to the axis generate cylindrical shells [Figure 10(A)]. The volume 
V of the solid of revolution is the integral of the surface areas of these shells: 


surface area of shell = 27 (radius) (height of shell) 


¢ Sketch the graphs to visualize the shells. 
° Figure 10(B): Region between y = f(x) (with f(x) > 0) and the y-axis, rotated about 
the y-axis: 


b b 
V =2 Í (radius) (height of shell) dx = 2x | x f(x) dx 
a a 


+ Figure 10(C): Region between y = f(x) and y = g(x) (with f(x) = g(x) 2 0), 
rotated about the y-axis: 


b b 
V ele | (radius) (height of shell) dx = 27 | x(f (x) — 9(x)) dx 


¢ Rotation about a vertical axis x = c. 


— Figure 10(D): c < a, radius of shell is (x — c): 
b 
v= an f (x —c)f (x) dx 
a 
— Figure 10(E): c > a, radius of shell is (c — x): 
b 
V =a / (c — x) f(x)dx 
a 
e Rotation about the x-axis using the Shell Method: Write the graph as x = g(y): 


d d 
V=27 Í (radius)(height of shell) dy = 27 | yge(y)dy 
C G 


Surface area = 27rh 


(A) 


FIGURE 10 
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6.4 EXERCISES 


Preliminary Questions 


1. Consider the region under the graph of the constant function f(x) =h 
over the interval [0, rj]. Give the height and the radius of the cylinder gen- 
erated when the region is rotated about 


(a) The x-axis (b) The y-axis 


2. Let V be the volume of a solid of revolution about the y-axis. 


(a) Does the Shell Method for computing V lead to an integral with 
respect to x or y? 


Exercises 


In Exercises 1—6, sketch the solid obtained by rotating the region under- 
neath the graph of the function over the given interval about the y-axis, 
and find its volume. 


L f@)=2°, (0,1) 2. f(x)=J/x, [0,4] 


3. fœ) =x}, [1,3] 4. f(x) =4-—x?, [0,2] 


5, f(x) =vx24+9, [0,3] 6. f(x)= [1,4] 


x 
V¥1+x3 i 
In Exercises 7—14, use the Shell Method to compute the volume obtained by 
rotating the region enclosed by the graphs as indicated, about the y-axis. 


7 y=3x-2, y=6-x, x=0 

eS yey, yer 

9 y=x?, y=8-x?, x=0, forx>0 

10. y=8- x, y=8-4x, forx>0 

i y=, yE Hl, a 

12. y=1-|¢-1|, y=0 

13. y= e°, y=0, z=] x =2 

14. y=Vx274+9, y=0, x=0, x=4 

In Exercises 15 and 16, use a graphing utility to find the points of inter- 


section of the curves numerically and then compute the volume of rotation 
of the enclosed region about the y-axis. 


15. (GU) y = 4x, 
epee yar, Fev 


In Exercises 17-22, sketch the solid obtained by rotating the region under- 
neath the graph of f over the interval about the given axis, and calculate 
its volume using the Shell Method. 


= sin(x”), x>0 


17. f(x)=x%, [0,1], aboutx =2 
18. f(x) =x3, [0,1], aboutx = —2 


19. f(x) =x*, [-3,-1], aboutx =4 


20. f(x)= [0,2], about x = 0 


1 
Vaz 41 


21. fx~)=a-—x witha>0, [0,a], aboutx = —1 


22. f(x)=1-—x7, [-11], x=c withc>1 


(b) Does the Disk or Washer Method for computing V lead to an integral 
with respect to x or y? 


3. If we rotate the region under the curve y = 8 between x = 2 and 
x = 3 about the x-axis, what answer should the Shell Method give us? 


In Exercises 23-28, sketch the enclosed region and use the Shell Method 
to calculate the volume of rotation about the x-axis. 


23. x=y, y=0, x=1 
24. x=}ły+1, x=3- ły, y=0 
25. x= y(4= y) x=0 

26. x = y(4— y), x =(y—-2) 

27. y=4-x*, x=0, y=0 


28. y=x!F—-2, y=0, x=27 
29. Determine which of the following is the appropriate integrand needed 
to determine the volume of the solid obtained by rotating around the verti- 
cal axis given by x = —1 the area that is between the curves y = f(x) and 
y = g(x) over the interval [a, b], where a > 0 and f(x) > g(x) over that 
interval. 


(a) x(f(x) — gax) 
(c) x((fx) — 1) — (g(x) - 1)) 
(e) x(f@+1)— gx + !1)) 


b) @ + 1)(f@) — gax) 
(d) (x — 1I)(f() — g(x) 


30. Let y = f(x) be a decreasing — on [0, b], such that f(b)=0. 
fO 
Explain why 27 [ xf oar =a f (h(x))* dx, where h denotes the 
0 


inverse of f. 


31. Use both the Shell and Disk Methods to calculate the volume obtained 
by rotating the region under the graph of f(x) = 8—x° for0<x <2 
about 

(a) The x-axis (b) The y-axis 


32. Sketch the solid of rotation about the y-axis for the region under the 
graph of the constant function f(x) = c (where c > 0) forO < x <r. 


(a) Find the volume without using integration. 


(b) Use the Shell Method to compute the volume. 


33. The graph in Figure 11(A) can be described by both y = f(x) and 
x = h(y), where h is the inverse of f. Let V be the volume obtained by 
rotating the region under the graph about the y-axis. 


(a) Describe the figures generated by rotating segments AB and C B about 
the y-axis. 


~ (b) Set up integrals that compute V by the Shell and Disk Methods. 


FIGURE 11 


34. | 4 | Let W be the volume of the solid obtained by rotating the region 
under the graph in Figure 11(B) about the y-axis. 


(a) Describe the figures generated by rotating segments A’B’ and A’C’ 
about the y-axis. 

(b) Set up an integral that computes W by the Shell Method. 

(c) Explain the difficulty in computing W by the Washer Method. 


35. Let R be the region under the graph of y = 9 — x? for O < x < 2. Use 
the Shell Method to compute the volume of rotation of R about the x-axis 
as a sum of two integrals along the y-axis. Hint: The shells generated de- 
pend on whether y € [0, 5] or y e [5,9]. 


36. Let R be the region under the graph of y = 4x7! for 1 < y < 4. Use 
the Shell Method to compute the volume of rotation of R about the y-axis 
as a sum of two integrals along the x-axis. 


In Exercises 37-42, use the Shell Method to find the volume obtained by 
rotating region A in Figure 12 about the given axis. 


37. y-axis 38. x = —3 
39. = 2 40. x-axis 
41. y = —2 42. y=6 


FIGURE 12 


In Exercises 43-48, use the most convenient method (Disk or Shell 
Method) to find the volume obtained by rotating region B in Figure 12 
about the given axis. 


43. y-axis 44. x= —3 


45. x=2 46. x-axis 
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Wo ypS—2 48. y=8 


In Exercises 49-56, use the most convenient method (Disk or Shell 
Method) to find the given volume of rotation. 


49. Region between x = y(5 — y) and x = 0, rotated about the y-axis 


50. Region between x = y(5 — y) and x = 0, rotated about the x-axis 
51. Region bounded by y = x? and x = y?, rotated about the y-axis 
52. Region bounded by y = x? and x = y?, rotated about x = 3 

53. Region in Figure 13, rotated about the x-axis 


54. Region in Figure 13, rotated about the y-axis 


FIGURE 14 


FIGURE 13 


55. Region in Figure 14, rotated about x = 4 
56. Region in Figure 14, rotated about y = —2 


In Exercises 57-62, use the Shell Method to find the given volume of 
rotation. 


57, A sphere of radius r 


58. The “bead” formed by removing a cylinder of radius r from the center 
of a sphere of radius R (compare with Exercise 63 in Section 6.3) 


59. The torus obtained by rotating the circle (x — a)? + y? = b? about 
the y-axis, where a > b (compare with Exercise 60 in Section 6.3). Hint: 
Evaluate the integral by interpreting part of it as the area of a circle. 


60. The “paraboloid” obtained by rotating the region between y = x? and 
y =c (c > 0) about the y-axis se 


61. The solid obtained by rotating the region bounded by y = vln x, the 
x-axis, and x = e* about the x-axis 


62. The solid obtained by rotating the region bounded by y = v sin”! x, 
the x-axis, and x = 1 about the x-axis 


63. Given a and b, 0 < a < b, find a function f such that the volume 
obtained by rotating about the x-axis the region R under the graph of 
y = f(x) over the interval [a,b] equals the volume obtained by rotating 
that same region R about the y-axis. 


Further Insights and Challenges 


64. | 4 | The surface area of a sphere of radius r is 4ar”. Use this to 
derive the formula for the volume V of a sphere of radius R in a new way. 


(a) Show that the volume of a thin spherical shell of inner radius r and 
thickness Ar is approximately 4rr? Ar. 


(b) Approximate V by decomposing the sphere of radius R into N thin 
spherical shells of thickness Ar = R/N. 


(c) Show that the approximation is a Riemann sum that converges to an 
integral. Evaluate the integral. 
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65. Show that the solid (an ellipsoid) obtained by rotating the region R in solid obtained by rotating the region R about the y-axis has volume _ _ 


Figure 15 about the y-axis has volume tza b. 


x\2 
FIGURE 15 The ellipse (=) +( 


2 
san 


V = 2z(1 — c), where c = f(a). Observe that as c — 0, the region R 
becomes infinite but the volume V approaches 27. 


y 


66. The bell-shaped curve y = f(x) in Figure 16 satisfies dy/dx = —xy. P 
Use the Shell Method and the substitution u = f(x) to show that the FIGURE 16 The bell-shaped curve. 


For those who want some proof that 
physicists are human, the proof is in the 
idiocy of all the different units which they 
use for measuring energy. 


—Richard Feynman, 
The Character of Physical Law 


A Distance d B 


FIGURE 1 The work expended to move the 
object from A to Bis W = F -d. 


xy=b 


FIGURE 2 The work to move an object from 
Xj—1 tO x; is approximately F(x;)Ax. 


6.5 Work and Energy 


All physical tasks, from running up a hill to turning on a computer, require an expenditure 
of energy. When a force is applied to an object to move it, the energy expended is called 
work. When a constant force F is applied to move the object a distance d in the direction 
of the force, the work W is defined as “force times distance” (Figure 1): 


El 


The International System (SI) unit of force is the newton (abbreviated N), defined as 


1 kg-m/s?. Energy and work are both measured in units of the joule (J), equal to 1 N-m. In = 


the British system, the unit of force is the pound, and both energy and work are measured 
in foot-pounds. Another unit of energy is the calorie. One ft-lb is approximately 1.356 J 
or 0.324 calories. 

To become familiar with the units, let’s calculate the work W required to lift a 2-kg 
stone 3 m above the ground. Gravity acts on the stone of mass m with a force equal to 
—mg, where g = 9.8 m/s”. Therefore, lifting the stone requires an upward vertical force 
F = mg, and the work expended is 


W = (mg)h = (2 kg)(9.8 m/s*)(3 m) = 58.8 J 
F-d 


The kilogram is a unit of mass in the SI system. In the British system, we typically work 
with weight, which is a force rather than a mass. Consequently, the factor g does not 
appear when work against gravity is computed in the British system because, essentially, 
this factor is incorporated in the weight. For example, the work required to lift a 2-Ib 
stone 3 ft is 
W = (2 Ilb)(3 ft) = 6 ft-lb 
— am 
F-d 

We are interested in the case where the force F(x) varies as the object moves from 
a to b along the x-axis. Eq. (1) does not apply directly, but we can break up the task into 
a large number of smaller tasks for which Eq. (1) gives a good approximation. Divide 
[a,b] into N subintervals of length Ax = (b — a)/N as in Figure 2 and let W; be the 
work required to move the object from x;—1 to x;. If Ax is small, then the force F(x) is 
nearly constant on the interval [x;—1, x;] with value F(x;), so W; ~ F(x;)Ax. Summing 
the contributions, we obtain 


N 
W=) W; X $ FGi)Ax 
=l 


i=l 
— —- 
Right-endpoint approximation 


Equilibrium 
position 


Restoring 
force —kx 


Restoring 
force —kx 


x 0 


FIGURE 3 Hooke’s Law. 


Hooke’s Law is named after the English 
scientist, inventor, and architect Robert 
Hooke (1635-1703), who made important 
discoveries in physics, astronomy, 
chemistry, and biology. He was a pioneer in 
the use of the microscope to study 
organisms. Unfortunately, Hooke was 
involved in several bitter disputes with 
other scientists, most notably with his 
contemporary Isaac Newton. Newton was 
furious when Hooke criticized his work on 
optics. Later, Hooke told Newton that he 
believed Kepler’s Laws would follow from 
an inverse square law of gravitation, but 
Newton refused to acknowledge Hooke’s 
contributions in his masterwork Principia. 
Shortly before his death in 1955, Albert 
Einstein commented on Newton's behavior: 
“That, alas, is vanity. You find it in so many 
scientists. ... It has always hurt me to 
think that Galileo did not acknowledge the 
work of Kepler.” 
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b 
The sum on the right is a right-endpoint approximation that converges to f F(x)dx. 


a 


This leads to the following definition. 


DEFINITION Work The work performed in moving an object along the x-axis from 
a to b by applying a force F(x) is 


A | 
W =f F(x) dx 


One typical calculation involves finding the work required to stretch or compress a 
spring. Assume that the free end of the spring has position x = 0 at equilibrium, when 
no force is acting (Figure 3). According to Hooke’s Law, when the spring is stretched or 
compressed to position x, it exerts a restoring spring force F(x) = —kx, where k > O is 
the spring constant. 

If we want to stretch the spring from x = a to x = b, with 0 < a < b, we must 
apply a force F(x) = kx to counteract the force exerted by the spring. The work required 


to stretch the spring is | kxdx. Similarly, if we wish to compress the spring from 
a 
b 
x =a to x =b with b < a < 0, the work required is also kx dx. In this latter case 


a . » 
the integration is in the negative direction, but the applied force is also in the negative 
direction, so the result is a positive value of work. 


EXAMPLE 1 Hooke’s Law Assuming a spring constant of k = 400 N/m, find the 
work required to 

(a) Stretch the spring 10 cm beyond equilibrium 

(b) Compress the spring 2 cm more when it is already compressed 3 cm 


Solution A force F(x) = 400x N is required to stretch the spring (with x in meters). 
Note that centimeters must be converted to meters. 


(a) The work required to stretch the spring 10 cm (0.1 m) beyond equilibrium is 
0.1 0.1 
W= ji 400x dx = 200x?| =2J 
0 


(b) If the spring is at position x = —3 cm, then the work W required to compress it 
further to x = —5 cmis 


—0.05 —0.05 
W= 400x dx = 200x?| no 505- 0-18 = 0.323 u 


In the next two examples, we are not moving a single object through a fixed distance, 
so we cannot apply Eq. (2). Rather, each thin layer of the object is moved through a 
different distance. The work performed is computed by “summing” (i.e., integrating) the 
work performed on the thin layers. 


EXAMPLE 2 Building a Concrete Column Compute the work (against gravity) re- 
quired to build a concrete column of height 5 m and square base of side 2 m. Assume that 
concrete has density 1500 kg/m°. 


Solution Think of the column as a stack of n thin layers of width Ay = 5/n. The work 
consists of lifting up these layers and placing them on the stack (Figure 4), but the work 
performed on a given layer depends on how high we lift it. First, let us compute the 
gravitational force on a thin layer of width Ay: 
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On the earth’s surface, work against gravity 
is equal to the force mg times the vertical 
distance through which the object is lifted. 
No work against gravity is done when an 
object is moved sideways. 


FIGURE 4 Total work is the sum of the work 
performed on each layer of the column. 


in Examples 2 and 3, the work performed 
on a thin layer is written 


L(y)Ay 


When we take the sum and let Ay 
approach zero, we obtain the integral of 


L(y). 
Symbolically, the Ay “becomes” the 
dy of the integral. Note that 


L(y) = g x density x A(y) 


X (vertical distance lifted) 


where A(y) is the area of the cross section. 


FIGURE 5 The sphere is divided into N thin 
layers. 


APPLICATIONS OF THE INTEGRAL 


volume of layer = area x width = 4Ay m? 


mass of layer = density x volume = 1500-4Ay kg 


force on layer = g x mass = 9.8 - 1500 - 4Ay = 58,800 Ay N 


The work performed in lifting this layer to height y is equal to the force times the distance 
y, which is (58,800Ay)y. Setting L(y) = 58,800 y, we have 


Work lifting layer to height y + (58,800Ay)y = L(y) Ay 


This is only an approximation (although a very good one if Ay is small) because the 
layer has nonzero width and we are not taking into account that, for example, the cement 
particles at the top are lifted Ay prior to lifting the whole layer to height y. The ith layer 
is lifted to height y;, so the total work performed is 


n 
W ~X LO) Ay 


i=l 
5 
This sum is a right-endpoint approximation to [ L(y) dy. Letting n — oo, we obtain 
0 


2415 


a 


5 5 
W= [ L(y) dy = l 58,800y dy = 58,800%-| = 735,000 J a 
0 0 


0 


EXAMPLE 3 Pumping Water out of a Tank A spherical tank of radius 5 m is filled 
with water. Calculate the work W performed (against gravity) in pumping out the water 
through a spout of height 1 m at the top. The density of water is 1000 kg/m°. 


Solution The first step, as in the previous example, is to compute the work against grav- 
ity performed on a thin layer of water of width Ay. We place the origin of our coordinate 
system at the center of the sphere because this leads to a simple formula for the radius r 
of the cross section at height y (Figure 5). 


Step 1. Compute work performed on a layer. 
Figure 5 shows that the cross section at height y is a circle of radius r = 4/25 — y? and 
area A(y) = mr? = 1(25 — y”). A thin layer has volume A(y)Ay and mass obtained 
by multiplying this volume by the density 1000 kg/m?. To lift this layer, we must exert 
a force against gravity equal to 


force on layer = g x density x A(y)Ay ~% (9.8)10002 (25 — y*)Ay 
Sa 
Mass 


Water exits from 
spout at the top. 


Radius at height y is 


This layer is pumped up 
r=V52- y. 


i a vertical distance 6 — y. 


~yy = —-5 
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The layer has to be lifted a vertical distance 6 — y, so 


Work on layer ~ 98007 (25 — y-)Ay x (6 — y) = L(y)Ay 
ed a 


Force against gravity Vertical distance lifted 


where L(y) = 98002(25 — y?)(6 — y) = 98007 (150 — 25y — 6y? + y’). 
Step 2. Compute total work. 
Now, divide the sphere into N layers and let y; be the height of the ith layer. The work 


performed on ith layer is approximately L(y;) Ay, and therefore, 


N 
W ~Y L(y) Ay 


i=l 


This sum approaches the integral of L(y) as N —> œ (i.e., Ay —> 0), so 
5 5 
W= Í L(y)dy = 9800r | (150 — 25y — 6y? + y’) dy 
—5 —5 


25 Incyte | 
= 98007 (1509 — go a E p“) = 9,800,0007 + 3.1 x 10” J 


a5 


Note that the integral extends from —5 to 5 because the y-coordinate along the sphere 
varies from —5 to 5. F 


How much energy is 3.1 x 107 joules? A liter of gasoline has an energy content of 
approximately 3.4 x 10” joules. Hence, the work required to pump the water out of the 
spout is equal to the energy content of roughly 0.9 L of gasoline. 


6.5 SUMMARY 


* Work performed to move an object: 
b 
Constant force: W =F -d, Variable force: W = | F(x) dx 
a 


e Hooke’s Law: A spring stretched or compressed to position x from equilibrium exerts 
a restoring force —kx. An applied force F(x) = kx is required to stretch or compress 
the spring further. 

To stretch a spring from a to b with Ô <a < z or to compress a spring from a to 


b with b < a < 0, the work performed is W = j kx dx. 


e To compute work against gravity by decomposing an object into N thin layers of 
thickness Ay, express the work performed on a thin layer as L(y) Ay, where 


L(y) = g x density x A(y) x (vertical distance lifted) 


b 
The total work performed is W = J L(y) dy. 


6.5 EXERCISES 


Preliminary Questions 


1. Why is integration needed to compute the work performed in stretch- 3. Which of the following represents the work required to stretch a spring 
ing a spring? (with spring constant k) a distance x beyond its equilibrium position: kx, 


EET E: T as 


2. Why is integration needed to compute the work performed in pumping 
water out of a tank but not to compute the work performed in lifting up the 4. What does it mean when the integral used to calculate work gives a 
tank? negative answer? 
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Exercises 


1. How much work is done raising a 4-kg mass to a height of 16 m above 
ground? 


2. How much work is done raising a 4-Ib mass to a height of 16 ft above 
ground? 


In Exercises 3—6, compute the work (in joules) required to stretch or com- 
press a spring as indicated, assuming a spring constant of k = 800 N/m. 


3. Stretching from equilibrium to 12 cm past equilibrium 

4. Compressing from equilibrium to 4 cm past equilibrium 

5. Stretching from 5 to 15 cm past equilibrium 

6. Compressing 4 cm more when it is already compressed 5 cm 


In Exercises 7—10 we investigate nonlinear springs. A spring is linear if it 
obeys Hooke’s Law, which indicates that the applied force to stretch the 
spring is F(x) = kx. For a linear spring, F’ is constant. If, instead, F’ 
is not constant, then the spring is called nonlinear. Furthermore, if F'(x) 
increases as x increases, then the spring is said to be progressive, and if 
F'(x) decreases as x increases, then the spring is said to be degressive. 


7. Of the two statements (a) and (b), which describes a progressive 
spring, and which describes a degressive spring? 

(a) To stretch the spring a fixed additional distance, a greater change in 
force is needed farther from equilibrium than closer to it. 

(b) To stretch the spring a fixed additional distance, a greater change in 
force is needed closer to equilibrium than farther from it. 


8. (a) Of the two applied force graphs in Figure 6, which describes a 
progressive spring, and which describes a degressive spring? 

(b) For each, approximate the work required to stretch the spring from 4 
to 9 cm. 


FIGURE 6 Applied force functions for nonlinear springs (F in N, 
x in cm). 


9. Let F(x) = 20V3x be the applied force function for a spring (with 
F(x) in N and x in cm). Indicate whether the spring is progressive or de- 
gressive. Compute the work required to stretch the spring from 6 to 12 cm. 


10. Let F(x) = 10(e°** — 1) be the applied force function for a spring 
(with F(x) in N and x in cm). Indicate whether the spring is progressive 
or degressive. Compute the work required to stretch the spring from 6 to 
12 cm. 


In Exercises 11-14, use the method of Examples 2 and 3 to calculate the 
work against gravity required to build the structure out of a lightweight 
material of density 600 kg/m?. 


11. Solid box of height 3 m and square base of side 2 m 
12. Cylindrical column of height 4 m and radius 0.8 m 


13. Right circular cone of height 4 m and base of radius 1.2 m 
14. Hemisphere of radius 0.8 m 


15. Built around 2600 BCE, the Great Pyramid of Giza in Egypt (Figure 7) 
is 146 m high and has a square base of side 230 m. Find the work (against 
gravity) required to build the pyramid if the density of the stone is esti- 
mated at 2000 kg/m?. 


@) Elvete Images Limited/Alamy 


FIGURE 7 The Great Pyramid in Giza, Egypt. 


16. Calculate the work (against gravity) required to build a box of height 
3 m and square base of side 2 m out of material of variable density, assum- 
ing that the density at height y is f(y) = 1000 — 100y kg/m?. 


In Exercises 17—22, calculate the work (in joules) required to pump all of 
the water out of a full tank. Distances are in meters, and the density of 
water is 1000 kg/m?. 


17. Rectangular tank in Figure 8; water exits from a small hole at the top 


Water exits here. 


FIGURE 8 
18. Rectangular tank in Figure 8; water exits through the spout 
19. Hemisphere in Figure 9; water exits through the spout 


FIGURE 9 
20. Conical tank in Figure 10; water exits through the spout 


FIGURE 10 


Ww 


21. Horizontal cylinder in Figure 11; water exits from a small hole at the 
top. Hint: Evaluate the integral by interpreting part of it as the area of a 
circle. 


Water exits here. 


FIGURE 11 


22. Trough in Figure 12; water exits by pouring over the sides 


FIGURE 12 


23. Find the work W required to empty the tank in Figure 8 through the 
hole at the top if the tank is half full of water. 


24. [A Assume the tank in Figure 8 is full of water and let W be the 
work required to pump out half of the water through the hole at the top. 
Do you expect W to equal the work computed in Exercise 23? Explain and 
then compute W. 


25. Assume the tank in Figure 10 is full. Find the work required to pump 


out half of the water. Hint: First, determine the level H at which the water 
remaining in the tank is equal to one-half the total capacity of the tank. 


26. Assume that the tank in Figure 10 is full. 


(a) Calculate the work F(y) required to pump out water until the water 
level has reached level y. 


(b) Plot F. 

(c) EA What is the significance of F’(y) as a rate of change? 

(d) If your goal is to pump out all of the water, at which water 
level yo will half of the work be done? 


27. Calculate the work required to lift a 10-m chain over the side of a 
building (Figure 13). Assume that the chain has a density of 8 kg/m. Hint: 
Break up the chain into N segments, estimate the work performed on a 
segment, and compute the limit as N — oo as an integral. 


Segment of 
length Ay 


FIGURE 13 The small segment of the chain of length Ay located y 
meters from the top is lifted through a vertical distance y. 
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28. How much work is done lifting a 3-m chain over the side of a building 
if the chain has mass density 4 kg/m? 


29. A 6-m chain has mass 18 kg. Find the work required to lift the chain 
over the side of a building. 


30. A 10-m chain with mass density 4 kg/m is initially coiled on the 
ground. How much work is performed in lifting the chain so that it is fully 
extended (and one end touches the ground)? 


31. How much work is done lifting a 12-m chain that has mass density 
3 kg/m (initially coiled on the ground) so that its top end is 10 m above the 
ground? 


32. A 500-kg wrecking ball hangs from a 12-m cable of density 15 kg/m 
attached to a crane. Calculate the work done if the crane lifts the ball from 
ground level to 12 m in the air by drawing in the cable. 


33. Calculate the work required to lift a 3-m chain over the side of a build- 
ing if the chain has a variable density of p(x) = x? — 3x + 10 kg/m for 
QO<x <3. 


34. A 3-m chain with linear mass density p(x) = 2x(4 — x) kg/m lies on 
the ground. Calculate the work required to lift the chain from its front end 
so that its bottom is 2 m above ground. 


Exercises 35—37: The gravitational force between two objects of mass 
m and M, separated by a distance r, has magnitude GMm/r*, where 


G = 6.67 x 107!! mékg~!s7!. 


35. Show that if two objects of mass M and m are separated by a distance 
rı, then the work required to increase the separation to a distance r2 is 
equal to W = GMm(r;! — m) 


36. Use the result of Exercise 35 to calculate the work required to place 
a 2000-kg satellite in an orbit 1200 km above the surface of the earth. 
Assume that the earth is a sphere of radius Re = 6.37 x 10° m and mass 
Me = 5.98 x 10% kg. Treat the satellite as a point mass. 


37. Use the result of Exercise 35 to compute the work required to move a 
1500-kg satellite from an orbit 1000 to an orbit 1500 km above the surface 
of the earth. 


38. The pressure P and volume V of the gas in a cylinder of length 0.8 m 
and radius 0.2 m, with a movable piston, are related by PV'* = k, where 
k is a constant (Figure 14). When the piston is fully extended, the gas 
pressure is 2000 kilopascals (kPa; 1 kilopascal is 10° newtons per square 
meter). 


(a) Calculate k. 


(b) The force on the piston is PA, where A is the piston’s area. Calculate 
the force as a function of the length x of the column of gas. 


(c) Calculate the work required to compress the gas column from 0.8 to 
0.5 m. 


FIGURE 14 Gas in a cylinder with a piston. 
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Further Insights and Challenges 


39. Work-Energy Theorem An object of mass m moves from xı to x2 
during the time interval [t), t2] due to a force F(x) acting in the direction of 
motion. Let x(t), v(t), and a(r) be the position, velocity, and acceleration 


at time t. The object’s kinetic energy is KE = 5mv”. 


(a) Use the Change of Variables Formula to show that the work performed 
is equal to 


X t 
W= / Í F(x)dx = f ; F(x(t))v(t) dt 
Xi fi 
(b) Use Newton’s Second Law, F(x(t)) = ma(t), to show that 
d /i ie 
J (zmo ) = F(x(t))v(t) 


(c) Use the FTC to prove the Work-Energy Theorem: The change in ki- 
netic energy during the time interval [t , f2] is equal to the work performed. 


CHAPTER REVIEW EXERCISES 


40. A model train of mass 0.5 kg is placed at one end of a straight 3-m 
electric track. Assume that a force F(x) = (3x — x”) N acts on the train at 
distance x along the track. Use the Work-Energy Theorem (Exercise 39) 
to determine the velocity of the train when it reaches the end of the track. 


41. With what initial velocity vg must we fire a rocket so it attains a max- 
imum height r above the earth? Hint: Use the results of Exercises 35 and 
39. As the rocket reaches its maximum height, its KE decreases from imo 


to zero. 


42. With what initial velocity must we fire a rocket so it attains a maxi- 
mum height of r = 20 km above the surface of the earth? 


43. Calculate escape velocity, the minimum initial velocity of an object 
to ensure that it will continue traveling into space and never fall back to 
earth (assuming that no force is applied after takeoff). Hint: Take the limit 
as r — oo in Exercise 41. 


1. Compute the area of the region in Figure 1(A) enclosed by 
y = 2 — x? and y = -2. 


2. Compute the area of the region in Figure 1(B) enclosed by 
y =2 — x? and y =x. 


FIGURE 1 
In Exercises 3—12, find the area of the region enclosed by the graphs 
of the functions. 
3. y = x’ — 2x24 x, y=x?—x 
y=x?+2x, y=x*-1, h(æ)=x?+x-—2 
x = 4y, x=24-8y, y=0 


2 


4 

5 

6. x=y*-9, x=15—2y 
h ySe4+x*, y= 3s, y=4 


l 
8. (GU) x = >y, x=yyl-y?, O<y<1 
: 5 
9. = sinx, y=cosx, O<xa 
= 


10. f(x)=sinx, g(x) = sin2x, = 
iM. yee’, ySi-x, x=1 
12. y =coshl —coshx, y = coshx — cosh 1 


13. (Gu) Use a graphing utility to locate the points of intersection of 
y=e~* and y=1— x* and find the area between the two curves 
(approximately). 


14. Figure 2 shows a solid whose horizontal cross section at height y 
is a circle of radius (1 + y)? for 0 < y < H. Find the volume of the 
solid. 


FIGURE 2 


15. The base of a solid is the unit circle x? + y? = |, and its cross 
sections perpendicular to the x-axis are rectangles of height 4. Find its 
volume. 


16. The base of a solid is the triangle bounded by the axes and the line 
2x + 3y = 12, and its cross sections perpendicular to the y-axis have 
area A(y) = (y + 2). Find its volume. 


17. Find the total mass of a rod of length 1.2 m with linear density 
p(x) = (1+ 2x + x3) kg/m. 


18. Find the flow rate (in the correct units) through a pipe of diameter 
6 cm if the velocity of fluid particles at a distance r from the center of 
the pipe is v(r) = (3 — r) cm/s. 


In Exercises 19-24, find the average value of the function over the 
interval. 


19. f(x)=x° -2x42, [-1,2] 20. f(x)=|xl, [-4,4] 


Zz. f(x) =x cosh(x?), (0, 1] 22% f= =A fo z| 


1+ e27’ 2 


oo. fœy=vV9 =e [0,3] Hint: Use geometry to evaluate the 
integral. 


Ki 24. f(x) =x\{xJ, [0,3], where |x] is the greatest integer function 


5 
25. Find i g(t) dt if the average value of g on [2,5] is 9. 
2 
26. The average value of R over [0, x] is equa! to x for all x. Use the 
FTC to determine R(x). 


27. Use the Washer Method to find the volume obtained by rotating 
the region in Figure 3 about the x-axis. 


FIGURE 3 


28. Use the Shell Method to find the volume obtained by rotating the 
region in Figure 3 about the x-axis. 


In Exercises 29-40, use any method to find the volume of the solid ob- 
tained by rotating the region enclosed by the curves about the given 
axis. 


29. y =x? +2, y=x+4, x-axis 

30. y = x2? +6, y = 8x — l, y-axis 

SL x=y?—3, x=2y, g 

de Y=2x, y=0, x=3, axisx = -3 

33. y=x*-1, y=2x-1, axisx = -2 

34. y =x? — l, y=2x—1, axisy=4 

35. y = —x* + 4x — 3, y= 0, as y=~!1 

36. y= —x? +4x— 3, y=0, axisx =4 
37.x=4y—y?, x=0, y>0, x-axis 

38. y2 =x], a, rS axis p= —3 

39. yen /2, y = —e7*"/2, x=0, x=], y-axis 
40. y = secx, y=cscx, y=0, x=0, x= —, x-axis 


In Exercises 41—44, find the volume obtained by rotating the region 
about the given axis. The regions refer to the graph of the hyperbola 
y2? — x? =1in Figure 4. 


41. The shaded region between the upper branch of the hyperbola and 
the x-axis for —c < x < c, about the x-axis 


42. The region between the upper branch of the hyperbola and the x- 
axis for 0 < x < c, about the y-axis 


43. The region between the upper branch of the hyperbola and the line 
y =x for 0 < x < c, about the x-axis 


44. The region between the upper branch of the hyperbola and y = 2, 
about the y-axis 
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FIGURE 4 


45. Let R be the intersection of the circles of radius 1 centered at (1, 0) 
and (0, 1). Express as an integral (but do not evaluate): (a) the area of 
R and (b) the volume of revolution of R about the x-axis. 


46. Let R be the intersection of the circles of radius 1 centered at (0, 0) 
and (0, 1). Express an integral that gives the volume of revolution of R 
about the x-axis. (Do not evaluate the integral.) 


47. Let a > 0. Show that the volume obtained when the region be- 


tween y = avy x — ax? and the x-axis is rotated about the x-axis is 
independent of the constant a. 


48. If 12 J of work are needed to stretch a spring 20 cm beyond 
equilibrium, how much work is required to compress it 6 cm beyond 
equilibrium? 

49. A spring whose equilibrium length is 15 cm exerts a force of 50 N 
when it is stretched to 20 cm. Find the work required to stretch the 
spring from 22 to 24 cm. 


50. If 18 ft-lb of work are needed to stretch a spring 1.5 ft beyond equi- 
librium, how far will the spring stretch if a 12-lb weight is attached to 
its end? 


51. Let W be the work (against the Sun’s gravitational force) required 
to transport an 80-kg person from Earth to Mars when the two planets 
are aligned with the Sun at their minimal distance of 55.7 x 10° km. 
Use Newton’s Universal Law of Gravity (see Exercises 35-37 in Sec- 
tion 6.5) to express W as an integral and evaluate it. The Sun has 
mass Ms = 1.99 x 100 kg, and the distance from the Sun to Earth 
is 149.6 x 106 km. 


In Exercises 52 and 53, water is pumped into a spherical tank of ra- 
dius 2 m froma source located 1 m below a hole at the bottom (Figure 
5). The density of water is 1000 kg/m?. 


52. Calculate the work required to fill the tank. 


53. Calculate the work F(A) required to fill the tank to level A meters 
in the sphere. 


54. A tank of mass 20 kg containing 100 kg of water (density 
1000 kg/m?) is raised vertically at a constant speed of 100 m/minute 
for 1 min, during which time it leaks water at a rate of 40 kg/min. 
Calculate the total work performed in raising the container. 


Water source 


FIGURE 5 


Xtremest/Shutterstock 


The golden horn resembles an intriguing 
mathematical surface that we introduce in 
this chapter. The surface, known as Gabriel’s 
Horn (after the archangel) or Torricelli’s 
trumpet (after the seventeenth-century 
mathematician who first introduced it), 
encloses a finite volume yet has an infinite 
surface area. 


We can keep track of our choices using the 
pattern 


fe] ff dv = O 
d= $] v= Cl 


The original integral is the product of the 
terms on the top line. The resulting 
expression is the product of the terms on 
the main diagonal minus the integral of the 
product of the terms on the bottom line. If 
we shade the terms that are multiplied 
together for each term, we have 


mm BO foo 
oo OW Jee 


In applying Eq. (1), any antiderivative v 
may be used. 


7 TECHNIQUES OF INTEGRATION 


| n Section 5.7, we introduced substitution, one of the most important techniques of 
integration. In this chapter, we develop a second fundamental technique, Integration 
by Parts, as well as several techniques for treating particular classes of functions such as 
trigonometric and rational functions. However, there is no surefire method, and in fact, 
many important antiderivatives cannot be expressed in elementary terms. Therefore, we 
discuss numerical integration in the last section. Every definite integral can be approxi- 
mated numerically to any desired degree of accuracy. 


7.1 Integration by Parts 


In this section, we derive a formula that often allows us to convert an integral that we 
cannot immediately evaluate into one that we can. The Integration by Parts formula is 
derived from the Product Rule. 

Let u and v be functions of x: 


According to this formula, uv is an antiderivative of the right-hand side, so 


dv du 
= a, — d 
uv i. r+ fot x 


Moving the second integral on the right to the other side, we obtain 


dv du 
— dx = — E 
i. ia J T iip 


By letting du = 7 dx and dv = =$ dx, we find the following 


Integration by Parts 


Because Integration by Parts applies to a product, we should consider using it when 
the integrand is a product of two functions. It is not, however, a product rule for antidiffer- 
entiation, because we cannot always use Integration by Parts to find an antiderivative of 
a product. Sometimes it works, as with f(x) = x cos x in Example 1; other times it does 
not, as with f(x) = x tan x (see Exercises 37 and 38). Furthermore, sometimes when the 
integrand is not expressed directly as a product, a clever application of Integration by 
Parts enables us to find an antiderivative (such as with f(x) = ln x in Example 3). 


EXAMPLE 1 Evaluate f xcosx dx. 


Solution The integrand is a product, so we try writing x cos x dx = u dv with 
u=x dv = cosx dx 


Differentiating u and antidifferentiating dv, we find 
u 
du = — dx = ldx v= siir 
dx 
By the Integration by Parts formula, 


x cosxdx =xsinx— f sinx dx = xsinx + cosx + C 
dv uv v du 


401 
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In Example 2, it makes sense to take 

u = x? because Integration by Parts 
reduces the integration of x? cos x to the 
integration of 2x sin x, which is easier. 


Surprisingly, the choice dv = dx is 
effective in some cases. Along with the 
integral of lnx in Example 3, it also works 
for the inverse trigonometric functions (see 
Exercise 6). 


Let’s check the answer by taking the derivative: 


d . ) : 
qo Snte + C) = xaosa + sink a = x cosx E 
x 


The key step in Integration by Parts is deciding how to write the integral as a product 
u dv. Keep in mind that Integration by Parts expresses | u dv in terms of uv and Í vdu. 


This is useful only if v du is easier to integrate than u dv. Here are two guidelines: 


e Choose dv so that v = J dv can be evaluated. 


e Choose u so that ue is simpler than u itself. 


The choices for u and dv that we made in Example | were good choices because they 
enabled us to transform the integral to a simpler one. A bad choice would be u = cos x 


and dv = xdx. Then, withdu = —sinxdx andv = 5x?, the Integration by Parts formula 
yields 
l 9 1 2 i 
xcosx dx = =x" cosx — ~x* | (— sin x)dx 
2 2 — — 
ps = du 
v 


In this case, the resulting integral (essentially J x? sinx dx) is more complicated than 


the one we had initially. 


EXAMPLE 2 Integrating by Parts More Than Once Evaluate J x* cosx dx. 


Solution Apply Integration by Parts a first time with u = x? and dv = cos x dx: 


x? cosx dx = x? sinx — | sinx 2x dx = x? sinx —2 | xsinx dx 
es, ene” ae ee aoe! See area! 


udv uv v du 


Now apply it again to the integral on the right, this time with u = x and dv = sin x dx: 


xsinx dx = —x cosx — f (—cosx) dx = —x cosx + sinx +C 
— Se ree’ \ p wen oe 
udv uv v du 


Using this result in Eq. (2), we obtain 
{2 cosx dx = x? sinx — JE sinx dx = x? sinx — 2(—x cos x + sin x) + C 
2 


= x^ sinx + 2x cosx — 2 sinx + C | 


The function f(x) = In x is one of the basic functions for which we have not yet 
seen an antiderivative formula. Now, with Integration by Parts, we can obtain one. 


EXAMPLE 3 Taking dv=dx Evaluate f Inx dx. 


Solution The integrand is not a product, so at first glance, this integral does not look like 
a candidate for Integration by Parts. However, we can treat Inx dx as a product of Inx 
and dx. Then 


v= ln x dv = dx 
1 
du = — dx v=x 
x 
1 
| mxax=zinx~ f x2ax=xmx— fax 
udv uv e—a 
vdu 


=xlnx—-x +C a 


No 


The function f(x) = 0.2e-°:!™ jsa 
probability density function as introduced 
in Example 5 in Section 5.4. The average 
is also referred to as the “expected value” 
of the model. We investigate these 
concepts in more depth in Section 8.1. 


In Example 5, the choice u = e*, 
dv = cosx dx works equally well. 
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Let’s check the result of the previous example by differentiation: 
d 1 
—(x lnx- x)=x (<) +(1)Inx—1=1+hnx—-—1=Inx 
dx xX 


Now, to our table of integral formulas we can add the indefinite integral of 
fe) = m: 


fooxdx=xinx-x+0 


There is a convenient definite-integral version of the Integration by Parts formula: 


b 
| u dv = uv 
a 


We employ this in the next example. 


EXAMPLE 4 Red Fox Dispersal You are investigating how the red fox disperses 
from its place of birth and have developed a model for determining the probability that 
breeding occurs within a particular distance from the birthplace. Specifically, for any x 
between 0 and 10, your model gives the likelihood that a fox breeds its first offspring 


x 
within x km of its birthplace as | 0.2e~°!© dt. With such a model, the average birth- 


0 
10 


to-breeding distance can be determined via the integral | x (0.2e-016 ) dx. Compute 


0 
this average. 
10 
Solution To compute the average distance f x (onis) dx, we use Integration 
0 
by Parts with 


u=x dv = 0.2e1% dx 


z 
du = dx v= 0.2- —0.16x 2e —1.25e7 09-16% 


= —0.16 
Using the definite integral version of Integration by Parts, we have 


10 10 10 
| x (T20) dx = —1.25xe 7016x y + 1.25 f e 0-165 dx 
0 0 


= —12.5e7' +04 aie ae 


—0.16 
m= 12.5e7! = 7,81e-!5 + 7.81 ~ 3.71 


0 


Thus, in the model, the average birth-to-breeding dispersal distance for the red fox is 
approximately 3.71 km. E 


EXAMPLE 5 Going in a Circle? Evaluate J e” cosx dx. 


Solution There are two reasonable ways of writing e* cos x dx as u dv. Let’s try setting 
u = cos x. Then we have 


u = cos x dv = e* dx 
du = —sinx dx v=e 
Thus, 
Je cosx dk = e” cosx -fec sin x) dx 
Veena — spe! , ; 


udv an vdu 
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Dividing an arbitrary constant by 2 still 
leaves an arbitrary constant, so we 
continue to denote it by C, absorbing the 3 
into the C. 


A reduction formula expresses an integral 
for a given value of n in terms of a similar 
integral for a smaller value ofn. It is 
sometimes necessary to apply a reduction 
formula repeatedly to reduce an integral to 
a simple one that can be computed. 


Now use Integration by Parts on the integral on the right with u = sin x: 


u = sinx dv = e dx 


du = cosx dx v = e” 


Je sinx dx = e* sinx — f e" cosx dx | 4 | 


Eq. (4) brings us back to our original integral of e* cos x, so it looks as if we’re going in 
a circle. But we can substitute Eq. (4) in Eq. (3) and solve for the integral of e* cos x: 


fe cos x dx = e% cosx + | e sin x dx = e* cosx + (e sinz- f e*cosx dx) 


Now we can add f e* cos x dx to both sides. Note that we add a “+ C” to the right side 
since we no longer have an integral on that side of the equation that will generate the 
necessary arbitrary constant: 


afe cosx dx = e% cosx + e* sinx +C 


I 
fe cosx dx = z€ (cosx + sinx) + C E 


EXAMPLE 6 A Reduction Formula Derive the reduction formula 


Then use the reduction formula to evaluate J sin? x dx. 


Solution Although we do not know how to integrate sin” x, we do know how to integrate 
sin x. So we apply Integration by Parts as follows: 


u = sin”! x dv = sinx dx 
du = (n — 1) sin”? x cos x dx v = — COS xX 


Then we have 


[sw xdx = — sin”! x cosx— J (— cos x)(n — 1) sin”? x cos x dx 


uv vdu 
= —sin”!xcosx + (n — D f in?a cos? x dx 


2 


Using the fact that cos? x = 1 — sin” x, we obtain 


J sot xax = — sin”! x cosx + (n — 1) f sin? x ae — (n~ 1) f sin” xax 


Adding (n — 1) f sin” xdx to both sides, and then dividing by n, results in the 
desired reduction formula: 


n J sin” x dx = — sin” !x cosx + (n — Df sin”? x dx Ks 


Te ey ta yje 
J si" xax = — sim" xcosx + f sin’ 2xdx 
n n 
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Now applying the reduction formula in the case n = 3, we have 


2 2 
| si? xax = = 7sin? xeosx+5 f sinx dx = ~ 5 sin? x cosx — = cosx +C @ 


Reduction formulas for / cos” x dx, J x"e* dx, and J (In x)" dx are introduced and 


investigated in the exercises. 


7.1 SUMMARY 


¢ Integration by Parts formula: J udv = uv — foan 


°- The key step is deciding how to write the integrand as a product u dv. Keep in mind 
that Integration by Parts is useful when v du is easier (or, at least, not more difficult) 
to integrate than u dv. Here are some guidelines: 


~ Choose u so that 2 is simpler than u itself. 
dx p 


— Choose dv so that v = J dv can be evaluated. 


— Sometimes, dv = dx is a good choice. 
— Good choices for u include x”, In x, and inverse trigonometric functions. 


7.1 EXERCISES 


Preliminary Questions 


1. Which derivative rule is used to derive the Integration by Parts J x cos(x?) dx, J xcosx dx, f x7e* dx, / re 
formula? 


3. Why is u = cos x, dv = x dx a poor choice for evaluating 


2. For each of the following integrals, state whether substitution or Inte- 
gration by Parts should be used: J xcosx dx? 
Exercises 
In Exercises 1—6, evaluate the integral using the Integration by Parts for- 13. J x? sinx dx 14. | x? cos 3x dx 
mula with the given choice of u and dv. 
1. f ssinxas: u=x,dv =sinxdx oo? 

15. Je * sinx dx 16. Je sin 2x dx 
Z xe” dx, u= x,dv =e” dx 

17. / e  sinx dx 18. Í e** cos4x dx 
3. [ox +9" ax: u=2x+9,dv=e* dx 

Inx 

19. Inxd : —= 
4, J scosde dx: u = x, dv = cos4x dx f idi ii J x2 aS 
5. f> inzas; u=iInx,dv = x? dx 21. femas 22. f mxax 
6. tan`! xd : = -i = ‘ 

J Sax: u= tan x,dv = dx 23. fixar %4. f xanx? az 

In Exercises 7-34, evaluate using Integration by Parts. 

25. mi in-! 
7. J (4x — 3)e™* dx 8. | Qrp petr J ae = J ee 
9. 7 x eoxt2 dx 10. ze dx 27. f sec! x ax 28. (= dx 


Ii. | x cos 2x dx 12. | x sin(3 — x) dx 29. | 3* cos x dx 30. | x sinh x dx 
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31. j x? coshx dx 32. í cos x cosh x dx 


33. [eon 4x dx 34. f sioi xdx 
In Exercises 35-36, evaluate using substitution and then Integration by 
Parts. 


35. a dx Hint: Let u = x'/2. 


37. [4 For 


tanxdx and with u = tanx, dv = xdx, and describe the difficulty that 
you encounter in each case, keeping you from finding an antiderivative. 
(Note: there is no antiderivative formula for x tan x involving elementary 
functions.) 


38. [4 For 


secxdx and with u = sec x, dv = xdx, and describe the difficulty that 
you encounter in each case, keeping you from finding an antiderivative. 
(Note: there is no antiderivative formula for x sec x involving elementary 
functions.) 


36. lee dx 


x tanx dx, try Integration by Parts with u =x, dv = 


x secx dx, try Integration by Parts with u =x, dv = 


In Exercises 39-48, evaluate using Integration by Parts, substitution, or 


both if necessary. 
40. ih lnn x) dx 
x 


42. | x7(x3 +9) dx 


39. | xcos4x dx 


43. J cosx In(sin x) dx 44, | sin yx dx 


45. l eee 46. / tan yx dx 
Te 


47, if ied Lt an 48. if dnn x)dx 
Xx 


In Exercises 49-58, compute the definite integral. 


3 1/4 
49, i xe” dx 50. [ x sin 2x dx 
0 0 


2 
51. / xInxdx 
1 


1 
53, n xe ~ dx 
0 


1 
35. f x3* dx 
0 


1 3 
54. i -a 
o v9 +x? 
1 
56. f x cos(1x)dx 
0 


x 1 
s [ e sinx dx 58. | tan`! x dx 
0 0 


59, Robin has been tracking her archery accuracy. For 0 < x < 60 the 
probability that an arrow that she shoots hits the target within x centimeters 


x 
of the center is given by i 0.071e~°°"' dt. The average distance of her 
0 


60 
shots from the center is given by i t (0.071e-°°") dt. Compute the 
0 


average distance. 


60. When Darius is shooting for a bull’s eye in darts, the probability that 
a throw lands within x millimeters of the center of the dart board is given 


x 
by f 0.0667?“ dt for 0 < x < 40. 
0 


(a) The bull’s eye has a diameter of 12.5 mm. What is the probability that 
a throw is a bull’s eye? 
(b) The average distance of his throws from the center of the dart board is 


40 
given by [ t (0.06670%! ) dt. Compute the average distance. 
0 


61. Use Eq. (5) to find J sin? x dx. 
62. Derive the reduction formula 


1 n—1 
[ cos" x ax = — cos”! x sin x + —— | cost? x dx 
n n 


63. Use the reduction formula from Exercise 62 to find | cos? x dx. 


64. Derive the reduction formula 
fee dx =x"e* =n | xl eX dx 


65. Use the reduction formula from Exercise 64 to find i xe dx. 


66. Use substitution and the reduction formula from Exercise 64 to eval- 
uate J xte” dx. 


67. Find a reduction formula for J x"e—* dx similar to the formula ap- 


pearing in Exercise 64. 
68. Evaluate | x” \Inx dx for n 4 —1. Which method should be used to 


evaluate f 7} In x dx? 


69. Find the volume of the solid of revolution that results when the region 
under the graph of f(x) = x-/sinx for 0 < x < x is revolved around the 
X-axis. 

70. Find the volume of the solid of revolution that results when the re- 
gion under the graph of f(x) = inx for 1 < x < e is revolved around the 
x-axis. 

71. Find the volume of the solid of revolution that results when the region 
under the graph of f(x) = 3 sinx for 0 <x < x is revolved around the 
y-axis. 

72. Find the volume of the solid of revolution that results when the region 
under the graph of f(x) = e™* for 0 < x < 1 is revolved around: 

(a) the y-axis. (b) the line x = 1. 


In Exercises 73—80, indicate a good method for evaluating the integral 
(but do not evaluate). Your choices are algebraic manipulation, substitu- 
tion (specify u and du), and Integration by Parts (specify u and dv). If it 
appears that the techniques you have learned thus far are not sufficient, 


state this. 
2 
73. [ Vinxax 74, [Ga 


3 
75. -5 76. [= 
V4 — x? V4 — x? 


dx 


x+2 78 f 
" J œ +(x + 4x +3) 


T -~ d 
io j 


79, J x sin(3x + 4)dx 80. J x cos(9x*) dx 


$1. Evaluate i (sin! xy dx. Hint: Use Integration by Parts first and then 
substitution. 
Inx)’ d 
82. Evaluate J CER Hint: Use substitution first and then Integra- 
x 


tion by Parts. 


So 


ae 


\ 83. Evaluate | x! cos(x*) dx. 


i 
2 
84. Evaluate Í xe dx. 
0 


85. Find the area of the region that lies under the graph of y = (5 — x) ln x 
and above the x-axis. 


86. Find the area enclosed by y = In x and y = (ln x}. 


87. The present value (PV) of an investment that provides income con- 
tinuously at a rate R(t) $/year for T years, and earns interest at rate r, is 
T 


R(t)e—™ dt. We think of present value as the payment that we would 


need to receive att = 0, instead of the investment income, so that at time T 
the payment’s value (with accumulated interest) would be the same as the 
amount accumulated from the income stream (also accumulating interest). 
Find the PV if R(t) = 5000 + 100r $/year, r = 0.05, and T = 10 years. 


88. Derive the reduction formula 


J (Inx) dx = x(Inx)* — k | (In x)*—! dx | 6 | 
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89. Use Eq. (6) to calculate J An x) dx for k = 2,3. 
90. Derive the reduction formulas 


f = cosxax = x” sinx =n | x" sinx dx 


fe sinx dx = —x” cosx +n fx cos x dx 


xX 1 
91. Prove that bdra p | =w C. 
‘ [> : (ce = 


92. Define P(x) by 
|an dx = P,(x)e*+C 


Use the reduction formula in Exercise 64 to prove that P,(x) = x” — 
n Pn—1(x). Use this recursion relation to find Pa (x) for n = 1,2,3,4. Note 
that Po(x) = 1. 


Further Insights and Challenges 


93. The Integration by Parts formula can be written 


[wax suv - fva 


where V(x) satisfies V’(x) = v(x). 
(a) Show directly that the right-hand side of Eq. (7) does not change if 
V(x) is replaced by V(x) + C, where C is a constant. 


(b) Use u = tan™! x and v = x in Eq. (7) to calculate fsa! wax; 


but carry out the calculation twice: first with V(x) = 4x? and then with 
V(x) = x? + 5. Which choice of V(x) results in a simpler calculation? 


94. Prove in two ways that 


dx = — '(x)d 
| 1a =apca— | xs'@ax 


First use Integration by Parts. Then assume f is increasing. Use the sub- 
a 


stitution u = f(x) to prove that i xf'(x)dx is equal to the area of the 
0 


shaded region in Figure 1 and derive Eq. (8) a second time. 


y y =f(x) 


FIGURE 1 


95. Assume that f(0) = f(1) = 0 and that f” exists. Prove 


l I 
Ww Has f 2d 
f f @)f@) dx i f' (xy dx | 9 | 


Use this to prove that if f(0) = f(1) = 0 and f”(x) = Af (x) for some 
constant A, then A < 0. Can you think of a function satisfying these condi- 
tions for some A? 


1 
96. Set (a,b) = f x@(1 — x)? dx, where a, b are whole numbers. 
0 
(a) Use substitution to show that /(a, b) = I(b, a). 
(b) Show that /(a,0) = I (0,a) = = 


a+l1 
(c) Prove that fora > 1 andb > 0, 


iC. Ea z Ha -1,6 +1) 


b+ 

(d) Use (b) and (c) to calculate 7(1, 1) and /(3, 2). 
a!b! 

Show that I (a,b) = ————————. 

(e) ow that I (a,b) PETEN 


97. Let I, = J x” cos(x?) dx and Jn = J x” sin(x? )dx. 


(a) Find a reduction formula that expresses J, in terms of Ja—2. Hint: 
Write x” cos(x?) as x”! (x cos(x?)). 

(b) [4A Use the result of (a) to show that J, can be evaluated explicitly 
if n is odd. 


(c) Evaluate 73. 


7.2 Trigonometric Integrals 


In this section, we investigate integrals of various products of powers of trigonometric 
functions. We can often compute these integrals by combining substitution and Integra- 
tion by Parts with trigonometric identities. In the section summary we expand on the 
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table of integrals we have built so far, adding integral formulas employed or derived in 


this section and some other formulas similar to them. We begin with integrals of the form ~~ 


| sin” x cos” x dx 
where m,n are whole numbers. The easier case is when at least one of m,n is odd. 


EXAMPLE 1 Odd Power of sinx Evaluate J sin? x dx. 


Solution We did this integral in Example 6 of the last section. However, we will use 
a different method that is more broadly applicable. Because sin? x is an odd power, we 
split off one power of sin x and use the identity sin? x = 1 — cos? x to convert the rest of 
the integrand into an expression in cos x: 


3 


sin? x = (sin? x)(sin x) = (1 — cos? x)sinx 


We then use the substitution u = cos x, du = — sin x dx: 


J sind xdx = fa -co x)sinxdx =- fA -yau 


3 


=z -u+C= 


cos? x 


— cosx + C a 


The strategy of the previous example works when sin” x appears with m odd, no 
matter what power of cos x is present. Similarly, if n is odd, we write cos” x as a power 
of (1 — sin? x) times cos x. 


EXAMPLE 2 Odd Power of cosx Evaluate J sinf x cos? x dx. 


Solution We take advantage of the fact that cos? x is an odd power to write 


sinf x cos’ x = sinf x cos* x(cos x) = sint x(1 — sin? x) (cos x) 
= (sinf x — 2sinf x + sin x)cosx 


This allows us to use the substitution u = sin x, du = cos x dx: 


J sinf x cos’ x dx = | (sin* x — 2sinf x + sin x)cos x dx 


= [ot a ae u®) du 


5 du! 9 weI 


u 
= sga 
5 7. Se 5 7 4 9 


We will need a different strategy when neither sin x nor cos x appears with an odd 
power. 


EXAMPLE 3 Evaluate | sin? x dx. 


Solution We utilize the trigonometric identity called the double angle formula sin? x = 
1q — cos 2x). Then 


sin 2x 


€ a 
7 + 


1 
J sit? xax = f 501 -c0s2x)ax = % - 


4 REMINDER Useful identities: 


1 
sin? x = Ab — cos 2x) 


1 
cos? x = 0 + cos 2x) 


sin 2x = 2 sin x cos x 


cos 2x = cos? x — sin? x 


As an alternative, the reduction formula for 


sin” x dx, Eq.(5) in the previous 
section, can be used to compute 


sin’ x dx. 


— 


sin? x dx and J 


Integrating sin™ x cos” x 


Case I:m odd 


Split off one power of sinx, and use 
sin? x = 1 — cos? x to express the 
remaining powers of sinx in terms of 
cos x. Then substitute 

u=cosx,du = —sinx dx. 


Case 2:n odd 


Split off one power of cos x, and use 
cos? x = 1 — sin? x to express the 
remaining powers of cos x in terms of 
sin x. Then substitute 

u = sinx,du =cosx dx. 


Case 3: m,n both even 


Fither use the double angle formulas 
repeatedly or convert the integrand into an 
expression entirely in terms of sin x or 
cos x and then apply a reduction formula, 
either Eq. (5) or Eq. (6), in the integral 
table at the end of this section. 
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Using the trigonometric identities in the margin, we can also integrate cos 


obtaining the following: 


l 
5 sin x cosx + C 


x 1 
TES UTEE 


EXAMPLE 4 Evaluate | sinf x dx. 


409 


2 x, 


l 


Solution Double angle formulas will be of assistance to us here as well. Using sin? x = 


3a — cos 2x), we obtain 
1 2 
f sint xax = [ coir? »? ax = f (5a — cos 2x)] dx 
I 2 
= i (1 — 2cos 2x + cos* 2x) dx 


Applying the double angle formula to cos” 2x, we get 


l 
f sint xax = ; [a — 2cos 2x + cos” 2x) dx 


1 
= 5J ¢ = 2eos2x + E4 ) dx 


1 3 4 
= x | (5-2-0824 = =) dx 


By simple u-substitutions, this yields 


1 /3x sin 4x 3x sin2x  sin4x 
ay, al : 
dx = —| — —sin2 C = — — —— +C m 
[ sint xax 1E sin 2x + 2 )+ 3 3 af 39 
As indicated in the above margin comment, the reduction formula for f sin” xdx 


can be used for the previous two examples. There is also a corresponding reduction for- 


mula for / cos” xdx. These two reduction formulas are (5) and (6) in the integral table 


at the end of this section. We employ the reduction formula for / cos” xdx in the next 


example. 


EXAMPLE 5 Even Powers of sinx and cosx Evaluate J sin? x cos* x dx. 


Solution Here, m = 2 and n = 4. Since m < n, we replace sin? x by 1 — cos? x: 


J sin? x cos* x dx = fa — cos? x) cost x dx = / cos? x dx — / cos x dx 
The reduction formula for n = 6 gives 


l 5 
[ oot x ax = g cos” xsinx + > | cost xa 


Using this result in the right-hand side of the first equation in this solution, we obtain 


1 5 
J sin? xost xax = f costxax- G cos” x sinx + 5 f costxar] 


1 : 1 
= T cos? x sin x + z | cos! x dx 
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The results of trigonometric integrals can 
be expressed in more than one way. A 
computer algebra system provided the 
following: 


f sintx cos*xdx = 4x+ & sin 2x 


1 = lik Be 
=e sin4x — qz SINOx + C 


Trigonometric identities can be used to 
show that this result agrees with the one in 
Example 5. 


x 


The integral | sec t dt was first 


0 
computed numerically in the 1590s by the 


English mathematician Edward Wright, 
decades before the invention of calculus. 
Although he did not invent the concept of 
an integral, Wright realized that the sums 
that approximate the integral hold the key 
to understanding the Mercator map 
projection, of great importance in sea 
navigation because it enabled sailors to 
reach their destinations along lines of fixed 
compass direction. The formula for the 
integral was first proved by James Gregory 
in 1668. 
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Next, we evaluate f cos* x dx using the reduction formulas for n = 4 and n = 2: 


1 3 
f cost x ax = 7 00s x sinx + 5 J co? xax 


tie tangas a j ME e +C 
> 3 Gs sxsinx 5 


he sak 3 ; 3 
= 7 095 sen i ge 


Altogether, 
a) 4 ] a I/I T 3 , 3 
sin“ x cos ld a vas te z 008 Ee Set Te +C 


5 3 


= -4 cos xsinx + = 008 xsinx + = cosx sinx + ak +C u 

So far, we have found antiderivative formulas for all of the standard trigonometric 
functions except sec x and csc x. For sinx and cos x, they were obtained directly from 
the corresponding derivative formulas. For tanx, we used a substitution in Example 6 
in Section 5.7 (and cotx can be handled similarly). In the next example, we obtain an 
antiderivative formula for sec x. With a similar method we can find an antiderivative of 
csc x (see Exercise 68). 


EXAMPLE 6 Integral of Secant Derive the formula 
f sec. dx = In|secx + tanx|+C 


Solution To integrate sec x, we multiply by an unusual fraction that equals one. This 


approach enables us to use a substitution that results in an antiderivative that we can ~~ 


compute. 
Multiply the integrand by 
pė sec x + tan x 
 gecx + tan x 
Then 


sec x + tanx sec? x + sec x tan x 
secxdr = | Sox | —————_ | dx = | <L M 
secx + tanx secx + tanx 


Noting that the numerator is the derivative of the denominator, we let the denomina- 
tor be u: 


u = secx + tanx and du = (sec x tan x + sec? x) dx 


Then our integral becomes 


d 
| Fail +¢=Im|secx + tanx] + és 
7 


mj4 
EXAMPLE 7 Using a Table of Integrals Evaluate / tan? x dx. 
0 


Solution We use Eq. (8) in the table at the end of the section. With k = 3, 


tan? x dx = -f tan x dx = (; tan? — In sec.) 
0 0 


0 2 
= (eri —In|sec =| = 5 tan? 0 — In| sec 
2” a 4 2 


= (500? -inv3) - (50? init}) = 5 -1v2 = 


x /4 


0 


2 


In the margin at the top of the next page, we describe a method for integrating 
tan” x sec” x. 


ia a 


Integrating tan” x sec” x 


Case 1: m odd andn > 1 


Separate out the factor sec x tan x and use 
the identity tan? x = sec? x — 1 to express 
the rest of the integrand in terms of sec x. 
Then use the substitution u = sec x, 

du = sec x tan x dx to obtain an integral 
involving only powers of u. 


Case 2: n even 


Separate out a factor of sec? x and use the 
identity sec? x = 1 + tan? x to express the 
rest of the integrand in terms of tan x. 
Then substitute u = tan x, du = sec? x dx 
to obtain an integral involving only powers 
ofu. 


Case 3: m even and n odd 


Use the identity tan? x = sec? x — 1 to 
obtain an integral involving only powers of 
sec x and use the reduction formula given 
by Eq. (12). 
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EXAMPLE 8 Evaluate f tan? x soo x dx. 


Solution We note that we have a copy of sec x tan x in the integrand, and the remaining 
powers of tan x are even. So we separate out one copy of sec x tan x and convert the rest 
of the integrand into powers of sec x. Then since the derivative of sec x is sec x tan x, we 
are set up for a u-substitution. 

The first step is to use the identity tan? x = sec? x — 1: 


/ tan? x sec? x dx = J (sec? x— 1)(sec* x)(sec x tan x) dx 


= [ seo x — sec’ x) sec x tan x dx 


Letting u = sec x, so du = sec x tan x dx, we have 
3 5 6 4 we 
[wm x sec rdx= | —u ae 


sec’ X 2 


= — +C L 
7 3 
Note that the above method works whenever we integrate tan” x sec” x, where m is 


odd and n > Q. 


EXAMPLE 9 Evaluate | tan? x soc“ x dx. 


Solution In this case, since the derivative of tan x is sec? x, we separate out sec? x and 
convert the rest of the integrand into powers of tan x. Using the fact sec? x = tan? x + 1 
yields 


[ san? xsect xax = fe x)(tan? x -+ 1)(sec” x) dx = [ant » + tan” x) sec” x dx 


Setting u = tan x and du = sec? x dx, we have 


5 3 5 3 
tan tan 
[ a? xsectxdx = fut +uydu= 545405 F = 


C 
3 5 T 


The above method works to integrate tan” x sec” x whenever n > 0 is even. The last 
case to consider is when m is even and n is odd. In that case we convert the integrand to 
be entirely in terms of powers of secx and then apply reduction formulas. Examples of 
this case can be found in the exercises. 


CONCEPTUAL INSIGHT We previously mentioned that different methods for evaluating 
an indefinite integral may yield different expressions. Using identities and simplifica- 
tion, we can show that the results are equivalent. Keep in mind that 


| fear =Fa)+c and | fepax = 6G) +c 


do not imply that F(x) = G(x). Instead, they indicate that the functions F and G differ 
by a constant. To verify that two such antiderivative results are equivalent, you need to 
show that F(x) = G(x) + C for some constant C. 

For example, separately using the substitutions u = sin x and u = cos x, we obtain 
the results 


J 2sinx cosx dx = sin? x +C and J 2sinx cosxdx = -cox + C 


Of course, sin? x Æ — cos? x. However, since sin? x = — cos? x + 1 it follows that the 
results are equivalent. Specifically, 


f 2sinx cos. ax = sin? x + C = MESE +C= — cos? x +C 


where, in the last equality, we express 1 + C as an arbitrary constant C. 
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The formulas in Eqs. (15)-(17) in the integral table at the end of the section give the 
integrals of the products sin mx sin nx, cos mx cos nx, and sin mx cos nx. These integrals ~< 
appear in the theory of Fourier Series, which is a fundamental technique used extensively 
in engineering and physics. 


I 
EXAMPLE 10 Integral of sin mx cosnx Evaluate | sin 4x cos 3x dx. 
0 


Solution Apply Eq. (16), with m = 4 and n = 3: 


= cos(4—3)x  cos(4+3)x\ |” 
sin4a cos 3x ax = f +—_ ee 
0 24> 5) 244+ 3) Jlo 
7 ( cosx cos7x\ |* 
. 2 i4 / |, 


=($+7 Leeched) pate 
AR 328 2 t4) 


8 


7 


The following table of trigonometric integrals summarizes some of the integral for- 
mulas we have seen in this chapter and includes some other related formulas. 


TABLE OF TRIGONOMETRIC INTEGRALS 


2 _ x — sin2dx a Obs 
[ sin ores 7 Te 5 arosa +C 
[ cos?xa a Ses +C 4 
=m = — — 
a a ava ae ES [4 | 
[ sist xax sin"! xcosx +2 f sin? d TAs 
= — + —_ xdx 
n n 
feos d Soo EE 4 BOF f cagt-2 d Gg 
KAX =E sa —_—_—_— 
n n ai 
J tnx dx = imisecx1 +€ = ~in feos x| + € 
fir xar = Ef antran 
m— li 
J cotxax = —Injesox| +€ = In|sinz| +C | 9 | 
[com xa corm [ cov? xax 
x= ——— - 
m—1 
f secxdx = in|secx + tanx| +c 
tanxsec™-2x m-—2 
otrdi = ——— + = m—2 yd 12 
[ sect xdy = BESET 4 MO? f eom- dy T 
J cscxdx =In|escx — cot x| + € 
—2 
m aad cotxcsc™-“x m-—2 mies 
fes d n E L ET csc xdx 
: i sin(m —n)x  sin(m +n)x 
dx = —————— = —— + 
f sinmxsinnx x ir = 2m +7) +C (m#+n) [as | 
cos(im—n)x cos(m+n)x 
sin (9) di eee a a 4 
fa mx cosnx dx Ded <an) a +C (m~xn) oa 
sin(m—n)x  sin(m+n)x 
J cosms cosmx dx = VE e eo (m Æ +n) 
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7.2 SUMMARY 


° The integral f sin” x cos” x dx can be evaluated as in the marginal note on page 409. 
° The integral f tan” x sec” x dx can be evaluated as in the marginal note on page 411. 


7.2 EXERCISES 


Preliminary Questions 
1. Describe the technique used to evaluate J sin? x dx. 


2. Describe a way of evaluating f sinf x dx. 


3. Are reduction formulas needed to evaluate f sin’ x cos? x dx? Why or 


why not? 


4. Describe a way of evaluating J sin® x cos? x dx. 
5. Which integral requires more work to evaluate? 
J sin’? x cos x dx or J sinf x cos* x dx 


Explain your answer. 


Exercises 


In Exercises 1—6, evaluate the integral. 


i J cos? x dx pA J sin? x dx 


3. / sin? @ cos? 0 d@ 4, J sin x cos x dx 


5. / sin? t cos? tdt 6. f sin? x cos’ x dx 


7. Compute the area under the graph of y = cos? x from x =0 tox = 3. 


8. Compute the area under the graph of y = sin? x from x = Otox = r. 


In Exercises 9-12, evaluate the integrals. 


9, [ ta0? xsecxax 10. [tans sec? xax 


11. J tan? x sec x dx 12. J tan® x sec? x dx 


In Exercises 13-16, evaluate using methods similar to those that apply to 
the integrals of tan™ x sec” x. 


13. J cot? x dx 14. J esc? x dx 


15. | cot> x esc” x dx 16. J cot? x csc x dx 


17. Compute the area under the graph of y = tan? x from x = Otox = §. 


18. Compute the area under the graph of y =sec*x from x =0 to 
“=e: 
3 


In Exercises 19-46, evaluate the integral. 


19. f sinf x dx 20. J sin? x cos? x dx 
21. J cos> xsinx dx 22. J cos? (2 — x)sin(2 — x)dx 
23. | cos’ (3x + 2)dx 24. | cos’ 3x dx 


23. | cos? (70) sin*(1) dO 26. | cos?” y sin? ydy 


5 cial 
27. J 2 T de 28. j TSh 
Sin” x COS* x 


29. J csc?(3 — 2x) dx 30. i csc? x dx 


31. f tan x sec? x dx 32. f tan? 0 sec? 6 dé 


33. fon x sec! xax 34. [ tant x sec ax 


35. | tan® x sec? x dx 36. J tan” x sec? x dx 


37. f cot x cse5 x dx 38. f cor? xese* xax 


39. J sin 2x cos 2x dx 40. / cos 4x cos 6x dx 


41. i sin 2x cos? x dx 42. J sin? x secí x dx 


3(in t 
43. | t cos?(t”) dt 44. i ae at 


45. J cos? (sin t) cos t dt 46. J e* tan*(e*) dx 


In Exercises 47—60, evaluate the definite integral. 


27 ni2 
47. i sin? x dx 48. f cos? x dx 
0 Jo 


n{2 {2 
49. [ sin? x dx 50. i sin? x cos? x dx 
0 0 
"A dă 3? ay 
51; [ 52, J a 
0 COS X n/4 Six 
x/3 x/4 
53. | tan x dx 54. tan” x dx 
0 0 
m/4 32/4 ; 
55. | sect x dx 56. | cotf x csc? x dx 
—n f4 n/4 
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Tr wT 
57. i sin 3x cos 4x dx 58. f sin x sin 3x dx 
0 0 


m/6 n/4 
59. f sin 2x cos 4x dx 60. [ sin 7x cos 2x dx 
0 0 


61. For n a positive integer, compute the area under the graph of 


y = sin” x cos? x for0 <x < 5- 


62. For n a positive integer, compute the area under the graph of 
y=tanæsecixfor0 <x < E. 


63. Use the identities for sin 2x and cos 2x on page 409 to verify that the 
following formulas are equivalent: 


1 
J sin xax = 37 (12x — 8 sin 2x + sin 4x) + C 


Ea Ls 3). 3 
sin xdx = ~7 sin LSS mS ae Pe 


64. Evaluate f sin? x cos? x dx using the method described in the text and 
verify that your result is equivalent to the following result produced by a 
computer algebra system: 


J sin? x cos? xax = 0 +3008 2x) sin? x +C 


65. Find the volume of the solid obtained by revolving y = sinx for 
0 < x < x about the x-axis. 


66. Find the volume of the solid obtained by revolving y = tanx for 
0 < x < % about the x-axis. 


67. Prove the reduction formula 
k=l 
[ak xax = ~ = - f tant? xdx 


Hint: tan* x = (sec? x = 1) tan®? x. 


68. Use the substitution u = csc x — cotx to evaluate if cscx dx (see 
Example 6). 


m/2 
69. Let J, =| sin” xx. 
0 
(a) Show that Jo = 5 and J; = 1. 


Further Insights and Challenges 
74, Use the trigonometric identity 
: i- j 
sin mx cosnx = 5 (sin(m — n)x + sin(m + n)x) 
to prove Eq. (16) in the table of integrals on page 412. 
75. Use Integration by Parts to prove that (for m Æ 1) 


tan x sec™~2 x m—2 = 
[sccm xax = SE sec”? x dx 
m— 1 m—l 


x/2 
76, Set Im = [ sin” x dx. Use Exercise 69 to prove that 
0 


nem dm=3 1 
2m 2m—2 2 2 
lonan = 2 _2m=2 2 
2m + 12m — | 3 
Conclude that 
x 2.2 4-4 2m - 2m Im 
3183S Cm lim F D bnr 


(b) Prove that, for m > 2, 


m—l 
Im = Im-2 
m 


(c) Use (a) and (b) to compute Im for m = 2,3,4,5. 
70. Evaluate f sin? mx dx for m an arbitrary integer. 
0 


71. Evaluate J sin x In(sin x) dx. Hint: Use Integration by Parts as a first 
step. 


72. Total Energy A 100-watt (W) light bulb has resistance R = 
144 ohms (S2) when attached to household current, where the voltage 
varies as V = Vo sin(27 ft) (Vo = 110 V, f = 60 Hz). The energy (in 
joules) expended by the bulb over a period of T seconds is 


T 
v= f P(t) dt 
0 


where P = V7/R (J/s) is the power. Compute U if the bulb remains on for 
5 hours. 


73. Let m,n be integers with m Æ +n. Use Eqs. (15}{17) to prove the 
so-called orthogonality relations that play a basic role in the theory of 
Fourier Series (Figure 1): 


Fig 
f sin mx sinnx dx = 0 
0 
+ 
f cosmxcosnx dx = 0 
0 


27 
| sin mx cosnxdx =Q 
0 


y = sin 2x sin 4x y = sin 3x cos 4x 


FIGURE 1 The integrals are zero by the orthogonality relations. 


77. This is a continuation of Exercise 76. 
(a) Prove that lon41 < Dm < hm-1. Hint: 


sin?”t! y < sin? x < sin?” lx for O<x< > 
Dm— 1 
(b) Show that Z2 = 1+ —. 
lom+1 2m 
I 
@ Setii e ar 2. 
Lom+1 2m 
(d) Prove that lim =l. 


(e) Finally, deduce the infinite product for 5 discovered by English math- 
ematician John Wallis (1616-1703): 


t ie 2.4 4 2m -2m 
2 m>0o1l 3 3 5 (2m—1)2Qm+1) 


No 


| qm! REMINDER /u2 = |u| 
4 REMINDER 
à UORD M 
cos“ 0 d8 = z? + 5 sin cos + C 
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7.3 Trigonometric Substitution 


Our next goal is to integrate functions involving one of the square root expressions: 


Va? — x?, Vx? +a, Vx*-a? 


More generally, we-will see that we can also integrate functions involving v ax? + bx + c. 
In each case, a substitution transforms the integral into a trigonometric integral. For ex- 
ample, if we let x = a sinô in the first case (and assume a > 0 and —-5 <6 < 5) we 
can use the fact sin? 0 + cos” 6 = 1 to obtain 


Va? — x? = Va? — a? sin? 0 = ,/a*(1 — sin? 0) = Va? cos? 6 
= |a cos 0| = a cos 0 


where the last equality holds since a > 0 and since cos@ > 0 (because -5 < 0 < 5). 


Therefore, using this substitution the term va? — x? is changed to a cos 6. Integrals in- 
volving the other root functions listed above can also be simplified by applying a substi- 
tution and appropriate trigonometric identities as shown in the following examples. 


1 
EXAMPLE 1 Evaluate f —— dx. 
y1 — x? 


Solution 


Step 1. Substitute to eliminate the square root. 
The integrand is defined for —1 < x < 1, so we may set x = sin 8, where = <8 <5. 
Then, with this substitution and the identity sin? x + cos? x = 1, we obtain 


V1—x? = V1 — sin? 0 = Vcos?6 = |cos6| = cosé 


Step 2. Evaluate the trigonometric integral. 


1 1 
Since x = sin ĝ, we have dx = cos@ d0, and ————— dx = aaa (cos d0) = dé. 
cos 


JV1—x? 
Thus, 


1 
| i= f æ =0+c 
y1 = x? 


Step 3. Convert back to the original variable. 
Since x = sinô for -5 < 0 < 5» it follows that @ = sin™! x, and 


dx =sin x +C F 


| 1 
yl-—x? 
EXAMPLE 2 Evaluate f V1 — x? dx. 


Solution 


Step 1. Substitute to eliminate the square root. 
As in the previous example, we set x = sin 0, where -5 <0 < 4, and we have 


V1 — x? = vV 1 — sin? 0 = Vcos2 6 = cos 9 


Step 2. Evaluate the trigonometric integral. 
Since x = sin ĝ, we have dx = cos 8 d0, and y 1 — x? dx = cos 0 (cos 0 d0). Thus, 


1 
| Vdr = f costado = 10 + Esino coso +C 
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Step 3. Convert back to the original variable. 


i It remains to express the answer in terms of x. We have x = sin@ and 0 = sin™! x, but ~ 
x how do we convert the cos 0 term? We could express it as cos (sin~' x), but there is a 
better, clearer way to express that term using right-triangle trigonometry. In Figure 1, 
vf we have a right triangle for which our substitution relationship x = sin @ holds. In that 
triangle, cos@ = /1 — x2, and thus, 
FIGURE 1 Right triangle with x = sin@, 1 l 1 1 
french ese TNN _— x2. [vi — x? dx = 5? + z smd cos? +C= 5 sin”! x + 5 ee —x? +C m 


The following summarizes the substitution approach we employed in the first two 
examples: 


Integrals Involving va? — x? If Va? — x? occurs in an integral where a > 0, try the 


substitution (assuming -5 <6 < 3) 
dx =acosé@ dé, ya? — x? =acosé 


x =asnð, 


This substitution approach can be used with integrands involving (a? — x7)"/* for 
any integer n. The following example demonstrates a case with n = 3. 


1 
ing (a? — x2)3/2 a 
EXAMPLE 3 Integrand Involving (a? — x°)? The graph of f(x) = aaa fo 


0 < x < 2 is shown in Figure 2. It has a vertical asymptote at x = 2. What is the area 
under the graph over [0, 1.999]? 


1.999 1 


Solution We need to compute [ ET 4— x2)3/2 


ing indefinite integral first, and then evaluate the definite integral. 


dx. We will compute the correspond- 


Step 1. Substitute to eliminate the square root. 


In this case, a = 2 since V 4 — x? = y 22 — x2. Therefore, we use 


x =Z2Si0,; dx =2cos@ dé, V¥4—x*=2cos0 


l l l l 3 


Step 2. Evaluate the trigonometric integral. 


l 
| 
| 
l 
| 
i 
l 
| 
l 
j 
| 
J 
I 
J 
| 
2 


FIGURE 2 f(x) = a for0 <x <2. j j 
ii ; | sec? a0 = 7 tand +C 


Step 3. Convert back to the original variable. 
We must write tan ô in terms of x. Since x = 2sin@, we have sin@ = x/2. Using the 
triangle in Figure 3 to determine an expression for tano, we obtain 


opposite x 


2 tan? = —- = 
x adjacent 4— x? 


Thus, we have 
a 


J4- 2 


. . . - — x 
FIGURE 3 Right triangle with sin = 5. 


li 1 x 
—— dx = — tanl + C = — + C 
laa "y Aå- 


Now, it follows that 


1.999 1 P x 1.999 Fai 
eS m ua N 
J (4 — x2)3/2 4/4 — x2 l0 


i i 
So the area under f(x) = TE from x = 0 to x = 1.999 is approximately ues B 


What happens to the area in the previous example if we change the upper limit of the 
integration, letting the right side of the region approach the asymptote at x = 2? It turns 


V¥x24+9 


FIGURE 4 Right triangle with tan = 3 


Be aware that with this substitution, 
6 = sec !(x/a) when x > a, but 
6 = sec"'(x/a) + 2/2 whenx < —a. 
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out that as the upper limit approaches 2, the area gets larger and larger without bound 
(see Exercises 33 and 34). Interestingly, in contrast to the function in Example 3, there 
are functions that become infinite over an interval but the areas under the graphs of these 
functions are finite. We explore these ideas furtber in Section 7.7, investigating what are 
known as improper integrals. 

When the integrand involves yx? + a?, try the substitution x = a tan, assuming 
a > Oand -5 <0 < 5- Then 


Vx? +a? = ya? tan? 0 + a? = ya?(tan? 6 + 1) = Va? sec? 8 
= ja secĝ| = a sec 8 


where the last equality holds since a > 0 and since sec 0 > 0 for the values of @ involved. 


Integrals Involving vx? +a? If vx? + a? occurs in an integral where a > 0, try the 
substitution (assuming —5 < 0 < 5) 


x =atan0, dx = a sec? 0 dé, x? +a? =asecO 


EXAMPLE 4 Evaluate J el dx. 
Vx? +9 
Solution We have the form Vx? + a2 with a = 3. 
Step 1. Substitute to eliminate the square root. 
x=3tan@, dx=3sec*9d0, Vx2+9=3seco 
1 


1 
— a 
las * I (sex 


Step 2. Evaluate the trigonometric integral. 


1 
| ar f secado = in| sec6 + tand| +c 
Vx? +9 


Step 3. Convert back to the original variable. 
Since x = 3 tan 0, we have tan 0 = x/3. The triangle in Figure 4 can be used to deter- 
mine an expression for sec @. It follows that 


) 330079 d0 = | seco dé 


hypotenuse _ x7 49 


sech = ——— = 
adjacent 3 
1 249 
| -=è =m e Sae 
Vx? +9 3 3 


Notice that we can rewrite this answer as follows, absorbing the constant term 
(— In 3) into the arbitrary constant: 


Vx27+9 x 


In a 
3 yE 


+C =ln|vVx?+9+x|—1In3 +C =in|vx?+9+x]|+C m 


Our last substitution addresses the case where the integrand involves yx? — a2. In 
this case, try the substitution x = a sec 0. We assume that a > 0. Furthermore, to ensure 
the square root is defined, we must have either x > a or x < —a. In the first case, we 
assume 0 <6 < $ in the substitution, and in the second case, we assume 7 < 0 < *, 
These choices for 6 guarantee that tan 0 is positive in either case, and therefore, 


Vx? — a2 = Ja? sec? 9 — a2 = y a?(sec? 8 — 1) = Va? tan? 0 


= |atan@| = a tan 
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FIGURE 5 Right triangle with sec 0 = 3. 


3 


FIGURE 6 Right triangle with tan 0 = 5 


Integrals Involving vx? — a? If vx? — a? occurs in an integral where a > 0, try the | ~ 


substitution (assuming 0 < 6 < > with x > a,and m <0 < = with x < —a) 


yx? — a? = atand 


x =asecé, dx =a sec tanĝdð, 


EXAMPLE 5 Evaluate f 


dx 
x?/x2 — 9 


Solution In this case, make the substitution 


x = 3sec8, dx = 3 sec ô tané dé, x2 —9 = 3tan@ 
dx 3 sec 0 tan 0 dé 1 I 
sss = |] SSO 6d@=-~sind+C 
| yee 9. J Osect6)\Gtand) 9 | i jones 
Since x = 3 sec 0, we have sec @ = x/3, and the triangle in Figure 5 shows that 
8s opposite _ x? —9 
hypotenuse x 
Therefore, 
dx 1 Vx? —9 
—= = -sinl + C = — +C a 
x2J/x2—-9 9 9x 


Square Roots of General Quadratic Functions 


So far, we have dealt with the expressions y x? + a? and ya? — x*. By completing the 
square (Section 1.2), we can treat the more general form vax? + bx +c. 


. dx 
EXAMPLE 6 Completing the Square Evaluate J EET A 


p a 


Solution 
Step 1. Complete the square. 
x? 42x43 = (x? 42x +1) +2 = (x12 
V eee’ 
u2 
Step 2. Use substitution. 
Let u = x + 1, du = dx: 


dx du 
| (x2 + 2x +3)3/2 — J (u? + 2)3/2 [2] 


Step 3. Trigonometric substitution. 
Evaluate the u-integral using trigonometric substitution: 


u = /2tand, u? +2 = 2 sec? 0, du = V2 sec? 6 dé 
du f W2sec*@dd 1 a 
f (u2 + 2)3/2 23/2sec36 2 e 
l 
= — sin + C 3 
ii F 


Since tan 0 = ae, we use the right triangle in Figure 6 to obtain 


/2 
Ste opposite \ si 
— hypotenuse iad B 


Thus, Eq. (3) becomes 


du a: uo 
| (u2 + 2938/2 22 +2 
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Step 4. Convert to the original variable. 
Since u = x + 1 and u? +2 = x? + 2x +3, Eq. (3) becomes 


| du me x+1 LC 
(u2+2)3/2 2/42 42x +3 
Therefore, by Eq. (2): 


| dx _ x+! m3 
(x24 2x4+3)9/2 WX 42x 43 


7.3 SUMMARY 


¢ Trigonometric substitution: 


Square root form 
in integrand Trigonometric substitution 
a? — x? x =asinĝ, dx=acos@d0é, Va2—x* = acos 
Vx? +a? x=atanĝ, dx =asec?0d0, ~/x2? +a? = asecô 
/ x? — a? x=asecO, dx=asecOtan@dé, ~x? -— a? = atan 


Step 1. Substitute to eliminate the square root. 
Step 2. Evaluate the trigonometric integral. 
Step 3. Convert back to the original variable. 


- The three trigonometric substitutions correspond to three right triangles (Figure 7) that 
we use to express the trigonometric functions of @ in terms of x. 


x 
A ae) 


FIGURE 7 Right triangles used in 
trigonometric substitution. x=asin@ x=atan@ x=asec@ 


- Integrands involving /x*+bx+e are treated by completing the square (see 


Example 6). 
7.3 EXERCISES 
Preliminary Questions 
1. State the trigonometric substitution appropriate to the given integral: 2. Is trigonometric substitution needed to evaluate J xV9 — x2 dx? 
fo. .2 2 
(a) if J= ati (b) E (x* — 16) dx 3. Express sin 26 in terms of x = sin 8. 
(c) f x? (x2 + 16)3/? dx (d) ji (x? — 5)-? dx 4. Draw a triangle that would be used together with the substitution 
x= Jb. 
Exercises 
In Exercises 1-4, evaluate the integral by following the steps given. (b) Evaluate J in terms of x. 
dx 

n + |= 

1. i= f —— — x2 2 a 
V9 — x? i 


(a) Show that the substitution x = v2 sec 8 transforms the integral J into 


(a) Show that the substitution x = 3 sinô transforms Z into | dð, and 


1 
, — 6 d@, and evaluate J 3 ; 
evaluate 7 in terms of 8. 7 | cos 6 dô, and evaluate 7 in terms of 8 
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(b) Use a right triangle to show that with the above substitution, 


sin@ = /x* — 2/x. 


(c) Evaluate J in terms of x. 


3 ræ = 
V4x2 +9 


(a) Show that the substitution x = 3 tan@ transforms J into 


1 
= 0 dé. 
Je 


(b) Evaluate J in terms of @ (refer to the table of integrals on page 412 in 
Section 7.2 if necessary). 


(c) Express I in terms of x. 


dx 
4. l= | ———; 
J (x? +4}? 
(a) Show that the substitution x = 2 tané@ transforms the integral J into 


1 2 
— 6 dé. 
A J cos 


1 1 
(b) Use the formula J cos? 0 d0 = 5? + 5 sin@ cos @ to evaluate J in 
terms of 8. 


(c) Show that sin@ = = and cos 80 = 


vx? +4 


(d) Express / in terms of x. 


x2 $4 


In Exercises 5—I0, use the indicated substitution to evaluate the integral. 


5. J Vis=5x? ax, x= sing 


e E in 1 [— 3 sec d 
s —=— dx, x=sin i ————,, x =3sec 
0 v1l-—x? xvx? —9 
1 
dx dx 
————, x =2tané@ 9. [Se x = 2sec6 
I, x2J/x2 +4 (x? — 49/2 
l dx 
10. —— z, x =tané 
l GH ~ 
11. Evaluate J aa two ways: using the direct substitution 
5 ——— in two : 
Vv¥x2—4 


u = x? — 4 and by trigonometric substitution. 
12. Is the substitution u = x? — 4 effective for evaluating the integral 


2 
xix ; , , er 
? If not, evaluate using trigonometric substitution. 


Vx? = 4 
13. Evaluate using the substitution u=1—x? or trigonometric 
substitution. 

x 2 7 
(a) [Ss (b) [=T= dx 
Jl — x? 
4 
3y 2 a 
c x’y i —xźtdx (d) | dx 
2 J y1- x? 


14. Evaluate: 
o f rA © | am 


In Exercises 15-32, evaluate using trigonometric substitution. Refer to the 
table of trigonometric integrals as necessary. 


2 
x“ dx dt 
» ] * 
2 9 — x? ` | 6—ry" 


dx 
17. SS 18. [Va 
xVx2 + 16 


mt 20 | = 
i Ee j 12./t2 — 25 


22. fev — x? dx 


21. [== 
yigs = 9 


dx dt 
23. J M ns 24. f = 
J/25x? +2 (91? + 4) 
dz dy 
EN TER 
Z4 z2 —4 y2 —9 
2 
x~adx dx 
27. c 28. a 
(6x2 — 49)1/2 | (x? — 4)? 
1 1 
dt dx 
29. el 30. f ee tne 
I (t? +9)? 9 @2 +10 
2 2 
Pree pee ae ana 
(x2 =! 1p? (x2 d 1)3/2 
1.99999 1 
33. Compute [ ayn dx. 


j l 
34. Compute f a= qe expressing the result in terms of r. 
Then, discuss what happens to the value of the definite integral as r ap- 
proaches 2 from the left. 
35. (a) Using a trigonometric substitution, compute the integral and show 
that fora > 0 
dx La 
Te w i 
xt +a a a 
(b) Verify the formula via differentiation. 
36. (a) Using a trigonometric substitution, compute the integral and show 
that for a > 0 
dx Pa. inane l init = T 
(x? +a?) 2a? \x24a2 a a 


(b) Verify the formula via differentiation. 


37. Let = | — 
Vx2—4x +8 


(a) Complete the square to show that x? — 4x +8 = (x — 2 +4. 
du 


Vu +22 


(b) Use the substitution u =x —2 to show that J/= 
Evaluate the u-integral. 


(c) Show that J = In| Ve F4 +x -2+ c. 


38. Evaluate First, complete the square to write 


dx 
(j= 
12x — x? = 36 — (x — 6)’. 


In Exercises 39-44, evaluate the integral by completing the square and 
using trigonometric substitution. 


dx 
40. <=> 
J2+x—-x2 
42. [VEE 


dx 
cái y (x? + 6x + 6)" 


In Exercises 45—48, evaluate using Integration by Parts as a first step. 


al 
46. |E a 
X 


39. — = 
fx? + 4x + 13 

a. f wis 

Sx + 6x? 


43. J x? — 4x +3dx 


45. f soxa 


47. i In(x? + 1) dx 48. | x? n(x? + 1)dx 


49. Find the average height of a point on the semicircle y = v1 — x? for ~~ 


—1<x<l. 


50. Find the volume of the solid obtained by revolving the graph of 
y = xV/1 — x? over [0, 1] about the y-axis. 


SECTION 


51. Find the volume of the solid obtained by revolving the region between 
the graph of y? — x? = 1 and the line y = 2 about the line y = 2. 
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55. A charged wire creates an electric field at a point P located at a dis- 
tance D from the wire (Figure 9). The component E1 of the field perpen- 


dicular to the wire (in newtons per coulomb) is 


x2 kà D 
E; = — d 
ni [ (x2 + DPA 


52. Find the volume of revolution for the region in Exercise 51, but 
revolve around y = 3. 


53. Compute J = i in two ways and verify that the answers agree: 


2 
x 
first via trigonometric substitution and then using the identity 


Lees ne =) 
oe S25 ee 3 | 


54. You want to divide an 18-in. pizza equally among three 
friends using vertical slices at +x as in Figure 8. Find an equation sat- 
isfied by x and find the approximate value of x using a computer algebra 
system. 


where A is the charge density (coulombs per meter), k = 8.99 x 
10° N-m?/C? (Coulomb constant), and x1, x2 are as in the figure. Sup- 
pose that A = 6 x 1074 C/m, and D = 3 m. Find E, if (a) xı = 0 and 
x2 = 30 m, and (b) xı = —15 m and x2 = 15 m. 


FIGURE 9 


FIGURE 8 Dividing a pizza into three equal parts. 


Further Insights and Challenges 


56. Let J, = ae 


x 
Soe 57. The area function F(x) = f yi-—t?dt is an antiderivative of 
(x- + 1)? 0 


(a) Compute J}. f(x) = V1 — x?. Prove the formula 


(b) Use Integration by Parts to prove 


1 l X 
Jn+1 = { 1 — — — | ———— 
nel ( x) Jat (=) (x2 + 17" 
using geometry by interpreting the integral as the area of part of the unit 
(c) Use this recursion relation to calculate J2 and J3. circle. 


z 1 1 
f vi-t? dt= z sin! x + 5xv1—x? +C 
0 
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4 REMINDER In Section 1.6, we noted the similarities between hyperbolic and trigonometric functions. 
i. = Se We also saw in Section 3.9 that the formulas for their derivatives resemble each other, 
sinhx = a U coshx = A differing in at most a sign. The derivative formulas for the hyperbolic functions are equiv- 


alent to the following integral formulas. 


d d 
— sinh x = coshx — coshx = sinh x 
dx dx 


d Hyperbolic Integral Formulas 
rf tanh x = sech? x 

J sishxax =coshx +, J coshxax = sinhx +c 
a coth x = — csch? x 


f sech? x dx = tanh x + C, J csch? x dx = — conx +C 


d 
— sech x = — sech x tanh x 
dx 


J sechx tanh. dx = —sechx +C, J sox coth x dx = —cschx + C 


d 
— csch x = — csch x coth x 
dx 
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EXAMPLE 1 Calculate J x cosh(x”) dx. à 
Solution The substitution u = x?,du = 2x dx yields 
l l t a 
| xcoshix)ax = 5 | coshu du = z Mhu +C = 5 sinh(x*) + C LJ 
Hyperbolic identities: The techniques for computing trigonometric integrals discussed in Section 7.2 apply 
> ae with little change to hyperbolic integrals. In place of trigonometric identities, we use the 
cosh“ x — sinh“ x = I corresponding hyperbolic identities (see margin). 


= Pe rai R 
Cay Sa wees EXAMPLE 2 Powers of sinhx and coshx Calculate: (a) f sinh* x cosh? x dx 
cosh? x = 4(cosh 2x + 1) 
— and (b) J cosh? x dx. 
sinh“ x = 5(cosh2x — 1) 


sinh 2x = 2 sinh x cosh x Solution 


cosh 2x = cosh’ x + sinh? x (a) Since cosh x appears to an odd power, use cosh? x = 1 + sinh? x to write 
cosh? x = cosh* x - cosh x = (sinh? x + 1)* cosh x 
Then use the substitution u = sinhx, du = coshx dx: 


| sinh* x cosh” x dx = J sinh* x (sinh? x + 1)’ cosh x dx 
— A ee Se” 
ut (u2+1)2 du 


= / u*(u? +1)? du = J (u® +. 2u® + u*) du 


wut we _ sinh? x 2 sinh’ x sinh? x | 
“" Fs rr: 7 an 


l 
(b) For f cosh? x dx, we use the identity cosh? x = z (cosh 2% T): 


1 1 (Sak; 
J cost? xax = 5 | (eosh2x + l)dx = 5 (= — +x] ig 


1 j! 
D ta u a = 


Hyperbolic substitution may be used as an alternative to trigonometric substitution 
to integrate functions involving the following square root expressions: 
In trigonometric substitution, we treat 


vx? +a? using the substitution Square root form Hyperbolic substitution 

x = atan@ and yx? — a? using —_—__ 
x =asecĝ. Identities can be used to Jx2 + a2 pra th winds a Oath wa 22 ae T A 
Show that the results coincide with those $e 
obtained from hyperbolic substitution (see x? — a? x =acoshu, dx = asinhu, Vx? — a2 = asinhu 
Exercises 31-35). ne 


EXAMPLE 3 Hyperbolic Substitution Calculate / Vx? + 16dx. 


Solution 


Step 1. Substitute to eliminate the square root. 
Use the hyperbolic substitution x = 4sinhu, dx = 4coshu du. Then 


x? + 16 = 16(sinh? u + 1) = (4cosh u)? 
Furthermore, 4coshu > 0, so y x? + 16 = 4cosh u, and thus, =a 


[v2 + l6dx = [c4cosh u)4 cosh au == 16 f cosh? udu 


4 REMINDER 


sinh 2u = 2 sinh u cosh u 


coshu = y sinh? u + 1 
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Step 2. Evaluate the hyperbolic integral. 
We evaluated the integral of cosh” u in Example 2(b): 


l 1 
Jve l6dx = 16 cosh? u du = 16 ( sinh 2u + 34 +C) 
= 4sinh2u + 8u + C 


Step 3. Convert back to the original variable. 
To write the answer in terms of the original variable x, we note that 


sinhu = = u = sinh~! 7 


Use the identities recalled in the margin to write 


4 sinh 2u = 4(2 sinh u cosh u) = 8 sinh uv sinh? u + 1 


= 8( ING +1 =2x Z 41s iva +16 


Now via Eq. (1), we have 


l 
J Vt ¥t6ax = xV 17 16+ 8sinh™ Ž +C a 


In a similar manner, we could derive each of the following integral formulas. 
Alternatively, we can realize them from the corresponding derivative formulas for the 
inverse hyperbolic functions given in Section 3.9. Each formula is valid on the domain 
where the integrand and inverse hyperbolic function are defined. 


THEOREM 1 Integrals Involving Inverse Hyperbolic Functions 


= sinh“! x +C 


| dx 

vx? +1 

| -= 
«yx? -1 


= cosh™! x + C (for x > 1) 
(for |x| < 1) 
(for |x} > 1) 


(for 0 <x < 1) 


=—csch!x+C (forx #0) 


4 xdx 


EXAMPLE 4 Evaluate: (a — d (b f : 
yf == and (b) ae 


Solution 


(a) By Theorem 1, 


4 
d 4 
| SSL = cosh! i = cosh™t 4 — cosh7! 2 = 0.75 
7 


x-—1 
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(b) First, use the substitution u = x”, du = 2x du. The new limits of integration become _ _ 
u = (0.2)* = 0.04 and u = (0.6) = 0.36, so 


A xdx 7 im tdu 7 1 s du 

o2 1-x4 Joos 1—u? 2Joo 1u? 

By Theorem 1, both tanh`! u and coth~!u are antiderivatives of fm=(1 - u*)—}, 
We use tanh~! u because the interval of integration [0.04, 0.36] is contained in the do- 


main (—1, 1) of f(u) = tanh! u. If the limits of integration were contained in (1, 00) or 
(—oo, —1), we would use coth! u. The result is 


1 0.36 du 1 a = 
— ——~ = ~(tanh™’ (0.36) — tanh~*(0.04)) ~ 0.1684 a 
7 0.04 1 — u? 2 
7.4 SUMMARY 
e Integrals of hyperbolic functions: 
J sianx ax = cosh + c, J cosh dx = sinhx +€ 
J scot? x dx = tanhx +C, J sch? x dx = —cothx + 
J sech x tanh x dx = —sechx + C, J schx coth x dx = —eschx +C 
e Integrals involving inverse hyperbolic functions: de 
dx 
= mh r E 
J «yx? +1 
dx 1 
—— = cosh x+C (for x > 1) 
| Vx? —1 
d 
J ~. =tah!x+C (for |x| < 1) 
l—x 
d 
f a 5 = coth“! x + C (for |x| > 1) 
1-x 
dx 
—== =—sech!x+C (for0<x <1) 
J xy 1 — x? 
| ae csch tx +C (forx £0) 
— = -csch x or x 
OEE 
7.4 EXERCISES 
Preliminary Questions 
1. Which hyperbolic substitution can be used to evaluate the following 2. Which two of the hyperbolic integration formulas differ from their 
integrals? trigonometric counterparts by a minus sign? a, 


3. Which antiderivative of y = (1 — x*)~! should we use to evaluate the 


(a) [Ss b) [= © (= ; 
aR NEET: JAI integral | Q -xy dx? 
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Exercises 


In Exercises 1—16, calculate the integral. 


1. | cosh(3x) dx 2. | x sinh x? dx 


3. f x sinh x dx 4. J sinh? x cosh x dx 


5. J sech?(1 — 2x) dx 6. J tanh(3x) sech(3x) dx 


7 cosh x P 
T. f tanh sech xdx Ey, x 


9 i tanh x dx 10. | x esch(x) coth(x*) dx 
h 
11. f en 12. | b T, 
sinh x sinh* x 
13. J sinh? (4x — 9) dx 14. li sinh? x cosh® x dx 
15. J sinh? x cosh? x dx 16. J tanh? x dx 


In Exercises 17-30, calculate the integral in terms of the inverse hyper- 
bolic functions. 


17 dx 18. f dx 
J e J 9x7 —4 
d 
19. [S 20. | -== 
V4 +x? V1 + 3x? 
2 dx 
21. |ia 22. [== 
vx? +1 
1/2 5 
23. | Ah a. | ae 
yo l= 4 1-—x 
1 10 
25. | a 26. | ae 
o V1+x2 p a 
ai 0.8 
27. | csr s 28. f < 
-3 xvx? +16 02 xv 1 — x? 
Z 2—id 9 
29. [=> 30. f on 
x 1 xV¥x4+1 


31. Verify the formulas 


sinh! x = lIn |x + Vx2+1] 


1 l +x 


32. Verify that tanh“! z = 5 In | = for |x| < 1. 


33. Evaluate i yx? + 16dx using trigonometric substitution. Then use 
Exercise 31 to verify that your answer agrees with the answer in 
Example 3. 


34. Evaluate J vx? — 9 dx in two ways: using trigonometric substitution 


and using hyperbolic substitution. Then use Exercise 31 to verify that the 
two answers agree. 


35. Prove the reduction formula for n > 2: 


1 =| 
| cosh” x dx = F: cosh”! x sinh x + aiki J cosh”? x dx 
n 


36. Use Eq. (2) to evaluate f cosh“ x dx. 


In Exercises 37-40, evaluate the integral. 


—1 
37, [> xdx 


x" —A 


38. J sinh! x dx 


39. [vant xax 40. f >un xax 


41. (a) Compute the area under the graph of y = sinh x for 0 < x <5. 
(b) Compute the area under the graph of y = sinh! x for0 < x < sinh 5. 
(c) Show that the sum of the areas in (a) and (b} is equal to 5 sinh 5. 


(d) Refer to Figure 1 and explain why the sum of the areas in (a) and (b) 
is equal to 5 sinh 5. 


sinh 5 


FIGURE 1 


42. (a) Compute the area under the graph of y = tanh x for0 < x < 4. 
(b) Compute the area under the graph of y = tanh™! x forO < x < tanh4. 
(c) Show that the sum of the areas in (a) and (b) is equal to 4 tanh 4. 

(d) Similar to Exercise 41(d), explain graphically why the sum of the 


h7! x = In |x + Vx? — 
pen ~ lx + vx 1l (for x > 1) areas in (a) and (b) is equal to 4 tanh 4. 
Further Insights and Challenges 
43. Show that if u = tanh(x/2), then In Exercises 44—46, evaluate using the substitution of Exercise 43. 
HEF 2u 2du 
a M _ a dx 
coshx = a sinh x = TE dx = E 44. J seonxas 45. [< 


Hint: For the first relation, use the identities 
x 


sinh? (3) = “(cosh — 1), cosh? (5) = 5 (cosh x +1) 


46. J _ dx 
1 — coshx 
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Exercises 47—50 refer to the function gd(y) = tan~!(sinh y), called the 49. Let t(y) = sinh! (tan y). Show that f(y) is the inverse of gd(y) for 
Gudermannian. In a map of the earth constructed by Mercator projec- O<y<27/2. Bazi 
tion, points located y radial units from the equator correspond to points 

on the globe of latitude gd(y). 50. Verify that t(y) in Exercise 49 satisfies t’(y) = sec y, and find a value 


d of a such that 
47. Prove that 7 oo) = chy. 
y 

Y dt 
48. Let f(y) = 2 tan"! (e?) — 2/2. Prove that gd(y) = f(y). Hint: Show E baa 
that gd’(y) = f’(y) and f(0) = g(0). 


7.5 The Method of Partial Fractions 


The Method of Partial Fractions is used to integrate rational functions: 
P(x) 
Q(x) 


where P and Q are polynomials. The idea is to write f as a sum of simpler rational 
functions that can be integrated directly. For example, expressing z as a sum 


f(x) = 


Se ee ees 


enables us to evaluate the integral 


dx 1 dx 1 dx 1 1 
—— = = — — = — —1}1|— -1 1 
|= TE aes piele = gine aly 


A rational function P/Q is called proper if the degree of P [denoted deg(P)] is less _ _ 
than the degree of Q. For example, 


It is a fact from algebra (known as the 
Fundamental Theorem of Algebra) that 
every polynomial Q with real coefficients 
d 
can be written asa product of linear an peapa? 2x2 4.7 a) 
quadratic factors with real coefficients. 


, r 4 > i ’ 
However, it is not always possible to find x* — 16 x—5 x—5 
these factors explicitly. Proper Not proper 


Suppose first that P/Q is proper and that the denominator Q(x) factors as a product 


of distinct linear factors. In other words, 
Each distinct linear factor (x — a) in the 


denominator contributes a term P(x) _ P(x) 
A Q(x) (x— a(x — a2): (x — an) 
x =a where the values 41,a2,...,an are all distinct and deg(P) < n. Then there is a partial 
to the partial fraction decomposition. fraction decomposition: 


= + —— +t t M 
Q(x) Q-a) (*- 42) (x — Gn) 
for suitable constants A;,..., Án. For example, 


Sx*+x—-28 = 2 gett 4S 
oo De —-D@=3) “wal s2 rg 


To obtain a partial fraction decomposition, we must find the constants Aj,..., An. 
There are two different methods that we will employ: Undetermined Coefficients and 
Value Substitution. Ultimately, the process involves solving a system of linear equations 
in the constants. 


In the examples that follow, given a fraction a we will see how these methods 


can be used to obtain a partial fraction decomposition. Once we have found the partial 
fraction decomposition, we can integrate the individual terms using techniques that we 
have previously seen. 


In the method of Undetermined Coefficients, 
we set up an equality between two 
polynomials and then equate coefficients of 
like powers of x to set up a system of 
equations that can be solved for the 
constants. 


In Eq. (3), the linear factor 2x — 8 does 
not have the form (x — a) used previously, 
but the partial fraction decomposition can 
be carried out in the same way. 
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ax 


EXAMPLE 1 Finding the Constants Evaluate J —— 
x2 —7x +10 


Solution 


Step 1. Determine the form of the partial fraction decomposition. . 
The denominator factors as x? — 7x + 10 = (x — 2)(x — 5), so we look for a partial 
fraction decomposition: 
1 A B 
SS >? E 
(x —2)(x-—5) x-2 x-5 
Step 2. Determine the constants. 
To find A and B, first multiply by (x — 2)(x — 5) to clear denominators: 


1 = («= 2x - 5) ( 2 ) 


x—2 x-5 
| = A-5) t BG =) Fa 


ENEE ENE ET, [2 | 


We will use the method of Undetermined Coefficients to determine the constants. Note 
that on the left side of Eq. (2), there are no x terms, and on the right side the coefficient 
of x is A + B. Furthermore, the constant terms are 1 on the left and —5A — 2B on the 
right. Thus, equating coefficients of like powers of x we obtain 


O=A+B (coefficient of x) 


1 = —5A — 2B (constant terms) 


The first of these equations implies B = —A. Substituting —A for B in the second 
equation and solving for A, we find A = —i. It follows that B = i. The resulting 
partial fraction decomposition is 
1 1 
! =a 3 


(x — 2)(x —5) = x—2 ions 
Step 3. Carry out the integration. 


| dx =-;/ dx ae dx 
-a5 3J x-2 TE 


l 1 
Sages 2it ails eal tc = 


EXAMPLE 2 Evaluate xi +2 d 
SS SOS ee ODE 
(x — 1)(2x — 8)\(x + 2) 


Solution 


Step 1. Determine the form of the partial fraction decomposition. 
The decomposition has the form 


x? +2 A B C 
i oe a ae 3 
(x — 1)(2x — 8)(x + 2) =< "os =k Eee 


Step 2. Determine the constants. 
As before, multiply by (x — 1)(2x — 8)(x + 2) to clear denominators: 


x? 4.2 = AQx —8)e +2) + Be —De+27+C@—NQx-8) [4 
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in the method of Value Substitution, we In this case, we will use Value Substitution to determine the constants. Note that in 
strategically substitute values for x that Eg. (4) the factor x — 1 appears in two terms on the right-hand side. Thus, if we sub- 
provide simple equations to solve—either stitute 1 for x in the equation, those terms drop out, leaving us with a simple equation 
individually or as a system—for the to solve for A. Specifically, substituting x = 1, we obtain 

constants. 


1? +2 = A(—6)(3) +0+0 


Therefore, 3 = —18A, yielding A = —Z. Similarly, substituting 4 for x, the two 
2x — 8 terms become 0, providing us with 


47 +2 =0+ B(3)(6) +0 
From this, we obtain B = 1. Finally, C is determined by setting x = —2 in Eq. (4): 
(—2)* +2 =0 +0 + C(—3)(—12) 


You can check your partial fraction Thus, C = és and the resulting partial fraction decomposition 1s 
decomposition by adding together the ; r 
resulting fractions and verifying that the x 4-2 en ra 1 2 g 
result is the fraction that you had to start. G= Der- BT at Tes ae 


Step 3. Carry out the integration. 


J pea = 4 dx 
eager ae) ea” =- + = 


1 
= 2 in |x — 1 +5 In|2x - 8] + ZInx +2] + a 


When using Value Substitution to determine the constants, look for values of x that 
result in equations that are as simple as possible when the values are substituted for x. In Pal 
the previous example, each constant was obtained directly by substituting an appropriate 
value for x. This is not always possible, but we can always obtain a system of equations 
in the constants that can be solved. 

Now, what do we do if the denominator has a repeated linear factor? For instance, in 
the next example, (x + 2)? is a factor of the denominator. In the decomposition, we need 
to include terms A and ae 

In general, each factor (x — a)” contributes the following sum of terms to the partial 
fraction decomposition: 


S iy, MR ang eg 
(x-a) (x-a)y (x — a)" 


EXAMPLE 3 Repeated Linear Factors Evaluate =: ia 
(x + 2)*(x — 1) 


Solution 


Step I. Determine the form of the partial fraction expansion. 
We are looking for a partial fraction decomposition of the form 
3x= 9 A B k 
—_— = —— + a H IMIM 
@W+2)°@-—-1 x+2 (x+2? x-1 
Step 2. Determine the constants. 
Let’s clear denominators to obtain 


3x —9 = A(x — 1)(x +2) + Bix — 1) + C(x + 2 | 5 | 


We use Value Substitution in this case. As in the previous example, by substitut- ~~ 
ing appropriately, we can obtain single equations that yield values for B and C. We 
cannot obtain A directly in this manner, but a further substitution provides an equation 
that can be used to determine A, given the values of B and C. 
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We substitute into Eq. (5) as follows: 


° Set x = 1. This gives —6 = 9C. 
e Set x = —2. This gives —15 = —3B. 
e Set x = 0. This gives —9 = —2A — B + 4C 


Any substitution other than x = 1 or 
We now have three equations that we can easily solve for A, B, and C. The first 


x = —2 can be used to obtain a third 
equation that enables us to determine A, two equations yield C = —2 and B = 5, respectively. With those solutions, we then 
given B and C. obtain A = ; from the third. Therefore, we have 
3x9 Ps 5 = 
C- Mer x42 r zx— j 
Step 3. Carry out the integration. 
3x — 2 dx Z dx dx 
— dx = -= Te auos e] 
y 3J z-1 3J #2 (x +2) 
2 2 5 
= apj g htt a 
If P/Q is not proper—that is, if deg(P) > deg(Q)—-we use long division to write 
PO) _ R(x) 
g(x) + 
O(x) Q(x) 
where g is a polynomial and R/Q is proper. Then, integrating P(x)/Q(x) involves 
evaluating an integral of the polynomial g(x) (which is straightforward) and integrating 
R(x)/ Q(x) via a partial fraction decomposition, if possible. 
Daaa x3 + |] 
Long division: EXAMPLE 4 Long Division Necessary Evaluate / a dx. 
X — 
a Solution Using long division, we write 
x? — 4| x +1 
= ; xe 41 , 4x41 I 4x +1 
—— z= y — -n_i 
=r x? —4 x2 —4 (x — 2)(x +2) 
3 
The quotient = ae is equal to x with It is not difficult to show that the second term has a partial fraction decomposition: 
Sa — 
remainder 4x +1. ei B r - 
(ew — 2842) «2-2 p 


Therefore, 


tes = fraxs? | dx if dx 
x-4 HJE 2 4) 372 


Toe ee, T 
= 5% + 5 In|x —2|+ 7 In|x+2/+C a 


Quadratic Factors 


A quadratic polynomial x? + ax + b is called irreducible if it cannot be written as a 
product of two linear factors (without using complex numbers). If the denominator of 
a proper rational function has an irreducible quadratic factor (x? + ax + b)™, then it 
contributes a sum of the following type to a partial fraction decomposition: 


Aix + By A2x + B2 Amx + BM 
x? +ax+b (x?+ax+b? (x2 +ax +b)” 
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For example, 
NN 
4— 12x / ad x 4x + 12 
(x +12 +x +42} xt] x2 4444 (x2 4+2x4 4) 
4a REMINDER If b > 0, then x? +b is EXAMPLE 5 Irreducible Versus Reducible Quadratic Factors Evaluate: 
irreducible, but x? — b is reducible f 
i — — dy 
because (a) / (x + 3)(x? +9) j ii (x +3)(x* — 9) 
x? — b = (x + vb) (x — Vb) Solution 
(a) The quadratic factor x? + 9 is irreducible, so the partial fraction decomposition has 
the form 


18 = A Bx+C 
(x+3)x2+9) x43 2249 

Clear the denominators to obtain 
18 = A(x? +9) + (Bx + C)(x + 3) 


We will use Undetermined Coefficients, so we multiply out the right side and then 
combine terms in like powers of x: 


18 = Ax? +9A + Bx? +3Bx+Cx4+3C 
18 = (A + B)x?+B3B+C)x+9A+3C 


Now, equating coefficients of like powers of x: 
0=A+B (coefficient of x?) 
0=3B+C (coefficient of x) tay 
18 = 9A + 3C (constant terms) 


Into the third equation, we can substitute A = — B from the first equation and C = —3B 
from the second equation to obtain 


18 = —9B — 9B 


This yields B = —]. Now, knowing B = —1, we obtain A = —B = 1 and C = —3B =3. 
We can then compute the integral: 


In the second equality, the first integral is dx (—x + 3)dx 

done with the substitution u = x? + 9. Los a [Ss +| ERa ene, ra 

The second integral can be done with a Œ + 3)" + 9) aa. ae 
trigonometric substitution x = 3tan@ or -s dx xdx 3dx 
using the integral formula Pong ales a x? +9 x? +9 


dx N a 
foram — + C. For the two 
a a 


1 2 ei: 
integrals, we obtain = |x i 3| F 72 Soe 3 mae 


d F , , : i 
f xdx 1 JZ- uw it Lin (x2 49)4+C The last line comes from applying the formulas in the margin. 


x2+9 2 (b) The polynomial x? — 9 is reducible because x? — 9 = (x — 3)(x + 3). Therefore, the 
| de sl at 1c partial fraction decomposition has the form 
x?7+9 3 3 18 18 A B C 


(x + 3)(x2 — 9) g (x +3)? (x — 3) F. x-3 © Ee ij (x +3) 
Clear the denominators: 
18 = A(x +3% + B(x +3Xx — 3) + C(x — 3) 


We use Value Substitution. The substitutions x = 3 and x = —3 provide equations that 
yield values for A and C, respectively. An additional substitution (we will use x = 0) 
results in a third equation that will be used to determine B: 


NL” 
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e Set x = 3. This gives 18 = 36A. 
e Set x = —3. This gives 18 = —6C. 
e Set x = 0. This gives 18 = 9A — 9B — 3C. 


The solutiona are A = L, C = —3, and B = —3. Determining the integral, we find 
| 18 1 J dx l J dx dx 
— dx =- —- | —— -3 | ——— 
(x + 3)(x? — 9) 2) 2-39. 2s ees (x + 3) 
1 1 1 
= 5 in[x —3| — 5 In|x +3] + 3@ +3) +C 7 


In the next example, we use both Value Substitution and Undetermined Coefficients 
to find the partial fraction decomposition. Due to the complexity of the polynomials in- 
volved, after Value Substitution determines one constant, Undetermined Coefficients is 
the best option for determining the remaining ones. 


EXAMPLE 6 Repeated Quadratic Factor Evaluate J Ta 
x(x 2 $ 2)2 


Solution The partial fraction decomposition has the form 


4—x A Bx4+C Dx +E 
Hace» La ' Eee 
x(x4 +2) x x*+2 (x- + 2) 


Clear the denominators by multiplying through by x(x? + 2)?: 


4 — x = A(x? +2)? + (Bx + C)(x(x? +2) + (Dx + E)x | 6 | 


We compute A directly by setting x = 0. Then Eq. (6) reduces to 4 = 4A, or A = 1. 
We cannot find the remaining constants as simply as we determined A. The best 
option is to use Undetermined Coefficients to set up a system of four equations in the four 
unknowns B, C, D, and E. To begin, we substitute the known value A = 1 in Eq. (6) 
and expand: 
j arae (Fede? 44) 4 (Bt + 2B x? + Cx? 4.20%) + (DX? + EX) 


—x = (1 + B)x*+Cx3 + (442B4 D)x? +(2C + E)x 
Now equate the coefficients on the two sides of the equation: 


0=1+B (coefficient of x*) 

QO=C (coefficient of x°) 

0=44+2B4+D (coefficient of x”) 
-1=2C+E (coefficient of x) 


These equations yield B = —1, C = 0, D = —2, and E = —1. Thus, 


(4 —x)dx -[=- [es x ax ;-/S¢ 
x(x? + 2)2 2)" 
(2x + 1)dx 


oe. 2 2 ES ae 
= In |x| 5 ae + 2) G+ 2 
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The middle integral was evaluated using the substitution u = x? +2, du = 2x dx. The a 
third integral separates as a sum: 


Ca + Dax _ 2x dx ay 
+A Hær (x? + 2)2 (x2 + y 


Use koo u= x? +2. 


dx 
= —(x? -i Pema | 7 | 
(x + 2) +f (x2 + 2)2 


To evaluate the integral in Eq. (7), we use the trigonometric substitution 
x=/<VJ2tan@, dx=~V2sec26d0, x*+2=2tan?6+2=2sec’O 
Referring to Figure 1, we obtain 


x +2 $ f Ps V2 sec? 6 d0 V2 sec? 6 d0 
(x2 + eon (2 (2tan2 6 + 2)2 22 4 sect 0 


2 
v2 mee: Cos par ie ae 


4 
ji =j 2 ee i m 


x 


; . - ox 
FIGURE 1 Right triangle with tan = a 


l _1 x x 


= —— tan 


a 
4/2 p” 4 x? 


Collecting all the terms, we have 


Salas 


4-—x — ix l 1 * iiia 
-$d =j- 5 Ina” A Be a? —— tan — +C E 
ET r i i E "IA y2 


CONCEPTUAL INSIGHT The examples in this section illustrate a general fact: The in- 
tegral of a proper rational function can be expressed as a sum of rational functions, 
arctangents of linear or quadratic polynomials, and logarithms of linear or quadratic 
polynomials. Other types of functions, such as exponential and trigonometric func- 
tions, do not appear. 


At the beginning of this section, we explained in a marginal comment that the Funda- 
mental Theorem of Algebra guarantees that every polynomial can be factored into linear 
and quadratic eoa Thus, every proper rational function can be written as a sum of terms 


of the form 57 y and aes for real numbers a,b,c, A, B, and n. This property is 


simple in theory, but in practice, finding a sum can be difficult. Our challenge is to iden- 
tify the factors of the denominator. Indeed, sometimes it is not possible to determine the 
exact factors and, at best, we can only approximate them. To find the numerators in the 
partial fraction decomposition once the denominator is factored, we can set up and solve 
a system of linear equations with the constants as unknowns. 


Using a Computer Algebra System 


Finding a partial fraction decomposition of a rational function P/Q often requires labo- 
rious computation. Fortunately, most computer algebra systems are able to compute par- 
tial fraction decompositions whenever the factors of Q can be determined exactly. Even 
though, in theory, all polynomials can be factored into a product of linear and quadratic 
terms, it 1s a always possible to determine the factors exactly. The rational function 
f@) = sa a 5 is an example where an exact partial fraction decomposition cannot be 
found. Try it on a computer algebra system to see what results. 
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7.5 SUMMARY 


The Method of Partial Fractions enables us to separate a complicated rational function 

into a sum of simpler rational terms that are easier to integrate than the original function. 
Assume first that P/Q is a proper rational function [i.e., deg(P) < deg(Q)] and that 

Q(x) can be factored explicitly as a product of linear and irreducible quadratic terms. 


° If Q(x) is equal to a product of powers of linear factors (x — a)” and irreducible 
quadratic factors (x? + ax + b), then the partial fraction decomposition of the ratio- 
nal function P(x)/Q(x) is a sum of terms of the following type: 


A2 Am 
+ — arene —— 
x—a a Tig =a 


Aix + Bı A2x + Bo 
x? +ax+b (x*+ax+b) 
ge Ae 

(x2 + ax + b) 


° The methods of Value Substitution and Undetermined Coefficients can be used to 
determine the constants A; and B; in the partial fraction decomposition. 

e The individual terms in the decomposition then can be integrated. Substitution, com- 
pleting the square, and trigonometric substitution may be needed to integrate the terms 
corresponding to (x? + ax + by” (see Example 6). 

e If P/Q is improper, use long division (see Example 4) to express P/Q as a sum of a 
polynomial and a proper rational function. The Method of Partial Fractions can then 
be applied to the proper rational function. 


(x ~a)” contributes 


(x? +ax + b)™ contributes 


7.5 EXERCISES 


Preliminary Questions 


1. Suppose that [sax =Inx +Vx+1+C. Can f be a rational (c) x? +4x +6 (d) x2 +4x +2 
function? Explain. 4. Let P/Q bea proper rational function where Q(x) factors as a product 
2. Which of the following are proper rational functions? of distinct linear factors (x — a;). Then 
x 
(a) ae (b) P P(x)dx 
2412 4x3 —7 
e E E e ai aS Q) 
(x +2Xx + IXx — 3) (x= 32a + 5)G— x) 


(choose the correct answer): 


3. Which of the following quadratic polynomials are irreducible? To i m: 
(a) is a sum of logarithmic terms A; ln(x — a;) for some constants Aj. 


check, complete the square if necessary. 


(a) x? +5 (b) x? —5 (b) may contain a term involving the arctangent. 
Exercises 
1. Match the rational functions (a}-(d) with the corresponding partial 2. Determine the constants A, B: 
ee ee (i)-{iv). a 3 1-3 p A M B 
qe 2s ‘ys a-ak ey es oe 
(x + 2a + 4) (x + 2)-(x* + 4) 5 " ; i , i 
i K 3. Clear the denominators in the following partial fraction decomposition 
E x ea +8 (d) x" ~4x+8 and determine the constant B (substitute a value of x or use the method of 
(x — 1)?(x — 2) (x + 2)(x2 + 4) undetermined coefficients). 
. 4 4x —4 2 
EAEE cia E a e OE E 
wa x4+2 x +4 ; (x+D(x+3 x4+1 «43 (43) 
(ii) aa Cam r=. e 4. Find the constants in the partial fraction decomposition 


T E oi eee ae 2x +4 A Eka 
x+2 (+2? x?+4 x+2 x?+4 (x -2x2 +4 x—-2 °° x244 
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In Exercises 5-8, evaluate using long division first to write f(x) as the 
sum of a polynomial and a proper rational function. 


5. f xdx 6, (x? + 2) dx 
3x —4 x+3 
(x? + 2x? + 1) dx à J (x? + Dida 
F2 ; x?2+1 
In Exercises 9-46, evaluate the integral. 
Í 10. [=z (2 — x)dx — x)dx 
(x — 2)(x — 4) x+4 
dx (2x — 1)dx 
į; Tee — Pe 12. = aes 
: l= x? —5x+6 
2 
jh, J x dx 14. J SE SN 
x? +9 (x — 2)(% — 3)(x + 2) 
(x? + 3x — 44) dx 3 dx 


15. |] — 16. 


(x +3)(x + 5)(3x — 2) (x + 1x? + x) 


(4x? — 21x)dx 
(x — 3)2(2x + 3) 


2 
17. (et + In) dx 18. 
(œ -— 1x +1}? 


2 = 
19. J a h Bi apy 2S Se, sa ale 
(x — 1)? — 2)2 (x + IDa +4) 
8 dx (x? — 1) dx 
21. —— 22. — — 
J x(x + 2)3 x? +1 
dx 
23. — 24. —— — 
2x2 —3 SS 
dx dx 
25. —$_—_—___—— 26. c 
lect i | aa 
4x? — 20 3x +6 
pra —— 28. —— 
(2x + 5)3 j | x? (x — IXx — 3) 2 
dx (3x? =2)dx 
29. — 30. c 
J x(x — 193 x—4 
> = dk dx 
31. — 2. —___—___ 
(3x2 — 4x +5) dx x? 
33. lM 34. —— d 
«—-DG24+1 TETEN 
dx dx 
35. a eee, 36. —_———_-—— Ol ro 
| x(x? + 25) J x? (x? + 25) 
2 2 s 
37. (6x* + 2)dx 38. 6x* + 7x —6 
x74 oy —3 (x? — 4)(x + 2) 
39, J a A. 40. 10dx : 
(x — 1)? + 9) (x + 1)(x2 + 9)2 


dx 100x dx 
4 ij — 42. = a ae 
x(x? + 8)? (x — 3)(x2 +1) 
dx 9dx 
(x +2)(x? + 4x + 10) (x + 1)(x2 — 2x + 6) 
243)d 
i y 25dx ué (x* +3)dx : 
x(x? + 2x + 5)? (x? + 2x + 3) 


In Exercises 47—50, evaluate by using first substitution and then partial 
fractions if necessary. 


xdx xd 
47. "r E aa 
J D dade i | (x + 2)4 
et dx sec? 8 dé 
% | BO 60. f ei 


d 
51. Evaluate i oe. Hint: Use the substitution u = ./x (sometimes 
xX — 


called a rationalizing substitution). 


Hint: Use the substitution u = x!/®. 


dx 
52. Evaluate Se f 


dx 
x43 + x 2x2 


dx 


53. Evaluate J Aa 


54. Evaluate J 


d 
a ad i in two ways: using partial fractions and using 
xX — 
trigonometric substitution. Verify that the two answers agree. 

56. (GU) Graph the equation (x — 40)y? = 10x(x — 30) and find the 
volume of the solid obtained by revolving the region between the graph 
and the x-axis for 0 < x < 30 around the x-axis. 


55. Evaluate f 


57. Show that the substitution 6 = 2 tan”! t (Figure 2) yields the formulas 


=a 2t 2dt 
cos = Tae ec TE TT 


This substitution transforms the integral of any rational function of cos 8 
and sin @ into an integral of a rational function of ¢t (which can then be 
dé 


evaluated using partial fractions). Use it to evaluate J — 
cos@ + 3 sin6 


V1+ 2 
t 
a 
1 
FIGURE 2 
ate ; dé 
58. Use the substitution of Exercise 57 to evaluate J —. 
cos? + sin@ 


Further Insights and Challenges 
59. Prove the general formula 


1 
(x — a)(x — b) Tea 


where a, b are constants such that a +Æ b. 
60. The method of partial fractions shows that 


J dx 
saal 


l l 
=gh- i= zal +1) +e 


A computer algebra system evaluates this integral as — tanh™! x, where 
tanh™! x is the inverse hyperbolic tangent function. Can you reconcile the 
two answers? 


61. Suppose that Q(x) = (x — a)(x — b), where a Æ b, and let P/Q bea 
proper rational function so that 


P) A i B 
Ow) =a) =b) 


NL 


P(a) P(b) 
Show that A = —— and B= . 
SE ees 0G) D) 
(b) Use this result to find the partial fraction decomposition for P(x) = 
3x — 2 and Q(x) = x? — 4x — 12. 


62. Suppose that Q(x) = (x — a1)(x — a2) -- - (x — an), where the roots 
a; are all distinct. Let P/Q be a proper rational function so that 
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P A A A 
(x) k S oe n 
Q(x) M@-—a\) (x-a) (x — an) 
P(a;) 
a) Show that A; = for j= 1,...,n. 
ee i Oa)” 


(b) Use this result to find the partial fraction decomposition for 
P(x) = 2x? — 1, Q(x) = x? — 4x? + x +6 = (x + DG — 2)(x — 3). 


7.6 Strategies for Integration 


In Chapter 5, and in the preceding sections of this chapter, we have seen a variety of 
techniques for evaluating various integrals. In a general setting, when confronted with a 
given integral, it will not appear in a particular section devoted to a particular technique of 
integration. Hence, it is important to be able to recognize which technique of integration 
is likely to apply. This section is devoted to that topic. In addition to considering how 
to recognize what technique to apply, we also discuss how tables of integrals and how 
computer algebra systems can be utilized to find an integral. 

In general, there are no hard and fast rules for evaluating a given indefinite integral. 
But there are various heuristics that help us to determine which techniques are likely to 
apply. Here is an overview of the different approaches that we can employ to evaluate an 


integral. 


Simplification: Do any algebraic simplification possible. Cancel terms in fractions 
when possible. For instance, 


3 = 2 
L fZ -dx= | Z 1)(x* +x + 1) 
x-1 3 


= +5 +x+C 


dx= |œ? +x+ dx 
x-i 


3 
5 = dx = |a- Pda = 5497 ET +c 
x 


ie 


] 
3 f =. dx = | csc xdx = -cotz +C 
sin’ x 


4. | e* sinhx dx. It is tempting to try to apply Integration by Parts to this integral, but 


this method does not work. Instead, we replace sinhx with its expression in terms of 
exponential functions to obtain 


X _ pX fi 2x 
[etsinxdx fe (Z) ax => | (*-1) ara- +C 


Substitution: Any time we recognize that our integral is of the form J f(e(x))g (x)dx, 


we can use substitution. The key to successfully substituting is that if we want to replace 
g(x) by u, we need a g'(x) to appear in the integrand in such a way that we can pair it 
with dx to obtain the necessary du. 


So, for example, / 


x? sin(x?) dx is set up for substitution since if we let u = x?, then 


du = 3x* dx, and we have the requisite x*dx to make this work. We simply substitute 
(1/3)du for x*dx, and we will obtain an integral that we then can compute. 


In the case of | e 


snx cos x dx, we can use u = sin x and du = cos x dx. In the case 


of f eve + 1 dx, we can let u = e* + 1 and then du = e* dx, which we have. 


Sometimes, some extra algebraic work is needed to carry out a substitution so that 
all of the x terms are changed to terms in the new variable u. 


436 


CHAPTER 7 


TECHNIQUES OF INTEGRATION 


EXAMPLE 1 Find f xvi +x? dx. 


Solution Our first inclination is to try the substitution u = 1 + x? since that expression 
is inside the square root. But then du = 2x dx, and we have an extra factor of x2 left 
over. Instead of turning to another method of integration, though, we can note that since 
u =] +x?, x? =u]. Thus, we have 


[evi + x2 dx = f evi +x? xdx = fu- pva Z 


1 2 fp 
many a. M2) an 
5 | ( ee 


p (d + x2)9/2 (1 + x7)3/2 


5 3 +C E 


This integral could also be evaluated using Integration by Parts, but that would be a more 
involved process. 


Integration by Parts: As we have seen, if there is a product in the integrand, we can 
split the integral into two pieces u and dv and then apply Integration by Parts to obtain 


| udv=u- f vau 


For example, look at J xe* dx. In this case, it is obvious that Integration by Parts 
applies. If the x were not present, we could easily integrate e*. So choosing u = x and 
dv = e* dx will yield | xe dx = xe — | e* dx. The remaining integral is now one 


we can compute. 

In particular, we are looking for integrands that are products such that differentiat- 
ing one term in the product and integrating the other yields an integral that is easier to 
evaluate. Here are some cases to look for: 


1. | x” f(x) dx. Assuming f(x) can be repeatedly integrated, we may use repeated 


applications of Integration by Parts, always choosing u equal to the remaining power 
of x, until we eliminate the powers of x, leaving something we can integrate. Candidates 
for f(x) include sin x, cos x, e*, a*, sinh x, cosh x, sec? x, and csc? x, among others. Note 
that the same technique applies when we replace x” in the integrand with a more compli- 
cated polynomial. Repeated application of Integration by Parts can be used to eliminate 
the polynomial. 


2. | e” sinx dx. Two applications of Integration by Parts, choosing u = e* both times, 


yields 
Je sin x dx = —e* cos x +e” sinx — fe sin x dx 


Instead of obtaining a simpler integral on the right, we obtained the integral we 
started with. Adding it to both sides, we get 


* x . 
2| e* sinxdx = -e cosx te’ sinx+C 


| e* sinx dx = e cosx + e” sinx) + C 
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3. In some special cases, we can use Integration by Parts for J f(x)dx by setting 
u = f(x) and dv =dx. For example, this works with the integrals | In x dx, 


J tan™! x dx, and J sin”! x dx. 


4. Sometimes Integration by Parts is easier if we integrate, rather than differentiate, the 
x” factor, as in the next example. 


EXAMPLE 2 Compute | x?inx dx. 


Solution We proceed as follows: 


u = inx dv = x*dx 
du = — dx v= —x? 
x 
1 1 1 1 1 
f Pinzas = px? inx f (33°) Zax = amarg ff sax 


3 


l 3 1 
= —X ne Set +C ie! 


3 


For the previous example, using u = x? and dv = ln x dx also works, but this alter- 
native is more complicated than the choice we used (see Exercise 60). 


Special Techniques: Consider the form of the integral. Does it fall into one of the cate- 
gories for which we have a special technique? 


1. Is it a trigonometric integral? If it is of the form 
| sin” x cos” x dx, or fo x sec” x dx 


then we have specific rules that can be applied (as outlined in Section 7.2) to simplify the 
integral into one that can be computed. 


2. Does the integrand contain 


Va? — x?, Vx2+a*, or yx? —a? 


or more generally, 
(a? Ey (x? oy or (x? a ayn 


for an integer n? If so, then try a trigonometric substitution, x = a sin 0, x = a tan 0, or 
x = a sec 0, respectively, as outlined in Section 7.3. 


EXAMPLE 3 Evaluate J (x? + 16} dx. 


Solution Let x = 4tan@. Then (x? + 16% = (16 tan? 0 + 16% = (16 sec? 9)3/2 = 
64 sec? 0 and dx = 4 sec? 0 d0. Hence, we have 


J (x? +16% dx = J 64 sec? 0 (4 sec? 6) d0 = 256 J sec” 0 d@ 
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Vx? +16 


FIGURE 1 Since x/4 = tan@, the 
hypotenuse is x? + 16, and therefore 


Vx? +16 
oS a 


Now, we can use the reduction formula in Eq. (12) from Section 7.2 to obtain 


tan@sec?@ 3 
256 J T ET (eae +5 J soo? 9 d0) 
tan@sec?@ 3 /tan@secé@ 1 
Mo ge ee ae a ee a 6 dé 
i ( 4 +3( 2 +5 | se )) 
tan@sec?@ 3 /tan@sec@ 1 
= 256 (SPORES 4 F (SS + jinisece +anel)) +C 
= 64 tan 8 sec? 6 + 96 tan 6 sec 0 + 961n|sec@ + tan6|+C 
Since x = 4tan@, we know tan@ = 7, and by the triangle in Figure 1, sec? = 
OS. Thus, we have 
| (x? +16 dx 
= 6470? +16 9670? + 16)! 4 96 In |(x2 + 16) + a ir 
= 16x(x? + 16/2 + 24x(x? + 16)!/2 + 961n |(x2 + 16)!/2 + = +C = 


If the integral contains an expression of the form y ax? + bx + c, we can complete 
the square inside the square root in order to obtain one of the cases discussed above. 


P 
3. Is it a rational function O for polynomials P and Q? If so, we can often apply the 


Method of Partial Fractions. First, if P has a degree that is at least as large as the degree 

of Q, we divide P(x) by Q(x) to obtain a polynomial (which is easily integrated) together 
R 

with a remainder term pd to which the Method of Partial Fractions can be applied. 


Q(x) 


249 
EXAMPLE 4 Find j fe TS 
x27+x—-—6 


Solution Noting that both the numerator and the denominator have degree 2, we divide 
to obtain 


x? +2x +10 | x $16 
TEn = x? +x—6 
Then we can write 
x +16 x + 16 A B 


x? +x —-—6 (x + 3)(x — 2) - x+3 eae 
Clearing the denominator, this yields 
x+16= A(x —2)+ Bx +3) 


We use Value Substitution to determine A and B. Substituting x = 2 yields 18 = 5B, 
and therefore, B = 1. Furthermore, substituting x = —3 results in 13 = —54A, implying 
A= -8 Thus, 


Jaan fi mi E ONE: ) a 
Poa 5078) S6-D) iii 


13 18 
e ie E a a 
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Integral Table: Integral tables (such as the one on the final three pages of this text) 
contain a list of forms of many common integrals. Given a particular integral that we may 
want to evaluate, if we can get it into the form of one of the integrals in a table, then we 
can apply the given formula to evaluate the integral. Let’s consider a couple of examples. 


9 — 4x? 
(Pa 


EXAMPLE 5 Evaluate 


Solution Looking down the list of integrals given at the end of the text, we see the 
formula that appears to apply here is #69: 


Jae — ue 
[w= Ve = -an 
u 


2 as ge 
Dr sl -ee 


We can put our integral in the correct form by factoring the 4 out of the square root: 
V9 — 4x? = 2,/9/4 — x? 
Now we use formula #69 with a = 3/2: 


J (9/4 — x? 3/2 + 9/4 — x? 
| arn | ar = o-an le 
Æ X 


X 


Notice that the integral in the previous example could also be evaluated by applying 
a trigonometric substitution. In fact, many of the formulas in the integral table result from 
integral techniques and formulas that we have developed. 


EXAMPLE 6 Evaluate J 6x tan*(x*) dx. 
Solution The integral table formula that seems applicable is #36: 
feudu = tanu — u +C 


Although the integrand does not have the form in this formula, observe that a substitution 
u = x? will put us in a position to use formula #36. With this substitution, we have 
du = 2xdx, so 3du = 6xdx. Therefore, 


J 6xtan??)dx = 3 f tan? udu = 3tanu - 3u +C 
= 3 tan(x?) — 3x7 + C P 


Computer Algebra System: In order to find these last integrals using an integral table, 
we needed to do some algebra or apply some integration techniques to get them to match 
the pattern for one of the formulas at the back of the book. Computers are particularly 
adept at attempting various rearrangements and integration techniques and then matching 
the resulting integrals. For this reason, computer algebra systems are very good at evalu- 
ating integrals. However, keep in mind that the output that they generate may not be the 


form that is the most convenient to use. For example, if we want to find f x(x — > dx, 
we do a substitution for u = x — 3 (and therefore x = u + 3) and find 


[xe = 3) ax = fo + 3)u!> ai = | 43,50, = =u! + Zis +C 


1 3 
SG — 3a a =) 
7% ) + 16% 3)” +C 
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FIGURE 2 The Fresnel function 
Sx) = | 
0 


sin(t”) dt. 
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On the other hand, the following answer was obtained from a computer algebra 
system: 


17 45 16 14 12 
fa — 3)5 dx g = a + 63x! — a + 8505x! = 243,243x | 


17 16 AA 
2,814,669x 1° 8,513,415x8 
+ 331,695x"! — ———— 44,691,115x9 — 2 L 15x 
80,601,885x° 67,403,915x4 
+ 25,332,021x7 — ————. +. 48,361, 13125 — eo 
14,348,907x? 
+ 23,914,845x3 — A, 


As you can see, the answer that we obtained by substitution is simpler to state and 
would be more convenient to use in computations. 


Numerical Apprpoximation: If the integral is a definite integral, and finding an anti- 
derivative is difficult or impossible, then the integral can be approximated numerically. 
One approach would be to use an approximating Riemann sum. Other numerical methods 
are introduced in Section 7.8. 


Xx 
EXAMPLE 7 The Fresnel function S(x) = f sin(t*) dt (Figure 2) is important in the 
0 


field of optics. It has a maximum at x = ./7 [the least positive x at which S’(x) = 0]. 
Approximate the maximum value of S. 
Jt 
Solution We need to approximate | sin(t”) dt. Note, we cannot evaluate this defi- 
0 


nite integral via antidifferentiation since there is no antiderivative of f(t) = sin(t*) that 
can be expressed in terms of elementary functions. Using technology to compute an ap- 
proximating Riemann sum with 1000 subintervals, we obtain 


Jt 


S(T) = [ sin(t”) dt ~ 0.895 ia 
0 


7.6 SUMMARY 


Strategy for integration: 


* Simplification: Do any algebraic simplification possible. 

¢ Substitution: Consider possible substitutions, u = g(x), keeping in mind that we will 
need the presence of g'(x) since du = g’(x) dx. 

¢ Integration by Parts: Consider Integration by Parts, choosing u to be a function that 


can be differentiated, dv to be something that can be integrated, and such that J vdu 


is an easier integral than the original. Keep in mind that Integration by Parts can work 
when the integrand is not an obvious product, as long as u and dv are chosen properly. 
¢ Trigonometric Integral: If the integral is a trigonometric integral of the form 


sin” x cos” x dx or | tan” x sec” x dx, then trigonometric identities and reduction 
formulas can be applied. 
- Trigonometric Substitution: Does the integral contain Ja — x2, Vx2 ~ a2 or 
v x? + a2? If so, then try a trigonometric substitution. 
- Partial Fractions: Is the integrand a rational function a for polynomials P and Q? 


If so, the Method of Partial Fractions might enable you to separate the function into a 


sum of simpler rational terms that can be integrated. | . . 
- Integral Table: Determine whether the integral, after suitable manipulation, matches 


an integral in an integral table. 


ow 
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¢ Computer Algebra System: Consider using a computer algebra system to determine 


the integral. 


¢ Numerical Approximation: If the integral is a definite integral, and none of the 
above methods work, approximate the integral numerically. 


7.6 EXERCISES 
Preliminary Questions 


For each of the following, state what method applies and how one applies 
it, but do not evaluate the integral. 


1. f =sinxas 
1 2 

3. f yee dx 
1 — x? 


§. f=mxax 


[Vive 
4. f 00s? xsinxdx 


J yer 


7. f sin? x cos? x dx 


Exercises 


In Exercises 1—10, indicate a good method for evaluating the integral (but 
do not evaluate). Your choices are substitution (specify u and du), Integra- 
tion by Parts (specify u and dv), a trigonometric method, or trigonometric 
substitution (specify). If it appears that these techniques are not sufficient, 


state this. 

d 

ae 2. | J4x? = 1dx 
12 — 6x — x? 


3. J sin? x cos? x dx 
dx 
5. -i 6. | Ea 
V9 — x? 
a. [ si? xa 8. [ever ldx 


dx 
/ (x + Dx + 2) ii | (x + 12)4 


In Exercises 11-59, evaluate the integral using the appropriate method 
or combination of methods covered thus far in the text. You may use the 
integral tables at the end of the text, but do not use a computer algebra 


system. 
12 J dx 
J #6 —1)7 


4. [ #800? as 


i1 J dx 
J A4- 


13. f cos? 4x dx 14. J xcscxcotxdx 
15. f sinxcotxax 16. [=> 

(x? +9)? 
17 f =. 18. | 0 sec™! 0de 

. G2 4 62 J sec 
~a 
7 aN 

19. f tan” x sec x dx 20. ee 

xi? —1) 


21. f In(x* — 1) dx 


x? dx 
YELA 


xdx 
= TE 


x3 dx 
(x2 — 1)3/2 — 1)3/2 


For each of the following, find the formula in the integral table at the back 
of the text that can be applied to find the integral. 


| 3x? dx | v25 + 16x2 e 
§x+2 x2 f 


x 
10. J sec?(4x) dx 11. J —= dx 
Vx? +2x +5 
(x + l)dx /x dx 
= | — _ 6. 
(x2 + 4x + 8) f x? +1 
1/2 
27. J e 28. f C 
ae? a V16 + x? 
e*dx 
w% | —— yy ee ee 
| 1+e* 30 J (1 + 412)3/2 


31. [ Pinca 32. [seo ytan y dy 


dx aang 
oS | eek FETI 
Eo iis [Re 
35. [ Vitra ax 36. [VP + eas 
dx x? 
37. a 
ls = [we 
x x 
39. [sae 40. | -=+ 
v. Vx +2 
x2 
41, dx 42. 2 — 16d 
ET fv x 


43. [sinx + cos 2x) dx 44. [Vit veux 


45. f sin? x tan x dx 46. J In(x? — 9) dx 


J dx 
x(x? — 6x —7) 


49, f sin x05? xz 50. [eve — I dx 


11 
51, J Gos’ ras 52, if —— 
x*—] 


5 
x 
55. [wae 54, f 2nxs00% x dx 
x*—1 


47. J In(x? + 9) dx 48. 


442 CHAPTER 7 TECHNIQUES OF INTEGRATION 


dx 
55. J (3 sec x — cos x)? dx 56. J x? Inx dx 59. J ———- 
x2 — 36 
2 £ st 
(+ Inx)? iss 60. Use Integration by Parts to compute | x^ ln x dx, setting u = x^ and 
SY: in dx 58. pe] dx dv = Inxdx. 


FIGURE 1 The region extends infinitely far 
in both directions, but the total area is 
finite (see Example 4). 


The great British mathematician G. H. 
Hardy (1877-1947) observed that in 
calculus, we learn to ask not “What is it?” 
but rather “How shall we define it?” We saw 
that tangent lines and areas under curves 
have no clear meaning until we define 
them precisely using limits. Here again, the 
key question is “How shall we define the 


area of an unbounded region?” 
y 


7.7 Improper Integrals 


The integrals we have studied so far represent signed areas of bounded regions. However, 
we also wish to consider unbounded regions, such as the region under the graph of 
y= zir for —oo < x < œ, shown in Figure 1. Integrals over such regions arise in 
applications and are represented by what are known as improper integrals. 

There are two ways an integral can be improper: (1) The interval of integration is 
infinite, or (2) the integrand tends to infinity on a finite interval and therefore the graph of 
the function has a vertical asymptote. We deal first with improper integrals over infinite 
intervals. One or both endpoints may be infinite: 


a (09) ie @) 
f(x) dx, / f(x) dx, J f(x)dx 
~ a 00 

How can an unbounded region have finite area? To answer this question, we must 
specify what we mean by the area of an unbounded region. Consider the area [Figure 2(A)] 


under the graph of f(x) = e ~ over the finite interval [0, R]: 


R R 
[ e *dx=-—e” 
0 


=-e a 
As R — œ, this area approaches a finite value [Figure 2(B)}: 


0 
co R 
—X _ . —X = a amis —R = 
| e*dx = lim e dx= lim (1 e ) 1 


Roo Jo 


It seems reasonable to take this limit as the definition of the area under the graph over the 
infinite interval [0, oo). Thus, the unbounded region in Figure 2(C) has area 1. 


¥ J 


(A) Bounded region has area 1— e~* (B) Area approaches 1 as R > oo (C) Unbounded region has area 1 


Gj FIGURE 


4 REMINDER When we say that 
R 


jim f(x) dx does not exist, we mean 
> oO 


that the integral values do not approach 
any single real number as R —> oo. This 
includes the possibilities that 


R 
lim | f(x) dx = œ or 
R> Ja 

R 


lim | f(x)dx =—oo. 
Roo a 


2 


DEFINITION Improper Integral Fix a number a and assume that f is integrable over 
[a, b] for all b > a. The improper integral of f over [a, œ) is defined as the following 
limit (if it exists): 


oO R 
/ f(x)dx = iim, f f(x) dx 


We say that the improper integral converges if the limit exists and that it diverges if 
the limit does not exist. 
Similarly, we define 


/ f(x)dx = lim i f(x)dx 
o R—+>—oco JR 


2 


FIGURE 3 The area over [2, 00) is 
equal to 5. 


1000 2000 


FIGURE 4 The integral of f(x) = x7! over 
\— [1000, co) is infinite. 


p-integrals are particularly important 
because they are often used to determine 
the convergence or divergence of more 
complicated improper integrals by means 
of the Comparison Test (see Example 10). 
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© a 
EXAMPLE 1 Show that | = converges and compute its value. 
2 x 
Solution 
ool R dx O > A 
— = li — = lim —=x*| = lim (R) +2 
| x3 ta > x? — , A zl )+ 56 ) 
j; 1 l ) 1 
= um - — — J = — 
R>00\8 2R? 8 
We conclude that the unbounded shaded region in Figure 3 has area 7 E 
, = ax 
EXAMPLE 2 Determine whether | — converges. 
1000 x 


Solution Since the integration is from 1000 to co, we take R > 1000 and compute the 
limit as R > oo: 


2 aie : R dx ' x 
| — = lim — = lim In|x| 
1000 xX R>oo Jj000 * R-> oo 1000 
= lim 1n R —1n1000 = œ 
R->oco 


The limit is infinite, so the improper integral diverges. We conclude that the area of the 
unbounded region in Figure 4 is infinite. E 


Note that in the previous example, even though f(x) = 1/x is less than 0.001 in 
(1000, co) and is decreasing to 0, the area under the graph is infinite. Such is the some- 
what perplexing nature of improper integrals. 


CONCEPTUAL INSIGHT If you compare the unbounded shaded regions in Figures 3 and 
4, you may wonder why one has finite area and the other has infinite area. Convergence 
of an improper integral depends on how rapidly f(x) tends to zero as x —> co (or 
x —> —0oo). The previous two examples show that f(x) = x7? tends to zero quickly 
enough that the integral converges, whereas f(x) = x— does not. 

An improper integral of a power function f(x) = x~? is called a p-integral. Note 


| that f(x) = x? decreases more rapidly as p gets larger. Interestingly, our next the- 


orem shows that the exponent p = —1 is the dividing line between convergence and 
divergence. 


THEOREM 1 The p-Integral over [a,co) Fora > 0, 


qi-P 
| 2 ifp>1 
a 


xP 
diverges if p< 1 


Proof Denote the p-integral by J. Then 


R l—p |R 1—p l—p 
J = lim xP dx = lim = = jim 3 := 
R>œ J, Roo l—p|, Re-o\l—p t-p 
lsp 
If p > 1, then 1 — p < 0 and R!~? tends to zero as R > oo. In this case, J = i 
p— 


If p < 1, then 1 — p > 0 and R!~? tends to oo. In this case, J diverges. If p = 1, then 


R 
J diverges because lim x! dx = lim (lnR — Ina) = œ. a 
R>œ Ja Roo 
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FIGURE 5 Gabriel’s Horn contains a finite 
volume but has an infinite surface area. 
Therefore—paradoxically—it can be filled 
with a finite volume of paint but requires 
an infinite amount of paint to cover its 
surface. (A resolution to this paradox is 
presented in Exercise 63 in Section 10.2.) 


FIGURE 6 The integral of f(x) = xe~* 
over [0, co) is the shaded area. 


TECHNIQUES OF INTEGRATION 


EXAMPLE 3 Gabriel’s Horn is the surface obtained by rotating the graph of f(x) = L, 


for x > 1, about the x-axis (Figure 5). This surface is interesting because it contains a ~ 


finite volume but has an infinite surface area. (We verify the latter fact in Section 8.2.) 
Compute the volume contained in Gabriel’s Horn. 


Solution The volume contained in the horn is the volume obtained by rotating the area 


under the graph of f(x) = i, for x > 1, about the x-axis. We find the volume by the 


Disk Method from Section 6.3 where the radius of the disk is r = f(x) = F: 


x 


fore) œ /] 2 R 
volume =x | r* dx =f (=) dx = lim x x? dx 
1 1 X R=>œ 1 


R 
1 
= lim —ax7!| =-—x lim (3-1) =g 
R=>œ i R>œ \ R 
Therefore, the volume contained in Gabriel’ s Horn is yr. E 


A doubly infinite improper integral is defined as a sum (provided that both integrals 
on the right converge): 


co 0 Co 
/ f(x)dx = / f(x)dx + [ f(x)dx 


We can use some number other than 0 as a choice of where to split the integral, if it 
is More convenient to do so. 


co 


EXAMPLE 4 Determine if | * 
-oo 1+ x? 


cr | 0 1 | 
——~ dx = a = 
Lm Lm z+ 1 +x? j 


assuming both of these integrals converge. For the second of these, 


dx converges and, if so, compute its value. 


Solution 


OO 1 R 1 R a 
f -z4x = lim ——— dx = lim tan™!x| = lim tan”! R-O=— 
o l+x? Rodo 1+ x? Roo 9  R-0o 2 
Similarly, 
0 0 a 
ae = I Hi ean | ete TE 
Thus, since both integrals converge, 
Jorra -œ l +x? ë o lF” A E 7 


Sometimes it is necessary to use L’H6pital’s Rule to determine the limits that arise 
in improper integrals. 


OO 


EXAMPLE 5 Using L’HGpital’s Rule Calculate | xe * dx. 


0 


Solution The integral corresponds to the area in Figure 6. First, we compute the associ- 
ated indefinite integral using Integration by Parts with u = x and dv = e™ dx: 


foe dx = —xe * + / e* dx = —xe™* —e™ +C = —(x + De ™ +C 


R 


= =-(R+De Ë +1=1— 
0 


x + 1 
oR 


R 
f xe * dx = —(x + 1)je™ 
0 


In physics, we speak of moving an object 
“infinitely far away.” In practice, this 
means “very far away,” but it is more 
convenient to work with an improper 
integral. 


4 REMINDER The mass of the earth is 
M, ~ 5.98 - 10” kg 
The radius of the earth is 
re © 6.37- 10° m 
The universal gravitational constant is 


G © 6.67 - 107!! N-m?/kg? 


A newton is 1 kg-m/s? and a joule is 1 N-m. 


Escape velocity in miles per hour is 
approximately 25,000 mph. 


In practice, the word “forever” means “a 
long but unspecified length of time.” For 
example, if the investment pays out 
dividends for 100 years, then its present 
value is 


100 
| 6000c? dt ~ $147,253 
0 


The improper integral ($150,000) gives an 


approximation to this value. 
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Now, compute the improper integral as a limit using L’ H6pital’s Rule: 


Sia R+1 1 
Í xe * dx = 1 — lim = = ]—- im -z =1-0=1 m 
0 R>œ e R> @ 
ee 
L’HO6pital’s Rule 


Improper integrals arise in applications when it makes sense to treat certain large 
quantities as if they were infinite. In the next example, we determine the escape velocity 
of an object launched from Earth by assuming that the velocity is sufficient to take it 
“infinitely far” into space. 


EXAMPLE 6 Escape Velocity The earth exerts a gravitational force of magnitude 
F(r) = GM_m/r? on an object of mass m at distance r from the center of the earth. 

(a) Find the work required to move the object infinitely far from the earth. 

(b) Calculate the escape velocity ves, on the earth’s surface. 


Solution This amounts to computing a p-integral with p = 2. Recall that work is the 
integral of force as a function of distance (Section 6.5). 


(a) The work required to move an object from the earth’s surface (r = re) to a distance 
R from the center is 


l GMem , __GMem 
M 7 r 


R 


1 Lg 
= GMem (- — z) joules 


4 Te Fe 


The work moving the object “infinitely far away” is the improper integral 


ag. 1 1 GM 
GMem | “= lim GMem (— = z) = eiis 


r? R>œ > £ T 


(b) By the principle of Conservation of Energy, an object launched with velocity vo will 
escape the earth’s gravitational field if its kinetic energy im ve is at least as large as the 
work required to move the object to infinity—that is, if 


IGM, \ 1/7 
T 


Fe 


l GM 
Ta ve = a 


Fe 


Using the values recalled in the marginal note, we find that vọ > 11,200 m/s. The minimal 
velocity is the escape velocity Vese = 11,200 m/s. E 


EXAMPLE 7 Present Value of Future Income If an investment pays a dividend 

continuously at a rate of R(t) $/year and earns interest at rate r (in decimal form), then 

the present value of the dividend income, for the period from t = 0 to t = T, is given by 
T 


py= | Rte" dt. 
0 


We think of present value as the payment that we would need to receive at t = 0, 
instead of the dividend income, so that at time T the payment’s value (with accumu- 
lated interest) would be the same as the amount accumulated from the dividend income 
(with its accumulated interest). It is essentially the present worth of the income we are 
about to receive up to time 7. 

Assuming that the dividend rate is $6000/year, and the interest rate is 4%, compute 
the present value if the dividends continue forever. 


Solution Over an infinite time interval, 


CO —0.041 |T 
Py = | 6000e 700% dt = lim cal = 6000 = $150,000 
0 


T>œ —0.04 |, 0.04 


Although an infinite amount of money is paid out during the infinite time interval, the 
total present value is finite. F 
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Unbounded Functions = 
An integral over a finite interval [a,b] is improper if the integrand is unbounded. a pe 


case, the region in question is unbounded in the vertical direction. For example, E E 


is improper because the integrand f(x) = xT1/Ž tends to co as x —> 0* (Figure 7). 
Improper integrals of this type are defined as one-sided limits. 


DEFINITION Unbounded Integrands If f is continuous on [a, b) and lim fœ)= 
x—=>b- 


+00, we define 


FIGURE 7 By Example 8(a), the shaded 
region has area 6. 


b R 
| feyax= tim f fod 


Similarly, if f is continuous on (a, b] and lim TO = E00, 
xa 


b b 
| f(x)dx = lim Í f(x)dx 
a Rat JR 


In both cases, we say that the improper integral converges if the limit exists and that it 
diverges otherwise. 


Note that if there is a single point c in the interval [a,b] such that lim f(x) = ov, 
Xc 


c b 
or lim f (x) = ton, and if | f(x)dx and | f(x)dx both converge, then we define 
aaa C 


b 
f toa- f fdz + f fad 
9 1/2 
EXAMPLE 8 Calculate: (a) [ hile and (b) f ir. 
0 fx 0 x 


Solution Both integrals are improper because the integrands have infinite discontinuities 
at x = 0. The first integral converges: 


9 dx 9 9 
| ——= lim x /*@dx = lim 2x!/? 
0 ae R->0+ JR R->0O+ R 


= lim (6—2R!/*) =6 
R-~Ot 


The second integral diverges: 


se a | 
| — = lim | —= wi (in -1n 8] 
0 x R->OtF JR x R->O+ > 


1 
y =In--— Im nR=coo a 
n 2 R->0+ 
l 
~ii 
| EXAMPLE 9 Calculate f —,. 
| ae a 
Solution This integral is improper with an infinite discontinuity at x = 1 (Figure 8). 
z Therefore, we write — 
1 2 
> R l! dx 2 dx 
FIGURE 8 The unbounded shaded region T TS Mi ae 
has area 6. (x — 1)3 P CEs 1 (x-1) 
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We consider each integral individually: 


L d R d R 
f SE _=im | ———= iim 30-1)! 
Lasik Rose o Ror 0 

=~ lint SR 1)? —3(=1F = 8 
R= i- 

3) 2 d 2 
/ a J a tin 36-193 
| i —Ays R>It JR (x — 1)3 R= 1+ R 


=g- tine Se = 1)3 8 
R>1+t 
Therefore, we obtain 


2 l d 2 d 
| — =| — +| a te ri 
See Vei(eely3 | œ=) 


Theorem 2 is valid for all exponents p. 


However, the integral is not improper if 1 Ms i 
á aaa The proof of the next theorem is similar to the proof of Theorem 1 (see Exercise 52). 


p<0. 
THEOREM 2 The p-Integral over [0,a] Fora > 0, 
aP i 
a dx = if p<] 
o xe Me. , 
diverges ifp>1 
y p = 


oO 1 
GRAPHICAL INSIGHT The p-integrals / x ? dx and ii x P dx have opposite 
1 0 


behavior for p Æ 1. The first converges only for p > 1, and the second converges 
only for p < 1 (both diverge for p = 1). This is reflected in the graphs of y = x7? 
(with p > 1) and y = x 7 (with 0 < q < 1) in Figure 9. 

Since 0 <q < 1, the values of f(x) =x? are arbitrarily large near x = 0 
i decrease rapidly as x increases to 1, thereby resulting in the convergence of 


| x4 dx. However, f(x) = x74 decreases slowly to 0 as x — oo, resulting in the 
0 


co 
divergence of | x~4 dx. 


1 
The graphs for q < 1 and p > 1 switch relative positions and behaviors at the 
point of intersection (1, 1). 


Since p > 1, the values of f(x) =x? are arbitrarily large near x = 0, but 
1 


decrease slowly as x — 1, resulting in the divergence of i x P dx. On the other 


0 
S d <0 bi T d L o hand, with p > 1, Fœ) =x? decreases rapidly to 0 as x —> oo, resulting in the 


convergence of x P dx. 
FIGURE 9 l 


Comparing Integrals 


Sometimes we are interested in determining whether an improper integral converges, 
even if we cannot find its exact value. For instance, the integral 


CO ,-X 
e 
Ze 
1 X 
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cannot be evaluated explicitly. However, if x > 1, then 


1 =% 
O<—<i => O<—<e™” 
x x 


In other words, the graph of y = e™™ /x lies underneath the graph of y = e™~ for x > 1 
(Figure 10). Therefore, 


co e * oO i 
0 < i —dx < | e *dx =e 
1 1 


Converges by direct computation 


Since the larger integral converges, we can expect that the smaller integral also converges 
(and that its value is some positive number less than e~'). This type of conclusion is stated 
in the next theorem. A proof is provided in a supplement on the text’s Web site. 


FIGURE 10 There is less area under 
y =e */x than y = e* over the interval 


[1, 00). THEOREM 3 Comparison Test for Improper Integrals 


Assume that f and g are continuous functions such that f(x) > g(x) > 0 for x > a: 


OO CO 
¢ If f f(x)dx converges, then í g(x) dx also converges. 
a a 


co co 
° If [ g(x)dx diverges, then J f(x)dx also diverges. 
a a 


The Comparison Test is also valid for improper integrals of unbounded functions on a 
finite interval. 


EXAMPLE 10 Show that converges. 


í œ d 
1 V¥x?+1 
Solution We cannot evaluate this integral, but we can use the Comparison Test. To show 


convergence, we must compare the integrand (x? + 1)~!/2 with a larger function whose 
integral we can compute. 


It makes sense to compare with x—7/2 because Vx? < ~x? + 1. Therefore, 


The integral of the larger function converges, so the integral of the smaller function also 


converges: 
melas? © co dx 
mz converges = grat converges a 
s ol —_ ae 
p-integral with p > 1 Integral of smaller function 
r . 29 dx 
What the Comparison Test says (for EXAMPLE 11 Choosing the Right Comparison Does —= converge? 
nonnegative functions): 1 JX we 
«If the integral of the larger function Solution Since ./x > 0, we have ./x + e** > e°, and therefore, 
converges, then the integral of the smaller 
function also converges. — pe < i 
+ If the integral of the smaller function f/x He T e 
diverges, then the integral of the larger 
function also diverges. Furthermore, 


co dx oer .. & l 
/ oar = lim =ze 3x} — lim ze — eX) = a (converges) 


FIGURE 11 The divergence of the integral 
of the larger function says nothing about 
the integral of the smaller function. 
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Our integral converges by the Comparison Test: 


/ ea => f ae: also conve 
a converges a ar a SOC rges 
— Veal Å Å— m 
Integral of larger function Integral of smaller function 


Had we not been thinking, we might have tried to use the inequality 
1 1 
SE 
Sx + e3% ~ Jx 
9 at... À ; ' 
However, J EE diverges (p-integral with p < 1), and this says nothing about the 
1 x 
integral of the smaller function (Figure 11). E 


0.5 
NOP: — d 
EXAMPLE 12 Endpoint Discontinuity Does l ~~, converge? 
0 FTI 


1 
Solution This integrand has a discontinuity at x = 0, since lim —~——5 = +00. 
x>0t x° +x 
We might try the comparison 


1 1 
8 2 2 

x +x” >x => — < — 
x84 x2 x? 


0.5 d 
However, the p-integral | = diverges, so this says nothing about the integral involv- 
0 X 


ing the smaller function. But notice that if 0 < x < 0.5, then xê < x?, and therefore, 


1 1 


8 2 2 
x? +x" < 2x > ——~> — 
x84 x2 2x2 


0.5 dx 0.5 dx 
Since — diverges, —— also diverges. a 
f, gyx diverges, | za a alo divers 


7.7 SUMMARY 


* An improper integral is defined as the limit of definite integrals: 


co R 
ji f(x)dx = dim f f(x)dx 


The improper integral converges if this limit exists, and it diverges otherwise. 
¢ If f is continuous on [a, b) and ons f(x) = +œ, then 
xD” 


b R 
dx = lim 
J f(x) dx ïm f f(x)dx 
e If f is continuous on [a,b] and lim f(x) = too or lim f(x) = zoo, where a < 
> a Soi xX—>C 


c b 
c < band if / f(x) dx and | f(x)dx converge, then 
a G 


[ f(x)dx = [ fdz f sonar 


* An improper integral of x`? is called a p-integral. For a > 0, 
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diverges 


diverges converges 


converges and 7 


d 

xP 
“dx 
0 xP 


"aa 
pe — both diverge 
0 x 


¢ The Comparison Test: Assume that f and g are continuous functions such that f(x) > 
g(x) > 0 for x > a. Then 


OO OO 
If | f(x)dx converges, then / g(x) dx converges. 
a a 


If fa x)dx diverges, then [10 f(x)dx diverges. 


¢ Remember that the Comparison Test provides no information if the integral of the 
larger function diverges or if the integral of the smaller function converges. 


¢ The Comparison Test is also valid for improper integrals of functions with infinite 
discontinuities at an endpoint of the integral. 


7.7 EXERCISES 


Preliminary Questions 


‘ r b 
1. State whether each of the following integrals converges or diverges: 3. Find a value of b>O that makes i dx an improper 
Ss 1 ox —4 
(a) il x dx (b) f x3 dx integral. 
| 0 
oo I 4. Which i h eee ? 
(c) i) x23 dy (d) i 1723 dx s ch comparison would show that : — converges? 
1 0 
x/2 5. Explain why it is not possible to draw any conclusions about the con- 
e 5 A Loe] e co 
2. Is f cotx dx an improper integral? Explain. vergence of |5 — dx by comparing with the integral [ a. 
1 x 
ae j 
Exercises 
1. Which of the following integrals is improper? Explain your answer, 3. Prove that / T x723 dx diverges by showing that 
but do not evaluate the integral. l 
2 
dx co ae a R 
(a) i Pac) (b) j x02 (c) L e * dx tim | x2 dx = œ 
1 n 00 
(d) e *dx (e) i sec x dx (f) f sin x dx 
0 0 0 3 


4. Determine whether i 


dx 
» Gua converges by computing 


1 dx 00 
(h) f — (i) J In x dx 
(j) i lnx dx i f R dx 
lim — ao 
0 R>3—- Jo (8 —x)3/2 


2. Let f(x) = x743. 
In WE 5-40, determine whether the improper integral converges 


R 
(a) Evaluate | f(x)dx. and, if so, evaluate it. 
l 
(b) Evaluate f f(x)dx by computing the limit ` Ji x 19/20 oh 20/19 
1 
R 
4 
lim ! f@)dx n f° amoy n E 
B 20 £f 


Ko Me 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


27 


31. 


33. 


35. 


37. 


39. 


41. 


(a) 


5 dx 10 5 dx 
| 20/19 Jo x 19/20 
[ dx DA a dx 
= "Js & — 57? 
oo O ds 
-3 14. if ee 
l x AX ME Re DS 
ae dx 2 Ix 
Sa 16. on 
D TET i j, Dg 
1 fo) 
i = 18. i x Vax 
ee 2 
OO CO 
| e~* dx 20. Í e” dx 
4 4 
0 2 dx 
3x 
d 22. — 
B Š f @ —1P 
f dx m [ dx 
1 /3—x "J @& +2)! 
CO 0 
| di 26. f xe * dx 
o IFz —00 
9 xdx 38 [ x dx 
r 0 (1 + x2)2 Í 30 NAS 3 
CO 0 
i | xe” dx 30. i x e dx 
0 —0O 
f dx 32 f ev™ dx 
0 V9—x?2 Dit Se 
0 ev dx j 
34. f sec 0 d@ 
| NE 0 
oo x /2 
Í sin x dx 36 tan x dx 
0 0 
1 2 d 
Í In x dx 38. J A 
0 1 #lnx 
1 in © In 
1 =~ dx 40. i — ax 
0 xX 1 x 
(> $] 
ere | ge 
4 \f"2@—3) 


Show that for R > 4, 


R dx R-3 1 
[tis HS 
4 (« -—2)(x —3) R-2 2 


(b) Then show that J = In2. 


42. 


~ 8 


Ad. 


dx 


Oo 
Evaluate the integral J = / — 
1 Bl OA T 5) 


1 
dx 
. Evaluate Í ——— or state that it diverges. 
I E S) E 


dx 
Evaluate -— or state that it diverges. 
Í (x +3)X(x + 1)? 5 
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In Exercises 45-48, determine whether the doubly infinite improper 
integral converges and, if so, evaluate it. Use definition (2). 


00 d oo 
45. | 2s 46. Í el dx 
-o 1+ x? a= 
oO oO dx 
—x? 
47. [ dx 48. - Ga pie D7 
l dx A 
49. Determine whether i -y3 COnverges and, if so, to what. 
= X 
CO 
50. Consider the integral | x ax. 
—co 


(a) Show that it diverges. 


R 
(b) Show that a | x dx converges, thereby demonstrating that the 
>00 J R 


co 
definition of | f(x) dx needs to be adhered to carefully. 
—co 
co 
51. For which values of a does J e™* dx converge? 
0 
l dx s . ’ 
52. Show that =F converges if p < 1 and diverges if p > 1. 
0 


l 
53. Sketch the region under the graph of the function f(x) = ie 
x 
for —co < x < oc, and show that its area is 7. 


l 1 
54. Show that ———— < — for all x, and use this to prove that 
pi at 


Í Eee onverges 
—= cC ges. 
1 vxí+l 
CO dx (2,9) 
55. Show that / + converges by comparing with / eda 
1 x? +4 1 


œ 


dx S 
56. Show that Í z3 L4 converges by comparing with [ 2x7 dx. 
2 > 2 


57. [4 Show that 0 < e77? < e™ for x > 1 (Figure 12). Use the Com- 


oO 
l ag? : 
parison Test to show that e * dx converges. Hint: It suffices (why?) 


0 
to make the comparison for x > 1 because 


fo ¢) 1 oo 
f e- dye [ en? dx + f e`” dx 
0 0 l 


FIGURE 12 Comparison of y = e™ l and y= e, 
(0e) 2 CO 
58. Prove that | e-* dx converges by comparing with | el dx 
—-6O — 
(Figure 12). a 


œ 1 — sin 
59. Show that f — dx converges. 
l 
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a 


60. Leta > 0. Recall that lim Terg (by Exercise 67 in Section 4.5). 
x—>œ lnx 


(a) Show that x° > 21n x for all x sufficiently large. 
(b) Show that e~*" < x~? for all x sufficiently large. 


oO 
(c) Show that f e* dx converges. 
1 


In Exercises 61-75, use the Comparison Test to determine whether or not 
the integral converges. 


61 myl 4 62 T dx 
f Veyi Ji GP +22 +4)! 


œ dx 5 dx 
: 64. ace Oe 
= i Jx—-1 Í AE E 


1 a 
66. f) [Ss 
0 


JX 
| E 
a. | =a ax 68 ) Mune x 
1 1 œ jinx 
3 d 70. Í - dx 
o o x44+./x ı sinhx 


e d 
2| -e 
1 yA p 


a. [ oe 74 T p 
5) (8x2 + x473 "fi @tx2)1h 


1 
75, f _ ax 
0 xe +x? 
Hint for Exercise 74: Show that for x > 1, 
1 o 1 
(x + x2)!/3 — 91/3x2/3 
Hint for Exercise 75: Show that for 0 < x < 1, 
1 1 


= o a 
xeX¥+x2 ~ (e+ 1)x 


76. Use the i eae Test to determine for what values of p this inte- 


gral converges: ir 


xP on 


[o @) 
77. Consider l PE.: 
o xl/2@œ +1) 


[ dx "i dx 
o x(x +1) 1 xxt 


Use the Comparison Test to show that the integral converges. 


as the sum of the two improper integrals 


(2s) d 
78. Determine whether f = (defined as in Exercise 77) con- 
0 


verges. ar 1) 


79. An investment pays a dividend of $250/year continuously forever. If 
the interest rate is 7%, what is the present value of the entire income stream 
generated by the investment? 


80. An investment is expected to earn profits at a rate of 10,000e%2"" dol- 


lars per year forever. Find the present value of the income stream if the 
interest rate is 4%. 


81. Compute the present value of an investment that generates income 


at a rate of 5000te9-°!" dollars per year forever, assuming an interest 
rate of 6%. 


82. Find the volume of the solid obtained by rotating the region below the’ 
graph of y = e`% about the x-axis for 0 < x < 00. 


83. When a capacitor of capacitance C is charged by a source of 
voltage V, the power expended at time t is 


(e7t/RC _ 9-2/RC) 


y2 
P(t) = R 


where R is the resistance in the circuit. The total energy stored in the 
capacitor is 


o0 
w= | P(t)dt 
0 


Show that W = 5CV?. 

84. Let f(x) = e789" (1 + sin x). 

(a) (GU) Obtain a plot of f(x) for 0 < x < 20, and discuss the behavior 
of the function for positive and increasing x. 

(b) | i f(x)dx is the area above the positive x-axis and under the 
infinitely many “humps” of the graph of f. Compute this area. 


85. Compute the volume of the solid obtained by rotating the region below 
the graph of y = e #I/ 2 about the x-axis for —0o < x < 00. 


1/2 


o x(inx)P 


87. Conservation of Energy can be used to show that when a mass m 
oscillates at the end of a spring with spring constant k, the period of 
oscillation is 


converge? 


86. For which integers p does 


, af 2E/k Ax 
rT tifa i a AE 
0 V2E — kx? 


where ŒE is the total energy of the mass. Show that this is an improper 
integral with value T = 27./m/k. 


In Exercises 88-91, the Laplace transform of a function f is the function 
Lf (s) of the variable s defined by the improper integral (if it converges): 
OO 
Lf(s)= [ f(xje—™ dx 
0 


Laplace transforms are widely used in physics and engineering. 


88. Show that if f(x) 
s > 0. 


= C, where C is a constant, then £ f(s) = C/s for 


89. Show that if f(x) = sinax, then £ f(s) = ——. 
S a 


90. Compute £ f(s), where f(x) = e® and s > a. 
91. Compute C f(s), where f(x) = cosax ands > 0. 


92. EA J When a radioactive substance decays, the fraction of atoms 


present at time ¢ is f(t)=e-*', where k>0 is the decay constant. 
It can be shown that the average life of an atom (until it decays) is 


A=-— [i tf’(t) dt. Use Integration by Parts to show that A = g (t)dt 


and compute A. What is the average decay time of radon-222, whose half- 
life is 3.825 days? 


93. (FF Lets =| x” e ™ dx, where n > | is an integer and a > 0. 


Prove that 


n 
Jn — = Jn-1 
a@ 


and Jo = 1/a. Use this to compute J4. Show that J, = n/a"*?, 


Me 


ba 


ae 


wW n 


x 
ex —] 


44, Leta > Oandn > 1. Define f(x) = for x # Oand f(0) = 0. 
(a) Use L’HO6pital’s Rule to show that f is continuous at x = 0. 


OO 
(b) Show that f(x) dx converges. Hint: Show that f(x) < 2x"e~™ 
0 
if x is large enough. Then use the Comparison Test and Exercise 93. 
95. AM According to Planck’s Radiation Law, the amount of electro- 


magnetic energy with frequency between v and v + Av that is radiated by 
a so-called black body at temperature T is proportional to F(v) Av, where 
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8h v? 
BWS ( a ) phvfkT — |] 


where c, h, k are physical constants. Use Exercise 94 to show that the total 
radiated energy 


e= | F(v) dv 
0 


is finite. To derive his law, Planck introduced the quantum hypothesis in 
1900, which marked the birth of quantum mechanics. 


Further Insights and Challenges 


1 
x? Inx dx. 


0 
(a) Show that the integral diverges for p = —1. 


(b) Show that if p # —1, then 
xPtl 1 
ptt (nx - —) +C 


J xP? Inxdx = 
(c) Use L’H6pital’s Rule to show that the integral converges if p > —1 
and diverges if p < —1. 


96. Consider f 


97. Let 
* dt x 
FO) = — and G(x) = — 
2 Int In x F(x) 
nael ! PES x 
Verify that L’H6pital’s Rule applies to the limit L = im, Gx) Ge) and 


evaluate L. 


oo 
In Exercises 98-100, an improper integral | f(x)dx is called 
a 


i @) 


absolutely convergent if | | f(x)| dx converges. It can be shown that 


a 
if an integral is absolutely convergent, then it is convergent. 
© sin x h 
98. Show that —z dx is absolutely convergent. 
1 x 
oer ee 
99. Show that | e * cosx dx is absolutely convergent. 
1 


co 
100. Let f(x) = sinx/x and consider f(x) dx. We define f(0) = 1. 
0 
Then f is continuous and the integral is not improper at x = 0. 


(a) Show that 
cos x |Ë Í R cosx 
— 5 dx 
1 1 & 


R e 
Sin Xx 
Í — dx =- 
1 XG Xx 


(cos x/x?) dx converges. Conclude that the limit as 


(b) Show that 
R — œ of the integral in (a) exists and is finite. 
oO 


(c) Show that f f(x)dx converges. 
0 


It is known that J = 5. However, the integral is not absolutely convergent. 
The convergence depends on cancellation, as shown in Figure 13. 


FIGURE 13 Convergence of fy" (sin x/x)dx is due to the cancellation 
arising from the periodic change of sign. 


101. The gamma function, which plays an important role in advanced 
applications, is defined for n > 1 by 


Cc 
P(n) = f fe er 
0 


(a) Show that the integral defining ['(n) converges for n > 1 (it actually 
converges for all n > 0). Hint: Show that t?~'e~' < t7? for t sufficiently 
large. 


(b) Show that T(n + 1) = nI (n) using Integration by Parts. 


(c) Show that T(n + 1) =n ifn > 1 is an integer. Hint: Use (b) repeat- 
edly. Thus, (7) provides a way of defining n-factorial when n is not an 
integer. 


102. Use the results of Exercise 101 to show that the Laplace transform 


(see Exercises 88-91 above) of x” is ie: 
gntl 


7.8 Numerical Integration 


eee ee 
Numerical integration is the process of approximating a definite integral using well-chosen 
sums of function values. It is needed when we cannot find an antiderivative explicitly, as 
in the case of the Gaussian function f(x) = eW*'/2 (Figure 1). 


In Section 5.1, we saw that we can approximate a definite integral by Splitting the 


interval of integration [a, b] into N subintervals, each of size Ax. Then we take the value 


FIGURE 1 Areas under the graph of 
2 

y =e*'/2 are approximated using 

numerical integration. 


of the function at each left-hand endpoint, multiply that by the width of the interval Ax, 
and sum over the intervals. This approximation is known as the left-endpoint approxima- 
tion. Similarly, we saw a right-hand approximation. The third method that we introduced 
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in that section, which we reconsider here, uses the midpoints of the intervals, and usuall. 
gives a better approximation. 


ee 


The Midpoint Rule 


b 
To approximate the definite integral f(x) dx, we fix a whole number N and divide 
a . ` 
[a,b] into N subintervals of length Ax = (b — a)/N. The endpoints of the subintervals 
are 
A 
| 
i 
| | 
i | 
l ' | 
l I H 
1 l 1 [ 
l l i N I 
i l i i Ax l / 
1 | T A Y | 
a = E. x 
a à %4 Xj-1 Gj xj b a Xj-1 Cj xj b 
(A) My is the sum of the areas (B) My is also the sum of the areas 
FIGURE 2 Two interpretations of My. of the midpoint rectangles. of the tangential trapezoids. 
The methods in this section apply for The midpoint approximation My is the sum of the areas of the rectangles of height 
general integrable functions f. For f (cj) and base Ax, where c; is the midpoint of the interval [x j-1, xj] [Figure 2(A)]. Note_ _ 
simplicity in the development of the that the midpoint of [xj-1.x)] is iat Es a+ G—NAx sb teh AD. a= Lax, antl 


methods, we assume that the values of 
f(x) are positive so that we can describe 
constructions and computations in terms of 
areas of rectangles, trapezoids, and other 
regions. 


therefore c; =a+(j — 5)Ax. 


b 
Midpoint Rule The Nth midpoint approximation to / f(x) dx is 
a 


My = Ax(f(ci) + f(co) +--+ + f(en)) 


erg 


and cj = a + (j — 4) Ax is the midpoint of [xj—1, xj]. 


where Ax = 


= GRAPHICAL INSIGHT My has a second interpretation as the sum of the areas of tan- 
gential trapezoids—that is, trapezoids whose top edges are tangent to the graph of f 
at the midpoints c; [Figure 2(B)]. The trapezoids have the same area as the rectangles 
because the top edge of the trapezoid passes through the midpoint of the top edge of 
the rectangle, as shown in Figure 3. 


Am] 


With subinterval endpoints a = xọ, x),x2,....x = b, for a function f, we denote 
the function value f(xj) by y; throughout the remainder of the section. 


Z 


Xj-1 G Xj 


FIGURE 3 The rectangle and the trapezoid The Trapezoidal Rule 
have the same area. 


b 
The Trapezoidal Rule Ty approximates J f(x)dx by the area of the trapezoids ka 


a 
obtained by joining the points (x9, yo), (x1, y1), ..-, (xN, yn) with line segments, as in 
Figure 4. The area of the jth trapezoid is 5 Ax(y j—-1 + yj), and therefore, 


a = Xo Xi 


FIGURE 4 Ty approximates the area 


under the graph by trapezoids. 


FIGURE 5 The shaded trapezoid has 


area 5Ax(Yj-1 + yj). This is the average 
of the areas of the left- and right-endpoint 


rectangles. 


FIGURE 6 Division of [1,3] into N = 8 


subintervals. 


TABLE 1 
TN 


0.4624205 
0.4630759 
0.4632855 
0.4632920 
0.4632942 
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1 1 1 
Ty = 5Ax00 + yi) + 5 Ax yE y Gage st yn) 
1 
Sga (Oo + y1) + O71 + 2) + -+ OW-1 + yv)) 
Note that each value y; occurs twice except for yo and yw, so we obtain 


1 
i — 5 Ax(yo +2y, + 2y2 +- +2YyN-1 + yw) 


Ty approximates the integral for any f that is integrable over [a, b], so we have the 
following integral-approximation rule: 


b 
Trapezoidal Rule The Nth trapezoidal approximation to f f(x)dx is 
a 


l 
Ty = 5 Ax (yo + 2y1 +-+-+2yn_1 + yy) 


b-a 


where Ax = and y; = f (xj). 


CONCEPTUAL INSIGHT We see in Figure 5 that the area of the jth trapezoid is equal to 
the average of the areas of the endpoint rectangles with heights y;_, and yj. It follows 
that Ty is equal to the average of the right- and left-endpoint approximations Ry and 
Ly introduced in Section 5.1: 


1 
Ty = 5 (Rw + Ly) 


In general, this average is a better approximation than either Ry alone or Ly alone. 


3 
EXAMPLE 1 Calculate Tg for the integral J sin(x*)dx. Then use a computer 
1 
algebra system to calculate Ty for N = 50, 100, 500, 1000, and 10,000. 


Solution Divide [1,3] into N = 8 subintervals of length Ax = =i = i. Then sum the 


function values at the endpoints (Figure 6) with the appropriate coefficients: 


ie a! 
Ts = 5 (3) [ sin(17) + 2 sin(1.25) + 2 sin(1.5*) + 2 sin(1.75°) 


+ 2 sin(2°) + 2 sin(2.25*) + 2 sin(2.5) + 2 sin(2.75”) + sin(3*)] 
= 0.4281 


In general, Ax = 3 — 1)/N = 2/N and x; = 1+2j/N. In summation notation, 


T =} (2) [a2 Es 1 2j\" in(3? 
N=3 N sin sin (+) + sin(3~) 


j=l 


Sum of terms with coefficient 2 


3 
We evaluate the inner sum on a CAS. The results in Table 1 suggest that Í sin(x?) dx 
is approximately 0.4633. i fe 
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In the Error Bound, you can let Kz be the 
maximum of | f” (x)| on [a,b], but if it is 
inconvenient to find this maximum exactly, 
take K> to be any number that is definitely 
larger than the maximum. 


FIGURE 7 My and Ty are more accurate 
when | f”(x)| is small. 


Midpoints 1.25 295. 3.35 
po ise OS T ue 
I i 


teI 
Endpoints 1 15 2 25 3 35 4 


FIGURE 8 Interval [1,4] divided into N = 6 


subintervals. 


Error Bounds 


In applications, it is important to know the accuracy of a numerical approximation. 
We define the error in My and Ty by 


error(My,) = : error(Ty) = 


b 
/ f(x)dx — Ty 


b 
f f(x)dx — Mn 


According to the next theorem, the magnitudes of these errors are related to the size of 
the second derivative f’(x). A proof of Theorem 1 is provided in a supplement on the 
text’s Web site. 


THEOREM 1 Error Bound for My and Ty Assume f” exists and is continuous. 
Let Kz be a number such that | f”(x)| < K2 for all x in [a, b]. Then 


K2(b — a) K2(b — ay 


error(Mw) < error(Ty) < 


24N? ’ 12N2 


GRAPHICAL INSIGHT Note that the Error Bound for My is one-half of the Error Bound 
for Ty, suggesting that My is generally more accurate than Ty. Why do both Error 
Bounds depend on f”(x)? The second derivative measures concavity, so if | f” (x)| is 
large, then the graph of f bends a lot and trapezoids do a poor job of approximating 
the region under the graph. Under such a circumstance, the errors in both Ty and My 
(which uses tangential trapezoids) are likely to be large (Figure 7). 


y y =f) r ‘il 


Trapezoidal error Trapezoidal error 


Midpoint error 
| Midpoint error 


l 
| 
i 
l 
I 
| 
] 
C: 


| 
l 
I 
l 
! 
i 
l 
| 
| 
| 
l 
I 
i x; 


l 
! 
l 
i 
l 
' 
l 
| 
Xi-1 c Xi Xj-1 


(A) f(x) is larger and the errors are larger. (B) f(x) is smaller and the errors are smaller. 


4 
EXAMPLE 2 Checking the Error Bound Consider the integral | f/x dxi 
1 


(a) Calculate Me and Te for the integral. 

(b) Calculate the Error Bounds. 

(c) Calculate the integral exactly and verify that the Error Bounds are satisfied. 
Solution 

(a) Divide [1,4] into six subintervals of width Ax = “41 = 4. Using the endpoints and 
midpoints shown in Figure 8, we obtain 


1 
Ms = = (v 1.25 +415 + V2.25 + V2.75 + 325 + v3.75) ~ 4.669245 


1 
(5) (vi +2/15 +242 424015 + 29/9 a a v4) ~ 4.661488 


a T 
a 9 


~~” 


Max on [1, 4 
= [1, 4] 


pl 


| 
| 
l 
; X 
l 4 
FIGURE 9 Graph of y = "a= gx 3/2 
for f(x) = or 


in Example 2, the actual error in Tę is 
approximately twice as large as the error in 
Mg. in practice, this is often the case. 


A quick way to find a value for K> is to plot 
f" using a graphing utility and find a 
bound for | f” (x)| visually, as we do in 
Example 3. 


FIGURE 10 Graph of the second derivative 
of fx) = ent 
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(b) Let f(x) = ./x. We must find a number K2 such that | f”(x)| < K2 for 1 <x <4. 
We have f(x) = —4x~/*. The absolute value | f”(x)| = ix ~7/* is decreasing on 
[1,4], so its maximum occurs at x = 1 (Figure 9). Thus, we may take K2 = | f"(1)| = i. 


By Theorem 1, 
K,(b-ay 74-1" 1 


a geek E 
error(Me) < FAN? 24(6)2 128 
Kyb-a _ 44-1 
pe Oe GSS 
error(T¢) < 12N2 12(6)2 64 


4 14 
= 7 so the actual errors are 


f 2 
(c) The exact value is / x dx= , x3/2 
I 1 


error(M.) ~ $ — 4.669245 zæ 0.00258 (less than Error Bound 0.0078) 


error( Te) © 


< — 4.661488 æ 0.00518 (less than Error Bound 0.0156) 
The actual errors are less than the Error Bound, so Theorem 1 is verified. E 


The Error Bound can be used to determine values of N so that My or Ty approxi- 
mates an integral to a given accuracy. 


EXAMPLE 3 Obtaining the Desired Accuracy Find N such that Ty approximates 
3 


e™* dx with an error of at most 1074. Then, for this value of N, use technology to 


0 
determine Ty and discuss the resulting integral approximation. 


Solution Let f(x)= e*" To apply the Error Bound, we must find a number K3 such 
that | f”(x)| < K2 for all x € [0,3]. We have f'(x) =—2xe-*" and f(x) = (4x? —2)e7*’. 
A graphing utility was used to plot f” (Figure 10). The graph shows that the maximum 


value of | f” (x)| on [0, 3] is | £”(0)| = | — 2| = 2, so we take K2 = 2 in the Error Bound: 
Kxb-ay 23-07 9 

Ty) < A = n = —— 

ames e I2N2 2N2 


The error is at most 10~* if 


9 9 x 104 
whe eta N2 > 
IN? =! od a 


We conclude that T213 has an error of at most 1074. 
A CAS shows that T213 œ% 0.8862. Since the error is at most 1074, we can infer 
3 


that the actual value lies between 0.8861 and 0.8863, and therefore, [ er dx ~ 0.886, 
0 


accurate to three decimal places. a 


Simpson’s Rule 


As we have seen, the Midpoint Rule uses trapezoids that are tangent to the curve to 
approximate the area under the curve. The Trapezoidal Rule uses trapezoids with vertices 
on the curve to approximate the area. In both cases, the top edge of each trapezoid is a 
line segment. One might wonder whether we could do better using some other curve at 
the top of each region. In Simpson’s Rule, we replace the line segments with parabolas, 
allowing us to obtain an approximation that is usually substantially more accurate. 

To begin, we again subdivide [a, b] into N subintervals, each of length Ax = a 
However, we require N to be even. Then we pair up the resulting intervals, [xo, x1} with 
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[x1, x2], [x2, x3] with [x3, x4], and so on. For each pair of intervals, we find a parabola 

that passes through the three points on the curve associated with the endpoints of the two = 
intervals, as in Figure 11. Then we take the sum of the areas that are under the parabolas 

and over the corresponding intervals to approximate the area under the curve. 


FIGURE 11 Approximating the area 
under the curve using parabolas (blue, 
through Po, P1, P2; green, through 

P2, P3, P4; orange, through P4, Ps, Pe). 


Our goal is to develop an approximation formula that, like the Trapezoidal Rule, 
expresses the approximation in terms of the function values, y; = f(x;), at the subin- 
terval endpoints. We begin with the case of a pair of intervals [—Ax,0] and [0, Ax] 

P(O, y1) centered around the origin. We assume that the corresponding three points on the curve 
are Po(— Ax, yo), Pı(0, y1), and P2(Ax, y2). See Figure 12. 
Recall that the general equation for a parabola is y = Cx? + Dx + E for constants 


POE C, D, and E. The area that is under the parabola and above the two intervals [- Ax, 0] 
and [0, Ax] is obtained by integrating: 
P (Ax, y2) A 3 2 Ax pas 
Cx Dx 
= Gx Dr 4 Bas = a E 
area J m E TLT X 3 + J + EX i 
x 

C(Ax) Ax > 

= ( me: gax) = = 2C(Ax)? + 6E) [2] 


FIGURE 12 Finding the area under the 

parabola over the interval [-Ax, Ax]. We want to express this area in terms of the values yo, y;, and y2. Because the parabola 
must pass through the three points Po, P1, and P2, we know the coordinates of each must 
satisfy the equation of the parabola. Hence, we obtain the three equations: 


yo = C(Axy —DAx+E 
y SE 
y= C(Ax)}? + DAx+E 


Multiplying the middle equation through by 4 and then adding the three equations 
yields 


yo + 4y1 + y2 = 2C(Axy* + 6E 


Thus, from Eq. (2) it follows that the area under the parabola is SX (yo + 4y; + y2). 

This area depends only on the y-coordinates of the three points, so we obtain a similar 
expression if we site the parabola over any of the subsequent pairs of adjacent subinter- 
vals. Therefore, we can approximate the area under the curve by 


Ax Ax Ax 
g +4yı + y2) + “302 + 4y3 + ya) +--+ "3 O-2 + 4yn—1 + yn) 


ow 


Simplifying, we obtain the following approximation formula that is valid for any function 
f that is integrable over [a, b]: 


1 A eo Be 


o o aaa aui amaaa 
2 PPS 25 255 3 325 35 379 4 


No 
FIGURE 13 Coefficients for Sg on [2, 4] 


shown above the corresponding endpoint. 


The accuracy of Simpson’s Rule is 
impressive. Using a computer algebra 
system, we find that the approximation in 
Example 4 has an error of less than 

3x 107°, 


12345678910 


~ FIGURE 14 Velocity of a Piper Cub. 


= 


SECTION 7.8 Numerical Integration 459 


b 
Simpson’s Rule For N even, the Nth approximation to | f(x)dx by Simpson’s 
a 


Rule is 


1 
SN = z Ax[yo +4y1 +2y2 +--+ + 4yn—3 + 2yN—2 + 4yn-1 + yw] | 3 | 


En 
where Ax = — S and y; = f (xj). 


As mentioned previously, we derived the approximation rules in this section in the 
case f(x) > 0 in order to make it easier to picture the computations in terms of area. 
The Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule apply to any integrable 
function. 


CONCEPTUAL INSIGHT Comparing Simpson’s Rule to the Midpoint Rule and the Trape- 
zoidal Rule, we see that Simpson’s Rule is a linear combination of the other two rules. 
That is to say, Simpson’s Rule is given by Sy = <M N/2 + TN /2- When a function is 
always concave up or always concave down, the value of the actual integral is sand- 
wiched between My 2 and 7/2. So a linear combination of the two should do better 
in this and many other cases. That M@y/2 is more heavily weighted in the linear combi- 
nation is advantageous, as we have seen its Error Bound is half that of Ty 2. 


4 
EXAMPLE 4 Use Simpson’s Rule with N = 8 to approximate [ V¥14+x3dx. 
2 
Solution We have Ax = —= = L, Figure 13 shows the endpoints and coefficients 


needed to compute Sg using Eq. (3): 


l 
=; (3) [V1 +2 4+ 4V1 + 2.253 + 2714 2.53 +471 + 2.753 +2V1 +33 
+41 + 3.253 +2V 1 +3.53 +4V1 +3.75? +7144] 


1 
X 1 [3 + 4(3.52003) + 2(4.07738) + 4(4.66871) + 2(5.2915) 
+ 4(5.94375) + 2(6.62382) + 4(7.33037) + 8.06226] = 10.74159 a 


EXAMPLE 5 Estimating Integrals from Numerical Data The velocity (in kilometers 
per hour) of a Piper Cub aircraft traveling due west is recorded every minute during the 
first 10 minutes after takeoff. Use Simpson’s Rule to estimate the distance traveled. 


rom Toot[2[s]4][s[el7[ele lw 
CO dant) | 0 | 80 | 100 | 28 | 1a | 16) | 152 | 196 | 108 | 120 | 96 


Solution The distance traveled is the integral of velocity. We convert from minutes to 


hours because velocity is given in kilometers per hour, and thus we apply Simpson’s 
Rule, where the number of intervals is N = 10 and each interval has length At = & h: 


1 
Sio = (5) (5) (0 + 4(80) + 2(100) + 4(128) + 2(144) + 4(160) 
+ 2(152) + 4(136) + 2(128) + 4(120) + 136) © 20.4 km 
The distance traveled is approximately 20.4 km (Figure 14). | 


We now state (without proof) the Error Bound for Simpson’s Rule. Set 


error( Sy) = 


Sn(f)dx 
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Although Simpson's Rule provides good 
approximations, more sophisticated 
techniques are implemented in computer 
algebra systems. These techniques are 
studied in the area of mathematics called 
numerical analysis. 


The error involves the fourth derivative, which we assume exists and is continuous. 


| THEOREM 2 Error Bound for Sy Let K4 be a number such that | f(x)| < K4 for 


all x € [a,b]. Then 


K4(b — ay 
180N4 


error(Sy) < 


a] 
EXAMPLE 6 Calculate Sg for | — dx. 
12 


(a) Find a bound for the error in Sg. 
(b) Find N such that Sy has an error of at most 10~©. Then, for this value of N, use 
technology to determine Sy and discuss the resulting integral approximation. 


Solution The width is Ax = Sgt = t and the endpoints in the partition of [1,3] are 
1, 1.25, 1.5,... ,2.75,3. Using Eq. (3) with f(x) = x—!, we obtain 
A a a a S r 
"=a WIL L15 5" 1s 2° 905 25 3p 3 
z% 1.09873 
(a) The fourth derivative f(x) = 24x77 is decreasing, so the max of | f(x)| on [1, 3] 
is | f(1)| = 24. Therefore, we use the Error Bound with K4 = 24: 
Ky(b—ay 243-1) 64 
180N4 ~=—- 180N4  15N4 
K4(b—a)? 243-1) 
180(8)* 18084) 
(b) The error will be at most 10~° if N satisfies 


error( Sy) < 


error(Sg) < = 0.001 


<10 
15N4 7 


error(S,) = 


In other words, 


64 6. 1/4 
N* > 10° ($) or N> (5) ~ 45.45 


Thus, we may take N = 46. Using technology, we find that S45 ~ 1.098612, and there- 
3 


1 
fore, we can conclude that | — dx ~ 1.098612 with an error less than 10~°. 


12 
The value of the integral is In3, and therefore, we have determined In3 ~ 1.098612 
with an error less than 1076. a 


7.8 SUMMARY 


b 
* We consider three numerical approximations to / f(x)dx: the Midpoint Rule My, 
a 
the Trapezoidai Rule Ty, and Simpson’s Rule Sy (the latter for N even). 


My = Ax(f(c1) + f(c2)+---+ f(ew)) (<j =0+(-3) Ax) 


1 
Ty = 5 Ax(yo + 2y1 +2y2 +--+ + 2yn—1 + yw) si 


1 
SN = zAx[yo +4y1 +2y2 +--+ + 4yn—3 + 2yn_2 + 4yn-1 + yn | 
where Ax = (b —a)/N and yj = f(a + j Ax). 
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e My has two geometric interpretations; it may be interpreted either as the sum of the 
areas of the midpoint rectangles or as the sum of the areas of the tangential trapezoids. 

* Ty is equal to the sum of the areas of the trapezoids obtained by connecting the points 
(xo, Yo), (x1, Y1), - - - , (XN, yn) with line segments. 

e Sy is equal to 4TN/2 + 2Mw/2- 


¢ Error Bounds: 


error(My) < 


—ay K2(b — a)? 
24N2 ’ 


K4(b — ay 


error( Sy) < 180N4 


error(Ty) < Tanz”? 


where K> is any number such that | f”’(x)| < K2 for all x € [a, b] and K4 is any num- 
ber such that | fO (x)| < K4 for all x € [a,b]. 


7.8 EXERCISES 


Preliminary Questions 


1. What are 7; and 7> for a function on [0,2] such that f(0) = 3, 
f) = 4, and f (2) = 3? 


2. For which graph in Figure 15 will Ty overestimate the integral? What 
about My? 


y =f) y = g(x) 


FIGURE 15 


3. How large is the error when the Trapezoidal Rule is applied to a linear 
function? Explain graphically. 


4. What is the maximum possible error if T4 is used to approximate 


[rea 


where | f”(x)| < 2 for all x. 


5. What are the two graphical interpretations of the Midpoint Rule? 


Exercises 


In Exercises 1-4, calculate My and Ty for the value of N indicated and 
compare with the actual value of the integral. 


3 4 
1. [ as. N=4 2. [ vas. N=4 
1 0 


3 
3. [ Paz, N=6 
0 


In Exercises 5-12, calculate My and Ty for the value of N indicated. 
4d 2 

5. f =, 6. J Vx4+ ldx, N=5 
1 l 


x2 
Te Vsinxdx, N=6 
0 


2 
4. [ eax, N=6 
0 


N=6 
a /4 

8. | secxdx, N=6 
0 


2 3 
9, Inxdx, N=5 10. f Ta N =5 
2 


Inx 


I 
n2. f edi, M=b 
= 


In Exercises 13-16, calculate Sy given by Simpson’s Rule for the value of 
N indicated and compare with the actual value of the integral. 


3 4 
13. J x dx, N=4 14. J J/xdx, N=4 
1 0 


3 x 
15. f e*dx, N=6 16. f sinx dx, N=6 
0 0 


In Exercises 17—24, calculate Sy given by Simpson’s Rule for the value of 
N indicated. 


3 dx 
17. ——, 
f x$ +1 


l 2 
19. e ea dx, N=4 
0 


1 
N=6 18. f cos(x*)dx, N =6 
0 


2 
20. f e*dx, N=6 
l 


4 
22. | V + idx, N=8 
2 


4 
a. | inxdx, N=8 
1 


w/4 
23. tan dð, N=10 
0 


24. i Í œ? +1) dx, N=10 

In Exercises 25-28, calculate the approximation to the volume of the solid 
obtained by rotating the graph around the given axis. 

25. y=cosx; [0,3]; x-axis; Mg 

26. y=cosx; [0,3]; y-axis; Ss 

27. y=e™'; [0,1]; 
28. y= e7*’. [0,1]; y-axis; Sg 


29. The back of Jon’s guitar (Figure 16) is 19 in. long. Jon measured the 
width at 1-in. intervals, beginning and ending ż in. from the ends, obtain- 
ing the results 


x-axis; Tg 


6, 9, 10.25, 10.75, 10.75, 10.25, 9.75, 9.5, 10, 11.25, 
12.75, 13.75, 14.25, 14.5, 14.5, 14, 13.25, 11.25, 9 
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Use the Midpoint Rule to estimate the area of the back. 


FIGURE 16 Back of guitar. 


30. Use Simpson’s Rule to determine the average temperature in a mu- 
seum over a 3-hour period if the temperatures (in degrees Celsius). 
recorded at 15-minute intervals, are 


Zhe 2132 215, 21:8, 20, 2L. 206: 
200; 200. 22, ZL Bilao. 212 


31. Ei Tsunami Arrival Times Scientists estimate the arrival times 
of tsunamis (seismic ocean waves) based on the point of origin P and 
ocean depths. The speed s of a tsunami in miles per hour is approximately 
s = /15d. where d is the ocean depth in feet. 

(a) Let f(x) be the ocean depth x miles from P (in the direction of the 
coast). Argue using Riemann sums that the time T required for the tsunami 
to travel M miles toward the coast is 


M dx 
T = — 
i WALT ZED) 
(b) Use Simpson's Rule to estimate T if M = 1000 and the ocean depths 
(in feet), measured at 100-mile intervals starting from P. are 


13.000. 11.500. 10,500. 9000. 8500, 
7000. 6000, 4400. 3800. 3200. 2000 


T2 SE 
, ‘7 sinx , sin x 
32. Use Sg to estimate | dx, taking the value of — atx = D 
to be 1. 0 

F 


33. Calculate Te for the integral J = | i x? dx. 
0 


(a) Is T6 too large or too small? Explain graphically. 

(b) Show that Kə = |f"(2)] may be used in the Error Bound and find a 
bound for the error. 

(c) Evaluate 7 and check that the actual error is less than the bound com- 
puted in (b). 


l 


34. Calculate M4 for the integral J = J x sin(x’) dx. 
0 


(a) (Gu) Use a plot of f” to show that K2 = 3.2 may be used in the 
Error Bound and find a bound for the error. 


(b) Evaluate 7 numerically and check that the actual error is less 
than the bound computed in (a). 


In Exercises 35-38, state whether Ty or My underestimates or overesti- 
mates the integral and find a bound for the error (but do not calculate Ty 
orM Nd 


) 
1] 
35. | =a, Tig 
1 X 


4 T/4 
37. | Inxdx. Mio 38. | cosx. Mag 
l 0 


In Exercises 39-42, use the Error Bound to find a value of N for 
which error(Ty) < 107°. If you have a computer algebra system, calculate 
the corresponding approximation and confirm that the error satisfies the 
required bound. 


] 3 : 
39. | xtdx 40. f (5x7 — x°) dx 
0 0 


5 1 3 . 
41. J —dx 42. i e ‘dx 
2 * 0 


43. Compute the Error Bound for the approximations Tjọ and Mj to 
3 
| Ge ds, using Figure 17 to determine a value of K2. Then find 
0 


a value of N such that the error in My is at most 1078. 


FIGURE 17 Graph of f”, where Tas (x? + 17, 


I 
44. (a) Compute S6 for the integral J = | eae 

0 
(b) Show that K4 = 16 may be used in the Error Bound and compute the 


Error Bound. 
(c) Evaluate J and check that the actual error is less than the bound for 
the error computed in (b). 


5 
45. Calculate Sg for / lnx dx and calculate the Error Bound. Then find 


l 
a value of N such that Sy has an error of at most 107°. 
3 


46. Find a bound for the error in the approximation Sio to e dx 


0 
(use Figure 18 to determine a value of K4). Then find a value of N such 
that Sy has an error of at most 107°. 


FIGURE 18 Graph of f, where f(x) = ene 


47. Use a computer algebra system to compute and graph f'*? for 
f(x) = v1 + x7. and find a bound for the error in the approximation S40 


3 
to | f(x)dx. 
0 


48. Use a computer algebra system to compute and graph f° for 
F(x) = tan x — sec x. and find a bound for the error in the approximation 


74 
S40 to l fix)dx. 
0 


In Exercises 49-52, use the Error Bound to find a value of N for which 


Error(Sn) < 107%. 
4 
50. | xe* dx 
0 


6 
49. i x3 dx 
1 
1 J 4 
51. | e* dx 52. i sin(In x) dx 
0 1 


' a 
53. Show that i “a5 = [use Eq. (3) in Section 5.8]. 
0 x 
(a) Use a computer algebra system to graph the function f @) for f(x) = 
(1 + x?)7! and find its maximum on [0, 1]. 


(b) Finda value of N such that Sy approximates the integral with an error 
of at most 1076. Calculate the corresponding approximation and confirm 
that you have computed 7 to at least four places. 


N 


Co 
54. Let J = i e-* dx and Jy = | e-*’ dx. Although e~*” has no 
0 


0 
elementary antiderivative, it is known that J = ./x/2. Let Ty be the Nth 
trapezoidal approximation to Jy. Calculate T4 and show that T4 approxi- 
mates J to three decimal places. 


1 
55. Let f(x) = sin(x?) and I = i f(x)dx. 
0 


(a) Check that f”(x)=2cos(x?)— 4x? sin(x?). Then show that 
IFD <6 for xe€[0,1]. Hint: Note that |2cos(x*)| <2 and 
[4x2 sin(x)| < 4 for x € [0, 1]. 


Chapter Review EA 


2 


1 
(b) Show that Error(M y ) is at most IN? 
N 
(c)\Find an N such that |Z — My | < 1073. 


56. | 4 | The Error Bound for My is proportional to 1 /N2, so 
the Error Bound decreases by i if N is increased to 2N. Compute the 


N 

actual error in My for | sin x dx for N = 4, 8, 16, 32, and 64. Does the 
0 

actual error seem to decrease by 5 as N is doubled? 


a7. A | Observe that the Error Bound for Ty (which has 12 in 
the denominator) is twice as large as the Error Bound for My (which has 
x 
24 in the denominator). Compute the actual error in Ty for sin x dx for 
0 
N = 4, 8, 16, 32, and 64 and compare it with the calculations of Exercise 
56. Does the actual error in Ty seem to be roughly twice as large as the 
error in My in this case? 
: I? 

58. | 4 | Explain why the Error Bound for Sy Solara by 7, if 


N is increased to 2N. Compute the actual error in Sy for Í sin x dx for 
0 


N = 4, 8, 16, 32, and 64. Does the actual error seem to decrease by z as 
N is doubled? 


1 
59. Verify that Sz yields the exact value of Í (x — x*)dx. 
0 


b 
60. Verify that S2 yields the exact value of | (x — x )dx foralla < b. 
a 


Further Insights and Challenges 


61. Show that if f(x) =rx + s is a linear function (r,s constants), then 
b 


Ty € f f(x)dx for all N and all endpoints a, b. 
a 


62. Show that if f(x) = px? +qx +r is a quadratic polynomial, then 
b 


5p = | f(x) dx. In other words, show that 
a 


b 
b— 
| f(x)dx = — (y +41 + 2) 


where yo = f(a), yi = f (=) and y2 = f(b). Hint: Show this first 
for f(x) = 1, x, x? and use linearity. 


b — 
63. For N even, divide [a,b] into N subintervals of width Ax = = 
= f (xj), and 


p= 
3N 


(a) Show that Sy is the sum of the ee on the intervals 
[x2j, x2j+2]—that is, Sy = S? + $2 +- + SA? 


Set x; =a + j Ax, y; 


n 
5,7 = —— (yj + 4yz2j+1 + Y2j+2) 


CHAPTER REVIEW EXERCISES 


1. Match the integrals (a}(e) with their antiderivatives (i)-(v) on the 
basis of the general form (do not evaluate the integrals). 


(b) JEn (2x +9)dx 


(a) ih xx 
Vx? —4 x? +4 


: X2j+2 
(b) By Exercise 62, s = | f(x)dx if f is a quadratic polynomial. 


X42; 


Use (a) to show that Sy is exact for all N if f is a quadratic polynomial. 


b 


64. Show that S2 also gives the exact value for f x? dx and conclude, 


as in Exercise 63, that Sy is exact for all cubic polynomials. Show by 
counterexample that S2 is not exact for integrals of x*. 


65. Use the Error Bound for Sy to obtain another proof that Simpson’s 
Rule is exact for all cubic polynomials. 


66. 4 | Sometimes re s Rule Performs Poorly Calculate Mjo 
v1 — x? dx, whose value we know to be % 


(one-quarter of the area of the unit circle). 


(a) We usually expect Sy to be more accurate than My. Which of Mio 
and Sọ is more accurate in this case? 


and Sjo for the integral [ 


(b) How do you explain the result of part (a)? Hint: The Error Bounds are 
not valid because | f” (x)| and | f(x)| tend to co as x > 1, but | f(x) 
goes to infinity more quickly. 


(c) | sin? x cos” x dx 


l6dx 
e feos — 4)2 


(i) sec! 4x +C 


dx 
d a 
le 
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4 
(ii) log |x| — log |x = 41- —> +C 


4 


l 
(üi) 39° cos? x — 3 cos? x sin? x — 7cos” x)+ C 


(iv) Stan! 2 + Ing? +4) +C (vV) ¥x2-—4+C 


x, —_ 
2. Evaluate in two ways: using substitution and using the 


x 
Method of Partial Fractions. 
In Exercises 3-12, evaluate using the suggested method. 


3. fos 0 sin® 0 d0 [Write cos? 8 as cos @(1 — sin? 0).] 
4. | xe—/!?¥ dx (Integration by Parts) 


5. sec? 8 tan* 6 do (trigonometric identity, reduction 
formula) 
4x +4 


= GES) dx (partial fractions) 


1 
J wea dx (trigonometric substitution) 
x(x* — 
J (1 +x?) ?/?dx (trigonometric substitution) 
dx T 
J AE (substitution) 


dx E 
10. f E ee (rewrite integrand) 
x+x 


u. fx 
2 | e 
xt + 4x—-5 


fractions) 


tan`! xdx (Integration by Parts) 


(complete the square, substitution, partial 


In Exercises 13—64, evaluate using the appropriate method or combi- 
nation of methods. 


1 
13. f x76 dx 
0 


2 
14. [Se 
V9 — x? 


15. J cos? 68 sin? 60 dé 16. J sec? 6 tan’ 0 d0 


g 
17. (ox +4)dx 18. [ a- 
x? -1 4 (t2—1)2 
do : a) 
A 20. | sin 26 sin* 8 d@ 
cost @ 
1 
21. i In(4 — 2x)dx 22. f (n(x + 1)? dx 
23. J sin? 6 d0 24. J cos*(9x — 2) dx 
m/4 
25. f sin 3x cos 5x dx 26. i sin 2x sec” x dx 
0 


A | vane sec? x dx 28. [seo + tan x)? dx 


30. J cot? x ese x dx 


ar 0 
32. i cot” — d0 
n/2 2 


29. / sin? 6 cos? 0 dé 


31. J cot? x csc? xdx 


n/2 2 6 dt 
of alates a a 
nm/4 4 (t-—3)¢+4) 


36. [Vi Sax 
27 

38. | _ dx 
8 x+x2/3 


40. [<r 
(x —b)* +4 


35. J oZ a _ 
(t — 3P + 4) 


37. 


J dx 

xy x2 — 4 
dx 

= | x3/2 + ax!/2 


(x2 — x)dx 
(x +2) 


42 |- (1x2 +x)dx 
J] -Dx +DE+D 


43. aan l6dx 
(x — 2)2(x2 4 4) 


45. |== 
x2 + 8x +25 


a. | =a 
— 2x2 -x +2 


4i. 


Ai J 

| 

as. | = 
x2748x+4 
1 

as. | t27V1—12dt 
0 


49. 


J dx 50 J dx 
x4/x2+44 J (x? +:5)3/2 


51. J (x + 1)e4?* dx 52. | x? tan! x dx 


53. J x? cos(x?) dx 54. J x(n x} dx 


—1 
55. f em! xax "A eee 
1 +r? 
57. J In(x2 + 9) dx 58. i (sin x)(cosh x) dx 


1 
59, Í cosh 2t dt 60. J sinh? x cosh x dx 


0.3 
62. f 2 
0.3 1 — x2 


61. J coth? (1 — 41) dt 


bi m dx Vx? +1dx 
0 V9 — x2 x? 
: dt 
65. Use the substitution u = tanh ż to evaluate J SS ee 
cosh? t + sinh? ¢ 


66. Find the volume obtained by rotating the region enclosed by 
y = lnx and y = (In x)? about the y-axis. 


NN” 


a 


Ny 67. Let In = | 


x" dx 
x2 +1 
xnl 
(a) Prove that J, = no < i 29- 


(b) Use (a) to calculate J, forO <n <5. 
(c) Show that, in general, 


xan  „2n-2 
ca” ha = Alle 
x? I 
Hape gl et eC 
yeni x2n—3 
lt T E 


+(-1)" 1x + (-1)" tan! x +C 


2 
68. Let J, = per /2 dx. 


(a) Show that J) = —e7*"/2. 
(b) Prove that J, = —x"—!e-*"/2 4. (n — 1) J,_9. 
(c) Use (a) and (b) to compute J3 and Js. 


In Exercises 69-78, determine whether the improper integral 
converges and, if so, evaluate it. 


Co (9 @) 

69. I nie 70. f a. 
0 (x+2)/ 4 x2/3 
4 dx y co dx 
ME FJ. lee 
0 d 9 

73. / I 74, / e% dx 


"6 rere 
"Ji (ec +2)(2x +3) 


CO 5 
77. f (5+7! dx 78. [ (5 —x) 7! dx 
0 2. 


In Exercises 79-84, use the Comparison Test to determine whether the 
improper integral converges or diverges. 


CO 

7. | = 
g x+-4 
CoO 


s1. f dx 82 a dx 
` J3 x4+cos?x ho xA 4 x2/3 


ore 
80. f (sin? x)e™* dx 
8 


1 dx Ve a 
83. A ge 4 x23 84. Í e dx 


85. Calculate the volume of the infinite solid obtained by rotating the 
region under y = (x2 + 1)-2 for 0 < x < co about the y-axis. 


86. Let R be the region under the graph of y = (x + 1)~! for0 < x < 
oo. Which of the following quantities is finite? 

(a) The area of R 

(b) The volume of the solid obtained by rotating R about the x-axis 
(c) The volume of the solid obtained by rotating R about the y-axis 
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22 2 
87. Show that [ x"e"* dx converges for all n > 0. Hint: First ob- 
0 


2 
serve that x"e—* < x"e-* for x > 1. Then show that x"e—* < x72 
for x sufficiently large. 


88. Compute the Laplace transform £ f(s) of the function f(x) = x 
for s > 0. See Exercises 88—91 in Section 7.7 for the definition of 


L f(s). 


89. Compute the Laplace transform £ f(s) of the function f(x) = 
x*e®% fors >a. 


5 
90. Estimate | f(x)dx by computing T2, M3, Tg, and S¢ for a func- 
2 
tion f taking on the values in the following table: 


91. State whether the approximation My or Ty is larger or smaller 
than the integral. 


bid 2n 
(a) i sin x dx (b) J sin x dx 
0 bid 


8 dx 
(c) J po 


92. The rainfall rate (in inches per hour) was measured hourly during 
a 10-hour thunderstorm with the following results: 


b) 
(d) [ In x dx 
2 


0, 0.41, 0.49, 0.32, 0.3, 0.23, 
0.09, 0.08, 0.05, 0.11, 0.12 


Use Simpson’s Rule to estimate the total rainfall during the 10-h 
period. 


In Exercises 93-98, compute the given approximation to the integral. 


4 
94. | V6? +1dt, Ts 
2 


4 dx 
96. ———., fT, 
[ x3 +1 : 


9 
98. f cos(x?) dx, Sg 
5 


l 2 
93. f e ~*~ dx, Ms 
0 
{2 
9s. | ~ sinĝ dð, M4 
r/4 


1 2 
97. f) e dr, & 
0 


99. The following table gives the area A(h) of a horizontal cross sec- 
tion of a pond at depth h. Use the Trapezoidal Rule to estimate the 
volume V of the pond (Figure 1). 


FE [A ees) || HD | AD laws) 
0 2.8 10 0.8 
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Area of horizontal 
cross section is A (A) 


FIGURE 1 


100. Suppose that the second derivative of the function A in Exercise 
99 satisfies |A” (h)| < 1.5. Use the Error Bound to find the maximum 
possible error in your estimate of the volume V of the pond. 


101. Find a bound for the error 


3 
me- f x dx 
l 


102. (Gu) Let 7) = sin(x°). Find a bound for the error 


T/2 
a= | f(x)dx 
o 


Hint: Find a bound K> for | f”(x)| by plotting f” with a graphing 
utility. 


103. Find a value of N such that 


T/4 
Mn -j tanxdx| =< 107+ 
0 


5 
104. Find a value of N such that Sy approximates | x 7/4 dx with 
2 


an error of at most 1077 (but do not calculate Sy). 


FOTO LANGBEHN/Action Press/ 


ZUMA Press/Newscom 


The Nurek Dam in Tajikistan, one of the 
tallest dams in the world, has a height of 
approximately 300 m. It has the typical dam 
thickness profile, where it is thicker at the 
bottom than at the top because the water 
pressure on the dam is greater at greater 
depths. Using a definite integral, we can sum 
the effect of the changing pressure at varying 
depths to calculate the overall force of the 
water on the dam. 


y= p(x) 


Area 0.15 


x 
50 90 100 


O FIGURE 1 Probability density function 
for scores on an exam. The shaded region 
has area 0.15, so there is a 15% chance that 
a randomly chosen exam has a score at or 
above 90. 


We write P(X < b) for the probability that 
X is at most b, and P(X > b) for the 
probability that X is at least b. 


4w REMINDER 
[ dx i _1_]° 
S lim tan x| 
-œ X4 +1 R=>—o0 R 


= lim (tan! 0 — tan”! R) 


R—>— o0 


8 FURTHER APPLICATIONS 
OF THE INTEGRAL 


a 


| n this chapter, we examine a few more applications of the integral. In the first section 
we take a brief look at the importance of integration in probability theory. Follow- 
ing that we use the integral to define and compute the length of curves and the area of 
a surfaces of revolution. The last two sections address important physical applications 
involving pressure, force, and center of mass. 


8.1 Probability and Integration 


What is the probability that a customer will arrive at the Rogadzo Pizza Parlor in the 
next 45 seconds? What is the probability of scoring above 90% on the NICE (National 
Integral Competency Exam)? Probabilities such as these are given by a number between 
0 and 1, where 0 means there is no probability the event will occur and 1 means that the 
event is sure to happen. These probabilities are best described as areas under the graph 
of a function y = p(x) called a probability density function (Figure 1). The methods of 
integration developed in this chapter are used extensively in the study of such functions. 

In probability theory, the variable X that represents the phenomenon we are analyz- 
ing (time to arrival, exam score, etc.) is called a random variable. The probability that 
X lies in a given range [a,b] is denoted 


P(a < X <b) 


For example, the probability of a customer arriving within the next 30 to 45 seconds is 
denoted P(30 < X < 45). 

We say that p is a probability density function for X if it is a continuous function 
such that 


b 
P(a < X <b) a p(x)dx 


We assume that a probability density function p has a domain J that is an interval, and 
that J contains all of the possible values of the random variable X. We allow the possi- 
bility that J is an infinite interval. Furthermore, p must satisfy two important conditions. 
First, p(x) > 0 for all x in the domain, because a probability cannot be negative. Second, 


Notice that the integral in Eq. (1) is evaluated over the whole domain and represents the 
probability that the value of X is in the domain. This integral must equal 1 because it is 
certain (the probability is 1) that the value of X lies in J by assumption. That the integral 
of p over J is 1 ensures that P(a < X < b) is a number in the interval [0, 1] for any a 
and b in the domain. 


C - 
EXAMPLE 1 Finda constant C for which p(x) = — ay is a probability density func- 
x 
tion with domain (—oo, 00). Then compute P(1 < X < 4). 


Solution We must choose C so that Eq. (1) is satisfied. The improper integral is a sum 
of two integrals (see Example 4 of Section 7.7): 


co 0 dx dee T T 
dhë c| ——_ =C—+C—=Cx 
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Therefore, Eq. (1) is satisfied if Cr = 1 or C = xt. We have 


4x! dx 


—1 —| —] 
= tan.’ 4—tan 1) 0.17 
x7+1 7 ) 


4 
Pa<x<4)= | pix)dx = | 
1 1 


Thus, X lies between 1 and 4 with probability approximately 0.17, or a 17% chance 
(Figure 2). mi 


CONCEPTUAL INSIGHT If X is a random variable with probability density function p, 
a 


FIGURE 2 The probability density function 
SE then the probability of X taking on any specific value a is zero because | P(x)dx = 0. 


(x? + 1) So what is the meaning of p(a)? We must think of it this way: The probability that X 
lies in a small interval [a,a + Ax] is approximately p(a)Ax: 


pax) = 


a+åx 
P(a < X <a + Ax) = / p(x) dx © p(a)Ax 


a 


A probability density is similar to a linear mass density p(x). The mass of a small 
segment [a,a + Ax] is approximately p(a)Ax, but the mass of any particular point 
x = ais Zero. 


The mean or average value of a random variable is the quantity 


if this integral exists. The symbol yz is a lowercase Greek letter mu. ~ 
In the next example, we consider the exponential probability density with param- 


eter r > 0, defined on [0, c0) by 
1 
| p(t) = -e™/ 
| r 


This density function is often used to model “waiting times” between events that occur 
randomly. Exercise 12 asks you to verify that p(t) satisfies Eq. (1). 


u = (XxX) = J xp(x)dx 


EXAMPLE 2 Mean of a Random Variable with Exponential Density Let r > 0. 
Calculate the mean of a random variable with the exponential probability density 
p(t) = Le "on [0, 00). 


Solution The mean is the integral of tp(t) over [0, 00). Using Integration by Parts with 
u = t/r and dv =e!’ dt, we have du = dt/r,v = —re—!" , and 


t 
J tp(t)dt = J (Fe r) dt = =te™" + J e™ dt = —(r + te!” 
r 


Thus the mean n is given by 


3 DE R 
H =| tp(t)dt =| t (er) dt = lim —(r + tje ™/ 
0 0 r R 0 


—> 00 
= i _ —-R/r\ — 
= jim (r (r +R)e )=r 


Mass 


The last equality holds since (r + R)e~*/" + 0 as R > oo. It follows that the mean 
of a random variable with the probability density function p(t) = tect ", over [0, 00), 
isr. E 


30 45 60 120 180 


FIGURE 3 Customer arrivals have an 
exponential distribution. 


Millions 


6:00 7:00 8:00 9:00 


FIGURE 5 Time that people leave for work. 


FIGURE 6 F(z) is the area of the shaded 
region. 
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EXAMPLE 3 Waiting Time The waiting time T between customer arrivals in a drive- 
through fast-food restaurant is a random variable with exponential probability density. If 
the average waiting time is 60 seconds, what is the probability that a customer will arrive 
within 30 to 45 s after another customer? 


Solution If the average waiting time is 60 s, then r = 60 and p(t) = ae! /©© because 
the mean of Le—/ "is r by the previous example. Therefore, the probability of waiting 
between 30 and 45 s for the next customer is 


45 

1 45 

P(30 < T < 45) = [ e IO pH oe 5/4 4. e214 
30 60 30 


This probability is the area of the shaded region in Figure 3. E 
The normal density functions, whose graphs are the familiar bell-shaped curves, 


appear in a surprisingly wide range of applications. The standard normal density is 
defined over (—00, 00) by 


That p(x) satisfies Eq. (1) is not easy to show. One problem is that p does not have an 
elementary antiderivative. In Exercise 57 in Section 15.4 we will see an approach using 
multivariable calculus. 

More generally, we define the normal density function with mean yz and standard 
deviation o: 


e` OH) /Qe”) 


(x) = 
Po) ONN 


The standard deviation o measures the spread; for larger values of o, the graph is more 
spread out about the mean yz (Figure 4). The standard normal density in Eq. (3) has u = 0 
and o = 1. A random variable with a normal density function is said to have a normal 
or Gaussian distribution. Examples of data whose distribution is modeled well by a 
normal distribution include current sale prices for houses in Denver, heights of female 
children of age 11 in Egypt, and systolic blood pressure readings for adults in Frigento, 
Italy. The normal distribution is ubiquitous in everyday life. For example, Figure 5 shows 
a bar graph of data from a survey on the time of day that workers in the United States 
leave for work. Note the approximate bell-shaped curve generated by the data. 

One difficulty with normal density functions is that they do not have elementary 
antiderivatives. As a result, we cannot evaluate the probabilities 


Pa<X<b)= 


b 
/ g(t W/o) Jy 
ov 20 Ja 


explicitly. However, the next theorem shows that these probabilities can all be expressed 
in terms of a single function called the standard normal cumulative distribution 


function: 


Observe that F(z) is equal to the shaded area under the graph in Figure 6. The function 
F is not an elementary function. Numerical values of F(z), obtained by integral approx- 
imation, are typically available on scientific calculators and computer algebra systems. 
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THEOREM 1 If X has a normal distribution with mean yz and standard deviation o, 
then for all a < b, 


a 
P(X <b)=F (=+) 
o 
b— u | 
y y= i et-re) P(a < X <b) =F | —— | -F 
ov2n o o 
Proof We use two changes of variables, first u = x — u and then t = u/o: 
b p 
RELIE / ou? S _ __! | E IOD ay 
SN ON 2N —00 ON 2N —00 
e 5 a (b—p1)/o 7 —_— j= u 
fh a b [yx - o 
FIGURE 7 The shaded region has area This proves Eq. (4). Equation (5) follows because P(a < X < b) is the area under the 
(° — £) > a— u graph between a and b, and this is equal to the area to the left of b minus the area to the 
e J left of a (Figure 7). m 


CONCEPTUAL INSIGHT Why have we defined the mean of a continuous random vari- 
OO 
able X as the integral u = xp(x) dx? Suppose first we are given N numbers 


aj,a2,...,an, and for each calles x, let N(x) be the number of times x occurs among 
the a;. Then a randomly chosen a; has value x with probability p(x) = N(x)/N. For 
example, given the numbers 4,4,5,5,5,8, we have N = 6 and N(5) = 3. The proba- 
bility of choosing a 5 is p(5) = N(5)/N = 2 = 5. Now observe that we can write the 
mean (average value) of the a; in terms of the probabilities p(x): 


aj +az+--:+an 1 
a = pa Tose 


For example, 


4F4AFS FSIS 1 
Ss ple er Le) = 4p(4) + 5p(5) + 8p(8) 
In defining the mean of a continuous random variable X, we replace the sum )~ xp(x) 
x 
OO 


with the integral uw = / x p(x) dx. This makes sense because the integral is the limit 


—00 
of sums x; p(x;)Ax, and as we have seen, p(x;)Ax is the approximate probability 
that X lies in [x;,x; + Ax]. 


EXAMPLE 4 Assume that the scores X on a standardized test are normally distributed 
with mean u = 500 and standard deviation ø = 100. Find the probability that a test cho- 
sen at random has score 

(a) at most 600. 

(b) between 450 and 650. 


Solution We use a computer algebra system to evaluate F(z) numerically. 
(a) Apply Eq. (4) with u = 500 and o = 100: 


600 — 500 


P(x < 600) = F 
= OM) ( 100 


) = F(1) ~ 0.84 
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Thus, a randomly chosen score is 600 or less with a probability of 0.84, or 84%. 
(b) Applying Eq. (5), we find that a randomly chosen score lies between 450 and 650 
with a probability of 62.5%: 


P(450 < x < 650) = F(1.5) — F(—0.5) © 0.933 — 0.308 = 0.625 m 


8.1 SUMMARY 


• If X is a continuous random variable with probability density function p, then 


b 
PasXx<b)= | p(x) dx 


e Probability densities with domain J satisfy two conditions: p(x) > 0 for x in J, and 
Í pods = 1. 
J 
e Mean (or average) value of X: u = / xp(x) dx 


Í 
¢ Exponential density function of mean r: p(x) = i er 


e Normal density of mean u and standard deviation o: p(x) = E TE eH /(20°) 


1 Z 
¢ Standard cumulative normal distribution function: F(z) = —— | et 2 dt 
V2 J—oo 
¢ If X has a normal distribution of mean yz and standard deviation o, then 
yo 
P(X <b)=F (=) 
o 
p = 
pa <x <b)=F(°—*) —F(S £) 
o o 
8.1 EXERCISES 
Preliminary Questions 
1. The function p(x) = cos x satisfies f p(x)dx = 1. Is p a proba- 3. Which exponential probability density has mean 4 = 1? 
—x {2 


bility density function on [~x /2, n]? 


2. Estimate P(2 < X < 2.1), assuming that the probability density func- 
tion of X satisfies p(2) = 0.2. 


Exercises 
In Exercises 1-8, find a constant C such that p is a probability density 8 p&)=C e*e*" on (—00, co); P(-4< xX <4) 
PORTS RL TR SEMEN DANE ale COPE Pree eA SUSE ers cae eet This function, called the Gumbel density, is used to model extreme events 
1. pey= Gai on [0,00); P(Q< X <1) such as floods and earthquakes. 
9. Verify that p(x) = 3x~* is a probability density function on [1, 00) 
2. p(x)=Cx(4—x) on[0,4; PB< xX <4) and calculate its mean value. 
2 
C 10. Show that the density function p(x) = ——~——— on [0, oo) has infi- 
3. p(x)= ——— on(-1,1); P(-}4<X<}) is ‘ai n(x? + 1) sah 
V1 — x2 nite mean. 
Cen 11. Verify that p(t) = ge ‘/°° satisfies the condition 
4. p(x)= 72550 °o (—00,c0); P(X < —4) po 
FE fl p(t)dt =1 


5. p(x)=Csinx on[0,7); P(2 <X < *#) 
12. Verify that for all r>0, the exponential density function 


6. p(x)=ClInx on[l,e]; P< X <2) p(t) = le~t/r satisfies the condition 


oo 
7. p(x) =CV¥1—x2 on(-1,1); P(-4<%X <1) Í p(t)dt =1 
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13. The life X (in hours) of a battery in constant use is a random variable 
with exponential density. What is the probability that the battery will last 
more than 12 h if the average life is 8 h? 


14. The time between incoming phone calls at a call center is a random 
variable with exponential density. There is a 50% probability of waiting 20 
seconds or more between calls. What is the average time between calls? 


15. The distance r between the electron and the nucleus in a hydrogen 
atom (in its lowest energy state) is a random variable with probability den- 
sity p(r) = 4a) 372 e@-2r/40 for r > 0, where ag is the Bohr radius (Fig- 
ure 8). Calculate the probability P that the electron is within one Bohr 
radius of the nucleus. The value of ag is approximately 5.29 x 107}! m, 
but this value is not needed to compute P. 


p(r) 


0.4 


a 2p 34 44 


FIGURE 8 Probability density function p(r) = 4ag 3,-2¢-2r/ag | 


16. Show that the distance r between the electron and the nucleus in 
Exercise 15 has mean yp = 3a9/2. 


In Exercises 17-22, F(z) denotes the cumulative normal distribution func- 
tion. Refer to a calculator or computer algebra system to obtain values 


of F(z). 


17. Express the area of region A in Figure 9 in terms of F(z) and compute 
its value. 


55 100120 165 


FIGURE 9 Normal density function with u = 120 and o = 30. 


18. Show that the area of region B in Figure 9 is equal to 1 — F(1.5) 
and compute its value. Verify numerically that this area is also equal to 
F(—1.5) and explain why graphically. 

19. Assume X has a standard normal distribution (4 = 0,0 = 1). Express 
each of the following probabilities in terms of F(z) and determine the value 
of each. 


(a) P(X < 1.2) (b) P(X > —0.4) 

20. Assume X has a normal distribution with u = 0 and ø = 5. Express 
each of the following probabilities in terms of F(z) and determine the value 
of each. 


(a) P(X < 1.2) (b) P(X > —0.4) 


FURTHER APPLICATIONS OF THE INTEGRAL 


21. EA | Use a graph to show that F(—z) = 1 — F(z) for all z. Then 
show that if p(x) is a normal density function with mean yz and standard 
deviation o, then for all r > 0, 


P(u—ro < X <ptro)=2F(r)—-1 


22. The average September rainfall in Erie, Pennsylvania, is a random 
variable X with mean jz = 102 mm. Assume that the amount of rainfall is 
normally distributed with standard deviation o = 48. 


(a) Express P(128 < X < 150) in terms of F(z) and compute its value 
numerically. 


(b) Let P be the probability that September rainfall will be at least 120 
mm. Express P as an integral of an appropriate density function and com- 
pute its value numerically. 


23. A bottling company produces bottles of fruit juice that are filled, on 
average, with 32 ounces of juice. Due to random fluctuations in the ma- 
chinery, the actual volume of juice is normally distributed with a standard 
deviation of 0.4 oz. Let P be the probability of a bottle having less than 
31 oz. Express P as an integral of an appropriate density function and 
compute its value numerically. 


24. According to Maxwell’s Distribution Law, in a gas of molecular 
mass m, the speed v of a molecule in a gas at temperature T (kelvins) 
is arandom variable with density 


3/2 
/ y2e "Y /QKT) (v > 0) 


p= an (z) 


where k is Boltzmann’s constant. Show that the average molecular speed 
is equal to (8kT /xm)'/*. The average speed of oxygen molecules at room 
temperature is around 450 m/s. 


25. Define the median of a probability distribution to be that value a such 
oo a 
I 
that f píx)dx = J p(x)dx = 7 Show that if a probability func- 
a —O0O 


tion is symmetric about the line x = m, then m is both the mean and the 
median. 


26. Define the quartiles of a probability function to be those values aj, a2, 
and a3 such that P(—co <x <a;)= P(a <x <a2)= P(az <x <a3)= 
P(a3 < x < œ) = L, Find the quartile values for the probability function 


P(x) = iz- 


In Exercises 27-30, calculate p and o, where o is the standard deviation, 
defined by 
2 oO 
os J (x — u’? p(x) dx 
—OO 


The smaller the value of o, the more tightly clustered are the values of the 
random variable X about the mean p. (The limits of integration need not 
be +00 if p is defined over a smaller domain.) 


5 
27. p(x) = Tf on [1, co) 
28. p(x) : on (—1, 1) 
. —[— r n =" > 
ny1 — x2 


1 
29. p(x) = wo on (0, 00) 


1 
30. p(x) = pe ” on [0, 00), where r > 0 
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Further Insights and Challenges 


31. [4 The time to decay of an atom in a radioactive substance is a ran- 
dom variable X. The law of radioactive decay states that if N atoms are 
present at time ¢ = 0, then N f(t) atoms will be present at time t, where 
f(t) =e™ (k > 0 is the decay constant). Explain the following state- 
ments: 

(a) The fraction of atoms that decay in a small time interval [ź, £ + Af) is 


(b) The probability density function of X is y = — f’(t). 
(c) The average time to decay is 1/k. 


32. The half-life of radon-222 is 3.825 days. Use Exercise 31 to compute: 
(a) the average time to decay of a radon-222 atom. 


approximately — f’(t)At. 


ee 
FIGURE 1 A polygonal approximation L to 


y = f(x). 


=j 


(b) the probability that a given atom will decay in the next 24 hours. 


8.2 Arc Length and Surface Area 


We have seen that integrals are used to compute total amounts (such as distance traveled, 
total mass, total cost). Another such quantity is the length of a curve (also called arc 
length). We derive a formula for arc length using our standard procedure: approximation 
followed by passage to a limit. In this case, we approximate the curve by a path made up 
of line segments connecting points on the curve. It is easy to find the length of a collection 
of line segments. We improve the approximation by using more, but smaller, segments. 
Then we take the limit of the sum of their lengths as the number of line segments grows. 

To make this precise, consider the graph of y = f(x) over an interval [a, b]. Choose 
a partition P of [a,b] into N subintervals with endpoints 


P :3=%% <= Xj < +--+ < Spee B 


Recall that the norm of the partition, ||P ||, is the length of the largest subinterval in the 
partition; that is, the largest of the distances x; — xj. Let P; = (x;, f (x;)) be the point 
on the graph corresponding to x;, and join the points P;_; and P; by a line segment 
L;. The curve L, made up of the segments L;, is called a polygonal approximation 
(Figure 1). The length of L, which we denote |L], is the sum of the lengths |Z;| of the 
segments: 


N 
ILI = [Lil + [Lol +--+ + IEN] = >> ILil 
=r 


SS — ee 


x 


FIGURE 2 The polygonal approximations improve as the norm of the partition decreases. 


The letter s is commonly used to denote 
arc length. 


N 
FIGURE 3 


As may be expected, the polygonal approximations L approximate the curve more 
and more closely as the norm of the partition P decreases, as illustrated in Figure 2. 
Based on this idea, we define the arc length s of the graph to be the limit of the polygonal 
approximation lengths |L| as || P|| —> 0: 


N 
arc length s = lim L; 
gth s= lim | d | il 


To compute the arc length s, we express the limit of the polygonal approximations 
as an integral. Figure 3 shows that the segment L; is the hypotenuse of a right triangle of 
base Ax; = x; — x;-1 and height | f(x;) — f(xi-1)|- By the Pythagorean Theorem, 


Ewe (Ax)? E- fOr)? 
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4 REMINDER A Riemann sum for the 
b 


integral | g(x)dx is a sum 
a 
N 
YD g(ciAxi 
= 


where Xo, X1,...,Xn is a partition of [a,b], 
Ax; = Xi — Xj-1, and c; is any number in 
[x;-1,x;]. 


In Exercises 24-26, we verify that Eq. (1) 
correctly gives the lengths of line segments 
and circles. 


| 
| 
| 
| 
| 
| 
l | 
l | 
| i 
1 2 3 


FIGURE 4 What is the arc length 
over [1,3]? 


-50 


FIGURE 5 A hanging cable whose height is 
h(x) = 250 cosh(0.004x) — 225. 


We shall assume that f’ exists and is continuous. Then, by the Mean Value Theorem, 


there is a value c; in [x;—1, x;] such that 
Fi) — $@i-1) = fixi — xi-1) = f'(ci)Axi 


and therefore, 


ILi| = y (Axi)? + f(ci Ax)? = y (APA + f'ai = yh + f'l) Axi 


We find that the length |L] is a Riemann sum for ,/ 1+ f'(x}: 


N 
ILI = |Ly| + [Lal +--+ + Ll = > 1 + (ci? Axi 
i=l 


This function is continuous, and hence integrable, so the Riemann sums approach 


b 
/ yit f(x)? dx 


as N becomes infinite. 


Formula for Arc Length Assume that f’ exists and is continuous on the interval [a, b]. 
Then the arc length s of y = f(x) over [a, b} is equal to | 


EXAMPLE 1 Find the arc length s of the graph of f(x) = bx? + x7! over the interval 
[1,3] (Figure 4). 


Solution First, let’s calculate 1 + f’ (x)*. Since i (oa oe — x2, 


l 1 
i+ fey =1+ (37-2) =1+ (t-3+) 


E on ee Sy 
od | cae ald = (52 ite 


Fortunately, since this expression for 1 + f'(x}? is a square, the arc-length integral sim- 
plifies nicely and is easily computed: 


3 


1 


EXAMPLE 2 Length of a Hanging Cable Based on physical principles, the height 
of a cable hanging under its own weight is modeled well using the hyperbolic cosine - 
function. Suppose we have a cable hanging from two poles that are 100 ft apart (located at 
x = —50 and x = 50) and such that its height is given by h(x) = 250 cosh(0.004x) — 225 
(Figure 5). Note that in the middle, the height of the cable is h(0) = 25 ft, and at the poles, 


4 REMINDER cosh” x — sinh? x = 1 and 
(coshx) = sinhx. 


Qn Sa n 
3 6 


FIGURE 6 The arc length from 0 to z is 
approximately 3.82. 


FIGURE 7 Surface obtained by revolving 
y = f(x) about the x-axis. 
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the height is h(—50) = h(50) = 250 cosh(0.2) — 225 ~ 30.0 ft. So the cable hangs 5 ft 
lower in the middle than the height at the poles. What is the length of the cable? 


Solution We have h’(x) = (0.004)(250 sinh(0.004x)) = sinh(0.004x). Therefore, 
1+h'(x)* = 1 + sinh*(0.004x) = cosh?(0.004x) 


Because hyperbolic cosine is a positive function, it follows that 


V¥1+h’'(x)? = cosh(0.004x) 


So, the length of the curve is 


50 


50 
] 
V1+h'(x)d =} sh(0.004x) dx = 
- + h'(x) dx cosh( x)dx a 


—50 f 
= 250(sinh(0.2) — sinh(—0.2)) ~ 100.67 ft 


50 
sinh(0.004x) 
—50 


It is interesting, and perhaps surprising, that with just 8 in. of length beyond the 100-ft 
direct distance from pole to pole, the cable hangs 5 ft lower at the middle than at the 
ends. F 


In Examples 1 and 2, we were able to compute the arc length exactly because 
1 + f'(x)? could be expressed as a square that enabled us to simplify the integrand. Usu- 
ally, 1+ f'(x)? does not have an elementary antiderivative and there is no explicit 
formula for the arc length. However, we can always approximate arc length by using 
numerical integration. 


EXAMPLE 3 No Exact Formula for Arc Length Approximate the length s of y = sinx 
over [0, x] using Simpson’s Rule, computing Sy for N = 6. 


Solution We have y’ = cos x and y1 + (y)? = V1 + cos? x. The arc length is 


Te 
s= f y 1 + cos? x dx 
0 


This integral cannot be evaluated explicitly, so we approximate it by applying Simpson’ s 
Rule (Section 7.8) with N = 6. Divide [0, x ] into subintervals of width Ax = 2/6. Then 


A : 2 
Ss = > (co +4e(Z ) +29(=) + 4e( =) +2e( 2) + 4e( =) + s(n) 


1 
X ggl sle + 5.2915 + 2.2361 + 4 + 2.2361 + 5.2915 + 1.4142) % 3.82 


Thus, s œ% 3.82 (Figure 6). F 


Surface Area 


The surface area S of a surface of revolution (Figure 7) can be computed by an integral 
that is similar to the arc length integral. Suppose that f(x) > 0, so the graph lies above the 
x-axis. We revolve the graph around the x-axis to obtain a surface of revolution R. Our 
goal is to determine the surface area S of R. To do so, we start by creating another surface 
of revolution R* by rotating a polygonal approximation to y = f(x) about the x-axis. 
The result is a surface R* that lies very close to R and whose surface area approximates 
S (Figure 8). 
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FIGURE 8 Rotating a polygonal 
approximation produces an approximation 
by slanted bands. 


FIGURE 9 The surface area of the slanted 
band is approximated by the surface area 
of the cylinder. 


I) 


We will set up a Riemann sum that approximates the surface area of R* and therefore 
that also approximates the surface area of R. Taking a limit results in a definite-integral 
formula for S, the surface area of R. 

The surface R* is made up of slanted bands, as shown in Figure 8. Consider the 
slanted band corresponding to the interval [x;~1,x;]. The segment L; along the slanted 
band is a segment in the polygonal approximation for y = f(x). As in the derivation of 
the arc length formula, the length of L; can be expressed as 


Li] = y1 + f'(ci)} Axi 


for some c; in [xj-1,x;] and Ax; = xj — xX;-1. 

Now, as Figure 9 illustrates, we can approximate the surface area of the single slanted 
band with the surface area of a cylinder of width |Z;| and radius f(b;) for any bi in 
[x;—1, xi]. Since we can use any b; in [x;—1, xi} for this approximation, we will use b; = c; 
to match the value used in the expression for |Z;|. 

The surface area of a cylinder of radius r and width w is 27rw; therefore, if we let 
b; = c;, the surface area of the cylinder in Figure 9 is 


2n f (ci)|Lil = 2a f(ci)y 1 + f'(ci)} Axi 


The surface area of each slanted band in R* is approximated by the surface area of 
such a cylinder. We add up the surface areas of these cylinders to obtain an approximation 
to the surface area of R*: 


N 


surface area of R* ~ 27 >. fci)y 1+ f'(c;)*Ax; 


i=l 


As the norm of the partition goes to zero, the error in this approximation of the surface 
area of R* also goes to zero. Furthermore, the surface area of R* approaches the surface 
area of R. Therefore, the sum on the right-hand side of the approximation approaches $ 
in the limit. That sum is a Riemann sum that converges to the integral in the following 
definition: 


Area of a Surface of Revolution Assume that f(x) > O and that f’ exists and is 
continuous on the interval [a, b]. The surface area S of the surface obtained by rotating 
the graph of f about the x-axis for a < x < b is equal to 


b 
S= an f SCW 1 FF GY ax) 


FIGURE 10 A sphere is obtained by 
revolving the red semicircle about the 
x-axis. 


FIGURE 11 A paraboloid results when the 
top half of the parabola is revolved about 
“— the x-axis. 


FIGURE 12 A corrugated pipe obtained by 
rotating the graph of f(x) = 1+ 0.1 
sin(10x) about the x-axis. 


24 


FIGURE 13 Gabriel’s Horn is obtained by 
rotating the graph of f(x) = R about the 
x-axis. 
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EXAMPLE 4 Calculate the surface area of a sphere of radius R. 


Solution The graph of f(x) = ~ R? — x? is a semicircle of radius R (Figure 10). We 
obtain a sphere by rotating it about the x-axis. We have 
2 2 
eae x P TA x N ee 
ey ne ee eae) ee ee 


The surface area integral gives us the usual formula for the surface area of a sphere: 


R R 
S=2n | fodfi+ fdr =2e | JR =P A ax 


R 
— aR | dx = 2x R(2R) = An R? a 
—R 


EXAMPLE 5 Find the surface area of the surface, called a paraboloid, that is obtained 
by rotating the graph of f(x) = ./x about the x-axis for 0 < x < 1. 


Solution The graph of f(x) = ./x is the top half of a parabola opening along the x-axis, 
which becomes a paraboloid when rotated about the x-axis (Figure 11). Then f’(x) = 
afr and hence, we obtain 


4 


1 1 1 - 
= troy. an 
S=2n | fl + f'@) dx =2n | a 1+(==) dx 
l z 1 
= 2x | Y SaF idr =x | V4x + 1ldx 
0 2/x 0 


It ! It 3/2 
= — (4x + 2| = —(5° — 1) = 5.3304 a 
6 "E: 


EXAMPLE 6 A Corrugated Pipe A corrugated pipe is obtained by rotating the graph 
of f(x) = 1 + 0.1 sin(10x), for 0 < x < 10, around the x-axis (Figure 12). What is the 
surface area of the pipe [assuming that x and f(x) are in meters]? 


Solution Note that f'(x) = 10(0.1 cos(10x)) = cos(10x). Substituting into the surface 
area formula, we have 


10 
5 =>29 (1 + 0.1 sin(10x))/ 1 + cos?(10x) dx 


0 


We use numerical approximation to obtain a result here. Using Simpson’s Rule with 
N = 100, a computer algebra system yields S + 76.4 m2. = 


EXAMPLE 7 Gabriels Horn In Example 3 in Section 7.7, we introduced Gabriel’s 
Horn (Figure 13), the surface obtained by rotating the graph of f(x) = L for x > 1, 
about the x-axis. There we saw that the volume enclosed in the horn is 7, and therefore 
is finite. Prove that the surface area of Gabriel’s Horn is infinite. 


Solution With f(x) = 1 = x7! we have f'(x) = —x 7? and F (x)? = x74. The surface 


x 
area of Gabriel’s Horn is 


Coo 
S= 2x | x tV1+x-4dx 
1 


CO 
Now, x-!/1+x7-4 > x7! over [1, 00), and i x! dx diverges (to infinity) by The- 
1 


orem l in Section 7.7. By the Comparison Test for Improper Integrals (Theorem 3 in 
Section 7.7), it follows that S, the surface area of Gabriel’s Horn, is infinite. m 
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8.2 SUMMARY 


FURTHER APPLICATIONS OF THE INTEGRAL 


b 
¢ The arc length of y = f(x) over the interval [a,b] is s = J fl + f(x)? dx. 


e Assume that f(x) > 0. The surface area of the surface obtained by rotating the graph 
of f about the x-axis fora < x < bis 


b 
surface area = 27 / F(x)J1 + f(x)? dx 
3 "A 


e Use numerical integration to approximate arc length or surface area when the integral 
cannot be evaluated explicitly. 


8.2 EXERCISES 


Preliminary Questions 


1. Which integral represents the length of the curve y = cosx between 
Oand 7? 


7 F 
| V¥1+cos?xdx, . i V1+ sin? x dx 
0 0 


2. By rotating the line y = r about the x-axis, for x in the interval [0, A], 
and applying the surface area formula, obtain the well-known fact that the 
surface area of a cylinder of radius r and length h is given by 27rh. 


3. If 0 < f(x) < g(x) for x in the interval [a,b], can the surface ob- 
tained by rotating the graph of y = g(x) around the x-axis over the inter- 


Exercises 


1. Express the arc length of the curve y = x* between x = 2 and x = 6 
as an integral (but do not evaluate). 


2. Express the arc length of the curve y = tanx for 0 <x < Ẹ as an 
integral (but do not evaluate). 


3. Find the arc length of y = $x? + x7! for 1 < x < 2. Hint: Show that 
2 
1+’? = (42? +x?) i 
4 1 

4. Find the arc length of y = (=) + ay over [1,4]. Hint: Show that 
1 + (y’)* is a perfect square. 

In Exercises 5—10, calculate the arc length over the given interval. 

5. y=3x+1, [0,3] 6 y=9-3x, [1,3] 

7. y=x, [1,3] 8 yj x", [2,8] 
9 y= }x?— }lnx, [1,2¢] 10. y=In(cosx), [0,4] 


In Exercises 11—18, approximate the arc length of the curve over the inter- 
val using the Trapezoidal Rule Ty, the Midpoint Rule My, or Simpson’s 
Rule Sy as indicated. 

11. y= įx*, [1,2], Ts 12. y=sinx, [0,3], Ms 
14. y =e, [0,2], Ss 


16. y=cosx, [0,2], T} 


13. y=x7!, [1,2], Ss 
15. y= lnx, [1,3], Me 


17. y=xsinx, [0,102], Tico 
18. y=L, [0,0.99], Stoo 


19. Calculate the length of the astroid x7/° + y? = 1 (Figure 14). 


val have less surface area than the surface obtained by rotating the graph 
of y = f(x) around the x-axis over the same interval? 


4. Use the formula for arc length to show that for any constant C, the 
graphs y = f(x) and y = f(x)+C have the same length over eyery in- 
terval [a, b]. Explain geometrically. 


5. Use the formula for arc length to show that the length of a graph over 
[1,4] cannot be less than 3. 


FIGURE 14 Graph of x2/3 + y2/3 = 1. 


20. Show that the arc length of the astroid x?’ + y? = a?” (fora > 0) 
is proportional to a. 


21. Find the length of the arc of the curve x? = (y — 2)° from P(1, 3) to 
Q(8, 6). 


22. Find the arc length of the curve shown in Figure 15. 


0.5 


X 


1 2 3 


FIGURE 15 Graph of 9y? = x(x — 3). 


23. Find the value of a such that the arc length of the catenary y = cosh x 


~ for—-a<x<a equals 10. 


24. Calculate the arc length of the graph of f(x) = mx +r over [a, b] in 
two ways: using the Pythagorean theorem (Figure 16) and using the arc 
length integral. 


FIGURE 16 


25. Show that the circumference of the unit circle is equal to 


U dx l 
2 —— (an improper integral) 
-1 y1 — <x? 


Evaluate, thus verifying that the circumference is 27. 


26. Generalize the result of Exercise 25 to show that the circumference of 
the circle of radius r is 2xr. 


27. Calculate the arc length of y = x? over [0, a]. Hint: Use trigonometric 
substitution. Evaluate for a = 1. 


28. [4 Express the arc length of g(x) = ./x over [0,1] as a definite 
integral. Then use the substitution u = ./x to show that this arc length is 
equal to the arc length of y = x” over [0, 1] (but do not evaluate the inte- 
_grals). Explain this result graphically. 


29. Find the arc length of y = e* over [0,a]. Hint: “Try the substitution 
u = /1 + e% followed by partial fractions. 


30. Show that the arc length of y = In( f(x)) fora < x < bis 


ji y fa)? + fix? z 
-r G 


e] 


f(x) 
31. Use Eq. (3) to compute the arc length of y = ne) for 7 < 
as =. 


e+1 
32. Use Eq. (3) to compute the arc length of y = In ( aa ) over [1, 3]. 


1 
33. Show that if 0 < f'(x) < 1 for all x, then the arc length of y = f(x) 
over [a,b] is at most /2(b — a). Show that for f(x) = x, the arc length 
equals J/2(b — a). 

34. Use the Comparison Theorem (Section 5.2) to prove that the arc length 
of y = xí’ over [1,2] is not less than 2. 

35. Approximate the arc length of one-quarter of the unit circle (which we 
know is 5) by computing the length of the polygonal approximation with 
N = 4 segments (Figure 17). 


x - — 
0:25.05 O75 1 0.5 1 


FIGURE 17 One-quarter of the unit circle. FIGURE 18 
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36. A merchant intends to produce specialty carpets in the shape 
of the region in Figure 18, bounded by the axes and graph of y = 1 — x” 
(units in yards). Assume that material costs $50/yd? and that it costs 
50L dollars to cut the carpet, where L is the length of the curved side 
of the carpet. The carpet can be sold for 150A dollars, where A is 
the carpet’s area. Using numerical integration with a computer algebra 
system, find the whole number n for which the merchant’s profits are 
maximal. 


In Exercises 37-46, compute the surface area of revolution about the 
x-axis over the interval. 


37. y=x, [0,4] 38. y=4x+3, [0,1] 


39. y= x, [0,2] 40. y=x°, [0,10] 
41. y=x7, [0,2] 42. y=x*, [0,10] 
43. y = (4—x7/3)3/2, [0,8] 44. y=e™*, [0,1] 
45. y= }x?— i Imnx, [l,e] 46. y=sinx, [0,7] 


In Exercises 47—50, use a computer algebra system to find the ap- 
proximate surface area of the solid generated by rotating the curve about 
the x-axis. 


47. y=x7}, [1,3] 48. y= x$, [0,1] 


. 


ey? 
49. y =e—*/2, [0,2] 50. y=tanx, [0,4] 


51. Find the area of the surface obtained by rotating y = coshx over 
[— ln2, In 2] around the x-axis. 


. 52. Show that a spherical cap of height h and radius R (Figure 19) has 


surface area 27 Rh. 


FIGURE 19 


=. Find the se area of the torus obtained by rotating the circle 
x? + (y — by =r? about the x-axis (Figure 20). 


FIGURE 20 Torus obtained by rotating a circle about the x-axis. 
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In Exercises 54-58, the graph of y = f(x), fora < x < b, is rotated about 
the y-axis. In this situation, the surface area of the resulting surface is 


b 
S=2n | x 1+ f(x)? dx 


Determine the surface area for each surface of revolution. If the surface 
area cannot be computed exactly, find an approximate value. 


FURTHER APPLICATIONS OF THE INTEGRAL 


54. f(x)=x*, [1,5] 55. f(x) =x°, [0,2] 


56. f(x)= Vx, [0,4] 57. f(x)=e%, [0,3] 


58. f(x)=Inx, [1,4] 


Further Insights and Challenges 
59. Find the surface area of the ellipsoid obtained by rotating the ellipse 


Ey F 2y = 1 about the x-axis. 


60. Show that if the arc length of y = f(x) over [0,a] is proportional to 
a, then y = f(x) must be a linear function. 


61. Let L be the arc length of the upper half of the ellipse with 
equation i 


jm ala? x2 
a 
(Figure 21) and let n = ./1 — (b?/a2). Use substitution to show that 


{2 
L =a/ Ja — n? sin? 6 d0 
—7/2 


Use a computer algebra system to approximate L fora = 2, b = 1. 


=2 


FIGURE 21 Graph of the ellipse y = } V4 — x?. 


62. Prove that the portion of a sphere of radius R seen by an observer lo- 
cated at a distance d above the North Pole has area A = 2rd R?/(d + R). 
Hint: According to Exercise 52, the cap has surface area 27 Rh. Show that 
h = dR/(d + R) by applying the Pythagorean Theorem to the three right 
triangles in Figure 22. 


FIGURE 22 Spherical cap observed from a distance d above the North 
Pole. 


63. Ei Suppose that the observer in Exercise 62 moves off to infinity— 
that is, d —> co. What do you expect the limiting value of the observed area 
to be? Check your guess by using the formula for the area in the previous 
exercise to calculate the limit. i 


64. | A | Let M be the total mass of a metal rod in the shape of the curve 


y = f(x) over [a,b] whose mass density p(x) varies as a function of x. 
Use Riemann sums to justify the formula 


M = [ p(x),/ 1+ f'(x) dx 


65. 4 | Let f be an increasing function on [a, b] and let g be its inverse. 
Argue on the basis of arc length that the following equality holds: 


[ Visreta sf fireore [4 | 


Then use the substitution u = f(x) to prove Eq. (4). 


8.3 Fluid Pressure and Force 


Paul SoedonsWorldPoo Amor Penna 


FIGURE 1 Since water pressure is 
proportional to depth, divers breathe 
compressed air to equalize the pressure and 
avoid lung injury. 


Fluid force is the force on an object submerged in a fluid. Divers feel this force as they 
descend below the water surface (Figure 1). Our calculation of fluid force is based on 
two laws that determine the pressure exerted by a fluid: 


¢ Fluid pressure p is proportional to depth. 
° Fluid pressure does not act in a specific direction. Rather, a fluid exerts pressure 
on each side of an object in the perpendicular direction (Figure 2). 


This second fact, known as Pascal’s principle, points to an important difference between 
fluid pressure and the pressure exerted by one solid object on another. 


Fluid Pressure The pressure p at depth A in a fluid of mass density p is 


The pressure acts at each point on an object in the direction perpendicular to the ob- 
ject’s surface at that point. 
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` Pressure, by definition, is force per unit Our first example does not require integration because the pressure p is constant. In 
area. this case, the total force acting on a surface of area A is 


e The SI unit of pressure is the pascal 
(Pa)(1 Pa=1 N/m? = 1 kg/ms7). force = pressure x area = pA 
e Mass density (mass per unit volume) is 


denoted p (Greek rho). n d : 
e The factor pg is the density by weight, EXAMPLE 1 Calculate the fluid force on the top and bottom of a box of dimensions 


where g = 9.8 m/s? is the acceleration 2 x 2x5 m, submerged in a pool of water with its top 3 m below the water surface 
due to gravity. (Figure 2). The density of water is o = 10° kg/m?. 


Solution The top of the box is located at depth h = 3 m, so by Eq. (1) with g = 9.8 m/s”, 


Water level pressure on top p = pgh = 10°(9.8)(3) = 29,400 pascals 


Constant pressure 
along the top acting 


4 downward downward force on top = pA = 29,400 x 4 = 117,600 newtons 


The top has area A = 4 m? and the pressure is constant, so 


ae The bottom of the box is at depth h = 8 m, so the total force on the bottom is 
on side 


varies with a Bae a. We 7 
depth. doisin upward force on bottom = pA = pg A = 10°(9.8)(8) x 4 = 313,600 newtons @ 
perpendicular 

direction In the next example, the pressure varies with depth, and it is necessary to calculate 


the force as an integral. 
Constant pressure 


along bottom 


acting upward EXAMPLE 2 Calculating Force Using Integration Calculate the fluid force F on the 

side of the box in Example 1. 
FIGURE 2 Fluid pressure acts on each side Solution Since the pressure varies with depth, we divide the side of the box into N thin 
in the perpendicular direction. horizontal strips (Figure 3). Let F; be the force on the jth strip. The total force F is equal 


to the sum of the forces on the strips: 


F=F,+Fo+---+ Fy 


Water level 
Step I. Approximate the force on a strip. 
3 We'll use the variable y to denote depth, where y = 0 at the water level and y is 
positive in the downward direction. Thus, a larger value of y denotes greater depth. 
yo=3 Each strip is a rectangle of height Ay = 5/N and length 2, so the area of a strip is 
y, =3+ Ay 2Ay. The bottom edge of the jth strip has depth y; = 3 + jAy. 
l If Ay is small, the pressure on the jth strip is nearly constant with value pgy j 
yj-1= 3 + (j—D)Ay (because all points on the strip lie at nearly the same depth y;), so we can approximate 
y = 3 +jAy i TA 
the force on the jth strip: 
72 Yy=3+NAy=8 F; * pgy; x 2Ay) = (pg)2y; Ay 
Name, ome! ———— 
Pressure Area 
FIGURE 3 The fluid pressure on each Step 2. Approximate total force as a Riemann sum. 
horizontal strip depends on the depth of the N 
trip. 
strip F = Fi + Fo +--+ Fy © pg Y 2yjAy 


j=1 
8 
The sum on the right is a Riemann sum that converges to the integral og | 2ydy. 
i i i 3 
The interval of integration is [3, 8] because the box extends from y = 3 to y = 8 (the 
Riemann sum has been set up with yọ = 3 and yy = 8). 


Step 3. Evaluate total force as an integral. 
We obtain 


8 8 
F = pg J 2y dy = (pg)y?| = (10°)(9.8X(8? — 3) = 539,000 newtons w 


3 
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Water level 0 Now, we’ll add another complication: allowing the widths of the horizontal strips to 


vary with depth (Figure 4). Denote the width at depth y by f(y): 


~~ 


f(y) = width of the side at depth y 


As before, assume that the object extends from y = a to y = b. Divide the flat side of 
the object into N horizontal strips of thickness Ay = (b — a)/N. If Ay is small, the jth 
strip is nearly rectangular of area f(y;)Ay. Since the strip lies at depth y; =a + jAy, 
the force F; on the jth strip can be approximated: 


FIGURE 4 The area of the shaded strip 


depends on y and is approximately Fj ~= pgyj x FO )AY = (08)y; Fy )AY 
fO j) Ay. Pressure Area 


The force F is approximated by a Riemann sum that converges to an integral: 


N 


b 
F=F,+---+Fy pg) yifopay > F= pg | yf(y) dy 
j=l j 


THEOREM 1 Fluid Force on a Flat Surface Submerged Vertically The fluid force F 
on a flat side of an object submerged vertically in a fluid is 


. | 
F= ps | yf(y)dy 


where f(y) is the horizontal width of the side at depth y, and the object extends from 
depth y = a to depth y = b. 


EXAMPLE 3 Calculate the fluid force F on one side of an equilateral triangular plate of 
side 2 m submerged vertically in a tank of oil of mass density p = 900 kg/m? (Figure 5). 


y 
v3 Solution To use Eq. (2), we need to find the horizontal width f(y) of the plate at depth 
aN y. An equilateral triangle of side s = 2 has height /3s/2 = /3. By similar triangles, 
y/f(y) = V3/2 and thus f(y) = 2y/V3. By Eq. (2), 


J3 V3 9 
F = pg i y f(y) dy = (900)(9.8) i Ry dy 
7 (=) y 
S3 3 


The next example shows how to modify the force calculation when the side of the 
submerged object is inclined at an angle. 


FIGURE 5 Triangular plate submerged in a 


tank of oil. 5 


= 17,640 newtons z 


0 


EXAMPLE 4 Force on an Inclined Surface The side of a dam is inclined at an angle 
of 45°. The dam has height 700 ft and width 1500 ft as in Figure 6. Calculate the force 
F on the dam if the reservoir is filled to the top of the dam. Water has weight density 
w = 62.4 pounds per cubic foot. 


Solution The vertical height of the dam is 700 ft, so we divide the vertical axis from 0 
to 700 into N subintervals of length Ay = 700/N. This divides the face of the dam into 
N strips as in Figure 6. By trigonometry, each strip has a width equal to Ay/ sin(45°) = —_ 
/2Ay. Therefore, 


area of each strip = length x width = 1500(/2 Ay) 
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yj = YG -DAY nN — xo gato 
: Ay Ay/sin 454 
yj =JAy eee at A 


(a FIGURE 6 


As usual, we approximate the force Fj on the jth strip. The term pg is equal to weight 
per unit volume, so we use w = 62.4 lb/ft? in place of pg: 


Area of strip 
||| a 


Fj © wy; x 1500V2Ay = wy; x 1500/2 Ay Ib 


N N 
Fe Fy X $ wy; (1500-V2 Ay) = 1500/2 w È ` yjAy 


j=l j=l j=l 


700 
This is a Riemann sum for the integral 1500/2w i y dy. Therefore, 
0 


ee 700° 
F = 1500V2w j ydy = 1500V/2(62.4) —— ~ 3.24 x 10! Ib a 
0 


8.3 SUMMARY 


e If pressure is constant, then force = pressure x area. 

¢ The fluid pressure at depth h is equal to ogh, where p is the fluid density (mass per 
unit volume) and g = 9.8 m/s? is the acceleration due to gravity. Fluid pressure acts 
on a surface in the direction perpendicular to the surface. Water has mass density 
1000 kg/m?. 

. If an object is submerged vertically in a fluid and extends from depth y = a to y = b, 
then the total fluid force on a side of the object is 


b 
P = pg | yf (y) dy 


where f(y) is the horizontal width of the side at depth y. 
° If fluid density is given as weight per unit volume, we use w in place of pg. Water 
has weight density 62.4 Ib/ft°. 


— Le 
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8.3 EXERCISES 


Preliminary Questions 


1. How is pressure defined? 


4. Why is fluid pressure on a surface calculated using thin horizontal 


: strips rather than thin vertical strips? 
2. Fluid pressure is proportional to depth. What is the factor of 


i i i then the fluid force on one 
proportionality? 5. Ifa thin plate is submerged = i coy a 5 aira Haters 
i the side of a submerged object, in which side of the plate is equal to pressure times ; 
E M a a4 fae submerged vertically? 
on does it act? 
LLL A 
Exercises | | 
1. A box of height 6 m and square base of side 3 m is submerged in a _ (b) Write a Riemann sum that approximates the fluid force F on a side of 
Joo of water. The top of the box is 2 m below the surface of the water. R and use it to explain why 
(a) Calculate the fluid force on the top and bottom of the box. , [ . 
(b) Write a Riemann sum that approximates the fluid force on a side = pg : y y 
of the box by dividing the side into N horizontal strips of thickness 
Ay = 6/N. (c) Calculate F. 


(c) To which integral does the Riemann sum converge? 
(d) Compute the fluid force on a side of the box. 


Water surface 
2. A square plate that is 2 by 2 m is submerged in water so that its top “yy 


edge is level with the surface of the water. Calculate the fuid force on one 
side of it. 


3. Ifa rectangular plate that is | by 2 m is dipped into a pool of water so 
that initially its top edge of length 1 is even with the surface of the water, 
and then it is lowered so that its top edge is at a depth of 1 m, calculate the 
increase in fluid force on one side of it. 


4. A plate in the shape of an isosceles triangle with base 1 m and height 


FIGURE 8 

2 m is submerged vertically in a tank of water so that its vertex touches the 

surface of the water (Figure 7). ) . 7. Let F be the fluid force on a Side of a semicircular plate of radius r 
(a) Show that the width of the triangle at depth y is f(y) = 5y. meters, submerged vertically in water so that its diameter is level with the 


(b) Consider a thin strip of thickness Ay at depth y. Explain why the fluid water's surface (Figure 9), 


force on a side of this strip is approximately equal to pe 5 y*Ay. (a) Show that the width of the plate at depth y is 24r? — y2, 
(c) Write an approximation for the total fluid force F on a side of the (b) Calculate F as a function of r using Eq. (2). 
plate as a Riemann sum and indicate the integral to which it converges. 


(d) Calculate F. 


FIGURE 7 to the water surface. 


9% A semicircular plate of 
submerged in water so th 
Calculate the fluid force 


radius r meters, oriented as 
at its diameter is located at a dep 
on one side of the plate in terms o 


10. A plate extending from depth y 
. =r? = flui } = 
lyin water Gaisras ee usb» = 7 andy = 1 d of density o = 850 kom? Ty, 


in Figure 9, is 
th of m meters. 
fm andr. 


5. Repeat Exercise 4, but assume that the 


top of the triangle ; 
3 m below the surface of the iis P gle is located 


=2 mto y = 5 m is submer ed in g 


horizontal width 
i : VIS fO) = X1 + 2-1 wiath of the la 
on a side of a hon, whey Of R at height y is SO) = 2/7 and P= Bb J". Calculate the fluid force on dene tt depth 
i Ofa horizontal strip of icknes A z Y and the fluid force 11 Fi one Side of the Plate. 
Co8)2y 1/241 yay 5 AJ at height y is approximately dal gae 10 shows the wall ofa g 


ZOidal Rule and the width am On a water reservoir. UJ 
and de K - Use the Trape- 
the fluid force on the Wal. pth measurements In the figure to eng 


FIGURE 10 


12. Assume in Figure 10 that the depth of water in the reservior dropped 
20 ft in a drought. Use the Trapezoidal Rule and the measurements in the 
figure to estimate the fluid force on the wall. 


13. Calculate the fluid force on a side of the plate in Figure 11(A), sub- 
merged in water, assuming that the top of the plate is at a depth of 
D= 2 tn. 


14, Calculate the fluid force on a side of the plate in Figure 11(A), sub- 
merged in water, assuming that the top of the plate is at a depth of 
D=4 m. 


15. Calculate the fluid force on a side of the plate in Figure 11(B), sub- 
merged in a fluid of mass density p = 800 kg/m’. 


2m 
Da. 4m 
- 
7m 
2m 


(A) (B) 


FIGURE 11 


16. Find the fluid force on the side of the plate in Figure 12, submerged 

in a fluid of density p = 1200 kg/m. The top of the plate is level with 

the fluid surface. The edges of the plate are the curves y =x} and 
eT 

y=, 


FIGURE 12 


17. Let R be the plate in the shape of the region under y = sinx for 
0 < x < > in Figure 13(A). If R is rotated counterclockwise by 90° and 
then submerged in a fluid of density 1100 kg/m? with its top edge level 
with the surface of the fluid as in Figure 13(B), find the fluid force on a 
side of R. 


Fluid level 


(A) (B) 


FIGURE 13 
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18. In the notation of Exercise 17, calculate the fluid force on a side of the 
plate R if it is oriented as in Figure 13(A). 


19. Calculate the fluid force on one side of a plate in the shape of region A 
shown in Figure 14. The water surface is at y = 1, and the fluid has density 
p = 900 kg/m?. 


FIGURE 14 
20. Calculate the fluid force on one side of the “infinite” plate B in Figure 
14, assuming the fluid has density p = 900 kg/m?. 


21. Figure 15(A) shows a ramp inclined at 30° leading into a swimming 
pool. Calculate the fluid force on the ramp. 


22. Calculate the fluid force on one side of the plate (an isosceles triangle) 
shown in Figure 15(B). 


Water surface Water surface 
, Al 
6 


(A) (B) 


FIGURE 15 


23. The massive Three Gorges Dam on China’s Yangtze River has height 
185 m (Figure 16). Calculate the force on the dam, assuming that the dam 
is a trapezoid of base 2000 m and upper edge 3000 m, inclined at an angle 
of 55° to the horizontal (Figure 17). 


E 
z 3000 m 
Ë 
= 
pi 
Z 
i 185 m 
ES xom 
FIGURE 16 Three Gorges Dam on the FIGURE 17 


Yangtze River. 


24. A square plate of side 3 m is submerged in water at an incline of 30° 
with the horizontal. Calculate the fluid force on one side of the plate if the 
top edge of the plate lies at a depth of 6 m. 
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25. The trough in Figure 18 is filled with corn syrup, whose weight den- 
sity is 90 Ib/ft®. Calculate the force on the front side of the trough. 


26. Calculate the fluid pressure on one of the slanted sides of the trough 
in Figure 18 when it is filled with corn syrup as in Exercise 25. 


FIGURE 18 
Further Insights and Challenges 
27. The end of the trough in Figure 19 is an equilateral triangle of side 3. 28. A rectangular plate of side 2 is submerged vertically in a fluid of den- 
Assume that the trough is filled with water to height H. Calculate the fluid sity w, with its top edge at depth h. Show that if the depth is increased by 
force on each side of the trough as a function of H and the length / of the an amount Ah, then the force on a side of the plate increases by wAAh, 


trough. where A is the area of the plate. 


29. Prove that the force on the side of a rectangular plate of area A sub- 
merged vertically in a fluid is equal to pọA, where po is the fluid pressure 
at the center point of the rectangle. 


30. A If the density of a fluid varies with depth, then the pressure at 
depth y is p(y) (which need not equal wy as in the case of constant den- 
sity). Use Riemann sums to argue that the total force F on the flat side of 


b 
a submerged object submerged vertically is F = J f(y) p(y) dy, where 
f(y) is the width of the side at depth y. i 


FIGURE 19 


8.4 Center of Mass 


Every object has a balance point called the center of mass (Figure 1). When a rigid object 
such as a hammer is tossed in the air, it may rotate in a complicated fashion, but its center 
of mass follows the same simple parabolic trajectory as a stone tossed in the air. In this 
section, we use integration to compute the center of mass of a thin plate (also called a 
lamina) of constant mass density p. 

Consider a seesaw with a linebacker for the Green Bay Packers on one end and a 
ballerina from the New York City Ballet on the other end, as in Figure 2. Clearly, the 
balance point x must be closer to the linebacker than the ballerina. 


Mark ladswellAGetly Images 


FIGURE 1 This acrobat with Cirque du 
Soleil must distribute his weight so that his FIGURE 2 
arm provides support directly below his 


center of mass. i : i ; 
As Archimedes realized over 2000 years ago, if two objects balance on opposite 


sides of a lever, then the mass of each object times its distance to the balance point must 
be equal. In this case, mıdı = m2d2. If we use the coordinates given on the line, this 
becomes 


m (xX — x1) = mo(x2 — x) 


FIGURE 3 


Mass m 
located at (x, y) 


FIGURE 4 


The directed distance from a point to an 
axis is the actual distance if the point is on 
the positive side of the axis, and is the 
negative of the distance if the point is on 
the negative side. 


CAUTION The notation is potentially 
confusing: M, is defined in terms of the 
directed distance to the x-axis (given by 
y-coordinates), and M, is defined in terms 
of the directed distance to the y-axis (given 
by x -coordinates)., 
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We solve this for x: 
mıx — mıxı = m2x2 — mx 
mıx +m2x = mıxı +mx2 
(mı + m2)x = mıxı +mx2 


mıxı + m2x%2 
mı + m2 


i= 


In other words, the balance point, called the center of mass (COM), occurs at the 
coordinate given by taking the sum of the product of each mass times its position on the 
line and then dividing this sum by the total mass. These quantities mıxı and m2x2 are 
called moments (with respect to the origin). 

This idea generalizes to finitely many particles on a line. If we have particles of mass 
m,m2,...,M, at positions x1, X2, . . . , Xn, respectively, then the COM is located at 


mix + gx? + 2.4 Bx, 
My + Ap Tt... + Rip 


x= 
EXAMPLE 1 On the line, we have a mass of 3 at —2, a mass of 2 at 1, and a mass of 15 


at 6 (Figure 3). What is the location of the center of mass? 


Solution We have 


-a DO-Y+ OM + 15)©) _ 4.35 


34+2+15 
It makes sense that the COM is closest to the mass of 15 at 6 because most of the mass 
in the system is concentrated at x = 6. a 


Now, how do we extend this idea to particles in the x y-plane (Figure 4)? Suppose 
we have a collection of particles with masses m,,m2,...,m, at positions (x1, y1), 
(x2, Y2), - ©., (Xn, Yn), respectively. The COM is a point in the plane with coordinates 
(x, y). These coordinates are determined in the same manner as the COM of the particles 
on the line. That is, 


x mıxı + m2x2 + -`+ MnXn b mıyı + m2y2 +°- +MnYn 
x = = ad y = oO _ 


mı + mz +-+-+ mp, mı +m +--+ mp 


Like the particles on the line, the terms in the numerators in these COM equations are 
referred to as moments. For a particle of mass m located at the point (x, y), the moment 
with respect to the x-axis, My, and the moment with respect to the y-axis, My, are 
given by 


Mx = my (mass times directed distance to x-axis) 


My = mx (mass times directed distance to y-axis) 


Moments are additive: The moment of a system of n particles with coordinates 


(xi, yi) and mass m; (Figure 5) is the sum 


n 
Mx = miyi + my2 +-->+Mnyn = X miyi 


i=l 


n 


pi 


With this notation, the center of mass (x, y) is given by 
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FIGURE 6 


In this section, we restrict our attention to 
thin plates of constant mass density (also 
called “uniform density”). We use multiple 
integration in Section 15.5 to compute the 
COM when density is not constant. 


FIGURE 5 


where M = m1 +m2+----+ mn is the total mass of the system. That is, the x-coordinate 
of the COM of the system is the moment with respect to the y-axis divided by the total 
mass, and the y-coordinate is the moment with respect to the x-axis divided by the total 
mass. 


EXAMPLE 2 Find the COM of the system of three particles in Figure 6, nee masses 
2, 4, and 8 at locations (0, 2), (3, 1), and (6, 4), respectively. 


Solution The total mass is M = 2+ 4 + 8 = 14 and the moments are 
M, = myi +moy2 +m3y3 = 2-24+4-14+8-4=40 
My = mıxı + m2x2 +m3x3 = 2-04+4-34+8-6=60 


- 60 _ 30 j= 40 = 20 30 20 
Therefore, x = fy = 7 andy = J4 = . The COM is (=, 5 = 


Laminas (Thin Plates) 


Now consider a lamina (thin plate) of constant mass density ọ occupying the region under 
the graph of f over an interval [a, b], where f is continuous and f(x) > 0 (Figure 7). In 
our calculations, we will use the principle of additivity of moments mentioned above for 
point masses: 


If a region is decomposed into smaller, nonoverlapping regions, then the moment of the 
region is the sum of the moments of the smaller regions. 


To compute the moment with respect to the y-axis, My, we begin, as usual, by divid- 
ing [a,b] into N subintervals of width Ax = (b — a)/N and endpoints x; =a + j Ax. 
This divides the lamina into N vertical strips (Figure 8). If Ax is small, the jth strip is 
nearly rectangular of area f(x;)Ax and mass pf (x;)Ax. Since all points in the strip lie 
at approximately the same distance x; from the y-axis, the moment My ; of the jth strip 
is approximately 


My, ; œ% (mass) x (directed distance to y-axis) = (pf(x;)Ax)x; 


By additivity of moments, 


N N 
M, = > 5 x p> xj flxjax 


j= j=l 


b 
This is a Riemann sum whose value approaches p f xf(x)dx as N — ox, and thus, 
a 


b 
My = e f xf(x)dx 


x= gi) 


FIGURE 10 


Gj FIGURE 11 A lamina balances at its 
center of mass (x, y). 
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Xp=Q X Xj-y X; Xy =b 


FIGURE 8 The shaded strip is nearly 
rectangular with area approximately 
f (xj) Ax. 


FIGURE 7 Lamina occupying the region 
under the graph of f over [a, b]. 


More generally, if the lamina occupies a vertically simple region between the graphs of 
two functions fj and fz over [a,b], where fi(x) > fo(x), then 


Think of the lamina as made up of vertical strips of length f\(x) — f(x) at distance x 
from the y-axis (Figure 9). 

In a similar manner, we can compute the x-moment by dividing the lamina into 
horizontal strips. This computation is straightforward to set up when the lamina occupies 
a horizontally simple region between two curves x = gi(y) and x = g2(y) with gi(y) > 
22(y) over an interval [c,d] along the y-axis (Figure 10): 


The lamina will balance at the point (x, y) as in Figure 11. 


EXAMPLE 3 Find the moments and COM of the lamina of uniform density p occupying 
the region underneath the graph of f(x) = x? and above the x-axis for 0 < x < 2. 


Solution The region is both vertically simple and horizontally simple. First, compute 
My, using the fact that the region is vertically simple. By Eq. (1): 


2 5 x4]? 
My =o | xf(x)dx =p | x(x?) dx =p—| =4p 
0 0 4 lo 
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FIGURE 12 Lamina occupying the region 
under the graph of f(x) = x2 over [0, 2]. 


FIGURE 14 Because the shaded strip is 
nearly rectangular, its COM has an 
approximate height of 5 fp): 


Then compute My using the fact that the lamina occupies the vertically simple region 


between x = „/y and x = 2 over the interval [0,4] along the y-axis (Figure 12). By — 


Eq. (2), 


4 4 
Mx =] y(gi(y) — g2(y)) dy =o f y(2 — ./y) dy 


4 
=s(ne = eos 
3 5 


2 
The plate has area A = | x° dx = s and total mass M = - p. Therefore as shown in 


0 
Figure 13, 
_ My 4p 3 _ M, 2p 6 
-_ ee = 30 


CONCEPTUAL INSIGHT The COM of a lamina of constant mass density p is also called 
the centroid. The centroid depends on the shape of the lamina, but not on its mass 
density because the factor p cancels in the ratios M,/M and M,/M. In particular, in 
calculating the centroid, we can take p = 1. When mass density is not constant, the 
COM depends on both shape and mass density. We compute the COM for laminas 
with nonconstant density in Section 15.5. 


So far, our process for computing the COM requires the lamina to occupy a region 
that is both vertically simple and horizontally simple (the former to compute M,, the latter 
to compute M»). Fortunately, there are formulas that apply in the opposite circumstances: © 
for computing My in the vertically simple case, M, in the horizontally simple case. 

Let us consider M, for a lamina occupying a vertically simple region between the 
x-axis and the graph of y = f(x). As before, divide the region into N thin vertical strips 
of width Ax (see Figure 14). Let M, ; be the moment with respect to the x-axis of the jth 
strip and let m ; be its mass. The strip is nearly rectangular with height f(x;) and width 
Ax,somj; ©% of (xj) Ax. Furthermore, M, ; = yjmj;, where yj is the y-coordinate of the 
COM of the strip. However, yj ~ = f(x;) because the COM of a rectangle with uniform 
mass density is located at its center. Thus, 


= 1 1 
Mx j = m;yj © pf(xjpAx- Wapa 5 Pf (aj) Ax 


N N 
1 
Myx = 5 Myj RS 3° X Sf (xjY Ax 


b 
This is a Riemann sum whose value approaches 5 p f f (x)* dx as N — oo. The case 
a 


of a region between the graphs of functions fy and f2 where f(x) > fo(x) > 0 is the 
difference of the moments corresponding to f}(x) and f>(x), by the principle of additiv- 
ity of moments, so we obtain the following formulas for M, for a lamina occupying a 
vertically simple region: 


1 b b 
Mx = z’ f f(xy’ dx o M,= x / (AEF — hay) dx 


The same idea holds for determining M, in the horizontally simple case: 


| 1 fê ON 
My = 5p | g(y)dy o My= zP | (210 — g2(y)*) dy 
c 
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L y EXAMPLE 4 Find the centroid of the shaded region in Figure 15. 
25 Solution The centroid does not depend on p, so we may set p = 1 and apply Eas. (1) 
yor and (3) with f(x) = e": 
1 3 1 3 1 3 6. 22 
Mz => | fePax=5 f e* dx = —e* eres 
2 Ji 2i 4 i 4 
| x 
s i Using Integration by Parts, we get 
FIGURE 15 Region under the curve y = e~ j ; 5 
b =] = 3: 
etween x and x = 3 m= f sfœdx= | xe* dx = (x —1)e* = 23 
y 1 1 l 


3 
The total mass is M = Í e dx = (e? — e). The centroid has coordinates 
1 


M 2e? M, -e 
r y - x 
Xx = — = > 7 2.313, = — = ——— 7 5.701 a 
M e-e ony; 4(e3 — e) 
x P ‘ a P . p 
The symmetry properties of an object give information about its centroid (Figure 16). 
FIGURE 16 The COM of a symmetric plate For instance, the centroid of a square or circular plate is located at its center. Here is a 
lies on the axis of symmetry. precise formulation (see Exercise 49): 


4 REMINDER A region is symmetric with 
respect to a line if reflection across the line 
sends each point of the region to another 
point of the region. 


EXAMPLE 5 Using Symmetry Find the centroid of the half-disk of radius 3, between 


Na 
the x-axis and the graph of f(x) = /9 — x?, as shown in Figure 17. 
Solution Symmetry cuts our work in half. The half-disk is symmetric with respect to the 
y-axis, so the centroid lies on the y-axis, and hence x = 0. It remains to calculate My and 
y. By Eq. (3) with p = 1, 
M Lf sera ifo 2) d L fas tye i 9 — (—9) = 18 
= — 25 x= - — xX xX = — — — = y — (— = 
ae oe 2 a ak has 
The haif-disk has area (and mass) equal to A = 47 (3?) = 97/2, so 
FIGURE 17 The half-disk under the graph of . M 18 4 
f@)=v9 — x2. a ee ee ü 
EXAMPLE 6 Using Additivity and Symmetry Find the centroid of the region R in 
Figure 18. 
Solution We set p = 1 because we are computing a centroid. The region R is symmetric 
with respect to the y-axis, and therefore, x = 0. To find y, we compute the moment Mx. 
Step 1. Use additivity of moments. 
Let MYS? and MS#l¢ be the x-moments of the triangle and the circle. Then 
M, = minangle 4. pge 
Step 2. Moment of the circle. 
FIGURE 18 The moment of region R is the To save work, we use the fact that the centroid of the circle is located at the center 
aa a lexan (0, 5) by symmetry. Thus, y% = 5 and we can solve for the moment: 
sang COR ay Meircle —qcircle P, 
—circle __ Xx a xX = circle __ 
y ~ päde ~ 4r > o = M; = 20x 


Here, the mass of the circle is its area M1?! = y (22) = 4x (since p = 1). 
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Step 3. Moment of a triangle. ii 
Let’s compute MS angle for an arbitrary triangle of height A and base b (Figure 19). 
Let £(y) be the width of the triangle at height y. By similar triangles, 


f(y) b 
ee a £ SS e 
=a y= (y) y 
By Eq. (2), 
FIGURE 19 By similar triangles, y (2) 
kat h h 2 3\ jh 2 
=— >: i b by by bh 
ki h triangle __ es Fali tend he P 
triangle 4. lg 
In our case, b = 4, h = 3, and My = 6 = 6. 


Step 4. Computation of y. 
M, = MF q} merle — 6 + 207r 


The triangle has mass 5 -4.3 = 6, and the circle has mass 477, so R has mass M = 
6+ 47 and 


We end this section with the Theorem of Pappus, attributed to Pappus of Alexandria, 
a mathematician of the fourth century BCE: 


THEOREM 2 Theorem of Pappus Let R be a region of area A in the plane. If we 
rotate R about an axis that is disjoint from R, then the volume of the resulting solid is 
the product of A with the distance traveled by the centroid of R. 


Proof Since we assume a uniform density of 1, the area A of the region is equal to the 
mass M. We will prove the theorem only in the special case that we are rotating about 
the x-axis and that we have a region bounded by y = f(x) and y = fo(x) fora <x <b 
and f\(x) > fo(x) > Q. In this case, we know that the volume is given by 


b l b 
V=% f (AAF — fol(x)*) dx = 2r (5 | (fi(x)? — hdx) 
= 2r M, =A -2n =A-27y 


Thus V = A - 27 y. This is the desired result because y is the distance from the rotation 
axis to the centroid (since we are rotating about the x-axis), and therefore, 27 y is the 
distance traveled by the centroid. E 


EXAMPLE 7 Find the formula for the volume of the solid torus obtained by rotating the 
disk of radius a centered at (b, 0) about the y-axis, where a < b, as in Figure 20. 


Solution The centroid of the disk occurs at its center. So, (x, Y) = (b, 0). The Theorem 


FIGURE 20 Rotating a disk about the y-axis of Pappus then says that 


to obtain a solid torus. z 
V = A -2n ž% = na?2nb = 27n?a?b a 


HISTORICAL PERSPECTIVE 


We take it for 
> =} granted that phys- 
ical laws are best 


yee 
Ta 
ao 
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discoveries of Galileo and Newton. Archimedes 
was one of the first scientists (perhaps the 
first) to formulate a precise physical law. Con- 
cerning the principle of the lever, Archimedes 
wrote, “Commensurable magnitudes balance 


expressed as math- 
ematical relation- 
ships. Think of 
F=ma or the 
universal law of 
gravitation. How- 
=z an ever, the funda- 
ne mental insight that 
Archimede mathematics could 
(287-212 BCE) be used to formu- 
late laws of nature (and not just for counting 
or measuring) developed gradually, begin- 
ning with the philosophers of ancient Greece 
and culminating some 2000 years later in the 


at distances reciprocally proportional to their 
weight.” In other words, if weights of mass 
mı and mz are placed on a weightless lever 
at distances Lı and L2 from the fulcrum P 
(Figure 21), then the lever will balance if 
m/m2 = L2/L1, or 


mL, =m)L | 


In our terminology, what Archimedes had dis- 
covered was the center of mass P of the system 
of weights (see Exercises 47 and 48). 


Roger Viollet Collection/Getty Imapis 


FIGURE 21 Archimedes’s Law of the Lever: 
mı Lı =m2L2 


8.4 SUMMARY 


y = fi@) 
°- The moments of a system of particles of mass m ; located at (xj, yj) are 
My = m1yı +---+™nya, My = mixy +++: + mMnXn 
The center of mass (COM) has coordinates 
M M. 
y = fo) a and y= — 
M M 
a b 
, ' where M =m +--+ mn. 
Verticall l 
i ¢ Lamina (thin plate) of constant mass density p (Figure 22): 
y 
b 
3 — vertically simple region. Mass: M = p | ( fitx) - fo(x)) dx 
Fd 
x = g0) vn G 2 2 : 
Moments: M, = = (AE — fo(x)’) dx, My = x(filx) — fo(x)) dx 
a a 
x = g) 


d 
— horizontally simple region. Mass: M = p / (zı (y)— g2(y)) dy 
c 


Mx = o| y(gi(y) — g2(y)) dy, My = TA (810 — 220%) dy 


Horizontally simple Moments: 
FIGURE 22 
— The coordinates of the center of mass (also called the centroid) are 
es My i Mx 
x = —, y = — 
M M 


e Additivity: If a region is decomposed into smaller nonoverlapping regions, then the 
moment of the region is the sum of the moments of the smaller regions. 

e Symmetry Principle: If a lamina of constant mass density is symmetric with respect 
to a given line, then the center of mass (centroid) lies on that line. 

¢ The Theorem of Pappus: If a lamina is rotated about a disjoint axis, then the volume 
of the resulting solid of revolution is the area of the lamina times the distance traveled 
by the centroid. 
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FURTHER APPLICATIONS OF THE INTEGRAL 


8.4 EXERCISES 


Preliminary Questions 
1. What are the x- and y-moments of a lamina whose center of mass is 


located at the origin? 


2. A thin plate has mass 3. What is the x-moment of the plate if its center 
of mass has coordinates (2, 7)? 


3. The center of mass of a lamina of total mass 5 has coordinates (2, 1). 
What are the lamina’s x- and y-moments? 


4. Explain how the Symmetry Principle is used to conclude that the cen- 
troid of a rectangle is the center of the rectangle. 


5. Give an example of a plate such that its center of mass does not occur 
at any point on the plate. 


6. Draw a plate such that its center of mass occurs on its boundary. 
(You do not need to verify this fact. It should just be believable from the 
drawing.) 


Exercises 


1. On a line, there are particles located at —3,—1,1,2, and 5. Their 
masses are 8, 2, 3, 2, and 1, respectively. 

(a) What is the center of mass of the system? 

(b) Keeping the other four masses the same, what would the mass at 5 
need to be in order to have the center of mass be 0? 


2. Ona line, there are particles located at 1, 2, 3, 4, and 5. Their masses 
are 1, 2, 3, 4, and 5, respectively. 

(a) What is the center of mass of the system? 

(b) If we add a particle of mass 6 at 6, what is the center of mass? 


(c) If we add particles of mass j at j for j = 6 to n, what is the center 
of mass? Hint: Power sums that were introduced in Section 5.1 will be 
helpful here. 


3. Four particles are located at points (1, 1), (1, 2), (4,0), and (3, 1). 

(a) Find the moments M, and My and the center of mass of the system, 
assuming that the particles have equal mass m. 

(b) Find the center of mass of the system, assuming the particles have 
masses 3, 2, 5, and 7, respectively. 


4. Find the center of mass for the system of particles of masses 4, 2, 5, 
and 1 located at (1,2), (—3, 2), (2, —1), and (4, 0). 


5. Point masses of equal size are placed at the vertices of the triangle 
with coordinates (a, 0), (6,0), and (0, c). Show that the center of mass of 
the system of masses has coordinates (4 (a + b), 4c). 


6. Point masses of mass m4, m2, and m3 are placed at the points (—1, 0), 
(3, 0), and (0, 4). 

(a) Suppose that mı = 6. Find m> such that the center of mass lies on the 
y-axis. 

(b) Suppose that mı = 6 and mz = 4. Find the value of m3 such that 
y = 2. 


7. Sketch the lamina S of constant density p = 3 g/cm? occupying the 
region beneath the graph of y = x? for0 < x < 3. 

(a) Use Eqs. (1) and (2) to compute Mx and My. 

(b) Find the area and the center of mass of S. 


8. Use Eqs. (1) and (3) to find the moments and center of mass of the 
lamina S of constant density p = 2 g/cm? occupying the region between 
y =x? and y = 9x over [0,3]. Sketch S, indicating the location of the 
center of mass. 


9. Find the moments and center of mass of the lamina of uniform density 
p occupying the region underneath y = x? for 0 < x < 2. 


10. Calculate M, (assuming p = 1) for the region underneath the graph of 
y =1—x? for0 <x <1 intwo ways, first using Eq. (2) and then using 


Eq. (3). 
11. Let T be the triangular lamina in Figure 23 and assume P = 6. 


(a) Show that the horizontal cut at height y has length 4 — Zy and use 
Eq. (2) to compute M, (with p = 1). 

(b) Use the Symmetry Principle to show that M, = 0 and find the center 
of mass. 


=2 2 


FIGURE 23 Isosceles triangle. 


12. Let T be the triangular lamina in Figure 23, and assume P = 8 and 
p = 1. Find the center of mass. 


In Exercises 13-21, find the centroid of the region lying underneath the 
graph of the function over the given interval. 


13. f(x) =4x, [0,1] 14. f(x) =6-2x, [0,3] 
15. f@œ)= yx, [1,4] 
16. f@œ)=x?, [0,1] 17. f(x) =9-x?, [0,3] 
18. f(x)=(14+x7)"!/, [0,3] 19, f@)=e, [0,4] 

20. f(x) =Inx, [1,2] 21. f(x)= sinx, [0,7] 


22. Calculate the moments and center of mass of the lamina occupying 
the region between the curves y = x and y = x? for0 <x <1. 


23. Sketch the region between y = x + 4 and y=2—x fr 0 <x <2. 
Using symmetry, explain why the centroid of the region lies on the line 
y = 3. Verify this by computing the moments and the centroid. 


In Exercises 24-29, find the centroid of the region lying between the 
graphs of the functions over the given interval. 


24. y=x, y= /x, [0,1] 25. y=x*, y= /x, [0,1] 
26. y=x!, ye 2—x, [1,2] 27. y=e*, y=1, [0,1] 
28. y=Inx, y=x-1, [1,3] 

29. y=sinx, y=cosx, [0,7/4] 


30. Sketch the region enclosed by y = x + 1 and y = (x — 1)? and find 
its centroid. 


31. Sketch the region enclosed by y = 0, y = (x + 1}, and y = (1 — x}, 
and find its centroid. 


In Exercises 32—36, find the centroid of the region. 


32. Top half of the ellipse Ey + (zy =i 
33. Top half of the ellipse (=) + (2y = | for arbitrary a,b > 0 


34. Semicircle of radius r with center at the origin 
35. Quarter of the unit circle lying in the first quadrant 
36. Region between y = x(a — x) and the x-axis fora > 0 


37. Find the centroid of the shaded region of the semicircle of radius r 
in Figure 24. What is the centroid when r = ] and h = 5? Hint: Use 
geometry rather than integration to show that the area of ‘the region is 


r? sin t(/1 — h2/r2) — hr? — h?). 


y 


FIGURE 24 


38. Sketch the region between y = x” and y = x” for 0 < x < 1, where 
m >n > Q, and find the COM of the region. Find a pair (n, m) such that 
the COM lies outside the region. 


39. Find the formula for the volume of a right circular cone of height 
H and radius R using the Theorem of Pappus as applied to the triangle 
bounded by the x-axis, the y-axis, and the line y = Axy + H, rotated 
about the y-axis. 


40. Use the Theorem of Pappus to find the centroid of the half-disk 
bounded by y = V R? — x? and the x-axis. 


In Exercises 41—43, use the additivity of moments to find the COM of the 
region. 


41. isosceles triangle of height 2 on top of a rectangle of base 4 and height 
3 (Figure 25) 


FIGURE 25 
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42. An ice cream cone consisting of a semicircle on top of an equilateral 
triangle of side 6 (Figure 26) 


FIGURE 26 


43. Three-quarters of the unit circle (remove the part in the fourth 
quadrant) 


44. Let S be the lamina of mass density p = 1 obtained by removing a 
circle of radius r from the circle of radius 2r shown in Figure 27. Let M3 


and MS denote the moments of S. Similarly, let My® and M3"! be the 
y-moments of the larger and smaller circles. 


(a) Use the Symmetry Principle to show that My S= Q. 
(b) Show that MS = My big — M$™"| using the additivity of moments. 
(c) Find My® and M = using the fact that the COM of a circle is its 


center. Then compute M’ using (b). 
(d) Determine the COM of S. 


FIGURE 27 


45. Find the COM of the laminas in Figure 28 obtained by removing 
squares of side 2 from a square of side 8. 


FIGURE 28 


Further Insights and Challenges 


46. A median of a triangle is a segment joining a vertex to the midpoint 
of the opposite side. Show that the centroid of a triangle lies on each of its 
medians, at a distance two-thirds down from the vertex. Then use this fact 
to prove that the three medians intersect at a single point. Hint: Simplify 
the calculation by assuming that one vertex lies at the origin and another 
on the x-axis. 


47. Let P be the COM of a system of two weights with masses mı and 
m separated by a distance d. Prove Archimedes’s Law of the (weight- 
less) Lever: P is the point on a line between the two weights such that 
m,L, = m2L2, where Ly is the distance from mass j to P. 
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48. Find the COM of a system of two weights of masses mı and m2 con- 
nected by a lever of length d whose mass density p is uniform. Hint: The 
moment of the system is the sum of the moments of the weights and the 
lever. 


49, Ei Symmetry Principle Let R be the region under the graph of 
y = f(x) over the interval [—a,a], where f(x) > 0. Assume that R is 
symmetric with respect to the y-axis. 


(a) Explain why y = f(x) is even—that is, why f(x) = f(—x). 

(b) Show that y = xf (x) is an odd function. 

(c) Use (b) to prove that M, = 0. 

(d) Prove that the COM of R lies on the y-axis (a similar argument applies 
to symmetry with respect to the x-axis). 


50. Prove directly that Eqs. (2) and (3) are equivalent in the following situ- 
ation. Let f be a positive decreasing function on [0, b] such that f(b) = 0. 
Set d = f(0) and g(y) = f~!(y). Show that 


l b d 
5 i f(x)* dx = i ya(y) dy 
0 0 


CHAPTER REVIEW EXERCISES 


1. Compute p(X < 1), where X is a continuous random variable 


1 
with probability densi x) = ——. 
p y ty p(x) ean 
2. Show that p(x) = fe-*/2 + 2e~*/3 is a probability density over 
the domain [0, oo) and find its mean. 


3. Find a constant C such that p(x) = Cxe is a probability den- 
sity over the domain [0, co) and compute P (0 < X < 1). 


4. The interval between patient arrivals in an emergency depart- 
ment is a random variable with exponential density function p(t) = 
0.125e70-125t (t in minutes). What is the average time between pa- 
tient arrivals? What is the probability of two patients arriving within 
3 min of each other? 


5. Calculate the following probabilities, assuming that X is normally 
distributed with mean u = 40 and o = 5. 

(a) P(X > 45) (b) P(0 < X < 40) 

6. According to kinetic theory, the molecules of ordinary matter are 
in constant random motion. The energy E of a molecule is a random 
variable with density function p(E) = gre t (kT) where T is the 
temperature (in kelvins) and k is Boltzmann’s constant. Compute the 
mean kinetic energy E in terms of k and T. 


In Exercises 7—10, calculate the arc length over the given interval. 


Ip 60." 
8. y=et/24 e7*/2, [0,2] 
9. y=4x-2, [-2,2] 
10. y = x2, [1,8] 


11. Show that the arc length of y = 2./x over [0,a] is equal to 
vala + 1) + In(.fa+-/a+1). Hint: Apply the substitution x = 
tan? 6 to the arc length integral. 


FURTHER APPLICATIONS OF THE INTEGRAL 


Hint: First apply the substitution y = f(x) to the integral on the left and 
observe that dx = g’(y) dy. Then apply Integration by Parts. 


51. Let R be a lamina of uniform density submerged in a fluid of density 
w (Figure 29). Prove the following law: The fluid force on one side of R 
is equal to the area of R times the fluid pressure on the centroid. Hint: Let 
g(y) be the horizontal width of R at depth y. Express both the fluid pres- 
sure [Eq. (2) in Section 8.3] and y-coordinate of the centroid in terms of 


a(y). 


Fluid level 


y (depth) 


FIGURE 29 


12. Compute the trapezoidal approximation 75 to the arc 
length s of y = tan x over [0, 7]. 


In Exercises 13—16, calculate the surface area of the solid obtained by 
rotating the curve over the given interval about the x-axis. 


13. y=x +1, [0,4] 


2 2 
14. y= xe — = 5/4, [0, 1] 
3 5 
2 32_ 1 ip l2 
iS. y= 3% = 57 A Bee a 16. y= a7 , D 2] 


17. Compute the total surface area of the coin obtained by rotating the 
region in Figure 1 about the x-axis. The top and bottom parts of the 
region are semicircles with a radius of 1 mm. 


FIGURE 1 


18. Calculate the fluid force on the side of a right triangle of height 
3 m and base 2 m submerged in water vertically, with its upper vertex 
at the surface of the water. 


19. Calculate the fluid force on the side of a right triangle of height 
3 m and base 2 m submerged in water vertically, with its upper vertex 
located at a depth of 4 m. 


20. A plate in the shape of the shaded region in Figure 2 is submerged 
in water. Calculate the fluid force on a side of the plate if the water 
surface is y = 1. 


FIGURE 2 


21. Figure 3 shows an object whose face is an equilateral triangle with 
5-m sides. The object is 2 m thick and is submerged in water with its 
vertex 3 m below the water surface. Calculate the fluid force on both a 
triangular face and a slanted rectangular edge of the object. 


Water level 


FIGURE 3 


22. The end of a horizontal oil tank is an ellipse (Figure 4) with equa- 
tion (x /4y* eed 3)7 = 1 (length in meters). Assume that the tank is 
filled with oil of density 900 kg/m?. 

(a) Calculate the total force F on the end of the tank when the tank is 
full, 


(b) EA Would you expect the total force on the lower half of the 


tank to be greater than, less than, or equal to $F ? Explain. Then com- 
pute the force on the lower half exactly and confirm (or refute) your 
expectation. 
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FIGURE 4 


23. Calculate the moments and COM of the lamina occupying the re- 
gion under y = x(4 — x) for 0 < x < 4, assuming a density of p = 
1200 kg/m?. 


24. Sketch the region between y = 4(x + iv} and y = 1 forO<x <3, 
and find its centroid. 


25. Find the centroid of the region between the semicircle y = 


V1 — x? and the top half of the ellipse y = iy 1 — x? (Figure 2). 


26. Find the centroid of the shaded region in Figure 5 bounded on the 
left by x = 2x? — 2 and on the right by a semicircle of radius 1. Hint: 
Use symmetry and additivity of moments. 


Semicircle 
/ of radius 1 


FIGURE 5 


27, Use the Theorem of Pappus to find the volume of the solid of rev- 
olution obtained by rotating the region in the first quadrant bounded 
by yx = x? and y = ./x about the y-axis. 


28. Use the Theorem of Pappus to find a formula for the volume of 
the solid obtained by rotating the triangle with vertices (1,0). (3,0), 
and (2,2) about the v-axis. 


Andrés Henie aC Fotostock 


When a hot object, such as a glass blower’s 
molten glass, is brought into a cooler 
environment, Newton’s Law of Cooling says 
that the rate of change of the object’s 
temperature is proportional to the 
temperature difference between the object 
and its surroundings. This relationship can be 
written as a differential equation that models 
the changing temperature of the object. 


A differential equation in the form 


€ = f(x) is said to be directly integrable. 


The solutions can be found by integration, 
you) = | f(x) dx. 


y 
10 
5 
mall x 
Ss. 22 2 
15 
-10 


FIGURE 1 The family of solutions to 


dY ia 2x 
Jz = 1-664 A 


9 INTRODUCTION TO 
DIFFERENTIAL EQUATIONS 


D ifferential equations are among the most powerful tools we have for analyzing the 
world with mathematics. They are used to formulate the fundamental laws of nature 
(from Newton’s laws to Maxwell’ s equations and the laws of quantum mechanics) and to 
model the most diverse physical phenomena. This chapter provides a brief introduction 
to some elementary techniques and applications of this important subject. 


9.1 Solving Differential Equations 


A differential equation is an equation that involves an unknown function and its first or 
higher derivatives. The following differential equations are among the ones that we will 
consider at various points in this chapter: 


d dP 1 
= = 1 = 66", —=rP—-N, a ai 


= 
dx dt dt t+30 


The order of a differential equation is the highest order derivative that appears in the 
equation. In this chapter, we restrict our attention to first-order differential equations. A 
solution to a differential equation is a function that satisfies the equation, and a primary 
goal when working with a differential equation is to find the solutions. The next example 
considers a simple differential equation like the ones we considered in Section 5.3. 


EXAMPLE 1 Consider the differential equation Sz = 1 — 6e”. 


(a) Find the solutions. 
(b) Find the solution satisfying y(0) = 5. 


Solution 


(a) The form of the differential equation enables us to solve it directly by antidifferenti- 
ation: 


vox) = | (1-6) dx = x — 3e” +C 


(b) To satisfy y(0) = 5, we must have 5 = 0 — 3e? + C. Therefore, C = 8. So the 
function 


y(x) = x — 3e” +8 
satisfies the differential equation and the condition y(0) = 5. z 


Generally, a differential equation has a family of solutions. For example, the solu- 
tions to the differential equation Z = 1 — 6e** in Example 1 are the functions y(x) = 
x — 3e”™ + C. The graphs of these solutions form a collection of curves in the xy-plane 
(Figure 1). An expression for the family of solutions to a differential equation, such 
as y(x) =x — 3e?™” +C in Example 1, is called a general solution. For each value 
of C in the general solution, we obtain a particular solution. The function y(x) = 
x — 3e% + 8 is the particular solution to 2 = 1 — 6e* satisfying y(0) = 5. A condition 
y(xo) = yo for identifying a particular solution is called an initial condition. A problem 
consisting of a differential equation and an initial condition is called an Initial Value 
Problem. 
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Separation of Variables =e 


A differential equation is called separable if it can be written in the form 


d 
= = f(x)g(y) 
For example, 


d d 
2 y sin x and sk = x + xy are separable. 
x dx 


d 
= = x + y is not separable because x + y is not a product f(x)g(y). 
x 


Separable equations are solved using the method of Separation of Variables: Move 
the terms involving y to the left and those involving x to the right. Then set up integrals 
The manipulation of the dy and dx terms is and evaluate. 


symbolic. Like previous cases that we dy 
have seen of this type of manipulation, it FP fxe) 
can be justified mathematically via ai 
differentials. ] 
— dy = f(x)dx 
g(y) i 
1 
| — dy = [ tax 
g0) 
; : dy 2 F ; - 
EXAMPLE 2 Find the general solution to Tr 6xy~ and the particular solution satis- 
x 
fying y(0) = =l. 
Solution First, we observe that y(x) = O is a solution to the differential equation. Then, -— 
assuming y Æ 0, we use Separation of Variables as follows: 
yan dy = 6x dx (separate the variables) 
| yee dy = / 6xdx (integrate) 
=y 1 23%° 4+ 
= —~—— (solve for 
7 = 3x2 HC ( y) 
d 
; Thus, the general solution to = = 6xy* consists of the functions 
åt 
i —1 
x)=0 ‘and = —~—— forall C 
1 This family of solutions is sketched in Figure 2, and the particular solution satisfying 
s the initial condition y(0) = —1 is highlighted. To find the particular solution satisfying 
233 me WN) 3 y(0) = —1, we set x = 0 and y = —1 in the general solution and solve for C: 
aiee a 
2 3(0)2? + C 
3 —1 
Ee 
C 
FIGURE 2 Solutions to a = 6xy?. C=li 
Thus, the particular solution satisfying the given initial condition is iisa 
—1 
y C 


mT 
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Terminus 


FIGURE 3 The glacier’s thickness T is 


modeled as a function of distance x from 


the terminus. 


FIGURE 5 


Cross-sectional 
area A(y) 
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It is beneficial to check your Initial Value Problem solution: First, y(0) = at = —], 
as required. Also, 
dy d —] 6x > 
dx dx \3x?+1 (3x4 +1% 
Therefore, y = 75 = satisfies the Initial Value Problem. 


In the field of glaciology, a simple separable differential equation is used to model a 
glacier’s thickness, the vertical distance from its surface to its base (Figure 3). A glacier 
is a river of ice, and like a river of water, it flows (but does so relatively slowly). Mass 
is added to a glacier by precipitation and is lost by sublimation, evaporation, and melt- 
water runoff. We assume that the amount of mass lost equals the amount that is gained, 
and therefore, the glacier’s shape does not change. We model the glacier’s thickness in 
meters by T (x) where x is the distance in meters from the front of the glacier (the location 
where the glacier ends on land or water, also known as the terminus). 

In a simple force-balance model, where fluid pressure forces in a glacier are balanced 
with a friction force at its base, the following differential equation for T(x) results: 


dT T 
Ta | 2 | 


In the equation, t is the friction at the base of the glacier, p is the ice density, and g is 
acceleration due to gravity. 


EXAMPLE 3 A Glacial Thickness Model Let o = 917 kg/m’, g = 9.8 m/s’, and 
t = 75,000 N/m? in Eq. (2). Use T(0) = 0 for an initial condition, and solve for T(x). 
Then use 7 (x) to determine the thickness of the glacier 1 km from its terminus. 


Solution The differential equation that we need to solve is 
dT 75,000 
dx  (917)(9.8) 


It is a separable differential equation. We use the approximate value of 8.35 for the right- 
hand side, and proceed as follows: 


[rar = f 8354x 


T? = 8.35x + C 
T(x) = V16.7x +C 


Since T(0) = 0, we obtain T(x) = ~ 16.7x (Figure 4). 
At a distance of 1 km from the terminus, the thickness is T7(1000) = ./16, 700 ~ 
129 m. id 


Another model that results in a separable differential equation involves the water 
level in a container that has a leak through a hole in the bottom (Figure 5). We let y(t) be 
the height of water in the container as a function of time, A(y) be the cross-sectional area 
of the container at height y, and B be the area of the hole in the bottom of the container. 

In a model where we assume the volume lost from the container equals the volume 
that flows out, we apply an important fluid-flow law known as Torricelli’s Law to obtain 
the following differential equation: 


dy B./2gy 
dt A) 


In the equation, g is acceleration due to gravity. 
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Hole = square of side 2 cm | 


FIGURE 6 


Water level (cm) 


400 


300 


y(t) = (20 — 0.002802 
200 


100 
t (s) 


5000 že 10,000 


FIGURE 7 


EXAMPLE 4 A cylindrical container of height 400 cm and radius 100 cm is filled with _ _ 


water. In the bottom of the container is a square hole of side length 2 cm through which 
water leaks. Determine the water level y(t), in cm, as a function of time ¢, in seconds. 
How long does it take for the tank to go from full to empty? 


Solution The horizontal cross section of the cylinder is a circle of radius r = 100 cm 
and area A(y) = mr? = 10,000z cm? (Figure 6). The hole has area B = 4 cm”. With the 
units we are employing, we set g = 980 cm/s”. Now, Eq. (3) becomes 


dy  — 4(./1960y) _ 


dt 10,000z ge USE) [4 | 


Since the tank is full at £ = 0, we have the initial condition y(0) = 400. 
Now, y(t) = 0 is a solution to the differential equation, but it does not satisfy the 
initial condition. We assume y Æ 0 and solve using Separation of Variables: 


dy J 
— = —0.0056 | dt 
IF 


2y!/2 = —0.0056¢ + C | 5 | 


At this point, rather than solving for general y(t), it is convenient to determine the value of 
C for which the initial condition is satisfied. Substituting y = 400 and t = 0 into Eq. (5), 
we obtain C = 40. Thus, we have 


2y!/2 = —0.0056t + 40 | 6 | 


y(t) = (20 — 0.00281)? 


To determine the time te that it takes to empty the tank, we solve 
Y(te) = (20 — 0.00284) =0 => t 7142s 


So, the tank is empty after 7142 s, or nearly 2 hours (Figure 7). ial 


Note that the solution y(t) = (20 — 0.00287)? in the previous example is valid only 
for 0 < t < te. Fort > te the function y(t) = (20 — 0.00287)? does not satisfy the dif- 


ferential equation; it is increasing while the differential equation requires that o < 0 for 


all ż. This “extraneous solution” (for t > te) arose as a result of squaring both sides of 
Eq. (6). It is clear physically that after the tank empties, y(t) = 0 for all t. Mathemati- 
cally, it also works to extend the solution so that y(t) = O fort > te because y(t) = Oalso 
satisfies the differential equation. Thus, the solution to the Initial Value Problem, defined 
for all t > Q, is 


(20 — 0.00284)? O0<t <t, 
yt) = 
0 t> te 


Exponential! Growth and Decay 


Many phenomena are modeled by the differential equation ay = ky, which assumes that: 


The rate of change of y is proportional to the amount of y present. 


Examples include the growth of a population, the spread of a computer virus, the de- 
cay of a radioactive substance, and the elimination of a drug from a patient’s bloodstream. 
For “growth” and “spread,” the proportionality constant k in the differential equation is 
positive (y would be increasing); for “decay” and “elimination,” it is negative. 
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EXAMPLE 5 Find the general solution to 2 = ky. 


— 
Solution First, note that y(t) = 0 is a solution to the differential equation. Then, assum- 
ing y Æ 0, we employ Separation of Variables: 

] 
—dy = kdt 
4 
i 
i — dy = J kdt 
y 
ln |y| = kt + C 
| y | = okt tC 
y 
y = D eft 
Two simplifications occurred at the last step. First, we write etC _ okt oC = De ; 
where e to the power of an arbitrary constant is replaced by a positive constant term D. 
Second, if |y] = De* , then y= +De*, which can be expressed as y = De, allowing 
D to be positive or negative. Furthermore, since y = 0 solves the differential equation, 
i the possibility that D = 0 is also allowed. Therefore, the functions y(t) = De, for all 
D, satisfy the differential equation. Summarizing, 
| dy k 
The general solution to — = ky is y(t) = De“. 
g Pe | 
FIGURE 8 The general solution to a = ky 
\ _ fork >0. The general solution with k > 0 is illustrated in Figure 8. A 


The function y = De“ models exponential growth when k > 0, and it models 
exponential decay when k < 0. For a simple population growth model, it is natural to 
assume that the rate of growth of the population is proportional to the population present 
because we expect some fixed percentage of all individuals will contribute to reproduc- 
tion. Of course, we cannot expect population growth to occur at an increasing rate for- 
ever. However, at least for an initial growth period, as in the next example, exponential 
population growth is feasible. 


EXAMPLE 6 In the laboratory, the Escherichia coli bacteria grows such that the rate 
of change of the population is proportional to the population present. Assume that 1000 
bacteria are initially present, and 1500 are present after 1 hour. 


(a) Determine P(t), the population after ¢ hours. 
(b) How large is the population after 5 h? 
(c) How long does it take for the population to double in size? 


Solution 


(a) Since the rate of change P’(t) is proportional to P(t), we have the differential equa- 
tion P’(t) = k P(t). Furthermore, we are given the initial conditions P(0) = 1000 and 
P(1) = 1500. Together, the differential equation and initial conditions make up the Ini- 
tial Value Problem that we must solve. 

Note that we have two initial conditions. Both are necessary because we need to 
determine the constant term D in the general solution to the differential equation and the 
term k in the differential equation itself. 

= The general solution to the differential equation is P(t) = De*, and the initial con- 
dition P(0) = 1000 implies that D = 1000. Thus, the solution is in the form 


P(t) = 1000e“ 
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FIGURE 9 P(t) = 100004051, 


Exponential growth cannot continue over 
long periods of time. In this example, the 
population would grow to over 1074 
bacteria cells after 3 weeks—much more 
than the estimated number of atoms in the 
observable universe. In typical population 
growth, an initial rapid growth phase is 
followed by a period in which growth slows. 
In Section 9.4, we adjust the population 
growth model to take into account a limited 
resource base for the population. This 
results in solutions where the population 
initially grows rapidly but then levels off. 
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To determine k, we substitute P = 1500 and t = 1 into P(t) = 1000e*! and solve 


for k: 
1500 = 1000e* 
1.5 = ef 
In 1.5 =£ 
k ~ 0.405 
Therefore, with an approximate value for k, we have that P(t) = 1000e9-495 
(Figure 9). 
(b) After 5 h the population is P(5) = 1000e940°) ~ 7576 bacteria. 
(c) To determine when the population doubles, we find t such that P = 2000: 
2000 = 10000405: 
= e0-405t 
In2 = 0.405t 
enn ox a i, - 
0405 


In the previous example, we computed the time it takes for the initial population to 
double. In exponential growth, the time to double in size is called the doubling time. 
Similarly, in exponential decay, the half-life is the time it takes for an initial amount to 
decrease to half its size. Doubling time and half-life do not depend on the initial amount, 
but depend only on the value of the term k, as follows: 


Half-life and Doubling Time for P(t) = Poe*' 


Pxpotentahdeciysk <0 hatife = 


In2 
Exponential growth: k > Q doubling time = = 


It is straightforward to verify these formulas. For example, suppose that t = =; 
then 


In2 In2 
P (F) = Pelt) = Poe”? = 2P) 
Thus, => is the value of t at which P(t) is equal to twice the initial amount Pp. 


EXAMPLE 7 A patient is administered 400 mg of penicillin, and after 50 minutes 300 
mg remains in her bloodstream. Let A(t) represent the amount of penicillin (in mg) in her 
bloodstream t minutes after the drug was administered. Assume that the drug is leaving 
her bloodstream at a rate proportional to the amount in her bloodstream. Determine A(t) 
and the half-life of the resulting exponential decay. 


Solution 

Since the rate of change is proportional to the amount present, A’(t) = kA(t). Fur- 
thermore, we are given the initial conditions A(0) = 400 and A(50) = 300, and therefore, 
we have an Initial Value Problem that we must solve. 

The general solution to the differential equation is A(t) = De*', and the initial 
condition A(Q) = 400 implies that D = 400. The solution is therefore in the form 
A(t) = 400e**. 


Ma 
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To determine k, we substitute A = 300 and t = 50 into A(t) = 400e“ and solve 


pe 
for k: 
A 
300 = 400e% 
400 
0.75 = e°% 
In 0.75 = 50k 
= _ In0.75 
n 
= ~~ —0.0058 
50 
100 200 Í Thus, with this approximate value for k, we have that A(t) = 400e70-0058: 
(Figure 10). The half-life is === a X% — zæ 120 min. G 


If an Initial Value Problem models a physical relationship, we would want to know 
whether or not a solution exists and whether or not the solution is unique. Having no 
solution suggests that the model is not correct. Perhaps we would need to reevaluate the 
assumptions used to build the model. Having a unique solution would be desirable if we 
expect the phenomenon to change in only one way and we wish to make predictions. 

Note that the Initial Value Problem, Z = ky and y(0) = yo, has the solution y = 
yoe [obtained from Eq. (8) using the initial condition y(0) = yo]. It is the only solution 
that is provided by the general solution formula. We can prove that this solution is unique 
by showing that all solutions to the differential equation are provided by the general 
solution (see Exercise 61). 


Michael Nicholson/Getty Images 


9.1 SUMMARY 


~ Sofia Kovalevskaya (1850-1891) was a 


Russian mathematician who made i , E dy 

important contributions to the field °- A directly integrable differential equation is in the form i= f(x). It is solved by 
of differential equations. One of her direct antidifferentiation. 

major results is known as the e A separable first-order differential equation is in the form 


Cauchy—Kovalevskaya Theorem. It asserts 
the existence and uniqueness of a class of 
solutions to differential equations for 
functions of multiple variables. A special 
case of the theorem was first proved by 
Augustin-Louis Cauchy in 1842. 


dy _ 
“hs f(x)g(y) 


Differential equations of this type are solved by Separation of Variables: Move all 
terms involving y to the left and all terms involving x to the right and integrate 


Kovalevskaya proved the general version 
of the theorem in 1875. J-> — dy = / f(x)dx 
g(y) 
°- A simple differential equation model for exponential growth and decay is 
dy 
ae 
dt 4 


The general solution is y(t) = De*'. Exponential growth occurs when k > 0, and the 
doubling time is =* me . Exponential decay occurs when k < 0, and the half-life is 2-2 noe e 


9.1 EXERCISES 


Preliminary Questions 


1. Determine the order of the following differential equations: (a) yy =x+y (b) x Laa =3 
\— (a) wry’ =1 (b) y +x=1 dP k 2 

© y” +x4y’ =2 @) sin(y”) +x = y a q iii 0g ea 

2. Which of the following differential equations are directly ees Oe = 720-3! (f) pm Sij 


integrable? dt 


506 CHAPTER 9 


3. Which of the following differential equations are first-order? 
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4. Which of the following differential equations are separable? 


(ah y = x? (b) y” =? (a) Z sr- (b) xy’ +8ye* =0 
x 
3 fee: oe E = 
(ce) YY + yy’ =sinx (d) x*y’ —e*y=siny O = x2y (a) y'=1-y 
d dP P+t 
(e) y” +3y =2 (f) yy +x+y=0 ia a= 3./1 py ff) — =— 
x dt dt t 
Exercises 
In Exercises 1—6, verify that the given function is a solution of the differ- 25. y’=xsecy 26. dy = tan y 
ential equation. do 
7 dy dx 
1. y —8x=0, y = 4x? ee . — =ttan 
27 Ji ytant 28 EP x 


. yy +4x=0, y= V12—4x2 


. y +4xy=0, y = 25e? 


w 


. (x2 — Vy’ +xy=0, y=4x? 1) 12 


3 
4 
5. y” —2xy’+8y=0, y =4x4— 12x? +3 
6. y” —2y’+S5y=0, y= æ sin2x 

7 


. The following differential equations appear similar but have very 
different solutions: 


dy dy 
dx dx 
Solve both subject to the initial condition y(1) = —1. 


8. The following differential equations appear similar but have very 
different solutions: 


dy _ dy _ 
n gs 7 


Solve both subject to the initial condition y(1) = 2. 


9. Verify that xy’ + e7? = 0 is separable. 
(a) Write it as e” dy = —x~* dx. 
(b) Integrate both sides to obtain e = x7! +C. 
(c) Verify that y = In(x~! + C) is the general solution. 
(d) Find the particular solution satisfying y(2) = 4. 
10. Consider the differential equation y?y’ — 9x? = 0. 
(a) Write it as y? dy = 9x? dx. 
(b) Integrate both sides to obtain fy* = 3x? + C. 
(c) Verify that y = (12x? + C)!/* is the general solution. 
(d) Find the particular solution satisfying y(1) = 2. 
In Exercises 11-28, use Separation of Variables to find the general 
solution. 

2 


6 
11. y — F =) 12. y +4xy* =0 


13. y +x°y=0 14. y -eP = 0 


15. 2 — 20t*e-¥ =0 16. t?y’ +4y? =0 
' dy 
17. 2y + 5y =4 18. a, TA 
19. Vl—x*y =xy 20. y’ = y*(1 — x?) 
A. yy =x 22. (Iny)y’ —ty =0 
dx 2 PASE 3 
23. = (t+ 1IGQ* +1) 24. (14+ x*)y’ =x’y 


dt 


In Exercises 29-42, solve the Initial Value Problem. 
29. y'+2y=0, y(dn5)=3 

30. y —3y+12=0, y»(2)=1 

31. yy’ = xe, y(0) = —2 

32. —— =x, y(1)=0 

33. y= -D -2)}, y2)=4 

34. y= - 10-2), y2)=2 


wy =x F1), yO)=0 


d 
36. (1 = ~y=0, y(2)=-4 


dy 
7. — = ELP 0) = | 
3 ead y(0) 

dy 
8. =f ae 1 — 
3 omie y(1)=0 

d 

39. PO —raltyty, y(1) =0 


40. J1—x2y’=y?+1, y0)=0 
T 
41. y = tany, y(in2) = > 


42. y = y? sinx, y(r)=2 


In Example 3, we calculated the thickness of a glacier assuming the fric- 
tion at the base of the glacier is constant. In Exercises 43—44, we consider 
cases where the friction varies along the length of the glacier. 


43. (a) Solve the glacier thickness differential equation [Eq. (2)] for T (x) 
with t(x) = 75x N/m? and initial condition T (0) = 0. 
(b) Sketch the graph of T forO < x < 1000 m. 


44. (a) Solve the glacier thickness differential equation [Eq. (2)] for T (x) 
with t(x) = 0.3x(1000 — x) N/m? and initial condition 7(0) = 0. 


(b) Sketch the graph of T for 0 < x < 1000 m. 


In Exercises 45-50, use the differential equation for a leaking container, 


Eq. (3). 


45. Water leaks through a hole of area B = 0.002 mê at the bottom of a 
cylindrical tank that is filled with water and has height 3 m and a base of 
area 10 m?. How long does it take (a) for half of the water to leak out and 
(b) for the tank to empty? 


46. At t = 0, a conical tank of height 300 cm and top radius 100 cm 


— [Figure 11(A)] is filled with water. Water leaks through a hole in the bot- 


tom of area B = 3 cm*. Let y(t) be the water level at time ¢. 
1 
(a) Show that the tank’s cross-sectional area at height y is A(y) = ta 


(b) Solve the differential equation satisfied by y(t) 
(c) How long does it take for the tank to empty? 


(A) Conical tank (B) Horizontal tank 


FIGURE 11 


47. The tank in Figure 11(B) is a cylinder of radius 4 m and height 15 m. 
Assume that the tank is half-filled with water and that water leaks through 
a hole in the bottom of area B = 0.001 m*. Determine the water level y(t) 
and the time fe when the tank is empty. 


48. A tank has the shape of the parabola y = x7, revolved around the 
y-axis. Water leaks from a hole of area B = 0.0005 m° at the bottom of 
the tank. Let y(t) be the water level at time t. How long does it take for the 
tank to empty if it is initially filled to height yọ = 1 m? 


49. A tank has the shape of the parabola y = ax? (where a is a constant) 
revolved around the y-axis. Water drains from a hole of area B m? at the 
bottom of the tank. 


(a) Show that the water level at time f is 


2/3 
3aB4/2 
n= (96 - Sr) 


where yo is the water level at time t = 0. 


(b) Show that if the total volume of water in the tank has volume V at 
time t£ = 0, then yo = ./2aV/z. Hint: Compute the volume of the tank as 
a volume of rotation. 


(c) Show that the tank is empty at time 


2 onv3\'" 
le = | > 
Eales 


We see that for fixed initial water volume V, the time fe is proportional to 
a—‘/*. A large value of a corresponds to a tal] thin tank. Such a tank drains 
more quickly than a short wide tank of the same initial volume. 


50. [B A cylindrical tank filled with water has height h and a base of 
area A. Water leaks through a hole in the bottom of area B. 

(a) Show that the time required for the tank to empty is proportional to 
AVh/B. 

(b) Show that the emptying time is proportional to Vh—'/?, where V is 
the volume of the tank. 

(c) Two tanks have the same volume and a hole of the same size, but they 


have different heights and bases. Which tank empties first: the taller or the 
shorter tank? 


SECTION 9.1 Solving Differential Equations 507 


51. When cane sugar is dissolved in water, it converts to invert sugar over 
a period of several hours. The amount A(t) of unconverted cane sugar at 
time f (in hours) satisfies A’ = —0.2A. If there are initially 500 g of uncon- 
verted cane sugar, how much unconverted cane sugar remains after 5 h? 
After 10 h? 


52. A certain RNA molecule replicates every 3 minutes. Find the differ- 
ential equation for the number N(t) of molecules present at time ¢ (in 
minutes). How many molecules will be present after 1 h if there is one 
molecule at t = 0? 


53. Assume that during periods of job growth, the rate of increase of the 
number employed is proportional to the number who are employed. At the 
outset of a job growth period, the number employed in a certain country 
grew from 11.3 million to 11.7 million in 10 weeks. Let N(t) represent the 
number employed in millions as a function of t in weeks since the start of 
the growth period. 

(a) Set up and solve an Initial Value Problem to determine N (t). 


(b) The growth period lasted for a year (52 weeks). What was the increase 
in the number of jobs? 


54. Bismuth-210 decays at a rate proportional to the amount present. A 
sample of Bismuth-210 that initially had a mass of 1000 mg decayed 500 
mg in 5 days. Let M(t) be the mass of Bismuth-210 in milligrams t days 
after the initial sample of 1000 mg began to decay. Set up and solve an 
Initial Value Problem for determining M(t). 


55, (a) With y(t) = yoe“’, at what value of ¢ (in terms of p and k) is 
y(t) = pyo? 

(b) If y(t) = yoe!” , witht in hours, how long does it take for y to double? 
To triple? To increase 10-fold? 


56. Drug Dosing Interval Let y(t) be the drug concentration (in micro- 
grams per milliliter) in a patient’s body at time t. The initial concentration 
is y(0) = L. Additional doses that increase the concentration by an amount 
d are administered at regular time intervals of length T. In between doses, 
y(t) decays exponentially—that is, y’ = —ky. Find the value of T (in terms 
of k and d) for which the concentration varies between L and L — d as in 
Figure 12. 


y (mcg/mL) 


Exponential decay 


\ 


Dose administered 


T 2T 3T 


FIGURE 12 Drug concentration with periodic doses. 


57. Figure 13 shows a circuit consisting of a resistor of R ohms, a capaci- 
tor of C farads, and a battery of voltage V. When the circuit is completed, 
the amount of charge q(t) (in coulombs) on the plates of the capacitor 
varies according to the differential equation (t in seconds) 


dq l 
R — —q =V 
ao ce 


where R, C, and V are constants. 
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(a) Solve for g(t), assuming that g(0) = 0. 
(b) Sketch the graph of q. 
(c) Show that jim, git)=CV. 


(d) Show that the capacitor charges to approximately 63% of its final 
value CV after a time period of length t = RC (r is called the time con- 
stant of the capacitor). 


FIGURE 13 An RC circuit. 


58. Assume in the circuit of Figure 13 that R = 200 ohms, C = 
0.02 farad, and V = 12 volts. How many seconds does it take for the 
charge on the capacitor plates to reach half of its limiting value? 


59. E According to one hypothesis, the growth rate d V /dt of a cell’s 
volume V is proportional to its surface area A. Since V has cubic units 
such as cm? and A has square units such as cm’, we may assume roughly 
that A x V2/3, and hence dV/dt = kV?” for some constant k. If this hy- 
pothesis is correct, which dependence of volume on time would we expect 


to see (again, roughly speaking) in the laboratory? 


(a) linear (b) quadratic (c) cubic 

60. We might also guess that the volume V of a melting snowball de- 
creases at a rate proportional to its surface area. Argue as in Exercise 59 
to find a differential equation satisfied by V. Suppose the snowball has 
volume 1000 cm? and that it loses half of its volume after 5 minutes. 


According to this model, when will the snowball disappear? 


d : 
61. The general solution to = = ky is y = De*. Here we prove that ev- 


ery solution to the differential equation, defined on an interval, is given by 
the general solution. 


(a) Show that if y(t) satisfies the given differential equation, then 
d —kt —0 


(b) Assume that y(t) satisfies the differential equation on an interval /. 
Use the result from (a) and the Corollary to the Mean Value Theorem in 
Section 4.3 to prove that on I, y(t) = De* for some D. 


62. Captain Quint is standing at point B on a dock and is holding a rope of 
length £ attached to a boat at point A [Figure 14(A)]. As the captain walks 
along the dock, holding the rope taut, the boat moves along a curve called 
a tractrix (from the Latin tractus, meaning “pulled”). The segment from 
a point P on the curve to the x-axis along the tangent line has constant 
length £ [Figure 14(B))}. Let y = f(x) be the equation of the tractrix. 


Z . Why 


/ g2 — y? 


(a) Show that y? + (y/y’)? = £ and conclude y’ = — 
must we choose the negative square root? 


(b) Prove that the tractrix is the graph of 


£ 2m n2 
r-en (2) €2 — y2 
y 
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P= (x, f@) 


(A) (B) 


FIGURE 14 


63. Show that the differential equations y’ = 3y/x and y’ = —x/3y de- 
fine orthogonal families of curves; that is, the graphs of solutions to the 
first equation intersect the graphs of the solutions to the second equation 
in right angles (Figure 15). Find these curves explicitly. 


FIGURE 15 Two orthogonal families of curves. 


64. Find the family of curves satisfying y’ = x/y and sketch several mem- 
bers of the family. Then find the differential equation for the orthogonal 
family (see Exercise 63), find its general solution, and add some members 
of this orthogonal family to your plot. 


65. A 50-kg model rocket lifts off by expelling fuel downward at a rate 
of k = 4.75 kg/s for 10 s. The fuel leaves the end of the rocket with an 
exhaust velocity of b = —100 m/s. Let m(t} be the mass of the rocket at 
time t. From the law of conservation of momentum, we find the following 
differential equation for the rocket’s velocity v(t) (in meters per second): 


m(t)v' (t) = —9.8m(t) + om 


(a) Show that m(t) = 50 — 4.75t kg. 

(b) Solve for v(t) and compute the rocket’s velocity at rocket burnout 
(after 10 s). 

66. Let u(t) be the velocity of an object of mass m in free-fall near the 
earth’s surface. If we assume that air resistance is proportional to v, then 
v satisfies the differential equation mo = —g + kv? for some constant 
k > 0. 

(a) Seta = (g/k)'/”” and rewrite the differential equation as 


dy k 9 9 
i, a 


Then solve using Separation of Variables with initial condition v(0) = 0. 
(b) Show that the terminal velocity jim v(t) is equal to —a. 
> oO 


67. If a bucket of water spins about a vertical axis with constant angu- 
lar velocity w (in radians per second), the water climbs up the side of the 
bucket until it reaches an equilibrium position (Figure 16). Two forces act 
on a particle located at a distance x from the vertical axis: the gravitational 
force —mg acting downward and the force of the bucket on the particle 
(transmitted indirectly through the liquid) in the direction perpendicular 
to the surface of the water. These two forces must combine to supply a 
centripetal force mw*x, and this occurs if the diagonal of the rectangle in 
Figure 16 is normal to the water’s surface (i.e., perpendicular to the tan- 
gent line). Prove that if y = f(x) is the equation of the curve obtained by 
taking a vertical cross section through the axis, then —1/y’ = —g/(w*x). 
Show that y = f(x) is a parabola. 
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FIGURE 16 


Further Insights and Challenges 


68. [4 In Section 6.2, we computed the volume V of a solid as the in- 
tegral of cross-sectional area. Explain this formula in terms of differential 
equations. Let V (y) be the volume of the solid up to height y, and let A(y) 
be the cross-sectional area at height y as in Figure 17. 


(a) Explain the following approximation for small Ay: 


VO + Ay) — VO) © AQ) Ay [u] 


(b) Use Eq. (11) to justify the differential equation d V /dy = A(y). Then 
derive the formula 


b 
V F A(y)dy 


Area of cross section 
paana : is A(y) 


| ees Volume of slice is 
A Vy t Ay) - Wy) ~ AC) Ay 


FIGURE 17 


69. A basic theorem states that a linear differential equation of order n 
has a general solution that depends on n arbitrary constants. The following 
examples show that, in general, the theorem does not hold for nonlinear 
differential equations. In each case the differential equation is not linear 
because of the (y’)* term. 

(a) Show that (y’)* + y? = 0 is a first-order equation with only one solu- 
tion y = 0. 

(b) Show that (y’)? + y? +1 = 0 is a first-order equation with no solu- 
tions. 


70. Show that y = Ce™ is a solution of y” + ay’ + by = 0 if and only if 
r is aroot of P(r) = r? + ar + b. Verify directly that y = Cye** + Cre~* 
is a solution of y” — 2y’ — 3y = 0 for any constants C41, C2. 


71. A spherical tank of radius R is half-filled with water. Suppose that 
water leaks through a hole in the bottom of area B. Let y(t) be the water 
level at time ż (seconds). 


dy ~2gB./y 
(a) Show that a = aOR, — = 


(b) Show that for some constant C, 


20 
——— {10Ry?/* -3y ) =C -t 
ENAA á ” ) 


(c) Use the initial condition y(0) = R to compute C, and show that 
C = te, the time at which the tank is empty. 


(d) Show that ts is proportional to R°/* and inversely proportional to B. 


9.2 Models Involving y’ = k(y — b) 


In this section we examine the differential equation 


where k and b are constants. This differential equation describes a quantity y whose rate 
of change is proportional to the difference y — b. It arises in many different modeling 
situations. We will use it to model a cooling object in a fixed-temperature environment, 


vertical motion under the influence of gravity and 


of an annuity. 
This differe 


linear because the relationship between 7; 


ntial equation can be written in the form 7 


air resistance, and the changing value 


— ia 


dy _ ky +c and is called 


haf A 
dy and y is linear. Furthermore, because th 
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y=1 -26% 


t 


FIGURE 1 Two solutions to y’ = —2(y — 1) 
corresponding to C = 2 and C = —2 


Newton's Law of Cooling implies that the 
object cools quickly when it is much ‘hotter 
than its surroundings (when y — To is 
large). The rate of cooling slows as y 
approaches Ty. When the object’s initial 
temperature is less than To, y’ is positive 
and Newton’s Law models warming. 


Temperature 
y CC) 


t (min) 
0.5 1.0 1.5 Z 


FIGURE 2 The temperature y(t) of a metal 
bar as it cools when the ambient 
temperature is 10°C. 


coefficient k and the term c are constant, the differential equation is said to have constant 
coefficients. Thus, the differential equations we examine in this section are first-order ite 
linear constant coefficient differential equations. In Section 9.5, we examine the general 
first-order linear differential equation where the terms k and c could be functions of t. 

We can use Separation of Variables to show that the general solution to Eq. (1) is 


z 


Alternatively, we may observe that (y — bY = y’ since b is a constant, so Eq. (1) may be 
rewritten 


d 
ane — b) = k(y — b) 


In other words, y — b satisfies the differential equation of an exponential function and 
thus y — b = Ce“ or y = b + Ce* | as claimed. 


GRAPHICAL INSIGHT The behavior of the solution y(t) as t —> oo depends on whether 
C and k are positive or negative: 


e When k > 0, e* tends to oo and, therefore, y(t) tends to œo if C > 0 and y(t) tends 
to —ooif C < 0. 

e When k < 0, we usually rewrite the differential equation as y’ = —k(y — b) with 
k > 0. In this case, y(t) = b + C e`% and y(t) approaches the horizontal asymptote 
y = b since Ce~* tends to zero as t —> oo (Figure 1). Note that y(t) approaches 
the asymptote from above or below, depending on whether C > OorC < 0. 


We now consider some applications of Eq. (1), beginning with Newton’s Law of ~~ 
Cooling. Let y(t) be the temperature of a hot object that is cooling off in an environment 
where the ambient temperature is To. Newton assumed that the rate of cooling is propor- 
tional to the temperature difference y — To. We express this hypothesis in a precise way 
by the differential equation 


y'= —k(y — To) (To = ambient temperature) 


The constant k, in units of (time)~!, is called the cooling constant and depends on the 
physical properties of the object. 


EXAMPLE 1 Newton’s Law of Cooling A hot metal bar with cooling constant k = 
2.1 min”! is submerged in a large tank of water held at temperature To = 10°C. Let y(t) 
be the bar’s temperature at time t (in minutes). 


(a) Find the differential equation satisfied by y(t) and find its general solution. 
(b) What is the bar’s temperature after 1 min if its initial temperature was 180°C? 
(c) What was the bar’s initial temperature if it cooled to 80°C in 30 seconds? 


Solution 
(a) Since k = 2.1 min™', y(t) (with t in minutes) satisfies 
y = —2.1(y — 10) 


By Eq. (2), the general solution is y(t) = 10 + Ce~*"* for some constant C. 


(b) If the initial temperature was 180°C, then y(0) = 10 + C = 180. Thus, C = 170 and 
y(t) = 10 + 170e~?-!* (Figure 2). After 1 min, — 


y(1) = 10 + 170e77' = 30.8°C 


The effect of air resistance depends on the 
physical situation. A high-speed bullet is 
affected differently than a skydiver. Our 
model is fairly realistic for a large object 
such as a skydiver falling from high 
altitudes. 


in this model, k has units of mass per 
time, such as kilograms per second. 


v (m/s) 


FIGURE 3 Velocity of 80-kg skydiver in 
free-fall with air resistance (k = 8 kg/s). 
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(c) If the temperature after 30 s is 80°C, then y(0.5) = 80, and we have 
10+ Ce! = 39 = Celb®=70 = C=70e!™ ~ 200 
It follows that y(t) = 10+ 200e~2-!' and the initial temperature was 
y(0) = 10 + 200e~7'! = 10 + 200 = 210°C E 

The differential equation y’ = k(y — b) is also used to mode! vertical motion near 
the surface of the earth when air resistance is taken into account. Assume that the force 
due to air resistance is proportional to the velocity v and acts opposite to the direction 
of motion. We write this force as —kv, where k > 0. We take the upward direction to be 
positive, so v < 0 for a falling object and —kv is an upward acting force, while v > 0 for 
a rising object and —kv is a downward acting force. 


The force due to gravity on an object of mass m is —mg, where g is the acceleration 
due to gravity, so the total force is F = —mg — kv. By Newton’s Second Law of Motion, 


F = ma = mv (a = v’ is the acceleration) 


Thus, mv’ = —mg — kv, which can be written as 


This equation has the form v’ = —k(v — b) with k replaced by k/m and b = —mg/k. By 
Eq. (2), the general solution is 


mg —(k/m)t 
t) = ——— +C 
u( ) k a j [4 | 


Since Ce~*/™! tends to zero as t > 00, u(t) tends to a limiting terminal velocity: 


terminal velocity = im, v(t) = = | 5 | 


Without air resistance, the speed (absolute value of velocity) of a falling object would 
increase without bound until a sudden collision with the ground occurs. On the other 
hand, with air resistance the speed also increases, but levels off and approaches a limiting 
value of mg/k. 


EXAMPLE 2 An 80-kg skydiver steps out of an airplane. 

(a) What is her terminal velocity if k = 8 kg/s? 

(b) What is her velocity after 30 s? 

Solution 

(a) By Eq. (5), with k = 8 kg/s and g = 9.8 m/s’, the terminal velocity is 


meg (80)9.8 
a e = —98 m/ 
5 g 98 m/s 


(b) With ż in seconds, we have, by Eq. (4), 
v(t) = —98 -- Ce kim = —98 + Ce 8/80) _ —98 ae CeO. 


We assume that the skydiver leaves the airplane with no initial vertical velocity, so 
v(0) = —98 + C =0, and C = 98. Thus, we have v(t) = —98(1 — e~it) (Figure 3). 
The skydiver’s velocity after 30 s is 


»(30) = —98(1 — e O1G%) ~ —93.1 m/s ll 


312 


CHAPTER 9 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


In Example 7 in Section 2.5 and Example 5 in Section 4.5, we investigated limits in- ___ 


volving the maximum height attained by a 1-kg ball that is launched upward at 30 m/s and 
acted on by gravity and air resistance. We observed that the maximum height (in meters) 
depends on the strength of the air resistance (i.e., on the proportionality constant k), 
a relationship given by 


30k — 9.8 1n (33 + 1) 


Using Eq. (4), we can now derive this equation. In the next example, we find equations 
for the projectile’s velocity v(t) and height y(t). The maximum height H (k) is then found 
by determining the height when the velocity is zero (see Exercise 17). 


EXAMPLE 3 A 1-kg ball is launched from the ground at 30 m/s and is acted on by air 
resistance that is expressed in the form —kv and by gravity. Determine its velocity v(t) 
and height y(t). 


Solution By Eq. (4), the projectile’s velocity is 


9.8 
u=- + Ce 


where C must be chosen so that v(0) = 30. That is, C must satisfy 


9.8 
0S a + £ 
7 + 


Thus, C = 30+ = and therefore, 


B 9.8 9B) k 
v(t) = i + (30+) 


Next, we take the antiderivative of v(t) to find y(t). We have 


9.8 1 9.8 
t) = ——t — — (30+ — Je“ 
y(t) t z (30+ at +C 


To satisfy y(0) = 0, we must have C = - (30 + 28), Using this equation to substitute 
for C in y(t), and simplifying, we find 


98 30k +9.8 wf 
y(t) = ttz (l-e ) 


k2 


An annuity is an investment in which an amount of money Pp, called the principal, 
is placed in an account that earns interest. Let P(t) be the balance in the annuity (in 
dollars) after t years. When interest on the balance is compounded continuously at rate 
r, the rate of growth of the balance is proportional to the balance, and the proportionality 
constant is r. That is, P’(t) = r P(t). If we withdraw from the annuity at a constant rate of 
N dollars per year, we can model the balance in the annuity by the differential equation 


N 
PA= rP- N =r (ro 3 ~) 6] 
end — ed r 
Rateof Growthdue Withdrawal 
change to interest rate 


This equation has the form y’ = k(y — b) with k =r and b = N/r, so by Eq. (2), the 


general solution is 


N 
P(t = — rt 
(t) P +Ce |7] 


oy 


FIGURE 4 The balance in an annuity may 
increase indefinitely or decrease to zero 
(eventually becoming negative), depending 
on the size of initial deposit Po, the interest 
rate, and the rate of withdrawal. 
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r N 
Since P(0) = Po, we know Po = =a + C and, therefore, C is given by C = Po — sid 


r 
Because e” tends to infinity as t > oo, the balance P(t) tends to œ if C > 0. If C < 0, 
then P(t) tends to —oo (i.e., the annuity eventually runs out of money). If C = 0, then 
P(t) remains constant with value N/r. 


EXAMPLE 4 Does an Annuity Pay Out Forever? An annuity earns continuously com- 
pounded interest at the rate r = 0.07, and withdrawals are made continuously at a rate of 
N = $500/year. 


(a) When will the annuity run out of money if the initial deposit is P(0) = $5000? 
(b) Show that the balance increases indefinitely if P(O) = $9000. 


Solution We have N/r = a x 7143, so P(t) = 7143 + Ce? by Eq. (7). 
(a) If P(0) = 5000 = 7143 + Ce®, then C = —2143 and 
P(t) = 7143 — 2143e9-07" 


The account runs out of money when P(t) = 7143 — 2143e¢9°7 = 0, or 


7143 7143 

0.072 m 

— .O7t a i a X 2 
i 2143 ih 7 ( ) 


The annuity money runs out at time t = 15, = |7 years. 
(b) If P(0) = 9000 = 7143 + Ce®, then C = 1857 and 


P(t) = 7143 + 1857e°°”! 


Since the coefficient C = 1857 is positive, the account never runs out of money. In fact, 
P(t) increases indefinitely as £ —> oo. Figure 4 illustrates the two cases. = 


9.2 SUMMARY 


e The general solution of y’ = k(y — b) is y = b + Ce™, where C is a constant. 
e The following table describes the solutions to y’ = k(y — b) (see Figure 5): 


Equation (k > 0) Solution Behavior as t — co 
= Sn kt : RE © @) if C >0 
y =k(y —b) y(t) =b+Ce jim, y@) = ae £C <0 


(eo = ki —kt : ne 
y =—k(y — b) y) =b + Ce im y(t) =b 


b+C 


x 


Solutions to y'=—k(y — b) with k > 0 


Solutions to y’=k(y — b) with k > 0 


FIGURE 5 
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¢ Three applications: 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


— Newton’s Law of Cooling: y’ = —k(y — To), y(t) = temperature of the object, 
To = ambient temperature, k = cooling constant 


k 
— Free-fall with air resistance: v’ = —— (v + 
m 


T} v(t) = velocity, m = mass, 


k = air resistance constant, g = acceleration due to gravity 


N ; ! 
— Continuous annuity: P’ =r (r — x), P(t) = balance in the annuity, r = 


interest rate, N = withdrawal rate 


9.2 EXERCISES 


Preliminary Questions 
1. Write a solution to y’ = 4(y — 5) that tends to —co as t > œ. 
2. Does y’ = —4(y — 5) have a solution that tends to 00 as t > 00? 


3. True or false? If k > 0, then all solutions of y’ = —k(y — b) approach 
the same limit as t > oo. 


4. Asan object cools, its rate of cooling slows. Explain how this follows 
from Newton’s Law of Cooling. 


Exercises 


1. Find the general solution of y’ = 2(y — 10). Then find the two solutions 
satisfying y(0) = 25 and y(0) = 5, and sketch their graphs. 


2. Verify directly that y = 12+ Ce} satisfies y’ = —3(y — 12) for all 
C. Then find the two solutions satisfying y(0) = 20 and y(0) = 0, and 
sketch their graphs. | 


3. Solve y’ = 4y + 24 subject to y(0) = 5. 
4. Solve y’ + 6y = 12 subject to y(2) = 10. 
In Exercises 5-12, use Newton’s Law of Cooling. 


5. A hot anvil with cooling constant k = 0.02 s—! is submerged in a large 
pool of water whose temperature is 10fC. Let y(t) be the anvil’s tempera- 
ture £ seconds later. 

(a) What is the differential equation satisfied by y(t)? 

(b) Find a formula for y(t), assuming the object’s initial temperature is 
100°C. 

(c) How long does it take the object tg cool down to 20°? 


6. Frank’s automobile engine runs at 100°C. On a day when the outside 
temperature is 21°C, he turns off the ignition and notes that 5 minutes later, 
the engine has cooled to 70°C. 

(a) Determine the engine’s cooling constant k. 

(b) What is the formula for y(t)? ji 

(c) When will the engine cool to 40°C? 


7. At 10:30 AM, detectives discover a dead body in a room and measure its 
temperature at 26°C. One hour later, the body’s temperature had dropped 
to 24.8°C. Determine the time of death (when the body temperature was 
a normal 37°C), assuming that the temperature in the room was held con- 
stant at 20°C. 


8. A cup of coffee with cooling constant k = 0.09 min™! is placed in a 
room at temperature 20°C. 

(a) How fast is the coffee cooling (in degrees per minute) when its tem- 
perature is T = 80°C? 

(b) Use the Linear Approximation to estimate the change in temperature 
over the next 6 s when T = 80°C. 

(c) Ifthe coffee is served at 90°C, how long will it take to reach an optimal 
drinking temperature of 65°C? 


9. A cold metal bar at —30°C is submerged in a pool maintained at a tem- 
perature of 40°C. Half a minute later, the temperature of the bar is 20°C. 
How long will it take for the bar to attain a temperature of 30°C? 


10. When a hot object is placed in a water bath whose temperature is 
25°C, it cools from 100°C to 50°C in 150 seconds. In another bath, the 
same cooling occurs in 120 s. Find the temperature of the second bath. 


11. (Gu) Objects A and B are placed in a warm bath at temperature 
To = 40°C. Object A has initial temperature —20°C and cooling constant 
k = 0.004 s~!. Object B has initial temperature 0°C and cooling constant 
k = 0.002 s—!. Plot the temperatures of A and B for 0 < t < 1000. After 
how many seconds will the objects have the same temperature? 


12. In Newton’s Law of Cooling, the constant t = 1/k is called the char- 
acteristic time. Show that t is the time required for the temperature dif- 
ference (y — To) to decrease by the factor e~! ~ 0.37. For example, if 
y(0) = 100°C and To = 0°C, then the object cools to 100/e ~ 37°C in 
time T, to 100/e? ~ 13.5°C in time 2t, and so on. 


In Exercises 13-16, use Eq. (3) as a model for free-fall with air 
resistance. 


13. A 60-kg skydiver jumps out of an airplane. What is her terminal ve- 
locity, in meters per second, assuming that k = 10 kg/s for free-fall (no 
parachute)? 


14. Find the terminal velocity of a skydiver of weight w = 192 pounds 
if k = 1.2 lb-s/ft. How long does it take him to reach half of his termi- 
nal velocity if his initial velocity is zero? Mass and weight are related by 
w = mg, and Eq. (3) becomes v’ = —(kg/w)(v + w/k) with g = 32 ft/s?. 


15. An 80-kg skydiver jumps out of an airplane (with zero initial velocity). 
Assume that k = 12 kg/s with a closed parachute and k = 70 kg/s with an 
open parachute, What is the skydiver’s velocity at t = 25 s if the parachute 
opens after 20 s of free-fall? 


16. A J Does a heavier or a lighter skydiver reach terminal velocity more 
quickly? 


\._ 17. As in Example 3, a 1-kg ball is launched upward at 30 m/s and is acted 


on by gravity and air resistance. 


l 30k 
(a) Show that the ball’s velocity is zero at time t* = — In ( ~~ 1). 


k 9.8 
150k 
30k — 9.8 In lyg +1 
49 
k2 | 
the formula for H(k) given prior to the example). 


(b) Show that y(t*) = (thereby establishing 


18. A 500 g ball is launched upward at 60 m/s and is acted on by gravity 
and air resistance that can be expressed in the form —kv, where v is the 
ball’s velocity. 

(a) Determine the ball’s velocity v(t), expressed in terms of k. 

(b) Determine the ball’s height y(t), expressed in terms of k. 

(c) Determine H(k), the maximum height reached by the ball, as a func- 
tion of k. | 


In Exercises 19(a)f), use Eqs. (6) and ( 7) that describe the balance in 
a continuous annuity. 


19. (a) A continuous annuity with withdrawal rate N = $5000/year and 
interest rate r = 5% is funded by an initial deposit of Pp = $50,000. 

i. What is the balance in the annuity after 10 years? 

ii. When will the annuity run out of funds? 

(b) Show that a continuous annuity with withdrawal rate N = $5000/year 
and interest rate r = 8%, funded by an initial deposit of Po = $75,000, 
never runs out of money. 

(c) Find the minimum initial deposit Po that will allow an annuity to pay 
out $6000/year indefinitely if it earns interest at a rate of 5%. 

(d) Find the minimum initial deposit Po necessary to fund an annuity for 
20 years if withdrawals are made at a aia of $10,000/year and interest is 
earned at a rate of 7%. | 

(e) An initial deposit of 100,000 euros is placed in an annuity with a 
French bank. What is the minimum sone rate the annuity must earn to 
allow withdrawals at a rate of 8000 euros/year to continue indefinitely? 
(f) Show that a continuous annuity never runs out of money if the initial 
balance is greater than or equal to N/r, where N is the withdrawal rate 
and r the interest rate. 


20. | A Sam borrows $10,000 from a bank at an interest rate of 9% and 
pays back the loan continuously at a rate of N dollars per year. Let P(t) 
denote the amount still owed at time f. 


(a) Explain why P(t) satisfies the differential equation 
y =0.09y —N 
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(b) How long will it take Sam to pay back the loan if N = $1200? 
(c) Will the loan ever be paid back if N = $800? 


21. April borrows $18,000 at an interest rate of 5% to purchase a new au- 
tomobile. At what rate (in dollars per year) must she pay back the loan, if 
the loan must be paid off in 5 years? Hint: Set up the differential equation 
as in Exercise 20. 


22. Let N(t) be the fraction of the population who have heard a given 
piece of news ¢ hours after its initial release. According to one model, the 
rate N’(t) at which the news spreads is equal to k times the fraction of the 
population that has not yet heard the news, for some constant k > 0. 


(a) Determine the differential equation satisfied by N (t). 


(b) Find the solution of this differential equation with the initial condition 
N(O) = Q0 in terms of k. 


(c) Suppose that half of the population is aware of an earthquake 8 hours 
after it occurs. Use the model to calculate k and estimate the percentage 
that will know about the earthquake 12 h after it occurs. 


23. Current in a Circuit When the circuit in Figure 6 (which consists 
of a battery of V volts, a resistor of R ohms, and an inductor of L henries) 
is connected, the current I(t) flowing in the circuit satisfies 


di 
L— +RI =V 
dt 


with the initial condition 7 (0) = 0. 
(a) Find a formula for I(t) in terms of L, V, and R. 
(b) Show that jim I(t)=V/R. 


(c) Show that Z(t) reaches approximately 63% of its maximum value at 
the characteristic time tT = L/R. 


Inductor 
L 
Battery V RS Resistor 


FIGURE 6 Current flow approaches the level Imax = V/R. 


Further Insights and Challenges 


24. Show that the cooling constant of an object can be determined from 
two temperature readings y(t;) and y(t2) at times t; Æ t by the formula 


] to) — Tj 
g= in (% 2) 2) 
isi y(t1) — To 


25. Show that by Newton’s Law of Cooling, the time required to cool an 
object from temperature A to temperature B is 


_1, (A=% 
ET) 


where Tọ is the ambient temperature. 


26. A projectile of mass m kg travels straight up from ground level 
with initial velocity vg m/s. Suppose that the velocity v satisfies v’(r) = 


—9.8 — 4 v(t). 
m 


(a) Determine the velocity v(t). 
(b) Show that the projectile’s velocity is zero at 


m ugk 
t* = — | 
k n( oo a 1) 


(c) Determine the height y(t). 
(d) The maximum height is y(t*). Show that 


bh olan E 1) 
(t*) = ae ey 


(e) If air resistance is negligible, then the maximum height reached by the 
projectile is jim y(t*). Determine the limit. 
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FIGURE 1 Each segment has slope F(t, y), 
and solutions to = = F(t, y) must have 
graphs that are everywhere tangent to the 
slope field. 


— 


PE 


FIGURE 2 Slope field for F(t, y) = —ty. 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


9.3 Graphical and Numerical Methods 


In the previous two sections, we focused on finding solutions to differential equations. 
Differential equations cannot always be solved explicitly. Fortunately, there are tech- 
niques for analyzing the solutions that do not rely on explicit formulas. Even for dif- 
ferential equations that have exact solutions, these techniques are valuable because they 
provide us with extra insight into the behavior of the solutions. In this section, we discuss 
the method of slope fields, which provides us with a good visual understanding of first- 
order equations. We also discuss Euler’s Method for finding numerical approximations 
to solutions. 

We use ż as the independent variable. A first-order differential equation can then be 
written in the form 


where F(t, y) is a function of ż and y. The differential equation indicates that 2, the 
slope of the graph of a solution y = y(t), at a point (ż, y), is given by F(t, y). 

It is useful to think of Eq. (1) as a set of instructions that “tells a solution” which 
direction to go in. Thus, a solution passing through a point (t, y) is “instructed” to do so 
in the direction of the slope F(t, y) because the differential equation requires F(t, y} to 
be the slope of the graph of the solution at that point. To visualize this set of instructions, 
we draw a slope field, which is an array of small segments of slope F(t, y) at points (t, y) 
lying on a rectangular grid in the plane as in Figure 1. Solutions to the differential equa- 
tion z = F(t, y) must have graphs that are everywhere tangent to the slope field, and 
therefore, without knowing the solutions, we can picture how their graphs must appear 
within the slope field. 

To illustrate, let’s consider the differential equation 


dy 
dt 


In this case, F(t, y) = —ty. To sketch a slope field, we first compute F(t, y) for an array 
of points in the ty-plane: 


= —ly 


Values of F(t, y) 
F(-1,1) = 1 F(0,1)=0 Fd,1)=-1 F(2,1) = —2 
F(—1,0) =0 F(0,0) =0 F(i,0) =0 F(2,0) =0 
F(—1,—1) = —1 F(0,—1)=0 F(1,—1)=1 F(2,—1)= 2 


Then, at each point (t, y) plot a segment of slope F(t, y) as in Figure 2. 

A slope field is much easier to generate using technology than by hand. Many graph- 
ing calculators and computer algebra systems can produce slope fields. There are online 
programs available as well. We used technology to generate the slope field for a =—ty 
in Figure 3(A). 

We can use the slope field to see how solutions appear. The slope field enables us to 
visualize many solutions at a glance. Starting at any point, and going both to the left and 
to the right from the point, we can sketch the graph of a solution by drawing a curve that 
runs tangent to the slope segments at each point [Figure 3(B)]. The graph of a solution is 
also called an integral curve. 


EXAMPLE 1 Using Isoclines Draw the slope field for 
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Solution with 

(0)=3 

y ee 

oe et eee eet ee eo ee A hae 14 1 
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4p! TELELE a VYTENIS l ia Lh 4 
l LARE CAEP PENG VT Va 1G i ie vA 
SER eR LE TT ZEAN A vA i Ia 4.4 
LPA PR PPL SAPNA VENA TER, 141 
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=S EITA TNE TEATE ET i iid 
-5 -4 -3 -2 -21 0 1 2 3 4 § 4 
(A) Slope field for F(t, y) = -ty (B) Solutions to dy/dt = -ty 


FIGURE 3 


and sketch the integral curves satisfying the initial conditions 


(a) yO)=1 and (b) y(1) = —2. 


d 
Solution A good way to sketch the slope field of = = F(t, y) is to choose several 


values c and identify the curve F(t, y) = c, called the isocline of slope c. The isocline is 
the curve consisting of all points where the slope field has slope c. 

In our case, F(t, y) = y — t, so the isocline of fixed slope c has equation y — t = c, 
or y = t + c, which is a line. Consider the following values: 


e c = 0: This isocline is y — t = 0, or y = t. We draw segments of slope c = 0 at 
points along the line y = f¢, as in Figure 4(A). 


e c = 1: This isocline is y — t = 1, or y = t + 1. We draw segments of slope 1 at 
points along y = ¢ + 1, as in Figure 4(B). 


e c = 2: This isocline is y — t = 2, or y = t + 2. We draw segments of slope 2 at 
points along y = t + 2, as in Figure 4(C). 


e c = — |: This isocline is y — t = —1, or y = t — 1 [Figure 4(C)]. 


A more detailed slope field is shown in Figure 4(D). To sketch the solution satisfying 
y(0) = 1, begin at the point (to, yo) = (0, 1) and draw the integral curve passing through 
(0, 1) that is everywhere tangent to the slope field. The solution satisfying y(1) = —2 is 
sketched similarly. Figure 4(E) shows several other solutions (integral curves). m 


GRAPHICAL INSIGHT Slope fields often let us see the asymptotic behavior of solutions 
(as t —> oo) at a glance. Figure 4(E) suggests that the asymptotic behavior depends on 
the initial value. For example, if y(0) > 1, then y(t) tends to co, and if y(0) < 1, then 
y(t) tends to —oo. We can check this using the general solution y(t) = 1 +t + Ce’, 
where y(0) = 1 + C. If y(0) > 1, then C > 0 and y(t) tends to co, but if y(0) < 1, then 
C < 0 and y(t) tends to —oo. The solution y = 1 + ¢ with initial condition y(0) = 1 is 
the straight line shown in Figure 4(D). 


EXAMPLE 2 Newton’s Law of Cooling Revisited The temperature y(t) (in degrees 
Celsius) of an object placed in a refrigerator that is kept at 4°C satisfies r =—0.5(y — 4) 


(t in minutes). Draw the slope field and describe the behavior of the solutions. 
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FIGURE 4 Drawing the slope field for = = y — t using isoclines. 


Solution The function F(t, y) = —0.5(y — 4) depends only on y, so slopes of the seg- 
ments in the slope field do not vary in the t-direction. The slope F(t, y) is positive for 
y < 4 and negative for y > 4. More precisely, the slope at height y is —0.5(y — 4) = 
—0.5y + 2, so the segments grow steeper with positive slope as y -> —oo, and they grow 
steeper with negative slope as y —> oo (Figure 5). 

The slope field shows that if the initial temperature satisfies yo > 4, then y(t) de- 
creases to y = 4 as t —> oo. In other words, the object cools down to 4°C when placed in 


‘SP AAP PP ALA PP E E OE t (min) bd ° . 
Metis Ar eee the refrigerator. If yo < 4, then y(t) increases to y = 4 as t —> oo. The object warms up 
670 Heating uy? 2002002 ¢ when placed in the refrigerator. If yp = 4, then y remains at 4°C for all time t. A 
1 PA 3 4 5 
CONCEPTUAL INSIGHT Most first-order equations arising in applications have a unique- 
FIGURE 5 Slope field for y’ = —0.5(y — 4). ness property: There is precisely one solution y(t) satisfying a given initial condition 
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FIGURE 6 Overlapping integral curves for 
= = —./|y| (uniqueness fails for this 
differential equation). 


y(to) = yo. Graphically, this means that precisely one integral curve (solution) passes 
through the point (to, yo). Thus, when uniqueness holds, distinct integral curves never 


; d ; 
cross or overlap. Figure 6 shows the slope field of = = —,/|y|, where uniqueness 


fails. We can prove that once an integral curve touches the t-axis, it either remains 
on the t-axis or continues along the t-axis for a period of time before moving below 
the t-axis. Therefore, infinitely many integral curves pass through each point on the 
t-axis. However, the slope field does not show this clearly. Thus, when possible, it is 
important to obtain and analyze solutions rather than just rely on visual impressions 
alone. 


Euler’s Method 


Euler’s Method produces numerical approximations to the solution y(t) of a first-order 


Initial Value Problem: 
dy 
= Fy). — yo) = yo 


ae 


Euler's Method is the simplest method for 
solving Initial Value Problems numerically, 


but it is not very efficient. Computer 


systems use more sophisticated schemes, 


making it possible to plot and analyze 
solutions to the complex systems of 


differential equations arising in areas such 


as weather prediction, aerodynamic 
modeling, and economic forecasting. 


awe T 
—— Jo y) pa 


Koso NS ~ \ 
No x) \ 


bah chee ya) 


i : 3 : erat 
to ae p+ 2h tp + 3h 19+ 4h tyt+5h 


tF 


“\— FIGURE 7 In Euler’s Method, we move 
from one point to the next by traveling 
along the line indicated by the slope field. 
The line is not necessarily an integral 
curve, but provides an approximation to 
one. 


~~ 
FIGURE 8 Euler’s Method applied to 
dy 2 
— = y_i“, 0) = 
g=? y(0) 
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We begin by choosing a small number h, called the time step, and consider the 
sequence of times starting at the initial value tọ and spaced at intervals of size h: 


to, Hep es to = to + 2h, t3 = to + 3h, 


In general, tg = to + kh for k = 0,1,2,.... Euier’s Method consists of computing a se- 
quence of values y1, y2, y3,.--, Yn successively using the formula 


Yk = ye-1 + hF(tk—-1, Yk-1) 


Each yz is an approximation to the value of the solution to the Initial Value Problem at 
tk; that is, yg © y(tg). Starting with the initial value yọ = y(tọ), we compute 

yı = yo + hF (to, yo), y2 = yı thF(t,y1), etc. 
We connect the points (tg, yz) by segments to obtain an approximation to the graph of 
y(t) (Figure 7). 


GRAPHICAL INSIGHT The values yg are defined so that the line segment joining 
(tk—1, Yk—1) to (tk, yk) has slope 


k— yk-1  (yk-1 FAP (te-1, ve—1)) — Yk- 
Sang el ee A y e) 
tk — tk—1 h 


Thus, in Euler’s Method, we move from (tk—1, yk-1) to (tg, yg) by traveling on a line 
segment in the direction specified by the slope field at (tz—1, yg—1) for a time interval 
of length h (Figure 7). 

EXAMPLE 3 Use Euler’s Method with time step h = 0.2 and n = 4 steps to approxi- 


d 
mate the solution of = = y— A y(O) = 3 at t = 0.2, 0.4, 0.6, and 0.8. 


Solution Our initial value at tọ = 0 is yo = 3. The time values are t; = 0.2, t2 = 0.4, 
tz = 0.6, and t4 = 0.8. We use Eq. (3) with F(t, y) = y — t? to calculate 


y(0.2) © yı = yo + hF(to, yo) = 3 + 0.2(3 — (0)”) = 3.6 
y(0.4) © yo = y1 HAF (th, y1) = 3.6 + 0.2(3.6 — (0.2)") ~ 4.3 


y(0.6) © y3 = y2 + AF (to, y2) = 4.3 + 0.2(4.3 — (0.4)*) © 5.14 


y(0.8) © y4 = y3 + AF (ts, y3) = 5.14 + 0.2(5.14 — (0.6) ~ 6.1 7 


For comparison, Figure 8(A) shows the exact solution, y(t) = 2 + 2t + £? + e, to the 
Initial Value Problem in the previous example, together with a plot of the points (tg, yx) 
for k = 0, 1,2,3,4 connected by line segments. 


y y 


w A A A 


6 
5 
4 
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0.2 0.4 0.6 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 


Time step h = 0.2 Time step h = 0.1 
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Euler’s Method: 


Yk = Ye-1 + AF (te—1, Yk-1) 


CONCEPTUAL INSIGHT Figure 8(B) shows that the time step h = 0.1 gives a better ap- 
proximation than A = 0.2. In general, the smaller the time step, the better the approxi- 
mation. In fact, if we start at a point (a, y(a)) and use Euler’s Method to approximate 
(b, y(b)) using N steps with h = (b — a)/N, then the error is roughly proportional to 
1/N [provided that F(t, y) is a well-behaved function]. This is similar to the error size 
in the Nth left- and right-endpoint approximations to an integral. What this means, 
however, is that Euler’s Method is quite inefficient; to cut the error in half, it is nec- 
essary to double the number of steps, and to achieve n-digit accuracy requires roughly 
10” steps. Fortunately, there are several methods that improve on Euler’s Method in 
much the same way as the Midpoint Rule and Simpson’s Rule improve on the endpoint 
integral approximations (see Exercises 24-29). 


d 
EXAMPLE 4 Let y(t) be the solution ofa = sint cos y, y(0) = 0. 


(a) Use Euler’s Method with time step = 0.1 to approximate y(0.5). 


(b) Use a computer algebra system to implement Euler’s Method with time steps 
h = 0.01, 0.001, and 0.0001 to approximate y(0.5). 


Solution 


(a) When h = 0.1, yg is an approximation to y(0 + k(0.1)) = y(0.1k), so ys is an ap- 
proximation to y(0.5). It is convenient to organize calculations in the following table. 
Note that the value yz+1 computed in the last column of each line is used in the next line 
to continue the process. 


F (te, Yk) = sin tk COS yp  Yk+1 = Yk FAP (th, Yk) 


yo = 0 (sin 0) cos 0 = 0 yı =0+0.1(0) =0 
t =0.1 y,=0 (sin0.1)cos0 œ% 0.1 y2 © 0 + 0.1(0.1) = 0.01 

t =0.2 y2%0.01 (sin0.2)cos(0.01)=0.2 y3 ~ 0.01 + 0.1(0.2) = 0.03 
y3 = 0.03 (sin0.3)cos(0.03) = 0.3 y4 =~ 0.03 + 0.1(0.3) = 0.06 
y4 = 0.06 (sin0.4)cos(0.06) ~ 0.4 y5 = 0.06 + 0.1(0.4) = 0.10 


Thus, Euler’s Method yields the approximation y(0.5) % y5 ~ 0.1. 

(b) When the number of steps is large, the calculations are too lengthy to do by hand, 
but they are easily carried out using a CAS. Note that for h = 0.01, the kth value yz is an 
approximation to y(0 + k(0.01)) = y(0.01ķ), and yso gives an approximation to y(0.5). 
Similarly, when k = 0.001, ysoo is an approximation to y(0.5), and when h = 0.0001, 
y5000 1s an approximation to y(0.5). Here are the results obtained using a CAS: 


Time step h = 0.01 
Time step A = 0.001 
Time step h = 0.0001 


y(0.5) © yso œ% 0.1197 
y(0.5) © yso9 © 0.1219 
y(0.5) © ysoo9 © 0.1221 


The values appear to converge and we may assume that y(0.5) ~ 0.12. However, we see 
here that Euler’s Method converges quite slowly. E 


9.3 SUMMARY 


° The slope field for a first-order differential equation 2 = F(t, y) is obtained by 


drawing small segments of slope F(t, y) at points (t, y) lying on a rectangular grid 
in the plane. . 

¢ The graph of a solution (also called an integral curve of the differential equation) 
satisfying y(fo) = yo is a curve through (fo, yo) that runs tangent to the segments of 
the slope field at each point. 
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e Euler’s Method: To approximate a solution to = = F(t, y) with initial condition 


y(to) = yo, fix a time step h and set tg = tọ + kh. Define y1, y2,... successively by 


the formula 
Yk = Ye-1 + hF(tk-1, ye-1) | 4 | 


The values yo, y1, y2, . . . are approximations to the values y(to), y(t1), y(t2),.... 


9.3 EXERCISES 


Preliminary Questions 


d ' d 
1. What is the slope of the segment in the slope field for = =ty+ lat 4. Let y(t) be the solution to = = F(t, y) with y(1) = 3. How many 


the point (2, 3)? iterations of Euler’s Method are required to approximate y(3) if the time 
step ish = 0.1? 


d 
2. What is the equation of the isocline of slope c = 1 for os =y t? 


3. For which of the following differential equations are the slopes at 
points on a vertical line £ = C all equal? 


dy dy 

ia — =] 
(a) Tr In y (b) E nt 
Exercises 

d 

1. Figure 9 shows the slope field for = = sin ysin t. Sketch the graphs 3. Show that f(t) = s(t — 5) is a solution to > = t — 2y. Sketch the 
of the solutions with initial conditions y(0) = 1 and y(0) = —1. Show that four solutions with y(0) = +0.5, +1 on the slope field in Figure 11. The 
y(t) = 0 is a solution and add its graph to the plot. slope field suggests that every solution approaches f(t) as t — oo. Con- 


firm this by showing that y = f(t) + Ce~~! is the general solution. 
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FIGURE 9 Slope field for = sin y sint. FIGURE 11 Slope field for = =t—2y. 


4. One of the slope fields in Figures 12(A) and (B) is the slope field 


2. Figure 10 shows the slope field for 2 = y? — t? . Sketch the integral dy 


for —— = 12. The other is for = y. Identify which is which. In each 
curve passing through the point (0, —1), the curve through (0,0), and the dt . 4 dt À. 
curve through (0, 2). Is y(t) = 0 a solution? case, sketch the solutions with initial conditions y(0) = 1, y(0) = 0, and 
y(0) = —1. 
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FIGURE 10 Slope field for — =y — 72. 
, FIGURE 12 
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d 
5. Consider the differential equation = =t—y. 


d ; 
(a) Sketch the slope field of the differential equation = = t — y in the 


range —1 < ż < 3, —1 < y < 3. As an aid, observe that the isocline of 
slope c is the line t — y = c, so the segments have slope c at points on the 
line y=t—c. 

(b) Show that y = t — 1+ Ce~ isa solution for all C. Since jim. e~ = 


0, these solutions approach the particular solution y = t — 1 as t > œ. 
Explain how this behavior is reflected in your slope field. 


d , | 
6. Show that the isoclines of = = ]/y are horizontal lines. Sketch the 
slope field for —2 < t < 2, —2 < y < 2 and plot the solutions with initial 
conditions y(0) = 0 and y(0) = 1. 


d 
7. Sketch the slope field for = = y+tfor—2<t<2,-2<y <2. 


t 
8. Sketch the slope field for 3 = — for —2 < t < 2,—2 < y <2. 
y 


9. Show that the isoclines of 2 = ¢t are vertical lines. Sketch the slope 


field for —2 <t¢ <2, —2 < y <2 and plot the integral curves passing 
through (0, —1) and (0, 1). 


d 
10. Sketch the slope field of z =ty for —2<1<2, 2<y<2. 
Based on the sketch, determine jim, y(t), where y(t) is a solution with 
=> 


y(0) > 0. Whatis lim y(t) if y(0) < 0? 
{=> 00 


11. Match each differential equation with its slope field in Figures 
13(A)+F). 
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FIGURE 13 
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12. Sketch the solution of = = ty? satisfying y(0) = 1 in the appropriate 


slope field of Figure 13(A}-(F). Then show, using Separation of Variables, 
that if y(t) is a solution such that y(0) > 0, then y(t) tends to infinity as 
t —> ./2/y(0). 


13. (a) Sketch the slope field of 2 = t/y in the region —2 < t <2, 
=2 = ye 2. 

(b) Check that y = ++/1* + C is the general solution. 

(c) Sketch the solutions on the slope field with initial conditions y(0) = 1 
and y(0) = —1. 

14. Sketch the slope field of > = t? — y in the region —3 < t < 3, 


—3 < y <3 and sketch the solutions satisfying y(1) = 0, y(1) = 1, and 
y(1) = -1. 


d 
15. Let F(t, y) = 12 — y and let y(t) be the solution of = = F(t, y) sat- 
isfying y(2) = 3. Let h = 0.1 be the time step in Euler’s Method, and set 
yo = y(2) = 3. 
(a) Calculate y; = yo + AF (2, 3). 
(b) Calculate y2 = yy + AF (2.1, y1). 


(c) Calculate y3 = y2 + AF(2.2, y2) and continue computing y4, ys, 
and y6. 


(d) Find approximations to y(2.2) and y(2.5). 


d 
16. Let y(t) be the solution to = = te” satisfying y(0) = 0. 


(a) Use Euler’s Method with time step k=0.1 to approximate 
y(0.1), y(0.2),..., y(0.5). 
(b) Use Separation of Variables to find y(t) exactly. 


(c) Compute the errors in the approximations to y(0.1) and y(0.5). 


In Exercises 17-22, use Euler’s Method to approximate the given value of 
y(t) with the time step h indicated. 


d 
17. y(0.5); — =y+t, JO=1, #=6i 


d 
18. y0.7); ~=2y, y0)=3, h=0.1 


dt 
d 
19. (3.3); = =t —y, y(3)=1, h=0.05 
dy 
20. yG) z =Vity, y(2.7)=5, h=005 


d 
21. y(2); = =tsiny, y(1)=2, h=02 


d 
22. (5.2); = =t—secy, y(4)=-2, h=02 
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emer i pV 


Further Insights and Challenges 
i k dy rN 
23. If f is continuous on [a, b], then the solution to a = f(t) with initial 
t 

condition y(a) = 0 is y(t) = f f(u)du. Show that Euler’s Method with 

a 
time step h = (b — a)/N for N steps yields the Nth left-endpoint approx- 

b 
imation to y(b) = l F(u) du. 
a 


Exercises 24-29: Euler’s Midpoint Method is a variation on Euler’s 
Method that is significantly more accurate in general. For time step h and 
initial value yo = y(t), the values y, are defined successively by 


Yk = Ye-1 thm 


h h 
where my_| = F (a-i + z Yeo + OEE)! 


24. Apply both Euler’s Method and the Euler Midpoint Method with 
d 

h = 0.1 to estimate y(1.5), where y(t) satisfies = = y with y(0) = 1. 

Find y(t) exactly and compute the errors in these two approximations. 


In Exercises 25-28, use Euler’s Midpoint Method with the time step indi- 
cated to approximate the given value of y(t). 


d 
25. (0.5); — = yr, gO ie nO" 
d 
26. y(2); + sbay y(l)=3, h=02 
dy 
27. y(0.25); Pog cos(y +t), y(0)=1, A=0.05 


d 

28. (2.3): = =y+?r?, y2)=1, h=0.05 

29. Assume that f is continuous on [a,b]. Show that Euler’s Midpoint 
d 

Method applied to = = f(t) with initial condition y(a) = O and time step 


h = (b — a)/N for N steps yields the Nth midpoint approximation to 


b 
y(b) = J f(u)du 


9.4 The Logistic Equation 


In Section 9.1, we introduced the population growth model dy/dt = ky. The solutions 


Science Source/Science Source 


Mathematician Pierre-François Verhulst 
(1804—1849) first introduced the logistic 
equation in 1838 in a study of the 
population of his native country of 
Belgium. 


to this differential equation (with k > 0) imply that the population grows exponentially. 
Although such a growth model might be valid over an initial short time period, no popu- 
lation can increase without limit because needed resources such as food or land are finite. 
To model a population subject to finite resources, we adjust the assumptions underlying 
the differential equation. If y(t) represents the population at time t and A denotes the 
maximum population that the environment can support, we let A — y(t) represent the 
room available for growth. Now we assume: 


The rate of change of y is proportional to the amount y(t) present and 
the amount A — y(t) of room for growth. 


Translating this relationship into a differential equation, we obtain what is known as 
the logistic differential equation: 


dy 
—=Ky(A— 
dt y( y) 


where K is a proportionality constant. For convenience, we rewrite the right side slightly: 


rya-»=rva(1-3)=»(1-3) 


In the last equality, we replaced the product of constant terms K A with constant k. There- 


fore, we have 
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Here k > 0 and is called the growth constant, while A > 0 and is called the carrying _ 
capacity. Figure 1 shows a typical S-shaped solution of Eq. (1). 


Growth slows as y(?) 


| | d 
5 rs ore Ee CONCEPTUAL INSIGHT The logistic equation a = ky(1 — y/A) differs from the expo- 


d 
nential differential equation = = ky only by the additional factor (1 — y/A). As long 


N. 
as y is small relative to A, this factor is close to 1 and can be ignored, yielding mia ky. 


—— Nearly exponential Thus, y(t) grows nearly exponentially when the population is small (Figure 1). As y(¢) 
growth in the beginning 


d 
approaches A, the factor (1 — y/A) tends to zero. This causes — to decrease to zero 


FIGURE 1 Solution of the logistic equation. and prevents y(t) from exceeding the carrying capacity A. 


The slope field in Figure 2 shows clearly that there are three families of solutions, 
depending on the initial value yo = y(0). 


Solutions of the logistic equation with ¢ If yo > A, then y(t) is decreasing and approaches A as t > ovo. 

yo < Q are not relevant to populations e If 0 < yo < A, then y(t) is increasing and approaches A as t > œo. 

because a population cannot be negative e If yo < 0, then y(t) is decreasing and there is a time t, such that lim y(t) = —oo. 
(see Exercise 18). tt, 
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FIGURE 2 Slope field for img O° fe. 


dy y 
oF, ack (1-2). 
ii A 


Equation (1) also has two constant solutions: y = 0 and y = A. They correspond 
to the roots of ky(1 — y/A) = 0, and they satisfy Eq. (1) because > = 0 when y isa 
constant. Constant solutions are called equilibrium or steady-state solutions. The equi- 
librium solution y = A is a stable equilibrium because every solution with initial value 
yo close to A approaches the equilibrium y = A as t — oo. By contrast, y = 0 is an 
unstable equilibrium because every nonequilibrium solution with initial value yo near 
y = Oeither increases to A or decreases to —oo. These nonequilibrium solutions deviate 
away from the unstable equilibrium solution as time moves forward. 

Having described the solutions qualitatively, let us now find the nonequilibrium so- 
lutions explicitly using Separation of Variables. Assuming that y Æ 0 and y Æ A, we 
have 


In Eq. (2), we use the partial fraction dy = 
decomposition y(1 — y/A) 


1 1 1 1 1 
—— =- - ——. ~———_)dy= | kat 2 
y(l—y/A) y y-A ICG So i | 


k dt 


Note that the solutions of the logistic 
equation are in the form of the logistic 
functions y = =~; we introduced and 
investigated in Sections 2.7 and 4.6. 


Solution satisfying 
y(0) = 1 


FIGURE 3 Several solutions of 


dy 
a 0.3y(4 — y). 


The logistic equation may be too simple to 
describe a real deer population accurately, 
but it serves as a starting point for more 
sophisticated models used by ecologists, 
population biologists, and forestry 
professionals. 
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Injy} —Infy -— A] =&t4+C 


j 


— APE "l ra o 
yi 


y—A 


Since +e takes on arbitrary nonzero values, we replace +e© with B (nonzero): 


X 


En a 


For t = 0, this gives a useful relation between B and the initial value yo = y(0): 


To solve for y, multiply each side of Eq. (3) by (y — A): 
y = (y — A)Be" 
y(1 — Be) = —A Be" 
_ ABe 
"Tea 


As B £0, we may divide by Be“ to obtain the general nonequilibrium solution: 


We use this formula in the next two examples. In each case, the differential equation 
may instead be solved by Separation of Variables, the method used to derive this solution. 


d 
EXAMPLE 1 Solve = = 0.3y(4 — y) with initial condition y(0) = 1. 


Solution To apply Eq. (5), we must rewrite the equation in the form 


d 
ae L.2y (1- =) 


dt 
Thus, k = 1.2 and A = 4, and the general solution is 
z 4 
S ix e128 /B 


There are two ways to find B. One way is to solve y(0) = 1 for B directly. An easier way 
is to use Eq. (4): 


1 
Ge a Fey © 
y-A 1-4 3 
We find that the particular solution is 4 Fi 3 
i ni — i l 
P y TETE (Figure 3) ï 


EXAMPLE 2 Deer Population A deer population grows logistically with growth con- 
stant k = 0.4 year! in a forest with a carrying capacity of 1000 deer. 


(a) Find the deer population P(t) if the initial population is Pp = 100. 
(b) How long does it take for the deer population to reach 500? 
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P(t) Solution The time unit is the year because the unit of k is year~’. 


1000 +— (a) Since k ='0.4 and A = 1000, P(t) satisfies the differential equation 
aT aa 
500 dt 1000 
ii The general solution is given by Eq. (5): 
t 
5 10 15 1000 
f= = e—9.4t /B 6| 
C FIGURE 4 Deer population as a function 
of t (in years). Using Eq. (4) to compute B, we find (Figure 4) 
P 100 1 1000 
Bs- = ——__=-- 3 P(t) = 


Pyo—-A 100—1000 9 1 + 9e -04t 


(b) To find the time t when P(t) = 500, we could solve the equation 


1000 


a 1 + 9e—0.4t = 500 


P(t) 


But it is easier to use Eq. (3): 


Set P = 500 and solve for t: 
l ost 7 500 


—~e 


0.4t 
ae See = PPR E, 
9 500 — 1000 oe a a ú 


This gives t = (ln 9)/0.4 ~ 5.5 years. B 


9.4 SUMMARY 


* The logistic equation and its general nonequilibrium solution (k > 0 and A > 0): 


dy y A , 
— = ky (1 = = s y = icep or equivalently, 7A = Be* 


* Two equilibrium (constant) solutions: 


— y = Q is an unstable equilibrium. 
— y = Ais a stable equilibrium. 


° If the initial value yọ = y(0) satisfies yọ > 0, then y(t) approaches the stable equilib- 
rium y = A; that is, jim y(t) =A. 
> 00 


9.4 EXERCISES 


Preliminary Questions 


1. Which of the following differential equations is a logistic differential 2. What are the constant solutions to dy = ky (1 a Z)? 
equation? d A 

d d = . . 
(a) a 2y(1 — y?) (b) = =2y (1 aa ) 3. Is the logistic equation separable? 


dt 
ay _ i OP ei) 
(c) an 2y (1 E) (d) = 2y¥(1 =3y) 
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Exercises 
1. Find the general solution of the logistic equation 


Then find the particular solution satisfying y(0) = 2. 
d 
2. Find the solution of = = 2y(3 — y), y(0) = 10. 


In Exercises 3—4, for each of (a}Hc), give the solution y(t) satisfying the 
initial condition. (Note: the general solution formula for the logistic equa- 
tion, Eq. (5), applies when a solution is not constant.) 


dy m B 

3. Je 3y(6 — y) 

(a) y(0)=6 b) y(0)=4 (c) y(4)=0 
dy _ J 

"a (2 A. 

(a) y(0)=6 (b) y(0)=8 (e) y0) = —2 


5. A population of squirrels lives in a forest with a carrying capacity of 
2000. Assume logistic growth with growth constant k = 0.6 yr7!. 

(a) Find a formula for the squirrel population P(t), assuming an initial 
population of 500 squirrels. 

(b) How long will it take for the squirrel population to double? 


6. The population P(t) of mosquito larvae growing in a tree hole increases 
according to the logistic equation with growth constant k = 0.3 day—! and 
carrying capacity A = 500. 

(a) Find a formula for the larvae population P(t), assuming an initial pop- 
ulation of Po = 50 larvae. 

(b) After how many days will the larvae population reach 200? 


7. Sunset Lake is stocked with 2000 rainbow trout, and after 1 year the 
population has grown to 4500. Assuming logistic growth with a carrying 
capacity of 20,000, find the growth constant k (specify the units) and de- 
termine when the population will increase to 10,000. 


8. Spread ofa Rumor A rumor spreads through a small town. Let y(t) 
be the fraction of the population that has heard the rumor at time ¢ and as- 
sume that the rate at which the rumor spreads is proportional to the product 
of the fraction y of the population that has heard the rumor and the fraction 
| — y that has not yet heard the rumor. 

(a) Write the differential equation satisfied by y in terms of a proportion- 
ality factor k. 

(b) Find k (in units of day—!), assuming that 10% of the population knows 
the rumor at t = 0 and 40% knows it at t = 2 days. 

(c) Using the assumptions of part (b), determine when 75% of the popu- 
lation will know the rumor. 


9. A rumor spreads through a school with 1000 students. At 8 AM, 80 stu- 
dents have heard the rumor, and by noon, half the school has heard it. Using 
the logistic model of Exercise 8, determine when 90% of the students will 
have heard the rumor. 


10. (Gu) A simpler model for the spread of a rumor assumes that the rate 
at which the rumor spreads is proportional (with factor k) to the fraction of 
the population that has not yet heard the rumor. 

(a) Compute the solutions to this model and the model of Exercise 8 with 
the values k = 0.9 and yo = 0.1. 

(b) Graph the two solutions on the same axis. 

(c) Which model seems more realistic? Why? 


11. Let k = 1 and A = 1 in the logistic equation. 
(a) Find the solutions satisfying y,;(0) = 10 and y2(0) = —1. 


(b) Find the time t when y;(t) = 5. 
(c) When does y2(t) become infinite? 


12. A tissue culture grows until it has a maximum area of M square cen- 
timeters. The area A(t) of the culture at time t may be modeled by the 
differential equation 


where k is a growth constant. 
(a) Show that if we set A = u?, then 


du 1 : 

= Sa 

a 2 M 
Then find the general solution using Separation of Variables. 
(b) Show that the general solution to Eq. (7) is 


Ceki JMi _ sy 


A(t) = M | —— 
j (— i] 

13. (Gu) In the model of Exercise 12, let A(t) be the area at time t 
(hours) of a growing tissue culture with initial size A(0) = 1 cm”, assum- 
ing that the maximum area is M = 16 cm? and the growth constant is 
b= Orr. 

(a) Find a formula for A(t). Note: The initial condition is satisfied for two 
values of the constant C. Choose the value of C for which A(t) is increas- 
ing. 


(b) Determine the area of the culture at ¢ = 10 hours. 
(c) (Gu) Graph the solution using a graphing utility. 


14. Show that if a tissue culture grows according to Eq. (7), then the 
growth rate reaches a maximum when A = M/3. 


15. In 1751, Benjamin Franklin predicted that the U.S. population P(t) 
would increase with growth constant k = 0.028 year~!. According to the 
census, the U.S. population was 5 million in 1800 and 76 million in 1900. 
Assuming logistic growth with k = 0.028, find the predicted carrying ca- 
pacity for the U.S. population. Hint: Use Egs. (3) and (4) to show that 


P(t)— A 


— e 


Po— A 


16. l 4 Reverse Logistic Equation Consider the following logistic 
equation (with k, B > 0): 


dP P 
=s -xp(1 = z) 


(a) Sketch the slope field of this equation. 


(b) The general solution is P(t) = B/(1 — e% /C), where C is a nonzero 
constant. Show that P(0) > B if C > landO < P(O) < BifC <0. 


(c) Show that Eq. (8) models an extinction—explosion population. That is, 
P(t) tends to zero if the initial population satisfies 0 < P(0) < B, and it 
tends to oo after a finite amount of time if P (0) > B. 


(d) Show that P = 0 is a stable equilibrium and P = B is an unstable 
equilibrium. 
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Further Insights and Challenges 


In Exercises 17 and 18, let y(t) be a solution of the logistic equation 


a = (1-9) a 


N Inflection point 


where A > QOandk > 0. 


17. (a) Differentiate Eq. (9) with respect to ¢ and use the Chain Rule to y0) : 
show that 
FIGURE 5 An inflection point occurs at y = A/2 in the logistic curve. 
d? 2 
ae Pr(1- 5) (1-2) A 
18, Let y= 1 -e-"/B be the general nonequilibrium solution to 
=E 
; h i Eq. (9). If y(t) has a vertical asymptote at £ = tp, that is, if 
(b) Show that the graph of the function y is concave up if 0 < y < A/2 lim y(t) = +00, we say that the solution “blows up” at t = fy. 
and concave down if A/2 < y < A. t—>tp— 


(a) Show that if 0 < y(0) < A, then y does not blow up at any time fy. 


(c) Show that if 0 < y(0) < A/2, then y has a point of inflection at (b) Show that if y(0) > A, then y blows up at a time tp, which is negative 


y = A/2 (Figure 5). (and hence does not correspond to a real time). 
(d) Assume that 0 < y(0) < A/2. Find the time ¢ when y(t) reaches the (c) Show that y blows up at some positive time tp if and only if y(0) < 0 
inflection point. (and hence does not correspond to a real population). 
9.5 First-Order Linear Equations 
In Section 9.2, we investigated the first-order linear constant coefficient differential equa- 
tion a = ky + c. In this section, we work with a more general version of this differen- 
tial equation, where the terms k and c are functions of the independent variable (which 
First-Order Differential Equations here is x). The method of “integrating factors” is used to solve these differential equa- 
tions. Although some of these equations are separable and can be solved by Separation 
of Variables, the method that we present here applies to all first-order linear differential 
equations, whether separable or not (Figure 1). 
= la ii ver A first-order linear differential equation is one that can be put in the followin 
p 8 
y =f) y +Pay=0) Example: form: 


y =y°+x 


FIGURE 1 VOF P(x)y = Q(x) 


To solve Eq. (1), we shall multiply through by a function a(x), called an integrating 
factor, that turns the left-hand side into the derivative of a(x)y: 


a(x)(y’ + P(x)y) = (a(x)y)’ 
Suppose we can find a(x) satisfying Eq. (2) that is nonzero. Then Eq. (1) yields 
a(x)(y’ + P(x)y) = a(x) Q(x) 
(a(x)y) = a(x) Q(x) 


We can solve this equation by integration: 


ain f Code wy a5 ( J a(x) (x) dx 


~ a(x) 
To find a(x), expand Eq. (2), using the Product Rule on the right-hand side: 


a(x)y’ + a(x)P(x)y =a(x)y +a'(x)y => a(x)P(x)y =a'(x)y 


in the formula for the integrating factor 
a(x), the integral f P(x) dx denotes any 
antiderivative of P. 
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Dividing by y, we obtain 


a = w(x) P(x) 


We solve this equation using Separation of Variables: 


da 


—=P(x)dx = [t= [roa 
a a 


Therefore, In |a(x)| = | P(x) dx, and by exponentiation, a(x) = tel P@4*_ Since we 


need just one solution of Eq. (3), we choose the positive sign in the expression for a(x). 


THEOREM 1 The general solution of y’ + P(x)y = Q(x) is 


1 
y = — (J a(x)O(x) ax) 
a(x) 


where a(x) is an integrating factor: 


a(x) = al P(x)dx 


To solve differential equations y’ + P(x)y = Q(x), we can either find an integrating 
factor and use Eq. (4) in Theorem 1, or we can use the method that yielded the solution 
in Eq. (4). That method is 


e Find an integrating factor a(x) = ef PO dx. 

e Multiply both sides of the equation y’ + P(x)y = Q(x) by the integrating factor 
a(x). As a result, the left side of the equation is then the derivative of a product. 

¢ Integrate both sides and solve for y to obtain the solution. 


We follow this method to obtain the solution in the next example. 


EXAMPLE 1 Solve xy’ — 3y = x’, y(1) = 2. 
Solution First, divide by x to put the equation in the form y’ + P(x)y = Q(x): 


y-~y=x 
X 


Thus, P(x) = —3x7! and Q(x) = x. 


Step 1. Find an integrating factor. 
In our case, P(x) = —3x7 t, and by Eq. (5), 


æ(x) = ef P)dx — gf(-3/2)dx . g T _. pine) — 4-3 
Step 2. Multiply the equation by the integrating factor. 
xy’ - : yrs x(x) 
(xy =a 
Step 3. Integrate both sides. 


xy = -x +C 
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CAUTION When we determine the 
integrating factor, we can choose one 
antiderivative of P(x), but at Step 3, when 
integrating both sides, we need to include 
a constant of integration since it becomes 
the constant term in the general solution. 
As in this example, when solving for y in 
Step 4, the constant might then be 
multiplied by a function of x and therefore 
might appear that way, rather than by 
itself, in the general solution. 


1 2 3 4 


FIGURE 2 Solutions to y’ + xy =1 
obtained numerically and plotted by 
computer. 


Step 4. Solve for y. 
y =x (=x +C) 


=x? + Cx? 


Step 5. Solve the Initial Value Problem. 
Now solve for C using the initial condition y(1) = 2: 


yd)=-1?4+C-P=2 o CH=3 
Therefore, the solution of the Initial Value Problem is y = =x 4+3x°. 


Finally, let’s check that y = —x? + 3x? satisfies our equation xy’ — 3y = x?: 
xy —3y = x(—2x + 9x2) — 3(—x? + 3x3) 
= (—2x? + 9x3) + (3x? — 9x3) = x? m 


EXAMPLE 2 Solve the Initial Value Problem: y’ + (1 — x~!)y = x”, y(1) = 2. 


Solution This equation has the form y’ + P(x)y = Q(x) with P(x) =1-—.<x7!. By 
Eq. (5), an integrating factor is 
a(x) = ef 0—7) dx me erin e > Inx7! —l x 


By either multiplying by the integration factor and then integrating both sides of the 
resulting equation or by applying Eq. (4) with Q(x) = x”, we obtain the general solution: 


y=a(x)” (J a(x)Q(x) dx) r (fas dx) 
= xe ~ ( j xe* ax) 


Integration by Parts shows that J xe* dx = (x — 1)e* + C, so we obtain 


y= xe™((x —l)e*+ C) =x(x~1)+Cxe” 
The initial condition y(1) = 2 gives 
yD =11-1)+Ce! =C! =2 > C=2e 
The desired particular solution is 


y = x(x — 1) + (2e)xe™ = x(x = 1) + 2xe!™ E 


CONCEPTUAL INSIGHT We have expressed the general solution of a first-order linear 
differential equation in terms of the integrals in Eqs. (4) and (5). Keep in mind, how- 
ever, that it is not always possible to evaluate these integrals explicitly. For example, 
the general solution of y’ + xy = 1 is 


y= e*l (/ er !2 dy ~~ c) 


The integral f e* /2 dx cannot be evaluated in elementary terms. However, we can 
approximate the integral numerically and plot the solutions by computer (Figure 2). 


In the next example, we use a differential equation to model a mixing problem, 
which has applications in biology, chemistry, and medicine. 


Water level 


Rog (L/min) 


FIGURE 3 


Summary: 


sucrose rate in = 4 ri 


sucrose rate out = A 3 +430 kg/min 
d 
a es 
dt t +30 
a(t) = t + 30 


C 
ION 


+ 30 
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EXAMPLE 3 A Mixing Problem A tank contains 600 liters of water with a sucrose 
concentration of 0.2 kg/L. We begin adding water with a sucrose concentration of 
0.1 kg/L at a rate of Rin = 40 L/min (Figure 3). The water mixes instantaneously and 
exits the bottom of the tank at a rate of Rout = 20 L/min. Let y(t) be the quantity (in 
kilograms) of sucrose in the tank at time ¢ (in minutes). Set up a differential equation for 
y(t) and solve for y(t). 


Solution 


Step 1. Set up the differential equation. 
The derivative dy /dt is the difference of two rates of change, namely the rate at which 
sucrose enters the tank and the rate at which it leaves: 


dy 
ae = sucrose rate 1n — sucrose rate out | 6 | 


The rate at which sucrose enters the tank is 


sucrose rate in = (0.1 kg/L)(40 L/min) = 4 kg/min 
LS ——— 


Concentration times water rate in 


Next, we compute the sucrose concentration in the tank at time t. Water flows in 
at 40 L/min and out at 20 L/min, so there is a net inflow of 20 L/min. The tank has 
600 L at time t = 0, so it has 600 + 20r L at time ¢t, and 


a ee kilograms of sucrose in tank y(t) g/L. 
nce 10 m = Å— iM ee 
liters of water in tank 600 + 20t 


The rate at which sucrose leaves the tank is the product of the concentration and the 
rate at which water flows out: 


y kg L 20y 
beara fee) G TE k 
te ae Cos E) ( =] 600 + 201 =H eam 


Concentration times water rate out 


Now Eq. (6) gives us the differential equation 


dy y 

— = 4 — ——_ 7 

dt t +30 
Step 2. Find the general solution. 


We write Eq. (7) in standard form: 


dy 1 . 
a? peat 
— 


An integrating factor is 


a(t) =e J POdt — of dt/(e+30) _ pn¢+30) _ 4 4 39 
The general solution is 


y(t) = a(t)? (J a(t)O(t)dt + c) 


-= — 5 ( [+ 30,4 ar +c) 


C 
2 0 C) = 2t + 60+ —— 
(2(¢ + 30)* + C) = 2t + 60 + a % 


-= 
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Step 3. Solve the Initial Value Problem. 
At t = 0, the tank contains 600 L of water with a sucrose concentration of 0.2 kg/L. 
Thus, the total sucrose at t = 0 is y(0) = (600)(0.2) = 120 kg. Also, from the general 
solution formula, we have 


Therefore, 


C Cc 
nD ere een tar ag =O 25 


C 
a imal => C= 1300 


We obtain the following formula (t in minutes), which is valid until the tank over- 


flows: 


9.5 SUMMARY 


1800 
y(t) = 2t + 60 + TE kg sucrose ial 


¢ A first-order linear differential equation is a differential equation in the form 


y + P(@x)y = Q(x) 


e The general solution is 


where a(x) is an integrating factor: a(x) = e 


9.5 EXERCISES 


Preliminary Questions 

1. Which of the following are first-order linear equations? 
(a) y +x?y=1 (b) y +xy?=1 
(ec) xy +y=e (d) xy +y =e 


2. If a(x) is an integrating factor for y’ + A(x)y = B(x), then a’(x) is 
equal to (choose the correct answer): 


Exercises 


1. Consider y’ + x7!y = x3. 

(a) Verify that a(x) = x is an integrating factor. 

(b) Show that when multiplied by a(x), the differential equation can be 
written (xy) = xf. 

(c) Conclude that xy is an antiderivative of x* and use this information to 
find the general solution. 

(d) Find the particular solution satisfying y(1) = 0. 


d 
2. Consider = +2y = e7”, 


(a) Verify that a(t) = e~ is an integrating factor. 
(b) Use Eq. (4) to find the general solution. 
(c) Find the particular solution with initial condition y(0) = 1. 


3. Leta(x)= e. Verify the identity 
(a(x)y = a(x Xy" + 2xy) 


EI OJ ( / a(x)O(x) dx + a) 


f P(x)dx 


(b) a(x)A(x) 
(d) a(x)B(x) 


(a) B(x) 
(©) a(x)A"(x) 


3. For what function P is the integrating factor a(x) equal to x? 


4. For what function P is the integrating factor a(x) equal to e*? 


and explain how it is used to find the general solution of 
y +2xy=x 
4. Find the solution of y’ — y = e”, y(0) = 1. 


In Exercises 5-20, find the general solution of the first-order linear differ- 
ential equation. 


2 


5. xy +y=x 6 xy —y=x*-—x 


7. 3xy'-y=x7! 8. y +xy=x 


9, y +3xy=x4+x7! 10. y +x7!y = cos(x?) 


11. xy =y—x 


Na” 


NL 


13. y +y =e 14. y = y=” 


15. y’ + (tanx)y = cosx 16. y’ + (secx)y = cosx 
17. ey =1+42e*y 18. ey’ =1- ey 
19. y’ — (Inx)y = x* 20. y’ + y = cosx 
In Exercises 21—28, solve the Initial Value Problem. 

21. y +3y=e%, y(0)= -l1 


22, xy +y =e, y(1)=3 


y(1)=2 


1 
23. y + y =x, 
+l 


24. y +y = sinx, y(0)=1 


25. (sinx)y’ = (cosx)y + 1, y (=) =H 


g 
/ = E e 
26. y + (sect)y = sect, »(7) 1 


27. y'+(tanhx)y=1, y(0)=3 


28. y + y(1)=0 


x 7 1 
LPE (14x22? 


29. The differential equation 2 = x is directly integrable and also first- 
x 


order linear. Show that solving the differential equation using Theorem 1 
leads to solving it by direct integration. 


d ; : 
30. The differential equation = = 1 — y can be solved using Eq. (2) in 
x 


Section 9.2 and using Theorem 1 in this section. Show that both approaches 
lead to the same general solution. 


31. Find the general solution of y’ + ny = e”* for all m,n. Note: The 
case m = —n must be treated separately. 


32. Find the general solution of y’ + ny = cos x for all n. 


In Exercises 33-36, a 1000-liter tank contains 500 L of water with a salt 
concentration of 10 g/L. Water with a salt concentration of 50 g/L flows 
into the tank at a rate of Rin = 80 L/min. The fluid mixes instantaneously 
and is pumped out at a specified rate Roy. Let y(t) denote the quantity of 
Salt in the tank at time t. 


33. Assume that Rout = 40 L/min. 


(a) Set up and solve the differential equation for y(t). 
(b) What is the salt concentration when the tank overflows? 


34. Find the salt concentration when the tank overflows, assuming that 
Rout = 60 L/min. 


35. Find the limiting salt concentration as £ —> co, assuming that Roy = 
80 L/min. 


36. Assuming that Roy = 120 L/min, find y(t). Then calculate the tank 
volume and the salt concentration at £ = 10 min. 


37. Water flows into a tank at the variable rate of Rin = 20/(1+ £) 
gal/min and out at the constant rate Rouw = 5 gal/min. Let V(t) be the vol- 
ume of water in the tank at time t. 


(a) Set up a differential equation for V(t) and solve it with the initial con- 
dition V(O) = 100. 
(b) Find the maximum value of V. 


(c) Plot V(t) and estimate the time ¢ when the tank is empty. 
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38. A stream feeds into a lake at a rate of 1000 m°/day. The stream is 
polluted with a toxin whose concentration is 5 g/m?. Assume that the lake 
has volume 10° m? and that water flows out of the lake at the same rate of 
1000 m3/day. 

(a) Set up a differential equation for the concentration c(t) of toxin in the 
lake and solve for c(t), assuming that c(0) = 0. Hint: Find the differential 
equation for the quantity of toxin y(t), and observe that c(t) = y(t)/ 10°. 


(b) What is the limiting concentration for large t? 


In Exercises 39-42, consider a series circuit (Figure 4) consisting of a re- 
sistor of R ohms, an inductor of L henries, and a variable voltage source 
of V(t) volts (time t in seconds). The current through the circuit I(t) (in 
amperes) Satisfies the differential equation 


39. Solve Eq. (9) with initial condition 7(0) = 0, assuming that R = 
100 ohms (92), L =5 henries (H), and V(t) is constant with V(t) = 
10 volts (V). 


dI R 1 
Tees — f = — f 
at zre) 


40. Assume that L=10 henries, and V(t) = 
e™ volts. 
(a) Solve Eq. (9) with initial condition 7(0) = 0. 


(b) Calculate tm and (tm), where fm is the time at which Z(t) has a maxi- 
mum value. 


R= 110 ohms, 


(c) (Gu) Use a computer algebra system to sketch the graph of the solu- 
tion for 0 <?¢ < 3. 


41. Assume that V(t) = V is constant and 7(0) = 0. 

(a) Solve for Z(t). 

(b) Show that jim, I(t) = V/R and that I(t) reaches approximately 63% 
of its limiting value after L/R seconds. 


(c) How long does it take for /(t) to reach 90% of its limiting value if 
R = 500 ohms, L = 4 henries, and V = 20 volts? 


42. Solve for I(t), assuming that R = 500 ohms, L = 4 henries, and 
V = 20cos(80) volts. 


V(t) L 


FIGURE 4 RL circuit. 


43. (Af Tank 1 in Figure 5 is filled with V; liters of water containing 
blue dye at an initial concentration of co g/L. Water flows into the tank at a 
rate of R L/min, is mixed instantaneously with the dye solution, and flows 
out through the bottom at the same rate R. Let c(t) be the dye concentra- 
tion in the tank at time ż. 


(a) Explain why c; satisfies the differential equation 


dc R 


dt Vi 


(b) Solve for cı (t) with V; = 300 L, R = 50, and co = 10 g/L. 
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FIGURE 5 


44. [4 Continuing with the previous exercise, let tank 2 be another tank 
filled with V2 gallons of water. Assume that the dye solution from tank | 
empties into tank 2 as in Figure 5, mixes instantaneously, and leaves tank 2 
at the same rate R. Let c2(t) be the dye concentration in tank 2 at time t. 


(a) Explain why cz satisfies the differential equation 
dc2 


ia AG = 02) 


(b) Use the solution to Exercise 43 to solve for c2(t) if V; = 300, 
V> = 200, R = 50, and co = 10. 

(c) Find the maximum concentration in tank 2. 

(d) (Gu) Plot the solution. 


45. Let a,b, r be constants. Show that 


ksinrt — et) 


_ ro—kt 
y = Ce +a+k( pape 
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is a general solution of 


a = 


7 2 —k(y —a — bsinrt) 


46. Assume that the outside temperature varies as 
T(t) = 15 + 5 sin(@t/12) 
where t = 0 is 12 noon. A house is heated to 25°C at t = 0 and after 


that, its temperature y(t) varies according to Newton’s Law of Cooling 
(Figure 6): 


2 = ~0.1(y(¢) 4 T(t)) 


Use Exercise 45 to solve for y(t). 


y(°C) 
p y£) 
20 
15 
10 Tt) 
5 


t(hours) 
12 24 36 48 60 72 84 


FIGURE 6 House temperature y(t). 


Further Insights and Challenges 


47, Let a(x) be an integrating factor for y’ + P(x)y = Q(x). The dif- 
ferential equation y’ + P(x)y = 0 is called the associated homogeneous 
equation. 

(a) Show that y = 1/a(x) is a solution of the associated homogeneous 
equation. 

(b) Show that if y = f(x) is a particular solution of y’ + P(x)y = Q(x), 
then f(x) + C/a(x) is also a solution for any constant C. 


48. Use the Fundamental Theorem of Calculus and the Product Rule to 
verify directly that for any xo, the function 


eect i, w(t) Q(t) dt 


Xo 
is a solution of the Initial Value Problem 


y + P(x)y = Q(x), yxo)=0 
where a(x) is an integrating factor [a solution to Eq. (3)]. 


49, Transient Currents Suppose the circuit described by Eq. (9) is 
driven by a sinusoidal voltage source V(t) = V sinwt (where V and w 
are constant). 

(a) Show that 


—(R/L)t 


MOES (R sin wt — Lw cos wt) + Ce 


V 
R2 + Lœ? 


(b) Let Z = V R? + L2w~. Choose @ so that Zcos@ = R and Z sin = 
Low. Use the addition formula for the sine function to show that 


V 
I(t) = 7 sinlot — 0) + Ce Ge 


This shows that the current in the circuit varies sinusoidally apart from a 
DC term (called the transient current in electronics) that decreases expo- 


nentially. 


CHAPTER REVIEW EXERCISES 


1. Which of the following differential equations are first-order 
linear? 


(a) y =y —3xfy (b) y’ =x? — 3xfy 


(c) y= y —3x/y (d) sinx- y =y-—i 


2. Find a value of c such that y = x —2+ e°% is a solution of 
2y +y =x. 


In Exercises 3—6, solve using Separation of Variables. 


d 
3. 7 2.-3 2 


T 4. xyy =1-—x 


E 2 
dy / wed 
i “Ian d 6. ea 
YN 5 xT 2y=3 y = oa 


In Exercises 7—10, solve the Initial Value Problem using Separation of 
Variables. 


T 
7. y'=cos*x, y(0)= T 8. y’=cos’y, y(0) = P 


9% y = 6xy”, yd) =4 10. xyy’ =1, y(3)=2 
dy . 
11. Figure 1 shows the slope field for T = sin y + ty. Sketch the 


graphs of the solutions with the initial conditions y(0) = 1 , y(0) = 0, 
and y(0) = —1. 


FIGURE 1 


d 
12. Sketch the slope field for = = t?y for —2 < t < 2, —2 < y <2. 


d 
13. Sketch the slope field for = = ysint for —2x < t < 27, —2 < 
y SZ 


14, Which of the equations (i)-(iii) corresponds to the slope field in 
Figure 2? 

d 
(iii) Z =y? 


iia dt 


z e | ee 


FIGURE 2 


15. Let y(t) be the solution to the differential equation with the slope 
field as shown in Figure 2, satisfying y(0) = 0. Sketch the graph of 
y(t). Then use your answer to Exercise 14 to solve for y(t). 

Í dy 
16. Let y(t) be the solution of PA 
Carry out Euler’s Method with time step h = 0.05 for n = 6 steps. 


=y +t satisfying y(2) = 1. 
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d a 
17. Let y(t) be the solution of (x3 + N= = y satisfying y(0) = 1. 


Compute approximations to y(0.1), y(0.2), and y(0.3) using Euler’s 
Method with time step k = 0.1. 


In Exercises 18-21, solve using the method of integrating factors. 


8. = t 3 0 —4 
1 Fr y+ y(0) 
dy y 
19, = mm 5 ] =] 
dx 2x X, I) 
dy 
20. — = y- 3t, —l)=2 
0 aes yes) 


21. y’'+2y=1+e, y(0)=~4 

In Exercises 22—29, solve using an appropriate method. 
22. x*y’=x741, y(1)=10 

23. y’ + (tanx)y =cos*x, y(x)=2 

24. xy’ =2y+x—-1, y(3)=9 

25. (y-—Dy' =t, y1)=-3 


26. (/y+1)y’ = yte, y(0)=1 


d 1 2 
ie SS pe Sateen 
dx x 
3y] 
28. y' + - = F2 29. y +Ž=sinx 


30. Find the solutions to y’ = 4(y — 12) satisfying y(0) = 20 and 
y(0) = 0, and sketch their graphs. 


31. Find the solutions to y'= —2y+ 8 satisfying y(0)=3 and 
y(O) = 4, and sketch their graphs. 


32. Show that y = sin! x satisfies the differential equation y’ = 
sec y with initial condition y(0) = 0. 


33. What is the limit im y(t) if y(t) is a solution of each of the fol- 
—> 00 


lowing? 
dy dy 
= =-—d(y — 12 — =A(y—12 
(a) J: (y ) (b) Z; (y — 12) 
dy 
— Z — — 2 
(c) -i 4y- 1 


In Exercises 34-37, let P(t) denote the balance at time t (years) of an 
annuity that earns 5% interest continuously compounded and pays out 
$20,000/year continuously. 


34. Find the differential equation satisfied by P(t). 
35. Determine P(5) if P(0) = $200,000. 
36. When does the annuity run out of money if P(0) = $300,000? 


37. What is the minimum initial balance that will allow the annuity to 
make payments indefinitely? 


38. State whether the differential equation can be solved using Sepa- 
ration of Variables, the method of integrating factors, both, or neither. 
(a) y =y+x? b) xy’ =y+1 

© y =y +x? (d) xy = y? 
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39. In the laboratory, the Escherichia coli bacteria grows such that 
the rate of change of the population is proportional to the population 
present. Assume that 500 bacteria are initially present, and 650 are 
present after 1 hour. 

(a) Determine P(t), the population after ¢ hours. 

(b) How long does it take for the population to double in size? 


40. Uranium-238 is a radioactive material with a half-life of 4.468 bil- 
lion years. With ż in billions of years, let M(t) be the mass in grams of 
a sample of uranium-238 that initially consisted of 100 g. Set up and 
solve an Initial Value Problem for determining M (t). 


41. Let A and B be constants. Prove that if A > 0, then all solutions 
of z + Ay = B approach the same limit as £ > oo. 


42. At time ¢ = 0, a tank of height 5 m in the shape of an inverted 
pyramid whose cross section at the top is a square of side 2 m is filled 
with water. Water flows through a hole at the bottom of area 0.002 m2. 
Determine the time required for the tank to empty. 


43. The trough in Figure 3 (dimensions in centimeters) is filled with 
water. At time t = 0 (in seconds), water begins leaking through a hole 
at the bottom of area 4 cm?. Let y(t) be the water height at time t. 
Find a differential equation for y(t) and solve it to determine when the 
water level decreases to 60 cm. 


FIGURE 3 


i is _ 4 
44. Find the solutions of the logistic equation n = y(4 — y) satisfy- 
ing the initial conditions: 
(a) y(0)=1 


(b) y(0)=4 (c) y0) =6 


d 
45. Let y(t) be the solution of = = 0.3y(2 — y) with y(0)= 1. 


Determine lim, y(t) without solving for y explicitly. 


46. Suppose that y’ = ky(1 — y/8) has a solution satisfying y(0) = 
12 and y(10) = 24. Find k. 


INTRODUCTION TO DIFFERENTIAL EQUATIONS 


47. A lake has a carrying capacity of 1000 fish. Assume that the fish | } 


=, = 


population grows logistically with growth constant k = 0.2 day~!. 
How many days will it take for the population to reach 900 fish if 
the initial population is 20 fish? 


48. EA A rabbit population on an island increases exponentially 


with growth rate k = 0.12 months~!. When the population reaches 
300 rabbits (say, at time ¢ = 0), wolves begin eating the rabbits at a 
rate of r rabbits per month. 


(a) Finda differential equation satisfied by the rabbit population P(t). 


(b) How large can r be without the rabbit population becoming ex- 
tinct? 


49. Show that y =sin(tan~!x+C) is the general solution of 


y =vV1- y*/ (1+ x’). Then use the addition formula for the sine 
function to show that the general solution may be written 


(cos C)x + sin C 
y= — m 
Vix 


50. A tank is filled with 300 liters of contaminated water containing 
3 kg of toxin. Pure water is pumped in at a rate of 40 L/min, mixes 
instantaneously, and is then pumped out at the same rate. Let y(t) be 
the quantity of toxin present in the tank at time f. 

(a) Find a differential equation satisfied by y(t). 

(b) Solve for y(t). 


(c) Find the time at which there is 0.01 kg of toxin present. 


51. Att = 0, a tank of volume 300 liters is filled with 100 L of water 
containing salt at a concentration of 8 g/L. Fresh water flows in at a 
rate of 40 L/min, mixes instantaneously, and exits at the same rate. Let 
cı (t) be the salt concentration at time t. 

(a) Find a differential equation satisfied by c,(t). Hint: Find the 
differential equation for the quantity of salt y(t), and observe that 
cy(t) = y(t)/100. 

(b) Find the salt concentration c(t) in the tank as a function of time. 


52. The outflow of the tank in Exercise 51 is directed into a second 
tank containing V liters of fresh water where it mixes instantaneously 
and exits at the same rate of 40 L/min. Determine the salt concentra- 
tion c7(t) in the second tank as a function of time in the following two 
cases: 


(a) V = 200 (b) V = 300 
In each case, determine the maximum concentration. 


billperry/Deposit Photos 


Dr. Dan Russell 


The figures below the photograph illustrate 
some of the infinitely many basic vibrational 
modes for a circular drumhead. A complex 
vibration can be understood as a combination 
of basic modes. Via the concept of infinite 
series, we can add contributions from 
infinitely many basic modes. 


5 ()Obda. 


i 
4 


o0 |= 


FIGURE 1 


10 INFINITE SERIES 


he theory of infinite series is a third branch of calculus, in addition to differential 

and integral calculus. Infinite series provide us with convenient and useful ways of 
expressing functions as infinite sums of simple functions. For example, we will see that 
we can express the exponential function as 


amity ee ney 
25 St A 

The idea behind infinite series is that we add infinitely many numbers. We will see 
that although this is more complicated than adding finitely many numbers, sometimes 
adding infinitely many numbers yields a sum, but other times it does not. For example, 
we will leam that} + } + $ + $ +--+ adds upto 1,but 1 ~ 1 + 1 — 1 +1- -- does not 
add up to any value (and is said to diverge). To make the idea of infinite series precise, 
we employ limits to determine what happens to the sum as we add more and more terms 
in a series. 

We start the chapter with a section about sequences and their limits, important con- 
cepts behind infinite series. We then introduce infinite series in Section 10.2. After further 
developing infinite series in Sections 10.3 through 10.5, we close the chapter with three 
sections (Power Series, Taylor Polynomials, and Taylor Series) where we examine the 
idea of representing functions as infinite series. 


10.1 Sequences 


Limits and convergence played a fundamental role in the definitions of the derivative and 
definite integral. The limit concept will be significant throughout this chapter. We start 
by developing the basic ideas of a sequence of numbers and the limit of such a sequence. 

A simple sequence of numbers arises if you eat half of a cake, and eat half of the 
remaining half, and continue eating half of what’s left indefinitely (Figure 1). The fraction 
of the whole cake that remains after each step forms the sequence 


1 
This is the sequence of values of the function f(n) = a fora 1,2,.... 


DEFINITION Sequence A sequence {an} is an ordered collection of numbers de- 
fined by a function f on a set of sequential integers. The values a, = f(n) are called 
the terms of the sequence, and n is called the index. Informally, we think of a se- 
quence {an} as a list of terms: 


di, 42, a3, 44, 


The sequence does not have to start at n = 1. It can start at n = 0, n = 2, or any other 
integer. 


When ap is given by a formula, we refer to an as the general term, and we refer to 
the set of the values n on which the sequence is defined as the domain of the sequence. 


For example, in the cake sequence, a, = — is the general term and the domain isn > 1. 
Not all sequences are generated by a formula. For instance, the sequence of digits in 


the decimal expansion of z is 
m Udy DE 92, 0. 
There is no specific formula for the nth digit of and therefore, there is no formula 


for the general term in this sequence. me 
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The following are examples of some sequences and their general terms. 


General term Domain Sequence 
I I1 2a 
=1]1— -= >] 0, =, =. -, =, .-. 
ee n a 23 45 
364.5n? 
The sequence b,, is the Balmer series of bn = Ia Re 5 656.1, 486, 433.9, 410.1, 396.9, ... 
absorption wavelengths of the hydrogen r 
atom in nanometers. It plays a key role in Cn = COS (>) n>0 1, 0, —1, 0, 1, 0, ... 
spectroscopy. 
dn = (—-1)"n n>0 0, —1, 2, —3, 4, ... 


The sequence in the next example is defined recursively. For such a sequence, the 
first one or more terms may be given, and then the nth term is computed in terms of the 
preceding terms using some formula. 


EXAMPLE 1 The Fibonacci Sequence We define the sequence by taking Fi = 1, 
Fy = 1, and F, = F,-1 + Fn-2 for all integers n > 2. In other words, each subsequent 


term is obtained by adding together the two preceding terms. Determine the first 10 terms 
in the sequence. 


Solution Given the first two terms, we can easily find each subsequent term by adding 
the previous two. The sequence is 


Lil? aae aS. E 


The Fibonacci sequence appears in a surprisingly wide variety of situations, partic- 
ularly in nature. For instance, the number of spiral arms in a sunflower almost always 
turns out to be a number from the Fibonacci sequence, as in Figure 2. 


ee 
Perea 
FIGURE 2 The number of spiral arms in a cee 
sunflower when counted at different angles 
are Fibonacci numbers. In the first case, 


we get 34, and in the second, we get 21. 


Eiji Veda/Shutterstock 


EXAMPLE 2 Recursive Sequence Compute the three terms a2,a3,a4 for the seq- 


uence defined recursively by 


1 2 
a= l, an = — (a =- ) 
2 Gn—| 


Solution 

1 2 1 2 3 
You may recognize the sequence in aa las +—]= 5 se rt eae 15 
Example 2 as the sequence of k 
approximations to /2 œ% 1.4142136 1 2 1/3 2 9 
produced by Newton’s Method with a B= 5 \ 22 Bi a ~ 515 = a2 mp) = 1.4167 a 
starting value a; = 1 (see Section 4.8). As 
n tends to infinity, a, approaches /2. ] ( 2 ) l & 2 577 

ag=>(a+—)=-(—4+—~) => ~ 1.414216 
2° Gy) SQ” 17/12)  F6e j 


FIGURE 3 Plot of a sequence with limit L. 
For any e, the dots eventually remain 


within an €-band around L. 


SECTION 10.1 Sequences 539 


Our main goal is to study convergence of sequences. A sequence {an} converges to 
a limit L if |an — L| becomes arbitrarily small when n is sufficiently large. Here is the 
formal definition. 


DEFINITION Limit of a Sequence We say {an} converges to a limit L and write 


lim an = or a, > L 
a> CO 


if, for every € > 0, there is a number M such that |a, — L| < e for all n > M. 


°- If no limit exists, we say that {a,,} diverges. 
¢ If the terms increase without bound, we say that {an} diverges to infinity. 


If {an} converges, then its limit L is unique. To visualize the limit plot the points 
(1, a1), (2, a2), (3, a3), ..., as in Figure 3. The sequence converges to L if, for every € > 0, 
the plotted points eventually remain within an €-band around the horizontal line y = L. 
Figure 4 shows the plot of a sequence converging to L = 1. On the other hand, since it 
continually cycles through 1,0, —1,0, cn = cos (4) in Figure 5 has no limit. 


2 4 6 8 10 12 14 


FIGURE 4 The sequence an = se 4 FIGURE 5 The sequence cy, = cos (5) has 
n+3 no limit. 


: 4 
EXAMPLE 3 Proving Convergence Let a, = skd . Prove that lim a, =1. 
n+3 n—> 00 


Solution The definition requires us to find, for every € > 0, a number M such that 


la, —1I] <€ forall n > M 
+4 1 
We have la, — 1| = A -1| = 
nero n+3 
Therefore, |an — 1| < € if 
1 

——— <€ or n>--—3 

n+3 € 
In other words, |an — 1| < e for all n > - — 3. This proves that lim Gy =A, E 

n 


Note the following two facts about sequences: 


¢ The limit does not change if we change or drop finitely many terms of the 
sequence. 
¢ If C is a constant and a, = C for all n greater than some fixed value N, then 
im äp =C. 
n> CO 
Many of the sequences we consider are defined by functions; that is, an = f(n) for 
some function f. For example, 


— 1 — | 
S is defined by I@= 2 


n X 


n = 
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y We will often use the fact that if f(x) approaches a limit L as x — oo, then the se- 

a), quence a, = f(n) approaches the same limit L (Figure 6). Indeed, if for all € > 0 we 
can find a positive real number M so that | f(x) — L| < e for all x > M, then it follows 
automatically that | f(z) — L| < e forall integers n > M. 


nd 


THEOREM 1 Sequence Defined by a Function If lim f(x) exists, then the se- 
x—> 
quence a, = f(n) converges to the same limit: 


1l234°S @ 7 ¥ 9 10 


lim a, = lim f(x) 
FIGURE 6 If f(x) converges to L, then the itis x—> 00 
sequence a, = f(n) also converges to L. 


EXAMPLE 4 Find the limit of the sequence 


Jan Sea 474-2 522 
92 2, gomg 7, V 52” 


Solution This is the sequence with general term 


an = = | = 
3 n2 n? 


Therefore, we apply Theorem 1 with f(x) = 1 — 5: 


lim a, = lim (1-3) =1- jim 5 =1-0-1 lat 
x 


n-> OO Y=? OD 


l 
EXAMPLE 5 Calculate lim A, 


nS 


Solution Apply Theorem 1, using L’ H6pital’s Rule in the second step: 


n+Inn . x+inx . 1+ /x) 
5 lim 7 = lim ——— =0 E 
n—> 00 n x—> 00 X x—> 0 
The limit of the Balmer wavelengths b, in the next example plays a role in physics 
and chemistry because it determines the ionization energy of the hydrogen atom. Figure 7 
plots the sequence and the graph of a function f that defines the sequence. In Figure 8, 
the wavelengths are shown “crowding in” toward their limiting value. 


700 600 500 400 300 
3 4 5 6 7 Wavelength (nanometers) 


FIGURE 7 The sequence and the function FIGURE 8 
approach the same limit. 


EXAMPLE 6 Balmer Wavelengths Calculate the limit of the Balmer wavelengths 


364.5n? 
Ün E - 
n — 


in nanometers, where n > 3. 


f@=cer* (r>1) 


1 2 3 4 "5 0 


FIGURE 9 Ifr > 1, the geometric sequence 
an = r” diverges to oo. 


f@=cr* (0<r<1) 


FIGURE 10 If0 <r < 1, then cr* 
decreases to 0, and therefore the geometric 
sequence an = r” converges to 0. 
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364.5x? 
Solution Apply Theorem 1 with f(x) = 5 z i 
K — 
364.5x2 364.5x7 5 
lim by = lim —— = tim ———_2 
n> x> x¥*-—4 x—00 (x2 = 44 
x2 
364.5 364.5 


che ei E, 
oe | ae ‘lim (1 — 4/22) = z 


A geometric sequence is a sequence a, = cr”, where c and r are nonzero constants. 
Each term is r times the previous term; that is, a,/a,_,; =r. The number r is called 
the common ratio. For instance, if r = 3 and c = 2, we obtain the sequence (starting at 
n = 0) 


Ia aaan an Bag. 


In the next example, we determine when a geometric series converges. Recall that 
{an} diverges to oo if the terms an increase beyond all bounds (Figure 9); that is, 


lim a, = oo if, for every number N, an > N for all sufficiently large n 
n—> CoO 
We define lim a, = —oo similarly. 
n—> CO 


EXAMPLE 7 Geometric Sequences with r > 0 Prove that forr > Qandc > 0, 


0 if 0<r<1 
lim cr” = łc if r=1 
n—> OO , 

co If r>l 


Solution Set f(r) = cr*.If0 <r < 1, then (Figure 10) 
lim cr” = lim f(x)=c lim r*=0 
n—> CO X—> CO X> 


If r > 1, then since c > 0, both f(x) and the sequence {cr”} diverge to oo (Figure 9). If 
r = 1, then cr” = c for all n, and the limit is c. = 


This last example will prove extremely useful when we consider geometric series in 


Section 10.2. 
The limit laws we have used for functions also apply to sequences and are proved in 
a similar fashion. 


THEOREM 2 Limit Laws for Sequences Assume that {a,,} and {bn} are convergent 
sequences with 


lim a, = L, lim b, = M 
n> 00 n—> 00 
Then 
(i) lim (a, + bn) = lim a, £ lim b, =LiM 
n> OO n>% n> 


tm, nb = (im, a) ir, bn) = Ee 


(iv) lim ca, =c lim a, =cL for any constant c 
n> OO n> 00 
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4 REMINDER n! (n-factorial) is the 


number 


n! = n(n — 1)(n — 2)---2-1 


For example, 4! =4 -3 -2 . 1 = 24. By 
definition, 0! = 1. 


1 
2 
3 
4 
10 
15 


20 
50 


n 


5 
FIGURE 11 Graph of an = = 
n! 


TABLE 1 


sn 
an = aT 
5 
12.5 
20.83 
26.04 
2.69 
0.023 
0.000039 
2.92 x 10730 


THEOREM 3 Squeeze Theorem for Sequences Let {an}, {bn}, {Cn} be sequences 


such that for some number M, 


bn <an <c, forn> M and lim 6, = lim c, = L 
hi—> CO n= 0 


Then lim a, = L. 
nM © 


EXAMPLE 8 Show thatif lim |a,| = 0, then lim a, = 0. 
n-> 00 n> 


Solution We have 


—ļ|an| < an < janl 


By hypothesis, lim |a,| = 0, and thus also lim —|a,|=— lim lan| = 0. Therefore, 
n—> CO i n> 
we can apply the Squeeze Theorem to conclude that lim a, = 0. imi 
n—> OO 


EXAMPLE 9 Geometric Sequences withr <0 Prove that for c Æ 0, 


R if -lI <r<0 
lim cr" = l 
n—>0o diverges if r<-—l 


Solution If —1 <r <0, then 0 < |r| <1 and lim |er"| = 0 by Example 7. Thus, 
n 


lim cr” = 0 by Example 8. If r = —1, then the sequence cr” = (—1)"c alternates be- 
"i 

tween c and —c and therefore does not approach a limit. The sequence also diverges if 
r < — I because |cr”| grows arbitrarily large. a 


As another application of the Squeeze Theorem, consider the sequence 
sn 


= ae 
n: 


Both the numerator and the denominator grow without bound, so it is not clear in 
advance whether {a,,} converges. Figure 11 and Table | suggest that a, increases initially 
and then tends to zero. In the next example, we verify that an = R” /n! converges to zero 
for all R. This fact is used in the discussion of Taylor series in Section 10.8. 


n 


EXAMPLE 10 Provethat lim pi = 0 for all R. 
n>% n! 


Solution Assume first that R > 0 and let M be the nonnegative integer such that 
M<R<M-+1 


For n > M, we write R” /n! as a product of n factors: 


R” RR R R R R R 
n-A (aes) GN) 6 
—— aaa 
Call tbis ċonstant C. Each factor is less than 1. 


The first M factors are greater than or equal to 1 and the last n — M factors are less than 
1. If we lump together the first M factors and call the product C, and replace all the 
remaining factors except R/n with 1, we see that 


Since CR/n — Q0, the Squeeze Theorem gives us lim R”/n! = 0 as claimed. If R < 0, 
n> OO 


the limit is also zero by Example 8 because |R” /n | tends to zero. a 


le 9s 4 35 8.7 


FIGURE 12 A convergent sequence is 
bounded. 
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Given a sequence {ap} and a function f, we can form the new sequence { f (a,)}. It 
is useful to know that if f is continuous and a, — L, then f(a,) > f(L). A proof is 
given in Appendix D. 


THEOREM 4 If f is continuous and lim an = L, then 
n 


lim f(an)= f ( lim an) = f(L) 


In other words, we may pass a limit of a sequence inside a continuous function. 


EXAMPLE 11 Determine the limit of the sequence a, = 2, and then apply Theo- 


n 
rem 4 to determine the limits of the sequences {f (an)} and {g(an)}, where f(x) = e” and 
mee x. 
Solution First, 
3n 3 


L= lim a,= lim = lim ———— = 3 
n—>0o n>con-+ ] n>co l] +n! 


37 
Now, with f(x) = e*, we have f(a,) = e = e+ , According to Theorem 4, 


; c lim on 3 
lim f(a,) = f( lim an) = er >o "H =e 
n—> CO —> 00 


Finally, with g(x) = x?, we have glan) = ae According to Theorem 4, 


. 3n \? 2 
Jim en) = e( im on) = (stim, <7) == > 


Next, we define the concepts of a bounded sequence and a monotonic sequence, 
concepts of great importance for understanding convergence. 


DEFINITION Bounded Sequences A sequence {a,} is 


+ Bounded from above if there is a number M such that an < M for all n. The 
number M is called an upper bound. 

¢ Bounded from below if there is a number m such that a, > m for all n. The 

number m is called a lower bound. 


The sequence {an} is called bounded if it is bounded from above and below. A se- 
quence that is not bounded is called an unbounded sequence. 


Thus, for instance, the sequence given by a, = 3 — - is clearly bounded above by 
3. It is also bounded below by 0, since all the terms are positive. Hence, this sequence is 
bounded. 

Upper and lower bounds are not unique. If M is an upper bound, then any number 
greater than M is also an upper bound, and if m is a lower bound, then any number less 
than m is also a lower bound (Figure 12). 

As we might expect, a convergent sequence {an} is necessarily bounded because the 
terms a,, get closer and closer to the limit. This fact is stated in the next theorem. 


THEOREM 5 Convergent Sequences Are Bounded If {an} converges, then {an} is 
bounded. | 
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The Fibonacci sequence {F,,} diverges 
since it is unbounded (Fa > n for all n), 


but the sequence defined by the ratios 
F, 
a = a converges. The limit is an 


important number known as the golden 
ratio (see Exercises 33 and 34). 


The limit Agr upper 
bound 
Ga) @, 4344 Gs / 7 
0 LM 


FIGURE 13 An increasing sequence with 
upper bound M approaches a limit L. 


TABLE 2 


aj © 0.4142 
az ~ 0.3178 
a3 % 0.2679 
a4 % 0.2361 
as ~ 0.2134 
ag % 0.1963 
a7 % 0.1827 
ag ~ 0.1716 


Proof Let L = im an. Then there exists N > 0 such that |an — L| < 1 for n > N. In 


other words, 
L—i<an<L+li forn > N 


If M is any number greater than L + 1 and also greater than the numbers a1,a2,...,aN, 
then a, < M for all n. Thus, M is an upper bound. Similarly, any number m less than 
L — 1 and also less than the numbers a1,a2,...,ayn is a lower bound. E 


There are two ways that a sequence {a,} can diverge. One way is by being un- 
bounded. For example, the unbounded sequence an = n diverges: 


l, 2, ee 4, >, 6, 


However, a sequence can diverge even if it is bounded. This is the case with a, = 
(—1)"+!, whose terms a, bounce back and forth but never settle down to approach a 
limit: 


There is no surefire method for determining whether a sequence {an} converges, 
unless the sequence happens to be both bounded and monotonic. By definition, {an} is 
monotonic if it is either increasing or decreasing: 


* {an} is increasing if ay < dn+ for all n. 
e {an} is decreasing if an > a4, for all n. 


Intuitively, if {an} is increasing and bounded above by M, then the terms must bunch up 
near some limiting value L that is not greater than M (Figure 13). See Appendix B for a 
proof of the next theorem. 


THEOREM 6 Bounded Monotonic Sequences Converge 


¢ If {an} is increasing and a, < M, then {an} converges and lim a, < M. 
n—> o 


e If {an} is decreasing and a,, > m, then {an} converges and lim a, > m. 
n—> co 


EXAMPLE 12 Verify that a, = /n + 1 — y/n is decreasing and bounded below. Does 
lim an exist? 
n—> 


Solution The function f(x) = vx + 1 — ./x is decreasing because its derivative is neg- 
ative: 


1 
i Aasi ee ee, for 0 
f œ) beai De x > 


It follows that a, = f(n) is decreasing (see Table 2). Furthermore, an > 0 for all n, so 
the sequence has lower bound m = 0. Theorem 6 guarantees that L = im An exists 


and L > 0. In po we can show that L = 0 by noting that f(x) can be 1 rewritten as 


f@)= ees 


Hence, lim f(x) = 0. a 
xX—> 0O 


EXAMPLE 13 Show that the following sequence is bounded and increasing: 


a, = V2, Sey, a3 = ON tees o 


Then prove that L = lim a, exists and compute its value. 
n—> o0 


TABLE 3 


Recursive Sequence 


An+1 = /2ap 


al 
a? 
a3 
a4 
as 
a6 
ay 
ag 


1.4142 
1.6818 
1.8340 
LOTs2 
1.9571 
1.9785 
1.9892 
1.9946 
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Solution 


Step I. Show that {a,,} is bounded above. 
We claim that M = 2 is an upper bound. We certainly have a; < 2 because aj = 
./2 ~ 1.414. On the other hand, 


in Gy =< 2, then an+ <2 [2] 


is true because an+] = »/2a, < /2-2 = 2. Now, since a; < 2, we can apply (2) to 
conclude that a2 < 2. Similarly, az < 2 implies a3 < 2, and so on. It follows that 
an < 2 for all n. (Formally speaking, this is a proof by induction.) 

Step 2. Show that {a,,} is increasing. 
Since a, is positive and a, < 2, we have 


An+1 =v Diy, > «/An * an = An 


This shows that {an} is increasing. Since the sequence is bounded above and increas- 
ing, we conclude that the limit L exists. 


Now that we know the limit L exists, we can find its value as follows. The idea is 
that L “contains a copy” of itself under the square root sign: 


L =Y NNV = TINA 


Thus, L? = 2L, which implies that L = 2 or L = 0. We eliminate L = 0 because the 
terms a, are positive and increasing, so we must have L = 2 (see Table 3). E 


= J2L 


In the previous example, the argument that L = ~V 2L is more formally expressed by 
noting that the sequence is defined recursively by 


ai = /2, an+) = y 2an 


If an converges to L, then the sequence b, = an+ı also converges to L (because it is 
the same sequence, with terms shifted one to the left). Then, applying Theorem 4 to 


f(x) = ./x, we have 
L= im anı = Jim, V2a = JF Bm a = WIE 


10.1 SUMMARY 


e A sequence {an} converges to a limit L if, for every € > 0, there is a number M such 
that 


la, ~L| <€ for alln > M 


We write lim a, = Lora, > L. 
n—> oo 
¢ If no limit exists, we say that {an} diverges. 
¢ Jn particular, if the terms increase without bound, we say that {an } diverges to infinity. 
° Ifa, = f(n) and lim f(x) = L, then lim a, = L. 
x OO n—> 00 

- A geometric sequence is a sequence an = cr”, where c and r are nonzero. It converges 

to 0 for —1 <r < 1, converges to c for r = 1, and diverges otherwise. 
¢ The Basic Limit Laws and the Squeeze Theorem apply to sequences. 
* Tf f is continuous and lim an =L,then lim f(@n)= f(L). 

n—>co noo 


° A sequence {an} is 


— bounded above by M if a, < M forall n. 
— hounded below by m if an = m for all n. 
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If {an} is bounded above and below, {an} is called bounded. 


¢ A sequence {an} is monotonic if it is increasing (a, < an+1) or decreasing ian 
(an+1 < an). 
* Bounded monotonic sequences converge (Theorem 6). 
10.1 EXERCISES 
Preliminary Questions 
1. What is a4 for the sequence a, = n? — n? (a) a, =V4+n (b) br = /44+5,-1 
Bs ich of llowi to ? 
lija SO EON WAR GAUPASA JNa 5. Theorem 5 says that every convergent sequence is bounded. Deter- 
(a) = (b) 2” (c) (=) mine if the following statements are true or false, and if false, give a coun- 
n? +1 2 terexample: 
3. Let a, be the nth decimal approximation to /2. That is, a, = 1, (a) If {an} is bounded, then it converges. 
a2 = 1.4, a3 = 1.41, and so on. What is jim. an? (b) If {an} is not bounded, then it diverges. 
4. Which of the following sequences is defined recursively? (c) If {an} diverges, then it is not bounded. 
Exercises 
1. Match each sequence with its general term: 14. Suppose that im, dn = 4 and jim. bn = 7. Determine: 
A1, 42,43, å4,... General term (a) >i. (an + bn) (b) tim. a> 
' ; 5] 
(a) 3» Z, 3» 4, e. (i) cos mn (c) oon Cosik) (d) pn ~ 24nbn) 
7 el In Exercises 15-28, use Theorem I to determine the limit of the sequence 
(b) -1,1,~1,1,... (ti) an or state that the sequence diverges. 
ne 
(c) Leash. (iii) (e 4 
15. a, = 5— 2n 16. Sea 
à n 
(d) 5,9,8,%... G 17 b 5ï5n— Í 18 _ 44+n—3n? 
"n= Tn +9 On ant + 1 
Í ; =n n 
= = I I 
2. Letan E forn = 1,2,3,.... Write out the first three terms of en (5) 56. a, = (5) 
the following sequences. 2 3 
(a) bn = Gn41 (b) Cn = Gn43 Ži. ch = 2 aa 
(c) dn = a? (d) en = 2an — an+ 23. Qn = _. a uM. a, = ie pa 
n2 +1 n? +i 
In Exercises 3—12, calculate the first four terms of the sequence, starting Qn +2 
Beige = i 5 = = Fli 
nE as * eS y 2h y= 28. yn =nel/n 
on “= Hee 
5 4) =2, an1 = 2a, — 3 In Exercises 29-32, use Theorem 4 to determine the limit of the sequence. 
1 
. = |, = Dax 1 
6 b=1, by = bn-1 + a 3, a= l4 T - 30. a, = 647/Gn+9) 
7. by =5+cosan B. Ca =(-1)""! E 
S a | = -i;,-—7 
iA 1 Si. a, =cos (m) 32. a, = tan (e ") 
9% cp=1+—-4+—-4+-:-4+- 
zz 9 n Fa 
1 1 l In Exercises 33—34 let a, = nti where {Fn} is the Fibonacci sequence. 
10. wn = 1+ 72 T 32 ec aes =) The sequence {an} has a limit. Wedo not prove this fact, but investigate 
MESES FEF Te the value of the limit in these exercises. 
Fai 33. Estimate lim a, to five decimal places by computing a, for 
12. a, = —— where F, is the nth Fibonacci number. no 
Fr, sufficiently large n. i 


13. Find a formula for the nth term of each sequence. 


1 —1 1 2 3 a 
(a) TP gea (b) ere 


34. Denote the limit of {an} by L. Given that the limit exists, we can de- 
termine L as follows: 


(a) Show that a,4; = 1 + = 


x (b) Given that {an} converges to L, it follows that {a,+41} also converges 


to L (see Exercise 85). Show that L2 — L — 1 = 0 and solve this equation 
to determine L. (The value of L is known as the golden ratio. It arises in 
many different situations in mathematics.) 


a ie = 
n+ 


(a) |an — 1| < 0.001 forn > M. 

(b) [an — 1) < 0.00001 for n > M. 

Then use the limit definition to prove that lim a, = 1. 
n—> 


° Find a number M such that: 


36. Let bn = (3)”. 

(a) Find a value of M such that [b,| < 10> forn > M. 

(b) Use the limit definition to prove that lim b, = 0: 
ni 


37. Use the limit definition to prove that lim n7? = 0. 
n—> CO 


=. 


38. Use the limit definition to prove that lim 


n>o n + n7! 


In Exercises 39-66, use the appropriate limit laws and theorems to deter- 
mine the limit of the sequence or show that it diverges. 


1 n 
41. cn = 1.01" 42. b, = e!" 
43. an = 21" 44. b, =n!" 
n 2n 
45. a=. 46. 2 
n! n! 
3 2 
ie See 2 48. a, = a 
2n? — 3 J/n+4 
cosn (=1)" 
49. a, = 50. cpn = 
a A C Jn 
51. d, = In 5” — Inn! 
52. d, = In(n? + 4) — In(n? — 1) 
A 2 
53. an = (2 ip $) 54. b, = tan”! (1 -= = | 
n n 
2n +1 n 
55. c, = Ín 56. Cn = —— 
een (I) ed n+n!/” 
57. yp = Bi, <i, 
Qn Qn 
et (oy (Dn? +27 
59. Yn = a. Pirs 3n? + 4-" 
j 
61. a, = resin 62. by = — 
n I 
3-—4" 3—4" 
SS aay a ede Ee 


1 n 
n 


In Exercises 67-70, find the limit of the sequence using L’Hôpital’s Rule. 
E l 
67. an = am 68. bn = vain(1 +=) 


69. cn =n(Vn?+1—n) 70. dy =n?(vn3 + 1—n) 


In Exercises 71—74, use the Squeeze Theorem to evaluate im. a, by veri- 


fying the given inequality. 
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I 1 1 
72. Cy = —— ee ste +, 
” Vn?+1 Vnt F2 an2 +n 
=. pan 
Vn? +n «n? + i 


73. an = (2” +3")! ”, 3< an < (2-35) =2"".3 
74. an =(n+10")'/", 10 < a, < (2 - 10°)!” 


75. [4 Which of the following statements is equivalent to the assertion 
lim a, = L? Explain. 

n= 00 

(a) For every e > 0, the interval (L — €, L + €) contains at least one ele- 

ment of the sequence {ap}. 

(b) For every € > 0, the interval (L — €, L + €) contains all but at most 

finitely many elements of the sequence {a,,}. 


1 
76. Show that a, = a is decreasing. 
n2 
77. Show that a, = ad is increasing. Find an upper bound. 


78. Show that a, = Vn + 1 — n is decreasing. 


79. Give an example of a divergent sequence {an} such that lim la, | 
n> 
converges. 


80. Give an example of divergent sequences {an} and {b,} such that 
{an + bn} converges. 


81. Using the limit definition, prove that if {a,} converges and {bn} di- 
verges, then {an + bn} diverges. 


82. Use the limit definition to prove that if {an} is a convergent sequence 

of integers with limit L, then there exists a number M such that a, = L 

foralln > M. 

83. Theorem 1 states that if im, f(x) = L, then the sequence a, = f(n) 

converges and lim an = L. Show that the converse is false. In other 
n> 

words, find a function f such that a, = f(n) converges but Jim, F(x) 


does not exist. 


84. Use the limit definition to prove that the limit does not change if a fi- 
nite number of terms are added or removed from a convergent sequence. 


85. Let b, = a,+41. Use the limit definition to prove that if {an } converges, 
then {b,,} also converges and lim a, = lim bp. 
nO n—> CO 
86. Let {ap} be a sequence such that lim |an] exists and is nonzero. Show 
i> ©O 
that lim an exists if and only if there exists an integer M such that the sign 
i 


of an does not change for n > M. 


87. Proceed as in Example 13 to show that the sequence V3, y 3/3, 


y 3y 34/3, . . . is increasing and bounded above by M = 3. Then prove that 


the limit exists and find its value. 


88. Let {a,n} be the sequence defined recursively by 


ag = 0, Qn41 = + 


2+ an 
Thus, a, = V2, ay = ¥2+ V2, a= 2+ y¥2+-42,.... 


(a) Show thatifa, < 2, then a,4, < 2. Conclude by induction that a, < 2 
for all n. 

(b) Show that if a, < 2, then a, < an1. Conclude by induction that {an} 
is increasing. 

(c) Use (a) and (b) to conclude that L = Jim. an exists. Then compute L 
by showing that L = y2 + L. 
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Further Insights and Challenges 


89. Show that aim Yn! = oo. Hint: Verify that n! > (n/2)"/ 2 by observ- 
ing that half of the een of n! are greater than or equal to n/2. 


nint 
90. Let b, = E 


LA. & 
(a) Show that Inb, = — $ hn -. 
sije 


1 
(b) Show that In b, converges to in x dx, and conclude that 
bn > e. y 
91. Given positive numbers a; < b4, define two sequences recursively by 
an +b 
Qn41 = Vanbn, bn41 = - 7 > 


(a) Show that an < bn for all n (Figure 14). 
(b) Show that {an} is increasing and {bn} is decreasing. 
a iy 


(c) Show that 5,41 — an4i < 
(d) Prove that both {a,} and {bn} converge and have the same limit. This 
limit, denoted AGM(a1, b1), is called the arithmetic-geometric mean of 
a, and b1. 

(e) Estimate AGM(1, ./2) to three decimal places. 


Geometric Arithmetic 
mean mean 


[ee al 


an Qn+i bisi F 


X 


AGM(a,, b,) 


FIGURE 14 


1 1 l 
Say? see 
(a) Calculate c),c2,¢3,c4. 
(b) Use a comparison of rectangles with the area under y = x7 
interval [n, 2n] to prove that 


ni 
92. Letc, = 
n 


l over the 


(c) Use the Squeeze Theorem to determine fim Cn. 
n> 


93. Ei Leta, = 


— Inn, where H, is the nth harmonic number: 


er was 
2° 3 n 
atl dx 
Fy 
(b) Show that {an} is decreasing by interpreting a, — dn+41 as an area. 
(c) Prove that „im, An EXİStS. 


(a) Show that a, > O for n > 1. Hint: Show that Hn > f 
l 


This limit, denoted y, is known as Euler’s Constant. It appears in many 
areas of mathematics, including analysis and number theory, and has 
been calculated to more than 100 million decimal places, but it is still 
not known whether y is an irrational number. The first 10 digits are 
y © 0.5772156649. 


10.2 Summing an Infinite Series 


Many quantities that arise in mathematics and its applications cannot be computed ex- 
actly. We cannot write down an exact decimal expression for the number z or for values 
of the sine function such as sin 1. However, sometimes these quantities can be represented 
as infinite sums. For example, using Taylor series (Section 10.8), we can show that 


i ] l l 
sint=1->t+o-aty-at- l 


x 2 SP JIRE 


Infinite sums of this type are called infinite series. We think of them as having been 
obtained by adding up all of the terms in a sequence of numbers. 

But what precisely does Eq. (1) mean? How do we make sense of a sum of infinitely 
many terms? The idea is to examine finite sums of terms at the start of the series and see 
how they behave. We add progressively more terms and determine whether or not the 
sums approach a limiting value. More specifically, for the infinite series 


define the partial sums: 


a, + a2 taz +4 +°+-+a,+4+-:-- 


a) =a) 
S2 =a; +a 


53 =a; tata; 


Sy =a, +a, +a3+---+ay 


¢ Infinite series may begin with any 
value for the index. For example, 


When it is not necessary to specify the 
starting point, we write simply }_ an. 

e Any letter may be used for the index. 
Thus, we may write Am, Ag, Gi, and 
so on. 


The idea then is to consider the seguence of values, S1, $2, .83,..., SN, ... and whether 


the limit of this sequence exists. 
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For example, here are the first five partial sums of the infinite series for sin 1: 


Summing an infinite Series 


oy = 1 

pak =) Se =~ 0.833 
3! 6 
i 1 1 

ON N OR S =~ 0.841468 
6 120 5040 
1 1 ] 


Compare these values with the value obtained from a calculator: 
sin 1 + 0.8414709848079 
We see that S5 differs from sin 1 by less than 10~°. This suggests that the partial sums 
converge to sin 1, and in fact, in Section 10.8 we will prove that 
inl = lim S 
nel ie 
(see Example 2). It makes sense then to define the sum of an infinite series as a limit of 


partial sums. 
In general, an infinite series is an expression of the form 


©, @) 
San =a, +a +43 +a +.. 


n=l 


where {a,,} is any sequence. For example, 


Sequence General term Infinite series 
MAng 1 “0 i oo j 
3°9° 27" waa Le atta tat 
ena g 1 = i ie. es 
a Suan? oe? eu? = a s Ti 
149 16 = n2 dB 2 16 


The Nth partial sum Sy is the finite sum of the terms up to and including ay: 


N 
Sn = Y Gn =a) +a) +03 +- +a 


n=l 


If the series begins at k, then Sy = ay + ak41 +°--+ ayn. 


OQ 
DEFINITION Convergence of an Infinite Series An infinite series So an converges 


n=k 


to the sum S if the sequence of its partial sums {Sy} converges to $: 


im Sv =S 
a å 


OQ 
In this case, we write § = >; An. 


n=k 


¢ If the limit does not exist, we say that the infinite series diverges. 
* If the limit is infinite, we say that the infinite series diverges to infinity. 
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m TABLE 1 Partial 


= 1 
Sums for — 
2 n(n + 1) 


N SN 


10 0.90909 
50 0.98039 


100 0.990099 
200 0.995025 
300 0.996678 


In most cases (apart from telescoping 
series and the geometric series introduced 
later in this section), there is no simple 
formula like Eq. (2) for the partial sum Sy. 
Therefore, we shall develop techniques for 
evaluating infinite series that do not rely on 
formulas for Sy. 


Make sure you understand the difference 
between sequences and series. 


° With a sequence, we consider the limit 
of the individual terms ap. 

e With a series, we are interested in the 
sum of the terms 


di ta tiat. 


which is defined as the limit of the 
sequence of partial sums. 


We can investigate series numerically by computing several partial sums Sy. If the _ 
sequence of partial sums shows a trend of convergence to some number S, then we have 
evidence (but not proof) that the series converges to S. The next example treats a tele- 
scoping series, where the partial sums are particularly easy to evaluate. 


EXAMPLE 1 Telescoping Series Investigate numerically: 


T er or 
Lat) ~ 1(2) 283) 


1 


—— 


3(4) 


Then compute the sum of the series using the identity: 


1 agd 
nn+1) n 


i 
n+1 


1 


—— 


+45) 


Solution The values of the partial sums listed in Table 1 suggest convergence to S = 1. 
To prove this, we observe that because of the identity, each partial sum collapses down 


to just two terms: 


meme. ot (+-£)+(#-5)= 1 
2= 7m A N a 


sete a(t Na (1e(J 
= Ty baw 73 U -})+ 


In general, 


oboe 8) Ga 


The sum S is the limit of the sequence of partial sums: 


N->oco Noo 


S= im y= jim (1 


It is important to keep in mind the difference between a sequence {an} and an infinite 
CO 


series ) din. 
n=l 


EXAMPLE 2 Sequences Versus Series Discuss the difference between {an} and 
(9) 


1 


an, where a, = —————-. 
Èa á "n(n + 1) 


n=l 


Solution The sequence is the list of numbers +4, 34., 


verges to zero: 


hm dq = lim 
noo n(n 


1 
1(2)’ 23) 


l 


TFA) 


The infinite series is the sum of the numbers a, defined as the limit of the sequence of 


=" 


3(4)?** 


=0 


J 1 
T eS ga 
a 4 


. This sequence con- 


partial sums. This sum is not zero. In fact, the sum is equal to 1 by Example 1: 


ae 1 
2 an -Ù es, on iy he 


n=1 n=l 


1 


2(3) i 


l 


3a 


p a 
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The next theorem shows that infinite series may be added or subtracted like ordinary 
sums, provided that the series converge. 


THEOREM 1 Linearity of Infinite Series If `a, and `b, converge, then 
"Gn + bp), Ce — bn), and 2 ca, also converge, the latter for any constant c. 


Furthermore, 
> + bn) = th a > he 


YG — ba) = 2 m z y in 


> (a, = > än (c any constant) 


Proof These rules follow from the corresponding linearity rules for limits. For example, 


ore) N N N 
"Gn + bn) = „im 2n + bn) = im (> ân + yer] 
n= n n= 


n=] =1 
N CO ee) 00 
= lim Y an+ lim > = oat > oe n 
N->oo N-> oo 
n=l n=l n=l n=l 


A main goal in this chapter is to develop techniques for determining whether a series 
converges or diverges. It is easy to give examples of series that diverge: 


CO 


a Pe 1] diverges to infinity (the partial sums increase without bound): 


n=l 


CEAN So =14+1=2, $3 =14+141=3, Sg4=1+14+1+4+1=4, 


co 
° Seely diverges (the partial sums jump between 1 and 0): 


n=l 


Sat Der ian Ssst Sel) 4a t=, 


Next, we study geometric series, which converge or diverge depending on the common 


ratio r. 
A geometric series with common ratio r Æ Q is a series defined by a geometric 
sequence cr”, where c Æ 0. If the series begins at n = 0, then 


CO 
X er" =ct+er+er* teri tert tert 
n=0 


Forr = 7 and c = 1, we have the following series: 


Figure 1 demonstrates that adding successive terms in the series corresponds to moving 
stepwise from Q to 1, where each step is a move to the right by half of the remaining 
distance. Thus it appears that the series converges to 1. 
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oO 
1 
FIGURE 1 Partial sums of wy =E 


n=l 


Geometric series are important because 
they 


¢ arise often in applications. 

° can be evaluated explicitly. 

. are used to study other, nongeometric 
series (by comparison). 


In words, the sum of a geometric series is 
the first term divided by 1 minus the 
common ratio. 


NI 


There is a simple formula for computing the partial sums of a geometric series: 


THEOREM 2 Partial Sums of a Geometric Series For the geometric series $ pco cr” - 
withr Æ 1, 


c1 a pN+l) 
l-r 


Ganer ee eea N = 


Proof In the steps below, we start with the expression for Sy, multiply each side by r, 
take the difference between the first two lines, and then simplify: 


Sa = cter+ter?+er3+.---ter% 


rSv = er ter? tere p-p er toert! 


SN —rSy = e aidh = 


Syd —r) = cd — r^t) 
Since r Æ 1, we may divide by (1 — r) to obtain 


ae c= rN+1) 
l-r 


Now, the partial sum formula enables us to compute the sum of the geometric series 
when |r| < 1. 


THEOREM 3 Sum of a Geometric Series Let c Æ 0. If |r| < 1, then 


OO 
X cr" =c +cer+er? ter +... 


n=0 


Proof Ifr = 1, then the series certainly diverges because the partial sums Sy = Nc grow 
arbitrarily large. If r 4 1, then Eq. (3) yields 


, -ww T c co.. 
lim Sv = lim A A Dn A a lim r+ 
N—> co N—> oo l-r l-r l —r N>œ 


If |r| < 1, then lim rtl — 0 and we obtain Eq. (4). If ir] > 1 and r Æ 1, then 
—> 00 


„Jim r+! does not exist and the geometric series diverges. ™ 
> OO 


You can check the result by dividing 7 by 
33 on a calculator and seeing that the 
desired decimal expansion, 0.212121.. 
results, 


Two events A and B are called independent 
if one of them occurring does not affect the 
probability of the other occurring. In such a 
case, the probability that A and B both 
occur is the product of the probabilities of 
each occurring individually. This idea 
applies to each case that leads to a win by 
Nina. For example, in the second case, the 
probability that Nina wins is the product of 
the probabilities of: Nina missing on Turn 1 
(0.55), Brook missing on Turn 1 (0.48), 
and Nina hitting on Turn 2 (0.45). 
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OO 
EXAMPLE 3 Evaluate ore 
n=0 


Solution This is a geometric series with common ratio r = 57! and first term c = 1. 
By Eq. (4), 


] l l 5 
ee = — E 
ys #5 See ee eae 
= 3\8 ay 3\" ay 
EXAMPLE 4 Eval 7{--} =7[-- 7{-- 7|-- e. 
vaate °7(~3) ee +73) * 
Solution This is a geometric series with common ratio r = —ż and first term 
cm | Si Therefore, it converges to 
G En _ af 


I-r1-(-}) 16 g 


EXAMPLE 5 Find a fraction that has repeated decimal ra 0.2121... 


Solution We can write this decimal as the series 10 + Ga rid + as +.---, This is a ge- 
ometric series with c = a and r = Tw: Thus, it converges to 


EXAMPLE 6 A Probability Computation Nina and Brook are participating in an 
archery competition where they take turns shooting at a target. The first one to hit the 
bullseye wins. Nina’s success rate hitting the bullseye is 45%, while Brook’s is 52%. 
Nina pointed out this difference, arguing that she should go first. Brook agreed to give 
the first turn to Nina. Should he have? 


Solution We can answer this question by determining the probability that Nina wins the 
competition. It is done via a geometric series. 
Nina wins in each of the following cases. 


e By hitting the bullseye on her first turn (which happens with probability 
0.45), or 

e By having both players miss on their first turn and Nina hit on her second turn 
{which happens with probability (0.55)(0.48)(0.45)], or 

e By having both players miss on their first two turns and Nina hit on her 
third [which happens with probability (0.55)(0.48)(0.55)(0.48)(0.45)], and 
SO ON... 


There are infinitely many different cases that result in a win for Nina, and because 
they are distinct from each other (that is, no two of them can occur at the same time) the 
probability that some one of them occurs is the sum of each of the individual probabilities. 
That is, the probability that Nina hits the bullseye first is: 


0.45 + (0.55)(0.48)(0.45) + (0.55)*(0.48)7(0.45) + --- 


This is a geometric series with c = 0.45 and r = (0.55)(0.48) = 0.264. It follows that the 
probability that Nina wins is 3a ~~ 0.61. Thus, Brook would have been wise not to 
let Nina go first. m 
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The nth Term Divergence Test (aiso known as 
the Divergence Test) is often stated as 
follows: 


fo @) 

if S än converges, then lim a, = 0. 
n> 00 

n=l 
In practice, we use it to prove that a given 
series diverges. It is important to note that 
it does not say that if lim a, = 0, then 
= i> CO 
Don necessarily converges. We will see 


n=l 


| 
that even though lim — = 0, the series 
n= n 


=] 

) — diverges. 
n 

n=! 


< 243” 
EXAMPLE 7 Evaluate ) | ——— 
n=0 
Solution Write the series as a sum of two geometric series. This is valid by Theorem 1 


because both geometric series converge: 
(0 e) (0e) OO CO oO n 

2+ 3" 2 a 1 3 l l 
pie Petes o Pea o 
n= 


n=0 n=0 n=0 n=O 


Both geometric series converge. 


CONCEPTUAL INSIGHT Assumptions Matter Knowing that a series converges, sometimes 
we can determine its sum through simple algebraic manipulation. For example, suppose 
we know that the geometric series with r = 1/2 and c = 1/2 converges. Let us say that 
the sum of the series is $, and we write 


bh. & 1 
Dee E eae 
2 4 8 


Thus, 2S = 1+ S, or S = 1. Therefore, the sum of the series is 1. 
Observe what happens when this approach is applied to a divergent series: 


§=14+24+44+8+4+16+--- 
28 =24+44+84+164+---=S-1 


This would yield 25 = S — 1, or S = —1, which is absurd because the series diverges. 
Thus, without the assumption that a series converges, we cannot employ such algebraic 
techniques to determine its sum. 


oO 
The infinite series yy 1 diverges because the Nth partial sum Sy = N diverges to 


k=1 
infinity. It is less clear whether the following series converges or diverges: 


t 2,38 4 5 


0O 
er e TE N ae 
x n+1 2 a°4 hae: 


n=1 
We now introduce a useful test that allows us to conclude that this series diverges. The 
idea is that if the terms are not shrinking to 0 in size, then the series will not converge. 
This is typically the first test one applies when attempting to determine whether a series 
diverges. 


oO 
THEOREM 4 nth Term Divergence Test If lim an #0, then the series > 4 


n=l 


diverges. 


Proof First, note that a, = Sn — S,—1 because 


Sn = (ai +a2 +- -- +an—1) + an = Sn—1 + an 


CO 


If > Aan converges with sum S, then 
n=Í 
„im an enter E Sn—1) 5 ko Sn 7 it Sn-l ee 
© @) 
Therefore, if a, does not converge to zero, > An Cannot converge. a 
n=] 


= OP or ake «On 


n 
12768 456786 FENE 


FIGURE 2 The partial sums of 5° 


, Terms of sequence, a, 


Partial sums, Sy o’ 
e 


nel WA 


t 
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n 
+1 
Solution We have 


1 1 
lim an = lim = lim = — 
n> ~ noo 4n + I nc 441/n 4 


The nth term a, does not converge to zero, so the series diverges by the nth Term Diver- 
gence Test (Theorem 4). E 


EXAMPLE 9 Determine the convergence or divergence of 


CO 
I a Oo ee 
Sa a SE 
5X On are $ + 


Solution The general term a, = epe! i does not approach a limit. Indeed, 
n 


+1 
n 
7 tends to 1, so the odd terms a2,,4; tend to 1, and the even terms a2, tend to —1. 


n 
Because lim a, does not exist, the series diverges by the nth Term Divergence Test. 
n—> 00 


The nth Term Divergence Test tells only part of the story. If an does not tend to zero, 
then ‘> An certainly diverges. But what if a, does tend to zero? In this case, the series 
may converge or it may diverge. In other words, lim a, = 0 is a necessary condition of 

n> CO 


convergence, but it is not sufficient. As we show in the next example, it is possible for a 
series to diverge even though its terms tend to zero. 


EXAMPLE 10 Sequence Tends to Zero, Yet the Series Diverges Prove the 
divergence of 


1 1 1 
— = —— + —— + — + 
2 wt 4/2 Wf 
Solution The general term 1/ /n tends to zero. However, because each term in the 
partial sum Sy is greater than or equal to 1/./N, we have 


1 1 1 
Sa JN 
1 1 1 


diverge even though the terms a, = 1/./n This shows that Sy > ~V N. But VN increases without bound (Figure 2). Therefore, Sy 


tend to zero. 


also increases without bound. This proves that the series diverges. a 


10.2 SUMMARY 


° An infinite series is an expression 


CO 


San = 41 +02 +03 +44 +: 


n=1 


We call a, the general term of the series. An infinite series can begin at n = k for any 
integer k. 


556 CHAPTER 10 INFINITE SERIES 


Archimedes (287-212 BCE), who 
discovered the law of the lever, said, “Give 
me a place to stand on, and I can move the 
Earth” (quoted by Pappus of Alexandria 

c. 340 CE). 


FIGURE 3 Archimedes showed that the area 
S of the parabolic segment is aT, where T 
is the area of AABC. 


¢ The Nth partial sum is the finite sum of the terms up to and including the Nth term: 


N 


Su = an = a) +42 +43 4+-+- +a 


n=l 


¢ By definition, the sum of an infinite series is the limit S$ = im Sy. If the limit exists, 


we say that the infinite series is convergent or converges to hes sum S. If the limit does 
not exist, we say that the infinite series diverges. 
°- If the sequence of partial sums of a series increases without bound, we say that the 


series diverges to infinity. 


oO 


e nth Term Divergence Test: If lim a, Æ 0, then Y an diverges. However, a series 
tt OO 


n=] 


may diverge even if its general term a, tends to zero. 


e Partial sum of a geometric series: 


eterter?+cri4---ter% = 


r a Ox PAE 


l-r 


e Geometric series: Assume c Æ 0. If |r| < 1, then 


00 
$ er" =cterter? +cr += 


n=0 


The geometric series diverges if |r| > 1. 


HISTORICAL PERSPECTIVE 


Mechanics Magazine, London, 1824 


Geometric series were used as early as the third 
century BCE by Archimedes in a brilliant argu- 
ment for determining the area S of a “parabolic 
segment” (shaded region in Figure 3). Given 
two points A and C on a parabola, there is a 
point B between A and C where the tangent 
line is parallel to AC (apparently, Archimedes 
was aware of the Mean Value Theorem more 
than 2000 years before the invention of cal- 
culus). Let T be the area of triangle AABC. 
Archimedes proved that if D is chosen in a sim- 
ilar fashion relative to AB and E is chosen rel- 
ative to BC, then 


Í 
7T = area(AADB) + area(ABEC) [5] 


This construction of triangles can be continued. 
The next step would be to construct the four 


triangles on the segments AD, DB, BE, EC, 


2 
of total area (3) T. Then construct eight tri- 


angles of total area Jj T, and so on. In this 
way, we obtain infinitely many triangles that 
completely fill up the parabolic segment. By the 
formula for the sum of a geometric series, we 
get 


1 1 — 1 
s=7 ri —T — = =T 
eet a m i 
For this and many other achievements, 
Archimedes is ranked together with Newton 
and Gauss as one of the greatest scientists of all 
time. 

The modern study of infinite series began 
in the seventeenth century with Newton, 
Leibniz, and their contemporaries. The diver- 

oo 
gence of p 1/n (called the harmonic series) 
n=] 
was known to the medieval scholar Nicole 
d’Oresme (1323—1382), but his proof was lost 
for centuries, and the result was rediscov- 
ered on more than one occasion. It was also 


known that the sum of the reciprocal squares 


OO 
Dy 1/n? converges, and in the 1640s, the 
n=] 
Italian Pietro Mengoli put forward the challenge 
of finding its sum. Despite the efforts of the best 


mathematicians of the day, including Leibniz 
and the Bernoulli brothers Jakob and Johann, 
the problem resisted solution for nearly a cen- 
tury. In 1735, the great master Leonhard Euler 
(at the time, 28 years old) astonished his con- 
temporaries by proving that 


10.2 EXERCISES 


Preliminary Questions 


1. What role do partial sums play in defining the sum of an infinite series? 
2. What is the sum of the following infinite series? 


eee See 
4 8 16 32 64 


3. What happens if you apply the formula for the sum of a geometric series 
to the following series? Is the formula valid? 


1434374394344 
4. Indicate whether or not the reasoning in the following statement is 


1 1 
correct: 2 z3 = 0 because a tends to zero. 
n= 
Exercises 


1. Find a formula for the general term an (not the partial sum) of the infi- 
nite series. 


TER PA A: E 
da H AT lo xe o 
© l- 22 33 44 n 
1; 221. SOT) eae 
2 1 2 1 
d) =— + = —- + = + > Ht 
a Pea 2h. Api ee 
2. Write in summation notation: 
1 1 1 1 1 1 
iia a r b stat ptet 
1. oe] 
—-+-—- Soc 
le at sy 
12 62> 3925 15,625 


Oe oe ae 


In Exercises 3-6, compute the partial sums S2, S4, and Sg. 


E Se = 
k;,-—1 
3 ltatgatpet ees 
1 1 1 -N 
"ma i fa Gi 


7. The series 1 + (4) + (3 Ae +(: a +--+ converges to 2 4. Calculate Sy 


for N = 1,2,... until you find an Sy that approximates 5 > with an error 
less than 0.0001. 

l 1 1 , > 
$. The series — + ———+.-.- is known to converge to e 


e zy 
(recall that 0! = 1). Calculate Sy for N = lkr. 
that approximates e7! with an error less than 0. 001. 


. until you find an Sw 
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l ] 


2z 


We examine the convergence of this series in 
Exercises 85 and 91 in Section 10.3. 


5. Indicate whether or not the reasoning in the following statement is 


l 
correct: DA Ta converges because 


f 1 
E 
OO 
6. Find an N such that Sy > 25 for the series Y2. 
p=1 es 
7. Does there exist an N such that Sy > 25 for the series T 
Explain. n=1 


8. Give an example of a divergent infinite series whose general term tends 
to zero. 


In Exercises 9 and 10, use a computer algebra system to compute So, S100, 
5500, and Sioo0 for the series. Do these values suggest convergence to the 
given value? 


11. Calculate $3, 54, and Ss and then find the sum of the telescoping series 


n+1 n+2 
n=l 


as a telescoping series and find its sum. 


1 
12. Write 3 snn —1) 


13. Calculate $3, 54, and S5 and then find the sum has 


identity 
E E 1 
4n? —1 2\2n-1 2n+1 


14. Use partial fractions to rewrite en 


Ei using the 


T3) as a telescoping series 
and find its sum. 
1 1 


l 
15. Find th ang balk eee 
ind the sum 13°35 +. 


oO 

16. Find a formula for the partial sum Sy of Kes ame and show that 
n=1 

the series diverges. 
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In Exercises 17-22, use the nth Term Divergence Test (Theorem 4) to 
prove that the following series diverge. 


co 


oO 
n n 
17. —— 18. >= 
+12 Rares 
6.1.2 3 = 7 
tee 20. —1)"n 
19 i pe al 2 ) 


22. (lan +1—n) 


n=0 


1 1 1 
21. wig + 00s 5 +a t 


In Exercises 23—38, either use the formula for the sum of a geometric series 
to find the sum, or state that the series diverges. 


23. | 1 1 1 m T a 

Pi’ eo a5" ae "53" 54° 55 
ae a7 | 7 

ee et ee es ee, 

5 at gr ta taza Tt 


J IN? VINTS 
26. 5+ (3 + =) +(3) De 


ef 3" = 7. (3) 
27. » (=) ei 


n=3 n=2 
[0.0] n oO 
4 TN” 
2. X> (-5) 30. $ (Z) 
n=—4 n=0 
oO 00O 
31. ye 32. peo 
n=l n=2 
fo ¢) co 
8 +2" Ge) aF 
33. $ o i ae ae 
n= n=0 
5 5 5 
35) See wee ws 
4 e 4 43 ii 
93 94 95 6 
i a de a ee a 
6 A Fe plies ae 
m 7 49 343 2401 7 
“8 64 512 4096 
25 5 3 w 2 
L e Se 4 ok See See 
9 oo + 5 t3 Tis" 


In Exercises 39-44, determine a reduced fraction that has this decimal 
expansion. 


3%, WELZ... 
41. 0.313131... 
43. 0.123333333... 


40. 0.454545... 
42. 0.217217217... 
44, 0.808888888 ... 


45. Verify that 0.999999 ... = 1 by expressing the left side as a geometric 
series and determining the sum of the series. 


46. The repeating decimal 
0.012345678901234567890 123456789... 


can be expressed as a fraction with denominator 1,111,111,111. What is 
the numerator? 


47. Which of the following are not geometric series? 


o0 09 
T 1 
o J- 


n=0 n=3 


a) $ e” 


09 n2 
(c) a 


n=0 n= 
— 1 
48. Use the method of Example 10 to show that ) zyz diverges. 
IP 
k=l 


(09) lo, @) 
49. Prove that if > a, converges and > bn diverges, then 


n=l n=l 
fore) 


D (an + bn) diverges. Hint: If not, derive a contradiction by writing 


= oO 00 Le @) 
Š bn=Y Gn + bn) — DS an 
n=l 


n=Í n=1 


oo gt 4.97 
50. Prove the divergence of Di Ta 


n=0 


51. | A | Give a counterexample to show that each of the following state- 


ments is false. 
oo 


(a) If the general term an tends to zero, then p’ dj = 0; 
n=l 


(b) The Nth partial sum of the infinite series defined by {an} is ay. 


& 
(c) Ifa, tends to zero, then >, a, converges. 


n=1 


[0 ©) 
(d) Ifa, tends to L, then >_ a =. 


n=! 
OO 


52. Suppose that Yan is an infinite series with partial sum 


5 n=! 
SN =5- Ne 
10 16 
(a) What are the values of > a, and > apn? 
n=Í n=5 


(b) What is the value of a3? 
(c) Find a general formula for ap. 


(o @) 

(d) Find the sum > ny. 

n=l 
53. Consider the archery competition in Example 6. 
(a) Assume that Nina goes first. Let p, represent the probability that 
Brook wins on his nth turn. Give an expression for ppr. 
(b) Use the result from (a) and a geometric series to determine the proba- 
bility that Brook wins when Nina goes first. 
(c) Now assume that Brook goes first. Use a geometric series to compute 
the probability that Brook wins the competition. 


54. Consider the archery competition in Example 6. Assume that Nina’s 
probability of hitting the bullseye on a turn is 0.45 and that Brook’s proba- 
bility is p. Assume that Nina goes first. For what value of p do both players 
have a probability of 1/2 of winning the competition? 


55. Compute the total area of the (infinitely many) triangles in Figure 4. 


FIGURE 4 


56. The winner of a lottery receives m dollars at the end of each year 
for N years. The present value (PV) of this prize in today’s dollars is 
N 


PY = Ym 1 +r), where r is the interest rate. Calculate PV if m = 


i=l 
$50,000, r = 0.06 (corresponding to 6%), and N = 20. What is PV if 
N= 007 
57. If a patient takes a dose of D units of a particular drug, the amount of 
the dosage that remains in the patient’s bloodstream after t days is De~**, 
where k is a positive constant depending on the particular drug. 
(a) Show that if the patient takes a dose D every day for an extended 
De` 
period, the amount of drug in the bloodstream approaches R = (ES 
(b) Show that if the patient takes a dose D once every t days for 
an extended period, the amount of drug in the bloodstream approaches 
D et 
R = 1 —e = 
(c) Suppose that it is considered dangerous to have more than S units of 
the drug in the bloodstream. What is the minimal time between doses that 
is safe? Hint: D+ R < S. 


58. In economics, the multiplier effect refers to the fact that when there 
is an injection of money to consumers, the consumers spend a certain per- 
centage of it. That amount recirculates through the economy and adds ad- 
ditional income, which comes back to the consumers and of which they 
spend the same percentage. This process repeats indefinitely, circulating 
additional money through the economy. Suppose that in order to stimulate 
the economy, the government institutes a tax cut of $10 billion. If taxpay- 
ers are known to save 10% of any additional money they receive, and to 
spend 90%, how much total money will be circulated through the economy 
by that single $10 billion tax cut? 


59. Find the total length of the infinite zigzag path in Figure 5 (each zag 


occurs at an angle of 7). 


FIGURE 5 

— 1 
60. Evaluate —— Hint: Find constants A, B, and C such 

D n(n + 1)(n + 2) 

n=] 
that 

l X A A B a C 
nin+1)(n+2) n n+l n+2 


oO 
and use the result to evaluate D a a : 
£ n(n + In +2) 
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61. Show that if a is a positive integer, then 


F i = 1+ a T ; 

nnta) a 2 a 

n=1 

62. A ball dropped from a height of 10 ft begins to bounce vertically. Each 
time it strikes the ground, it returns to two-thirds of its previous height. 
What is the total vertical distance traveled by the ball if it bounces in- 
finitely many times? 


63. EA In this exercise, we resolve the paradox of Gabriel’s Horn (Ex- 
ample 3 in Section 7.7 and Example 7 in Section 8.2). Recall that the horn 
is the surface formed by rotating y = 1 for x > 1 around the x-axis. The 
surface encloses a finite volume and has an infinite surface area. Thus, ap- 
parently we can fill the surface with a finite volume of paint, but an infinite 
volume of paint is required to paint the surface. 

(a) Explain that if we can fill the hom with paint, then the paint must be 
Magic Paint that can be spread arbitrarily thin, thinner than the thickness 
of the molecules in normal paint. 


(b) Explain that if we use Magic Paint, then we can paint the surface of 
the hom with a finite volume of paint, in fact with just a milliliter of it. 
Hint: A geometric series helps here. Use half of a milliliter to paint that 
part of the surface between x = 1 and x = 2. 


64. A unit square is cut into nine equal regions as in Figure 6(A). The cen- 
tral subsquare is painted red. Each of the unpainted squares is then cut into 
nine equal subsquares and the central square of each is painted red as in 
Figure 6(B). This procedure is repeated for each of the resulting unpainted 
squares. After continuing this process an infinite number of times, what 
fraction of the total area of the original square is painted? 


Deere 
(A) 
FIGURE 6 
CO 
65. Let {b,} be a sequence and let a,, = by — b,—1. Show that >> an CON- 
n=l 


verges if and only if lim 5, exists. 
ni CO 


66. Assumptions Matter Show, by giving counterexamples, that the 
[00] 


00 
assertions of Theorem 1 are not valid if the series > an and PR are 
n=0 n=0 


not convergent. 


Further Insights and Challenges 
In Exercises 67-69, use the formula 
ye SN 
LEPEP pepr tS [6] 


l-r 


67. Professor George Andrews of Pennsylvania State University observed 
that we can use Eq. (6) to calculate the derivative of f(x) =x” (for 
N > 0). Assume that a Æ 0 and let x = ra. Show that 


N N N 
oof X . r-l 
f(a) = lim =a! lim 
ia X—@G r>1 r—1 


“a 


and evaluate the limit. 


68. Pierre de Fermat used geometric series to compute the area under the 
graph of f(x) = x” over [0, A]. For0 <r < 1, let F (r) be the sum of the 
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areas of the infinitely many right-endpoint rectangles with endpoints Ar”, 
as in Figure 7. As r tends to 1, the rectangles become narrower and F (r) 
tends to the area under the graph. 

l-r 


(a) Show that F(r) = AH! —— pF: 


Å 
(b) Use Eq. (6) to evaluate f xY dx = lim F(r). 
0 7—> 
y 


f&a =x" 


rA r7A rA A 
FIGURE 7 


69. Verify the Gregory—Leibniz formula in part (d) as follows. 
(a) Set r = —x? in Eq. (6) and rearrange to show that 


1 


(—1)¥ x2" 
1+ x? 


=] yeah ot (H 18-1 2-2 ; 
x“ +x +(-1)"'x + Toe 


(b) Show, by integrating over [0, 1], that 


Id i ED | I 7" ae 
Se ee See Se a e 
ee ee oe ope o 1+x? 


T j 
4 


(c) Use the Comparison Theorem for integrals to prove that 


Hint: Observe that the integrand is < x?™. 
(d) Prove that 


Hint: Use (b) and (c) to show that the partial sums Sy satisfy |S~ — 4| < 
1 a 
SN: and thereby conclude that im Sn =}. 


70. Cantor’s Disappearing Table (following Larry Knop of Hamilton 
College) Take a table of length L (Figure 8). At Stage 1, remove the 
section of length L/4 centered at the midpoint. Two sections remain, each 
with length less than L/2. At Stage 2, remove sections of length L/4 from 


each of these two sections (this stage removes L/8 of the table). Now four 
sections remain, each of length less than L/4. At Stage 3, remove the four 
central sections of length L/4?, and so on. 

(a) Show that at the Nth stage, each remaining section has length less 
than L./2% and that the total amount of table removed is 


(itt ttan] 

4 8 16 2N 

(b) Show that in the limit as N — oo, precisely one-half of the table 
remains. 

This result is intriguing, because there are no nonzero intervals of table left 
(at each stage, the remaining sections have a length less than L/2”). So, 
the table has “disappeared.” However, we can place any object longer than 


L/4 on the table. The object will not fall through because it will not fit 
through any of the removed sections. 


L/16 L14 


FIGURE 8 


71. The Koch snowflake (described in 1904 by Swedish mathematician 
Helge von Koch) is an infinitely jagged “fractal” curve obtained as a limit 
of polygonal curves (it is continuous but has no tangent line at any point). 
Begin with an equilateral triangle (Stage 0) and produce Stage 1 by re- 
placing each edge with four edges of one-third the length, arranged as in 
Figure 9. Continue the process: At the nth stage, replace each edge with 
four edges of one-third the length of the edge from the (n — 1)st stage. 


(a) Show that the perimeter P, of the polygon at the nth stage satisfies 
PE $ Prt. Prove that jim. Pa = oo. The snowflake has infinite length. 


(b) Let Ag be the area of the original equilateral triangle. Show that 
(3)4"—! new triangles are added at the nth stage, each with area Ao/9” 
(for n > 1). Show that the total area of the Koch snowflake is $ Ao. 


AEE 


Stage 1 Stage 2 Stage 3 


FIGURE 9 


10.3 Convergence of Series with Positive Terms 


The partial sum 


FIGURE 1 The partial sum Sy is the sum of 
the areas of the N shaded rectangles. 


The next three sections develop techniques for determining whether an infinite series 
converges or diverges. This is easier than finding the sum of an infinite series, which is 
possible only in special cases. 


In this section, we consider positive series 
visualize the terms of a positive series as rectangles of width 1 and height a, (Figure 1). 


> is where an > 0 for all n. We can 


Sn =a, +a2+-+++an 


is equal to the area of the first N rectangles. 


N 


FIGURE 3 
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The key feature of positive series is that their partial sums form an increasing 
sequence 


SN < Sn+1 
for all N. This is because Sy+1 is obtained from Sy by adding a positive number: 
Sv+1 = (ay tagte + an) + an4+1 = Sn + Gn+41 
— 
Positive 
Recall that an increasing sequence converges if itis bounded above. Otherwise, it diverges 
(Theorem 6, Section 10.1). It follows that a positive series behaves in one of two ways. 


CO 
THEOREM 1 Partial Sum Theorem for Positive Series If > an is a positive series, 


n=| 


then either 
CO 
(i) The partial sums Sy are bounded above. In this case, X an converges. Or, 


n=l 
OO 


(ii) The partial sums Sy are not bounded above. In this case, > an diverges. 


n=] 


* Theorem 1 remains true if a, > 0. It is not necessary to assume that a, > 0. 
¢ It also remains true if a, > 0 forallm > M for some M, because the convergence 
or divergence of a series is not affected by the first M terms. 


Assumptions Matter The theorem does not hold for nonpositive series. Consider 


OO 
Sey al 1 1 a FS 


n=1 


The partial sums are bounded (because Sy = 1 or 0), but the series diverges. 
Our first application of Theorem 1 is the following Integral Test. It is extremely 
useful because in many cases, integrals are easier to evaluate than series. 


THEOREM 2 Integral Test Let an = f(n), where f is a positive, decreasing, and 
continuous function of x for x > 1. 


00 oQ 
(D If | f(x) dx converges, then x An converges. 
1 


n=] 


CO CO 
(ii) If / F(x) dx diverges, then ap an diverges. 
1 


n=l 


Proof Because f is decreasing, the shaded rectangles in Figure 2 lie below the graph of 
f, and therefore for all N, 


N foe) 
E <f fod < f PO 
Å ā— m 1 1 


Area of shaded rectangles in Figure 2 
If the improper integral on the right converges, then the sums a2 + --- + an are bounded 
above. That is, the partial sums Sy are bounded above, and therefore the infinite series 
converges by the Partial Sum Theorem for Positive Series (Theorem 1). This proves (i). 
On the other hand, the rectangles in Figure 3 lie above the graph of f, so 


N 
f(xj}dx< atagt---+ayn— 
| atat tav- E 


Area of shaded rectangles in Figure 3 
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The Integral Test is valid for any series 
oO 


py f(n), provided that for some M > 0, 


nak 


f is a positive, decreasing, and continuous 
function of x forx > M. The convergence 
of the series is determined by the 
convergence of 


the f(x)dx 
M 


The infinite series 


is called the harmonic series. 


N 


CO 
If f(x)dx diverges, then f(x)dx increases without bound as N increases. The ~~ 


Í I 
inequality in (1) shows that Sy also increases without bound, and therefore, the series 
diverges. This proves (ii). a 


(oe) 
N A ' la 

EXAMPLE 1 The Harmonic Series Diverges Show that D — diverges. 
n=l $ 

Solution Let f(x) = L, Then f(n) = L, and the Integral Test applies because f is pos- 

itive, decreasing, and continuous for x > 1. The integral diverges: 

i. na 
i — <= lim | “e lim In R =o 
I 1 


x R—- 00 


CO 
; D 
Therefore, the series ) — diverges. E 
n 


n=] 


i 2 
++ 


3 
Gina get sat qq + converse? 


EXAMPLE 2 Does 2 


Solution The function f(x) = is positive and continuous for x > 1. It is de- 


(x2 + 1)? 
creasing because f'(x) is negative: 
1 — 3x? 
lj — 
POOF Gai <Q forx > 1 


Therefore, the Integral Test applies. Using the substitution u = x? + 1, du = 2x dx, we 
have 
00 š R r i (R ie 
—~— dx = li —~ dx = lim - — 
| (+12 °° dim, f Cen Roce I u2 


a A ooi 1 1 
= lim — = m [= = es 
Roo \ 4 2( R2 +1) 4 


R-> oo 2u |> 


Thus, the integral converges, and therefore, F. also converges by the Integral 


(n? + F 
Test. E 


The sum of the reciprocal powers n`? is called a p-series. As the next theorem 
shows, the convergence or divergence of these series is determined by the value of p. 


THEOREM 3 Convergence of p-Series The infinite series LE; converges if 


n=l 


p > 1 and diverges otherwise. 


Proof If p < 0, then the general term n~? does not tend to zero, so the series diverges 
by the nth Term Divergence Test. If p > 0, then f(x) = x~? is positive and decreasing 
for x > 1, so the Integral Test applies. According to Theorem 1 in Section 7.7, 


1 
oF se ipsi 
| — dx = p—l = 
1 a? : 
CO ifp <i 


1 
Therefore, > a converges for p > 1 and diverges for p < 1. z 


n=l 


FIGURE 4 The convergence of pa De 


forces the convergence of ) an. 


A good analogy for the Direct Comparison 
Test, as in Figure 5, is one balloon 
containing the a, terms, inside a balloon 
containing the b, terms. As we add air in 
amounts corresponding to the subsequent 
terms in each series, the balloon with the 
a, terms will always be smaller than the 
other since a, < bn. If the bigger balloon 
does not contain enough air to pop, then 
the smaller balloon does not pop either. 
Thus, if the larger series converges, so does 
the smaller series. On the other hand, if 
the smaller balloon contains enough air to 
make it pop, then the bigger balloon must 
also pop, implying that if the smaller series 
diverges, the larger series diverges as well. 
But in the cases that the bigger balloon 
pops or the smaller balloon does not pop, 
nothing can be said about the other 
balloon. 


FIGURE 5 The smaller series is contained in 
the smaller balloon. 
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Here are two examples of p-series: 


= 4. J a 4$ l ro cores oer =00 diverges 
8 fein ig “me a3” Fa 

2 TETEE T converges 
a LI R R BP i 


Another powerful method for determining convergence of positive series occurs via 
comparison with other series. Suppose that 0 < a, < b,. Figure 4 suggests that if the 


larger sum >. bn converges, then the smaller sum >" a, also converges. Similarly, if 
the smaller sum diverges, then the larger sum also diverges. 


THEOREM 4 Direct Comparison Test 
Assume that there exists M > 0 such that 0 < a, < bn forn > M. 


eo @) e.@) 
(i) If = bn converges, then D Gr also converges. 


n=1 n=! 


oO 0O 
(ii) If > -a diverges, then >. b, also diverges. 


n=l n=1 


(> @) 
Proof We can assume, without loss of generality, that M = 1. If >» bn converges to S, 


=m n=] 


then the partial sums of > an are bounded above by S because 


z 


Note that the first inequality in (2) holds since a, < b, for all n, and the second holds 
since b, > O for all n. 


oO 
a) +a +:--+an <bi+bz+---+by <Ý bn = 


n=l 


(0 6) (2 @) 
Under the assumption that > b converges, it now follows that > Gn converges 
n=] n=l 


by the Partial wn Theorem for Fosie Series (Theorem 1). This proves (i). On the 


other hand, if F an diverges, then S bn must also diverge. Otherwise, we would have 


n=1 n=] 
a contradiction to (i). E 
a i 
EXAMPLE 3 Does converge? 
dX Jn 3" . 
Solution Forn > 1, we have 
1 1 
=— N 
Jaar 3r 
= 
The larger series ` z; converges because it is a geometric series with r = 4 <1. By 
n=1 
CO 


the Direct Comparison Test, the smaller series >» 


] 
= /n3" 


also converges. E 


564 CHAPTER 10 INFINITE SERIES 


(0,8) 
AERON 9 
EXAMPLE 4 Does x ENIE converge? 
n=2 
Solution Let us show that 
1 


1 
_ forn > 2 
n 


ae ee 

~ (n? + 3/178 

This inequality is equivalent to (n? + 3) < n>, so we must show that 
f(x) =x? —(27 +3) 20 3=forx>2 


The function f is increasing because its derivative f'(x) = 3x2 — 2x = 3x (x _ 2) iS 


positive for x > 2. Since f(2) = 1, it follows that f(x) > 1 for x > 2, and our original 
(9,8) 


b 
inequality follows. We know that the smaller harmonic series S = diverges. Therefore, 


n=2 


CO 
the larger series oP also diverges. i 
n=2 


(nit) 


EXAMPLE 5 Determine the convergence of 


y 
2 
E n(lnn) 
oO (e 6) 
Solution We might be tempted to compare > oa Se to the harmonic series > id 
8 P =A n(inn)2 an 


using the inequality (valid for n > 3 since In3 > 1) 


1 1 
< 


nnn)? — n 


oO 
1 : i 
However, 2 = diverges, and this says nothing about the smaller series > nie 
r= 


Fortunately, the Integral Test can be used. The substitution u = In x yields 
| © ae f °° du > ( 1 1 1 
—— = — = lim {-—~-—]=-——~- <œ 
9 x(n x)? In2 u? R>oo \ln2 R m2 


oO 
The Integral Test shows that oS 
n=2 


converges. a 
n(n n)* 8 


The next test for convergence involves a comparison between two series ) an and 


>» bn Via a limit of the ratios, p of the terms in the series. 


THEOREM 5 Limit Comparison Test Let {an} and {b,} be positive sequences. | 
Assume that the following limit exists: 


CAUTION The Limit Comparison Test is not 
valid if the series are not positive. See 
Exercise 44 in Section 10.4. 


- If L > 0, then a an converges if and only if i bn converges. 


-e If L = ow and P an converges, then > bn converges. 


¢ If L =Qand Ly b, converges, then bp an converges. 
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Proof Assume first that L is finite (possibly zero) and that > b, converges. Choose a 
positive number R > L. Then O < an/bn < R for all n sufficiently large because an /bn 
approaches L. Therefore, an < Rb,. The series > Rb, converges because it is a con- 


stant multiple of the convergent series ar bn. Thus, >, an converges by the Direct Com- 
parison Test. 

Next, suppose that L is nonzero (positive or infinite) and that » a, converges. Let 
K = lim bn/an. Then either K = L—! (if L is finite) or K = 0 (if L is infinite). In 
either case, K is finite and we can apply the result of the previous paragraph with the 
roles of {an} and {b,} reversed to conclude that >, bn converges. m 


CONCEPTUAL INSIGHT To remember the different cases of the Limit Comparison Test, 
you can think of it this way: If L > 0, then a, ~ Lb, for large n. In other words, the 
series x an and z b, are roughly multiples of each other, so one converges if and 
only if the other converges. If L = oo, then a, is much larger than b, (for large n), so if 
» an converges, Si bn certainly converges. Finally, if L = 0, then bn is much larger 


than a, and the convergence of bn yields the convergence of ap. 
g 


2 


OO 
EXAMPLE 6 Show that > 7 converges. 
n*—n— 
=2 


Solution If we divide the numerator and denominator by n, we can conclude that for 
large n, 
n? mn. 


na—-n—1. n? 
To apply the Limit Comparison Test, we set 


n? 1 
a, = ——_—_—_ 
-~ ee | n2 


We observe that lim A exists and is positive: 
n> 00 


Gp n? n? : 
L = lim — = lm —— - — = lim ——— s = 1 
noo n>oont—n—-—1 ] n>oo ] — n73? — n4 
pe 
Since 3 — converges, our series 2 == also converges by Theorem 5. B 


n=2" 
EXAMPLE 7 Determine whether converges. 
oni TER 


Solution Apply the Limit Comparison Test with a, = Ea and iå = LS Then 
Vn M 4 n 


L= te an im 


n>co bh, n>% we fo. a 


Since diverges and L > Q, the series 
at bmm 


In the Limit Comparison Test, when attempting to find an appropriate b„ to compare 
with an, we typically keep only the largest power of n in the numerator and denominator 
of an, as we did in each of the previous examples. 


also diverges. a 


366 CHAPTER 10 INFINITE SERIES 


10.3 SUMMARY 


°- The partial sums Sy of a positive series 3S a, form an increasing sequence. 

* Partial Sum Theorem for Positive Series: A positive series converges if its partial 
sums Sy are bounded. Otherwise, it diverges. 

* Integral Test: Assume that f is positive, decreasing, and continuous for x > M. Set 


00 oo 
An = f(n). If / f(x)dx converges, then > Gn converges, and if f f(x)dx di- 
M M 


verges, then a an diverges. 
© 
. , 1 ; : 
e p-Series: The series > —, converges if p > 1 and diverges if p < 1. 
n 
n= 
* Direct Comparison Test: Assume there exists M > 0 such that 0 < a, < b, for all 
n> M.If Py bn converges, then >. an converges, and if > an diverges, then >, bn 


diverges. 
* Limit Comparison Test: Assume that {an } and {bn} are positive and that the following 
limit exists: 
Sie 
nN > OOO 


—“.L > 0, dhen Ds an converges if and only if D bn converges. 


— fL= 0 and >. an converges, then 3 bn converges. 
- if L=—and >. bn converges, then P An converges. 


10.3 EXERCISES 


Preliminary Questions 
oQ 


CO 
Í 
1. For the series > an, if the partial sums Sy are increasing, then (choose 4. Which test would you use to determine whether > EA 
n=l converges? ay Roos vn 
the correct conclusion) 
co = 
(a) {an} is an increasing sequence. ' ; g! ! 
Gi (aq) is apane isaaience: 5. Ralph hopes to investigate the convergence of » > by comparing 
n= 
2. What are the hypotheses of the Integral Test? . eel l 
- it with py = Is Ralph on the right track? 
3. Which test would you use to determine whether À. a n=l 
| 
converges? 
Exercises 
In Exercises 1—12, use the Integral Test to determine whether the infinite 9 D I 10 Sne 
series is convergent. = n(n +5) T 
Z l aari H ma 
1. ys —_—— 2 am l lnn 
4 a res 9 
= (n + 1) et 3 11. a n(Inn)3/2 12. >, n2 
n=2 n=l 
oO co 1 ŝo 
3 Yn > | ) | 
= “=, Vn -4 13. Show that dX Pes converges by using the Direct Comparison 
n= 
oO n2 OO n 0O 
Sa a so . =, 
>. yy EET 6. Di m 1D Test with yon 
n=25 n=1| | 
. a . —] 
De A a 8. 2 A 14. Show that 2 Wa diverges by comparing with 2 n 


OO 
1 
w 15. F , verify that for n > 1, 
GE DE fy 
1 1 1 1 
“= —_—_ < — 
n+ /n7 n n+. J/n7 Jn 


Can either inequality be used to show that the series diverges? Show that 


> — Maa n > 1 and conclude that the series diverges. 


n+. /n — 


16. pene of the ill inequalities can be used to study the conver- 


gence of eee = re Explain. 
am 
l l 1 1 
>= => mea SE r 
n2+. /n— yn n2+/n~ n? 


In Exercises 17-28, use the Direct Comparison Test to determine whether 
the infinite series is convergent. 


= | 
Te 
1 Loam 


OO n? 
8. E E P 
: 2 Shae 


(9) 
1 1 
19. — 20. na 
ere, 2 n>+2n—1 
0O ie @) 
4 Jn 
21. -D e ea 22 z 
Ei m! + 4” ea n—3 
OO den? o0 2/9 
sin’ k k 
23. Ve k2 24. 3 ķ10/9 — 1 
k=1 = 
oO 2 n fe @) a! 
© Poa es 26. > 
n=l k=1 
= a $ a yy 
27. r i bl 
2 (n+ 1)! B n? 


Exercise 29-34: For all a > Q and b > 1, the inequalities Inn <n’, 
n’ <b" are true for n sufficiently large (this can be proved using 
L’Ho6pital’s Rule). Use this, together with the Direct Comparison Test, to 
determine whether the series converges or diverges. 


Inn = 
a > = 30. X — 
n=l m=2 
(Inn) =r | 
31. ii Bz >| inn 
n=1 n=l 
e w 
33. = 34. = 
3n Qn 
n=l n=l 
= l 
35. Show that > sin — converges. Hint: Use sinx < x for x > 0. 
n=l ý 


sin(1 
36. Does F me converge? Hint: By Theorem 3 in Section 2.6, 


n=2 
sin(1/n) > (cos(1/n))/n. Thus, sin(1/n) > 1/(2n) for n > 2 [because 
cos(1/n) > 4]. 


In Exercises 37-46, use the Limit Comparison Test to prove convergence 
or divergence of the infinite series. 
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(9e) 
39. 40. 
3 na Ae VAES + 2n? 
CO [oe 2) 
3n+5 e +n 
4l. m 42. —— 
2, n(n — 1)(n — 2) 2 e” — n? 
(90) 
In(n + 4) 
43. — 44. 
2 J/n+iInn = n5/2 


©O 1 00 
45. > (1 — cos 3 Hint: Compare with 3 n? 


n=] n=l 


Lo, @) 
46. X (1 —27'/”) Hint: Compare with the harmonic series. 

n=l 
In Exercises 47-76, determine convergence or divergence using any 
method covered so far. 


ua 1 X cos?n 
4 b E Ft Ld 
7 > n2—9 48 5 n2 
n=4 n=l 
oo 0O 
y/n — cosn 
49. Lea 50. >> = 
n=l n=! 
CO 9 oe 
n~—] 1 
51. À = 
Bie 2 D e 
n=] n=l 
00 la) l 
53. ) (4/5y” 5a.” > 
n= n=l 
o0 oO 12 
1 (in 1) 
55. ) aa 56. ) | aa 
n=2 n=2 
oO 0O 4” 
1/k 
57. 24 58. F, 5" —2n 
k=1 n=1 
= | oO on 
= any at 
n=2 n=l 
6l. o 2. pe 
Dee ý b o 
n=3 n=3 
o0 foe) 
1 n? — 4n3/2 
63. , T 64. ` = 
n= n=] 
(90) fo @) 
LPE 2+(-1)" 
as 2 n 66. D 3/2 
n 
n=] n=! 
m Sie I ää 3 sin(1/n) 
n=l j n=l vn 
oO o0 
2n + 1 1 
ren 2, 4a ia dX evn 
n= n= 
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=. ing = l 
Ji. T2. l 1 — 
n? — 3n Ša + ( E 3 
n=4 n=1 
— 1 = l 
73. De n'/2Inn 74. ys n3/2 — (Inn)4 
n=2 n=l 
oo 2 roe) 
4n* + 15n n 
1s: — 76. es 
Do Spt Sn? T] Leas 
n=2 n=l 
oO 
77. For which a does converge? 
be ndnnye covers 
n=2 
= el 
78. For which a does D converge? 
n? inn 
n=2 
co 2 
79. For which values of p does >. ss converge? 
l n=l (n? tee 
(0 @) 
80. For which values of p does ys (14 ep converge? 


Approximating Infinite Sums In Exercises 81-83, let an = f(n), 
where f is a continuous, decreasing function such that f(x) > 0 and 


CO 
| f(x) dx converges. 
I 


81. Show that 
00 0° oo 
| f(x)dx < )oa, <a +f f(x)dx 
n=l 
82. Using the inequality in (3), show that 
A 


This series converges slowly. Use a computer algebra system to verify that 
Sy < 5for N < 43,128 and $43,129 % 5.00000021. 


oO 


83. Assume y a, converges to S. Arguing as in Exercise 81, show that 


n=l 


[3] 


= 
iL 


M+1 


M OO (o e) 
yin | f(x)dx <S< Yan + f f(x)dax 
mer M+1 pe M+1 


Conclude that 


M Oo 
0<S-(Yra+ f faas) < ame [5] 
= M+1 


This provides a method for approximating S with an error of at most 
aM+li- 

84. Use the inequalities in (4) from Exercise 83 with M = 43,129 
to prove that 


oO 
1 
5,5915810 < Ls ao 5.5915839 
=] 


n 
85. Use the inequalities in (4) from Exercise 83 with M = 40,000 
to show that 


co 
1.644934066 < De < 1.644934068 
n=l 


Il 
mz 


Is this consistent with Euler’s result, according to which this infinite series 
has sum 27/6? 


86. Use a CAS and the inequalities in (5) from Exercise 83 to 


oO 
determine the value of La to within an error less than 1074. Check 
n=Í 
that your result is consistent with that of Euler, who proved that the sum is 
equal to m6 /945. 


87. Use a CAS and the inequalities in (5) from Exercise 85 to 


co 
determine the value of È` n7 to within an error less than 10~*. 


n=l 


88. How far can a stack of identical books (of mass m and unit length) 
extend without tipping over? The stack will not tip over if the (n + 1)st 
book is placed at the bottom of the stack with its right edge located at or 
before the center of mass of the first n books (Figure 6). Let c, be the cen- 
ter of mass of the first n books, measured along the x-axis, where we take 
the positive x-axis to the left of the origin as in Figure 7. Recall that if an 
object of mass mı has center of mass at x; and a second object of m2 has 
center of mass x2, then the center of mass of the system has x-coordinate 


mix, + m2x2 
my, + m2 
(a) Show that if the (n + 1)st book is placed with its right edge at cn, then 
its center of mass is located at cn + L, 
(b) Consider the first n books as a single object of mass nm with cen- 


ter of mass at c, and the (n + 1)st book as a second object of mass m. 
Show that if the (n + 1)st book is placed with its right edge at cn, then 
Cn+1 = Cn + n+)’ 


(c) Prove that lim Cn = oo. Thus, by using enough books, the stack can 
n= 
be extended as far as desired without tipping over. 


FIGURE 6 


al 
> |= 


oe ee a o Ml a ee Sew ‘a 


FIGURE 7 


a) 


89. The following argument proves the divergence of the harmonic series 


(0.9) 

ba 1/n without using the Integral Test. To begin, assume that the har- 
n=l 

monic series converges to a value S. 


(a) Prove that the following two series must also converge: 


LAE ye 
eg oe A ee 


Further Insights and Challenges 


90. Consider the series >. an, where an = (In(Inn))~™". 
n=2 

(a) Show, by taking logarithms, that a, = n` In(in(inn)) 

(b) Show that In(in(inn)) > 2ifn > C, where C = ve : 

(c) Show that the series converges. 


91. Kummer’s Acceleration Method Suppose we wish to approximate 
Le. @) 


D= = 1/n?. There is a similar telescoping series whose value can be 


n=1 
computed exactly (Example 2 in Section 10.2): 


00 
bs ae =| 
n(n +1) 
(a) Verify that 
oO 00 
l 1 1 
= = iy a 
24 eed DE n(n + 3) 
n=l n=l 
Thus for M large, 


M 
1 
Sa Dari ET [6| 
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(b) Prove that if Sı and S2 are the sums of the series on the left and right, 
respectively, then $ = S1 + S2. 

(c) Prove that Sı > S2 + 3, and S2 = 4S. Explain how this leads to a 
contradiction and the conclusion that the harmonic series diverges. 


(b) Explain what has been gained. Why is (6) a better approximation to § 
M 
than 2 1L/ n°? 


n=l 
(c) Compute 


1000 1 100 l 
ae 1 es 
n? Ne 2, n2(n + 1) 
n=l n=l 


Which is a better approximation to S, whose exact value is 17/6? 


92. The sum § = Se has been computed to more than 100 
million digits. The first 30 digits are ‘ 
S = 1.202056903159594285399738161511 
Approximate § using Kummer’s Acceleration Method of Exercise 91 with 
the similar series Syme +1X(n +2)! and M = 500. According to 
=l 


n 
Exercise 60 in Section 10.2, the similar series is a telescoping series with 
a sum of L. 


10.4 Absolute and Conditional Convergence 


In the previous section, we studied positive series, but we still lack the tools to analyze 
series with both positive and negative terms. One of the keys to understanding such series. 
is the concept of absolute convergence. 


DEFINITION Absolute Convergence The series $ an converges absolutely if 
|a,,| converges. 


EXAMPLE 1 Verify that the series 


A (D 1 1 1 1l 
b a e a E 


converges absolutely. 
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FIGURE 1 An alternating series with 
decreasing terms. The sum is the signed 
area, which is at most b1. 


Solution This series converges absolutely because taking the absolute value of each __ 


term, we obtain a p-series with p = 2 > 1: 


GD ae i” Gl. “Toast ' 
>D | =7 at sagt goat an + (convergent p-series) m 


The next theorem tells us that if the series of absolute values converges, then the 
original series also converges. 


THEOREM 1 Absolute Convergence Implies Convergence If )_ |an| converges, 
then ‘2 an also converges. 


Proof We have —|a,| < an < |a,|. By adding |a,| to all parts of the inequality, we get 
O < ja,|+ an < 2\a,|. If S |\a,| converges, then 2 2lan! also converges, and there- 


fore, > (a + |a,|) converges by the Direct Comparison Test. Our original series con- 
verges because it is the difference of two convergent series: 


Xan =Y (an + lanl) — Y lanl P 


_1\yn-1 
EXAMPLE 2 Verify that a 2 converges. 
n=l n? 
cO (E17! 
Solution We showed that ye —;— converges absolutely in Example 1. By 
n 
n=l 
Gly 
Theorem 1, P —.— itself converges. F 
n=! n? 


we a d 
EXAMPLE 3 Does >. -r = Vi = A T A — --- converge absolutely? 


co 
Solution The series of absolute values is Ly Ta" which is a p-series with p = 5. It 


n=l 


CO ¢7_1\n-1 
diverges because p < 1. Therefore, 5 co 
n 


n=l 
The series in the previous example does not converge absolutely, but we still do 
not know whether or not it converges. A series F. Gn May converge without converging 


does not converge absolutely. E 


absolutely. In this case, we say that >D a, is conditionally convergent. 


DEFINITION Conditional Convergence An infinite series ya converges condi- 
tionally if D an converges but » |a,| diverges. 


If a series is not absolutely convergent, how can we determine whether it is condi- 
tionally convergent? This is often a difficult question, because we cannot use the Integral 
Test or the Direct Comparison Test since they apply only to positive series. However, 
convergence is guaranteed in the particular case of an alternating series 


CO 
> (-1)" "br = bı — ba + b3 — b4 ++- 


where the terms bn are positive and decrease to zero (Figure 1). 


Assumptions Matter The Alternating Series 
Test is not valid if we drop the assumption 
that b, is decreasing (see Exercise 35). 


No 


The Alternating Series Test is the only test 
for conditional convergence developed in 
this text. Other tests, such as Abel's 
Criterion and the Dirichlet Test, are 
discussed in textbooks on analysis. 


2 + -@ 3o°O)7 & & 10 


FIGURE 2 The partial sums of an 
alternating series zigzag above and below 
the limit. The odd partial sums decrease 
and the even partial sums increase. 
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THEOREM 2 Alternating Series Test Assume that {bn} is a positive sequence that is 
decreasing and converges to 0: 


bi > bo > b3 > b4 > --- > O, lim b, = 0 


n—> © 


Then the following alternating series converges: 


OO 
(bn = by = bz + b3 — b4 +. 


n=l 


OO 
Furthermore, if S = > bn, then 


n=! 


O<S<b; and S$,<S<S, for p even and q odd 


As we will see, this last fact allows the estimation of such a series to any level of 
accuracy needed. 
Notice that under the same conditions, the series 


oO 
X (C D"bn = —by + bo ~ b3 + bg — ++ 
n=l 


also converges since it is just — 1 times the series appearing in the theorem. 


Proof We will prove that the partial sums zigzag above and below the sum S as in 
Figure 2. Note first that the even partial sums are increasing. Indeed, the odd-numbered 
terms occur with a plus sign and thus, for example, 


S4 + bs — be = Se 
But bs — be > 0 because b,, is decreasing, and therefore, S4 < Se. In general, 
Son + (b2N+1 — b2N+2) = S2N42 
where b2n+1 — b2n42 > Q. Thus, Soy < Son42 and 
0 < So < S4 < Sg < --- 
Similarly, 
S2N—1 — (ban — b2N+1) = S2N41 
Therefore, S2y41 < S2y—1, and the sequence of odd partial sums is decreasing: 
s.. < $7 < Ss < $3 < S| 
Finally, Sav < Sew + b2N+1 = S2n41- The partial sums compare as follows: 
0 < S2 < S4 < 56 < --- < S7 <S5 < §3 < Sy 


Now, because bounded monotonic sequences converge (Theorem 6 of Section 10.1), the 
even and odd partial sums approach limits that are sandwiched in the middle: 


0< $2 < S4 <. < lim Spy < lim Soya) <--- < S5 < S3 < S| [1] 
N => N>œ 
These two limits must have a common value § because 


li 5 aeu 1 5 — i "E en 1 — 
fim Sant im 2N aim (S2N+1 Son) yim bon-+t 0 
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i 3 n-1_1 
(A) Partial sums of ) (—1) L 


n=} 


y 
12 
10 
g 
6 
4 
2T¢ 
6 
n 
10 20 30 40 50 
< 1 
(B) Partial sums of > A 
FIGURE 3 


Therefore, im Sn = S and the infinite series converges to S. From the inequalities 


saucy melee een hart S < Sı = bı and Sp < S < Sg for all p even and q odd as 
claimed. E 


EXAMPLE 4 Show that 3 Sl 2 = : s converges condition 
j j W a —— = oes ae Ps 


ally. Furthermore show that tif S is the sum 2 the series, on O=S< 1. 


Solution The terms b, = 1/./n are positive and decreasing, and jim b, = 0. There- 
fore, the series converges by the Alternating Series Test. Furthermore, if S is the sum 


(9 @) 
of the series, then 0 < S < 1 because bı = 1. However, the positive series pD 1 Inin 
n=l 
(~1)"! "~ 
diverges because it is a p-series with p = 5 < 1. Thus, 3 a ———— is conditionally 
n=l 
convergent (Figure 3). E 


The next corollary, which is based on the inequality Sp < S < Sg in Theorem 2, 
gives us important information about the error involved in using a partial sum to approx- 
imate the sum of a convergent alternating series. 


(9€) 
COROLLARY Let S = > CD ba. where {bn} is a positive decreasing sequence 
n=l 
that converges to 0. Then 


z 


In other words, when we approximate S by Sy, the error is less than the size of the 
first omitted term byN+1. 


Proof If N is even, then N + 1 is odd and Theorem 2 implies that Sy < S < Sy41. 
Also, if N is odd, then N + 1 is even and Theorem 2 implies that Sy+1 < S < Sy. In 
either case, 


|S — Sy| < [Sui — Sy| = by+1 E 


(1%! 


EXAMPLE 5 Alternating Harmonic Series Show that 2 
tionally. If S represents bi sum, then n=l 
(a) Show that |S — S6| < 5 

(b) Find an N such that Sy approximates S with an error less than 1072. 

Solution The terms bn = 1/n are positive and decreasing, and im bn = 0. Therefore, 


(0.6) 
the series converges by the Alternating Series Test. The harmonic series a 1/n di- 


converges condi- 


=] 
verges, so the series converges conditionally. Now, applying the inequality in (2), we 


have 
1 
S-S b = ——_ 
| NI < bn41 Wat 
For N = 6, we obtain |S — S¢| < b7 = F, We can make the error less than 1073 by 
choosing N so that 


< 1073 3 
Ni "Y => N+1>10 => N>999 


Therefore, with N > 999, Sy approximates S with error less than 1073. F 
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For the series in the previous example, a computer algebra system gives So99 ~% 0.6937, 
and therefore, S is within 107? of this value. In fact, it can be shown that $ = In2 (see 
Exercise 92 of Section 10.8). Thus, S = In2 ~ 0.6931, which verifies the result in the 
example: 


|S — Sog9| ~ | In 2 — 0.6937] = 0.0006 < 107° 


CONCEPTUAL INSIGHT The convergence of an infinite series > an depends on two 
factors: (1) how quickly a, tends to zero, and (2) how much cancellation takes place 
among the terms. Consider: 
i ; i l l 1 l 
Harmonic series (diverges): 1+ 5 + = + 7 + 5 +- 
. s 1 1 1 1 
p-Series with p = 2 (converges): l+—+=54+5 


I l 1 l 
Alternating harmonic series (converges): 1 — 5 + a= eo ae 


The harmonic series diverges because reciprocals 1/n do not tend to zero quickly 
enough. By contrast, the reciprocal squares 1 /n* tend to zero quickly enough for the 
p-Series with p = 2 to converge. The alternating harmonic series converges, but only 
due to the cancellation among the terms. 


10.4 SUMMARY 


° Ki An converges absolutely if the positive series oP lan| converges. 

e Absolute convergence implies convergence: If > lan| converges, then >i a also 
converges. 

° >, An converges conditionally if An converges but >. |a,| diverges. 

¢ Alternating Series Test: If {b,,} is positive and decreasing and im bn = 0, then the 
alternating series 


CO 
(Db, = bı — b2 + b3 —b4+b5—--:- 


n=l 
converges. Furthermore, if S is the sum of the series, then |S — Sy| < bN+1. 


e We have developed two ways to handle nonpositive series: show absolute conver- 
gence if possible, or use the Alternating Series Test if applicable. 


10.4 EXERCISES 


Preliminary Questions 


1. Give an example of a series such that > on converges but | lanl 3. Indicate whether or not the reasoning in the following statement is cor- 
diverges. = 


rect: Since Ke 1)"./n is an alternating series, it must converge. 


n=l 


2. Which of the following statements is equivalent to Theorem 1? 


oO oS 
(a) If b$ |an | diverges, then ae also diverges. 4. Suppose that b, is positive, decreasing, and tends to 0, and let 
oO 
F E S =} (—1)"—}ba. What can we say about |S — Stoo] if aio1 = 107-32 
b) If } a, diverges, then also diverges. n=l 
D D ” i D lanl s Is S larger or smaller than S100? 


n=0 n=0 


(0,0) CO 
(c) If iD an converges, then D |a,| also converges. 


n=0 n=0 
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Exercises 
1. Show that In Exercises 17-32, determine convergence or divergence by any method. 
OO 
(D co oo 1 
>» zn w. oam 18. ) Gs 
n= n=0 n=l 
converges absolutely. me i o 
2. Show that the following series converges conditionally: 19. Lo a 5n 3n l 20. dX n+l 
n=l n= n 
l l 1 l 1 ia be 
Yoep ‘== ga aos a paT (ay 
/3 2/3 2p" 3273 eR , 2A T 
n=l i i i = D5 4 Tn TE +127 2, Vn? +1 
In Exercises 3—10, determine whether the series converges absolutely, con- ays 
ditionally, or not at all. 23 24. —41y n 
Arom 2 (-17' n4 2 Ce > dik 
3. 2 B 4. 3 Pyl 35 3 3*4 (3 m 3 (—1)"*! 
n= n= 4 a ° 
m (2n + 1)! 
oo (—1)" o0 Eg n=l n=l 
5 2 Too 6 2 osy = 3 A n?) 
„zo (1-001) nao 27, X (D'n e" G 28. Pa ne" / 
Sl 
nan oo sin Tn n 
Mn = as 8. = 2 Mey Es i 
Son = 29. $ 5 30. $ 
=1 n= = n!/2(n ny? a n(inn)1/4 
oo oo 
(=i OD co co 
9, 10. $ — Inn 1 
4 ninn 14 31. 5 5 2. ae 
n=] n=2 
Ž 1 
l e 
11. Let S = Xe np"t mi 33. Show that 
pa ee re ee ce Ce | 
<j. te Sa eS 
(a) Calculate 5, for 1 < n < 10. 2 2 Fagra A 
(b) Use the inequality in (2) to show that 0.9 < S < 0.902. converges by computing the partial sums. Does it converge absolutely? 
12. Use the inequality in (2) to approximate 34. The Alternating Series Test cannot be applied to 
fmt! 1 l ol) ml ant 
n! 2 3 2 32 23 P 
n=! 


Why not? Show that it converges by another method. 
to four decimal places. 


35. Assumptions Matter Show that the following series diverges: 


(es n+l i 
13. Approximate De 4 to three decimal places. I d ” 1 1 m 1 1 í | P 
n=l waa T 

14. ist (Note: This demonstrates that in the Alternating Series Test, we need the 

= n assumption that the sequence a, is decreasing. It is not enough to assume 

S = xe 1) mE E] only that a, tends to zero.) 

n=l ; 
Use a computer algebra system to calculate and plot the partial sums S,, 36. Determine whether the following series converges conditionally: 
for 1 < n < 100. Observe that the partial sums zigzag above and below 1 t 4 1 1 1 1 1 1 
the limit. Pas gta aa ge 


5 2 5 fF 7 4 9 BSB 


In Exercises 15-16, find a value of N such that Sy approximates the series 


: 2 
with an error of at most 1075, Using technology, compute this value of Sy. 37. Prove that if 2 an converges absolutely, then >D a, also converges. 


: 3 Ji p 
Ns (- 17+ n © (1+ Inn ri an example where > an is only conditionally convergent and > a; 
— ‘ ———_____ verges. 
> n(n + 2)(n + 3) D n! j 


n=1 


Further Insights and Challenges 


38. Prove the following variant of the Alternating Series Test: If {bp} is a 39. Use Exercise 38 to show that the following series converges: 
positive, decreasing sequence with lim bp = 0, then the series 1 1 2 1 1 2 
n—> co 
ca a oe ee a 
In2 4 
by th arne F In3 In InS ln6 Iin7 


| _ 40. Prove the conditional convergence of 

converges. Hint: Show that S3y is increasing and bounded by a; + a2, and ‘ia 

continue as in the proof of the Alternating Series Test. pan 3 Tiben , 2 4 jè } zt tof HES 
> — SE 7 5 


NE 
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41. Show that the following series diverges: 


(EY l ake Sn 
2° 3 uU Ss HTP 
Hint: Use the result of Exercise 40 to write the series as the sum of a con- 
vergent series and a divergent series. 


42. Prove that 
n=l $ 


converges for all exponents a. Hint: Show that f(x) = (Inx)*/x is de- 
creasing for x sufficiently large. 


43. We say that {b,,} is a rearrangement of {an} if {bn} has the same terms 
as {an} but Gceutring in a different order. Show that if year} is a rearrange- 


ment of {a,} and iis converges absolutely, then 3 bn also converges 
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N 
absolutely. Hint: Prove that the partial sums È ` |bn| are bounded. (It can 
n= 


be shown further that the two series converge to the same value. This result 
co 


does not hold if ye an is only conditionally convergent.) 


n=l 


44. Assumptions Matter In 1829, Lejeune Dirichlet pointed out that 
the great French mathematician Augustin Louis Cauchy made a mistake in 
a published paper by improperly assuming the Limit Comparison Test to 
be valid for sai series. Here are Dirichlet’s two series: 


n=] 


Explain how me a a counterexample to the Limit Comparison Test 
when the series are not assumed to be positive. 


n=] 


The symbol p is a lowercase rho, the 17th 
| letter of the Greek alphabet. 


n=l 


10.5 The Ratio and Root Tests and Strategies for Choosing Tests 


In the previous sections, we developed a number of theorems and tests that are used to 
investigate whether a series converges or diverges. In this section, we present two more 
tests, the Ratio Test and the Root Test. Then we outline a strategy for choosing which 
test to apply to determine if a specific series converges. We begin with the Ratio Test. 


THEOREM 1 Ratio Test Assume that the following limit exists: 


(i) If p < 1, then > a, converges absolutely. 


(ii) If o > 1, then 2 an diverges. 
(iii) If o = 1, the test is inconclusive. 


Proof The idea is to compare with a geometric series. If pọ < 1, we may choose a number 
r such that p < r < 1. Since |a,+41/a,| converges to p, there exists a number M such that 
lan41/an| < r for all n > M. Therefore, 


lam+i] < rlam! 
lam+2| < rlam4i| < r(rlay}) = r?lam| 
lay+3| < rlay+42| < rĉ°jam] 


In general, |[aM+n| < r” jam |, and thus, 


0O oo co 00O 
2 lanl =} jamn < > lamir” = jay] Y r" 
n=M n=0 n=0 n=0 
oo 
The geometric series on the right converges because 0 < r < 1, so > la, | converges 
n=M 


by the Direct Comparison Test. Thus Di an converges absolutely. 

If p > 1, choose r such that 1 < r < p. Then there exists a number M such that 
l@n41/Q,| >r for all n > M. Arguing as before with the inequalities reversed, we find 
that |ay+4n| Z r"|ay|. Since r” tends to oo, the terms ay4, do not tend to zero, and 
consequently, > a, diverges. Finally, Example 4 in this section shows that both conver- 
gence and divergence are possible when p = 1, so the test is inconclusive in this case. w 
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(e.@) 
pir 
EXAMPLE 1 Prove that ) — converges. a 
n! 
n=1 
n 


2 
Solution Compute the ratio and its limit with a, = ae Note that (n + 1)! = (n + 1)n!. 
n! 


Thus, 
gli) Zn oh gao AE 
an | (n+1)!2" 2 (n+1! n+1 
We obtain 
z 
pasin | 2) cata =i 
N00! an n>œon + 1 
00 gn 
Since p < 1, the series > — converges by the Ratio Test. fed 
wait 
0O n2 
EXAMPLE 2 Does > an converge? 
n=1 
Pe 
Solution Apply the Ratio Test with a, = oh 
Gn41|_ (n+1)? 2” _1/n?+2n+1\ 1 tet 
a, | 2mtl R 2 n? "H n n? 
We obtain — 
1 A | 1 
= lim AE | æ nar M oe oe 
p noo! Gy, 2 n> + n tg n2 D 
Since p < 1, the series converges by the Ratio Test. u 
o0 n! 
EXAMPLE 3 Does $o" oa converge? 
n=0 
Solution This series diverges by the Ratio Test because p > 1: 
eeni an+i| _ im (1 +1)! 1000” — an 
ne N—>CO| An ie n—> OO 1000"+! n! E ns 00 1000 in 5 


In the next example, we demonstrate why the Ratio Test is inconclusive in the case 
where p = 1. 


EXAMPLE 4 Ratio Test Inconclusive Show that both convergence and divergence 


CO oo 
are possible when p = 1 by considering > n? and 5 i 


n=] n=] 
Solution For a, =n, we have 
i Uni . (n+ 1)? _ n +2n+1 2 1 
= lim |——| = 1 COT Z nR ee w y 
d n—>CO} an nee n a n2 eet (1 es n u =) =i 
Furthermore, for b, = n~2, WU 
b 
ye Dt | EE ee tig | = i 
noo} bn NO | an+] lim | 2+! 
n—oo| 2n 
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OOo 
Thus, p = 1 in both cases, but, in fact, >, n? diverges by the nth Term Divergence Test 


n=1 
OO 
since lim n? = oo, and >) n~* converges since it is a p-series with p = 2 > 1. This 
n-> OO 1 
n= 
shows that both convergence and divergence are possible when p = 1. a 


Our next test is based on the limit of the nth roots </Ja,| rather than the ratios 
Gn+1/n. Its proof, like that of the Ratio Test, is based on a comparison with a geometric 
series (see Exercise 63). 


Assume that the following limit exists: 
L= lim y lanl 
(i) If L < 1, then » a, converges absolutely. 


(ii) If L > 1, then ` an diverges. 
(iii) If L = 1, the test is inconclusive. 


THEOREM 2 Root Test 


oO n 
n 
EXAMPLE 5 Does — ]} converge? 
D (a F3) omen 
l . 
Solution We have L = im Pay æ im oT 3 = 5" Since L < 1, the series con- 
verges by the Root Test. a 


Determining Which Test to Apply 


We end this section with a brief review of all of the tests we have introduced for deter- 
mining convergence so far and how one decides which test to apply. 
OO 


Let >, a, be given. Keep in mind that the series for which convergence or diver- 


n=l 
oo 
gence is known include the geometric series >, ar”, which converge for |r| < 1, and the 
n=0 


oo 
1 
p-series Zz re which converge for p > 1. 
n=0 


1, The nth Term Divergence Test Always check this test first. If lim a, 4 0, then 
m->0O 
the series diverges. But if lim a, = 0, we do not know whether the series converges or 
n> OO 


diverges, and hence we move on to the next step. 


2. Positive Series If all terms in the series are positive, try one of the following tests: 


(a) The Direct Comparison Test Consider whether dropping terms in the numerator or 
denominator gives a series that we know either converges or diverges. If a larger se- 
ries converges or a smaller series diverges, then the original series does the same. For 

OO OO 
1 1 l 1 
example, >+—— converges because ————~ < — and —z converges 
Pew n>+ Jn mn? ar j 
(since it is a p-series with p = 2 > 1). On the other hand, this does not work for 
0o 00O 


. 1 
a —-——— since then the comparison series > —-, while still converging. i 


n=2 n=l 
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smaller than the original series, so we cannot compare the series with $- = and apply 

the Direct Comparison Test. In this case, we can often apply the Limit Comparison ~~ 
Test as follows. 

The Limit Comparison Test Consider the dominant term in the numerator and de- 


nominator, and compare the original series to the ratio of those terms. For example, 
[o, @) 


for ) T n? is dominant over „/n as it grows faster as n increases. So, we 
nt — fn 


(b 


Na” 


n= 


2 
l 2 
2 . n 

lim Z = lim 7 = lim z = 

n>cob,  n>œ = n—co n? — ,/n 
-E 

The limit is a positive number, so the Limit Comparison Test applies. Since > zZ 
n 

n=1 


converges, so does the original series. 


(c) The Ratio Test The Ratio Test is often effective in the presence of a factorial such 
as n! since in the ratio, the factorial disappears after cancellation. It is also effective 


when there are constants to the power n, such as 2”, since in the ratio, the power n 
CO an 


disappears after cancellation. For example, if the series is 2 ET then applying the 
n 


n=] ` 


Ratio Test yields 
3n+1 
. |2 | 3 
lim | ZH l "tD = jj =0<1 
NCO} an n— ll n>oon-+ 
(n)! 
Therefore, the series converges. o 


(d) The Root Test The Root Test is often effective when there is a term of the form 


CO n 


Ya ' 
f (n)&™. For example, 23 z is a good example since applying the Root Test yields 


n=l 
n l/n 2 
lim ja,|!/" = lim (=) = lim — =0<]1 
n— OO n con 


Thus, the series converges. 


(e 


N” 


The Integral Test When the other tests fail on a positive series, consider the Integral 
Test. If an = f(n) is a decreasing function, then the series converges if and only 
CO 


if the improper integral f(x)dx converges. For example, the other tests do 
1 


is a decreasing function 
ninn 


(0,6) 
1 
t easil ly t ) —-., = 
not easily apply to Lun ar However, f(x) 


OO 


ads | 
and | = dx =In(Inx)| = œ. Thus, the integral diverges, implying that the 
2 


series does as well. 
3. Series That Are Not Positive Series 


2 


CO 
(a) Alternating Series Test If the series is alternating of the form > 1), show 


n=1 
that O < b,4) < bn and jim bn = 0. Then the Alternating Series Test shows the 


series converges. 


(b) Absolute Convergence If the series Š ap is not alternating, then see if X` |a,|, which 
is a positive series, converges using the tests for positive series. If so, the original 
series is absolutely convergent and therefore convergent. 
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10.5 SUMMARY 


exists. 


¢ Ratio Test: Assume that p = lim 


n>} dh 


— Then y an converges absolutely if p < 1. 
= Then > an diverges if p > 1. 
— The test is inconclusive if p = 1. 


¢ Root Test: Assume that L = lim ,/|a,,| exists. 
n> w 


— Then > a, converges absolutely if L < 1. 


— Then > an diverges if L > 1. 
— The test is inconclusive if L = 1. 


10.5 EXERCISES 


Preliminary Questions 


? 


09 fo e] 
: ; 1 , . 
3. Is the Ratio Test conclusive for J — ? Īs it conclusive for J 
1 7! 1 
n= — 


oO 
1. Consider the geometric series J ar”. rr 
n 


n=0 


(a) In the Ratio Test, what do the terms a equal? oy 
(b) In the Root Test, what do the terms %/|a,,| equal? 4. Is the Root Test conclusive for 2. a Is it conclusive for 
a Se = n=1 
. 2. Consider the p-series ne s ‘>D ( + 3 ? 
z n 
n=] n=I 
(a) In the Ratio Test, what do the terms | i | equal? 
(b) What can be concluded from the Ratio Test? 
Exercises 
In Exercises I-20, apply the Ratio Test to determine convergence or di- 17 D n? 18 A (mn 
vergence, or state that the Ratio Test is inconclusive. f r (2n + 1)! : Ł (3n)! 
n= n= 
oO (2.9) 
1 5 n—l 
Ls > — a Bai 
n=l n=1 19. b% I f 20. È tin 
=2 =2 
= 1 = 32-42 j . 
3) — 4. 
2 n” » 5n? + 1 za 
= à 21. Show that > n* 3—" converges for all exponents k. 
n = = n=l 
5 6. -= 
2; n2 +1 2 n 
= oO 
; > gn 00 3 22. Show that Fon a” converges if |x| < 1. 
` 8. — = 
= n100 2 3n n=1 
oO 
OO 
10” ee" 23. Show that Dus 2” x” converges if |x| < L. 
2 x 10. >> — r= 
n=] n=! 
— el < ne 24. Show that pa a converges for all 
e i — converges for all r. 
11. >D n 12. 7m ET n=! n: 
n=] n=1 
An! SH = r" 
13. > = 14. 2 — 25. Show that 3 — converges if |r| < 1. 
n=0 n=1 T n=l j 
[0 6] 
1 X J CO an 
15. 16. E 
2 PeT a (Qn)! 26. Is there any value of k such that 2 T converges? 
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In Exercises 27-28, the the following limit could be helpful: 
1 n 

lim (1 oe 3 = e, 

n—>co n 


co 
n! , 
27. Does ) — converge or diverge? 
n 


n=] 


oO 
2 
28. Does >. En 


1 
converge or diverge? 


n=l 


In Exercises 29-33, assume that \dni1/an| converges to p = i. What can 
you say about the convergence of the given series? 


OO oo 
29. > nan 30. > 26, 
n=l n=] 


co 
a0, > 3" on 


n=] 


oO 
33. s a? 


n=l 


OO 
32. $ 4" an 
n=] 


co 
34. Assume that |a,+1/a,| converges to p = 4. Does pas l converge 


(assume that a, Æ 0 for all n)? n=1 


oO 
A 1 
35. Show that the Root Test is inconclusive for the p-series ) T 


n=l 


In Exercises 36—41, use the Root Test to determine convergence or diver- 
gence (or state that the test is inconclusive). 


wl =p 
36. dig EEP 
n= 
oo 


n=0 
k k 
R (z) 


2 


41. > (1 + N 


n=4 


oO 1 —n 
40. 5 
>) (2 + 3 
n=l1 
qn 


a7 diverges. Hint: Use on’ (2")" and n! < n”. 


oO 
42. Prove that X` 

n=1 
In Exercises 43-62, determine convergence or divergence using any 
method covered in the text so far. 


fore) oo 13 
2" +4" n 
43. X s: 44. $ 2 
n=1 n=l 
oO n oO 
3 46 a" 
: 2, a2n+1 D 
n=l n=l 
= Sin n o n! 
47. Y 5 48 a ai 
n=} n=1 
49 50 
L n+. /n 2 n(Inn)? 
n=1 n=2 
oo n? oo i 
51 2 -- 52. 2 Eee 
=e 1 X n?+4n 
53. 54 
2 n? E n? n=l 3n* 1 9 
oO fe) 
oa 56. J (0.8)"n-8 
n=l n=l 
— = (—1)"7! 
> aii 58. 
n=l] n=] Jn 
4 n 
59, 2 sin -7 60. Lev cos — 
& fe) n 
(—2)” ( n ) 
61. 62. 
2 a/n 2 n + 12 


38. (o) 
k=0 k + 10 
Further Insights and Challenges 
oO 
63. [A Proof of the Root Test Let > | an be a positive series, and 
assume that L = lim "/dy, exists. n=0 
n> 
(a) Show that the series converges if L < 1. Hint: Choose R with L < 
R < 1 and show that a, < R” for n sufficiently large. Then compare with 
the geometric series a R”. 
(b) Show that the series diverges if L > 1. 


64. Show that the Ratio Test does not apply, but verify convergence using 
the Direct Comparison Test for the series 


S rE 
2 wt D F P 

j 

-, where c is a constant. 


“cn 
65. a? = 
t 


(a) Prove that the series converges absolutely if |c| < e and diverges if 
lc] > e. 

e"n! ‘ e 5 
aie / 2x. Verify this numerically. 
(c) Use the Limit Comparison Test to prove that the series diverges for 
p= e. 


(b) Itis known that lim 
n—> oo 


10.6 Power Series 


With series we can make sense of the idea of a polynomial of infinite degree: 


(0.6) 
Pel= 7 ak" = dag + ax + azx? +a3x°+--> 


n=0 


Specifically, a power series with center c is an infinite series 


F(x) = È an(x — c)” = a +a — c) + a(x ~ 0)? +ax(x — 0) +++ 


n=0 


Many functions that arise in applications 
can be represented as power series. This 
includes not only the familiar 
trigonometric, exponential, logarithm, and 
root functions, but also the host of “special 
functions” of physics and engineering such 
as Bessel functions and elliptic functions. 


FIGURE 1 Interval of convergence of a 
power series. 
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where x is a variable. For example, 
F(x) =1—x+2x%-x7 4+... 
Giz) = 14 (% = 2) 4 2% = 2)? + 3% — 27 +--- | 4 | 
are power series where F(x) nas center c = 0 and G(x) has center c = 2. 


A power series F(x) = F aie — c)” converges for some values of x and may 
n=0 
diverge for others. For example, if we set x = 2 in the power series of Eq. (1), we obtain 
the infinite series 


o(2)=1+(¢-2)-2(8-3) e- 
n a a 


This converges by the Ratio Test: 


+1 
im || = im [S| = im (TEI) ME L im 1 (4A) -1 
nO] Gp n>o| F n=>œ 4 n l/n n>œ4 1 4 


On the other hand, the power series in Eq. (1) diverges for x = 3 by the nth Term 
Divergence Test: 


GG) =1 +83 -2)+23 -2% +38 -2P +--- 
=1+1+2+3+--- 


There is a surprisingly simple way to describe the set of values x at which a power 
series F(x) converges. According to our next theorem, either F(x) converges absolutely 
for all values of x or there is a radius of convergence R such that 


F(x) converges absolutely when |x — c| < R and diverges when |x — c| > R. 


This means that F(x) converges for x in an interval of convergence consisting of the 
open interval (c — R,c + R) and possibly one or both of the endpoints c — R and c + R 
(Figure 1). Note that F(x) automatically converges at x = c because 


F(c) = ap +.ay(c — c) + axle — ec)? +.a3(c — cP +++ = ao 


We set R = 0 if F(x) converges only for x = c, and we set R = œ if F(x) converges 
for all values of x. 


Converges absolutely 


Diverges . Ix—cl<R Diverges 
) x 


c—R c c+R 


Possible convergence at the endpoints 


THEOREM 1 Radius of Convergence Every power series 


oO 
F(x) = PA: — cy)" 
n=0 
has a radius of convergence R, which is either a nonnegative number (R > 0) or infin- 
ity (R = oo). If R is finite, F(x) converges absolutely when |x — c| < R and diverges 
when |x — c| > R. If R = œ, then F(x) converges absolutely for all x. 
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Proof We assume that c = 0 to simplify the notation. If F(x) converges only at x = 0, 

then R = 0. Otherwise, F(x) converges for some nonzero value x = B. We claim that 

F(x) must then converge absolutely for all |x| < |B|. To prove this, note that because 
CO 


F(B) = San B” converges, the general term a, B” tends to zero. In particular, there 
n=0 

exists M > 0 such that |an B”| < M for all n. Therefore, 

CO oO x jn oO x 
a n — a 

2 lan" =J aB" |5| <M dS 

n=0 n=0 n=0 

If |x| < |B], then |x/B| < 1 and the series on the right is a convergent geometric series. 


By the Direct Comparison Test, the series on the left also converges. This proves that 
F(x) converges absolutely if |x| < |B|. 


n 


Least Upper Bound Property: If S is a set Now let § be the set of numbers x such that F(x) converges. Then S contains 0, 
of real numbers with an upper bound M and we have shown that if S contains a number B +Æ 0, then S contains the open interval 
(i.e, x < M forall x € $), then S has a (—|B\|, |B). If S is bounded, then S has a least upper bound L > 0 (see marginal note). 
least upper bound L. See Appendix B. In this case, there exist numbers B € S smaller than but arbitrarily close to L, and thus, S 


contains (—B, B) for all0 < B < L. It follows that S contains the open interval (— L, L). 
The set $ cannot contain any number x with |x| > L, but S$ may contain one or both of 
the endpoints x = +L. So in this case, F has radius of convergence R = L. If S is not 
bounded, then S contains intervals (—B, B) for B arbitrarily large. In this case, $ is the 
entire real line R, and the radius of convergence is R = oo. F 


From Theorem 1, we see that there are two steps in determining the interval of con- 
vergence of F: 
Step 1. Find the radius of convergence R (using the Ratio Test, in most cases). 


Step 2. Check convergence at the endpoints (if R # 0 or 00). 


CO Ln 
EXAMPLE 1 Using the Ratio Test Where does F(x) = > - converge? 
n=0 


Solution 
Step 1. Find the radius of convergence. 


Let a, = = and compute p from the Ratio Test: 


ght gn 


An+1 ae 
xn) 


an 


n+l 
We find that 
1 

p<l if Led, <Í, that is, if |x| <2 


Thus, F(x) converges if |x| < 2. Similarly, p > 1 if |x| > 1, or |x| > 2. So, F(x) 
diverges if |x| > 2. Therefore, the radius of convergence is R = 2. 
Step 2. Check the endpoints. 


Converges The Ratio Test is inconclusive for x = +2, so we must check these cases directly: 
Diverges absolutely Diverges 
ee a aes 
l ! an — 
| P FQ) =) 5 =l+iti+it+iti-- 
-2 0 2 n=0 
N aa _— 
iverges iverges a 
F(-2)=)0 a es WS awe 
=0 


oo ef 
FIGURE 2 The power series 2 a has 

oy 2 Both series diverge. We conclude that F(x) converges only for |x| <2 
an interval of convergence (—2, 2). (Figure 2). E 


Converges 
Diverges absolutely Diverges 
7 os 
1 S 9 
| | 
Diverges Converges 


FIGURE 3 The power series 


A (-1)" 
D (x — 5)" has an interval of 
n 
n=1 
convergence (1, 9]. 


When a function f is represented by a 
power series on an interval I, we refer to it 
as the power series expansion of f on J. 
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(00) 
—1y' 
EXAMPLE 2 Where does F(x) = `> \ -2 (x — 5)" converge? 
n=l 
s : (5p k. 
Solution We compute p with a, = PRE (x— 5): 
Sj Gn+1|) _ x — -ii 4”n 
p = jim || = jim lag 2b GF 
n 
= x= 3| lim s 
ee |a a 
1 
= -|x —5 
rk | 


We find that 
1 
pet if gr Ss, that is, if |x — 5| < 4 


Thus, F(x) converges absolutely on the open interval (1, 9) of radius 4 with center c = 5. 
In other words, the radius of convergence is R = 4. Next, we check the endpoints: 


= (—1)" nw (-l” 
2. 4n a) aL n 


n=l n=l 


converges (Alternating Series Test) 


diverges (harmonic series) 

n=Í n=l 
We conclude that F(x) converges for x in the half-open interval (1,9] shown in 
Figure 3. a 


Some power series contain only even powers or only odd powers of x. The Ratio 
Test can still be used to find the radius of convergence. 


xen 


(2n)! 


©.) 
EXAMPLE 3 An Even Power Series Where does ~ converge? 
n=0 


Solution Although this power series has only even powers of x, we can still apply the 
Ratio Test with a, = x*"/(2n)!. We have 


x2(n+1) 2n+2 


x 
Ant! (2n +2)! 
Furthermore, (2n + 2)! = (2n + 2)(2n + 1)(2n)!, so 


xent2 (2n)! 3 1 
= lm —— ——— = || lim ——— = 0 
n> (2n +2)! x2" noo (2n + 2)(2n + 1) 
Thus, p = 0 for all x, and F(x) converges for all x. The radius of convergence 
is R = oo. z 


an+1 = 


Gn+] 
an 


= lim 
n—> CoO 


Geometric series are important examples of power series. Recall the formula 
CO 


Xr” = 1/(1—7r), valid for |r| < 1. Writing x in place of r, we obtain a power se- 


n=0 
ries expansion with radius of convergence R = 1: 


for |x| < 1 | 2 | 


The next two examples show that we can modify this formula to find the power series 
expansions of other functions. 
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EXAMPLE 4 Geometric Series Prove that 


1 1 
= ya for |x| < 5 


Solution Substitute 2x for x in Eq. (2): 
1 oO oO 
ay = Oe = r" 
n=0 n=0 


Expansion (2) is valid for |x| < 1, so Eq. (3) is valid for |2x| < 1, or |x| < 5. m 


EXAMPLE 5 Find a power series expansion with center c = 0 for 


1 
IO= 77x 
and find the interval of convergence. 


Solution We need to rewrite f(x) so we can use Eq. (2). We have 


a oe a3 1 ) 
Z+x? 2 1+ 4x? E 1 — (— 4x?) ONTE 


© 2018 Macmillan, Illustration by Janice Fried 


Nina Karlovna Bari (1901-1961) was a where u = —4 x7. Now substitute u = — 5x? for x in Eq. (2) to obtain 
Russian mathematician who studied a 

trigonometric series, representations of ae Lo o 4 TAR 

functions using infinite sums of sin nx and Ne Ja 2? 2 a 

cos nx terms (in contrast to the x” terms n=0 

used in power series). Series of this type (—1)"x an 

are beneficial in fields such as signal = By pc E N 

processing where signals are broken down n=0 


into sums of simple wave forms. In 1918, ay = > a 
she enrolled as a student in the Department This expansion is valid if |—x“/2| < 1, or |x| < /2. The interval of convergence is 


of Mathematics and Physics at Moscow (—4/2, /2). ia 
State University and later she had a long 
career there as a professor. Our next theorem tells us that within the interval of convergence, we can treat a 


power series as though it were a polynomial; that is, we can differentiate and integrate 
term by term. 


| THEOREM 2 Term-by-Term Differentiation and Integration Assume that 
oO 
FQ@)= D — c)” 


has radius of convergence R > 0. Then F is differentiable on (c — R,c + R). Further- 
more, we can integrate and differentiate term by term. For x € (c — R,c + R), 


The proof of Theorem 2 is somewhat F'(x) = ‘> nan(x — cy"! 
technical and is omitted. See Exercise 70 | 
for a proof that F is continuous. 


(0.4) 
a 
J Fogar = a Ce) i (A any constant) 
ke +1 


For both the derivative series and the integral series the radius of convergence is 


also R. 


Theorem 2 is a powerful tool for working with power series. The next two examples 
show how to use differentiation or antidifferentiation of power series representations of 
functions to obtain power series for other functions. 


(B) 


FIGURE 4 y = Sso(x) and y = $51 (x) are 
nearly indistinguishable from y = tan! x 
on (—1, 1). 


SECTION 10.6 Power Series 585 


EXAMPLE 6 Differentiating a Power Series Prove that for —1 < x < 1, 


1 


age T l HA Ht H St 


1 -2( 1 
(l—x)2 dx \1—x 


For L, we have the following geometric series with radius of convergence R = 1: 


Solution First, note that 


1 


=1 +x +x H HÍ 
— ay 


By Theorem 2, we can differentiate term by term for |x| < 1 to obtain 


A - )= atata? tat tath) 


dx l—x 
1 


age bt ee +e HAr +S- = 


EXAMPLE 7 Power Series for Arctangent Prove that for —1 < x < 1, 


oo n_2n+1 3 5 7 
PE) (Dx x x x 
tan H — T M lM = =m ae 
i n=0 2n+1 ý y 3 aa C] 


Solution Recall that tan`! x is an antiderivative of (1 + x”)—!. We obtain a power series 
expansion of (1 + x2)~! by substituting —x? for x in the geometric series of Eq. (2): 
1 


— D A2 pee 
= x“ +x x + 


This expansion is valid for |x2| < 1—that is, for |x| < 1. By Theorem 2, we can integrate 
this series term by term. The resulting expansion is also valid for |x| < 1: 


Setting x = 0, we obtain A = tan! 0 = 0. Thus, Eq. (4) is valid for —1 <x <1. m 


GRAPHICAL INSIGHT Let’s examine the expansion of the previous example graphically. 
The partial sums of the power series for f(x) = tan! x are 


O wet? x2N-1 
S A ee ET — 1)" 
N(x) =x as oh + (-—1) >N] 


For large N, we can expect Sy (x) to provide a good approximation to f(x) = tan7! x 
on the interval (—1, 1), where the power series expansion is valid. Figure 4 confirms 
this expectation: The graphs of y = Sso(x) and y = Ss5;(x) are nearly indistinguishable 
from the graph of y = tan"! x on (—1, 1). Thus, we may use the partial sums to ap- 
proximate the arctangent. For example, using S5(x) to approximate tan—! x, we obtain 
tan—!(0.3) is approximated by 


(0.3) f (0.3)° a (0.3 (0.3)? 


55(0.3) = 0.3 — ——— 0. 
5(0.3) 3 5 7 + 9 0.2914569 
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Since the power series is an alternating series, the error in this approximation is less ~ _ 
than the first omitted term, the term with (0.3)!!. Therefore, 


(0.3)!! 


= 1.61 x 107” 
11 


error = |tan™'(0.3) — S4(0.3)| < 
Approximating tan—! x with a partial sum Sy (x) works well in the region |x| < 1. For 


|x| > 1, the situation changes drastically since the power series diverges and the partial 
sums deviate sharply from tan`! x. 


Power Series Solutions of Differential Equations 


Power series are a basic tool in the study of differential equations. To illustrate, consider 
the differential equation with initial condition 


y=y, yO=1 Gi 


From Example 5 in Section 9.1, it follows that f(x) = e* is a solution to this Initial 
Value Problem. Here, we take a different approach and find a solution in the form of a 


CO 
power series, F(x) = D anx”. Ultimately, this approach will provide us with a power 
n=0 
series representation of f(x) = e*. We have 


CO 

F(x) = > ane” = ay + aix +anx* +a3x74+--- 
n=0 
CO 

FQ) = > na = a; + 2azx + 3a3x? + 4agx? +--- — 


n=0 
To satisfy the differential equation, we must have F’(x) = F(x), and therefore, 
Qj = 4], 4&ı=2a, a =303, az= 444, 


In other words, F’(x) = F(x) if an—1 = nap, or 


Qn-1 
n 


an = 


An equation of this type is called a recursion relation. It enables us to determine all of the 
coefficients a, successively from the first coefficient ag, which may be chosen arbitrarily. 


For example, 
a 
ñn=1 r 
1 
a 
2 Z- 1 2! 


To obtain a general formula for an, apply the recursion relation n times: 


M. O. a e a G. 
"> n nin—1) n(n—1)Xn—-2) = à 


We conclude that 


Fa) =a 


n=0 


The solution in Example 8 is called the 
Bessel function of order 1. The Bessel 
function of order n is a solution of 


xy” + xy’ +(x? —n*)y =0 


These functions have applications in many 
areas of physics and engineering. 


In Eq. (7), we combine the first three series 
into a single series using 


nn—l)+n—1l=n’-1 


Also, we shift the fourth series by replacing 
n with n — 2. Consequently, the summation 
begins atn — 2 = Q; that is, at n = 2. 
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In Example 3, we showed that this power series has radius of convergence R = oo, 
so y = F(x) satisfies y’ = y for all x. Moreover, F(0) = ao, so the initial condition 
y(0) = 1 is satisfied with ag = 1. Therefore, 


CO xn 
F(x) = ) ET 
n: 

n=0 


is the solution to the Initial Value Problem. 

In Section 9.1, we showed that f(x) = e” is not just a solution to the Initial Value 
Problem in (5), but the only solution. The uniqueness of the solution implies that e* and 
the power series solution we obtained must be equal. Thus, we have found a power series 
representation for e” that is valid for all x: 


In Section 10.8, we will see how to arrive at this power series representation of e” 
via what are known as Taylor series. 

In contrast to y’ = y, the differential equation in the next example cannot be solved 
using any method that is simpler than the process of finding a power series solution. 
As with the solution of y’ = y, the process involves solving a recursion relation that 
determines the coefficients a, of a power series for the solution. 


EXAMPLE 8 Find a power series solution to the Initial Value Problem: 


x?y"+xy +0? -1y =0, y/O)=1 [6] 


(© @) 
Solution Assume that Eq. (6) has a power series solution F(x) = “x a,x”. Then 
=0 


Co 
y = F'(x)= i le = a; + 2azx + 3a3x*+--- 


n=0 


oo 
E X onin = jax = 2a72 + 6a3x + 12a4x* +... 
=0 


Now, substitute the series for y, y’, and y” into the differential equation (6) to determine 
the recursion relation satisfied by the coefficients an: 


x?y" + xy’ +(x? — ly 


(00) oO (0 e) 
=x? iD n(n — Daa +x > na HEAS >a 


n=0 n=0 n=0 


fore) ed = = 
= 2., n(n — ljanx” + D name = Py anx” + D apx" +? 
n=0 n=0 n=0 i 


oO oO 
= Jer — l)anx” + D ara" =0 


n=0 n=2 


The differential equation is satisfied if 


(© @) CO 
> & — a,x” = — in” 
n=0 =2 
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The first few terms on each side of this equation are 
4 


—ag +0- x + 3azx? + 8a3x? + 15a4x4 + --- = 0 +0 - x — aox? — ax” — ax 


Matching up the coefficients of x”, we find that 


—ap = 0, 3a2 = —ao, 8a3 = —d], l5a4 = —a2 


In general, (n? — 1)a, = —ay_2, and this yields the recursion relation 


L9 | 


Note that ag = 0 by Eq. (8). The recursion relation forces all of the even coefficients ap, 
a4, a6,... to be zero: 


and so on 


a 
z 80.2 = 0, and then a4 = zy = 08044 = 0, 
As for the odd coefficients, a; may be chosen arbitrarily. Because F’(0) = aj, we set 
a; = 1 to obtain a solution y = F(x) satisfying F’(0) = 1. Now, apply Eq. (9): 


az = 


ay 1 
en a Ts ET 
NE E E 
-1 (5 — 1932-1) 
n= 7: aj = eS a 
-1  (P-)C?-NS?-D 


This shows the general pattern of coefficients. To express the coefficients in a compact 
form, let n = 2k + 1. Then the denominator in the recursion relation (9) can be written 


n? — 1 = (2k +1) —1 = 4k? + 4k = 4k(k + 1) 


a2k—1 


a2k+1 = ~ AR(K + 1) v1 


Applying this recursion relation k times, we obtain the closed formula 


Ak(k + 1)/ \4(k — 1k A(1)(2)}  4*¥ k4(k +1)! 


Thus, we obtain a power series representation of our solution: 


Sipe ew 
os 32 Akk +1)! 


an41 = (—1)} ( 


2k+1 


A straightforward application of the Ratio Test shows that F has an infinite radius of 
convergence. Therefore, F(x) is a solution of the Initial Value Problem for all x. a 


10.6 SUMMARY 


* A power series is an infinite series of the form 


œQ 


F(x) = } an(x — c)" 


n=0 


The constant c is called the center of F(x). 


Na 
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Converges : Every power series F(x) has a radius of convergence R (Figure 5) such that 


absolutely 
+—|x—c|<R 


Diverges Diverges 


c—R c c+R 


N / 


Possible convergence at the endpoints 


all x. 


FIGURE 5 Interval of convergence of a 
power series. 


— F(x) converges absolutely for |x — c| < R and diverges for |x — c| > R. 
— F(x) may converge or diverge at the endpoints c — R and c + R. 


We set R = 0 if F(x) converges only for x = c and R = œ if F(x) converges for 
° The interval of convergence of F consists of the open interval (c — R,c + R} and 


possibly one or both endpoints c — R and c + R. 
* In many cases, the Ratio Test can be used to find the radius of convergence R. It is 


necessary to check convergence at the endpoints separately. 


If R > 0, then F is differentiable and has antiderivatives on (c — R,c + R). The 


derivative and antiderivatives can be obtained by directly differentiating and anti- 
differentiating, respectively, the power series for F: 


[o.@) CO 
/ n—| an n+1 
>) = F = ` = 
F' (x) 1 ail | | (x)dx = A+ 2 er a c) 
n= z 


(A is any constant.) These two power series have the same radius of convergence R. 


¢ The expansion i 


O0 
= 2 x” is valid for |x] < 1. It can be used to derive expansions 


n=0 


of other related functions by substitution, integration, or differentiation. 


10.6 EXERCISES 


Preliminary Questions 

1. Suppose that y a,x” converges for x = 5. Must it also converge for 
x = 4? What about x = —3? 

2. Suppose that S an(x — 6)" converges for x = 10. At which of the 


points (a)}-(d) must it also converge? 


(a) x=8$ (b) x =TI Ch v (d x=0 


Exercises 


1. Use the Ratio Test to determine the radius of convergence R of 


on 
x ; : 
> T Does it converge at the endpoints x = +R? 


n=0 


n 


CO 
x 
2. Use the Ratio Test to show that — has radius of convergence 
2 n2” s 


R = 2. Then determine whether it converges at the endpoints R = +2. 


3. Show that the power series (a}(c) have the same radius of conver- 
gence. Then show that (a) diverges at both endpoints, (b) converges at one 
endpoint but diverges at the other, and (c) converges at both endpoints. 


oo y” and x” 
@ = © Ye 
n=1 n=1 
4. Repeat Exercise 3 for the following series: 
co 
w= 
b 
(b) 2, T 


oo 
5. Show that È ` n”x" diverges for all x # 0. 
n=0 


(b) >> = 


n=1 


co 


(a) om s = 


n=ł 


= @ —5)" 
(c) L n2gn 
n=l 


3. What is the radius of convergence of F(3x) if F(x) is a power series 
with radius of convergence R = 12? 
co 
4. The power series F(x) = X nx” has radius of convergence R = 1. 
n=| 
What is the power series expansion of F’(x) and what is its radius of 
convergence? 


00 
6. For which values of x does D nix" converge? 


n=0 


CO 2n 
; x : 
7. Use the Ratio Test to show that J a has radius of convergence 
R = y3. n=0 
oO 3n+l 


x 
8. Show that ) |) = 
n=0 


has radius of convergence R = 4. 


In Exercises 9-34, find the interval of convergence. 


9. n 2s 
X nx 10 Da z x 
n=0 n=! 
ee 2n+1 oo w 2 
n 
ii DID =, 12. $ OD Be 
n=l n= 
oo x” oO 
13. y= 14. > ax" 
=i n= 
CO n oQ n 
x 
15. — 16. — x" 
2 (n!)2 3 a 
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æ (Qn)! < E 
“yn 18. X ———x"" 
Me A (nt 5 Car Di. 
(9,0) oO n 
(—1)"x" x 
Ts ee 20. 
2 3 [n2 a 1 3 ní +2 
œ n+] = n 
Xx x 
21. A Dee e 
pe an + 1 dX n—A4lnn 
CO on o0 IntZ 
X x 
23. 2 AAA 24. z T 
CO (0 @) 
Cores) 
25. gat — 3)” 26. 2 = r 
CO oO 
27. X (D'n — 7)" 28. X27 - 1"? 
n=l n=0 
CO oO 
A (x — 4)" 
29. D5 +3)" Wy 2 r 
n=l n=0 
CO 00 
— 5)” 
31. oe } (x + 10)” 32. Ý ni(x +5)" 
n=0 ms n=10 
CO oO 
(x +4)" 
33. t= 2)" 34. 
x i 2 (n Inn) 


In Exercises 35—40, use Eq. (2) to expand the function in a power series 
with center c = 0 and determine the interval of convergence. 


1 


35. -= 36. =E 
1 TET A re 
37. fa) = — 38. f(x) 
. f(x) = — e TF 
3=x 4+3x 
39. f@)=T—> il SOD ed 
41. Differentiate the power series in Exercise 39 to obtain a power series 
P J: 3x2 
OF g (x) = 0- 
42. Differentiate the power series in Exercise 40 to obtain a power series 
for g(x) 4x? 
x) = —— 5. 
eet E 
43. (a) Divide the power series in Exercise 41 by 3x? to obtain a power 
1 
series for h(x) = EFE and use the Ratio Test to show that the radius 


of convergence is 1. 


(b) Another way to obtain a power series for h(x) is to square the power 
series for f(x) in Exercise 39. By multiplying term by term, determine the 
terms up to degree 9 in the resulting power series for (f(x))* and show 
that they match the terms in the power series for h(x) found in part (a). 


44. (a) Divide the power series in Exercise 42 by 4x3 to obtain a power 
i 1 . j 
series for h(x) = ETI and use the Ratio Test to show that the radius 

of convergence is 1. 


(b) Another way to obtain a power series for h(x) is to square the power 
series for f(x) in Exercise 40. By multiplying term by term, determine the 
terms up to degree 12 in the resulting power series for (f (x))* and show 
that they match the terms in the power series for A(x) found in part (a). 


45. Use the equalities 
E. 1 —3 
X 


(eae —3-G@ =) 1+ (=) 


to show that for |x — 4| < 3, 


46. Use the method of Exercise 45 to expand 1/(1 — x) in power series 
with centers c = 2 and c = —2. Determine the interval of convergence 
for each. 


47. Use the method of Exercise 45 to expand 1/(4 — x) in a power series 
with center c = 5. Determine the interval of convergence. 


48. Find a power series that converges only for x in [2, 6). 
49. Apply integration to the expansion 


1 
1+x 


(0 @) 
=> (-1)"x" Se a ae pa 


n=0 


to prove that for —1 < x < 1, 


00 
—]y-lyn x x x4 
Ind x)= A r Sa 


N 
U 


n=1 


50. Use the result of Exercise 49 to prove that 

3 l l 1 1 

2 ee t Bop at 
Use the fact that this is an alternating series to find an N such that the par- 
tial sum Sy approximates In 3 to within an error of at most 10-3. Confirm 
by using a calculator to compute both Sy and in 3. 


51. Let Fx) = (x + link +x) — x. 
(a) Apply integration to the result of Exercise 49 to prove that the follow- 
ing power series holds for F(x) for —1 < x < 1, 


< n+1 tee 
Fe OO GD 


n=l 


(b) Evaluate at x = 5 to prove 


3483 1 1 1 1 1 


-3.3.82 13.4.4 Ge 


(c) Use a calculator to verify that the partial sum S4 approximates the 
left-hand side with an error no greater than the term as of the series. 


. 2° oF “Toe 


52. Prove that for |x| < 1, 


dx = a ne 
= nn S D 
1/2 


dx /(x* +1) numerically. Use 


f AY soa 
the fact that you have an alternating series to show that the error in this ap- 
proximation is at most 0.00022. 


Use the first two terms to approximate 


53. Use the result of Example 7 to show that 
2 4 6 8 
x x x x 
F ee coe a 
ip sae = Tee 
is an antiderivative of f(x) = tan! x satisfying F(0) = 0. What is the 
radius of convergence of this power series? 


54. Verify that function F(x) = x tan™! x — $ In(x? + 1) is an antideriva- 
tive of f(x) = tan! x satisfying F(0) = 0. Then use the result of Exercise 


: a a 
53 with x = Ai to show that 


or ne a O 
673. 2 3 1-26) 3-462) 5-629) 7-8G*) 


Use a calculator to compare the value of the left-hand side with the partial 
sum $4 of the series on the right. 


(> 0) 
55, Evaluate D = Hint: Use differentiation to show that 


n=] 
OO 
(l—x)?= I nx”! (for |x| < 1) 
n=l 
56. Use the power series for (1 + x?) ! and differentiation to prove that 
for |x| < 1, 
(x2 + 1)? 


57. Show that the following series converges absolutely for |x| < 1 and 
compute its sum: 


2x = So (1 Fay 
n=l 


Foy tas E 4 we a a 


Hint: Write F(x) as a sum of three geometric series with common 
TE 
ratio x”. 


58. Show that for |x| < 1, 


E sla a =1 +x 2x? 4x3 4 x4 — 2x5 445427 a2 +--- 
l+x+x? 
Hint: Use the hint from Exercise 57. 
CO n? 
59. Find all values of x such that >. — converges. 
n=l 


60. Find all values of x such that the following series converges: 


F(x) = 1 + 3x +x? +27x? + x4 + 243x? +- 


OO 
61. Find a power series P(x) = S anx” satisfying the differential 
n=0 
equation y’ = —y with initial condition y(0) = 1. Then use Eq. (8) in 
Section 9.1 to conclude that P(x) = e~~. 
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2 x4 x6 


x 
62. emotes ta at zs 
(a) Show that C(x) has an infinite radius of convergence. 


(b) Prove that C(x) and f(x) = cos x are both solutions of y” = —y with 
initial conditions y(0) = 1, y’(0) = 0. [This Initial Value Problem has a 
unique solution, so it follows that C(x) = cos x for all x.] 


63. Use the power series for y = e* to show that 


Use the fact that this is an alternating series to find an N such that the par- 
tial sum Sy approximates e7! to within an error of at most 10-3. Confirm 
this using a calculator to compute both Sy and ae. 


64. Let P(x) = D anx” be a power series solution to y’ = 2xy with ini- 
n=0 


tial condition y(0) = 1. 
(a) Show that the odd coefficients a2,41 are all zero. 


(b) Prove that a2, = @2,_2/k and use this result to determine the coeffi- 
cients a2,. 


65. Find a power series P(x) satisfying the differential equation 


y’ —xy’'+y=0 


with initial condition y(0) = 1, y’(0) = 0. What is the radius of conver- 
gence of the power series? 


66. Find a power series satisfying Eq. (10) with initial condition y(0) = 0, 
y0) =1. 


67. Prove that 
oo 
el: 2k+2 
Jo(x) = we aa 
a 2 2+2 kl (k +3)! 
is a solution of the Bessel differential equation of order 2: 
x?y" + xy + (x? -4y =0 


68. [4 Why is it impossible to expand f(x) = |x| as a power series that 
converges in an interval around x = 0? Explain using Theorem 2. 


Further Insights and Challenges 


69. Suppose that the coefficients of F(x) = bD anx” are periodic; that 
n=0 

is, for some whole number M > 0, we have am4+n = an. Prove that F(x) 

converges absolutely for |x| < 1 and that 

ao taixt:--+ ay—\x™!-! 


F(x) = EN 


Hint: Use the hint for Exercise 57. 


OO 
70. Continuity of Power Series Let F(x) = D anx” be a power series 
with radius of convergence R > 0. n=0 


(a) Prove the inequality 


lx” — y"| < nla — yl(lal” + Ly") Ey 


Hint: x” — y" = (x — yx"! + x"2y +--+ y"), 


(b) Choose R; with 0 < Ry < R. Show that the infinite series 
OO 
M =) | 2nlan|R{ converges. Hint: Show that n|aq|R" < |a,|x" for all 


n sufficiently large if Ry < x < R. 

(c) Use the inequality in (11) to show that if |x| < R, and |y| < Ry, then 
|F(x) — FQ)| < M|x — yl. 

(d) Prove that if |x| < R, then F is continuous at x. Hint: Choose R; such 
that |x| < Rı < R. Show that if € > 0 is given, then |F(x) — F(y)| < € 
for all y such that |x — y| < 5, where ô is any positive number that is less 
than €/M and R, — |x| (see Figure 6). 


x—ô x+6 
\ 2 
¢ — = 
-R 0 x Ri R 


FIGURE 6 If x > 0, choose ô > O less than €/M and R; — x. 
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10.7 Taylor Polynomials 


Using power series, we have seen how we can express some functions as polynomials of 
infinite degree. We saw that we can take power series for specific functions and manip- 
ulate them by substitution, differentiation, integration, and algebraic operations to obtain 
power series for other functions. 

Next, we consider how we can obtain a power series for a specific given function. 
To do so, first we introduce Taylor polynomials, special polynomial functions that turn 
out to be partial sums of the power series of a function. The Taylor polynomials are 
important in their own right since they are useful tools for approximating functions. In 
the next section, we extend these Taylor polynomials to Taylor series representations of 
functions. 

Many functions are difficult to work with. For instance, f(x) = sin(x?) cannot be in- 
tegrated using elementary functions. Nor can f(x) = e-* In fact, even simple functions 
like f(x) = sinx, f(x) = cosx, f(x) =e”, and f(x) = Inx can only be evaluated ex- 
actly at relatively few values of x and otherwise they must be numerically approximated. 
On the other hand, polynomials such as f(x) = 3x* — 7x? + 2x — 4 can be easily differ- 
entiated and integrated. They can be evaluated at any value of x using just multiplication 
and addition. Thus, given a function, it is natural to ask if there is a way to accurately 
approximate the function using a polynomial function. 

We have worked with a simple polynomial approximation of a function before. In 
Section 4.1, we used the linearization L(x) = f(a) + f'(aXx — a) to approximate f(x) 
near a point x = a: 


f(x) ~ fla) + fax — a) 


We refer to L(x) as a “first-order” approximation to f(x) at x =a because f(x) and 
L(x) have the same value and the same first derivative at x = a (Figure 1): 


L(a)= f(a) Li@=f'@ 


A first-order approximation is useful only in a small interval around x = a. In this sec- 
tion, we achieve greater accuracy over larger intervals using higher-order approximations 
(Figure 2). These higher-order approximations will simply be polynomials with higher 
powers, the Taylor polynomials. Along with using Taylor polynomials to approximate 
functions, we will develop tools for estimating the error in the approximation. 


Second-order 
approximation 


y=f) 


y = Lx) 


a 


FIGURE 1 The linear approximation L(x) is FIGURE 2 A second-order approximation is 
a first-order approximation to f. more accurate over a larger interval. 


In what follows, assume that f is defined on an open interval 7 and that all deriva- 
tives f exist on J. Let a € I. We say that two functions f and g agree to order n at 
x = a if their derivatives up to order n at x = a are equal: 


faa) = gla), fi@=ga), f"@=e8"@, ..., fa) = ga) 


We also say that g approximates f to order n at x = a. 


4w REMINDER k-factorial is the number 
k! = k(k — 1)(k — 2) - - - (2X(1). Thus, 


fest, 2e (212 


= (3)(2)1 = 6 


By convention, we define Q! = 1. 
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Define the nth Taylor polynomial T, of f centered at x = a as follows: 


Tr(x) = f(a IO a-a Ge - ay 4-2 


72a) Nien 
n! 


The first few Taylor polynomials are 


To(x) = f(a) 
M(x) = f@ + fax -— a) 


1 
Tax) = f(a) + fax — a) + 5 f"@x -aY 
1 1 
T3(x) = f(a) + f'(a)x — a) + at "(a(x — a} + zf ae —a) 
Note that To is a constant function equal to the value of f at a, and that T; is the lin- 


earization of f at a. Note also that T, is obtained from T„—ı by adding on a term of 
degree n: 


f a 


Tax) = Th-1%) + —— (x 


The next theorem justifies our definition of Tn. 


The verification of Theorem 1 is left to the exercises (Exercises 76-77), but we’ll 
illustrate the idea by checking that 72 agrees with f to order n = 2: 


1 
T(x) = f(a) + f'(aXx — a) + zf" @e —a)’, T(a)= f(a) 
T3(x) = f'(a) + f" (a(x — a), T;(a) = f'(@) 
Ti (x) = f"(a), T, (a) = f"(a) 


This shows that the value and the derivatives of order up to n = 2 at x = a are equal. 
Before proceeding to the examples, we write T, in summation notation: 


By convention, we regard f as the zeroth derivative, and thus f® is f itself. When 
a = 0, Tn is also called the nth Maclaurin polynomial. 


EXAMPLE 1 Maciaurin Polynomials for f(x)=e* Plot the third and fourth 
Maclaurin polynomials for f(x) = e*. Compare with the linear approximation. 
Solution All higher derivatives coincide with f itself: f(x) = e*. Therefore, 
fO= F'O = O = O= fO=2 =1 
The third Maclaurin polynomial (the case a = 0) is 


T3(x) = f(0) + f'(O)x + =f "Ox? i: Sr" =1+x+ a us ax 
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FIGURE 3 Maclaurin polynomials for 
F(x) = e. 


We obtain 74(x) by adding the term of degree 4 to 73(x): 
l 1 1 1 
Tax) = B) + 7 fPO)x4 =14x4+ a af: zx 4 aq 


Figure 3 shows that 73 and T4 approximate f(x) = e* much more closely than the linear 
approximation 7; on an interval around a = 0. Higher-degree Maclaurin polynomials 
would provide even better approximations on larger intervals. a 


EXAMPLE 2 For objects near the surface of the earth, to two decimal places the accel- 
eration due to gravity is g = 9.81 m/s”. For objects at higher altitudes, Newton’s Law of 
Gravitation says that the acceleration due to gravity is 


§ 
G(h) = —————~ 
d+ aig)? 


where G(h) is in m/s”, h is the altitude above the surface of the earth in km, and 6370 is 
the radius of the earth in km. 


(a) Find a power series representation of G as a function of h. For what values of h is 
the power series valid? 


(b) Use the third Maclaurin polynomial to approximate the acceleration due to gravity 
on an object at an altitude of 1000 km, and estimate the error in the approximation. 


Solution 


(a) We use the power series representation for iy from Example 6 in the previous 


section. Substituting wa for x, we obtain 


CO 
(n+ 1)(—h)" 19.6h 294k? 39.2h° 
G(h) = ot Oi Se ee oe 
= 6 3 6370" 6370 | 6370. 6370 


The power series for nap is valid for —1 < x < 1, and therefore, the series for G(h) 
holds for —1 < -— < 1. Since altitude is nonnegative, it follows that the power series 
for G(h) is valid for 0 < h < 6370. 
(b) Using the third Maclaurin polynomial, 
(19.6)(1000) 29.4(1000*)  39.2(1000%) r 
1000) ~ 9.81 — ——————. + —n s —- — r a7. 
Diiis 6370 63702 a a 


Since we have an alternating series, we can apply the corollary to Theorem 2 in 
Section 10.4 and use the fourth power term in the series to estimate the error in our 
approximation. Thus, 

49.0(1000*) 


ee S 
ct 63704 0.03 a 


EXAMPLE 3 Computing Taylor Polynomials Compute the Taylor polynomial T4 cen- 
tered ata = 3 for f(x) = J/x +1. 


Solution First, evaluate the derivatives up to degree 4 at a = 3: 


fœ) = (x +17, taJ =2 
rowel —1/2 E.. 
1 1 
1 EN 1 —3/2 HW moti ee 
i @ z” HDT, T O 37 
f(x) = Bii + 1373/2 f” 8) = 3 
8 ? 256 
15 


15 
ee 1-7/2 (4)7q) 


The first term f(a) in the Taylor polynomial 
T, is called the constant term. 


y=f() 


y= T(x) 


FIGURE 4 Graphs of f(x) = Vx + 1 and 
T4 centered at x = 3. 


After computing several derivatives of 
f(x) = lnx, we begin to discern the 
pattern. For many functions of interest, 
however, the derivatives follow no simple 
pattern and there is no convenient formula 
for the general Taylor polynomial. 


Taylor polynomials forlnx ata = 1: 


Ty (x) = (x — 1) 


] 
T(x) = (x — 1) — 5 - 1) 


1 
T3(x)=(x—1)— a — 17 + ne _ 1) 
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(3) 
Then compute the coefficients ji : 
constant term. =z f0)=732 
coefficient of (x — 3) = f'(3) = = 
, yt). | i 
coefficient of (x — 3)” = J 33 7] 6A 
"(3 3 1 1 
coefficient of (x — 3) = i> = 75631 = 512 
. FO) i. 1 5 
ffi f(x —3y = ee a ee 
OCS ONS = aa 2048 4! 16,384 
The Taylor polynomial T4 centered at a = 3 is (see Figure 4) 
1 1 2 1 3 5 A 
= —(x-3)-—(G- — (x — — —— (x -3 
T4(x) 2476 3) The 3) tp” 3) 16,384 Č ) al 


EXAMPLE 4 Finding a General Formula for 7,, 
f(x) = lnx centered at a = 1. 


Solution For f(x) = lnx, the constant term of 


In 1 = 0. Next, we compute the derivatives: 


f'G)y= zy, 


f"@) =x", 


Osi, 


Find the Taylor polynomials T, of 


Tn at a = 1 is zero because f(1) = 


FO) = —-3- 2x74 


Similarly, f(x) = 4 - 3 - 2x75. The general pattern is that f(x) is a multiple of x—*, 


with a coefficient +(k — 1)! that alternates in sign: 


Ff) = (-IP 1k = 1)! x 


The coefficient of (x — 1)* in T, is 


OD wee) os med ty 


H 7 k! 


Thus, the coefficients for k > 1 form a sequence 1, 


i (for k > 1) 


1 | 1 
“5, a + - en 


l 
Ta(x) = (@ =) — 5-1 45-8 +a 


EXAMPLE 5 Cosine 


Solution The derivatives form a repeating pattern 


f'(x) =-sinx, 


f(x) = —sinx, 


FQ) — Ws x, 


T Ax) = piix, 


f” (x) = — cosx, 


Find the Maclaurin polynomials of f(x) = cos x. 


of period 4: 


f” (x)= sinx, 


In general, f+ (x) = fOXx). The derivatives at x = 0 also form a pattem: 


fit a aie ey 


FO | f'O) | F°O | F"O) | FO) | FOC) | FC) 


ps ee ae 
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Scottish mathematician Colin Maclaurin 
(1698-1746) was a professor in 

Edinburgh. Newton was so impressed by 
his work that he once offered to pay part of 
Maclaurin’s salary. 


FIGURE 5 Maclaurin polynomials for 
f(x) = cosx. The graph of f is shown as 
a dashed curve. 


A proof of Theorem 2 is presented at the 
end of this section. 


Therefore, the coefficients of the odd powers x**t! are zero, and the coefficients of the 
even powers x7* alternate in sign with value (—1)* /(2k)!: 


Aas, Be=Teo=1-— Za? 


v 
T4(x) = Ts(x) = 1- ou oa 
Lona enas nl oon 
Dra) = Tn) =1- a” + ay — ae +---+(-1) (ny! 
Figure 5 shows that as n increases, TJ, approximates f(x) = cos x well over larger and 
larger intervals, but outside this interval, the approximation fails. ia 


The Error Bound 


To use Taylor polynomials effectively to approximate a function, we need a way to es- 
timate the size of the error in the approximation. This is provided by the next theorem, 
which shows that when approximating f with Tn, the size of this error depends on the 
size of the (n + 1)st derivative. 


THEOREM 2 Error Bound Assume that f°"*" exists and is continuous. Let K be a 
number such that | f+!)(u)| < K for all u between a and x. Then 


|x = q|"t! 
(n+ 1)! 


| f(x) — Th(x)| < K 


where T, is the nth Taylor polynomial centered at x = a. 


EXAMPLE 6 Using the Error Bound Apply the Error Bound to 

|In 1.2 ~ 73(1.2)| 
where 73 is the third Taylor polynomial for f(x) = Inx at a = 1. Check your result with 
a calculator. 


Solution 


Step I. Find a value of K. 
To use the Error Bound with n = 3, we must find a value of K such that | f Oy) <K 
for all u between a = l andx = 1.2. As we computed in Example 4, f A(x) = —6§x~4. 
The absolute value | f‘(x)| is decreasing for x > 0, so its maximum value on [1, 1.2] 
is | f(1)| = 6. Therefore, we may take K = 6. 


FIGURE 6 y = Inx and y = 73(x) are 
indistinguishable near x = 1.2. 


To use the Error Bound, it is not necessary 
to find the smallest possible value of K. In 
this example, we take K = 1. This works 
for all n, but for odd n we could have used 
the smaller value K = sin0.2 ~% 0.2. 
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Step 2. Apply the Error Bound. 
eeann=gee agai 
ee ee ee ST NS 


Step 3. Check the result. 
Recall from Example 4 that 


1 1 
PO a a a 1" 
The following values from a calculator confirm that the error is at most 0.0004: 
|In 1.2 — 73(1.2)| © |0.182667 — 0.182322] ~ 0.00035 < 0.0004 


Observe in Figure 6 that y = In x and y = 73(x) are indistinguishable near x = 1.2. m 


EXAMPLE 7 Approximating with a Given Accuracy Let T, be the mth Maclaurin 
polynomial for f(x) = cos x. Find a value of n such that 


| cos 0.2 — T,(0.2)| < 107° 
Solution 
Step I. Find a value of K. 
Since | f(x) is | cos x| or | sin x|, depending on whether n is even or odd, we have 
| f)| < 1 for all u. Thus, we may apply the Error Bound with K = 1. 
Step 2. Find a value of n. 
The Error Bound gives us 


0.2— 0+! = 49,2)"4! 
| cos 0.2 — T,,(0.2)| < ge. a2 


(n+1)! = (n+1)! 
To make the error less than 1073, we must choose n so that 
0.2 n+l 
ted hee | «lo~ 
(n+ 1)! 


It’s not possible to solve this inequality for n, but we can find a suitable n by checking 
several values: 


l0. 2+1 
(n + 1)! ! Sr 


We see that the error is less than 10~> for n = 4. m 


CONCEPTUAL INSIGHT The term XK in the Error Bound usually depends on n, the num- 
ber of terms in the Taylor polynomial. However, in some instances, K can be chosen 
independent of n. For example, if f(x) = sinx or f(x) = cosx, then we can let K 
equal 1 for all n (since the absolute value of all derivatives of these functions is no 
larger than 1). Because the (n + 1)! term in the denominator of the Error Bound grows 
very rapidly and dominates the fraction, the error goes to 0 as n increases. Thus, for 
these functions, the more terms in the Taylor polynomial, the better the approximation. 
Therefore, if we include infinitely many terms, we can ask if the resulting series and f 
are equal. This naturally leads to the subject of the next section, Taylor Series. 


The rest of this section is devoted to a proof of the Error Bound (Theorem 2). Define 


the nth remainder: 
Raa) = f(x) — Talx) 


The error in Ta (x) is the absolute value | R,,(x)|. As a first step in proving the Error Bound, 
we show that R(x) can be represented as an integral. 
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Exercise 70 reviews this proof for the 
special casen = 2. 


To establish the inequality in (3), we use 
the inequality 


f e / "flax 


which is valid for all integrable functions. 


THEOREM 3 Taylor’s Theorem Assume that f+» exists and is continuous. Then | 


a) = = | 6 — u)” fu) du 


Proof Set 


I(x) = = / ae — u)” f" Yu) du 


Our goal is to show that R,(x) = J,(x). For n = 0, Ro(x) = f(x) — f(a) and the desired 
result is just a restatement of the Fundamental Theorem of Calculus: 


x 
D= | fiwdu = fx) f(a) = Rol) 
a 
To prove the formula for n > 0, we apply Integration by Parts to J,,(x) with 
1 
hu) = wy", gu) = fw) 


Then g’(u) = f*) (wu), and so 


x 


TOS | E ET — l sonene 


a a 


1 
= —(x — u)" f Mu) 
m: 


- =f wa =u)’ fu) du 


1 
= ie ay" f(a) + In-1(X) 
This can be rewritten as 


ae ) 


I,-1(*) = 
Now, apply this relation n times, noting zA Io(x) = f(x)— f(a): 
F(x) = f(a) + Io(x) 


(x — a)" + 1,(x) 


= f(a y+ 8 a) + H@) 
= f(a Daa m -a)+ LP (a P ~ a? + h(x) 
J (r) 
= fat a-a + Oa a+ ha) 
This shows that f(x) = T,,(x) + J,(x) and hence na) = R,,(x), as desired. E 


Proof Now, we can prove Theorem 2. Assume first that x > a. Then 


IF) — Trl = |Rn(x)| = = f (x — u)" fF DU) du 


1 x 
=i | |e = uy fOD) du 


[3 | 
<$ f -udu [4] 


K "T u)”+! x ice 


at n+1 


p Ix —a 
a. (n+ 1)! 
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Note that the absolute value is not needed in the inequality in (4) because x — u > 0 
fora < u <x.Ifx < a, we must interchange the upper and lower limits of the integrals 


in (3) and (4). a 


10.7 SUMMARY 


¢ The nth Taylor polynomial centered at x = a for the function f is 


/ n (n) 
no) = fa) + Lc sa + g J7 (a) a 


(x -af +---+———(x — a)" 


When a = 0, Tn is also called the nth Maclaurin polynomial. 
- If f“*) exists and is continuous, then we have the Error Bound 
Ix —a +i 

(n+ 1)! 


where K is anumber such that | f +) (y)| < K for all u between a and x. 
e For reference, we include a table of standard Maclaurin and Taylor polynomials. 


oe Maclaurin or ele en 


| oe T 
a rte ta 


ITn(x) fo s K 


yontl 


a 
T; T; = x — — 1 a 
an+1 0) = Theo) Sam ay 


10.7 EXERCISES 


Preliminary Questions 


1. What is T; centered at a = 3 for a function f such that f(3) = 9, 3. For which value of x does the Maclaurin polynomial T, satisfy 
f'(3) =8, f’B) = 4, and f’”G) = 12? T,(x) = f(x), no matter what f is? 
2. The dashed graphs in Figure 7 are Taylor polynomials for a function 4. Let Ta be the Maclaurin polynomial of a function f satisfying 
f. Which of the two is a Maclaurin polynomial? |f(x)| < 1 for all x. Which of the following statements follow from the 
Error Bound? 
2 
(a) |T%4(2) - fD < 4 
2 
b) BD- fs 3 
1 
© (73(2)— f2)| < 3 


(B) 


FIGURE 7 
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Exercises 


In Exercises 1-16, calculate the Taylor polynomials Tz and T; centered at 
x =a for the given function and value of a. 


1. f(x)=sinx, a=0 2. f(x) =sinx, a= > 
Hoa eee 4. iow = a=-1 
l+x l+x 
5 f(x) =x4-2x, a=3 6. fo= 2H, diii 

1. fœ@=x/x, a=1 8. fx)=Vx, a=9 
9. f(x)=tanx, a=0 10. f(x) =tanx, a=7 
11. f(x) =e +e 7, a=0 12. f(x) =e, a=In2 
13. fy =x%e*, a=1 14. f(x) =cosh2x, a=0 
15. fo) = =, a=1 16. f(x)=In(x+1), a=0 


17. Show that the second Taylor polynomial for f(x) = px? + qx +r, 
centered at a = 1, is f(x). 


18. Show that the third Maclaurin polynomial for f(x) = (x — 3)° is 
f(x). 


19. Show that the nth Maclaurin polynomial for f(x) = e* is 


n 


2 
x x 
Fae = $2 gee 


1” SF n! 
20. Show that the nth Taylor polynomial for f(x) = Fai at 
a= lis 
k G=) G-I% œ=) 
T,(x) = - — Soe 
(x) 5 a 3 es) ane 


21, Show that the Maclaurin polynomials for f(x) = sinx are 
3 5 

x x x 

T- pad T: — — m —- — sae =| pedi o oum 
2n+1(X) = Trn42(x) =x TALT u, On+ 1)! 


22. Show that the Maclaurin polynomials for f(x) = In(1 + x) are 


2n+1 


2 3 x” 
NO Sa Se ep ee E 
2 3 n 


In Exercises 23—30, find Tn centered at x = a for all n. 


23. fa) =y a= 
24. f(x)=——, a=4 
25. f(x)=e", a= 

26. f(x)=e*, a=-2 


29. f(x) =cosx, a= 7 


30. f(0)=sin30, a=0 


In Exercises 31-34, find Tz and use a calculator to compute the error 
| f(x) — To(x)| for the given values of a and x. 


3 y=, we 0, x @=05 
It 

32. y= , a=0, x= — 
y=cosx, a x D 
33. y =x, a=1, x=12 
34, y = enr, a=s, zats 


35, (Gu) Compute 73 for f(x) = ./x centered at a = 1. Then use a plot 
of the error | f(x) — 73(x)| to find a value c > 1 such that the error on the 
interval [1, c] is at most 0.25. 


36. Plot f(x) = 1/(1 + x) together with the Taylor polynomials 
Tn ata = 1 for 1 < n < 40n the interval [—2, 8] (be sure to limit the upper 
plot range). 

(a) Over which interval does 74 appear to approximate f closely? 

(b) What happens for x < —1? 

(c) Use a computer algebra system to produce and plot 739 together with 
f on [—2, 8]. Over which interval does 739 appear to give a close approx- 
imation? 

37. Let T3 be the Maclaurin polynomial of f(x) = e*. Use the Error 
Bound to find the maximum possible value of | f(1.1) — 73(1.1)}. Show 
that we can take K = e!!. 


38. Let 7 be the Taylor polynomial of f(x) = ./x centered at a = 4. 
Apply the Error Bound to find the maximum possible value of the error 
| f (3.9) — To(3.9)|. 


In Exercises 39-42, compute the Taylor polynomial indicated and use the 
Error Bound to find the maximum possible size of the error. Verify your 
result with a calculator. 


ao. f(x) = cos x 
40. f) =x, a=1; FD — T4(1.2) 
41. f(x) =x, a=4, |f(4.3)- T3(4.3) 
42. f(x) =J1 +x, a=8; |/9.02 —73(8.02)| 


43. Calculate the Maclaurin polynomial 73 for f(x) = tan~! x. Compute 
T; (3) and use the Error Bound to find a bound for | tan~! 5 — 73(4)|. Re- 
fer to the graph in Figure 8 to find an acceptable value of K. Verify your 


result by computing | tan~! 4 — 73(4)| using a calculator. 


a=0; |cos0.25 — T5(0.25)| 


M4 


~—24x(x2 — 1) 


FIGURE 8 Graph of f(x) = 
(x2 + 1)4 


, where f(x) = tan7! x. 


44. Let f(x) = In(x? — x + 1). The third Taylor polynomial at a = 1 is 


73(x) = 2(x — 1) + @& -p - a(x a? 


~ 


Find the maximum possible value of | f(1.1) — 73(1.1)|, using the graph in 
Figure 9 to find an acceptable value of K. Verify your result by computing 
| f(1.1) — 73(1.1)| using a calculator. 


oo 16 LI 12 


FIGURE 9 Graph of fF, where f(x) = In(x> —x +1). 


45. (GU) Let 7 be the Taylor polynomial at a =0.5 for f(x) = 
cos(x2). Use the Error Bound to find the maximum possible value of 
| f(0.6) — T2(0.6)|. Plot f to find an acceptable value of K. 


46. (GU) Calculate the Maclaurin polynomial T> for f(x) = sech x and 


use the Error Bound to estimate the error | f (5) = T(5)|. Plot f” to find 
an acceptable value of K. 


In Exercises 47-50, use the Error Bound to find a value of n for which the 
given inequality is satisfied. Then verify your result using a calculator. 


47. |cos0.1 — 7,(0.1)} < 10-7, a=0 
48. |In 1.3 —7,(1.3)| < 1074, a=1 
49. |/1.3 — Ta(1.3)| < 1076, a=1 
50. Je~”! — 7,,(—0.1)| < 1076, a=0 


2 x3 


51. Let f(x) = e-* and 73(x) = 1 — x + = a 
(a) Use the Error Bound to show that for all x > 0, 


4 
f(x) — T3(x)| < z 


(b) (GU) Mustrate this inequality by plotting y = f(x) — T(x) and 
y =x*/24 together over [0, 1]. 


52. Use the Error Bound with n = 4 to show that 


: ( =) |x|? 
Sny — SF 
6 


< 10 (for all x) 
53. Let Tn be the Taylor polynomial for f(x) =Inx at a = 1, and let 
c > 1. Show that 


le = 17+ 
n+l 
Then find a value of n such that | In 1.5 — T,,(1.5)| < 1072. 


[Ine= Talo) = 


54. Letn > 1. Show that if |x| is small, then 


l-n 


2 
2n2 j 


mee” & 1+Ž +4 
Use this approximation with n = 6 to estimate 1.5!/°, 


55. Verify that the third Maclaurin polynomial for f(x) = e* sinx is 
equal to the product of the third Maclaurin polynomials of f(x) = e* 
and f(x) = sinx (after discarding terms of degree greater than 3 in the 
product). 
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56. Find the fourth Maclaurin polynomial for f(x) = sin x cos x by mul- 
tiplying the fourth Maclaurin polynomials for f(x) = sinx and f(x) = 
cos x. 


57. Find the Maclaurin polynomials T,, for f(x) = cos(x?). You may use 
the fact that Ta (x) is equal to the sum of the terms up to degree n obtained 
by substituting x? for x in the nth Maclaurin polynomial of cos x. 


58. Find the Maclaurin polynomials of 1/(1 + x?) by substituting —x? for 
x in the Maclaurin polynomials of 1/(1 — x). 


59, Let f(x) = 3x? + 2x? — x — 4. Calculate 7; for j = 1, 2, 3, 4, 5 at 
both a = 0 and a = 1. Show that T3(x) = f(x) in both cases. 


60. Let Tn be the nth Taylor polynomial at x =a for a polynomial 
f of degree n. Based on the result of Exercise 59, guess the value of 
| f(x) — Ta(x)|. Prove that your guess is correct using the Error Bound. 


61. Let s(t) be the distance of a truck to an intersection. At time t = 0, the 
truck is 60 m from the intersection, travels away from it with a velocity 
of 24 m/s, and begins to slow down with an acceleration of a = —3 m/s”. 
Determine the second Maclaurin polynomial of s, and use it to estimate the 
truck’s distance from the intersection after 4 s. 


62. A bank owns a portfolio of bonds whose value P(r) depends on the 
interest rate r (measured in percent; e.g., r = 5 means a 5% interest rate). 
The bank’s quantitative analyst determines that 


dP 2p 
P(5) = 100,000, = = —40,000, £ 


—= = 50,000 
r |p=s dr? |, 5 


In finance, this second derivative is called bond convexity. Find the sec- 
ond Taylor polynomial of P(r) centered at r = 5 and use it to estimate the 
value of the portfolio if the interest rate moves to r = 5.5%. 


63. A narrow, negatively charged ring of radius R exerts a force on a pos- 
itively charged particle P located at distance x above the center of the ring 
of magnitude 


kx 


F(x) z œ 5. R2)3/2 


where k > Q is a constant (Figure 10). 
(a) Compute the third-degree Maclaurin polynomial for F. 


(b) Show that F ~ —(k/ R>)x to second order. This shows that when x is 
small, F(x) behaves like a restoring force similar to the force exerted by a 
spring. 

(c) Show that F(x) ~ —k |x when x is large by showing that 


F(x) 


Jim Soa =! 


Thus, F(x) behaves like an inverse square law, and the charged ring looks 
like a point charge from far away. 


F(x) 


Nearly linear 


here | 
hA 


Nearly inverse square 
here 


FIGURE 10 
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64. A light wave of wavelength à travels from A to B by passing through 
an aperture (circular region) located in a plane that is perpendicular to AB 
(see Figure 11 for the notation). Let f(r) = da’ +h’; that is, f(r) is the 
distance AC + CB as a function of r. 

(a) Show that f(r) =Vd24r24J/h2+r7, and use the Maclaurin 
polynomial of order 2 to show that 


1 /f 1\ 5 
foxd+i+i (3+3) 


(b) The Fresnel zones, used to determine the optical disturbance at 
B, are the concentric bands bounded by the circles of radius R, such 
that f(R,) =d+ h+ nì/2. Show that R, can be approximated by 
R, © J/ni.L, where L = (d7! + hIy!. 

(c) Estimate the radii R; and Rjo9 for blue light (A = 475 x 10-7 cm) if 
d = h = 100 cm. 


FIGURE 11 The Fresnel zones are the regions between the circles of 
radius Rp. 


Further Insights and Challenges 

67. Show that the nth Maclaurin polynomial of f(x) = arcsinx for n 
odd is 

1-3-5---(m—2) x” 


2-4 -6---@r—1) A 


68. Let x > 0 and assume that f“+)(s) > 0 for 0 < t < x. Use Taylor’s 
Theorem to show that the nth Maclaurin polynomial Tp satisfies 


Tax) < f(x), forallx >0 


69. Use Exercise 68 to show that for x > 0 and all n, 


x? x 
e>l+xt+o—4+---+— 
2! n! 
Sketch the graphs of y = e*, y = Tı (x), and y = T(x) on the same coor- 
dinate axes. Does this inequality remain true for x < 0? 


n 


70. This exercise is intended to reinforce the proof of Taylor’ s Theorem. 


(a) Show that f(x) = Jo(x) +f f'(u)du. 
(b) Use Integration by Parts to prove the formula 


ji (x — u) fP (u) du = — f'(aXx — a) + f A f'(u)du 


(c) Prove the case n = 2 of Taylor’s Theorem: 


fœ) = Tix) +f (x — u)f”(u)du 


65. Referring to Figure 12, let a be the length of the chord AC of angle 6 
of the unit circle. Derive the following approximation for the excess of the 
arc over the chord: 
63 
0 —a 7x — 
“~ oe 
Hint: Show that 0 — a = 0 — 2sin(@/2) and use the third Maclaurin poly- 
nomial as an approximation. 


FIGURE 12 Unit circle. 


66. To estimate the length 0 of a circular arc of the unit circle, the 
seventeenth-century Dutch scientist Christian Huygens used the approx- 
imation 9 =% (8b — a)/3, where a is the length of the chord AC of angle 0 
and b is the length of the chord AB of angle 6/2 (Figure 12). 

(a) Prove that a = 2sin(@/2) and b = 2sin(@/4), and show that the 
Huygens’ approximation amounts to the approximation 

0 


0 x aa a 
3 4 3 2 


(b) Compute the fifth Maclaurin polynomial of the function on the right. 


(c) Use the Error Bound to show that the error in the Huygens’ approxi- ~~ 


mation is less than 0.00022|6|°. 


In Exercises 71-75, we estimate integrals using Taylor polynomials. Exer- 
cise 72 is used to estimate the error. 


71. Find the fourth Maclaurin polynomial T4 for f(x) = e7, and calcu- 
1/2 


1/2 
late J = l T4(x)dx as an estimate for [ ga dx. A CAS yields the 
0 


0 

value 7 % 0.461281. How large is the error in your approximation? Hint: 
T4 is obtained by substituting —x* in the second Maclaurin polynomial 
for e*. 


72. Approximating Integrals Let L > 0. Show that if two functions f 
and g satisfy | f(x) — g(x)| < L for all x € [a,b], then 


b b 
| toa- g(x)dx 
a a 


73. Let T4 be the fourth Maclaurin polynomial for f(x) = cos x. 
(a) Show that 


dx < L(b — a) 


o) l 
| cosx — T4(x)| < a forall xe fo, J 


Hint: T4(x) = Ts(x). 
1/2 1/2 
(b) Evaluate i T4(x)dx as an approximation to i 
0 0 
Exercise 72 to find a bound for the size of the error. 


cosxdx. Use ~ 


74. Let O(x) = 1 — x? /6. Use the Error Bound for f(x) = sinx to 
show that 
sin x 


a oc) 
X 


4 
— El 
= 5 


1 l 
Then calculate | Q(x) dx as an approximation to | (sinx/x)dx and 
0 0 
find a bound for the error. 
75. (a) Compute the sixth Maclaurin polynomial Te for f(x) = sin(x?) 
by substituting x? in P(x) = x — x?/6, the third Maclaurin polynomial 
for f(x) = sin x. 


10 
(b) Show that | sin(x”) — T6(x)| < K 


Hint: Substitute x? for x in the Error Bound for | sin x — P(x)|, noting that 
P is also the fourth Maclaurin polynomial for f(x) = sin x. 


1/2 
(c) Use Tę to approximate f sin(x?)dx and find a bound for the 
error. 0 


10.8 Taylor Series 
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76. Prove by induction that for all k, 


di (£ =) _ kk -1)---k&-jf+D@-ak7 
dxi k! i k! 


di € =a) 
dxi k! 


Use this to prove that T, agrees with f at x = a to order n. 


_ fl fok=j 
pom 0 frkÆj 


77. Let a be any number and let 

P(x) = a,x" + Gp_x™ +---+aj;x +a 
be a polynomial of degree n or less. 
(a) Show that if PY)(a) = 0 for j =0,1,...,n, then P(x) = 0, that is, 
a; = 0 for all j. Hint: Use induction, noting that if the statement is true for 
degree n — 1, then P’(x) = 0. 
(b) Prove that 7, is the only polynomial of degree n or less that agrees 
with f at x =a to order n. Hint: If Q is another such polynomial, apply 
(a) to P(x) = Tr(x) — Q(x). 


In this section, we extend the Taylor polynomial to the Taylor series of a given 
function f, obtained by including terms of all orders in the Taylor polynomial. 


DEFINITION Taylor Series If f is infinitely differentiable at x = c, then the Taylor 
series for f(x) centered at c is the power series 


Ww CO p(n) 
T(x) = f(c) + f(x — c) + f “a ~cP += D j ae — c)” 


qe REMINDER f is called infinitely 
differentiable if f™® exists for all n. 


PA, n! 


n=0 


While this definition enables us to construct a power series using information from 


series 


The ¢iranger Collection, NYC. All rights reserved, 


=i) 

English mathematician Brook Taylor 
(1685-1731) made important contributions 
to calculus and physics, as well as to the 


theory of linear perspective used in 
drawing. 


THEOREM 1 Taylor Series Expansion If f(x) is represented by a power series cen- 
tered at c in an interval |x — c| < R with R > 0, then that power series is the Taylor | 


the function f, we do not yet know whether this series defines a function that equals f. 
The next two theorems settle the matter. 


Proof Suppose that f(x) is represented by a power series centered at x = c on an inter- 
val (c — R,c + R) with R > 0: 


f)=)_anx — 0)" = ay + a(x —c) + a(x -c + --- 


According to Theorem 2 in Section 10.6, we can compute the derivatives of f by differ- 
entiating the series term by term: 


f(x) = a+ 
f'Gy=— a+ 20@@—-—c)+ 


a3(x —c)? +- 
Aag(x —c) +- 


az(x — c} + 
3a3(x —c)* + 


a(x — c) + 


f'(x) = 2az + 2- 3a3(x — c) + 3 + 4ag(x — c}? + 4- 5as(x — c} +--> 
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In general, 
f(x) = klag + (2 3k + DJa AH 


Setting x = c in each of these series, we find that 


f(d=ay, fA =a, fA =2a, ..., FOO = klag, 
LS ) 
It follows that a, = . Therefore, f(x) = T(x), where T(x) is the Taylor series of 
f(x) centered at x = k | a 


In the special case c = 0, T(x) is also called the Maclaurin series: 


f° 2 a f"0) 3, PO Pau 


x FOO) 
fe) = D2" = FO) + fOxt+ SH + et 


n=0 


EXAMPLE 1 Find the Taylor series for f(x) = x7? centered at c = 1. 


Solution It often helps to create a table, as in Table 1, to see the pattern. The derivatives 
of f(x) are f'(x) = —3x74, f(x) = (—3)(—4)x7>, and in general, 


FO) = (-1)"B)4)- + + 2)x 
Note that (3)(4)--- (n + 2) = 4(n + 2)!. Therefore, 


TABLE 1 


(n) a] 
ro | Se ae 
0 x? x73 1 


FOU) = a+) 


fd) Dia +2)! ,(n+2)(n + 1) 
= ———_4 = (-] § 

n! n! 2 

The Taylor series for f(x) = x7? centered at c = 1 is 


T(x) = 1 —3(x — 1) + 6(x — 1} — 10(x — 1)? + 


an = 


n+2Xn+1 
ae yee ~ 1)" 3 
n=0 
Theorem 1 tells us that if we want to represent a function f by a power series cen- 
tered at c, then the only candidate for the job is the Taylor series: 


ra) = Oaer 


n=0 
See Exercise 100 for an example where a However, there is no guarantee that T (x) converges to f(x), even if T(x) converges. To 
Taylor series T(x) converges but does not study convergence, we consider the kth partial sum, which is the Taylor polynomial of 
converge to f(x). degree k: 
1 (k) 
Tux) = f+ OE -09+ La- of +--+ LOG oh 


In Section 10.7, we defined the remainder 
R(x) = f(x) — T(x) 
Since T(x) is the limit of the partial sums T(x), we see that 


The Taylor series converges to f(x) if and only if lim R(x) = 
k= œ 


There is no general method for determining whether R(x) tends to zero, but the follow- 
ing theorem can be applied in some important cases. 


Noting that (n + 2)! = (n + 2)(n + I)n!, we write the coefficients of the Taylor series as ___ 


Taylor expansions were studied throughout 
the seventeenth and eighteenth centuries 
by Gregory, Leibniz, Newton, Maclaurin, 
Taylor, Euler, and others. These 
developments were anticipated by the great 
Hindu mathematician Madhava 

(c. 1340-1425), who discovered the 
expansions of sine and cosine two 
centuries earlier. 
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THEOREM 2 Let J = (c — R,c + R), where R > 0, and assume that f is infinitely 
differentiable on 7. Suppose there exists K > 0 such that all derivatives of f are 
| bounded by K on Z: 


IFP < K foral k>0 and xel 


Then f is represented by its Taylor series in Z: 


= ea) 
Ts S LO g — c)” forall xel 


n=0 


Proof According to the Error Bound for Taylor polynomials (Theorem 2 in Section 10.7), 


[ROD = f- Ta) < cea 
If x € I, then |x — c| < R and 
k+1 
[Re(@)| < Ew 


We showed in Example 10 of Section 10.1 that R% /k! tends to zero as k —> 00. Therefore, 
am R(x) = 0 for all x € (c — R, c + R), as required. w 
>00 


EXAMPLE 2 Expansions of Sine and Cosine Show that the following Maclaurin 
expansions are valid for all x: 


F 2n+1 
sinx = ) (—1)*————— = 
eT (2n + 1)! 


x 


Solution Recall that the derivatives of f(x) = sinx and their values at x = 0 form a 
repeating pattern of period 4: 


FOG) | 
Sing | 
EATE TENA 


In other words, the even derivatives are zero and the odd derivatives alternate in sign: 
f%*D(O) = (—1)”. Therefore, the nonzero Taylor coefficients for sin x are 


C 
(2n + 1)! 


For f(x) = cos x, the situation is reversed. The odd derivatives are zero and the even 
derivatives alternate in sign: f°”(0) = (—1)* cosO = (—1)". Therefore, the nonzero 
Taylor coefficients for cos x are az, = (—1)"/(2n)!. 

We can apply Theorem 2 with K = 1 and any value of R because both sine and 
cosine satisfy | f (x)| <1 for all x and n. The conclusion is that the Taylor se- 
ries converges to f(x) for |x| < R. Since R is arbitrary, the Taylor expansions hold 
for all x. a 


a2n+1 = 
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In Example 4, we can also write the 


Maclaurin Series as 


oO 
inte 


n=0 


n! 


EXAMPLE 3 Taylor Expansion of f(x) = e* atx =c Find the Taylor series T(x) of ___ 
fa) =r at= c. 


Solution We have f™ (c) = e° for all x. Thus, 

Oo e 

Ea mr = n 
T(x) = D T c) 

n=0 
Because f(x) = e” is increasing for all R > 0, |f Kx) < ect® for x e (c — R,c + R). 
Applying Theorem 2 with K = e°t*, we conclude that T(x) converges to f(x) for all 
x € (c — R,c + R). Since R is arbitrary, the Taylor expansion holds for all x. For c = 0, 
we obtain the standard Maclaurin series 


2 3 


H (earl T a 
pa 3! 


Shortcuts to Finding Taylor Series 


There are several methods for generating new Taylor series from known ones. First of all, 
we can differentiate and integrate Taylor series term by term within its interval of conver- 
gence, by Theorem 2 of Section 10.6. We can also multiply two Taylor series or substitute 
one Taylor series into another (we omit the proofs of these facts). 


EXAMPLE 4 Find the Maclaurin series for f(x) = x?e*. 


Solution Multiply the known Maclaurin series for e* by x?: 


2 3 4 5) 
ne a ae ee d 
aid (Cree tititi + ) 
4 5 6 7 00 n 
2 3 X x x X x 
— + a —— = — a et E a 
ewura ar a La-a . 
n= 


EXAMPLE 5 Substitution Find the Maclaurin series for f(x) = e% 
Solution Substitute —x? for x in the Maclaurin series for e*: 
6° 2\ 7% oQ n 2n 4 
wo (—x~) K (—1)"x = uae A b x 
m om eee in) ee a ee 
n= n= 


The Taylor expansion of e* is valid for all x, so this expansion is also valid for all x. m 


EXAMPLE 6 Integration Find the Maclaurin series for f(x) = In(1 + x). 


Solution We integrate the geometric series with common ratio —x (valid for |x| < 1): 


1 
SF = ee 
EF x+x x + 
dx x2 x3 x4 oO x” 
In(1 +x =| = Å — — —_— _— _ ——— O e= — nee. 
(1 +x) TF C u a A+% (1) , 


n=] 


The constant of integration A on the right is zero because In(1 + x) = 0 for x = 0, so 


In(1 -Poya 
n(l+x)= ) eoa 


n=] 
This expansion is valid for |x| < 1. It also holds for x = 1 (see Exercise 92). E 


In many cases, there is no convenient formula for the coefficients of a Taylor series 
for a given function, but we can still compute as many coefficients as desired, as the next 
example demonstrates. 
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EXAMPLE 7 Multiplying Taylor Series Write out the terms up to degree 5 in the 
Maclaurin series for f(x) = e” cos x. 


Solution We multiply the fifth-order Maclaurin polynomials of e* and cos x together, 
dropping the terms of degree greater than 5: 


Uy ey oy eens 
A. — — —_— s — 
2 6 24 120 2 24 
Distributing the term on the left (and ignoring products that result in terms of degree 
greater than 5), we obtain 


x2 x3 x4 x5 x2 x3 x? x4 
1 ~+- + +]! ~+—}(— 1 — 
(4st 54545 +5) (++i E)E) + () 


ee. ae E 


=l4+xs—~—-—>- — 

m-n g 
We conclude that the Maclaurin series for f(x) = e* cos x (with the terms up to degree 5) 
appears as 


x xt p 


REPS ta r a 


In the next example, we express a definite integral of sin(x?) as an infinite series. 
This is useful because the definite integral cannot be evaluated directly by finding an 
antiderivative of sin(x?). 


1 
EXAMPLE 8 Les = f sin(x?) dx. 
0 


(a) Express J as an infinite series. 
(b) Determine J to within an error less than 1074. 


Solution 


(a) The Maclaurin expansion for f(x) = sin x is valid for all x, so we have 


, A y 2 (-1)" ano 
sin x DA = sin(x bE i 


We obtain an infinite series for J by integration: 


I= f inday GO S taS E l) 
Jo ~ aD! Jo L n+! \4n43 


1 1 1 1 
TAE "Te RoreN 2 
3 42 hi 1320 75,600 re 


(b) The infinite series for J is an alternating series with decreasing terms, so the sum of 
the first N terms is accurate to within an error that is less than the (N + 1)st term. The 
absolute value of the fourth term 1/75,600 is smaller than 1074, so we obtain the desired 
accuracy using the first three terms of the series for J: 


l l 1 
J x- -—- — + +0. 
3 42 K 1320 Gin 


The error satisfies 


en PRN TEET 
3 42 1320)|~ 7560 ~~ 
The percentage error is less than 0.005% with just three terms. P 


The next example demonstrates how power series can be used to assist in the evalu- 
ation of limits. 
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x— sinx 


EXAMPLE 9 Determine lim —;—— Rk 


x0 x? cosx ` 
, 0 —y 
Solution This limit is of indeterminate form 0” so we could use L’H6pital’s Rule 


repeatedly. However, instead, we will work with the Maclaurin series. We have 
xe w 
a SP 


oe . x 


te East ep 


sinx =x — 


Hence, the limit becomes 


. x? x 
Fee ee Sy ey Dd 


per x3cosx  x>0 cbs Pe: ) 
2 g 


Binomial Series 


Isaac Newton discovered an important generalization of the Binomial Theorem around 
1665. For any number a (integer or not) and integer n > 0, we define the binomial 


coefficient: 
a ala — IXa —2)---(a—n+1) a 
oo ad ct A Ee =1 
n n! 0 
For example, 
4 1 2 
G) -4H =x $) Te es 
3 3-2-1 ? 3 3-2.1 81 
Let 


f@) =(14+ x)?” 
The Binomial Theorem of algebra (see Appendix C) states that for any whole number a, 


(rts) =r" + ki ha È a COE (, a irs +s’ 


Setting r = 1 and s = x, we obtain the expansion of f(x): 


(+x =1+ (1): + (3) bet (, j et +x’ 


We derive Newton’s generalization by computing the Maclaurin series of f(x) without 
assuming that a is a whole number. Observe that the derivatives follow a pattern: 


f@) = (1+ x)’ f(0)=1 
f'(x) =al + x)! f'(0) =a 
f"@) = ala — 1) + x)? f"(0) = a(a — 1) 


f” (x) = ala — 1a — 21 + x)? f°"(0) = a(a — 1)(a ~ 2) 


z a a\. 
When a is a positive whole number, ( ) is 
n 


zero forn > a, and in this case, the 
binomial series breaks off at degreen. The 
binomial series is an infinite series when a 
is not a positive whole number. 
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In general, f(0) = a(a — 1)(a — 2)---(a — n + 1) and 
fOO “ae Na 2) += 1) _ £ 


n! n! n 


Hence, the Maclaurin series for f(x) = (1 + x)? is the binomial series 


te ee y (Ory 
j 2! 3! 


n=O 
The Ratio Test shows that this series has radius of convergence R = 1 (Exercise 94), and 
an additional argument (developed in Exercise 95) shows that it converges to (1 + x)? 
for |x| < 1. 


THEOREM 3 The Binomial Series For any exponent a and for |x| < 1, 


a a(a —1 a-—1 2 
(taf =1t ox 4 SOO Oe, a + (Sete 


EXAMPLE 10 Find the terms through degree 4 in the Maclaurin expansion of 
f@)=(+2)" 


4 
Solution The binomial coefficients (*) fora = 3 for0 <n < 4are 
n 


4 4/1 4/1 2 4 2 5 
Wiet Tye lst. WER- 
7 u 3’ I 9’ 3! 81’ 4! 243 
Therefore, (1 +x) 1+ 4 zX + ix? — ex + 535x4 +. is 
EXAMPLE 11 Find the Maclaurin series for 
1 
fo) = Ss 
v1 — x? 
Solution First, let’s find the coefficients in the binomial series for (1 + x)~!/2: 
I I 3 I 3 5 

n eee. aaa | 6 See) eS 

i 1! rA 1-2 2-4’ 1-2-3 2-4.6 
The general pattern is 

l 3 5 2n—1 
—3 _ ls) A=") = o o a 
n 1-2-3---n 2-4-6-2n 
Thus, the following binomial expansion is valid for |x| < 1: 
1 1-3-5---(Q2n—1) 1 1-3, 
-E 1 ae ls SORR... 
tis te y 4.6.7) x 3 * t7. x 


n=] 


If |x| < 1, then |x|? < 1, and we can substitute —x? for x to obtain 


1-3-5 l 1 1-3 | 

AE PE a a et ate 

2 

Taylor series are particularly useful for studying the so-called special functions (such 

as Bessel and hypergeometric functions) that appear in a wide range of physics and en- 

gineering applications. One example is the following elliptic integral of the first kind, 
defined for |k| < 1: 

w/2 d t 


E(k) = SSS 
©) 0 JV1l—k2sin*t 
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“A 


FIGURE 1 Pendulum released at an angle @. 


Period T 
8 
6 Small-angle 
approximation 
4 
2 
Angle 0 
T 


a 
2 


FIGURE 2 The period T of a 1-m pendulum 
as a function of the angle 8 at which it is 
released. 


For comparison, the value given by a 
computer algebra system to seven places is 
E(3) = 1.6856325. 


The Granger Collection, NYC. All rights reserved. 


Leonhard Euler (1707—1783). Euler 
(pronounced “oi-ler’”’) ranks among the 
greatest mathematicians of all time. His 
work (printed in more than 70 volumes) 
contains fundamental contributions to 
almost every aspect of the mathematics 
and physics of his time. The French 
mathematician Pierre Simon de Laplace 
once declared: “Read Euler, he is our 


master in everything.” 


This function is used in physics to compute the period T of pendulum of length L (meters) 
released from an angle 0 (Figure 1). When @ is small, we can use the small- eye ap- ~ 
proximation T ~ 2n./L/g where g is the acceleration due to gravity, 9.8 m/s*. This 
approximation breaks down for Pier angles (Figure 2). The exact value of the period is 
T = 44/L/g E(k), where k = sin 5 40. 


EXAMPLE 12 Elliptic Function Find the Maclaurin series for E(k) and estimate 


E(k) for k = sin . 
Solution Substitute x = k sint in the Taylor expansion (3): 


1 - -3-5 
a A sin eS cine + eS int 


This expansion is valid because |k| < 1 and hence, |x| = |ksint| < 1. Thus, E(k) is 


equal to 
x/2 x /2 co 2ņn—1 
Í = [Tu oe rat) 
a 2-4-(2n) 4 
x/2 1 -3.--Qnr—1)\@ 
> 2n 
r SS 
[ = ( 2-4.(2n) )5 


According to Exercise 76 in Section a 
This yields 
CO 2 
x" x 1-3---(2n-1)\" .5, 
kj=—+— c] k 
Ea > +5 > ( ) 
1 


= \ 2-4- (2n) 


We approximate E(k) for k = sin(Z) = 5 using the first five terms: 
DUR. HAE anar 
E(-\~= {1 = oy 
(3) = +( (3) 4b) (3) 
1e =e pA SA Sore Te 
2.4.6) \2 2.4.6-8) \2 


~ 1.68517 B 


Euler’s Formula 


Euler’s formula expresses a surprising relationship between the exponential function, 
f(x) =e”, and the basic trigonometric functions, g(x) = sinx and h(x) = cos x. This 
formula holds for all complex numbers. The complex numbers are numbers in the form 
a + bi, where a and b are real numbers and i is defined to be the square root of —1, that 
is, i = —1. We can add and multiply complex numbers: 


(a+ bi)+ (c +di) = (a+c)+(b+d)i 


(a + bi)(c + di) = ac + adi + bci + bdi? = (ac — bd) + (ad + boi 


As a result, we can compute polynomial functions of a complex variable z = a + bi: 
f(z) = ao + aiz + azz? + - 

We can measure the distance d between complex numbers: 
d(a + bi,c + di) = Vc — a)? +(d — by 


With such a measure of distance, we can address the convergence of a sequence or a series 
of complex numbers to a limit that is a complex number, just as we do with real numbers. 

In particular, the power series associated with e*, sin x, and cos x can each be shown 
to converge for all complex numbers (the proofs are essentially the same as the proofs 


-- + anz" 


\ | /n the field of complex variables, the 
letter z, rather than x, is often used as a 
general variable. 
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for the real-number case). In the field of complex variables, these series are often used to 
define the corresponding functions for all complex numbers z: 


2 3 z 2 z? zí 


qe ME E A TE ee a. ee TE 
a ek Sap ar , sinz=Z a1 TiL , psz = 1 aaa 


We can combine these series to obtain Euler’s Formula: 


THEOREM 4 Euler’s Formula For all complex numbers z, 


e* =cosz+isinz 


Proof The key to the proof lies in the pattern of the powers of i. First, note that 


P=1, tai, @=-1, P=i?i=(-1i =-i 


Furthermore, i4 = i?i? = (—1)(-1) = landi? = ifi = (l)i = i, and the cycle of values 
1,72, —1, —i is now repeating. Therefore, starting with n = 0, the values of i” repeatedly 
cycle through 1,i, —1, —i. We have 


G , da? , Gat, Ga 


+.. 


ives : 
e Se + 31 Al 51 


2 4.4 3 
A eae 
a1-S4 Gt ti(e-F+ E+} 


= cosz +i sinz Ei 


Euler’s Formula is particularly useful in electrical engineering. Periodic signals are 


WE 
often expressed in terms of sine and cosine functions. Mathematical operations and com- 
putations involving combinations of signals are often more conveniently approached with 
the signals expressed in terms of complex exponential functions such as f(z) = e. 

If we substitute z = x into Euler’s Formula, we obtain 
e = cosa +isinn = —1+i(0) = -1 
Rearranging, this relation is expressed as 
This equation is known as Euler’s Identity and is particularly pleasing because it relates 
five of the more important numbers used in mathematics and its applications. 
In Table 2, we provide a list of useful Maclaurin series and the values of x for which 
they converge. 
TABLE 2 
f(x) Maclaurin series Converges to f(x) for 
S an 2 3 4 
x x x x 
e” E AA Seo T L ai All x 
n=0 
o0 2n+1 3 5 7 
(-1)"x si x x x 
sin x Paes A ae a All x 
oo 2n 2- a 6 
—]¥x x 
COS X Ge = oe eo oe Ali x 
r (2n)! 2! AM 6 
= m : 
ji Pat lHa ta? gr Hatt |x| < 
[=x 


n=0 l 
Oooo D, O mamm 
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TABLE 2 (continued) 


fœ) Maclaurin series Converges to f(x) for 
1 00 
a > S Sl a a a |x] <1 
I+x = 
co —l n 2 3 a. 
(—1)—*x x x n: aei 
A = x —- — + E --- and x = 1 
In(1 + x) » = Mic + a + |x| 
n= 
ond 2n+1 3 5 (| 
—1)"x x x ae 
-1 rA ge E eee [x| <1 
a D T a i E 
n=0 
CO : 
a) a. aa—1) 5 aa—la—-2) 3 
(1 + x)? (i) =e SE Sa ee keep ~" +- |x} <1 
n= 


10.8 SUMMARY 


-+ Taylor series of f(x) centered at x = c: 


© e(n) 
T(x) = > f 9 (x —cy" 
n=0 i 


The partial sum T(x) is the kth Taylor polynomial. 
¢ Maclaurin series (c = 0): 


eo FM (0 
T(x) = > re." 


n=0 


OO 
°- If f(x) is represented by a power series pe? (x — c)” for |x — c| < R with R > 0, 


n=0 
then this power series is necessarily the Taylor series centered at x = c. 


* A function f is represented by its Taylor series T(x) if and only if the remainder 
R(x) = f(x) — T(x) tends to zero as k > oo. 

e Let I = (c — R,c + R) with R > 0. Suppose that there exists K > 0 such that 
|f(x)| < K for all x € I and all k. Then f is represented by its Taylor series on Z; 
that is, f(x) = T(x) for x € I. 

°- A good way to find the Taylor series of a function is to start with known Taylor series 
and apply one of the following operations: differentiation, integration, multiplication, 
or substitution. 

* For any exponent a, the binomial expansion is valid for |x| < 1: 


=i = | 
(bas tt ar + SEO 4 CO tt (Set te 


10.8 EXERCISES 


Preliminary Questions 
1. Determine f(0) and f’’(0) for a function f with Maclaurin series 3. What is the easiest way to find the Maclaurin series for the function 
= sj 2)9 
Te) 3 4+ 2x + 12x? ES +--- F(x) = sin(x*)? 


. 4 , i i 4. Find the Taylor series for f centered at c = 3 if f(3) = 4 and f'(x) 
2. Determine f(—2) and f®(—2) for a function with Taylor series has a Taylor expansion 


T(x) = 3 +2) +(x +2)? -Aa +2 2D +--- fa=)o =-2 


n=] 


5. Let T(x) be the Maclaurin series of f(x). Which of the following 
guarantees that f(2) = T(2)? 
(a) T(x) converges for x = 2. 


Exercises 


1. Write out the first four terms of the Maclaurin series of f(x) if 


{O=2, fO=3, f*O=4, f"O=12 


2. Write out the first four terms of the Taylor series of f(x) centered at 
c = 3if 


fB=1, fF B=2, f'B)=12, f"B)=3 


In Exercises 3—18, find the Maclaurin series and find the interval on which 
the expansion is valid. 


3 = : 4 )= es 

4 TD = eas . guga a 
5. f(x) = cos3x 6. f(x) = sin(2x) 
7. f(x) = sin(x?) 8. f(x) =e” 
9. f(x) =In(l — x?) 10. fœ) = (O — x)! 
11. f(x) = tan”! (x?) 12. f(x) = xe 
13. f(x) =e? 14. f(x) = a 
15. f(x) =In(1 — 5x) 16. f(x) = (x? + 2x)e* 
17. f(x) = sinhx 18. f(x) = coshx 


In Exercises 19-30, find the terms through degree 4 of the Maclaurin se- 
ries of f(x). Use multiplication and substitution as necessary. 


19. f(x) =e" sinx 20. f(x) =e In(1 — x) 


21. f(x) = “ae 22. f@) = yas 

23. f(x)=(1 +x)" 24. f(x) = (1 +x)? 

25. f(x) =e* tan"! x 26. f(x) = sin (x? — x) 
27. f(x) =e 28. f(x) = ee 

29. f(x) =cosh(x?) 30. f(x) = sinh(x) cosh(x) 


In Exercises 31—40, find the Taylor series centered at c and the interval on 
which the expansion is valid. 


1 
31. f(x) = =, c= 1 32. f(x) =e*, c= 


T 
33. fx) = emi om 5 34. f(x) =sinx, o= 


35. f(x) = x44 3x —-1, c2 
36. f(x) =x44+3x-1, c=0 


37. f= =, casd 38. =S, c=4 


1 
40. fe) = > c=—l 


39 sqrt de c=3 35 = 2” 
' Ta x 


41. Use the identity cos? x = 


1a 4. cos 2x) to find the Maclaurin series 
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(b) The remainder R;(2) approaches a limit as k —> co. 
(c) The remainder R;(2) approaches zero as k —> oo. 


42. Show that for |x] < 1, 


3 > 


x x 
weber pe Se ee 
+ 3 -- 5 = 
. d Èa 1 
Hint: Recall that — tanh” * x = : 
dx 1 — x2 


43. Use the Maclaurin series for In(1 + x) and In(1 — x) to show that 
1 1+x xe x? 
in ze E aps ag 
5 (; +z) DF 3 T 


for |x| < 1. What can you conclude by comparing this result with that of 
Exercise 42? 


44, Differentiate the Maclaurin series for twice to find the Maclau- 


rin series of : 

(=x) i 
45. Show, by integrating the Maclaurin series for f(x) = ————, that 
for |x| < 1, WA — He 


CO 
E 1-3-5---(2n—1) xH 
i 
S x= —— 
a “es 2-4-6---(2n) mti 
46. Use the first five terms of the Maclaurin series in Exercise 45 to ap- 
proximate sin”! T Compare the result with the calculator value. 


47. How many terms of the Maclaurin series of f(x) = ln(1 + x) are 
needed to compute In 1.2 to within an error of at most 0.0001? Make the 
computation and compare the result with the calculator value. 


48. Show that 
m? y 
"Ira 7 
converges to zero. How many terms must be computed to get within 0.01 
of zero? 


+- 


49. Use the Maclaurin expansion for e~” to express the function 
x 

F(x) = f e`% dt as an alternating power series in x (Figure 3). 
0 


(a) How many terms of the Maclaurin series are needed to approximate 
the integral for x = 1 to within an error of at most 0.001? 


(b) Carry out the computation and check your answer using a 
computer algebra system. 


y 


age) 
FIGURE 3 The Maclaurin polynomial 715(x) for F(x) = J e" i. 


* sint dt 


50. Let F(x) = f . Show that 
0 


x x x di 
Meen S T 


Evaluate F (1) to three decimal places. 
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In Exercises 51-54, express the definite integral as an infinite series and 
find its value to within an error of at most 1074, 


1 ] 
51. f cos(x?) dx 52. [ tan`! (x?) dx 
0 


1 dx 
o v¥x4+1 


In Exercises 55—58, express the integral as an infinite series. 


1s 
53. i e * dx 54. 
0 


x j * ¢—sint 
35, f n a es ih 56. J dt, forallx 
0 t 0 t 
i 2 8 "E for |x| < 1 
57. ln(1 +¢°^)dt, forjx]< 1 58. f , for|x|< 
í, ( l xl o ayie 
œ 


59. Which function has Maclaurin series EI —1)"2"x"? 


n=0 
60. Which function has the following Maclaurin series? 
oo k 
1) k 
>= 3k+l (« — 3) 
k=0 
For which values of x is the expansion valid? 


61. Using Maclaurin series, determine to exactly what value the following 
series converges: 


a (2n)! 
62. Using Maclaurin series, determine to exactly what value the following 
series converges: 
Sns 
S 


n=0 


In Exercises 61—64, use Theorem 2 to prove that the f(x) is represented 
by its Maclaurin series for all x. 
63. f(x) = sin(x/2) + cos(x/3) 64. f~%) =e * 

65. f(x) =sinhx 66. f(x) =(1+ x)! 


In Exercises 67-70, find the functions with the following Maclaurin series 
(refer to Table 2 prior to the section summary). 


6 9 12 
Dai aarti cs ie i 
67. 1+x tay tat rT F 
68. 1 — 4x + 48x? — 48x? + 44x74 — 45x54... 
ay3 leas a] 
a pee Gee 
3! 5! 7! 
mo e 
70, x* — — H — —}... 
x 3 =F 5 7 = 
In Exercises 71 and 72, let 
1 
x) = — 
sa (1 — x)(1 — 2x) 
71. Find the Maclaurin series of f(x) using the identity 
2 1 
IONS te pee 


72. Find the Taylor series for f(x) at c = 2. Hint: Rewrite the identity of 
Exercise 71 as 
r 1 


IO 5 3G By Ee 


73. When a voltage V is applied to a series circuit consisting of a resistor 
R and an inductor L, the current at time ¢ is 


I(t) = ($) (1 e grrr) 


Vt 
Expand Z(t) in a Maclaurin series. Show that Z(t) ~ T for small t. 


74. Use the result of Exercise 73 and your knowledge of alternating series 
to show that 


— for all ¢ 
F ( ) 
75. Find the Maclaurin series for f(x) = cos(x?) and use it to determine 


FOO). 


76. Find f(0) and f®(0) for f(x) = tan! x using the Maclaurin 
series. 


77. | A Use substitution to find the first three terms of the Maclau- 


rin series for f(x) = e*”. How does the result show that f (0) = 0 for 
l <k < 19? 


78. Use the binomial series to find f (0) for f(x) = V1 — x2. 


79. Does the Maclaurin series for f(x) = (i + x)°/* converge to f(x) at 
x = 2? Give numerical evidence to support your answer. 


80. l Á | Explain the steps required to verify that the Maclaurin series for 
f(x) = e* converges to f(x) for all x. 


81. (GU) Let f(x) = VI +x. 


(a) Use a graphing calculator to compare the graph of f with the graphs 
of the first five Taylor polynomials for f. What do they suggest about the 
interval of convergence of the Taylor series? 

(b) Investigate numerically whether or not the Taylor expansion for f is 
valid for x = 1 and x = —1. 


82. Use the first five terms of the Maclaurin series for the elliptic inte- 
gral E(k) to estimate the period T of a 1-m pendulum released at an angle 
6 = 7 (see Example 12). 


83. Use Example 12 and the approximation sin x æ% x to show that the pe- 
riod T of a pendulum released at an angle @ has the following second-order 
approximation: 


In Exercises 84-87, the limits can be done using multiple L’H6pital’s Rule 
steps. Power series provide an alternative approach. In each case substi- 
tute in the Maclaurin series for the trig function or the inverse trig function 
involved, simplify, and compute the limit. 


cosx —1+% sinx —x + = 
84. lim ———_—_+ 85. lim — > 
x0 x x0 x5 
—İ 1.3 : 2 
_ tan7! x —xcosx — 2x sin(x cos x 
86. lim ———— ie mf Pe? te 
x—0 x5 x—0 x4 x? 


88. Use Euler’s Formula to express each of the following in a + bi form. 
(a) efi (b) 4e7i (c) ief' 

89. Use Euler’s Formula to express each of the following in a + bi form. 
(a) —e 7i b) 62! (c) 3ie Fi 

In Exercises 90-91, use Euler’s Formula to prove that the identity holds. 


Note the similarity between these relationships and the definitions of the 
hyperbolic sine and cosine functions. 


90. cosz = ———— 91. sinz = ———_ 
2 2i 


a 


in, Se 
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- Further Insights and Challenges 


92. In this exercise, we show that the Maclaurin expansion of f(x) = 
In(1 + x) is valid for x = 1. 
(a) Show that for all x # —1, 


1 N 
ta" See eas 


n=0 


(—1)N4+1,N+1 
14+x 


(b) Integrate from 0 to 1 to obtain 
1 xX +1 dx 


nana > G1 yt f 
= n p +z 


(c) Verify that the integral on the right tends to zero as N —> co by show- 
1 


ing that it is smaller than f xNt+ldy. 


(d) Prove the formula 


i, al 
hn2=1-5+3 4 
t 
E ee ee 
ee ae Trd 


1 
1 
(a) Show that | soe = =. we 
0 4 2 
(b) Show that g(t) =1—1—-72 +P H-t.. 
(c) Evaluate S=1—-4-—44+44+i-¢-54+-: 


In Exercises 94 and 95, we investigate the convergence of the binomial 


series 
S fa 
7%) = > (e 


n=0 
94. Prove that T,(x) has radius of convergence R = 1 if a is not a whole 
number. What is the radius of convergence if a is a whole number? 
95. By Exercise 94, T,(x) converges for |x| < 1, but we do not yet know 
whether Ta (x) = (1 + x)?. 
(a) Verify the identity 


eae) +4902) 


(b) Use (a) to show that y = 7,(x) satisfies the differential equation 
(1+ x)y’ = ay with initial condition y(0) = 1. 
(c) Prove Ta(x) = (1 + x)® for |x] < 1 by showing that the derivative of 
Ta(x) 
(1 + xj 


the ratio 1S Zero. 


x /2 
96. The function G(k) = f v1 — k? sin? t dt is called an elliptic in- 
0 


tegral of the second kind. Prove that for |k| < 1, 
oO 2 2n 
7+ 1-3---Qu-1 k 
G&h=—-=> } 2 a 
2 2 = 2---4-(2n) 2n— 1 


n 


97. Assume thata < b and let L be the arc length (circumference) of the 


ellipse By + (2) = 1 shown in Figure 4. There is no explicit formula 
for L, but it is known that L = 4bG(k), with G(k) as in Exercise 96 and 
k = ./1 — a? /b?. Use the first three terms of the expansion of Exercise 96 
to estimate L when a = 4 and b = 5. 


x\2  y\? 
FIGURE 4 The ellipse (=) sf A =l. 
a 


98. Use Exercise 96 to prove that if a < b and a/b is near 1 (a nearly 
circular ellipse), then 


2 


Ls = (36+ =) 


Hint: Use the first two terms of the series for G(k). 


99. Irrationality ofe Prove that e is an irrational number using the fol- 
lowing argument by contradiction. Suppose that e = M/N, where M,N 
are nonzero integers. 


(a) Show that M! e—! is a whole number. 


(b) Use the power series for f(x) = e* at x = —1 to show that there is an 
integer B such that M! e—! equals 


se a =) 
ia es MDMA 


(c) Use your knowledge of alternating series with decreasing terms to 
conclude that 0 < |M! e7! — B| < 1 and observe that this contradicts (a). 
Hence, e is not equal to M/N. 


100. Use the result of Exercise 75 in Section 4.5 to show that the Maclaurin 
series of the function 
ex? for x £0 


fo) = i for x = 0 


is T(x) = 0. This provides an example of a function f whose Maclaurin 


series converges but does not converge to f(x) (except at x = 0). 


CHAPTER REVIEW EXERCISES 


fi — 
1. Letan = and by, = an+3. Calculate the first three terms in 
each sequence. 
(a) af (b) br 
(c) anbn (d) 2a,41 — 3an 


2. Prove that „im Z= 


n 
m a t e it =. o i 
SmE 3 using the limit definition 


In Exercises 3—8, compute the limit (or state that it does not exist) 
assuming that lim ay, = 2. 
n—> 00 


1 

3. lim (5an — 2a?) 4. lim, — 
n—> 00 n> An 

5. lim e@ 6. lim cos(zap) 
n> 0 n—> CO 

7, lim (—1)"ap te See 
n— OO NOS ayn + n* 
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In Exercises 9-22, determine the limit of the sequence or show that the 
sequence diverges. 


3n? —n 
Qn =Vn+5-—Vn+2 Wie, = —— 8 

10” 
irasa Da a 

n! 

1 +(-1)” 
13. bm = 1 + (—1)” 14; bpm = - ) 

- zij n+2 _ J00 atg’ 

15. b, = tan (=) 16. an = Eg zn 


17. bn = Vn? +n— vn? +1 
18. cn = Vn? +n — vn? -n 


3 n 
n 


In(n2 + 1) 
21. b, = n(1 l)— 1 22. c, = — 
n n( n(n + 1) nn) Ch Wee eT 
: arctan(n~) 
23. Use the Squeeze Theorem to show that lim ——-——— = 0. 
n—>0o aint 


24. Give an example of a divergent sequence {an} such that {sin an} 
is convergent. 


1 1 
25. Calculate lim DEL. where an = —3" — —2". 
n> An D 


3 
26. Define an+1 = yan + 6 with a] = 2. 
(a) Compute a, for n = 2,3, 4,5. 


(b 


N” 


Show that {an} is increasing and is bounded by 3. 


(c) Prove that lim a, exists and find its value. 
n—> © 


—2 
27. Calculate the partial sums S4 and S7 of the series 
P 4 7 ve x: F3 P 
28. Find the sum 1 - + : + 
i 4 4 43 


to g w 3 
29. Tad the Sinn pe hoe 4 
a ae a eee a ope 


30. Use series to determine a reduced fraction that has decimal expan- 
sion 0.121212.. 


31. Use series to determine a reduced fraction that has decimal expan- 
sion 0.108108108 - -- 


n 
32. Find the sum a (=). 


A=2 


0° se 
33. Find the sum 2s. 73 


n=—] 


34. Show that S (b — tan`! n?) diverges if b +5 — 


n=[Í 


OO CO 
35. Give an example of divergent series kis Gn and 2 b, such that ~~ 
CO 
S (an + bn) = 1. 


n=l 


n=1 n=] 


oO 
1 1 
dé; lets => -— Fi te Sy for N = 1,2,3,4. Find 
6 xe =) ompute Sy for n 


n= 
S by showing that 


l 


37. Evaluate S$ = A 4 n(n + 3) 
nn 


38. Find the total area of the infinitely many circles on the interval 
[0, 1] in Figure 1. 


FIGURE 1 


In Exercises 39-42, use the Integral Test to determine whether the in- 
finite series converges. 


S n? te n2 
39. —— 
rs 2 Ge pH 
= 1 X n? 
41. c 42. e 
2 (n + 2)(in(n + 2))3 2 T 


In Exercises 43—30, use the Direct Comparison or Limit Comparison 
Test to determine whether the infinite series converges. 


(0.0) 1 00O 1 
43. —_——, 44. E 
£ (n + 1)2 2i J/ntn 


co 2 oo 
n° +1 ] 
45. — x 
n?5—2 7 Za n—Inn 
n=2 n=] 
ore) 00 
n ] 
47. — 48. T= 
49 i eet 50 O n20 421” 
i n=1 nil +11" i = n?! +20” 


= 2 tn 
51. Determine the convergence of Ba, an 


using the Limit Com- 


n=l á 
; i 2A 
parison Test with b, = (5) . 
52. Determine the convergence of <3 zz using the Limit Compar- 
ison Test with by = —~ = 


1.4” 


CO 
| l : n 
\— 53, Let an = 1 — y1 — }. Show that lim an =0 and that È an 


n=l 


1 
diverges. Hint: Show that an > an 
n 


OO 

1 

54. Determine whether De (: —,/l— =) converges. 
n=? á 


55. Consider — 
£ (n -- 4 1)2 
(a) Show ee > series converges. 


(b) Use the inequality in (4) from Exercise 83 of Section 10.3 
with M = 99 to approximate the sum of the series. What is the maxi- 
mum size of the error? 


In Exercises 56-59, determine whether the series converges abso- 
lutely. If it does not, determine whether it converges conditionally. 


57. D at 
nl-lin(n+1) 


m s cos ($ + xn) a > cos (F + 27n) 
l n=l vn n=l vn 


60. Use a computer algebra system to approximate 


a (-1)" 
D ———— to within an error of at most 107. 


3 
n=l EE Jn 
1 
61. Catalan’s constant is defined by K = 2 — 
4 (2k + 


(a) How many terms of the series are Ei to calculate K with an 
error of less than 1076? 
(b) Carry out the calculation. 

(9 @) 


ne Give an ezamp of conditionally convergent series Pi An and 
n=! 


3 bn such that $n + bn) converges absolutely. 
nal n=] 

o0 
63. Let 2 an be an absolutely convergent series. Determine whether 


n=] 
the following series are convergent or divergent: 


Le @) 1 CO 
@a) >> (an + =) (b) X (1an 
n=! 


n=] 

oe) 1 oe) lan | 

(€) @) >) — 
Rind i 
64. Let {an} be a positive sequence such that pum. Yan =x. 5- Deter- 
mine oe the following series converge or ier: 
(o) 

(a) 2 2an (b) b> 3" ap O > Jan 


n=1 


In Exercises 65-72, apply the Ratio Test to determine convergence or 
divergence, or state that the Ratio Test is inconclusive. 


Ja ay E 
wi i nS 
n= 


65. 
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ee) 1 co nt 
67. Lee 68. È 
a © ine 
69. 2 = 70. ae z 
n= n= 
nme AH 4 
71. Z (3) -= 72 XG) = 


In Exercises 73-76, apply the Root Test to determine convergence or 
divergence, or state that the Root Test is inconclusive. 


oO 2 n 
A 74. a (=) 
n=l 
Zay = 1 
75. y (=) 76. 3 (cos 3 
n=1 n=l 


In Exercises 77—100, determine convergence or divergence using any 
method covered in the text. 


n? 


n=l n=l 
oe) 
79. 2 e—0.02n 80. 3 ne~0.02n 
n=l n=l 
(ore) na oO 
1)" 1 1 
81. — 82. 
2, Vn+vn+1 2 n(inn)?/2 
ore) ore) 
(—1)" n! 
83. 4, 
De Inn " 2 (2n)! 
n=2 n=l 
00 oO 3 32 A 
85. j n 86. y n 2n +n 4 
= 1+ 100n an 2n4 + 3n3 — 4n2 —1 
ore) oO 
cosn n 
87. 88. — 
CO n 00 n 
n e 
89. — f E 
È (z F 5) ms n! 
n=l n=l 
oo oO 
1 l 
91. — 92. --—=-— 
2 nJ/n+Inn 2 Anl + vn) 
m s Md 1 = 
TI V =>) 94. X` (Inn — In + 1)) 
n=ůÍ n=1 
CO oe) 
1 cos(zn) 
95. 
n+ Jn 96. pa n2/3 
n=1 n= 
97 x 98 > 
j m i =e 
n=2 ie ane In n 


o0 aX 
99, Š sin H 
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In Exercises 101—106, find the interval of convergence of the power 
series. 


CO CO 
Dn xn x” 
wr. 5 102. 9- 
n=0 n=0 
n® = 


oO 
103. — 3)" 
pe ie ) 


ore) ore) 
(2x — 3)" 

i r 106. — 
105 ara > ari 
n= = 


Š 
107. Expand f(x) = 7 


termine the values of x for which the series converges. 


as a power series centered at c = 0. De- 


108. Prove that 


oO —x 


€ 
ne ™ = ——__ 
>29 a e—*)2 


n=0 


Hint: Express the left-hand side as the derivative of a geometric 
series. 


CO 2k 
109. Let F(x) = sz rai 
k=0~ ™' 


(a) Show that F(x) has infinite radius of convergence. 
(b) Show that y = F(x) is a solution of 


y(0) = 1, 


(c) Plot the partial sums Sy for N = 1,3,5,7 on the same set 
of axes. 


y” =xy +y, y'(0) =0 


00 
110. Find a power series P(x) = >» anx” that satisfies the Laguerre 
differential equation n=0 


xy” +(1—x)y’-y=0 


with initial condition satisfying P(O) = 1. 


i ' xe 
111. Use power series to evaluate lim —————. 
x—> 0cosx —1 


2 
1—1 1 
112. Use power series to evaluate lim Stl 
x20 Sinx — x 


In Exercises 113—118, find the Taylor polynomial at x =a for the 
given function. 


113. fœ) =x, Ta, a=1 

114. f(x) =3(@¢ +2) —5(x+2), Tə, a=-2 

115. f(x) =xln(x), T4 a=1 

116. f(x)=@Gx+2)'7, To, a=2 

lif, fQ)axe, %, wad 

118. f(x) =In(cosx), T3, a=0 

119, Find the nth Maclaurin polynomial for f(x) = e>*. 


120. Use the fifth Maclaurin polynomial of f(x) = e* to approximate 
/e. Use a calculator to determine the error. 


121. Use the third Taylor polynomial of f(x) = tan~! x at a = 1 to = 


approximate f(1.1). Use a calculator to determine the error. 


122. Let T4 be the Taylor polynomial for f(x) = «/x at a = 16. 
Use the Eror Bound to find the maximum possible size of 


IFAT) — T47). 
123. Find n such that je — Tp (1)| < 1078, where Tp is the nth 
Maclaurin polynomial for f(x) = e*. 


124. Let T4 be the Taylor polynomial for f(x)=xInx ata=1 
computed in Exercise 115. Use the Error Bound to find a bound for 


|f(1.2) — T4(1.2)]. 


125. Verify that T,(x) = 1 + x + x? + --- + x” is the nth Maclaurin 
polynomial of f(x) = 1/(1 — x). Show using substitution that the nth 
Maclaurin polynomial for f(x) = 1/(1 — x/4) is 


P a lo, 
feels TE 5 ET 


? 


What is the nth Maclaurin polynomial for g(x) = EF 


126. Let f(x) = and let ag be the coefficient of x* in 


4+ 3x — x? 
the Maclaurin polynomial T} for k < n. 


1/4 
(a) Show that f(x) = = $ —). 


(b) Use Exercise 125 to show that a, = ia +(=1¥. 

(c) Compute 73. 

In Exercises 127-136, find the Taylor series centered at c. 

127. f(x)=e*, c=0 128. f(x) =e**, c=-1 
129. f(x)=x4, c=2 

130. f(x) =x? -x, c=-2 


131. f(x) =sinx, c=2 132. f(x)=e—!, c= -1 


] 
133. = =e ’ = — 
F(x) aa” 2 


] x 
134. PO) = aoa c=-2 135. f(x) = ln 5, e=2 


136. f(x)=xI1n (1 + 5): c=) 


In Exercises 137—140, find the first three terms of the Maclaurin series 
of f(x) and use it to calculate f3)(0). 


137. f(x) = (x2 — x)e*” 138. f(x) = tanl (x2 — x) 


i39. fx) = i 140. f(x)= (sinxW 1 +x 


+ tanx 
n> n> x! 


JIT 
Iei Cainii = == p 2 ee __ 
"eS Ber as P 


ef -—1 


x 
142. Find the Maclaurin series of the function F(x) = f dt. 
0 


| 
Ne 


Tom Brakefield/Getty Images 


i 
| 


We can study the interaction between two 
animal species with populations q(t) and 
p(t), where each population is a function of 
time, to investigate how the two populations 
change. Combining the functions in the form 
(q(t), p(t)) yields a parametric representation 
of a curve in the qgp-plane. Tracing this curve 
as t changes creates a story about this 


interaction and its impact on population size. - 


We use the term “particle” when we treat 
an object as a moving point, ignoring its 
internal structure. 


A Position at time f 
Pd OO) 
~Curve C 


FIGURE 1 Particle moving along a curve C 
in the plane. 


Graphing calculators or CAS software can 
be used to sketch and examine parametric 
curves. 


117 PARAMETRIC EQUATIONS, 
POLAR COORDINATES, AND 
CONIC SECTIONS 


his chapter introduces two important new tools. First, we consider parametric equa- 

tions, which describe curves in a form that is particularly useful for analyzing mo- 
tion and is indispensable in fields such as computer graphics and computer-aided design. 
We then study polar coordinates, an alternative to rectangular coordinates that simplifies 
computations in many applications. The chapter closes with a discussion of the conic 
sections (ellipses, hyperbolas, and parabolas). 


11.1 Parametric Equations 


Imagine a particle moving along a curve C in the plane as in Figure 1. We would like to 
be able to describe the particle’s motion along the curve. To express this motion mathe- 
matically, we consider how its coordinates x and y are changing in time, that is, how they 
depend on a time variable t. Thus, x and y are both functions of time, t, and the location 


of the particle at ¢ is given by 
c(t) = (x(t), y(t) 


This representation of the curve C is called a parametrization with parameter f, and C 
is called a parametric curve. 

In a parametrization, we often use ¢ for the parameter, thinking of the dependent 
variables as changing in time, but we are free to use any other variable (such as s or @). 
In plots of parametric curves, the direction of motion is often indicated by an arrow as in 
Figure 1. 

Specific equations defining a parametrization, such as x = 2t — 4 and y = 3 + t? in 
the next example, are called parametric equations. 


EXAMPLE 1 Sketch the curve with parametric equations 


x=2t—-4, y=34+? | 1 | 


Solution First compute the x- and y-coordinates for several values of t as in Table 1, 
and plot the corresponding points (x, y) as in Figure 2. Then join the points by a smooth 
curve, indicating the direction of motion (direction of increasing t) with an arrow. a 


TABLE 1 


t x=2t-4 y=3+4+?? 


—2 —8 T 
0 —4 3 
2 0 { 
4 4 19 


FIGURE 2 The parametric curve 
x=2t—4,y=3422. 


CONCEPTUAL INSIGHT The graph of y = x° can be parametrized in a simple way. We 
take x =t and y = 7’. Then, since y = ft? and t = x, it follows that y = x*. There- 
fore, the parabola y = x” is parametrized by c(t) = (t, t?). More generally, we can 


619 
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parametrize the graph of y = f(x) by taking x = t and y = f(t). Therefore, c(t) = ~ 
(t, f(t)) parametrizes the graph of y = f(x). For another example, the graph of y = e* 

is parametrized by c(t) = (t,e'). An advantage of parametric equations is that they 
enable us to describe curves that are not graphs of functions. For example, the curve in 
Figure 3 is not of the form y = f(x) but it can be expressed parametrically. 


As we have just noted, a parametric curve c(t) need not be the graph of a function. 
If it is, however, it may be possible to find the function f by “eliminating the parameter” 
as in the next example. 


EXAMPLE 2 Eliminating the Parameter Describe the parametric curve 


FIGURE 3 Th tri 
e parametric curve c(t) = 0t 4,34 2) 


x = 5cos(3t) cos(F sin(5t)), 
y = 4sin(3t) cos(2 sin(52)). of the previous example in the form y = f(x). 


Solution We eliminate the parameter by solving for y as a function of x. First, express t 
in terms of x: Since x = 2t — 4, we have t = 5x + 2. Then substitute 


1 s 1 
y=3+=3+ (5x42) =7+2x+5%° 


Thus, c(t) traces out the graph of f(x) = 7+ 2x + tx? shown in Figure 2. & 


EXAMPLE 3 A model rocket follows the trajectory 
c(t) = (80t, 200t — 4.917) 


y (m) 
2000 
until it hits the ground, with ¢ in seconds and distance in meters (Figure 4). Find: 
(a) The rocket’s height att = 5s. (b) Its maximum height. a, 
Solution The height of the rocket at time ż is y(t) = 200¢ — 4.927. 
(a) The height att = 5 s is 


1000 


t=0 
1,000 2,000 3,000 y(5) = 200(5) — 4.9(52) = 877.5 m 
FIGURE 4 Trajectory of rocket. (b) The maximum height occurs at the critical point of y(t) found as follows: 
CAUTION The graph of height versus time y(t)= £ (2001 — 4.917) = 200 — 9.81 
; b: dt 
for an object tossed in the air is a parabola 
(by Galileo's formula). But keep in mind Thus, y’ = 0 when 200 — 9.81 = 0, that is, for 
that Figure 4 is not a graph of height 200 
versus time. It shows the actual path of the t = — + 204s 
rocket (which has both a vertical and a 9.8 
horizontal displacement). The rocket’s maximum height is y(20.4) = 200(20.4) — 4.9(20.4)* ~ 2041 m. E 


We now discuss parametrizations of lines and circles. They will appear frequently in 
later chapters. 
To begin, note that the parametric equations 


=f, y=mt -0 <t <0 
describe a line that passes through the origin at t = 0 and has slope m (since y = mx for 


these equations). Translating x(t) by a and y(t) by b, we instead have a parametrization 
of the line of slope m passing through (a, b) at t = 0: 


The line through P = (a, b) of slope m is parametrized by 
=o, y=b+mt —0O = 7 < 00 | 2 | 


EXAMPLE 4 Parametrization of a Line Find parametric equations for the line 
through P = (3, —1) and Q = (5, —8). 


Parametrization of a Line 


(a + Rcos 6, b+ Rsin 9) 


K 


(Roos 8, Rsin 8) 


FIGURE 5 Parametrization of a circle of 
radius R with center (a, b). 


™ 


~] a| S vlg NIA wWlLA ALA oO 


TABLE 2 
x(t) =4cost y(t) = 2sint 
4 0 
2/3 1 
2 V3 
0 2 
L 4/3 
-2/3 l 
--4 0 
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—8 — (—1 7 ; , 
Solution The slope of the line is m = a ae Using (a,b) = (3,—1) in 
Eq. (3), we obtain the parametrization n 
4=3+7, aa 


We get another parametrization using (a, b) = (5, —8), in which case 


x=5+t, 


The parametrizations here are different parametrizations of the same line. We can think 
of the line as a road and a parametrization as a trip along the road. Thus, the different 
parametrizations correspond to different trips along the same road. ai 


7 
=g] 
4 2 


If p/q = m, then the equations 


x=a+d@t, y=b+pt -0 <f <0 


also parametrize the line of slope m passing through (a, b) (see Exercise 46). 
The circle of radius R centered at the origin has the parametrization 
x = Rcos®, y = RsinO 


The parameter @ represents the angle corresponding to the point (x, y) on the circle 
(Figure 5). The circle is traversed once in the counterclockwise direction as @ varies over 
a half-open interval of length 27 such as [0, 27) or [—z, 7). 

More generally, the circle of radius R with center (a,b) has parametrization 


(Figure 5) 
y=b+Rsing 


As a check, let’s verify that a point (x, y) given by Eq. (5) satisfies the equation of the 
circle of radius R centered at (a, b): 


(x — a}? + (y — bY = (a+ Rcos8 —a)* + (b+ Rsind — by 


x=a+Rcos@, 


= R? cos? 0 + R? sin? 0 = R? 
In general, to translate (meaning “to move”) a parametric curve horizontally a units 
and vertically b units, replace c(t) = (x(t), y(t)) by c(t) = (a + x(t), b + y(t)). 
Suppose we have a parametrization c(t) = (x(t), y(t)), where x(t) is an even function 
and y(t) is an odd function, that is, x(—t) = x(t) and y(—t) = —y(t). In this case, c(—t) 
is the reflection of c(t) across the x-axis: 
c(—t) = (x(t), y(—t)) = (t), —y() 
The curve, therefore, is symmetric with respect to the x-axis. We apply this remark in the 
next example. 
EXAMPLE 5 Parametrization of an Ellipse 
(2) + (2Y = 1 is parametrized by 


c(t) = (acost, bsint) (for -r <t < x7) 


Plot the case a = 4, b = 2. 


Verify that the ellipse with equation 


Solution To verify that c(t) parametrizes the ellipse, show that the equation of the ellipse 
is satisfied with x = acost, y = bsint: 


X\2 yy? acost\* bsint \* 2 92 
(=) +) =( A ) +( p ) = cos“ f + sin“ t = 1 
To plot the case a = 4, b = 2, we connect the points for the t-values in Table 2 [see 
Figure 6(A)]. This gives us the top half of the ellipse for 0 < t < 2. Then we observe 
that x(t) = 4cost is even and y(t) = 2sint is odd. As noted earlier, this tells us that 
the bottom half of the ellipse is obtained by symmetry with respect to the x-axis, as in 


Figure 6(B). Alternatively, we could also evaluate x(t) and y(t) for negative values of t 
between —z and 0 to determine the bottom portion of the ellipse. al 
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A parametric curve c(t) is also called a path. This term emphasizes that c(t) de- 
scribes not just an underlying curve C, but a particular way of moving along the curve. ~~ 
CONCEPTUAL INSIGHT The parametric equations for the ellipse in Example 5 illustrate 
a key difference between the path c(t) and its underlying curve C. The curve C is an 
ellipse in the plane, whereas c(t) describes a particular, counterclockwise motion of a 
particle along the ellipse. If we let t vary from 0 to 47, then the particle goes around 
the ellipse twice. 

A key feature of parametrizations of curves is that they are not unique. In fact, 
every curve can be parametrized in infinitely many different ways. For instance, the 
parabola y = x? is parametrized not only by (¢, t?) but also by (f°, tô) or (t°, 1°), and. 
so On. 


EXAMPLE 6 Different Paths on the Parabola y = x? Describe the motion of a par- 
ticle along each of the following paths: 


(a) c(t) = (0°, 1°) (b) co(t) = (t?, t*) (c) c3(t) = (cost, cos t) 


Solution Each of these parametrizations satisfies y = x”, so all three parametrize por- 


tions of the parabola y = x’. 


(a) As t varies from —oo to ov, t? also varies from —oo to oo. Therefore, c)(t) = (t3, 1°) 
traces the entire parabola y = x*, moving from left to right and passing through each 
point once [Figure 7(A)]. 

FIGURE 6 Ellipse with parametric equations (h) Since x = 2 > 0, the path c2(t) = (t2, t4) traces only the right half of the parabola. 
PSO EE YEG ENG The particle comes in toward the origin as £ varies from —oo to 0, and it goes back out to 
the right as ¢t varies from 0 to oo [Figure 7(B)]. 

(c) As ¢ varies from —oo and œo, cost oscillates between | and —1. Thus, a particle fol- 
lowing the path c3(t) = (cost, cos? t) oscillates back and forth between the points (1, 1) 


and (—1, 1) on the parabola [Figure 7(C)]. i 
y y 
t= o, 
\ | / = 
//; >0 
x x 
-1 1 -1 1 


FIGURE 7 Three parametrizations of ec: Me m 2 
paion die paratolà: (A) c (9 =(t, t°) (B) c (t) = (t^, £”) (C) c (£) = (cos t, cos“ t) 

A cycloid is a curve traced by a point on the circumference of a rolling wheel as in 
Figure 8. Cycloids are particularly interesting because they satisfy the “brachistochrone 


property” (see the marginal note). 


y 
Se JE 

A stellar cast of mathematicians (including 
Galileo, Pascal, Newton, Leibniz, Huygens, 0 T 27 3m 4r i 
and Bernoulli) studied the cycloid and 
discovered many of its remarkable FIGURE 8 A cycloid. 
properties. A slide designed so that an 
object sliding down (without friction) EXAMPLE 7 Parametrizing the Cycloid Find parametric equations for the cycloid 
reaches the bottom in the least time must generated by a point P on the unit circle. 
have the shape of an inverted cycloid. This 
is the brachistochrone property, a term Solution The point P is located at the origin at t = 0. We parametrize the path with 
derived from the Greek brachistos, the parameter ¢ representing the angle, in radians, through which the wheel has rotated 


“shortest,” and chronos, “time.” [Figure 9(A)]. At time t, the circle has rolled t units along the x-axis and the center C 


q 


FIGURE 10 A parametric curve (q(t), p(t)) 
providing a simple model of a 
predator—prey interaction. 
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of the circle then has coordinates (t, 1) as in the figure. Figure 9(B) shows that P is sint 
units to the left of C and cost units down from C, giving us the parametric equations 


x(t) =f — sint, y(t) = 1 — cost | 4 


(A) Position of P at time t (B) P has coordinates 
x=tf-sint, y=1—-—cost 


FIGURE 9 


The argument in Example 7 shows in a similar fashion that the cycloid generated by 
a circle of radius R has parametric equations 


We usually think of parametric equations as representing a particle or object in mo- 
tion, but we can use parametric equations in any situation when two (or even more) 
variables depend on a particular independent variable. In the next example, population 
sizes p(t) and q(t) of two interacting animal species vary in time t. 


EXAMPLE 8 A Predator—-Prey Model Let p(t) and q(t) represent the changing 
(in time ¢) population sizes of a predator and its prey, respectively. Put together as 
(q(t), p(t)), these functions give a parametric representation of a curve in the gp-plane. 
The curve in Figure 10 represents a simple model of how the populations might change 
over time. Discuss how the populations change as time increases at points A and B on 
the curve. Determine whether the curve is traced clockwise or counterclockwise with 
increasing f. 


Solution Notice that at point A on the curve, the predator population p is close to its 
maximum value. We expect significant consumption of the prey species is occurring 
then and therefore q is decreasing. Thus, as ¢ increases, (q(t), p(t)) moves to the left 
through A. Furthermore, at point B, the prey species is near a minimum. In this situation, 
the resources for the predator are low, and therefore, we expect the predator population, 
p, is decreasing. It follows that as ¢ increases, (q(t), p(t)) moves down through B. Both 
of these situations support the conclusion that the curve is traced in the counterclockwise 
direction. a 


Tangent Lines to Parametric Curves 


Just as we use tangent lines to the graph of y = f(x) to determine the rate of change of the 
function f, we would like to be able to determine how y changes with x when the curve is 
described by parametric equations. The slope of the tangent line is the derivative dy/dx. 
We have to use the Chain Rule to compute dy/dx because y is not given explicitly as a 
function of x. Write x = f(t), y = g(t). Then, by the Chain Rule, 


624 CHAPTER 11 PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS 


NOTATION In this section, we write 
f(t), x’ (t), y(t), and so on to denote the 
derivative with respect tot. 


CAUTION Do not confuse dy/dx with the 
derivatives dx/dt and dy/dt, which are 
derivatives with respect to the parameter t. 
Only dy/dx is the slope of the tangent 
line. 


FIGURE 11 The paramteric curve 
c(t) = (t? + 1,1? — 4t). 


Bézier curves were invented in the 1960s 
by the French engineer Pierre Bézier 
(1910-1999), who worked for the Renault 
car company. They are based on the 
properties of Bernstein polynomials, 
introduced 50 years earlier by the Russian 
mathematician Sergei Bernstein to study 
the approximation of continuous functions 
by polynomials. Today, Bézier curves are 
used for creating and manipulating curves 
in graphics programs and in the 


construction and storage of computer fonts. 


If f'(t) 4 0, we can divide by f’(t) to obtain 
dy gt) 
dx f(t) 
This calculation is valid if f(t) and g(t) are differentiable, f’(t) is continuous, and 


f'(t) #0. In this case, the inverse t = f —!(x) exists, and the composite y = g( f —l)) 
is a differentiable function of x. 


THEOREM 1 Slope of the Tangent Line Let c(t) = (x(t), y(t)), where x(t) and y(t) 
are differentiable. Assume that x’(t) is continuous and x’(t) Æ 0. Then 


dy dy/dt y'(t) 


dx  dx/dt x(t) 


EXAMPLE 9 Figure 11 shows a plot of the parametric curve c(t) = (7 4-1, —42). 


(a) Find an equation of the tangent line at t = 3. 
(b) There appear to be two points where the tangent is horizontal. Find them. 


Solution We have 


dy y(t) (-4t! 32-4 


dx x(t) (+1 2t 
(a) The slope at t = 3 is 

dy 37-4)  33)°-4 23 

rs Se |-5 2y E 


Since c(3) = (10, 15), the equation of the tangent line in point-slope form is 
23 
I ee GO) 


(b) The slope dy/dx is zero if y'(t) = 0 and x/(t) #0. We have y’(t) = 312-4 =0 
for t = £2/,/3 [and x’(t) = 2t Æ 0 for these values of t]. Therefore, the tangent line is 
horizontal at the points 


( z) (G =) (=) ¢ =) 
CS e el = SS le 
V3 3° 34/3 v3 3 = 345 

Parametric curves are widely used in the field of computer graphics. A particularly 
important class of curves are Bézier curves, which we discuss here briefly in the cu- 


bic case. Figure 12 shows two examples of Bézier curves determined by four “control 
points”: 


Po = (ao, bo), Pı = (a1, bı), Py = (ap, b2), P3 = (a3, b3) 
The Bézier curve c(t) = (x(t), y(t)) is defined for 0 < t < 1 by 


x(t) = a(l — t} + 3a1t(1 — Ê + 3a2t?(1 — 1) +4303 


y(t) = boll — tY + 3byt(1 — t)* + 3b2t?(1 — t) + b3? 


Note that c(0) = (ao, bo) and c(1) = (a3, b3), so the Bézier curve begins at Po and 
ends at P3 (Figure 12). It can also be shown that the Bézier curve is contained within the 
quadrilateral (shown in blue) with vertices Po, P1, P2, P3. However, c(t) does not pass 
through Pı and Pz. Instead, these intermediate control points determine the slopes of 
the tangent lines at Po and P3, as we show in the next example (also, see Exercises 73 
and 76). 


wu 


FIGURE 12 Cubic Bézier curves 
specified by four control points. 


FIGURE 13 Finding area under a parametric 
curve c(t). 


FIGURE 14 The parametric curve 
c(t) = (t?,4t — 23). 
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P» = (a, b P2 
AETA 2 = (a, b2) : 
f A ST” 
> Pa = (a3, ba) 
T ER 3 = (43, b3 
1 


EXAMPLE 10 Show that the Bézier curve is tangent to segment PoP; at Po. 


Solution The Bézier curve passes through Po at t = 0, so we must show that the slope 
of the tangent line at t = 0 is equal to the slope of PoP). To find the slope, we compute 
the derivatives: 


x!(t) = —3ag(1 — t} + 3a1 (1 — 4t + 3t?) + 3a9(2t — 3t?) + 3031? 
y(t) = —3bo(1 — t} + 3b] (1 — 4t + 3t?) + 3b2(2t — 3t?) + 3b327 


Evaluating at t = 0, we obtain x’(0) = 3(aı — ag), y'(0) = 3(b1 — bo), and 


dy| yO _ 3(b1 — bo) _ bı — bo 


= 


dx|o x(©) 3(a1—a9) a-a 


This is equal to the slope of the line through Po = (ao, bo) and Pı = (a1, b1) as claimed 
(provided that a) Æ ag). E 


Area Under a Parametric Curve 


As we know, the area under a curve given by y = h(x) when h(x) > 0 fora < x < bis 
given by 


b 
a=] h(x) dx 


When the curve y = h(x) is traced once by a parametric curve c(t) = (x(t), y(t)) as 
in Figure 13, where x(f9) = a and x(t,) = b, then we can substitute, replacing y = h(x) 
by y(t) and dx by x’(t)dt, yielding a formula for the area A under the curve: 


[9 


f 
A= Í i y(t)x'(t) dt 
ig 


EXAMPLE 11 The parametric curve c(t) = (t*,4t — t?) is shown in Figure 14. Deter- 
mine the area enclosed within the loop. 


Solution The curve is symmetric about the x-axis. Therefore, the desired area is twice 
the area A between the top half of the loop and the x-axis. The area A can be computed 
as the area under a parametric curve. 

Note that the curve crosses the x-axis when y = 0, and therefore, at t = —2, 0,2. 
Furthermore, c(0) = (0,0), c(2) = (4,0), and y > 0 for 0 < t < 2. Thus, the path traces 
the top half of the loop (which can be considered as the graph of a function) one time as 
t goes from Q to 2. It follows that A, the area between the top half of the loop and the 
x-axis, is given by 


2 Pa 
A= i (4t — 1°) (2t) dt = | (817— 2t*) dr = Gi — =] 
.-_—_—_————”’ 0 3 5 
XO = x(t) 


* 128 
o 6 


Therefore, the area enclosed in the loop is 2A = 256/15 ~ 17.07. B 


626 CHAPTER 1} 


PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS 


11.1 SUMMARY 


- A parametric curve c(t) = (x(t), y(t)) describes the path of a particle moving along a 
curve as a function of the parameter t. 

e Parametrizations are not unique: Every curve C can be parametrized in infinitely many 
ways. Furthermore, the path c(t) may traverse all or part of C more than once. 

e Slope of the tangent line at c(t): 


dy  dy/dt _ y(t) 
dx  dx/dt  x'(t) 


[valid if x’(t) 4 0] 


* Do not confuse the slope of the tangent line dy/dx with the derivatives dy/dt and 
dx /dt, with respect to t. 
e Standard parametrizations: 
— Line of slope m = s/r through P = (a,b): c(t) = (a + rt,b + st) 
— Circle of radius R centered at P = (a,b): c(t) = (a + Reost,b+ R sint) 
— Cycloid generated by a circle of radius R: c(t) = (R(t — sint), R(1 — cost)) 
~ Graph of y = f(x): c(t) = (t, fŒ) 


¢ Area under a parametric curve c(t) = (x(t), y(t)) that does not dip below the x-axis 
t 


and that traces once the graph of a function is given by A = 


11.1 EXERCISES 


j y(t)x'(t) dt. 
to 


Preliminary Questions 
1. Describe the shape of the curve x = 3 cos t, y = 3 sint. 


2. How does x = 4 + 3 cost, y = 5 + 3 sin t differ from the curve in the 
previous question? 

3. What is the maximum height of a particle whose path has parametric 
equations x = 19, y = 4 — 17? 

4. Can the parametric curve (t, sint) be represented as a graph y = f(x)? 
What about (sin £, t)? 


5. (a) Describe the path of an ant that is crawling along the plane ac- 
cording to c)(t) = (f(t), f(t)), where f(t) is an increasing function. 


(b) Compare that path to the path of a second ant crawling according to 
c2(t) = (f (20), f(2t)). 


6. Find three different parametrizations of the graph of y = x?. 


7. Match the derivatives with a verbal description: 
dx dy dy 


di (b) P7 (c) FA 


(i) Slope of the tangent line to the curve 
(ii) Vertical rate of change with respect to time 


(iti) Horizontal rate of change with respect to time 


Exercises 

1. Find the coordinates at times t = 0, 2, 4 of a particle following the 
path x = 1 +£, y = 9 — 322. 

2. Find the coordinates at t = 0, 7,7 Of a particle moving along the path 
c(t) = (cos 2t, sin? t). 


3. Show that the path traced by the model rocket in Example 3 is a 
parabola by eliminating the parameter. 


4. Use the table of values to sketch the parametric curve (x(t), y(t)), in- 


dicating the direction of motion. 

E -3]-2{-1] of 1/2] 3] 
j= {-15| of 3] of -3[0/15| 
jy] 5] of -3[-4] -3 Jo] 5] 


5. Graph the parametric curves. Include arrows indicating the direction 
of motion. 


(a) (t,t), -œ <t <00 
(c) (ef ef), —œ <t < œ 


(b) (sint,sint), 0 <t < 2r 
(d) 6,3), -1<t<1 


6. Give two different parametrizations of the line through (4,1) with 
slope 2. 


In Exercises 7-14, express in the form y = f(x) by eliminating the 
parameter. 


7 x=t+3, y=4t 8$. 2=7 "1, y=? 


f 


9 x=ť =], y=¢ť +1 10. x= y=te 


1+2° 
11. x =e, y = 6e“ 12. x= 1 +t}, y=?? 
13. x=Int, y=2-t 14. x =cost, y=csctcott 


In Exercises 15-18, graph the curve and draw an arrow specifying the 
direction corresponding to motion. 


15. x=4t, y=22? 16. x=2+4t, y=3+2t 


17. x=xt, y=sint 18. x =??, y=p 


a 19. Match the parametrizations (a}-(d) with their plots in Figure 15, and 


draw an arrow indicating the direction of motion. 


y y y y 
5 Pr: 10 21 
x a x xX 
5 3 5 
(I) (I) (OD) (TV) 


FIGURE 15 


b) c(t) = (t — 9, 8r — t?) 
(d) c(t) = (4t +2,5 — 3t) 


(a) c(t) = (sin¢, —t) 
(ce) c(t)=(1 -t,t —9) 


20. Find an interval of t-values such that c(t) = (cost, sin ż) traces the 
lower half of the unit circle. 


21. A particle follows the trajectory 


x(t) = z T27, y(t) = 20t — t? 


with ¢ in seconds and distance in centimeters. 

(a) What is the particle’s maximum height? 

(b) When does the particle hit the ground and how far from the origin 
does it land? 


22. Find an interval of t-values such that c(t) = (2t + 1,4t — 5) parame- 
trizes the segment from (0, —7) to (7,7). 


In Exercises 23-38, find parametric equations for the given curve. 
23. y=9-—4x 24. y = 8x? — 3x 


26. x? + y? = 49 


a. GHG 


25. 4x — y2 =5 


27. (x +9)? +(y — 4)? = 49 


29. Line of slope 8 through (—4, 9) 

30. Line through (2, 5) perpendicular to y = 3x 

31. Line through (3, 1) and (—5, 4) 

32. Line through (4, z) and (-Z, z 

33. Segment joining (1, 1) and (2,3) 

34. Segment joining (—3, 0) and (0, 4) 

35. Circle of radius 4 with center (3,9) 

36. Ellipse of Exercise 28, with its center translated to (7, 4) 
37. y = x’, translated so that the minimum occurs at (—4, —8) 
38. y = cos x, translated so that a maximum occurs at (3, 5) 


In Exercises 39-42, find a parametrization c(t) of the curve satisfying the 
given condition. 


39. y=3x-—4, c(0)=(2,2) 40. y=3x —4, c(3) = (2,2) 


41. y=x?, c(0)=(3,9) 42. x*+y*=4, c(0)=(1, V3) 


43. Find a parametrization of the top half of the ellipse 4x2 + 5y? = 100, 
starting at (—5, 0) and ending at (5, 0). 
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44. Find a parametrization of the right branch (x > 0) of the hyperbola 


Ae y a 
E-G- 
a b 
using cosh ¢ and sinh t. How can you parametrize the branch x < 0? 


45. Describe c(t) = (sect,tant) for 0 <t < 5 in the form y = f(x). 
Specify the domain of x. 


46. Show that x =a +qt, y = b + pt, with q Æ 0, parametrizes a line 
with slope m = p/q. What are the x- and y-intercepts of the line? 


47. The graphs of x(t) and y(t) as functions of t are shown in Figure 
16(A). Which of ()-CiID is the plot of c(t) = (x(t), y(t))? Explain. 


Y y y 
x(t} 
y(t) 
t x x x 
(A) (D (If) (I) 


FIGURE 16 


48. Which graph, (D or (I), is the graph of x(t) and which is the graph of 
y(t) for the parametric curve in Figure 17(A)? 


y ? ? 
rim Nia aa 
(A) (I) (ID 


FIGURE 17 


49. Figure 18 shows a parametric curve c(t) = (q(t), p(t)) that models the 
changing population sizes of a predator (p) and its prey (q). 


P 


FIGURE 18 


(a) EA Discuss how you expect the predator and prey populations to 
change as time increases at points C and D on the parametric curve. 

(b) As functions of t, sketch graphs of p(t) and q(t) for three cycles 
around the parametric curve, beginning at point C. 


(c) [4 Both graphs in (b) should show oscillations between minimum 
and maximum values. Indicate which (predator or prey) has its peaks 
shortly after the other has its peaks, and explain why that makes sense 
in terms of dn interaction between a predator and its prey. 
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50. For many years, the Hudson’s Bay Company in Canada kept records 
of the number of snowshoe hare and lynx pelts traded each year. It is nat- 
ural to expect that these values are roughly proportional to the sizes of the 
populations. Data for odd years between 1861 and 1891 appear in the table, 
where the number of pelts for lynx, L, and snowshoe hares, H, are shown 
(both in thousands). Plot the data on an L H-coordinate system, connecting 
consecutive data points by a segment to create a parametric curve traced 
out by the data. 


Wear [186i [1863 | 1865 | 1867 
H= | 36 [150 [io | oo | 7 |10 | 7 | 100 
A Ls |) eer we le 
Pe Se JEDE PEACE a N 


In Exercises 51-58, use Eq. (6) to find dy/dx at the given point. 
52. (2t +9,7t —9), t=1 


51. (t,t? — 1), t=—-4 

53. (s7! — 3s,s?), s= -1 54. (sin20,cos30), 0 = 4 
55. (sin? 6,cos@), 0 = %4 56. (sec6,tan@), t=% 
57. (Int,+), t=4 58. (e',t7), t=1 


In Exercises 59—64, find an equation y = f(x) for the parametric curve 
and compute dy /dx in two ways: using Eq. (6) and by differentiating f(x). 


59. c(t) = (2t + 1,1 — 9t) 60. c(t) = ($t, 417 — 1) 
61. x = 5°, y= sf +s? 

62. x = cos, y= cos0 + sin? 0 

63.x=1l-—e', y=t-1 

64. x =1+In?, y=t 


65. Find the points on the parametric curve c(t) = (3t2 — 2r,23 — 6t) 
where the tangent line has slope 3. 


66. Find the equation of the tangent line to the cycloid generated by a 
circle of radius 4 att = 3. 


In Exercises 67-70, let c(t) = (t? — 9, t? — 8t) (see Figure 19). 


FIGURE 19 Plot of c(t) = (t? — 9,12 — 8t). 


67. Draw an arrow indicating the direction of motion, and determine the 
interval(s) of t-values corresponding to the portion(s) of the curve in each 
of the four quadrants. 


68. Find the equation of the tangent line at t = 4. 
69. Find the points where the tangent has slope 5. 


70. Find the points where the tangent is horizontal or vertical. 
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71. Let A and B be the points where the ray of angle @ intersects the two 
concentric circles of radii r < R centered at the origin (Figure 20). Let P 
be the point of intersection of the horizontal line through A and the ver- 
tical line through B. Express the coordinates of P as a function of 0 and 
describe the curve traced by P for 0 < 0 < 2x. 


FIGURE 20 


72. A 10-ft ladder slides down a wall as its bottom B is pulled away from 
the wall (Figure 21). Using the angle @ as a parameter, find the parametric 
equations for the path followed by (a) the top of the ladder A, (b) the bot- 
tom of the ladder B, and (c) the point P on the ladder, located 4 ft from 
the top. Show that P describes an ellipse. 


FIGURE 21 


In Exercises 73-76, refer to the Bézier curve defined by Eqs. (7) and (8). 
73. Show that the Bézier curve with control points 
Po = (1,4), Pi =@G,12), P=(6,15) P =(7,4) 
has parametrization 
c(t) = (1 + 6t +3? — 31,4 + 24t — 15t? — 923) 
Verify that the slope at t = 0 is equal to the slope of the segment PoP}. 
74. Find an equation of the tangent line to the Bézier curve in Exercise 73 
att = }. 
75. Find and plot the Bézier curve c(t) with control points 
Po = (3,2), Pı =(0,2), P =(5,4), P= (2,4) 
76. Show that a cubic Bézier curve is tangent to the segment Pz P3 at P3. 
77. A launched projectile follows the trajectory 
y=bt— 16t? (a,b>0) 
Show that the projectile is launched at an angle @ = tan! ( z) and lands 


x =at, 


; ab 
at a distance T6 from the origin. 


O 78. Plot c(t) = (£? — 4t,t4 — 12t? + 48) for —3 < t < 3. Find 


the points where the tangent line is horizontal or vertical. 


79. Plot the astroid x = cos? 0, y = sin? @ and find the equation 
of the tangent line at 0 = 3. 


80. Find the equation of the tangent line at £ = 7 to the cycloid generated 
by the unit circle with parametric equation (4). 


81. Find the points with a horizontal tangent line on the cycloid with para- 
metric equation (4). 


82. Property of the Cycloid Prove that the tangent line at a point P 
on the cycloid always passes through the top point on the rolling circle 
as indicated in Figure 22. Assume the generating circle of the cycloid has 
radius 1. 


y Tangent line 
Cycloid 
is 
x 
FIGURE 22 


83. A curtate cycloid (Figure 23) is the curve traced by a point at a 
distance k from the center of a circle of radius R rolling along the 
x-axis where h < R. Show that this curve has parametric equations 
x = Rt—hsint, y = R—hcost. 


2x 4n 


FIGURE 23 Curtate cycloid. 


84. Use a computer algebra system to explore what happens when 
h > R in the parametric equations of Exercise 83. Describe the result. 


85. l A | Show that the line of slope ¢ through (—1, 0) intersects the unit 
ol- 2t 


circle in the point with coordinates 
xX = Zz, = — 
t? +1 "e RI 
Conclude that these equations parametrize the unit circle with the point 
(—1,0) excluded (Figure 24). Show further that t = y/(x + 1). 


FIGURE 24 Unit circle. 
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86. The folium of Descartes is the curve with equation x? + y? = 3axy, 
where a Æ 0 is a constant (Figure 25). 

(a) Show that the line y = tx intersects the folium at the origin and at one 
other point P for all t 4 —1,0. Express the coordinates of P in terms of 
t to obtain a parametrization of the folium. Indicate the direction of the 
parametrization on the graph. 

(b) Describe the interval of t-values parametrizing the parts of the curve 
in quadrants I, II, and IV. Note that £ = —1 is a point of discontinuity of 
the parametrization. 

(c) Calculate dy/dx as a function of ¢ and find the points with horizontal 
or vertical tangent. 


FIGURE 25 Folium x? + y? = 3axy. 


87. Use the results of Exercise 86 to show that the asymptote of the folium 
is the line x + y = —a. Hint: Show that lim (x + y) = —a. 
t>— 


88. Find a parametrization of x+! + y+! = ax” y”, where a and n are 
constants. 


89. Second Derivative for a Parametrized Curve Given a param- 
etrized curve c(t) = (x(t), y(t)), show that 

d (2) á xOy O hess) y(x” (®©) 
dt \dx x(O? 


Use this to prove the formula 


dey xOy AO- y xA 


d 2 x(t 


90. The second derivative of y = x? is dy?/d?x = 2. Verify that Eq. (11) 
applied to c(t) = (t, t?) yields d y? /d*x = 2. In fact, any parametrization 
may be used. Check that c(t) = (t?, 16) and c(t) = (tant, tan? t) also yield 
dy? /d x =2. 

In Exercises 91—94, use Eq. (11) to find d?y/dx?. 

91. x= +t, y= —4, t=2 

92. x =s! +s, y=4~-5s-?, s=] 
93. x=8t +9, y=1-4, t=-3 


94. x = cos, y=sn?, 0 = = 


95. Use Eq. (11) to find the t-intervals on which c(t) = (t7, t? — 4t) is 
concave up. 


96. Use Eq. (11) to find the t-intervals on which c(t) = (t?,14 — 4t) is 


concave up. 


97. Calculate the area under y = x? over [0,1] using Eq. (9) with the 
parametrizations (t°, t©) and (12,1%). 


98. What does Eq. (9) say if c(t) = (t, f(t))? 
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99. Consider the curve c(t) = (t?,1°) forO <t < 1. 

(a) Find the area under the curve using Eq. (9). 

(b) Find the area under the curve by expressing y as a function of x and 
finding the area using the standard method. 

100. Compute the area under the parametrized curve c(t) = (e’,t) for 
0 <t < 1 using Eq. (9). 

101. Compute the area under the parametrized curve given by c(t) = 
(sint, cos? t) for 0 < t < 2/2 using Eq. (9). 

102. Sketch the graph of c(t) = (int, 2 — t) for 1 < t < 2 and compute 
the area under the graph using Eq. (9). 


103. Galileo tried unsuccessfully to find the area under a cycloid. Around 
1630, Gilles de Roberval proved that the area under one arch of the cy- 
cloid c(t) = (Rt — Rsint, R — Rcost) generated by a circle of radius R 
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is equal to three times the area of the circle (Figure 26). Verify Roberval’s — _ 


result using Eq. (9). 


27R 


FIGURE 26 The area of one arch of the cycloid equals three times the 
area of the generating circle. 


Further Insights and Challenges 


104. Prove the following generalization of Exercise 103: For all t > 0, 
the area of the cycloidal sector OPC is equal to three times the area of the 
circular segment cut by the chord PC in Figure 27. 


x x 
O C= (Ri, 0) O C= (Rt, 0) 
(A) Cycloidal sector OPC (B) Circular segment cut 
by the chord PC 
FIGURE 27 


105. A | Derive the formula for the slope of the tangent line to a para- 
metric curve c(t) = (x(t), y(t)) using a method different from that pre- 
sented m the text. Assume that x’(to) and y’ (to) exist and x’(t9) 4 0. Show 
that 
y(to +h) — y(to)  y'(to) 

h>0 x(to + h)— x(to) x(t) 
Then explain why this limit is equal to the slope dy/dx. Draw a diagram 
showing that the ratio in the limit is the slope of a secant line. 


106. Verify that the tractrix curve (£ > 0) 
c(t) = (: £ tanh Ż esech =) 
7 js i 


has the following property: For all t, the segment from c(t) to (t, 0) is tan- 
gent to the curve and has length £ (Figure 28). 


t 


FIGURE 28 The tractrix c(t) = (: — £ tanh a sech 7) 


107. In Exercise 62 of Section 9.1, we described the tractrix by the differ- 
ential equation 


Show that the parametric curve c(t) identified as the tractrix in Exercise 
106 satisfies this differential equation. Note that the derivative on the left 
is taken with respect to x, not t. 


In Exercises 108 and 109, refer to Figure 29. 


108. In the parametrization c(t) = (a cost, b sin t) of an ellipse, t is not 
an angular parameter unless a = b (in which case, the ellipse is a circle). 
However, t can be interpreted in terms of area: Show that if c(t) = (x, y), 
then t = (2/ab)A, where A is the area of the shaded region in Figure 29. 
Hint: Use Eq. (9). 


o (*\7 , OY 
FIGURE 29 The parameter 6 on the ellipse (=) te (=) = 1, 
a 


109. Show that the parametrization of the ellipse by the angle @ is 


abcos@ 


va? sin? 0 + b2 cos2 6 


ab sing 


Va? sin? 0 + b? cos2 0 


X = 


a 
— 


FIGURE 1 Polygonal approximations to a 
curve C for N = 5 and N = 10. 


Because of the square root, the arc length 
integral cannot be evaluated explicitly 
except in special cases, but we can always 
approximate it numerically. 


SECTION 14.2 Arc Length and Speed 631 


11.2 Arc Length and Speed 


We now derive a formula for the arc length s of a curve in parametric form. Recall that in 
Section 8.2, arc length of a curve C was defined as the limit of the lengths of polygonal 
approximations of C (Figure 1). 


To compute the length of C via a parametrization, we need to assume that the parametriza- 
tion directly traverses C, that is, the path traces C from one end to the other without 
changing direction along the way. Thus, assume that c(t) = (x(t), y(t)) is a parametriza- 
tion that directly traverses C for a < t < b. We construct a polygonal approximation L 
consisting of the N segments obtained by joining points 

Po = c(to), Pr =c(ti), ..., Py =c(tn) 


corresponding to a choice of values tọ =a < t] < t2 < --- < ty = b. By the distance 
formula, if L; is the segment joining P;—1 and P;, then 


Lil = y (x) — xli)? + (X@) — yD) 


Now assume that x(t) and y(t) are differentiable. According to the Mean Value Theorem, 
there are values t* and t** in the interval [f;_1, t;] such that 


x(t) — x(a x (Ab, y(t) — yti-1) = y'(E*) A 


where At; = t; — ti—1, and therefore, 


[Eis xP Ar? + y' CP PAR = J xa)? + YOM)? At 


The length of the polygonal approximation L is equal to the sum 
N N 
Yo Lil = > xe? + yey? At | 2 | 
i=] I=] 


This is nearly a Riemann sum for the function ,/x’(t)? + y’(r)2. It would be a true Rie- 
mann sum if the intermediate values 1* and t** were equal. Although they are not nec- 
essarily equal, it can be shown (and we will take for granted) that if x’(t) and y’(t) are 
continuous, then the sum in Eq. (2) still approaches the integral as the widths Az; tend to 


0. Thus, 
N b 
= ii Lis '(£)2 NEY 
s= lim, X i | VrO + yo? dt 


THEOREM 1 Arc Length Let c(t) = (x(t), y(t)) be a parametrization that directly 
traverses C for a < t < b. Assume that x’(t) and y’(t) exist and are continuous. Then 
the arc length s of C is equal to 


b 
s= | J x'(t)* + y(t)? dt 
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The graph of a function y = f(x) has parametrization c(t) = (t, f (t)). In this case, 


yx’? + yO? = f1 + fo 


and Eq. (3) reduces to the arc length formula derived in Section 8.2. 


CONCEPTUAL INSIGHT Arc Length via Parametrizations A curve C exists independent of 
any parametrization (just like a road exists independent of any trip taken on it), and 
the length of C is a property of C, defined as the limit of the lengths of its polygonal 
approximations. 

The importance of Theorem 1 is that we can compute the length of C from any 
parametrization that directly traverses C, just like we can determine the length of a 
portion of a road by taking any trip along it without doubling back. 


Regardless of whether a parametrization c(t) = (x(t), y(t)) directly traverses a curve, 
b 


if x’(t) and y’(t) exist and are continuous, then the integral | yx’ (t)? + y/(t)? dt ex- 


ists and can be interpreted as the distance traveled along the path from ź =a to t =b. 
Of course, this distance might not equal the length of the underlying curve. For ex- 
ample, over 0 < ¢ < 10, the path c(t) = (cos(27 t), cos(27t)) cycles 10 times from (1, 1) 
to (—1, —1) and back along the line y = x. The length of the underlying curve is /2, but 
the distance traveled is 20./2. 

As mentioned above, the arc length integral can be evaluated explicitly only in spe- 
cial cases. The circle (Example 1) and the cycloid (Example 3) are two such cases. 


EXAMPLE 1 Use Eq. (3) to calculate the arc length of a circle of radius R. 


Solution With the parametrization x = R cos 0, y = R sin, ai 
x'(0)* + y'(0F = (~R sin 0)? + (Rcos6)* = R? (sin? 0 + cos? 0) = R? 
We obtain the expected result: 
27 2x 
s= f ror + yora = | Rd = 2r R È 


EXAMPLE 2 Find the arc length of the curve given in parametric form by c(t) = (t?, t°) 
for0 <¢t <1. 


Solution The arc length of this curve is given by 
1 -————_— 1 
5= ji Jre} + y(t} dt = [ (2t)? + (3t2)? dt 
0 0 


1 
= J ty4+9t?dt 
0 


Letting u = 4 + 927, and therefore du = 18t dt, we obtain 


l 13 9 3/2 13 


l 
= nE” — 43/2) ~ 1.4397 a 


EXAMPLE 3 Length of the Cycloid Calculate the length s of one arch of the cycloid —__ 
generated by a circle of radius R = 2 (Figure 2). 


FIGURE 2 One arch of the cycloid 
generated by a circle of radius 2. 


qa REMINDER 


l —cost at 
=$1 2L 
2 


In Chapter 13, we will discuss not just the 
speed but also the velocity of a particle 
moving along a curved path. Velocity 
indicates speed and direction and is 
represented by a vector. 


a 


c(t) 


Displacement over [fo, £1] 


C(to) 


XxX 


FIGURE 3 The distance along the path is 


3 greater than or equal to the displacement. 


SECTION 11.2 Arc Length and Speed 633 


Solution We use the parametrization of the cycloid in Eq. (5) of Section 11.1: 
x(t) = 2(t — sint), y(t) = 2(1 — cos źt) 
x'(t) = 2(1 — cos t), y(t) = 2sint 
Thus, 
x(O + y (O = 27(1 — cost}? + 2? sin’ t 
= 4 — cost + 4cos? t + 4sin? t 
= 8 — 8cost 


= 16 sin? : (Use the identity recalled in the margin.) 


One arch of the cycloid is traced as ¢ varies from 0 to 27, so 


s= f PO + y(t)? dt = | 4sin-dt=—8cos—| = -—8(—1)+8= 16 
0 0 2 2 |o 


Note that because sin 5 > 0 for 0 <t < 27, we did not need an absolute value when 
taking the square root of 16 sin” 5. E 


Now consider a particle moving along a path c(t). The distance traveled by the par- 
ticle over the time interval [fp, ¢] is given by the arc length integral: 


f 
s(t) = | yj x/(u)? + y'(u)* du 
to 


The speed of the particle is the rate of change of distance traveled with respect to time. 
Therefore, speed equals s(t), and using the Fundamental Theorem of Calculus, we can 
express it as 


£ a ee 
speed = a = < 1 Vf x/(u)? + y'(u)? du = P x(t) + yey 
THEOREM 2 Speed Along a Parametrized Path The speed of c(t) = (x(t), y(t)) is 


speed = — = y x + y(t)? | 


: 
w | & 


The next example illustrates the difference between distance traveled along a path 
and displacement (also called the net change in position). The displacement along a path 
is the distance between the initial point c(fo) and the endpoint c(t,). The distance traveled 
is greater than or equal to the displacement (Figure 3). When the particle moves in one 
direction on a line, distance traveled equals displacement. 


EXAMPLE 4 A particle travels along the path c(t) = (2t, 1 + 13/2). Find: 


(a) The particle’s speed at £ = 1 (assume units of meters and minutes). 
(b) The distance traveled s and displacement d during the interval 0 < t < 4. 


Solution We have 
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The speed at time ¢ is gph 


| 9 
y ‘j= sf x'(t)? + y(t)* =,/4+—1 m/min 
c(4) = (8, 9) 4 


(a) The particle’s speed at t = 1 is s’(1) = ,/4+ 3 = 2.5 m/min. 
(b) The distance traveled in the first 4 min is 


4 3/2 
9 8 9 
= 4+-— = — | 4+ -t 
S E + ghee 5 (4+5) 


The displacement d is the distance from the initial point c(0) = (0, 1) to the endpoint 
c(4) = (8, 1 + 47/2) = (8, 9) (see Figure 4): 


ow 


= Hai — 8) ~ 11.52 m 
0 


FIGURE 4 The path c(t) = (2t, 1 + 13/). 
d = y (8 — 0)? + (9 — 1} = 8V2 ~ 11.31 m a 
In physics, we often describe the path of a particle moving with constant speed along 
a circle of radius R in terms of a constant œw (lowercase Greek omega) as follows: 
c(t) = (R cos wt, R sin wt) 
The constant w, called the angular velocity, is the rate of change with respect to time of 


the particle’s angle 0 (Figure 5). 


EXAMPLE 5 Angular Velocity Calculate the speed of the circular path of radius R 
and angular velocity œw. What is the speed if R = 3 m and w = 4 radians per second 
(rad/s)? 


Solution We have x = R cos wt and y = R sin œt, and 


x(t) = —oR sin æt, y(t) = wR cos ot 


The particle’s speed is 


FIGURE 5 A particle moving on a circle of ds Jx'(t? + ye? EN ge Ee aS 
radius R with angular velocity w has speed a x(t) + WY = ¥(-@R sin wt)? + (wR cos wt)” 
lol R. 


= ,/@2R(sin? wt + cos? wt) = Jol R 


Thus, the speed is constant with value [w| R. If R = 3 m and w = 4 rad/s, then the speed 
is |w|R = 3(4) = 12 m/s. a 


Consider the surface obtained by rotating a parametric curve c(t) = (x(t), y(t)) about 
the x-axis. The surface area is given by Eq. (4) in the next theorem. It can be derived in 
much the same way as the formula for a surface of revolution of a graph y = f(x) in 
Section 8.2. In this theorem, we assume that y(t) > 0 so the parametric curve c(t) lies 
above the x-axis, and that x(t) is increasing so the curve does not reverse direction. 


THEOREM 3 Surface Area Let c(t) = (x(t), y(t)), where y(t) > 0, x(t) is increas- 
ing, and x(t) and y(t) are continuous. Then the surface obtained by rotating c(t) about 
the x-axis fora < t < b has surface area 


b 
S=27r / VEN x(t)? + y'(t)2 dt | 4 | 


FIGURE 6 Surface generated by revolving EXAMPLE 6 Calculate the surface area of the surface obtained by rotating the paramet- 
the curve about the x-axis. ric curve c(t) = (t, t°) about the x-axis for 0 < t < 1. The surface appears as in Figure 6. 
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Solution We have x’(t) = 1 and y(t) = 347. 


Therefore, 


1 1 
S=2n | t? 1+ GMP dt = 20 | pPV1+ 914 dt 
0 0 


With the substitution u = 1 + 914 and du = 36f? dt, we obtain 


1 
3 


10 2 
s= | Joie- (5) y3!? 
1 


10 i 
= — (107-4 — 1) + 3.5631 E 
7. ) 


18 \3 


1 


11.2 SUMMARY 


¢ Arc length of C: If c(t) = (x(t), y(t)) directly traverses C fora < t < b, then 


b 
s = arc length of C = f 4/ x'(t)? + y(t)? dt 
a 


¢ The distance traveled along the path c(t), fora < t < b, is 


b 
| Vf x'(t)? + y(t)? dt 


°- The displacement of c(t) over a < t < b is the distance from the starting point c(a) to 
the endpoint c(b). Displacement is less than or equal to distance traveled. 
e Distance traveled as a function of t, starting at fo: 


° Speed at time f: 


s(t) = J 4/ x'(u} + y'(u} du 
to 


ds BE 
— = ‘2 ad t2 
3 yxy + y(t) 


° Surface area of the surface obtained by rotating c(t) = (x(t), y(t)) about the x-axis for 
a <t <b [assuming y(t) > 0, x(t) is increasing, and x’(t) and y’(t) are continuous}: 


b 
S=2n / YEN x/(t)* + y/(t)? dt 


11.2 EXERCISES 


Preliminary Questions 
1. What is the definition of arc length? 


2. Can the distance traveled by a particle ever be less than its displace- 
ment? When are they equal? 


_ 3. What is the interpretation of 
the trajectory (x(t), y(t))? 
4. A particle travels along a path from (0,0) to (3,4). What is the dis- 


placement? Can the distance traveled be determined from the information 
given? 


x/(t)* + y’(t)? for a particle following 


5. A particle traverses the parabola y = x? with constant speed 3 cm/s. 
What is the distance traveled during the first minute? Hint: Only simple 
computation is necessary. 


6. If the straight line segment given by c(t) = (t,3) for 0 < t < 2 is ro- 
tated around the x-axis, what surface area results? Hint: Only simple com- 
putation is necessary. 
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Exercises 


In Exercises 1—2, use Eq. (3) to find the length of the path over the given 
interval, and verify your answer using geometry. 


1 (f-1,2-2t), O0<t <5 
2 (1+5t,t-—5) -~3<t<3 


In Exercises 3—8, use Eq. (3) to find the length of the path over the given 
interval. 


3. (2,3—1) O<1t <4 
4, (3t,4°/7), O<t<1 

5. (317,409), 1<1<4 

6 (3+1, -3) O<t<!1 

7. (sin3t,cos3t) O<t<az 

8. (sin —@cos@,cos@+é@sin@), 0<6<2 


In Exercises 9 and 10, find the length of the path. The following identity 
should be helpful: 


1—cost ot 
———_ = sin — 
2 2 


9. (2cost —cos2t,2sint —sin2r), 0<t<5 
10. (5(8 — sin@),5(1 — cos@)), 0 <0 < 2x 


11. Show that one arch of a cycloid generated by a circle of radius R has 
length 8R. 


12. Find the length of the spiral c(t) = (t cost, t sin t) for O < t < 27 to 
three decimal places (Figure 7). Hint: Use the formula 


[Viv a= Sit? + Fn + V+?) 


FIGURE 7 The spiral c(t) = (t cos t,t sin t). 
13. Find the length of the parabola given by c(t) = (t, t?) forO<t <1. 
See the hint for Exercise 12. 


14. Find a numerical approximation to the length of c(t)= 
(cos 5t, sin3t) for O < t < 2m (Figure 8). 


SA 
1 


FIGURE 8 


Der” 


In Exercises 15-20, determine the speed gs at time t (assume units of 


meters and seconds). 


i (0), pH2 16. (3sin5t,8cos5t), t=% 


17. (5t+ 1,4—3), t=9 18. (In(t? +1),t7), t=1 


19. (t,£), t=0 20. (sin! t, tan! 2), t=0 


21. Find the minimum speed of a particle with parametric trajectory 
c(t) = (t? — 41,12 + 1) for t > 0. Hint: It is easier to find the minimum 
of the square of the speed. 


22. Find the minimum speed of a particle with trajectory c(t) = (t°, t7?) 
for t > 0.5. 


23. Find the speed of the cycloid c(t) = (4t — 4sint, 4 — 4cos £) at points 
where the tangent line is horizontal. 
24. Calculate the arc length integral s(t) for the logarithmic spiral c(t) = 
(e! cost, e sint). 
In Exercises 25—28, plot the curve and use the Midpoint Rule with 
N = 10, 20, 30, and 50 to approximate its length. 
25. c(t)=(cost,e™') for0<t <2 
26. c(t) = (t — sin 2t, 1 — cos 2t) forO<t <2 
' mi ae 
27. The ellipse (=) 1 (5) si 
28. x = sin2t, y=sin3t for <t <2r 


29. If you unwind thread from a stationary circular spool, keeping the 
thread taut at all times, then the endpoint traces a curve C called the invo- ~~ 
lute of the circle (Figure 9). Observe that PQ has length R@. Show that C 

is parametrized by 


c(6) = (R(cos@ + 6 sinb), R(sin@ — 6 cos@)) 
Then find the length of the involute for 0 < 0 < 27. 


FIGURE 9 Involute of a circle. 
30. Leta > band set 


ee a a A 
Use a parametric representation to show that the ellipse (=) + (5) =] 
has length L = 4aG (3, k), where 


0 
cew= | V1 —kĉ?sin? tdt 
0 


is the elliptic integral of the second kind. 
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Ro In Exercises 31-38, use Eq. (4) to compute the surface area of the given 36. The surface generated by revolving the curve c(t) = (t, sint) about 
surface. the x-axis for 0 < £ < x. Hint: After a substitution, use #84 in the table in 

the front or back of the text for the integral of V 1 + u?. 
31. The cone generated by revolving c(t) = (¢, mt) about the x-axis for 


O<t<A 37. The surface generated by revolving one arch of the cycloid c(t) = 


(t — sint, 1 — cost) about the x-axis 


32. A sphere of radius R 38. The surface generated by revolving the astroid c(t) = (cos? t, sin? t) 
about the x-axis for0 < t < 5 
33. The surface generated by revolving the curve c(t) = (t?, t) about the 


x-axis forO <t <1 39. Use Simpson’s Rule and N = 30 to approximate the surface 
area of the surface generated by revolving c(t) = (t?7,e~*), 0 < t < 2 about 
34. The surface generated by revolving the curve c(t) = (t, e') about the the x-axis. 


x-axis forO <z <1 
40. Use Simpson’s Rule and N = 50 to approximate the surface 
35. The surface generated by revolving the curve c(t) = (sin? t, cos? t) area of the surface generated by revolving c(t) = (t + 1}, mt), 1 <t <5 
about the x-axis for 0 < t < 5 about the x-axis. 


Further Insights and Challenges 


4i. Let b(t) be the Butterfly Curve: 43. A satellite orbiting at a distance R from the center of the earth follows 
the circular path x(t) = R cos wt, y(t) = R sin æt. 
oedi (= arr ( f )) (a) Show that the period T (the time of one revolution) is T = 27 /æ. 
12 (b) According to Newton’s Laws of Motion and Gravity, 
na x a B4 
y(t) = cost (= — 2 cos 4t — sin (5) ) a reat yO = le 
where G is the universal gravitational constant and m, is the mass of the 


earth. Prove that R?/ T? = Gme/47?. Thus, R?°/T? has the same value 
"Q S sö F computer algebra system to plot b(t) and the speed s’(t) for for all orbits (a special case of Kepler’s Third Law). 
- 0<t<l2r. 


(b) Approximate the length b(t) for 0 < t < 10x. 44. The acceleration due to gravity on the surface of the earth is 


Gme 2 
24//ab p= = 9.8 m/s*, where Re = 6378 km 
42. Leta > b > O and set k = L Show that the trochoid R2 
a — 
Use Exercise 43(b) to show that a satellite orbiting at the earth’s surface 
x =at—bsint, y=a-—bcost, 0<t<T would have period Te = 21./R./g ~ 84.5 minutes. Then estimate the dis- 
tance Rm from the moon to the center of the earth. Assume that the period 
has length 2(a — b)G(4,k), with G@, k) as in Exercise 30. of the moon (sidereal month) is Tm * 27.43 days. 


Polar coordinates are appropriate when 11.3 Polar Coordinates 


distance from the origin or angle plays a 
role. For example, the gravitational force 
exerted on a planet by the sun depends 
only on the distance r from the sun and is 
conveniently described in polar 


The rectangular coordinates that we have utilized up to now provide a useful way to rep- 
resent points in the plane. However, there are a variety of situations where a different 
coordinate system is more natural. In polar coordinates, we label a point P by coor- 


coordinates. dinates (7,0), where r is the distance to the origin O and @ is the angle between OP 

and the positive x-axis (Figure 1). By convention, an angle is positive if the correspond- 

N ing rotation is counterclockwise. We call r the radial coordinate and 0 the angular 
p= (x, y) (rectangular) coordinate. 

— (C; 8) (polar) The point P in Figure 2 has polar coordinates (r, 0) = (4, Z), It is located at dis- 


tance r = 4 from the origin (so it lies on the circle of radius 4), and it lies on the ray of 
angle 0 = = Notice that it can also be described by (7,6) = (4, =z). Unlike Carte- 
sian coordinates, polar coordinates are not unique, as we will discuss in more detail 


shortly. 
Figure 3 shows the two families of grid lines in polar coordinates: 


ee Se ee eee ee ewe eee 


Circle centered at O <— r = constant 


CB FIGURE 1 Ray starting atO <—> 6 = constant 
OF 
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Every point in the plane other than the origin lies at the intersection of the two grid lines _ 
Ray @= z and these two grid lines determine its polar coordinates. For example, point Q in Figure 3 
lies on the circle 7r = 3 and the ray 0 = = so Q = (3, sx) in polar coordinates. 

Figure 1 shows that polar and rectangular coordinates are related by the equations 
x =rcos@ and y =rsin@. On the other hand, r? = x? + y? by the distance formula, 
and tan@ = y/x if x Æ 0. This yields the conversion formulas: 


Polar to Rectangular Rectangular to Polar 


x =r cos r= x +y? 


y=rsinð tand=~ (x#0) 
x 


FIGURE 2 


Note, we do not write 0 = tan—' since that relationship holds only for —3 <6 < 3. 


EXAMPLE 1 From Polar to Rectangular Coordinates Find the rectangular coordi- 
nates of point Q in Figure 3. 


Solution The point Q = (r,0) = (3, 5z) has rectangular coordinates 


x =r cos = 3cos ae = v3 = 3v3 
me E 6J 2J- 2 


5 
y =rsind = 3sin(=) =3(3) = 5 L 


EXAMPLE 2 From Rectangular to Polar Coordinates Find polar coordinates for the — 
point P in Figure 4. 


Solution Since P = (x, y) = (3,2), 


pe EEEE T 2 = 4/1 ~ 3.6 


and (see the margin comment below Figure 4) because P lies in the first quadrant, 


2 
9 = tan”! > = tan! £ ~ 0.588 
x 3 
Thus, P has polar coordinates (r,@) ~ (3.6, 0.588). E 
FIGURE 4 The polar coordinates of P 
satisfy r = v3? + 2? and tan0 = 2. A few remarks are in order before proceeding: 
Ifr > 0, a@-coordinate of P = (x, y) is e The angular coordinate is not unique because (r, 0) and (r,@ + 27n) label the 
ie l same point for any integer n. For instance, point P in Figure 5 has radial coor- 
tan 7 ifx >00 dinate r = 2, but its angular coordinate can be any one of F» SE, ... OF ae 
y _ it 
= =i goes 
j = x TO So ° The origin O has no well-defined angular coordinate, so we assign to O the polar 
47 Aai coordinates (0, 0) for any angle 8. 


By convention, we allow negative radial coordinates. By definition, (—r, 0) is the 
reflection of (r,@) through the origin (Figure 6). With this convention, (—r, 6) 

and (r,@ + 7) represent the same point. ES. 
We may specify unique polar coordinates for points other than the origin by 
placing restrictions on r and 86. We commonly choose r > 0 and 0 < 8 < 27, 

but other choices are sometimes made. 
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P = (0, 2) (rectangular) 


(-r, 0) 
or (r, 8 + 7) 


FIGURE 5 The angular coordinate of P = (0, 2) is FIGURE 6 Relation between (7, @) and 
5 or any angle 5 + 2xn, where n is an integer. (—r,@). 


When determining the angular coordinate of a point P = (x, y), remember that there 
are two angles between 0 and 27 satisfying tan = y/x. One of these angles is paired 
with r = yx? + y? to provide polar coordinates for P, the other is paired with —r. 


EXAMPLE 3 Choosing 0 Correctly Find two polar representations of P = (—1, 1), 
one with r > 0 and one with r < 0. 


Solution The point P = (x, y) = (—1, 1) has polar coordinates (7, 6), where 
r=/(-12+2=V72, tno=2>=-1 
x 


Now, tan~!(—1) = a an angle that places us in the fourth quadrant if we use r = y2 
(Figure 7). But P is in the second quadrant, and therefore the correct angle is 


FIGURE 7 


zi 7 37r 
0 = tan`! = = —— = — 
+r 4 +e A 
If we wish to use the negative radial coordinate r = —./2, then the angle becomes 
p=- or Z, Thus, 
3 — 7 
p=(Va=) o (-v,=) : 


FIGURE 8 Lines through O with polar . 
equation 6 = 6. A curve is described in polar coordinates by an equation involving r and 0, which 


we call a polar equation. By convention, we allow solutions with r < 0. 

A line through the origin O has the simple equation 6 = 69, where 6p is the angle 
between the line and the x-axis (Figure 8). Indeed, the points with 6 = 6 are (r, ), 
where r is arbitrary (positive, negative, or zero). 


EXAMPLE 4 Line Through the Origin Find a polar equation of the line through the 
origin of slope 3 (Figure 9). 

Solution A line of slope m makes an angle 09 with the x-axis, where m = tan 8o. In our 
case, 0) = tan! 3 = 0.98. An equation of the line is @ = tan”! > or 6 = 0.98. a 


To describe lines that do not pass through the origin, we note that any such line has 
FIGURE 9 Line of slope ñ through the a unique point Po that is closest to the origin. The next example shows how to write the 
se polar equation of the line in terms of Po (Figure 10). 
ein. 
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FIGURE 10 Po is the point on £ closest 
to the origin. 


FIGURE 11 The tangent line has equation 
T 

r =4sec (o ——}. 
3 


FIGURE 12 The cardioid given by 
r=1+siné. 


EXAMPLE 5 Line Not Passing Through the Origin Show that 


is the polar equation of the line £ whose point closest to the origin is Po = (d, œ). 


Solution The segment OPo in Figure 10 is perpendicular to £. If P = (r, @) is any point 
on L other than Po, then AOPPo is a right triangle. Therefore, d/r = cos(@ — œ), or 
r = dsec(@ — a), as claimed. E 


EXAMPLE 6 Find the polar equation of the line £ tangent to the circle r = 4 at the point 
with polar coordinates Po = (4, 4). 


Solution The point on £ closest to the origin is Po itself (Figure 11). Therefore, we take 
(d,a) = (4, 4) in Eq. (1) to obtain the equation r = 4 sec (6 — 4). E 


EXAMPLE 7 Sketch the curve corresponding to r = 1 + siné. 


Solution If we let 6 vary from 0 to 27, we see all possible values of the function, and 
then it will repeat. So, we consider values between 0 and 27. 


Sama NC E AE Was 


TALAL IRAE 


For each of the given angles, we plot the point as in Figure 12, and then we connect 


‘Se? 


the points with a smooth curve. The resulting curve is called a cardioid, which is Greek __ 


for the “heart” that it resembles. z 


Often, it is hard to guess the shape of a graph of a polar equation. In some cases, it is 
helpful to rewrite the equation in rectangular coordinates. 


EXAMPLE 8 Converting to Rectangular Coordinates Convert to rectangular coordi- 
nates and identify the curve with polar equation r = 2a cos @ (a is a positive constant). 


Solution In this case, the process of converting to rectangular coordinates is simple if 
we first multiply both sides of the equation by r. We obtain r? = 2ar cos 0. Because 


r? =x? + y? and x = r cos 0, this equation becomes 
x? + y =2ax > x? —2ax +y =0 > 

x — Vax +a* + y? =8 =>(x-—a)*+y’ =a? 

This is the equation of the circle of radius a and center (a, 0) (Figure 13). a 
3 y 
r=2acos @ Sai 
n X 
2a 
(75-9) 
FIGURE 13 FIGURE 14 The points (r,@) and = ee 


(r, —@) are symmetric with respect 
to the x-axis. 
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A similar conversion shows that the polar equation r = 2a sin@ corresponds 
= to the circle x? + (y — a) =a? whose radius is a and center is on the y-axis 
at (0, a). 
In the next example, we make use of symmetry. Note that the points (r, 8) and (r, —6) 
are symmetric with respect to the x-axis (Figure 14). 


EXAMPLE 9 Symmetry About the x-Axis Sketch the limaçon curve r = 2cos 6 — 1. 


Solution Since f(6) = cos @ is periodic with period 27, it suffices to consider angles 
—x <6 <7, We will sketch the curve for 0 < 0 < 7 and then use symmetry to obtain 
the complete graph. 

We take two different approaches to sketching the curve for 0 < 8 < x. The first 
involves plotting points and connecting with a curve: the second involves analyzing 
r versus 6 on a rectangular system and sketching the curve from that information. 


Step 1. Plot points and connect. 
To get started, we plot points A-G on a grid and join them by a smooth curve 
(Figure 15). 


FIGURE 15 Plotting r = 2cos@ — 1 
using a grid. 


= Step 1. Alternate-Analyze r versus 8 on a rectangular system. 
Figure 16(A) shows the graph of r in terms of 8 on a rectangular system. From it we 
see that 


As @ increases from 0 to 3 r decreases from 1 to 0. 


As @ varies from 3 tor, r is negative and varies from 0 to —3. 


(A) Variation of r as a function of 8 (B) @ varies from 0 to #/3: (C) 6 varies from 7/3 to 7, (D) The entire limaçon. 
r varies from 1 to 0. but r is negative and 
varies from 0 to —3. 


i ia ‘you? : 4 1 Tti t 
FIGURE 16 The curve r = 2cos9 — 1 is called a limaçon, from the Latin word for “snail.” It was first described in 1525 by the German artis 


— Albrecht Dürer. 
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This information guides us as we sketch the graph in Figure 16 (B-C) in the 
following manner: 


¢ The graph begins at point A in Figure 16(B) and moves in toward point C, at 
the origin, as 0 increases from 0 to 7. 

e Since r is negative for z < @ <n, the curve continues into the third and 
fourth quadrants (rather than into the first and second quadrants). 

As 0 increases from } to 4, r becomes larger in the negative direc- 
tion, and the graph moves outward from the origin to point D = (—1, 3) in 
Figure 16(C). 

As 0 increases from > to x, r continues to become larger in the negative 
direction, and the graph continues to move outward from D to point G = 
(—3, 7). 


Step 2. Use symmetry to complete the graph. 
Since r(@) = r(—0), the curve is symmetric with respect to the x-axis. So, the part 
of the curve with —z < 6 <0 is obtained by reflection through the x-axis as in 
Figure 16(D). a 


11.3 SUMMARY 


°. A point P = (x, y) has polar coordinates (7,0), where r is the distance to the origin 
and @ is the angle between the positive x-axis and the segment O P, measured in the 
counterclockwise direction. 

e Conversions between polar and rectangular coordinates: 


x=rcos@, r= x? +y? 


y =r sin, tang = 2 (x £0) 
x 


e The angular coordinate @ must be chosen so that (r, 0) lies in the proper quadrant. If 


r > 0, then 
tan! 2 ifx >Q 
x 
0 = EE ifx <0 
x 
i 


e Nonuniqueness: (7,0), (7,8 + 2nz), and (—r,@ + (2n + 1)x) represent the same 
point for all integers n. The origin O has polar coordinates (0, 0) for any 8. 
e Polar equations: 


Curve Polar equation 


Circle of radius R, center at the origin r= 
Line through origin of slope m = tan @ 0 = 
Line on which Po = (d, œ) is 


the point closest to the origin aha i 
Circle of radius a, center at (a, 0) re Beene 
(x—a)?+y* =a? oe 
Circle of radius a, center at (0, a) 

r= 2asin@ 


x? + (y — a}? = a? 
a S a E, 


nn 
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\_11.3 EXERCISES 


Preliminary Questions 


1. Points P and Q with the same radial coordinate (choose the correct 
answer): 

(a) lie on the same circle with the center at the origin. 

(b) lie on the same ray based at the origin. 


2. Give two polar representations for the point (x, y) = (0, 1), one with 
negative r and one with positive r. 


Exercises 


1. Find polar coordinates for each of the seven points plotted in Fig- 
ure 17. [Choose r > 0 and @ in [0, 277).] 


=” aoi 


FIGURE 17 
2. Plot the points with polar coordinates: 
(a) (2,2) (b) (4, 32) (c) (3,-%) (a) (0, %) 
3. Convert from rectangular to polar coordinates: 
(a) (1,0) b) (3, V3) ©) (—2,2) (a) (—1, V3) 


4. Convert from rectangular to polar coordinates using a calculator 
(make sure your choice of 0 gives the correct quadrant): 


(a) (2,3) (b) (4,-7) (e)* 37-28) (d) (—5,2) 
5. Convert from polar to rectangular coordinates: 
(a) (3,3) b) (6, 7) © (0,5) (@) (5,-3) 


6. Which of the following are possible polar coordinates for the point P 
with rectangular coordinates (0, —2)? 
> 7% 
o (25) 


Ta 

@ (27) 
ri 

o (2-3) o (2-2) 


7. Describe each tan-shaded sector in Figure 18 by inequalities in r 
and @. 


45° 


(A) (B) (C) 


FIGURE 18 


3. Describe each of the following curves: 
(a) r=2 (b) r7=2 (c) rcosé =2 


4. If f(—0) = f(0), then the curve r = f(@) is symmetric with respect 
to the (choose the correct answer): 


(a) x-axis. (b) y-axis. (c) origin. 


8. Describe each green-shaded sector in Figure 18 by inequalities in r 
and @, 


9. Find an equation in polar coordinates of the line through the origin 
with slope Z 


10. Find an equation in polar coordinates of the line through the origin 
with slope 1 — /2. 


11. What is the slope of the line 8 = 329 


12. One of r = 2sec@ and r = 2csc@ is a horizontal line, and the other 
is a vertical line. Convert each to rectangular coordinates to show which is 
which. 


In Exercises 13-18, convert to an equation in rectangular coordinates. 


i3.. P= 7 14. r=sin@ 
15. r=2sin@ 16. r = 2cscO@ — sec@ 
17 18 

o r = — . r= 

7 cos @ — sin@ 2 —cosé 


In Exercises 19-24, convert to an equation in polar coordinates of the form 


r= f(@). 


19. x*+y*?=5 20. x =5 
21. y =x? 22. xy=1l 
23. e+? =1 24. inx=1 


25. Match each equation with its description: 


(a) r=2 (i) Vertical line 

(b) 0 =2 (ii) Horizontal line 

(c) r =2sec0 (iii) Circle 

(d) r= 2csc@ (iv) Line through origin 


26. Suppose that P = (x, y) has polar coordinates (r,0). Find the polar 
coordinates for the points: 


(a) (x, —y) (b) (—x,—y) (c) (—x, y) (d) (y,x) 


27. Find the values of 6 in the plot of r = 4 cos @ corresponding to points 
A. B,C, D in Figure 19. Then indicate the portion of the graph traced out 


as @ varies in the following intervals: 


(a) 0<0<5 b) 7 <9s" 


(c) 1<0< ¥ 
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FIGURE 19 Plot of r =4cos@. 


28. Match each equation in rectangular coordinates with its equation in 
polar coordinates: 
(a) x? +y? =4 (i) r2(1 —2sin20)=4 


b) x7 +(y-1)? = 1 (ii) r(cos@ + sin 0) = 4 


(c) x? — y? =4 (iii) r = 2sin@ 
d)x+y=4 (iv) r=2 


29. What are the polar equations of the lines parallel to the line with 
equation r cos (8 — $) = 1? 


30. Show that the circle with its center at (5, 5) in Figure 20 has polar 
equation r = sin@ + cos@ and find the values of ô between 0 and x cor- 
responding to points A, B, C, and D. 


FIGURE 20 Plot ofr = sin@ + cos@. 
31. Sketch the curve r = 56 (the spiral of mene a) for 6 between 0 
and 27 by plotting the Poin for 6 =, 7, 5... e 
32. Sketch r = 3cos@ — 1 (see Example 9). 
33. Sketch the cardioid curve r = 1 + cosé@. 


34, Show that the cardioid of Exercise 33 has equation 


in rectangular coordinates. 


35. Figure 21 displays the graphs of r = sin 28 in r versus 6 rectangular 
coordinates and in polar coordinates, where it is a “rose with four petals.” 
Identify: 

(a) The points in (B) corresponding to points A-J in (A). 

(b) The parts of the curve in (B) corresponding to the angle intervals 


(0, 51. [3-2], pe 3) and [3 , 2x]. 
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(B) Graph of r = sin 20 
in polar coordinates 


(A) Graph of r as a function 
of 6, where r = sin 20 


FIGURE 21 


36. Sketch the curve r = sin 30 by filling in the table of r-values below 
and plotting the corresponding points of the curve. Notice that the three 
petals of the curve correspond to the angle intervals [0, 5], [35, a], and 
[3.7 |. Then plotr = sin 38 in rectangular coordinates and label the points 
on this graph corresponding to (r, @) in the table. 


37. (a) (Gu) Plot the curve r = faa for0 < 6 < 2x. 

(b) With r as in (a), compute the limits ; tira _1cos 6 and k lim E. sin ð. 
(c) | A | Explain how the limits in (b) show that the curve approaches a 
horizontal asymptote as 0 approaches 27 from the left. What is the asymp- 
tote? 


38. (a) (cu) Plot the curve r = -b for0 <6 < 2x. 

(b) With r as in (a), compute the limits lim rcosé, pom, r cos0, 
>z <>n 

lim rsin@, and Red rsinég. 


a aa 


(c) Ei a how the limits in (b) show that the curve approaches a 
horizontal asymptote as 0 approaches 7x, both from the left and from the 
right. What is the asymptote? 


39. (Gu) Plot the cissoid r = 2 sin ô tan@ and show that its equation in 
rectangular coordinates is 


2 - 


ov 2—X% 
40. Prove that r = 2a cos @ is the equation of the circle in Figure 22 using 


only the fact that a triangle inscribed in a circle with one side a diameter is 
a right triangle. 


FIGURE 22 
41. Show that 


r =acos + bsin@ 


is the equation of a circle passing through the origin. Express the radius 
and center (in rectangular coordinates) in terms of a and b and write the 
equation in rectangular coordinates. 


42. Use the previous exercise to write the equation of the circle of radius 
- § and center (3,4) in the form r = acos + bsiné@. 


43. Use the identity cos 2@ = cos? 0 — sin? @ to find a polar equation of 
the hyperbola x? — y? = 1. 


44. Find an equation in rectangular coordinates for the curve r? = 


cos 20. 


45. Show that cos 38 = cos? @ — 3 cos 0 sin? 0 and use this identity to find 
an equation in rectangular coordinates for the curve r = cos 30. 


46. Use the addition formula for the cosine to show that the line £ with 
polar equation r cos(@ — œ) = d has the equation in rectangular coordi- 


nates (cosa)x + (sina)y = d. Show that £ has slope m = —cota and 
y-intercept d/sin a. 


In Exercises 47-50, find an equation in polar coordinates of the line L 
with the given description. 


47. The point on £ closest to the origin has polar coordinates (2, 3). 


48. The point on £ closest to the origin has rectangular coordinates 
(—2, 2). 


49. £ is tangent to the circle r = 2/10 at the point with rectangular coor- 
dinates (—2, —6). 


50. £ has slope 3 and is tangent to the unit circle in the fourth quadrant. 


51. Show that every line that does not pass through the origin has a polar 
equation of the form 


= b 
— sin —acos@ 


where b Æ 0. 


52. By the Law of Cosines, the distance d between two points (Figure 23) 
with polar coordinates (r, 0) and (rp, 8o) is 


d? = r?° + r — 2rro cos(0 — 4) 
Use this distance formula to show that 
ge Se e 
r 107 cos (o z) = 30 


( a of the circle of radius 9 whose center has polar coordinates 
5, 7). 
4 


FIGURE 23 
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53. For a > 0, a lemniscate curve is the set of points P such that the 
product of the distances from P to (a,0) and (—a, 0) is a?. Show that the 
equation of the lemniscate is 


(x? +y Y = 2a7(x? — y?) 


Then find the equation in polar coordinates. To obtain the simplest form of 
the equation, use the identity cos 20 = cos? 0 — sin? @. Use graph plotting 
software and plot the lemniscate for a = 2. 


54, | A J Let c be a fixed constant. Explain the relationship between the 
graphs of: 


(a) y= f(x + c) and y = f(x) (rectangular). 
(b) r = f(@ +c) andr = f(6) (polar). 
(c) y= f(x) +c and y = f(x) (rectangular). 
(d) r= f(@)+c andr = f(0) (polar). 


* 


55. The Slope of the Tangent Line in Polar Coordinates Show that a 
polar curve r = f (0) has parametric equations 


x = f(@)cos8@, y = f(@)sin@ 
Then apply Theorem 1 of Section 11.1 to prove 


dy _ f(@)cosé + f'() sing 
dx  —f(0)sin@ + f’(6)cosé@ [2 | 


where f'(0) = df /dé. 
56. Use Eg. (2) to find the slope of the tangent line to r = sin at @ = %. 


57. Use Eq. (2) to find the slope of the tangent line tor = 0 at@ = 5 and 
0 =r. 


58. Find the equation in rectangular coordinates of the tangent line to 
r = 4cos30 at 0 = %. 


59. Find the polar coordinates of the points on the lemniscate 
r? = cos 28 in Figure 24 where the tangent line is horizontal. 


r? = cos (20) 


FIGURE 24 


60. Find the polar coordinates of the points on the cardioid r = 1 + cos 0 
where the tangent line is horizontal (see Figure 25(A)). 


61. Use Eq. (2) to show that for r = sin@ + cos6, 


dy _ cos 20 + sin 20 
dx  cos20 —sin26 


Then calculate the slopes of the tangent lines at points A,B,C in 
Figure 20. 
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Further Insights and Challenges a 

62. | 4 J Let y = f(x) be a periodic function of period 27—that is, (d) Use Eq. (2) to show that 

F(x) = f(x + 27). Explain how this periodicity is reflected in the graph 

ji SZ m (2e eR ) esco 

(a) y = f(x) in rectangular coordinates. dx b + 2cos0 

(b) r = f(9) in polar coordinates. (e) Find the points where the tangent line is vertical. Note that there are 
three cases: 0 < b < 2, b = 2, and b > 2. Do the plots constructed in (b) 

63. (au) Use a graphing utility to convince yourself that the polar equa- and (c) reflect your results? 


tions r = fı(0) = 2cos@ — 1 andr = fo(@) = 2cos@ + 1 have the same 
graph. Then explain why. Hint: Show that the points (f/;(@ + 7),@0 + x) 


and ( f2(@), 0) coincide. 4 i ; 

64. (Gu) We investigate how the shape of the limaçon curve given by 1 1 f 

r = b + cos depends on the constant b (see Figure 25). x ” be 
(a) Argue as in Exercise 63 to show that the constants b and —b yield the 3 3 

same curve. 

(b) Plot the limaçon for b = 0, 0.2, 0.5, 0.8, 1 and describe how the curve 


changes. (A) r=1+cos@ (B) r=1.5+cos 0 (C) r=2.3+ cos 0 
(c) Plot the limaçon for b = 1.2, 1.5, 1.8,2,2.4 and describe how the 
curve changes. FIGURE 25 


11.4 Area and Arc Length in Polar Coordinates 


For a function f, if f(0) > O fora < @ < 8, then the polar-coordinates region bounded 
by the curve r = f(@) and the two rays 0 = «œ and 0 = $ is a sector as in Figure 1(A). 

We can compute this area via a polar-coordinates integral; we will see how in the first 
part of this section. a] 
To derive a formula for the area, divide the region into N narrow sectors of angle 

A0 = ($ — a)/N corresponding to a partition of the interval [a, 8] as in Figure 1(B): 


=a <0, <h<---<Oy=B 


y 
FIGURE 1 Area bounded by the curve B Bai 
r = f(0) and the two rays 0 = @ and PEA 4 Xx 
0 =B. 
p (A) Regiona <0 <B (B) Region divided into narrow sectors 


Recall that a circular sector of angle A0 and radius r has area ir? A0 (Figure 2). If A0 
7 is small, the jth narrow sector (Figure 3) is nearly a circular sector of radius r; = f(@;), 
so its area is approximately 5776 . The total area is approximated by the sum 


Aé 


N N 
l i 
area of region © 2 ari Ae P 2 i (0;)°A@ Ei 


ie. ae | LI A 
FIGURE 2 The area of a circular sector is This is a Riemann sum for the integral 5 | f (0) d@. If f is continuous, then the sum —~ 


Q 
M “AO. approaches the integral as N —> oo, and we obtain the following formula. 


FIGURE 3 The area of the jth sector is 
approximately 577 0. 


4w REMINDER In Eq. (3), we use the 
identity 


l 
sin? 0 = ris — cos 20) 


CAUTION Keep in mind that the integral 

1 fÊ 

— p r? d@ does not compute the area 
under a curve as in Figure 4(B), but rather 
computes the area swept out by a radial 
segment as @ varies from a to B, as in 
Figure 4(A). 


FIGURE 5 Graph of r = sin 38 in r versus 8 
rectangular coordinates. 
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THEOREM 1 Area in Polar Coordinates If f is a continuous function, then the area 
bounded by a curve in polar form r = f(@) and the rays 0 = a and@ = £ (witha < £) 
is equal to 


P 1 fË 5 
— dð = - 0)“ dé 
sf + sf fe 


We know that r = R defines a circle of radius R. By Eq. (2), the area is equal to 


an 1 
= / R? d0 = zR Qn) = 7 R?, as expected. 
0 


EXAMPLE 1 Use Theorem 1 to compute the area of the right semicircle with equation 
r = 4sinð. 


Solution The equation r = 4 sin 0 defines a circle of radius 2 tangent to the x-axis at the 
origin. The right semicircle is swept out as @ varies from 0 to 5 as in Figure 4(A). By 
Eq. (2), the area of the right semicircle is 


S 5 JK : m/{2 j 
— r“d@ = — (4 sin)" d@ = 8f sin“ 6 d8 3 
2 Jo 2 Jo 0 


{2 1 
= 8f —(1 — cos 20) d@ 
o 2 


T/2 
= (46 — 2 sin 20) 


0 


(A) The polar integral computes the 
area Swept out by a radial segment. 


(B) The ordinary integral in 
rectangular coordinates computes 
the area undemeath a curve. 


FIGURE 4 


EXAMPLE 2 Sketch r = sin 36 and compute the area of one “petal.” 


Solution To sketch the curve, we first graph r = sin 30 in r versus @ rectangular coor- 
dinates. Figure 5 shows that the radius r varies from 0 to 1 and back to 0 as @ varies from 
0 to 3. This gives petal A in Figure 6. Petal B is traced as 0 varies from 7 to = (with 
r < 0), and petal C is traced for 4 < ð < x. We find that the area of petal A [using 
Eq. (2) in the margin to evaluate the integral] is equal to 

Po ed 2 1 {7P (1 —cos 66 1 L 

T (sin 30)“ d0 = al (=) ag = & = singo ) 


T/3 


o È 
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EXAMPLE 3 Area Between Two Curves Find the area of the region inside the circle _ _ 
r = 2cos@ but outside the circle r = 1 [Figure 7(A)]. 


Solution The two circles intersect at the points where (r,2cos@) = (r, 1) or, in other 
words, when 2cos@ = 1. This yields cos @ = 5s which has solutions @ = 2. 


FIGURE 6 Graph of polar curve r = sin 30, 
a “rose with three petals.” 


(A) (B) (C) 


FIGURE 7 Region Iis the difference of regions H and HI. 


We see in Figure 7 that region I is the difference of regions H and IM in 
Figures 7(B) and (C). Therefore, 
area of I = area of II — area of I] 


l E 3 1 nf3 a 
4 REMINDER In Eq. (4), we use the 5 [ ane cos 0)“ d9 — 5 J (1y dé 


identi wie 
identity 1 pz ; j pm A 
l =; f (4 cos 9- Dd=; | (2cos20 + 1)d@ 
cos? 6 — z0 + cos 20) e- —n/3 Z —1/3 Ly 
1 ue 3 
= —(sin 26 + @) se eg ral 
2 AIB 2 3 
We close this section by deriving a formula for arc length in polar coordinates. 
Observe that a polar curve r = f(@) has a parametrization with ô as a parameter: 
x =rcos@ = f(@)cos8@, y=rsin@ = f(@)sind 
Using a prime to denote the derivative with respect to 8, we have 
/ dx . ; 
x(@)= 70 = —f(9)sin6é + f'(@)cosé 
/ dy oe 
y'(0) = aa f(@)cos@ + f'(6) sind 
Recall from Section 11.2 that arc length is obtained by integrating / x’(8) + y/(6). 
Straightforward algebra shows that x/(9)* + y (0° = f(6)* + f’(6)*; thus, 
B 
arc length s = f J FOP + FO) do | 5 | 
EXAMPLE 4 Find the total length of the limaçon r = 1 + 4cos 8 in Figure 8. 
Solution In this case, f(@) = 1 + 4cos@ and 
é fy + FOP = (1 +4c0s6)? + (—4sin0)? = 17 + 8cos8 
The total length of this limaçon is 
eee 


21 27 
i [ Vier + peyde = f /17 + 8 cos 0 d0 
0 


FIGURE 8 Graph of r = 1 +4cos@. Using numerical approximation, we find that the length is approximately 25.53. ™ 


| 
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11.4 SUMMARY 


1 r=f@) 
(Figure 9): 


ie = x 


FIGURE 9 Region bounded by the polar 
curve r = f(@) and the rays 0 = a, 0 = B. 


e Area of the sector bounded by a polar curve r = f(@) and two rays 0 = a and 0 = B 


p 
area = > f f()* d0 


¢ Arc length of the polar curve r = f (0) fora <0 < £$: 


B 
arc length = f J FOR + £6) do 


11.4 EXERCISES 


Preliminary Questions 

1. Polar coordinates are suited to finding the area (choose one): 
(a) under a curve between x = a and x = b. 

(b) bounded by a curve and two rays through the origin. 


2. Is the formula for area in polar coordinates valid if f (0) takes negative 
values? 


3. The horizontal line y = | has polar equation r = csc 0. Which area is 
Í zm/2 
represented by the integral 5 f csc? 6 d0 (Figure 10)? 


x /6 


(a) OABCD (b) AABC (c) AACD 


FIGURE 10 


Exercises 


1. Sketch the region bounded by the circle r = 5 and the rays 0 = 5 and 
0 = x, and compute its area as an integral in polar coordinates. 


2. Sketch the region bounded by the line r = sec@ and the rays 6 = 0 
and ô = 4. Compute its area in two ways: as an integral in polar coordi- 
nates and using geometry. 


3. Calculate the area of the circle r = 4 sin @ as an integral in polar co- 
ordinates (see Figure 4). Be careful to choose the correct limits of integra- 
tion. 


4. Find the area of the shaded triangle in Figure 11 as an integral in po- 
lar coordinates. Then find the rectangular coordinates of P and Q, and 
compute the area via geometry. 


FIGURE 11 


5. Find the area of the shaded region in Figure 12. Note that @ varies 
from 0 to 5. 


6. Which interval of 6-values corresponds to the shaded region in 
Figure 13? Find the area of the region. 


7 


lL 2 


FIGURE 12 


FIGURE 13 


7. Find the total area enclosed by the cardioid in Figure 14. 


y 


FIGURE 14 The cardioid r = 1 — cos@. 
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8. Find the area of the shaded region in Figure 14. 15. Find the area of the inner loop of the limaçon with polar equation 


í : l r = 2 cos — 1 (Figure 19). 
9. Find the area of one leaf of the four-petaled rose r = sin 20 (Figure 


15). Then prove that the total area of the rose is equal to one-half the area 16. Find the area of the shaded region in Figure 19 between the inner and 
of the circumscribed circle. outer loop of the limaçon r = 2cos@ — 1. 
7 
l 
ZA : 
| 
-Í 
FIGURE 15 Four-petaled rose r = sin 28. FIGURE 19 The limaçon r = 2cosé@ — 1. 


17. Find the area of the part of the circle r = sin 0 + cos 8 in the fourth 


10. Find the area enclosed by one loop of the lemniscate with equation ; . 
quadrant (see Exercise 30 in Section 11.3). 


r? = cos 26 (Figure 16). Choose your limits of integration carefully. 


18. Find the area of the region inside the circle r = 2sin(@ + 4) and 
above the line r = sec (0 — =). 


19. Find the area between the two curves in Figure 20(A). 


20. Find the area between the two curves in Figure 20(B). 


“4 y 


FIGURE 16 The lemniscate r2 = cos 26. r=2+sin20 


r=2 +cos20 
11. Find the area of the intersection of the circles r = 2 sin and r = 
2c0s @. 


12. Find the area of the intersection of the circles r =sin@ and r = 


J3cosé@. 


13. Find the area of region A in Figure 17. 
(A) (B) 


FIGURE 20 
21. Find the area inside both curves in Figure 21. 
22. Find the area of the region that lies inside one but not both of the 


curves in Figure 21. 


3 


r=2+sin 20 


FIGURE 17 


14. Find the area of the shaded region in Figure 18 enclosed by the circle 
ri z and a petal of the curve r = cos 30. Hint: Compute the area of both 


the petal and the region inside the petal and outside the circle. r=3+ces20 


FIGURE 21 
23. (a) (GU) Plot r(@) = 1 — cos(108) for 0 < 8 < 2x. 
(b) Compute the area enclosed inside the 10 petals of the graph of r(@). 


(c) EZ Explain why, for a positive integer n and 0 < @ < 2x,r,(@) = 
1 — cos(n0) traces out an n-petal flower inscribed in a circle of radius 2 
centered at the origin. — 
(d) Show that the area enclosed inside the n petals of the graph of r,(@) 
is independent of n and equals ŠA, where A is the area of the circle of 


FIGURE 18 radius 2. 


\ 24. (a) (GU) Plot the spiral r(@) = 6 for 0 < 0 < 87. 


(b) On your plot, shade in the region that represents the increase in area 
enclosed by the curve as @ goes from 6r to 82. Compute the shaded area. 


(© Show that the increase in area enclosed by the graph of r(@) as 8 goes 
from 277 to 2(n + 1) is 8nz?. 


25. Calculate the total length of the circle r = 4 sin @ as an integral in po- 
lar coordinates. 


26. Sketch the segment r = sec @ for O < 6 < A. Then compute its length 
in two ways: as an integral in polar coordinates and using trigonometry. 


In Exercises 27-34, compute the length of the polar curve. 
27. The length of r = 0° for0 < 0 <x 

28. The spiralr = 0 forO <0 <A 

29. The curve r = sinf for0 <0 <x 

30. The equiangular spiral r = e? for O < 6 < 2x 

31. r = V1 + sin28 for 0 < 0 < 2/4 

32. The cardioid r = 1 — cos 0 in Figure 14 

33. r = cos? 6 

34. r=1+8for0 <90 <x/2 


In Exercises 35-38, express the length of the curve as an integral but do 
not evaluate it. 


35. r=e? +1, 0<60<2/2. 


SECTION 11.5 Conic Sections 651 


36. r=(2—cos@)"!, 0<0<2n 
37. r=sin? 0, 0<O0<2n 
38. r=sin@cos@, O<0 <x 


In Exercises 39-42, use a computer algebra system to calculate the total 
length to two decimal places. 


39. The three-petal rose r = cos 30 in Figure 18 
40. The curve r = 2 + sin 20 in Figure 21 


41. The curve r = 0 sin8 in Figure 22 for 0 < 0 < 4x 


A 


© 


5 5 


FIGURE 22 r = @sin@ for0 < 0 < 4x. 


42. r=J/6, 0<6<4n 


Further Insights and Challenges 


43. Suppose that the polar coordinates of a moving particle at 
time t are (r(t),@(t)). Prove that the particle’s speed is equal to 


(dr /dt)* + r2(d@/dt). 


44, EA Compute the speed at time t = 1 of a particle whose polar coor- 
dinates at time t are r = t, 0 = t (use Exercise 43). What would the speed 
be if the particle’s rectangular coordinates were x = t, y = t? Why is the 
speed increasing in one case and constant in the other? 


11.5 Conic Sections 


The conics were first studied by the ancient 
Greek mathematicians, beginning possibly 
with Menaechmus (c. 380-320 sce) and 
including Archimedes (287-212 sce) and 


Apollonius (c. 262-190 sce). curves in the plane 


FIGURE 1 The conic sections are curves 
that result from the intersection of a plane 
and a cone. 


Three familiar families of curves—ellipses, hyperbolas, and parabolas—appear through- 
out mathematics and its applications. They are called conic sections because they are 
obtained as the intersection of a cone with a suitable plane (Figure 1). Our goal in this 
section is to derive equations for the conic sections from their geometric definitions as 
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An ellipse is an oval-shaped curve [Figure 2(A)] consisting of all points P such that _ 
the sum of the distances to two fixed points Fı and Fz is a constant K > 0: 


PR eer Rok 


We assume always that K is greater than The points F; and F, are called the foci (plural of “focus”) of the ellipse. Note that if 
the distance F; F between the foci, the foci coincide, then Eq. (1) reduces to 2P F; = K and we obtain a circle of radius 5K 
because the ellipse reduces to the line centered at F}. 

segment F\ Fz if K = F, Fh, and it has no We use the following terminology: 


oints at all if K < Fy Fy. iene 
‘ ae * The midpoint of F; Fz is the center of the ellipse. 


¢ The line through the foci is the focal axis. 
¢ The line through the center perpendicular to the focal axis is the conjugate axis. 


Conjugate axis 


P Semiminor 
axis 
Focal axis č 
a ae ° j i - 


(A) The ellipse consists of all points P (B) Ellipse in standard position: 
such that PF, + PF,=K + \2 y\2 
(z) + (3) = 


Semimajor axis 


FIGURE 2 


The ellipse is said to be in standard position (and is called a standard ellipse) if the 
focal and conjugate axes are the x- and y-axes, as shown in Figure 2(B). In this case, the 
foci have coordinates F = (c,0) and Fz = (—c,0) for some c > 0. Let us prove that 
the equation of this ellipse has the particularly simple form 


xX\z2 y 2 
(=) +(5) = 
where a = K/2 and b = Va? — c?. 
By the distance formula, P = (x, y) lies on the ellipse in Figure 2(B) if 


PF, + PF = J @ -cty +(x +02 + y? = 2a 


In the second equation, move the first term on the left over to the right and square both 


sides: 
(etc + y? = 4a? — hay (x = c} + y+ -c) + y? 


— e)2 2 ee E e s "s 
Strictly speaking, it is necessary to show ayj (x — c) + y4 = 4a* + (x — cY — (x +o = 4a" — 4ex 


that if P = (x, y) satisfies Eq. (4), then it Now divide by 4, square, and simplify: 
also satisfies Eq. (3). When we begin with 


Eq. (4) and reverse the algebraic steps, the a° (x? — 2x +c + y’) = qaf — 2a*cx + cx? 
process of taking square roots leads to the 
s 2 2a 2 
relation Ca jx Fa y? =4f -8P = a° (a? = æ) 
Væ —cY+y2?+VJV(x +c)? + y? = 2a x? y? | | 
— =] 4 
a? a&@-— e 


However, because a > c this equation has 
no solutions unless both signs are positive. This is Eq. (2) with b? = a? — c? as claimed. 
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The ellipse intersects the axes in four points A, A’, B, B’ called vertices. Vertices A 
and A’ along the focal axis are called the focal vertices. Following common usage, the 
numbers a and b are referred to as the semimajor axis and the semiminor axis (even 
though they are numbers rather than axes). 


THEOREM 1 Ellipse in Standard Position Let a > b > 0, and set c = Va? — b?. 
The ellipse P Fj + P Fz = 2a with foci F; = (c,0) and Fz = (—c, 0) has equation 


[5] 


Furthermore, the ellipse has 


e semimajor axis a, semiminor axis b. 
e focal vertices (+a,0), minor vertices (0, +b). 


If b > a > 0, then Eq. (5) defines an ellipse with foci (0, +c), where c = Vb? — a’. 


EXAMPLE 1 Find the equation of the ellipse with foci (+/11,0) and semimajor axis 
a = 6. Then find the semiminor axis and sketch the graph. 


Solution The foci are (+c, 0) with c = ~ 11, and the semimajor axis is a = 6, so we can 
use the relation c = Ja? — b? to find b: 


aa -e = 6 —- (V11 =25 = b=5 


= Ma? . fy \* 
Thus, the semiminor axis is b = 5 and the ellipse has equation (=) SA (=) = 
To sketch this ellipse, plot the vertices (+6,0) and (0, +5) and connect them as in 


Figure 3. a 


(~./11, |)» + 0.9) (AT, 0) 


x 
(6, 0) (6, 0) 


FIGURE 3 


To write the equation of an ellipse with axes parallel to the x- and y-axes and center 
translated to the point C = (h, k), replace x by x — h and y by y — k in the equation 


(Figure 4): 
= 32 ERR T. 
SA AF a 
a b 


EXAMPLE 2 Translating an Ellipse Find an equation of the ellipse with center at 


C = (6,7), vertical focal axis, semimajor axis 5, and semiminor axis 3. Where are the 
foci located? 
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Solution Since the focal axis is vertical, we have a = 3 and b = 5, so that a < b (Fig- 


ure 4). The ellipse centered at the origin would have equation Gh =f (2) = 1. When 
the center is translated to (h, k} = (6,7), the equation becomes 


x — 6 +23) = 
3 5 “ae 
Furthermore, c = /b2 — a? = y 52 — 32 = 4, so the foci are located +4 vertical units 
above and below the center—that is, F; = (6,11) and F> = (6,3). E 


A hyperbola is the set of all points P such that the difference of the distances from 
P to two foci Fi and F> is ŁK: 


REP EE | 6 | 


We assume that K is less than the distance F F> between the foci (the hyperbola has no 
points if K > Fi F2). Note that a hyperbola consists of two branches corresponding to 
the choices of sign + (Figure 5). 


FIGURE 4 An ellipse with a vertical major As before, the midpoint of F; F> is the center of the hyperbola, the line through 
axis and center at the origin, and a F, and F; is called the focal axis, and the line through the center perpendicular to the 


translation of it to an ellipse with center 


C = (6,7). 


FIGURE 5 A hyperbola with center (0, 0). 


Conjugate axis 


Conjugate axis 


focal axis is called the conjugate axis. The vertices are the points where the focal axis 
intersects the hyperbola; they are labeled A and A’ in Figure 5. The hyperbola is said 
to be in standard position (and is called a standard hyperbola) when the focal and 
conjugate axes are the x- and y-axes, respectively, as in Figure 6. The next theorem can 
be proved in much the same way as Theorem 1. 


THEOREM 2 Hyperbola in Standard Position Let a > 0 and b > 0, and set c = 
Ja* + b?. The hyperbola PF; — P Fz = +2a with foci F; = (c, 0) and Fz = (—c, 0) 
has equation 


Focal axis 


A hyperbola has two asymptotes that we claim are the lines y = +Èx. Geomet- 
rically, these are the lines through opposite corners of the rectangle whose sides pass 
through (+a, 0) and (0, +b) as in Figure 6. To prove the claim, consider a point (x, y) on 
the hyperbola in the first quadrant. By Eq. (7), 


b2 b 
EEN n E oe TET 
S a 


a 


The following limit shows that a point (x, y) on the hyperbola approaches the line y = 2x 


as x —> 00: 
lim aki 22 oi yx? —a?—x 

FIGURE 6 Hyperbola in standard Gees ho ee aa 

position. 
dD. 7 =al 

= — lim (vx? — a — x) a 

a x00 lie. ge ae 
b 


= — lm 


2 
-= 
= im (5) = 


The asymptotic behavior in the remaining quadrants is similar. 


ee” 


x 

\ | 7 9 M 

F, = (V13, 0) `o \ Fy = (13, 0) 
aoe 


FIGURE 8 Parabola with focus (0, c) and 
directrix y = —c. 


Directrix y=-2 


FIGURE 9 A parabola and its translate. 


SECTION 11-5 Conic Sections 655 


EXAMPLE 3 Find the foci of the hyperbola 0% = Ay? = 36. Sketch its graph and 
asymptotes. 


Solution First, divide by 36 to write the equation in standard form: 
2 2 2 J 
E (5) -(2) ET 
4 9 2 3 
Thus, a = 2, b = 3, and c = ~va? + b? = v4 + 9 = V/13. The foci are 
F, = (7 13,0), Fy = (—v 13,0) 


To sketch the graph, we draw the rectangle through the points (+2, 0) and (0, +3) as in 
Figure 7. The diagonals of the rectangle are the asymptotes y = +3 x. The hyperbola 
passes through the vertices (+2, 0) and approaches the asymptotes. a 


Unlike the ellipse and hyperbola, which are defined in terms of two foci, a parabola 
is the set of points P equidistant from a focus F and a line D called the directrix: 


PF=PD 


Here, when we speak of the distance from a point P to a line D, we mean the distance 
from P to the point Q on D closest to P, obtained by dropping a perpendicular from P 
to D (Figure 8). We denote this distance by PD. 

The line through the focus F perpendicular to D is called the axis of the parabola. 
The vertex is the point where the parabola intersects its axis. We say that the parabola is 
in standard position (and is a standard parabola) if, for some c, the focus is F = (0, c) 
and the directrix is y = —c, as shown in Figure 8. We prove in Exercise 75 that the vertex 
is then located at the origin and the equation of the parabola is y = x*/4c. If c < 0, then 
the parabola opens downward. 


THEOREM 3 Parabola in Standard Position Let c Æ 0. The parabola with focus 
F = (0,c) and directrix y = —c has equation 


L 


The vertex is located at the origin. The parabola opens upward if c > 0 and downward 
ifc <0. 


EXAMPLE 4 The standard parabola with directrix y = —2 is translated so that its vertex 
is located at (2, 8). Find its equation, directrix, and focus. 


Solution By Eq. (9) with c = 2, the standard parabola with directrix y = —2 has equa- 
tion y = 5x? (Figure 9). The focus of this standard parabola is (0, c) = (0,2), which is 
2 units above the vertex (0, 0). 

To obtain the equation when the parabola is translated with vertex at (2,8), we re- 
place x by x — 2 and y by y — 8: 


] 1 1 17 
=E= r — 2) Se FP a 
y ar ) or y 3% gets 


—— 


The vertex has moved up 8 units, so the directrix also moves up 8 units to become y = 6. 
The new focus is 2 units above the new vertex (2, 8), so the new focus is (2, 10). ra 
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Eccentricity N 
Some ellipses are flatter than others, just as some hyperbolas are steeper. One aspect of 
the shape of a conic section is measured by a number e called the eccentricity. For an 
ellipse or hyperbola, 
k distance betweeen foci 
l = Jistance between vertices on focal axis 


THEOREM 4 For ellipses and hyperbolas in standard position, 


qa REMINDER 
Sianttand Ellipse: 1. An ellipse has eccentricity 0 < e < | (witha circle having eccentricity 0). 
2 2 2. A hyperbola has eccentricity e > 1. 

(=) +(5) sl Gaye P 
Standard hyperbola: A parabola is defined to have eccentricity e = 1. 

x\2 y 2 

-} —(=) =1, c=yæ@ +b 
(2) (5) Proof The foci are located at (+c,0) and the vertices are on the focal axis at (+a, 0). 


Therefore, 


distance between foci ON 


SF  ———————————— eS I UOO IMO — 


e = — 3 A TE 
distance between vertices on focal axis 2a a 


For an ellipse, c = /a* — b? and so e = c/a < 1. If the ellipse is a circle, then c = 0 
and therefore e = 0. For a hyperbola, c = va? + b? and thus e = c/a > 1. E 


w 
How the eccentricity determines the shape of a conic is summarized in Figure 10. 
Consider the ratio b/a of the semiminor axis to the semimajor axis of an ellipse. The 
ellipse is nearly circular if b/a is close to 1, whereas it is elongated and flat if b/a is 
small. Now 


This shows that b/a gets smaller (and the ellipse gets flatter) as e —> 1 [Figure 10(B)]. 
The most round ellipse is the circle, with e = 0. 
Similarly, for a hyperbola, 


= vite 


The ratios +b/a are the slopes of the asymptotes, so the asymptotes get steeper as e —> 00 
[Figure 10(C)]. 


Circle Parabola 


e 


Ellipses Hyperbolas 


(A) Eccentricity e (B) Ellipse flattens as e — 1. (C) Asymptotes of the hyperbola ~~ 
get steeper as e => œ. 


FIGURE 10 


Directrix D 


CB FIGURE 11 The ellipse consists of 
points P such that PF = ePD. 


Directrix D 
y y= : 


FIGURE 12 The hyperbola consists of 
points P such that PF = eP D. 
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CONCEPTUAL INSIGHT There is a more precise way to explain how eccentricity deter- 
mines the shape of a conic. We can prove that if two conics C; and C2 have the same 
eccentricity e, then there is a change of scale that makes Cı congruent to C2. Chang- 
ing the scale means changing the units along the x- and y-axes by a common positive 
factor. A curve scaled by a factor of 10 has the same shape but is 10 times as large. 
By “congruent,” we mean that after scaling, it is possible to move Cı by a rigid motion 
(involving rotation and translation, but no stretching or bending) so that it lies directly 
on top of C2. 

All circles (e = 0) have the same shape because scaling by a factor r > 0 trans- 
forms a circle of radius R into a circle of radius rR. Similarly, any two parabolas 
(e = 1) become congruent after suitable scaling. However, an ellipse of eccentricity 
e = 0.5 cannot be made congruent to an ellipse of eccentricity e = 0.8 by scaling (see 
Exercise 76). 


Eccentricity can be used to give a unified focus-directrix definition of the conic sec- 
tions with e > 0. Given a point F (the focus), a line D (the directrix), and a number 
e > 0, we consider the set of all points P such that 


For e = 1, this is our definition of a parabola. According to the next theorem, Eq. (10) 
defines a conic section of eccentricity e for all e > 0 (Figures 11 and 12). 


THEOREM 5 Focus-Directrix Relationship 
Ellipse 


e If 0 < e < 1, then the set of points satisfying Eq. (10) is an ellipse, and xy- 
coordinate axes can be chosen, and a, b defined, so that the ellipse has eccentricity 
e and is in standard position with equation 


G- 
- Conversely, ifa > b > 0 and c = Va? — b?, then the ellipse 
G- 


satisfies Eq. (10) with F = (c,0), e = = and vertical directrix x = £ 


g 


Hyperbola 


° Ife > 1, then the set of points satisfying Eq. (10) is a hyperbola, and xy-coordinate 
axes can be chosen, and a, b defined, so that the hyperbola has eccentricity e and 
is in standard position with equation 


e Conversely, if a,b > 0 and c = Va? + b?, the hyperbola 


(=) -Gy = 


satisfies Eq. (10) with F = (c,0), e = T and vertical directrix x = £ 


e° 


Proof We prove the first part of the hyperbola relationship. The remaining parts of the 
theorem are proven in Exercises 65, 66, and 68. We are assuming we have a set of points 
satisfying Eq. (10) with e > 1. Let d denote the distance between the focus and directrix. 
We want to set up our x- and y-axes and define a, b, c so that the focus is located at (c, 0) 
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Directrix D x=$ 


FIGURE 13 


y Directrix x= 12.5 


FIGURE 14 Ellipse of eccentricity e = 0.8 
with focus at (8, 0). 


and the directrix is x = $ as in Figure 13. What works (and we will see why in the steps . 
that follow) is to set 
d 


c 
c = ——, a=-, b= yea 
1—e~? e 


2 


With the coordinate axes set up so that the focus is located at (c, 0), the directrix is then 
the line 


x=c-d=c¢c-— c(i -— e?) 


which is what we wanted. 

Now, we need to show that the equation P F = ePD is in the form E — (27 =i 
in the coordinate system. This establishes that the resulting curve is a hyperbola with an 
equation in the standard-position form in the coordinate system. A point P = (x, y) that 
satisfies P F = ePD then satisfies 


V(x -cP + y? = ey (x — (a/e) 


ae 
PF PD 


Algebraic manipulation yields 
(x —c/ +y =e7?(x -—(@ /e))” (square) 
y e PES = e*x* — 2aex +a? 
x? —QeeX +a e + y* = e*x* —2ae¥ +a” (usec = ae) 
(e= 1)x* — y* = ae? = 1) (rearrange) 
2 2 


x y 


zZ — Pees = D = | (divide) 


This is the desired equation because a*(e” —j)= C= ae. E 
q 


Note that Theorem 5 indicates that for every e > 0, the solution to Eq. (10) produces 
a conic section in standard position. Also, all conic sections in standard position, except 
for the circle, can be obtained via the focus-directrix relationship in Eq. (10). 


EXAMPLE 5 Find the equation, foci, and directrix of the standard ellipse with eccen- 
tricity e = 0.8 and focal vertices (+10, 0). 
Solution The vertices are (+a, 0), with a = 10 (Figure 14). By Theorem 5, 


c = ae = 10(0.8) = 8, b = Va? — c? = V10* — 82 = 6 


Thus, our ellipse has equation 


TEO 


The foci are (+c, 0) = (+8, 0) and the directrix is x = £ = 22 = 12.5. m 


Q0 


In Section 13.6,we discuss the famous law of Johannes Kepler stating that the orbit 
of a planet around the sun is an ellipse with one focus at the sun. In this discussion, we 
will need to write the equation of an ellipse in polar coordinates. To derive the polar 
equations of the conic sections, it is convenient to use the focus-directrix definition with 


St 


Directrix D 


FIGURE 15 Focus-directrix definition of the 
ellipse in polar coordinates. 


FIGURE 16 The parabolic shape of this 
radio telescope directs the incoming signal 
to the focus. 


sitol 


Architect af the Ca 


FIGURE 18 The ellipsoidal dome of the 
National Statuary Hall in the U.S. Capitol 
Building creates a “whisper chamber.” 
Legend has it that John Quincy Adams 
would locate at one focus in order to 
eavesdrop on conversations taking place at 
the other focus. 
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focus F at the origin O and vertical line x = d as directrix D (Figure 15). Note from the 
figure that if P = (7,6), then 
PF SI. PD =d-—rcos@ 


Thus, the focus-directrix equation of the ellipse PF = ePD becomes r = e(d — rcos@), 
or r(1 + ecos@) = ed. This proves the following result, which is also valid for the 
parabola and hyperbola (see Exercise 69). 


THEOREM 6 Polar Equation of a Conic Section The conic section of eccentricity 
e > 0 with focus at the origin and directrix x = d has polar equation 


ed 
r= —_——_ 
1 +ecos@ 


EXAMPLE 6 Find the eccentricity, directrix, and focus of the conic section 
24 
| = — 
4 +3 cos 
Solution First, we write the equation in the standard form: 


24 6 


r= —— = 
4 +3cosô 1+2cosé@ 


Comparing with Eq. (11), we see that e = - and ed = 6. Therefore, d = 8. Since e < 1, 
the conic is an ellipse. By Theorem 6, the directrix is the line x = 8 and the focus is the 
origin. F 


Refiective Properties of Conic Sections 


The conic sections have numerous geometric properties. Especially important are the 
reflective properties, which are used in optics and communications (e.g., in antenna and 
telescope design; Figure 16). We describe these properties here briefly without proof (but 
see Exercises 70-72 for proofs of the reflective property of ellipses). 


- Ellipse: The segments FıP and F)P make equal angles with the tangent line 
at a point P on the ellipse. Therefore, a beam of light originating at focus F; 
is reflected off the ellipse toward the second focus F> [Figure 17(A)]. See also 
Figure 18. 

Hyperbola: The tangent line at a point P on the hyperbola bisects the angle 
formed by the segments Fı P and FP. Therefore, a beam of light directed to- 
ward F2 is reflected off the hyperbola toward the second focus F4 [Figure 17(B)]. 
Parabola: The segment FP and the line through P parallel to the axis make 
equal angles with the tangent line at a point P on the parabola [Figure 17(C)]. 


Therefore, a beam of light approaching P from above in the axial direction is 
reflected off the parabola toward the focus F. 


(A) Ellipse (B) Hyperbola (C) Parabola 


FIGURE 17 
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4 Conjugate axis Focal axis 
= wr 


FIGURE 19 The ellipse with equation 
6x2 — 8xy + 8y? — 12x — 24y + 38 =0. 


= 


FIGURE 20 The ellipse with equation 
4x2 + Oy? + 24x —72y + 144 =0. 


if (x, y) are coordinates relative to axes 
rotated by an angle @ as in Figure 21, then 


x =xcos@ — ysin@ 


See Exercise 77. In Exercise 78, we show 
that the cross term disappears when 

Eq. (12) is rewritten in terms of x and y 
for the angle given by 


y =xsin@ + ycosé 


I 


0 = — cot 
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General Equations of Degree 2 


The equations of the standard conic sections are special cases of the general equation of 


degree 2 in x and y: 
ax? + bxy +cy* +dx+ey+ f=0 


Here, a, b, c, d, e, f are constants with a, b, c not all zero. It turns out that this general 
equation of degree 2 does not give rise to any new types of curves. Apart from certain 
“degenerate cases,” Eq. (12) defines a conic section that is not necessarily in standard 
position: It need not be centered at the origin, and its focal and conjugate axes may be 
rotated relative to the coordinate axes. For example, the equation 


6x? — 8xy + 8y? — 12x — 24y + 38 =0 


defines an ellipse with its center at (3,3) whose axes are rotated (Figure 19). 
We say that Eq. (12) is degenerate if the set of solutions is a pair of intersecting 
lines, a pair of parallel lines, a single line, a point, or the empty set. For example, 


e x? — y? = 0 defines a pair of intersecting lines y = x and y = —x. 


e x? — x = 0 defines a pair of parallel lines x = 0 and x = 1. 


e x? = 0 defines a single line (the y-axis). 
e x? + y? = 0 has just one solution, (0, 0). 
e x? + y? = —1 has no solutions. 


Now assume that Eq. (12) is nondegenerate. The term bxy is called the cross term. When 
the cross term is zero (i.e., when b = 0), we can complete the square to show that Eg. (12) 
defines a translate of a conic section that is centered at the origin with axes on the coor- 
dinate axes. This is illustrated in the next example. 


EXAMPLE 7 Completing the Square Show that 
4x? + Oy? + 24x — Ny + 144=0 
represents an ellipse that is a translation of an ellipse in standard position (Figure 20). 


Solution Since there is no cross term, we may complete the square of the terms involving 
x and y separately: 


4x? + Oy? + 24x — 72y + 144 =0 

A(x? + 6x +9 —9)+ %y* — 8y + 16 — 16) + 144 = 0 

4(x + 3)” — 4(9) +90 ~ 4)? — 9(16) + 144 =0 

A(x + 3)? + y — 4)? = 36 
This quadratic equation can be rewritten in the form 
CP) +e) = 
3 2 

ri a the given equation defines a translate of a standard ellipse to one centered at 
—3, 4). ü 


When the cross term bxy is nonzero, Eq. (12) defines a conic whose axes are rotated 
relative to the coordinate axes. The marginal note describes how this may be verified in 
general. We illustrate with the following example. 


EXAMPLE 8 Show that 2xy = 1 defines a conic section whose focal and conjugate axes 
are rotated relative to the coordinate axes. 


XL 


FIGURE 21 


FIGURE 22 The x- and y-axes are rotated at 
a 45° angle relative to the x- and y-axes. 
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Solution Figure 22(A) shows axes labeled x and y that are rotated by 45° relative to 
the standard coordinate axes. A point P with coordinates (x, y) may also be described by 
coordinates (X, y) relative to these rotated axes. Applying Eqs. (13) and (14) with 0 = A 
we find that (x, y) and (x, y) are related by the formulas 
x-y = x+y 

J2 J/2 


Therefore, if P = (x, y) satisfies 2xy = 1, then 


TF 222) A =2 
exy=2 =x" y [l 
i (BR 


Thus, the coordinates (Z, 9) satisfy the equation of the standard hyperbola x? — 9? = 1 
whose focal and conjugate axes are the x- and y-axes, respectively, as shown in 
Figure 22(B). a 


b E 


(A) The point P = (x, y) may also be (B) The hyperbola 2xy = 1 has the 
described by coordinates (ž, ï) standard form ț?- 97 = 1 
relative to the rotated axis. relative to the X-, ï- axes. 


We conclude our discussion of conics by stating the Discriminant Test. Suppose that 
the equation 


ax* + bxy+cy?+dx+ey+ f=0 


is nondegenerate and thus defines a conic section. According to the Discriminant Test, 
the type of conic is determined by the discriminant D: 


We have the following cases: 


e D <0: ellipse or circle 
* D=0: parabola 
e D> 0: hyperbola 


For example, the discriminant of the equation 2xy = 1 is 
D =b? —4ac =2?-0=4>0 


According to the Discriminant Test, 2xy = 1 defines a hyperbola. This agrees with our 
conclusion in Example 8. 


11.5 SUMMARY 


° An ellipse with foci F} and F is the set of points P such that PF; + PPR =K, 
where K is a constant such that K > F; F2. The equation in standard position is 
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The vertices of the ellipse are (ta, 0) and (0, +b). 
Eccentricity: e = £ (0 < e < 1). Directrix: x = Ẹ (if a > b). 


Focal axis Foci Focal vertices 
a >b x-axis (£c,0) with c = va? — b2 (+a, 0) 
a <b y-axis (0, +c) with c = y b2 — a2 (0, +b) 


* A hyperbola with foci F; and F? is the set of points P such that 
PF; — PF = ŁK 


where K is a constant such that 0 < K < F} F. The equation in standard position is 
x\2 2 
(3) = G) ki 
a b 


Focal axis Foci Vertices Asymptotes 


b 
x-axis (tc, 0) with c = va? + b2 (+a, 0) y= +x 


Eccentricity: e = £ (e > 1). Directrix: x = $. 


« A parabola with focus F and directrix D is the set of points P such that PF = PD. 
The equation in standard position is 


Focus F = (0, c), directrix y = —c, and vertex at the origin (0, 0). 
e Focus-directrix definition of conic with focus F and directrix D: P F = ePD. 
e To translate a conic section k units horizontally and k units vertically, replace x by 
x — h and y by y — k in the equation. 
e Polar equation of conic of eccentricity e > 0, focus at the origin, directrix x = d: 
ed 
r= — 
l +ecosé 
° The equation ax? + bxy + cy? + dx + ey + f = 0 is degenerate if it has no solution 
or represents a point, a line, or a pair of lines. Otherwise, the equation is nondegener- 
ate and represents a conic section. 


In the nondegenerate case, the discriminant D = b? — 4ac determines the conic 
section via the Discriminant Test: 


D < 0: ellipse or circle, D = 0: parabola, D > 0: hyperbola 


11.5 EXERCISES 


Preliminary Questions 


1. Decide if the equation defines an ellipse, a hyperbola, a parabola, or 2. For which conic sections do the vertices lie between the foci? 
no conic section at all. m p 
; x aa ae 9 
(a) 4x2 —9y? = 12 (b) —4x +9y? =0 3. What are the foci of (=) +(5) =1 feech 
(c) 4y? +9x? = 12 (d) 4x3 + 9y3 = 12 4. What is the geometric interpretation of b/a in the equation of a hyper- 


bola in standard position? 


© Exercises 


In Exercises 1—6, find the vertices and foci of the conic section. 


L GHG- a Sta 
o gS t oi 


-47 “oad? 
; Z |) a 
i ESLP) 


In Exercises 7—10, find the equation of the ellipse obtained by translating 
(as indicated) the ellipse 


x-8)? y+4\ 
a 
i 


7. Translated with center at the origin 


8. Translated with center at (—2, — 12) 

9. Translated to the right 6 units 

10. Translated down 4 units 

In Exercises 1 1—14, find the equation of the given ellipse. 
11. Vertices (+3,0) and (0, +5) 

12. Foci (+6, 0) and focal vertices (+10, 0) 

13. Foci (0, +10) and eccentricity e = 3 

14. Vertices (4,0), (28,0) and eccentricity e = 2 

In Exercises 15-20, find the equation of the given hyperbola. 
15. Vertices (43,0) and foci (+5, 0) 

16. Vertices (+3, 0) and asymptotes y = +5x 

17. Foci (+3, 0) and eccentricity e = 3 

18. Foci (0, +5) and eccentricity e = 1.5 

19. Vertices (—3, 0), (7,0) and eccentricity e = 3 

20. Vertices (0, —6), (0,4) and foci (0, —9), (0, 7) 


In Exercises 21-28, find the equation of the parabola with the given 
properties. 


21. Vertex (0,0), focus (75,0) 

22. Vertex (0,0), focus (0, 2) 

23. Vertex (0,0), directrix y = —5 
24. Vertex (3,4), directrix y = —2 
25. Focus (0, 4), directrix y = —4 

26. Focus (0, —4), directrix y = 4 

27. Focus (2,0), directrix x = —2 


28. Focus (—2, 0), vertex (2,0) 
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In Exercises 29-38, find the vertices, foci, center (if an ellipse or a hyper- 
bola), and asymptotes (if a hyperbola). 


29. x7 + 4y? = 16 


» (2) - GRY 
4 7 
33. 4x? — 3y? + 8x + 30y = 215 
34. y= 4x? 
36. 8y? + 6x? — 36x — 64y + 134 =0 
37. 4x? + 25y* — 8x — 10y = 20 
38. 16x? + 25y” — 64x — 200y + 64 =0 


In Exercises 39-42, use the Discriminant Test to determine the type of the 
conic section (in each case, the equation is nondegenerate). Use a graph- 
ing utility or computer algebra system to plot the curve. 


39. 4x? + 5xy+7y”? = 24 

40. x? — 2xy +y? + 24x -8 =0 

41. 2x? —8xy+3y?-4=0 

42. 2x? — 3xy +5y? —4=0 

43. Show that the “conic” x? + 3y? — 6x + 12y + 23 = 0 has no points. 


44. For which values of a does the conic 3x? + Diy? l6y + 12x =a 
have at least one point? 


30. 4x2 +y? = 16 


32. 3x? —27y? = 12 


35. y = 4(x — 4)? 


b 
45. Show that = v1 — e? for a standard ellipse of eccentricity e. 


46. Show that the eccentricity of a hyperbola in standard position is 
e = V1 + mĉ?, where +m are the slopes of the asymptotes. 


47. Explain why the dots in Figure 23 lie on a parabola. Where are the 
focus and directrix located? 


FIGURE 23 


48. Find the equation of the ellipse consisting of points P such that 
PF, + P Fz = 12, where F; = (4,0) and Fy = (—2, 0). 


49. A latus rectum of a conic section is a chord through a focus parallel 
to the directrix. Find the area bounded by the parabola y = x/(4c) and its 
latus rectum (refer to Figure 8). 


50. Show that the tangent line at a point P = (xo, yo) on the hyperbola 


(=) — (2) = | has equation 


Ax — By=1 
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In Exercises 51—54, find the polar equation of the conic with the given 
eccentricity and directrix, and focus at the origin. 
51. e=}, x=3 52. e=} 

5. el, x=4 54. e= 3, x= —4 


In Exercises 55-58, identify the type of conic, the eccentricity, and the 
equation of the directrix. 


8 
55, r = ——————_ ae = —— 
ja 1 +4cos8 s 4 +cos8 
8 12 
57. r = —————_ 53. r= —_—_—_ 
J 44 3cos@ á 4+ 3cos8 


59. Find a polar equation for the hyperbola with focus at the origin, direc- 
trix x = —2, and eccentricity e = 1.2. 


60. Let C be the ellipse r = de/(1 + e cos 8), where e < 1. Show that the 
x-coordinates of the points in Figure 24 are as follows: 


[Pa a ee ee ee 


x-coordinate ae de? ade" di 
e+ 1 1= e? 1 —e? EF 
p 


FIGURE 24 


61. Find an equation in rectangular coordinates of the conic 
16 

~ 5430086 

Hint: Use the results of Exercise 60. 


r 
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62. Let e > 1. Show that the vertices of the hyperbola 


de 
r= ——_ 
1+ecos@ 


have x-coordinates = and ' 

eti e—1 
63. Kepler’s First Law states that planetary orbits are ellipses with the sun 
at one focus. The orbit of Pluto has eccentricity e + 0.25. Its perihelion 
(closest distance to the sun) is approximately 2.7 billion miles. Find the 
aphelion (farthest distance from the sun). 


64. Kepler’s Third Law states that the ratio T/a*/* is equal to a constant 
C for all planetary orbits around the sun, where T is the period (time for a 
complete orbit) and a is the semimajor axis. 


(a) Compute C in units of days and kilometers, given that the semimajor 
axis of the earth’s orbit is 150 x 10° km. 


(b) Compute the period of Saturn’s orbit, given that its semimajor axis is 
approximately 1.43 x 10° km. 


(c) Saturn’s orbit has eccentricity e = 0.056. Find the perihelion and 
aphelion of Saturn (see Exercise 63). 


65. Prove that if a > b > 0 and c = Va? — b?, then a point P = (x,y) 


on the ellipse 
ORO 


satisfies PF = ePD with F = (c,0), e = ©, and vertical directrix D at 
x= 4, 
€e 


66. Prove that if a,b > 0 and c = va? + b?, then a point P = (x, y) on 


the hyperbola 
Gy) -G) = 


satisfies PF = ePD with F = (c,0),e= £, and vertical directrix D at 
= s. 


Further Insights and Challenges 
67. Prove Theorem 2. 


68. Prove Theorem 5 in the case 0 < e < 1. Hint: Repeat the proof of 
Theorem 5, but set c = d/(e~? — 1). 


69. Verify that if e > 1, then Eq. (11) defines a hyperbola of eccentricity 
e, with its focus at the origin and directrix at x = d. 


Reflective Property of the Ellipse In Exercises 70-72, we prove that the 
focal radii at a point on an ellipse make equal angles with the tangent 
line L. Let P = (xo, yo) be a point on the ellipse in Figure 25 with foci 
F; = (—c,0) and F3 = (c,0), and eccentricity e = c/a. 


70. Show that the equation of the tangent line at P is Ax + By = 1, where 


XQ yo 
A = — and B = =. 
a? b2 


71. Points R; and Rz in Figure 25 are defined so that Fj R; and Fz R2 are 
perpendicular to the tangent line. 


y 
R; E (4B) 


P = (Xo Yo) 
lg s= (G2 by) 
es : 


FIGURE 25 The ellipse 6j + 2) = |, 


O (a) Show, with A and B as in Exercise 70, that 


Qj+c ag-—c A 


— 


By B2 B 
(b) Use (a) and the distance formula to show that 
FiRi _ Bi 
Fok, fe 


(c) Use (a) and the equation of the tangent line in Exercise 70 to show 
that 
ke B(1 + Ac) B- Ac) 

= A? + B2 ’ Ad + Bp? 


72. (a) Prove that P Fi = a+xge and P Fz = a — xoe. Hint: Show that 
PF? — P F2? = 4xọoc. Then use the defining property P Fi + P F = 2a 
and the relation e = c/a. 
, Fi Ri FaR 
V that —— = ——. 
om eck ee eae eae 
(c) Show that sin 8; = sin 62. Conclude that 6; = 4. 


73. (Af Here is another proof of the Reflective Property. 


(a) Figure 25 suggests that £ is the unique line that intersects the ellipse 
only in the point P. Assuming this, prove that OF; + QF2 > PF\ + PF 
for all points Q on the tangent line other than P. 

(b) Use the Principle of Least Distance (Example 6 in Section 4.7) to 
prove that 01 = @. 


74. Show that the length QR in Figure 26 is independent of the point P. 


FIGURE 26 
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75. Show that y = x7/4c is the equation of a parabola with directrix 
y = —c, focus (0, c), and the vertex at the origin, as stated in Theorem 3. 


76. Consider two ellipses in standard position: 
2 2 
x 7 
Ey: — >] = 
i (=) i G 
2 2 
a (5) 4a) = 
a2 b2 


We say that £; is similar to E2 under scaling if there exists a factor r > 0 
such that for all (x, y) on Ej, the point (rx, ry) lies on E2. Show that E; 
and £2 are similar under scaling if and only if they have the same eccen- 
tricity. Show that any two circles are similar under scaling. 


77. EA Derive Eqs. (13) and (14) in the text as follows. Write the co- 
ordinates of P with respect to the rotated axes in Figure 21 in polar form 
xX =r cosg, y = r sing. Explain why P has polar coordinates (r,œ + 8) 
with respect to the standard x- and y-axes, and derive Egs. (13) and (14) 
using the addition formulas for cosine and sine. 


78. If we rewrite the general equation of degree 2 (Eq. 12) in terms of 
variables x and y that are related to x and y by Eqs. (13) and (14), we 
obtain a new equation of degree 2 in X and ¥ of the same form but with 
different coefficients: 


av? +b +P 4+dzi+eF+ f =0 


(a) Show that b’ = bcos 20 + (c — a) sin 28. 
(b) Show that if b Æ 0, then we obtain b’ = 0 for 


1 a-c 
6 = -cot —— 
5° ra 


This proves that it is always possible to eliminate the cross term bxy by 
rotating the axes through a suitable angle. 


CHAPTER REVIEW EXERCISES 


1. Which of the following curves pass through the point (1, 4)? 
(a) c(t) = (t?,t + 3) (b) c(t) = (¢?,t — 3) 
(c) c(t) = (7,3 — t) (d) c(t) = (t — 3,17) 


2. Find parametric equations for the line through P = (2,5) perpen- 
dicular to the line y = 4x — 3. 


3. Find parametric equations for the circle of radius 2 with center 
(1, 1). Use the equations to find the points of intersection of the circle 
with the x- and y-axes. 


4. Finda parametrization c(t) of the line y = 5 — 2x such that c(0) = 
(2; 1). 


5. Find a parametrization c(@) of the unit circle such that c(0) = 


_ 1,0). 


6. Find a path c(t) that traces the parabolic arc y = x? from (0, 0) to 
(3,9) forO0 <t <1. 


7. Find a path c(t) that traces the line y = 2x + 1 from (1, 3) to (3, 7) 
for0O <t <1. 


8. Sketch the graph c(t) = (1+ cost,sin2t) for O < t < 2x and 
draw arrows specifying the direction of motion. 


In Exercises 9-12, express the parametric curve in the form y = f(x). 


9. c(t) = (4t — 3,10 — t) 10. c(t) = (7 + 1,17 — 4) 


2 1 
11. a(t) = (3-2, +7) 12. x = tant, y= spot 
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In Exercises 13—16, calculate dy/dx at the point indicated. 
13. c(t) = (£ +2,t7-1, t=3 

14. c(0) = (tan? 6,cos6), 6 =F 

15. c(t) = (ef —1,sint), t= 20 

16. c(t) = (Int, 312 — t), P = (0,2) 


17. Find the point on the cycloid c(t) = (t — sint, 1 — cost) 
where the tangent line has slope 5. 


18. Find the points on (t + sint,t — 2 sin t) where the tangent is ver- 
tical or horizontal. 


19. Find the equation of the Bézier curve with control points 


Fo=(-1=), PisCGL), PAD, Psd. =1) 


20. Find the speed at t = F of a particle whose position at time t sec- 
onds is c(t) = (sin 4t, cos 3t). 


21. Find the speed (as a function of t) of a particle whose position 
at time t seconds is c(t) = (sint + t,cost + t). What is the particle’s 
maximal speed? 


22. Find the length of (3e' — 3,4€ + 7) for0 <t <1. 


In Exercises 23 and 24, let c(t) = (e~' cost,e™ sint). 


23. Show that c(t) for 0 < t < co has finite length and calculate its 
value. 


24. Find the first positive value of tọ such that the tangent line to c(t) 
is vertical, and calculate the speed at t = fo. 


25. Plot c(t) = (sin2t,2cost) for 0 <t <m. Express the 
length of the curve as a definite integral, and approximate it using a 
computer algebra system. 


26. Convert the points (x, y) = (1, —3), (3, —1) from rectangular to 
polar coordinates. 


27. Convert the points (r, 0) = (1, %), (3, >) from polar to rectan- 
gular coordinates. 


28. Write (x + yy? = xy + 6 as an equation in polar coordinates. 


2cos @ 


29, Write r = ———————_ 
cos@ — sin@ 


nates. 


as an equation in rectangular coordi- 


30. Show that r = is the polar equation of a line. 


7 cos @ — sin@ 

31. (Gu) Convert the equation 
I(x? + y?) = (x? + y? — 2y)? 

to polar coordinates, and plot it with a graphing utility. 


32. Calculate the area of the circle r = 3sin 0 bounded by the rays 
0 = F and0 = 22. 


33. Calculate the area of one petal of r = sin 40 (see Figure 1). 


PARAMETRIC EQUATIONS, POLAR COORDINATES, AND CONIC SECTIONS 


34. The equation r = sin(n@), where n > 2 is even, is a “rose” of 2n 
petals (Figure 1). Compute the total area of the flower, and show that 
it does not depend on n. 


n= 2 (4 petals) n=4 (8 petals) n = 6 (12 petals) 


FIGURE 1 Plot of r = sin(n@). 


35. Calculate the total area enclosed by the curve r? = cos ĝen? 


(Figure 2). 


FIGURE 2 Graph of r? = cos de", 


36. Find the shaded area in Figure 3. 


FIGURE 3 
37. Find the area enclosed by the cardioid r = a(1 + cos), where 
a> 0. 


38. Calculate the length of the curve with polar equation r = @ in 
Figure 4. 


FIGURE 4 


39, The graph of r = 22? sing for 0 <8 < 27 is shown in 
Figure 5. Use a computer algebra system to approximate the difference 
in length between the outer and inner loops. 


y 


FIGURE 5 


40. | 4 Show that r = fı(8) andr = fo(@) define the same curves 
in polar coordinates if f;(@) = — fo(@ + 77). Use this to show that the 
following define the same conic section: 


de —de 


r= ———_, "= M 
] — e cos ö | + ecos 


In Exercises 41—44, identify the conic section. Find the vertices and 


foci. 
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44. (y — 3)? = 2x7 - | 
In Exercises 45-50, find the equation of the conic section indicated. 
45. Ellipse with vertices (+8. 0). foci (+/3.0) 


46. Ellipse with foci (+8,0). eccentricity - 


47. Hyperbola with vertices (+8.0), asymptotes y = 3x 
48. Hyperbola with foci (2.0) and (10,0). eccentricity e = 4 
49. Parabola with focus (8.0), directrix x = —8 
50. Parabola with vertex (4. — 1). directrix x = 15 
51. Find the asymptotes of the hyperbola 3x7 + 6x — y? = 109 = |1. 
52. Show that the “conic section” with equation x? — dx +y? +5=0 
has no points. 
y 


53. Show that the relation a = (e? — L)= holds on a standard ellipse 
or hyperbola of eccentricity e. l 


54. The orbit of Jupiter is an ellipse with the sun at a focus. Find the 
eccentricity of the orbit if the perihelion (closest distance to the sun) 
equals 740 x 10° km and the aphelion (farthest distance from the sun) 
equals 816 x 10° km. 


55, Refer to Figure 25 in Section 11.5. Prove that the product of the 
perpendicular distances F] R; and F> R> from the foci to a tangent line 


of an ellipse is equal to the square b of the semiminor axes. 


Peter Unger/Getty Images 


Engineers use vectors to analyze the forces 
on the cables in a suspension bridge, such as 
the Penobscot Narrows Bridge in Maine. 
Tension forces in the horizontal direction 
must balance so that there is no net force on 
the bridge towers. In the vertical direction, 
the tension forces support the weight of the 
bridge deck. The cables must be designed so 
that each can support the combined vertical 
and horizontal tension forces. 


NOTATION In this text, vectors are 
represented by boldface letters such as V, 
w, a,b, F. 


(A) Vectors parallel to v 
wW 
Fá A 
(B) w is a translation of v. 


FIGURE 2 


12 VECTOR GEOMETRY 


V ectors play a role in nearly all areas of mathematics and its applications. In physical 
settings, they are used to represent quantities that have both magnitude and direction, 
such as velocity and force. Newtonian mechanics, quantum physics, and special and gen- 
eral relativity all depend fundamentally on vectors. We could not understand electricity 
and magnetism without this basic mathematical concept. Computer graphics depend on 
vectors to help depict how light reflects off objects in a scene, and they provide a means 
for changing an observer’s point of view. Fields such as economics and statistics use 
vectors to represent information in a manner that may be efficiently manipulated. 

This chapter introduces the basic geometric and algebraic properties of vectors, set- 
ting the stage for the development of multivariable calculus in the chapters ahead. 


12.1 Vectors in the Plane 


Recall that the plane is the set of points {(x, y): x, y € R}. We occasionally denote the 
plane by R*. This notation represents the idea that the plane is a “product” of two copies 
of the real line R, where one copy represents the points’ x-coordinates and the other rep- 
resents the y-coordinates. (We extend this notation and idea to three-dimensional space 
in the next section.) 

A two-dimensional vector v is determined by two points in the plane: an initial point 
P (also called the tail or basepoint) and a terminal point Q (also called the head or tip). 
We write 


v= PO 
and we draw v as an arrow pointing from P to Q. This vector is said to be based at P. 
Figure 1(A) shows the vector with initial point P = (2, 2) and terminal point Q = (7,5). 
The length or magnitude of v, denoted ||v||, is the distance from P to Q. 


The vector v= OR pointing from the origin to a point R is called the position 
vector of R. Figure 1(B) shows the position vector of the point R = (3,5). 


y y 
64 6 
5 5 R = (3,5) 
4 4 
3 3 
2 2 
1 1 
K 
i 2 Cate Sen a 'S a yp oe a 5 
(A) The vector PO (B) The position vector OR 


FIGURE 1 


We now introduce some vector terminology. 


e Two vectors v and w of nonzero length are called parallel if the lines through v 
and w are parallel. Parallel vectors point either in the same or in opposite direc- 
tions [Figure 2(A)]. 

°- A vector v is said to undergo a translation when it is moved to begin at a new 
point without changing its length or direction. The resulting vector w is called a 
translation of v [Figure 2(B)]. A translation w of a vector v has the same length 
and direction as v but a different basepoint. 


In almost all situations, it is convenient to treat vectors with the same length and direction 
as equivalent, even if they have different basepoints. With this in mind, we say that 


° v and w are equivalent if w is a translation of v [Figure 3(A)]. 
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Q z (a, bz) 


FIGURE 4 Both of the vectors v and Vg have 
components (a, b}. 


e In this text, angle brackets are used to 
distinguish between the vector 
v = (a,b) and the point P = (a,b). 
Some textbooks denote both v and P 
by (a, b). 

e When referring to vectors, we use the 
terms “length” and “magnitude” 
interchangeably. The term “norm” is 
also commonly used. 


P=, 7) 


os 


Qı = (6, 5) 


e a 


Q, = (2, 1) 


FIGURE 5 


VECTOR GEOMETRY 


Note that no pair of the vectors in Figure 3(B) are equivalent. Every vector can be trans- 
lated so that its tail is at the origin [Figure 3(C)}. Therefore, 


Every vector v is equivalent to a unique vector Vo based at the origin. 


Pog 
Ve Ž 
(B) Inequivalent vectors 


(A) Vectors equivalent 
to v (translates of v) 


(C) vo is the unique vector based 
at the origin and equivalent to v. 


FIGURE 3 


To work algebraically, we define the components of a vector (Figure 4). 


— 
DEFINITION Components of a Vector The components of v= PQ, where P = 
(aı, b1) and Q = (a, b2), are the quantities 


(x-component), b =b — bı (y-component) 


a= — a] 


The pair of components is denoted (a, b}. 


The pair of components (a,b) determine the length and direction of v, but not its 
basepoint. Therefore, two vectors are equivalent if and only if they have the same compo- 
nents. Nevertheless, the standard practice is to describe a vector by its components, and 
thus we write 


weet lab) 


Equivalent vectors have the same length and point in the same direction, but they can 
start at any basepoint. 


e When the basepoint P = (0,0), the components of v are just the coordinates of 
its endpoint Q. 

°- The length of a vector v = (a,b) in terms of its components (by the distance 
formula; see Figure 4) is 


— 
ivi = IP Q| = va? +b? 


° The zero vector (whose head and tail coincide) is the vector 0 = (0,0) of length 
zero. It is the only vector that lacks a direction. 

e For a vector v, the vector —v is the vector with the same length as v but pointing 
in the opposite direction. If v = (a, b), then —v = (—a, —b). 


EXAMPLE 1 Determine whether v; = Pid; and v2 = Po O> are equivalent, where 
P=G,7), @1=(6,5) and P=(-1,4, Q2= (2,1) 

What is the magnitude of v1? 

Solution We can test for equivalence by computing the components (Figure 5): 


vi = (6— 3,5 —7) = (3,-2), v2 = (2 — (—1), 1 — 4) = (3, —3) 
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The components of vı and v2 are not the same, so vj and vz are not equivalent. Since 
vı = (3, —2), its magnitude is 


Iva |] = V32 + (—2)? = V13 Â 


EXAMPLE 2 Sketch the vector v = (2, —3} based at P = (1,4) and the vector Vo equiv- 
alent to v based at the origin. 


Solution The vector v = (2,—3), which is based at P = (1,4), has the terminal point 
Q = (1 +2,4 — 3) = (3, 1), located 2 units to the right and 3 units down from P as 
shown in Figure 6. The vector vo that is equivalent to v and based at O has terminal point 
(2; —3 ). E 


FIGURE 6 The vectors v and Vo have the en 
same components but different basepoints. Vector Algebra 


We now define two basic vector operations: vector addition and scalar multiplication. 

The vector sum v + w is defined when v and w have the same basepoint: Translate 
w to the equivalent vector w whose tail coincides with the head of v. The sum v + w is 
the vector pointing from the tail of v to the head of w’ [Figure 7(A)]. Alternatively, we 
can use the Parallelogram Law: v + w is the vector pointing from the basepoint to the 
opposite vertex of the parallelogram formed by v and w [Figure 7(B)]. 


w’ w' 
v v v 
Ww 
(A) The vector sum v + w (B) Addition via the Parallelogram Law 
FIGURE 7 
To add several vectors V1, V2,..., Vn, translate the vectors to vj = YV}, V, .- ., Vh SO 


that they lie head to tail as in Figure 8. The vector sum v = vj + V2 +--:+ Vn is the 
vector whose initial point is the initial point of vı and terminal point is the terminal 


point of v’. 
FIGURE 8 The sum 
Y= vV + v2 + V3 4+ v4. 
CAUTION Remember that the vector v — w Vector subtraction v — w is carried out by adding —w to v as in Figure 9(A). Or, 
points in the direction from the tip of w to more simply, draw the vector pointing from w to v as in Figure 9(B). 


the tip of v (not from the tip of v to the tip 


pi The term “scalar” is another word for real number, and we often speak of scalar 
of w). 


versus vector quantities. Thus, the number 8 is a scalar, while (8,2) is a vector. If À is a 


scalar and v is a nonzero vector, the scalar multiple Av is defined as follows (Figure 10): 
NOTATION 2 (pronounced “lambda”) is the 


11th letter in the Greek alphabet. We use ° It has length |À] |]v|I. 
the symbol i often (but not exclusively) to ¢ It points in the same direction as v if A > 0. 
denote a scalar. * It points in the opposite direction if A < 0. 
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FIGURE 9 Vector subtraction. 


7 


FIGURE 10 Vectors v and 2v are based at P 
but 2v is twice as long. Vectors v and —v 
have the same length but opposite 
directions. 


FIGURE 11 Vector operations using 
components. 


FIGURE 12 


(A) v — w equals v plus (—w). (B) More simply, v — w is the 
vector pointing from the tip 
of w to the tip of v. 


Note that Ov = 0 and (—1)v = —v for all v. Furthermore, 
[AVI] = IA Iv 


A vector w is parallel to v if and only if w = Av for some nonzero scalar A. 

Vector addition and scalar multiplication operations are easily performed using com- 
ponents. To add or subtract two vectors v and w, we add or subtract their components. 
This follows from the Parallelogram Law as indicated in Figure 11(A). 

Similarly, to multiply v by a scalar A, we multiply the components of v by A [Figure 
11(B)]. Indeed, if v = (a,b) is nonzero, (Aa, Ab) has length |A| ||v]]. It points in the same 
direction as (a,b) if X > 0, and in the opposite direction if A < 0. 


atc 


(A)v + w=(at+c,b+d) (B) Av = (Xa, Ab) 


Vector Operations Using Components Ifv = (a,b) and w = (c,d), then: 
(i) v+w= (a+c,b+d) 


(ii) v— w= (a —c,b — d) 
(iii) AV = (Aa, Ab) 
(iv) v+0=0+Vv=Vv 


We also note that if P = (a), b1) and Q = (a, b2), then components of the vector 
v = PQ are conveniently computed as the difference 


eS aa 
PQ = OQ — OP = (a, b2) — (ay, bi) = (a — a1, b2 — b1) 
EXAMPLE 3 Forv = (1,4), w = (3,2), calculate: 
(a) v+w (b) 5v 
Solution 


v+ w= (1,4) + (3,2) = (1 +3,4 +2) = (4,6) 
5¥ = 5 (1,4) = (5; 20) 


The vector sum is illustrated in Figure 12. E 


FIGURE 14 
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Vector operations obey the usual laws of algebra. 


THEOREM 1 Basic Properties of Vector Algebra For all vectors u, v, w and for all 
scalars A, 


Commutative Law: vt+w=wey 
Associative Law: u+(v+w)=(u+v)+w 
Distributive Law for Scalars: A(v + w) =Av+Aw 


These properties are verified easily using components. For example, we can check 
that vector addition is commutative: 


(vi, v2) + (wy, w2) = (vi + w1, V2 + w2) = (w1 + v1, w2 + v2) = (w1, w2) + (v1, v2) 
DoT O O O O O ee aa 


Commutativity of addition of real numbers 
A linear combination of vectors v and w is a vector 
rv+sw 


where r and s are scalars. If v and w are not parallel, then every vector u in the plane 
can be expressed as a linear combination u = rv + sw [Figure 1 3(A)]. The parallelogram 
P whose vertices are the origin and the terminal points of v, w and v + w is called the 
parallelogram spanned by v and w [Figure 13(B)]. It consists of the linear combinations 
rv+tswwithO<r<landQ<s <1. 


swO=s=1)f 


"rv (Ozrl) 


(A) The vector u can be expressed as a (B) The parallelogram P spanned by v and w 
linear combination u = rv + sw. consists of all linear combinations rv + sw 
In this example, r <0. withhO=r7,5<= 1. 
FIGURE 13 


EXAMPLE 4 Linear Combinations Express the vector u = (4,4) in Figure 14 as a 
linear combination of v = (6,2) and w = (2, 4). 


Solution We must find r and s such that rv + sw = (4,4), or 
r (6,2) + s (2,4) = (6r + 25,27 + 4s) = (4,4) 
The components must be equal, so we have a system of two linear equations: 
6r +25 =4 
2r+4s = 4 
Subtracting the equations, we obtain 4r — 2s = 0 or s = 2r. Setting s = 2r in the first 


equation yields 6r + 4r = 4 orr = z, and then s = 2r = z. Therefore, 


2 
u= (4,4) = É (6,2) + 2 (2,4) a 
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FIGURE 15 The head of a unit vector lies on 
the unit circle. 


FIGURE 16 Unit vector in the direction of v. 


FIGURE 17 


CONCEPTUAL INSIGHT In general, to write a vector u = (u1, u2) as a linear combination 
of two other vectors v = (v1, v2) and w = (w1, w2), we have to solve a system of two 
linear equations in two unknowns r and s: 


rv, + sw = uy 


rv+sw=u = r(v,v)+s (wi, w2) = (u1,u2) <% paths gans 


On the other hand, vectors give us a way of visualizing the system of equations geo- 
metrically. The solution is represented by a parallelogram as in Figure 14. This relation 
between vectors and systems of linear equations extends to any number of variables 
and is the starting point for the important subject of linear algebra. 


A vector of length 1 is called a unit vector. Unit vectors are often used to indicate 
direction, when it is not necessary to specify length. The head of a unit vector e based at 
the origin lies on the unit circle, and e can be given as 


e = (cos 0, sin 8) 


where @ is the angle between e and the positive x-axis (Figure 15). The fact that its length 
is 1 when represented in this way follows immediately from the trigonometric identity 
sin? @ + cos?6 = 1. 

We can always scale a nonzero vector V = (vj, v2) to obtain a unit vector pointing 
in the same direction (Figure 16): 


Indeed, we can check that ey is a unit vector as follows: 
1 1 
—— V¥ =j- e 
ivil Mal 


If v = (vj, v2) makes an angle 0 with the positive x-axis, then 


leyl = ivi = 1 


v = (v1, 02) = [Ivlley = [IYI (cos6, sin 8) | 2 | 


Note that the relation v = ||v|| (cos 8, sin @) in Eq. (2) concisely reflects the direction 
and magnitude of a vector. The angle @ determines the direction of v and ||v|| gives the 
magnitude. 


EXAMPLE 5 Find the unit vector in the direction of v = (3,5). 
: 1 3 5 
Solution ||v|| = v32 + 52 = 34, and thus by Ea. (1), ey = ——v = (—. =a). 
si "aAA eee =: 


It is customary to introduce a special notation for the unit vectors in the direction of 
the positive x- and y-axes (Figure 17): 


The vectors i and j are called the standard basis vectors. Every vector in the plane is a 
linear combination of i and j (Figure 17): 


v = (a,b) =ai+bj 
For example, (4, —2) = 4i — 2j and (5,7) = 5i + 7j. 


For vectors represented in this form, vector addition is performed by adding the i and ~~ 


j coefficients. For example, 


(4i — 2j) + (5i +7) = (4+5) +(-2+7j=9i+5j 


FIGURE 18 When an airplane traveling with 
velocity vj encounters a wind of velocity 
v2, its resultant velocity is the vector sum 
vit wo: 


Newton's second law indicates F = ma, 
where F is the force on an object, m is its 
mass, and a ts its acceleration. With 
acceleration due to gravity equal to 

9.8 m/sec’, the force due to gravity ona 
100-kg mass is (9.8)(100) = 980 newtons. 


125° | —0.573 | 0.819 
30° 0.866 | 0.5 
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CONCEPTUAL INSIGHT Itis often said that quantities such as force and velocity are vec- 
tors because they have both magnitude and direction, but there is more to this statement 
than meets the eye. A vector quantity must obey the Law of Vector Addition, so if we 
say that force is a vector, we are really claiming that forces add according to the Paral- 
lelogram Law. In other words, if forces F; and F; act on an object, then the resultant 
force is the vector sum F; + F>. A similar situation holds for velocities, as illustrated 
in Figure 18. This aspect of force and velocity is a physical fact that must be verified 
experimentally. It was well known to scientists and engineers long before the vector 
concept was introduced formally in the 1800s. 


EXAMPLE 6 Find the forces on cables 1 and 2 in Figure 19(A). 


F, = (0, —980) 
Force diagram 


(A) (B) 


FIGURE 19 


Solution Three forces act on the point P in Figure 19(A): the force F, due to gravity that 
acts vertically downward with a magnitude of 980 newtons (on a 100-kg mass), and two 
unknown forces F; and F2 acting through cables 1 and 2, as indicated in Figure 19(B). 
Since the point P is not in motion, the net force on P is zero: 
F; +F2 +F, =0 


We use this fact to determine F; and F3. 

Let fi = ||F1|| and f2 = ||F2|| be the magnitudes of the unknown forces. Because F4 
makes an angle of 125° (the supplement of 55°) with the positive x-axis, and F makes 
an angle of 30°, we can use Eq. (2) and the table in the margin to write these vectors in 
component form: 


F; = fi (cos 125°, sin 125°) ~ fı (—0.573, 0.819) 
F2 = f (cos 30°,sin30°) =~ fz (0.866, 0.5) 
F; = (0, —980) 


Since the sum of the forces is the zero vector, using the approximate values for the forces, 
we have: 


fı (—0.573, 0.819) + fo (0.866, 0.5) + (0, —980) = (0,0) 


We will solve for fı and f2. Equating vector components gives us two equations in two 
unknowns: 


—0.573 fı +0.866f2=0, 0.819 fı + 0.5 fp — 980 = 0 


By the first equation, fo = (3223) fi. Substitution in the second equation yields 
0.573 
0.819 fi + 0.5 | ——— — 980 + 1.15 A — 980 = 0 
fi laa) i f 
Therefore, the force magnitudes in newtons are 


980 0.573 
1 &% — 7 852 newtons and e (eee a x% 
J 115 fr ( ST =) 852 ~ 564 newtons 
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FIGURE 20 The length of v + w 
depends on the angle between v and w. 


Hence, 


F, © 852 (—0.573, 0.819) ~ (—488, 698) 
F2 ~ 564 (0.866, 0.5) = (488, 282) E 


We close this section with the Triangle Inequality. Figure 20 shows the vector sum 
v + w for a fixed vector v and three different vectors w of the same length. Notice that the 
length ||v + w|| varies depending on the angle between v and w. So in general, ||v + w|| 
is not equal to the sum ||vi| + Iwl]. What we can say is that ||v + w|| is at most equal to 
the sum ||v|| + liwli. This corresponds to the fact that the length of one side of a triangle 
is at most the sum of the lengths of the other two sides. A formal proof may be given 
using the dot product (see Exercise 98 in Section 12.3). 


THEOREM 2 Triangle Inequality For any two vectors v and w, 


| lv + wil < Ilvil + Iwill 


Equality holds only if v = 0 or w = 0, or if w = Av, where A > 0. 


Vtw 


12.1 SUMMARY 


° A vector V = PO is determined by a basepoint P (the “tail”) and a terminal point Q 
(the “head” or “tip”). 

* Components of v= PQ, where P =(aj,b1) and Q = (a,b2): v = (a,b) with 
a = a — á], b = b2 — bi. 

* Length or magnitude: ||v|]| = Va? + b?. 

The length ||v|| is the distance from P to Q. 

The position vector of Po = (a,b) is the vector v = (a, b) pointing from the origin O 

to Po. 

Vectors v and w are equivalent if they have the same magnitude and direction. Two 

vectors are equivalent if and only if they have the same components. 

The zero vector is the vector 0 = (0,0) of length 0. 

Vector addition is defined geometrically by the Parallelogram Law. In components, 


(v1, 02) + (w1, w2) = (v1 + w1, v2 + w2) 


Scalar multiplication: Av is the vector of length |A| ||v|| in the same direction as v if 
i > 0, and in the opposite direction if à < 0. In components, 


A (v1, v2) = (Av1,Av2) 


e Nonzero vectors v and w are parallel if w = Av for some scalar À. 
° Unit vector making an angle 6 with the positive x-axis: e = (cos 9, sin 0}. 


Unit vector in the direction of v Æ 0: e, = iv 
y 


N 
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If v = (v1, v2) makes an angle @ with the positive x-axis, then 


es 
vı = ||v|| cos @, v2 = ||v|l siné, ey = (cos @, sin @) 
e Standard basis vectors: i = (1,0) and j = (0, 1). 
* Every vector v = (a,b) is a linear combination v = ai + bj. 
¢ Triangle Inequality: |v + wll < ||v|| + |l wil. 
12.1 EXERCISES 
Preliminary Questions 
1. Answer true or false. Every nonzero vector is: 4. What are the components of the zero vector based at P = (3,5)? 
(a) equivalent to a vector based at the origin. 
(b) equivalent to a unit vector based at the origin. 5. True or false? 
(c) parallel to a vector based at the origin. (a) The vectors v and —2v are parallel. 
(d) parallel to a unit vector based at the origin. ney ee 
(b) The vectors v and —2v point in the same direction. 
2. What is the length of —3a if |jal| = 5? 
3. Suppose that v has components (3, 1). How, if at all, do the compo- 6. Explain the commutativity of vector addition in terms of the Parallel- 
nents change if you translate v horizontally 2 units to the left? ogram Law. 
Exercises 
1. Sketch the vectors v1, V2, V3, V4 with tail P and head Q, and compute In Exercises 13—20, calculate. 
their lengths. Are any two of th tors equivalent? 
= a ae oe 13. (2,1) + 3,4) 14. (—4,6) — (3,-2) 
(Tu [aps [* 18. 516. 16. (11) + 0.2) 
es z 5 
e (2,4) | (-1,3) | C13 | @D 17. (-3,3)+ (3,4) 
ojas] a3 | @4) |63 18. 2.7(—1.4,0.8) — 3.3 (3.1,-2.2) 
2. Sketch the vector b = (3,4) based at P = (—2, —1). 19. (2e, 1 — 2) — (2e —2,8 — 2x) 
sD 
3. What is the terminal point of the vector a = (1,3) based at P=(2,2)? 20. {In 6, sin? 3) + (1 — In3, cos? 3) 
Sketch a and the vector ag based at the origin and equivalent to a. 21. Which of the vectors (A)(C) in Figure 22 is equivalent to v — w? 
4. Letv= PO, where P = (1,1) and Q = (2,2). What is the head of 
the vector v equivalent to v based at (2,4)? What is the head of the vector y 
Vo equivalent to v based at the origin? Sketch v, vo, and v’. _ i ee hii oem 
In Exercises 5—8, refer to the unit vectors in Figure 21. (A) (B) (C) 
5. Find the components of u. 6. Find the components of v. 
FIGURE 22 
7. Find the components of w. 8. Find the components of q. 
22. Sketch v + w and v — w for the vectors in Figure 23. 
v 
W 
FIGURE 23 
23. Sketch 2v, —w, v + w, and 2v — w for the vectors in Figure 24. 
y 
> 
4 
FIGURE 21 3 
ee 2 
1 


In Exercises 9-12, find the components of PÒ. 
% P= By), 0= (27) 10. P=(—3,—5), Q=(4,-6) 123 45 6 


11. P=(1,-7), Q=(0,17/ 12. P= (0,2), Q=(5,0) FIGURE 24 
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24. Sketch v = (1,3), w = (2, —2), v+ w, Vv — W. 
25. Sketch v = (0,2), w = (—2,4), 3v + w, 2v — 2w. 
26. Sketch v = (—2, 1), w = (2,2), v + 2w, v — 2w. 


27. Sketch the vector v such that v + vı + v2 = 0 for vı and v2 in 
Figure 25(A). 


28. Sketch the vector sum v = vı + v2 + v3 + v4 in Figure 25(B). 


y 


V3 


Y 
4 Vy 


Vi 


(A) (B) 


FIGURE 25 


29. Let v = PO, where P = (—2,5), Q = (1, —2). Which of the follow- 
ing vectors with the given tails and heads are equivalent to v? 
(a) (—3, 3), (0, 4) (b) (0, 0), (3, ==) 
(cy (—1,2), w- id). 4,—5), (gp) 


30. Which of the following vectors are parallel to v = (6,9) and which 
point in the same direction? 
(a) (12, 18) 

(d) (—6, —9) 


(b) (3,2) 
(e) (—24, —27) 


(c) (2,3) 
(ff) (—24, —36) 


—. 
In Exercises 31-34, sketch the vectors AB and PQ, and determine 
whether they are equivalent. 


31. A=(1,1), B=@G,7), P=(4,-l), Q=(6,5) 
32. A=(1,4), B=(-6,3), P=(1,4), Q= (6,3) 
33. A = (—3,2), B= (0,0), P = (0,0), Q=(,-2) 
34. A = (5,8), B=(1,8), P=(1,8), Q =(-3,8) 


In Exercises 35-38, are AB and PO parallel? And if so, do they point in 
the same direction? 


35. A=(1,1), B=(G,4), P=(1,1), Q=(7,10) 

36: A = (—3,2), B=(0,0),, P =(0,0), G=G,2) 
37. A = (2,2), B =(—6,3), P = (9,5), Q = (17,4) 
38. A = (5,8), B=(2,2), P= (2,2), Q= (—3,8) 

In Exercises 39-42, let R = (—2, 7). Calculate the following: 
39. The length of OŘ 


40. The components of u = PŘ, where P = (1,2) 
41. The point P such that PŘ has components (—2, 7) 


42. The point Q such that RO has components (8, —3) 
In Exercises 43-52, find the given vector. 
43. Unit vector ey, where v = (3, 4) 


44. Unit vector ey, where w = (24,7) 


45. Vector of length 4 in the direction of u = (—i, —1) 

46. Vector of length 3 in the direction of v = 4i + 3j 

47. Vector of length 2 in the direction opposite to v = i — j 

48. Unit vector in the direction opposite to v = (—2, 4) 

49. Unit vector e making an angle of == with the x-axis 

50. Vector v of length 2 making an angle of 30° with the x-axis 

51. A unit vector pointing in the direction from (1, 1) to (0, 3) 

52. A unit vector pointing in the direction from (—3, 4) to the origin 
53. Find all scalars À such that A (2,3) has length 1. 

54. Find a vector v satisfying 3v + (5,20) = (11,17). 


55. What are the coordinates of the point P in the parallelogram in 
Figure 26(A)? 


56. What are the coordinates a and b in the parallelogram in Figure 26(B)? 


(7, 8) 


FIGURE 26 


57. Let v = AB and w = AC, where A, B,C are three distinct points in 
the plane. Match (a)(d) with (iv). Hint: Draw a picture. 


(a) —w (b) —v (ec) W—V¥ (d) v-w 
(Gi) CB (ii) CA (iii) BC (iv) BA 
58. Find the components and length of the following vectors: 

(a) 41+ 3j (b) 2i— 3j (e) i+j (d) i—3j 


In Exercises 59-62, calculate the linear combination. 
59. 3j + (9i + 4j) 60. —3i+5(4j— +i) 
61. Gi+ j) — 6j + 24 — 4i) 62. 3(3i — 4j) + 5i + 4j) 


63. For each of the position vectors u with endpoints A, B, and C in 
Figure 27, indicate with a diagram the multiples ry and sw such that 


u = ry + sw. A sample is shown for u = O 


FIGURE 27 
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64. Sketch the parallelogram spanned by v = (1,4) and w = (5,2). Add 


ba ee 
the vector u = (2,3) to the sketch and express u as a linear combination of 
v and w. 
In Exercises 65 and 66, express u as a linear combination u = 
rv+sw. Then sketch u,v,w, and the parallelogram formed by rv 
and SW. 
65. u= (3,-—1); v= (2,1), w = (1,3) FIGURE 29 
66. u = (6,—2); v= (1,1), w= (1,—1) : 
67. Calculate the magnitude of the force on cables 1 and 2 shown in ie kis piace lying aiie jr aaa aie ed aie al 
Fi 28 ing in the northeast direction. The resultant velocity of the plane is the vec- 
ii tor sum V = vy; + V2, where v4 is the velocity vector of the plane and v2 is 
the velocity vector of the wind (Figure 30). The angle between vı and v2 is 
Z. Determine the resultant speed of the plane (the length of the vector v). 
40 km/h 
FIGURE 28 
68. Determine the magnitude of the forces F; and F2 in Figure 29, assum- 
ing that there is no net force on the object. 
FIGURE 30 
Further Insights and Challenges 
“In Exercises 70-72, refer to Figure 31, which shows a robotic arm con- 74. Use vectors to prove that the segments joining the midpoints of oppo- 
sisting of two segments of lengths Li and L2. site sides of a quadrilateral bisect each other (Figure 33). Hint: Show that 
70. Find the components of the vector r = OP in terms of 6; and @. the midpoints of these segments are the terminal points of 
71. Let Lı = Sand L2 = 3. Find r for 6; = 4, & = 4%. 1 1 
Aak 4 -(2u+v+z) and -(2v+w+u) 
72. Let Lı = 5 and L2 = 3. Show that the set of points reachable by the 4 4 
robotic arm with 6; = @2 is an ellipse. 
FIGURE 33 
FIGURE 31 
75. Prove that two nonzero vectors v = (a,b) and w = (c,d) are perpen- 
73. Use vectors to prove that the diagonals AC and BD of a parallelo- dicular if and only if 
gram bisect each other (Figure 32). Hint: Observe that the midpoint of BD 
is the terminal point of w + $ (v — w). ac+bd=0 
<< 


FIGURE 32 
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VECTOR GEOMETRY 


12.2 Three-Dimensional Space: Surfaces, Vectors, and Curves 


This section introduces three-dimensional space and extends the vector concepts intro- 
duced in the previous section to three dimensions. We begin with some introductory 
remarks about the three-dimensional coordinate system. 

By convention, we label the axes as in Figure 1(A), where the positive sides of the 
axes are labeled x, y, and z. This labeling satisfies the right-hand rule, which means 
that when you position your right hand so that your fingers curl from the positive x-axis 
toward the positive y-axis, your thumb points in the positive z-direction. The axes in 
Figure 1(B) are not labeled according to the right-hand rule because when your fingers 
curl from the positive x-axis toward the positive y-axis, your thumb points in the negative 
z-direction. 


(A) This axis labeling satisfies (B) This axis labeling does 
the right-hand rule. not satisfy the right-hand rule 
because the thumb points in 
the negative z-direction. 


FIGURE 1 


Each point in space has unique coordinates (a, b,c) relative to the axes (Figure 2). 
We denote the set of all triples (a,b,c) by R°, and we refer to this set as 3-space or 
three-dimensional space. The coordinate planes in R? are defined by setting one of 
the coordinates equal to zero (Figure 3). The xy-plane consists of the points (a, b, 0) 
and is defined by the equation z = 0. Similarly, x = 0 defines the yz-plane consisting of 
the points (0, b,c), and y = 0 defines the xz-plane consisting of the points (a, 0, c). The 
coordinate planes divide R? into eight octants (analogous to the four quadrants in the 
plane). Each octant corresponds to a possible combination of signs of the coordinates. 
The set of points (a, b,c) with a, b,c > 0 is called the first octant. 

As in two dimensions, we derive the distance formula in RÎ from the Pythagorean 
Theorem. 


z= 0 defines the xy-plane. y= 0 defines the xz-plane. x= 0 defines the yz-plane. 


FIGURE 3 


P= (a, by, sis EG fe R= (a, bo, cı) 
|b. — bl 


FIGURE 4 


FIGURE 6 Sphere of radius R centered at 
(a, b,c). 
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THEOREM 1 Distance Formula in R? The distance |P — Q| between the points 
P = (a,b1,c1) and Q = (a2, b2, c2) is 


IP — Q| = V (m — 41)? + (b2 — b1}? + (c2 — 1 


Proof First, apply the distance formula in the plane to the points P and R [Figure 4(A)]: 
|P — RI? = (a2 — a1)" + (b2 — bi)? 


Q = (a), bz, C2) 


P= (a), b}, cı) 


la - a;l 
(A) (B) 


Then observe that APRQ is a right triangle [Figure 4(B)] and use the Pythagorean 
Theorem: 


IP — OP = |P — R? + |R — OP = (a - a1} + (b2 — b1} + (c2 -cf m 


Surfaces 


Surfaces in R? will play an important role in our development of multivariable calculus. 
Planes are the most basic surfaces. The equation x = a defines a plane parallel to the 
yz-plane, while y = b and z = c define planes parallel to the xz-plane and x y-plane, re- 
spectively. For example, the planes x = 3, y = —5, and z = 10 are illustrated in Figure 5. 
We explore planes further in Section 5 in this chapter. 


Z 


FIGURE 5 Planes in 3-space. 


Spheres and cylinders are some other surfaces we will encounter. The sphere of 
radius R with center Q = (a,b,c) consists of all points P = (x, y, z) located a distance R 
from Q (Figure 6). By the distance formula, the coordinates of P = (x, y, z) must satisfy 


Jæ -a2 +y- b+ e-e R 


On squaring both sides, we obtain the standard equation of the sphere: 


(x —a)* + (y — b? + (z — c$ = R? 
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Now consider the equation 


(x — a) +(y — bY = R? El 


In the x y-plane, Eq. (2) defines the circle of radius R with center (a, b). However, as 
an equation in RÊ, it defines the right circular cylinder of radius R whose central axis is 
the vertical line through (a, b, 0) (Figure 7). Indeed, a point (x, y, z) satisfies Eq. (2) for 
any value of z if (x, y) lies on the circle. It is usually clear from the context which of the 
following is intended with Eq. (2): 


In Rĉ, a circle = {(x, y) : (x —a)* + (y —b)* = R?) 


In Rô, a right circular cylinder = {(x, y, z) : (x — D FO by = R?} 


Equations of Spheres and Cylinders An equation of the sphere in R? of radius R 
centered at Q = (a,b,c) is 


(x — a +O — bY +- c} = R 


An equation of the right circular cylinder in R? of radius R whose central axis is the 


FIGURE 7 Right circular cylinder of radius 
R with axis through (a, b, 0). 


E vertical line through (a, b, 0) is 
5 
5 (x-a? +y- bY =R? [a4] 
4 
SG | EXAMPLE 1 Describe the sets of points defined by the following conditions: 
ae 
(a) x27+y*+77=4, y>0 (b) œ —3 +(y-2) =1, z>-1 
Maryam Mirzakhani (1977-2017) was an Solution ko 
Iranian mathematician who studied a special 
class of surfaces known as hyperbolic. By (a) The equation x? + y* + z? = 4 defines a sphere of radius 2 centered at the origin. 


examining different types of surface curves, she The inequality y > 0 holds for points lying on the positive side of the xz-plane. We obtain 


was able to prove important new theorems about : ; a : See 
the properties of hyperbélic surfaces: For her the right hemisphere of radius 2 illustrated in Figure 8(A). 


accomplishments, she was awarded the Fields (b) The equation (x — 3)? +(y- 2)? = 1 defines a cylinder of radius 1 whose central 
Medal, the highest honor for a mathematician,in axis is the vertical line through (3, 2,0). The part of the cylinder where z > —1 is the 
2014. upper part of the cylinder, on and above the plane z = —1, as shown in Figure 8(B). m 


(ij FIGURE 8 Hemisphere and upper 
cylinder. (A) (B) 


Vectors in 3-Space 


e FE 1 è * 
As in the plane, a vector v = PQ in R? is determined by an initial point P and a terminal 
point Q (Figure 9). If P = (a1, b1, c1) and Q = (ap, b2, c2), then the length or magnitude — 
of v = PQ, denoted ||v||, is the distance from P to Q: 


= 
Ivii = | PQ = y (a2 — a1} + (b2 — b1} + (c2 — c1)? 


Ne 


FIGURE 10 A vector v and its translation 
based at the origin. 


X 


FIGURE 11 Vector addition is defined by 
the Parallelogram Law. 
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The terminology and basic properties discussed in the previous section carry over to 
R? with little change. 


e A vector v is said to undergo a translation if it is moved without changing di- 
rection or magnitude. 

Two vectors v and w are equivalent if w is a translation of v; that is, v and w 
have the same length and direction. 

The position vector of a point Qo is the vector vo = O 000 based at the origin 
(Figure 10). 

A vector v = PQ with components (a,b,c) is equivalent to the vector Vo = 
O Oo based at the origin with Qo = (a,b,c) (Figure 10). 

The components of v = PQ, where P = (a1, b1,c1) and Q = (a2, 52, c2), are 
the differences a = az — a}, b = bz — b1, Cc = c2 — c1; that is, 


v= PO = (a,b,c) = (a2 — a4, b2 — by, c2 — €1) 
For example, if P = (3, —4, —4) and Q = (2,5, —1), then 
v= PO = (2 — 3,5 — (-4), —1 — (—4)) = (-1,9, 3) 


Two vectors are equivalent if and only if they have the same components. 
Vector addition and scalar multiplication are defined as in the two-dimensional 
case. Vector addition is defined by the Parallelogram Law (Figure 11). 

In terms of components, if v = (v1, v2, v3) and w = (wy, w2, w3), then 


Av =A (vj, U2, V3) = (Avi, Av2, v3) 


V+ WwW = (v1, 02, 3) + (W1, W2, W3) = (vy + w1, V2 + w2, V3 + w3) 


Two nonzero vectors v and w are parallel if v = Aw for some scalar À. 
Vector addition is commutative, is associative, and satisfies the distributive prop- 
erty with respect to scalar multiplication (Theorem 1 in Section 12.1). 


EXAMPLE 2 Vector Calculations Given v = (3,—1,2) and w = (4,6, —8), deter- 
mine the following: 


(a) Iivi, 
(b) A unit vector in the direction of v, 
(c) 6Y — iw, 
(d) Whether v and w are parallel or not. 
Solution 
(a) Ivi] = /32 + (—1)} + 22 = v14 
. . ° ° . ma 2 
(b) A unit vector in the direction of v is Ji (3,—1,2) = (Js ca wire 4a), 


(e) 6v — 4w = 6 (3, -1,2) — 4 (4,6, —8) = (18, —6, 12) — (2,3, —4) = (16, —9, 16) 
(d) Is there a scalar à such that v = Aw; that is, such that (3, —1,2) = A (4,6, —8)? Con- 
sidering components, this requires that 


3=14, -1=i6, 2=dA(-8) 


The first equation implies that 4 = ;, but this value does not satisfy either of the other 
two equations. So, there is no À satisfying v = Aw, implying that the vectors are not 
parallel. m 


The standard basis vectors in R? are 


i= (1,0,0), j=(0,1,0), k= (0,0,1) 
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FIGURE 12 Writing v = (a,b,c) as the sum 
ai + bj + ck. 


FIGURE 13 A curve is traced by a point (A) 


or by the tip of a vector (B). 
y 
Slope m 
(xo y D 


N 


(X0; Yo Zp) (a,b, ) 


X 


FIGURE 14 A line is determined by a point 
and slope in the plane, by a point and 
direction vector in 3-space. 


Every vector is a linear combination of the standard basis vectors (Figure 12): 
(a,b,c) =a (1,0,0) + b (0, 1,0) + c (0,0, 1) = ai + bj + ck 
For example, (—9, —4, 17) = —9i — 4j + 17k. 


Curves and Lines 


Most curves in 3-space that we consider will be expressed parametrically. That is, we 
will describe a curve using a set of three equations for x(t), y(t), z(t) that we can 
think of as representing the coordinates of a particle traveling through space and tracing 
out a curve [Figure 13(A)]. Alternatively, taken together, the equations for x(t), y(t), 
z(t) form the components of a vector r(t) = (x(t), y(t), z(t)) with base at the origin. 
In this instance, the tips of the vectors trace out the curve [Figure 13(B)]. We con- 
sider general curves in 3-space in Chapter 13. For the rest of this section, we focus on 
lines. 


(x), y), z0) O, y@), z) 


(A) (B) 


In the plane, a line is identified by a slope (direction) and a point on the line 
(Figure 14). The same idea carries over to lines in RÌ, but instead we use a direction 
vector (a,b,c) parallel to the line to determine direction. Since there are many lines 
in any given direction (all parallel) we need to specify a point on the line to uniquely 
determine the line. Thus, to represent a line in 3-space we use a direction vector and a 
point on the line. 

Given a direction vector v = (a,b,c) for a line £, and a point Po = (xo, yo. Zo) on it, 
we first describe £ geometrically, and then translate that to two algebraic representations, 
one as a vector equation and another as parametric equations in x, y, Z. 


Geometric Description of a Line The line £ through Po = (xo, yo, zo) and parallel to | 
v = (a,b,c) consists of the tips of all vectors based at Po that are parallel to v. For 
example, the tips of the vectors v, v1, V2, and v3 in Figure 15 all lie on £. 


Let P = (x, y, z) represent an arbitrary point on L. By the Geometric Description of 
L, the vector based at Po with tip at P is parallel to v. That is, the vector 


=> 
PoP = (x — x0, yY — Yo, Z — 20) 


be 


FIGURE 15 


We can think of a curve as a road. A 
parametrization describes a trip on the 
road, Different parametrizations can 
describe different trips while the road stays 
fixed. 
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—- 
must be parallel to v, a relationship that can be expressed as PoP = tv for some real 
number ft. Thus, 


(x — xo, Y — Yo, Z — 20) = t (a,b,c) or 
(x, y,Z) = (xo, Yo. Z0) + £ (a, b,c) 


Now, letting r(t) = (x(t), y(t), z(t)) and ro = (xo, yo, Zo), we have 


Equations of a Line The line £ through point Po = (xo, yo. Zo) in the direction of 
vector v = (a,b,c) is described by 


Vector parametrization r(t) of £: 


r(t) = ro + tv = (xo, yo. Zo) + t (a, b,c) | 5 | | 


— 
where ro = OPo = (xo, yo: Z0). 


Parametric equations of £: 


x(t)=xo+at, yt)=yotbt, zt)=z+ct | 6 | 


The parameter t takes on values —oo < t < oO. 


EXAMPLE 3 Find a vector parametrization and parametric equations for the line 
through Po = (3, —1, 4) with direction vector v = (2, 1,7). 


Solution By Eq. (5), the following is a vector parametrization: 
r(t)= (3,-1,4) + ¢(2,1,7) = (84+ 2t,-1+1t,4+4+7t) 
Ne jee ee 


ail mo 
The vector OP Direction vector v 


The corresponding parametric equations are x = 3 + 2t,y = —1 + t,z =4 + 1t. i 


EXAMPLE 4 Parametric Equations of the Line Through Two Points Find parametric 
equations for the line through P = (1,0,2) and Q = (2,5, —1). Use them to find para- 
metric equations for the line segment between P and Q. 


Solution We can take our direction vector to be v = PO =(2 = 1,501 —2)— 
(1,3, —3). 
Hence, we obtain 


r(t) = (1,0,2) +t (1,5, —3) = (14+1,5t,2 — 38) 


Thus, the parametric equations for the line are x = 1 +t, y = 5t, z = 2 — 3t, where 
-00 < f < oO. 

To obtain parametric equations for the line segment between P and Q, we note 
that r(0) = (1,0,2) = OP and r(1) = (2,5,-—-1) = OO. Therefore, if we use the same 
parametric equations, but restrict t so that O < ż < 1, we obtain parametric equations for 
the line segment. m 


The parametrization of a line £ is not unique. We are free to choose any point Pp on 
£ and we may replace a direction vector v by any nonzero scalar multiple Av. 

Two lines in R? coincide if they are parallel and pass through a common point, 
so we can always check whether two parametrizations describe the same line, as in the 
following example. 
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CAUTION We use different parameter 
values, t; and fh, in Eq. 8 because an 
intersection need not occur at the same 
parameter value, only at the same point. 


g 


FIGURE 16 The lines rj(¢) and r2(t) do not 
intersect, but the particular points rj (t1) 
and ro(?t2) have the same x- and 
y-coordinates. 


FIGURE 17 


EXAMPLE 5 Different Parametrizations of the Same Line Show that 
parametrize the same line. 


Solution The line r;(t) has direction vector v = (—2, 1,3), whereas r2(t) has direction 
vector w = (4, —2, —6). These vectors are parallel because w = —2v. Therefore, the lines 
described by r)(t) and r2(t) are parallel. We must check that they have a point in com- 
mon. Choose any point on r;(t), say, P = (1, 1,0) [corresponding to t = 0]. This point 
lies on r2(t) if there is a value of ¢ such that 

(1, 1,0) = (-3, 3,6) + t (4, —2, —6) 
This yields three equations: 

1= -3 + 4t, 1=3-—2t, 0=6-6t 

All three are satisfied with t = 1. Therefore, P also lies on r2(t). We conclude that rj (ft) 


and r2(t) parametrize the same line. If Eq. (7) had no solution, we would conclude that 
r;(t) and r2(t) are parallel but do not coincide. Ez 


EXAMPLE 6 Intersection of Two Lines Determine whether the following two lines 
intersect: 


rı(t) = (1,0, 1) + ¢ (3,3, 5) 
ro(t) = (3,6, 1) +t (4, —2,7) 
Solution The two lines intersect if there exist parameter values ft; and f2 such that 
r}(t1) = r2(t2 that is, if 
(1,0, 1) +41 (3, 3,5) = (3,6, 1) +t (4, -2,7) 


This is equivalent to three equations for the components: 


x=14+3t, =34+4b, y = 34 = 6 — 2h, z=14+5t, =14+7t [9 | 
Let’s solve the first two equations for t; and t2. Subtracting the second equation from 
the first, we get 1 = 6f — 3 or h = Z, Using this value in the second equation, we get 
41=2= fh = = The values t; = “= and f = = satisfy the first two equations, and 
thus rı(tı) and r2(t2) have the same x- and y-coordinates (Figure 16). However, they do 
not have the same z-coordinates because ft; and t do not satisfy the third equation in (9): 


14 Z 
145() 4147(?) 


Therefore, Eq. (8) has no solution and the lines do not intersect. a 


12.2 SUMMARY 


* The axes in R° are labeled so that they satisfy the right-hand rule: When the fingers of 
your right hand curl from the positive x-axis toward the positive y-axis, your thumb 
points in the positive z-direction (Figure 17). 


- Sphere of radius R and center (a, b,c): (x — a)? + (y — b}? + (z —c)* = R? 

* Cylinder of radius R with central axis through (a, b, 0): (x — a} + (y — b}? = R? 

° The notation, terminology, and basic properties for vectors in the plane carry over to 
vectors in R?. = 

* The length (or magnitude) of v = PQ, where P = (a1, b,c ;) and O = (ap, bp, c2), is 


vil = IPO = vV(az — a1)? + (bz — by)? + (c2 — c1)? 
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¢ The line through Po = (xo, yo, Zo) with direction vector v = (a, b,c): 


— Geometrically: The line formed by the tips of all vectors based at Po that are 


parallel to v. 
— Algebraically: 


. e ae 
Vector parametrization: r(t)= O Po + tv = (xo, yo.Z0) + t (a,b,c) 


Parametric equations: 


x=xotat, y=yotbt, z=zo+ct 


e To obtain the line through P = (a;, b,c) and Q = (a, bp, c2), take direction vec- 


tor v = PO 


= (a2 — aj, b2 — bi, c2 — ci), and use the vector parametrization or the 


parametric equations for a line. The segment P Q is parametrized by r(t) for0 <t <1. 


12.2 EXERCISES 


Preliminary Questions 
1. What is the terminal point of the vector v = (3, 2, 1) based at the point 
P(e 


2. What are the components of the vector v = (3,2, 1) based at the point 
Re 

3. Ifv = —3w, then (choose the correct answer): 

(a) v and w are parallel. 

(b) v and w point in the same direction. 


4. Which of the following is a direction vector for the line through 
P = (3,2, D) and Q =(1,1, 1)? 


(a) (3,2,1) (b) (1,1,1) (c) (2,1,0) 


5. How many different direction vectors does a line have? 


6. True or false? If v is a direction vector for a line £, then —v is also a 
direction vector for £. 


7. What is the radius of the sphere x? + y? + z? = 5? 


8. Which of the following points are on the cylinder (x — 1)* + y? = 1? 
(a) (1,0,0) (b) (0,0,0) (c) (0,0,—1) 


Exercises 
1. Sketch the vector v = (1,3, 2) and compute its length. 


2. Let v= PoQo, where Po = (1, —2,5) and Qo = (0, 1, —4). Which of 
the following vectors (with tail P and head Q) are equivalent to v? 


[T= fe] = [4 
2/059 @-819 13-9] G7) 


3. Sketch the vector v = (1,1,0) based at P = (0,1,1). Describe this 


z = : 
vector in the form P Q for some point Q, and sketch the vector vo based at 
the origin equivalent to v. 


4. Determine whether the coordinate systems (A)(C) in Figure 18 sat- 
isfy the right-hand rule. 


(A) (B) (C) 


FIGURE 18 


In Exercises 5—8, find the components of the vector PO. 
> P=(1,0,1),_ Q = (2,1,0) 

6. P =(—3,—4,2)} Q= (1,—4,3) 

7. P=(4,6,0), Q= (-4,2,1) 

8. P=(-5.2,1), Q= (4,6,0) 

In Exercises 9-12, let R = (1,4,3). 

9. Calculate the length of OR. 


10. Find the point Q such that v = RO has components (4,1,1), and 
sketch v. 


11. Find the point P such that w= PR has components (3, —2,3), and 
sketch w. 


12. Find the components of u = PR, where P = (1, 2:2). 


13. Let v = (4,8,12). Which of the following vectors is parallel to v? 
Which point in the same direction? 


(a) (2, 4,6) 
(e) (—7,-—14, —21) 


(b) (—1, —2, 3) 
(d) (6,10, 14) 


In Exercises 14-17, determine whether AB is equivalent to PO. 
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15, A=(1,4,1) #=(—2,2,0) 
PS3. @=—(—3,2.)) 
16. A = (0,0,0) B = (—4, 2,3) 


P= (4, =2, =5) Q = (0, 0, 0) 


= (l 1,0) B = (3,3,5) 
= —9. 0  @ = Le) 


In Exercises 18-23, calculate the linear combinations. 
18. 5 (2,2, —3) +3 (1,7,2) 19. —2 (8, 11,3) + 4 (2,1, 1) 
20. 6(4j + 2k) — 3(2i + 7k) 21. = (4, —2, 8) — ‘ (TZ) 333) 
22. 5(i + 2j) — 3(2j + k) + 722k — i) 

23. 4 (6,—1,1) — 2 (1,0, —1) + 3 (—2,1,1) 

In Exercises 24-27, determine whether or not the two vectors are parallel. 
24. u = (1,—2,5),v = (—2, 4, —10) 

25. u = (4,2, —6) , v = (2, —1, 3) 

26. u = (4,2, —6) ,v = (2, 1,3) 

27. u = (—3,1,4),v = (6, —2, 8) 

In Exercises 28-31, find the given vector. 


28. ey, where v = (1, 1,2) 29. ew, Where w = (4, —2, —1) 
30. Unit vector in the direction of u = (1,0, 7) 


31. Unit vector in the direction opposite to v = (—4, 4, 2) 


32. Sketch the following vectors, and find their components and lengths: 
(a) 41+ 3j — 2k (b) i+j+k 
(c) 4j + 3k (d) 12i + 8j — k 


In Exercises 33-36, describe the surface. 
33. x? + y? + (z — 2)? = 4, withz > 2 
34. x? +y? +z? =9, with x, y,z > 0 
35. x? + y? =7, with |z| <7 


36. x? + y? =4, with y,z > 0 
In Exercises 37—42, give an equation for the indicated surface. 


37. The sphere of radius 3 centered at (0, 0, —3) 

38. The sphere centered at the origin passing through (1, 2, —3) 

39. The sphere centered at (6, —3, 11) passing through (0, 1, —4) 

40. The sphere with diameter PO where P = (1, 1, —3) and Q = (1,7, 1) 


41. The cylinder passing through the origin with the vertical line through 
(1, —1, 0) as its central axis 


42. The cylinder passing through (0,2, 1) with the vertical line through 
(1,0, 0) as its central axis 


In Exercises 43-50, find a vector parametrization for the line with the 
given description. 


43. Passes through P = (1,2, —8), direction vector v = (2, 1, 3) 
44. Passes through P = (4,0, 8), direction vector v = (1,0, 1) 
45. Passes through P = (4,0, 8), direction vector v = 7i + 4k 
46. Passes through O, direction vector v = (3, —1, —4) 

47. Passes through (1, 1, 1) and (3, —5, 2) 

48. Passes through (—2, 0, —2) and (4, 3, 7) 

49. Passes through O and (4, 1, 1) 


50. Passes through (1,1, 1) parallel to the line through (2,0,—-1) and 
(4, 1,3) 


In Exercises 51—54, find parametric equations for the lines with the given 
description. 


51. Perpendicular to the xy-plane, passes through the origin 
52. Perpendicular to the yz-plane, passes through (0, 0, 2) 


53. Parallel to the line through (1, 1,0) and (0, —1, —2), passes through 
(0, 0, 4) 


54. Passes through (1, —1, 0) and (0, —1, 2) 


55. Which of the following is a parametrization of the line through 
P = (4,9, 8) perpendicular to the xz-plane (Figure 19)? 

(a) r(t) = (4,9, 8) + t (1,0, 1) (b) r(t) = (4,9,8) + ¢ (0,0, 1) 
(c) r(t) = (4,9,8) + ¢ (0, 1,0) (d) r(t)= (4,9, 8) + ż (1, 1,0) 


Z 
o 9, 8) 


omy 


FIGURE 19 


56. Find a parametrization of the line through P = (4, 9, 8) perpendicular 
to the yz-plane. 


57. Show that r;(t) and r2(t) define the same line, where 
ri(¢) = (3, —1,4) +f (8, 12, —6) 
ro(t) = (11,11, —2) + ¢ (4,6, —3) 


Hint: Show that r2(t) passes through (3, —1,4) and that the direction vec- 
tors for rj (t) and r2(t) are parallel. 


58. Show that r;(t) and r2(t) define the same line, where 
r;(t) =f te 1,3) > r2(t) = (—6, —3, =9) +f (8,4, 12) 


59. Find two different vector parametrizations of the line through 
P = (5,5, 2) with direction vector v = (0, —2, 1). 


60. Find the point of intersection of the lines r(t) = (1, 0,0) + ¢ (—3, 1,0) 
and s(t) = (0,1, 1) + ¢ (2,0, 1). l 


N” 


N” 
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S 61. Show that the lines rı(t) = (—1,2,2) + t (4,—2,1) and r2(t) = 


(0, 1,1} + ¢ (2,0, 1) do not intersect. 


62. Determine whether the lines r(t) = (2,1,1) + £¢({—4,0,1) and 
r2(s) = (—4,1,5) + s (2,1, —2) intersect, and if so, find the point of in- 
tersection. 


63. Determine whether the lines r(t) = (0, 1,1) + ¢ (1, 1,2) and r2(s) = 
(2,0, 3) + s (1,4, 4) intersect, and if so, find the point of intersection. 


64. Find the intersection of the lines rı (t) = (—1, 1) + ¢ (2,4) and r2(s) = 
(2,1) + s (—1, 6) in the plane. 


65. A meteor follows a trajectory r(t) = (2, 1,4) + t (3,2, —1) km with ¢ 
in minutes, near the surface of the earth, which is represented by the xy- 
plane. Determine at what time the meteor hits the ground. 


66. A laser’s beam shines along the ray given by ry(t) = (1,2,4) + 
t(2,1,—1) for t > 0. A second laser’s beam shines along the ray given 
by ro(s) = (6,3, -1) + s(—5,2,c) for s > 0, where the value of c allows 
for the adjustment of the z-coordinate of its direction vector. Find the value 
of c that will make the two beams intersect. 


67. The line with vector parametrization r(t) = (3, 1, —4) + t (—2, —2, 3) 
intersects the sphere (x — see + 3)? +z? =8 in two points. Find 
them. Hint: Determine t such that the point (x(t), y(t), z(t)) satisfies the 
equation of the sphere, and then find the corresponding points on the line. 


68. Show that the line with vector parametrization r(t) = (3,5, 6) + 
t (1,—2,—1) does not intersect the sphere of radius 5 centered at the 
origin. 

69. Find the components of the vector v whose tail and head are the mid- 
points of segments AC and BC in Figure 20. [Note that the midpoint of 


. [a+b] ath at+b 
(a1, 42, a3) and (b1, b2, b3) is (25%, = E S] 
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70. Find the components of the vector w whose tail is C and head is the 
midpoint of AB in Figure 20. 


A = (1,0, 1) 


i B= (1,1,0) 


FIGURE 20 


71. A box that weighs 1000 kg is hanging from a crane at the dock. The 
crane has a square 20 m by 20 m framework as in Figure 21, with four 
cables, each of the same length, supporting the box. The box hangs 10 m 
below the level of the framework. Find the magnitude of the force acting 
on each cable. : 


(10,0) (-10, 10, 0) 


(10, —10, 0) (10, 10, 0) 
(0, 0, ~10) 


FIGURE 21 


Further Insights and Challenges 


In Exercises 72-78, we consider the equations of a line in symmetric form, 
whena #0,b4#0,c £0. 


Xx—-X) y-y 72-2 10 | 
a b c 


72. Let £ be the line through Po = (x0, yo, zo) with direction vector v = 
(a, b, c}. Show that £ is defined by the symmetric equations (10). Hint: Use 
the vector parametrization to show that every point on £ satisfies (10). 


73. Find the symmetric equations of the line through Po = (—2, 3,3) with 
direction vector v = (2,4, 3). 


74. Find the symmetric equations of the line through P = (1, 1,2) and 
Q = (—2, 4,0). 


75. Find the symmetric equations of the line 
x=3+2t, y=4=9t, z= 12t 


76. Find a vector parametrization for the line 


tS yt 
a 
, — a a a 
77, Find a vector parametrization for the line 5 = nF 3 


78. Show that the line in the plane through (xo, yo) of slope m has sym- 
metric equations 


2— W 


x= x)= 


79. A median of a triangle is a segment joining a vertex to the midpoint of 
the opposite side. Referring to Figure 22(A), prove that three medians of 
triangle A BC intersect at the terminal point P of the vector iu +v +w). 
The point P is the centroid of the triangle. Hint: Show, by parametrizing 
the segment AA’, that P lies two-thirds of the way from A to A’. It will 
follow similarly that P lies on the other two medians. 


80. A median of a tetrahedron is a segment joining a vertex to the cen- 
troid of the opposite face. The tetrahedron in Figure 22(B) has vertices at 
the origin and at the terminal points of vectors u, v, and w. Show that the 
medians intersect at the terminal point of iu +v-+w). 


(A) (B) 


FIGURE 22 
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FIGURE 1 A bridge oriented 32 degrees east 
of north with a 60 km/h westerly wind. 


Important concepts in mathematics often 
have multiple names or notations either for 
historical reasons or because they arise in 
more than one context. The dot product /s 
also called the scalar product or inner 
product, and in many texts, v - w is 
denoted (v, w) or (Vv, W). 


The dot product appears in a very wide 
range of applications. For example, to 
determine how closely a Web document 
matches a search input, a dot product is 
used to develop a numerical score by which 
candidate documents can be ranked. (See 
The Anatomy of a Large-Scale Hypertextual 
Web Search Engine by Sergey Brin and 
Lawrence Page.) 


12.3 Dot Product and the Angle Between Two Vectors 


Operations on vectors are widely used in engineering and other scientific disciplines. For 
example, an operation called the dot product can be applied to analyze the wind blowing 
toward a bridge. Suppose a 60 km/h wind w is blowing from the west toward a bridge 
that is oriented 32 degrees east of north (Figure 1). A civil engineer needs to compute 
how much of the wind is blowing directly at the bridge to determine whether large trucks 
will be permitted on the bridge under such wind conditions. To analyze this problem we 
express w as a sum of vectors, one parallel to the bridge and a second perpendicular to 
it. We can compute the parallel part by projecting w onto a vector parallel to the bridge. 
Finding projections of one vector onto another is easily done with the dot product, a 
concept we introduce in this section. 

The dot product is one of two important products that we define on pairs of vectors. 
The other, cross product, is introduced in the next section. Dot product is defined as 
follows: 


DEFINITION Dot Product The dot product v - w of two vectors 


y = (v1, 02; v3). W = (W1, W2, W3) 


V: W = Vw + vw + :U3W3 


In words, to compute the dot product, multiply the corresponding components and 
add. For example, 


(2,3,1) - (—4, 2,5) = 2(—4) + 3(2) + 1(5) = -8+6 +5 =3 


is the scalar defined by 


The dot product of vectors v = (v1, v2) and w = (w1, w2) in R? is defined similarly: 
V- W = vw + nw 


We will see in a moment that the dot product is closely related to the angle between 
v and w. Before getting to this, we describe some elementary properties of dot products. 

First, the dot product is commutative: v -w = w - v, because the components can be 
multiplied in either order. Second, the dot product of a vector with itself is the square of 
the length: If v = (v1, v2, v3), then 


V- Y = VU, Vi + vzv + v30 = v? T v3 T v3 = vil? 


The dot product also satisfies the Distributive Law and a scalar-multiplication property 
as summarized in the next theorem (see Exercises 94 and 95). 


THEOREM 1 Properties of the Dot Product 
ii) 0-v=v-0=0 

(i) Commutativity: v-w = w-v 

(iii) Pulling out scalars: (Av)-w=v- (Aw) = A(v- w) 

(iv) Distributive Law: u-(v+w)=u-v+u-w 


(Vv+w)-u=v-u+w-u 
(v) Relation with length: 


v-v= jivi? 


EXAMPLE 1 Verify the Distributive Law u- (v + w) =u-v+u-w for 
u= (4,3,3), w2 2); w = (3, —2,5) 


2% - 6 


FIGURE 2 By convention, the angle 0 
between two vectors is chosen so that 
0<0 <m. 


FIGURE 3 


FIGURE 4 
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Solution We compute both sides and check that they are equal: 
u. (v +w) = (4,3,3) - ( (1,2,2) + (3, —2, 5) ) 
= (4,3,3) - (4,0,7) = 4(4) + 3(0) + 3(7) = 37 
u-v+u-w= (4,3,3). (1,2,2) + (4,3, 3) - (3, —2, 5) 
= (4(1) + 3(2) + 3(2)) + (4(3) + 3(—2) + 3(5)) 
=16+21=37 we 
As mentioned earlier, the dot product v - w is related to the angle 0 between v and w. 

This angle 8 is not uniquely defined because, as we see in Figure 2, both @ and 27 — 0 
can serve as an angle between v and w. Furthermore, any multiple of 27 may be added 


to @. All of these angles have the same cosine, so it does not matter which angle we use 
in the next theorem. However, we shall adopt the following convention: 


The angle between two vectors is chosen to satisfy 0 < @ < x. 


THEOREM 2 Dot Product and the Angle Let ô be the angle between two nonzero 
vectors v and w. Then 


V- W 


IIvil iwi 


v-w = |ivi| jlwilcos@ or cos = 


Proof According to the Law of Cosines, the three sides of a triangle satisfy (Figure 3) 
c* = a* + b* — 2abcosé 


If two sides of the triangle are v and w, then the third side can be expressed as v — w, as 
in the figure, and the Law of Cosines gives 


Iv — wll? = Iivi? + lwll? — 2cos 8 vil [wll | 2 | 
Now, by property (v) of Theorem 1 and the Distributive Law, 
lv — wil? = (v — w)- (V— w) =vV-v—2v-w+w-w 


= Iv? + Iw]? — 2v - w 


Comparing Eq. (2) and Eq. (3), we obtain —2 cos @]||v|| ||w|| = —2v-w, and Eq. (1) 
follows. E 


By definition of the arccosine, the angle 6 = cos—! x is the angle in the interval 
[0, x ] satisfying cos 0 = x. Thus, for nonzero vectors v and w, we have 


G= Ee or 9 = cos"! ( ae ) 
vil Iw |l Iv] Fw || 


EXAMPLE 2 Find the angle 0 between the vectors v = (3,6,2) and w = (4, 2, 4} shown 
in Figure 4. 


Solution Compute cos @ using the dot product: 


lvl] = V32 +62 + 22 = v49 =7, Iwi = /42 + 2 4+ 42 = /36 =6 
v-w (3,6,2) - (4,2,4)  3(4) +. 6(2) +244) 32 16 


D LO O — | —— 7 


~ [ivillwil 7(6) 42 A2 21 


The angle itself is 9@ = cos™! (3°) ~ 0.705 radians (Figure 4). aw 
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The terms “orthogonal” and Two nonzero vectors v and w are called perpendicular or orthogonal if the angle 


“nerpendicular” are synonymous and are between them is F. In this case, we write v L w. 
used interchangeably, although we usually We can use the dot product to test whether v and w are orthogonal. Because an angle 
use “orthogonal” when dealing with 0 between 0 and x satisfies cos 0 = 0 if and only if 0 = 5, we see that if v and w are 
vectors. nonzero, then 
X 
tw iviena ~ e 


Defining the zero vector to be orthogonal to all other vectors, we then have 


viw ifandonlyif v-w=0 


The standard basis vectors are mutually orthogonal and have length 1 (Figure 5). In 
terms of dot products, because i = (1,0, 0), j = (0, 1,0), and k = (0,0, 1), 


x i-j=i-k=j-k=0, i-i=j-j=k-k=1 
FIGURE 5 The standard basis vectors are EXAMPLE 3 Testing for Orthogonality Determine whether v = (2, 6, 1) is orthogonal 
mutually orthogonal and have length 1. to u = (2, —1, 1) or w = (—4, 1, 2) (Figure 6). 


Solution We test for orthogonality by computing the dot products: 
v-u= (2,6, 1) - (2,—1,1) = 2(2) + 6(—1) +141) = —1 (mot orthogonal) 


v.w = (2,6, 1) - (—4,1,2) = 2(—-4) +601) +122) =0 (orthogonal) 5 


By definition, the angle 0 between vectors v and u is obtuse if : <0 <x, and in 
this interval cos@ < 0. Furthermore, @ is acute if0 < 6 < F; and this occurs ifcos9 > 0. —_ 
From Eg. (1), we then have the following: 


The angle 0 between v and u is obtuse if and only if v - u < 0. 


The angle 0 between v and u is acute if and only if v -u > 0. 


FIGURE 6 Vectors v, w, and u in 


Example 3. 
EXAMPLE 4 Testing for Obtuseness and Acuteness Determine whether the angles 
between the vector v = (3, 1,—2) and the vectors u = (3, 5,5) and w = (4, —3,0) are 
obtuse or acute. 
Solution 
We have 
v-u= (3,1, —2) ba gea 10=-8 <0 (angle is obtu 
= (3,1, ioe a a = < angle 1s obtuse) 
v-w = (3,1,-—2)- (4,-3,0) =12-—-34+0=9>0 (angle is acute) a 
Dot product and its properties can be used to prove geometric relationships, as we 
demonstrate next. 
ý EXAMPLE 5 Figure 7 shows a parallelogram whose diagonal lengths are x and y and 
whose side lengths are a and b. Prove that 
a Qa. 2 
0 ee Ar 2 
FIGURE 7 “Seidl 4 | 


FIGURE 8 


FIGURE 9 The carpenter adjusts the frame 
to obtain a rectangle. 


FIGURE 10 The projection ujy of u 
along v has length j|ul| cos @. 


FIGURE 11 When @ is obtuse, ujjy and v 
point in opposite directions. 
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Solution We represent the sides and diagonals of the parallelogram by vectors, as shown 
in Figure 8. Note that x = a + b and y = a — b. We have 


x? +y = lx? + fly? =x-x+y-y 
= (a+b)-(a+b)+(a—b)-(a—b) 
—-a-a+2a-b+b-b+a-a-2a-b+b-b 
= 2Ilall* + 2\|bl|* = 2(a* + b°) 


The desired result now follows. E 


EXAMPLE 6 An Application to Carpentry When a carpenter constructs a frame for 
an a-by-b rectangular structure, such as a backyard deck, she measures the diagonals 
(Figure 9). If they are equal, then the frame is rectangular. If not, she needs to adjust the 
frame. Since the sides have lengths a and b, the desired diagonal length is Va + b?, and 


that equals ,/ +2" by Eq. (4). 

Instead of computing a square root of a sum of squares, she “splits the difference” 
between the two diagonal measurements and adjusts the frame until that amount has been 
added to the shorter diagonal. Specifically, if x > y, she takes =~ and adds that to y 


for the desired measurement. The resulting measurement is y + == = aes instead 


2 2 ‘ : ; . 
of ,/ ==. These are not necessarily equal, but in Section 14.4, we extend the idea of 
linearization, introduced in Section 4.1, to multivariable calculus and show that a is 


en mE 
the linearization of = for values of x near y. 


If the carpenter’s diagonal measurements are 1983 and 1874 inches, find the diag- 
onal length that produces a rectangular frame, and compute the split-difference approxi- 
mation for comparison. 


: rie 
Solution For ,/ = = , we obtain 


/(198.75)2 + (187.252 
(198.75)* + (187.25)* t ( "193.09 in. 


With the split-difference method, we have a difference of 11 5 in., which, when split, 
gives 53 in. When that is added to 1874 in., we obtain 193 in. P 


Another important use of the dot product is in finding the projection uyjy of a vector 
u along a nonzero vector v. The projection Uy is the vector parallel to v obtained by 
dropping a perpendicular from u to the line through v as in Figures 10 and 11. We think 
of ujjv as that part of u that is parallel to v. How do we determine ujjy? 

Referring to Figures 10 and 11, we see by trigonometry that ujy has length 
llul] | cos 8|. If 8 is acute, then uyjy is a positive multiple of v, and thus, since cos @ > 0, we 
have ujjyv = (|lull cos #)e,, where e, = TV is the unit vector in the direction of v. Simi- 
larly, if 6 is obtuse, then ujjy is a negative multiple of ey and again Ujjy = (full cos @)e, 
since cos @ < 0. Therefore, 

ayy =iful case le, = facasd—— = EA a (=) v 
IM! IM g 
This formula provides us with the desired expression for the projection. We present three 
equivalent expressions for Uv: 
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FIGURE 12 Decomposition of u as a 
sum u = Ujjy + Uy Of vectors parallel 
and orthogonal to v. 


FIGURE 13 


Projection of u along v Assume v Æ 0. The projection of u along v is the vector 


bs = ($=) v= (25 )v=(")e 
ee E UES eta Oo ad 


= . : u-v, 
This is sometimes denoted projyu. The scalar Wik is called the component or 
Vv 


the scalar component of u along v and is sometimes denoted compyu. 


EXAMPLE 7 Find the projection of u = (5, 1, —3) along v = (4,4, 2). 


Solution It is convenient to use the first formula in Eq. (5): 


u-v= (5,1,—3)- (4,4,2) =20+4-6 = 18, v-v=4 447 +2? = 36 


, 18 
Uv = (= v= (5) (4,4,2) = (2,2,1) ~ 


We show now that if v Æ 0, then every vector u can be written as the sum of the 
projection Wy and a vector u,y that is orthogonal to v (see Figure 12). In fact, if we set 


Uy =U -— iv 


then we have the following decomposition of u with respect to v: 


U = Ujy +Ulv | 6 | 
S 


Equation (6) expresses u as a sum of vectors, one parallel to v and one perpendicular to 
v. We must verify, however, that u,y is perpendicular to v. We do this by showing that 
the dot product is zero: 


Wiy-¥ = (U~wyy)-v = (a—(—) v)-v=u-v—-(—_)v-W=0 


EXAMPLE 8 Find the decomposition of u = (5, 1, —3) with respect to v = (4,4, 2). 


Solution In Example 7, we showed that ujv = (2,2, 1). The orthogonal vector is 
Uy =uUu—- Ujlv E (5, iA =3} al (2, 2, 1) = (3, =i, —4) 


The decomposition of u with respect to v is 


u = (5, 1, —3) = ujv tury = (2,2,1) + (3,—1,—4) E 
ee etl —S _ — 
Projection alongv Orthogonal to v 


The decomposition into parallel and orthogonal vectors is useful in many applica- 
tions, as we see in the next two examples. 


EXAMPLE 9 Let us return to the problem posed at the start of the section (see 
Figure 13). We have a wind vector w = (60,0) km/h, and the bridge is oriented 32 
degrees east of north. Express w as a sum of vectors, one parallel to the bridge and 
one perpendicular to it. Also, compute the magnitude of the vector perpendicular to the 
bridge to determine the speed of the part of the wind blowing directly at the bridge. 


Solution To begin, note that u = (cos 58°, sin 58°) is a unit vector parallel to the bridge. 
It is shown, but not drawn to scale, in Figure 13. The goal is to decompose w as the sum 
of Wi lu and Wig. 


FIGURE 14 The angle between Fy and Fijy 


is 90° — 0. 


FIGURE 15 


(B) 
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For Wu = (22) u, note that u-u = 1 since u is a unit vector. Also, w-u= 


(60, 0) - (cos 58°, sin 58°) = 60 cos 58°. Therefore, 
Wiju = 60 cos 58° (cos 58°, sin 58°) © (16.85, 26.96) 
and then 
Wiu = W — Win © (43.15, —26.96) 
So we have the decomposition: 
w = (16.85, 26.96) + (43.15, —26.96) 


where, approximately, (16.85, 26.96) is along the bridge and (43.15, —26.96) is perpen- 
dicular to it. The magnitude of the perpendicular part of the wind, the part blowing di- 


rectly at the bridge, is approximately „y (43.15)? + (—26.96)? ~ 50.9 km/h. gE 


EXAMPLE 10 What is the minimum force you must apply to pull a 20-kg wagon up a 
frictionless ramp inclined at an angle 0 = 15°? 


Solution Let v be a vector in the direction of the ramp, and let F, be the force on the 
wagon due to gravity. It has magnitude 20g newtons, or N, with g = 9.8. Referring to 
Figure 14, we decompose F, as a sum 


F; = Fiv + Fiy 


where Fv is the projection along the ramp and F 1y, called the normal force, is the force 
perpendicular to the ramp. The normal force F | y is canceled by the ramp pushing back 
against the wagon in the opposite direction, and thus (because there is no friction) you 
need only pull against Fy. 

Notice that the angle between F, and the ramp is the complementary angle 90° — 8. 
Since Fy is parallel to the ramp, the angle between F, and Fiy is also 90° — 0, or 75°, 
and 


[Fiivll = IIE; || cos(75°) ~ 20(9.8)(0.26) ~ 51 newtons 


Since gravity pulls the wagon down the ramp with a 51-newton force, it takes a minimum 
force of 51 newtons to pull the wagon up the ramp. E 


GRAPHICAL INSIGHT It seems that we are using the term “component” in two ways. We 
say that a vector u = (a,b) has components a and b. On the other hand, u - e is called 
the component of u along the unit vector e. 

In fact, these two notions of component are the same. The components a and b are 
the dot products of u with the standard unit vectors: 


ni = (a,b) - (1,0) =a 
u-j = (a,b)- (0,1) =b 
and we have the decomposition [Figure 15(A)] 
u = ai+ dj 


But any two orthogonal unit vectors e and f give rise to a rotated coordinate system, 
and we see in Figure 15(B) that 


u=(u-eje+ (u- ff 


In other words, u - e and u - f really are the components when we express u relative to 
the rotated system. 
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12.3 SUMMARY 


e The dot product of v = (a1, b1,c,) and w = (a2, b2, c2) is 


v- w = aia? + bib + cic2 


* Basic Properties of the Dot Product: 


— Commutativity: V-w=Ww-v 
— Pulling out scalars: (Av)-w=v- (Aw) =A(v- w) 
— Distributive Law: u-(v+w)=u-v+u-w 


- v-v=|lvil? 


0<@<7. 


FIGURE 16 


(v+tw)-u=v-u+w-u 


— V-w= jivi] |lwi}cos@, where @ is the angle between v and w that satisfies 


e Test for orthogonality: v -L w if and only if v - w = 0. 
¢ The angle between v and w is acute if v- w > 0 and obtuse if v- w < 0. 
e Assume v Æ 0. Every vector u has a decomposition 


u = Uv + Uly 


where ujjy is parallel to v, and uy is orthogonal to v (see Figure 16). The vector ujjy 


1 


is called the projection of u along v. With ey = pY: the decomposition is computed 


as follows: 


(==) (=~) 
v= —_; |} V = =e Ulv = U— Ujjy 
Ivii? Iv J 


u-v 
The coefficient Tvi is called the component of u along v: 


12.3 EXERCISES 


Preliminary Questions 


1. Is the dot product of two vectors a scalar or a vector? 
2. What can you say about the angle between a and b if a - b < 0? 


3. Which property of dot products allows us to conclude that if v is or- 
thogonal to both u and w, then v is orthogonal to u + w? 


4. Which is the projection of v along v: (a) v or (b) ey? 


| u-v 
component of u along v = i = |lul| cos 6 
Vv 


5. Let ujv be the projection of u along v. Which of the following is the 
projection u along the vector 2v and which is the projection of 2u along v? 


(a) 5 Ully (b) ujv (c) 2uyy 


6. Which of the following is equal to cos 0, where @ is the angle between 
u and v? 
(a) u-v 


(b) u-ey 


(c) ey - ey 


Exercises 
In Exercises 1—12, compute the dot product. 


1. (1,2, 1) - (4,3, 5) 2. (3,—2,2) - (1,0, 1) 
3. (0,1, 1) - (-7,41, —39) 4. (1,—1,1) - (2,4, -6) 
5, (3,1) - (4,-7) 6. (2,5)- (3,4) 


7 Aj 8. k-k 


9% @+)-G+4+k) 
11. (i +j+k)- Gi+2j —5k) 


10. (3j + 2k) - (i — 4k) 
12. (—k) - @ — 2j + 7k) 


In Exercises 13-18, determine whether the two vectors are orthogonal and, 
if not, whether the angle between them is acute or obtuse. 


13. (1,1,1), (1,—2,—2) 
15. er 2, t}, (7, —3, —1) 


14. (0,2,4), (—5,0,0) 
16. (0,2,4), (3,1,0) 


ee 


17. (2,-2), ($.-4 18. (12,6), (2,—4) 


In Exercises 19-22, find the cosine of the angle between the vectors. 


19, (0,3,1), (4,0,0) oe (LLD -L3 


21.i+j, j+2k oF ec) ee ee ee 


In Exercises 23-30, find the angle between the vectors. 


23. (2,72), (1+ 72,1 — v2) 24. (5,73), (/3, 2} 


25. (1,1,1), 01) i GL -43 
27; (0,1,1), (1,—1,0) 28. (1,1,—1), (1,-2,-1) 
29. i, 3i+2j+k 30. it+k, j-k 


31, Find all values of b for which the vectors are orthogonal. 
(a) (6,3,2), (1,5, 1) (b) (4,-2,7), (b?,b,0) 


32, Find a vector that is orthogonal to (—1, 2, 2). 


33. Find two vectors that are not multiples of each other and are both or- 
thogonal to (2,0, —3). 


34. Find a vector that is orthogonal to v= (1,2,1) but not to 
w = (1,0,-1). 


35. Find v - e, where ||v|| = 3, e is a unit vector, and the angle between e 
and vis =. 


36. Assume that v lies in the yz-plane. Which of the following dot prod- 
ucts is equal to zero for all choices of v? 
(a) y- (0, 2 1) 

(c) i (—3, 0, 0) 


(b) v-k 
(d) v-j 


In Exercises 37—40, simplify the expression. 


37. (v—w)-v+v-w 38. (v+w)-(v+w)—2v-w 


39. (v+w)-v—(v+w)-w 40. (v+w)-v—(v-w)- w 


In Exercises 41—44, use the properties of the dot product to evaluate the 
expression, assuming that u - v = 2, {|u| = 1, and ||v|| = 3. 


41. u- (4v) 42. (u +v). v 


43. 2u - (3u — v) 44. (u+v)-(u—v) 


45. Find the angle between v and w if v - w = —||v]| Iwll. 
46. Find the angle between v and w if v- w = 5 iivil iwl. 


47. Assume that ||v|| = 3, ||w|| = 5, and the angle between v and w is 
6 = %. 

(a) Use the relation |[v+ wl? =(v+w)-(v+w) to show that 
lv + wll? = 3? + 52 + 2v-w. 

(b) Find ||v + wll. 


48. Assume that ||v|| = 2, ||w|| = 3, and the angle between v and w is 
120°. Determine: 


(a) v-w (b) i2v + wil (c) ||2v — 3w]| 


49, Show that if e and f are unit vectors such that |le+fl| = 3, then 
lle — fl = ~. Hint: Show thate -f = 1. 


50. Find {|2e — 3f||, assuming that e and f are unit vectors such that 


lle + fl] = ./372. 
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51. Find the angle 6 in the triangle in Figure 17. 


FIGURE 17 


52. Find all three angles in the triangle in Figure 18. 


(2, 7) 


(6, 3) 


(0, 0) x 


FIGURE 18 


53. (a) Draw uyy and Viju for the vectors appearing as in Figure 19. 


(b) Which of ujjy and Viju has the greater magnitude? 


oe 


FIGURE 19 


54. Let u and v be two nonzero vectors. 


(a) Is it possible for the component of u along v to have the opposite sign 
from the component of v along u? Why or why not? 


(b) What must be true of the vectors if either of these two components 
is 0? 


In Exercises 55—62, find the projection ofu along ~v. 


Sa. M= 42,5), v= (1,1) 56. u = (2,—3), v= (1,2) 
57. u = (—1,2,0), v= (2,0,1) 58. u = (1,1,1), v= (1,1,0) 
59. u = 5i +7j— 4k, v=k 60. u =i+29k, v=j 

61. u= (a,b,c), v=i 62. u = (a,a,b), v=i-j 


In Exercises 63 and 64, compute the component of u along v. 


bd. @= (3,2,1), v= (1,0,1) 64. u= (3,0,9), 


65. Find the length of OP in Figure 20. 
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66. Find |juiy]| in Figure 20. 


FIGURE 20 


In Exercises 67-72, find the decomposition a=ajp+a@ip with 
respect to b. 


67. a= (1,0), b= (1,1) 68. a= (2,—3), b= (5,0) 


69. a= (4,—1,0), b= (0,1,1) 70. a= (4,-1,5), b= (2,1,1) 


iL a=tx,y), b= (1,-1) 7m he (x,y,z), b= (1,1,1) 


73. Let eg = (cos@,sin@). Show that eg -ey = cos(@ — y) for any two 
angles 8 and y. 


74. | } 4 J Let v and w be vectors in the plane. 
(a) Use Theorem 2 to explain why the dot product v - w does not change 
if both v and w are rotated by the same angle @. 


(b) Sketch the vectors e, = (1,0) and e2 = (¥, 2), and determine the 


vectors €}, €, obtained by rotating e1, ez through an angle 7. Verify that 
e] - €2 =e} -e. 


- 
- 


In Exercises 75—78, refer to Figure 21. 
75. Find the angle between AB and AC. 
76. Find the angle between AB and AD. 


Aas —> — 
77. Calculate the projection of AC along AD. 


— 


78. Calculate the projection of AD along AB. 


FIGURE 21 Unit cube in R3. 


In Exercises 79-80, as in Example 6, assume that the carpenter’s diag- 
onal measurements are x and y, and compute the diagonal length that 
produces a rectangular frame. Compare the result with the corresponding 
split-difference approximation. 


79. x = 2344 inches and y = 223 in. 
80. x = 87.2 cm and y = 82.7 cm 


81. The methane molecule CH, consists of a carbon molecule bonded to 
four hydrogen molecules that are spaced as far apart from each other as 
possible. The hydrogen atoms then sit at the vertices of a tetrahedron, 
with the carbon atom at its center, as in Figure 22. We can model this 
with the carbon atom at the point (5,4, 5) and the hydrogen atoms at 
(0, 0, 0), (1, 1, 0), (1, 0, 1), and (0, 1, 1). Use the dot product to find the bond 
angle œ formed between any two of the line segments from the carbon atom 
to the hydrogen atoms. 


FIGURE 22 A methane molecule. 


82. Iron forms a crystal lattice where each central atom appears at the cen- 
ter of a cube, the corners of which correspond to additional iron atoms, as 
in Figure 23. Use the dot product to find the angle 8 between the line seg- 
ments from the central atom to two adjacent outer atoms. Hint: Take the 
central atom to be situated at the origin and the corner atoms to occur at 
heken. 


FIGURE 23 An iron crystal. 


83. | 4 Let v and w be nonzero vectors and set u = ey + €w. Use the 
dot product to show that the angle between u and v is equal to the angle 
between u and w. Explain this result geometrically with a diagram. 


84. [4 Let v, w, and a be nonzero vectors such that v -a = w-a. Is it 
true that v = w? Either prove this or give a counterexample. 


85. In Example 9, assume that the wind is out of the north at 45 km/h. 
Express the corresponding wind vector as a sum of vectors, one parallel to 
the bridge and one perpendicular to it. Also, compute the magnitude of the 
perpendicular term to determine the speed of the part of the wind blowing 
directly at the bridge. 


86. A plane flies with velocity v = (220, —90, 10) km/h. A wind is blow- 
ing out of the northeast with velocity w = (—30, —30,0) km/h. Express 
the wind vector as a sum of vectors, one parallel to the plane’s velocity, 
one perpendicular to it. Is the parallel part of the wind blowing with or 
against the plane? 


87. Calculate the force (in newtons) required to push a 40-kg wagon up a 
10° incline (Figure 24). 


FIGURE 24 


88. A force F is applied to each of two ropes (of negligible weight) at- 
tached to opposite ends of a 40-kg wagon and making an angle of 35° 
with the horizontal (Figure 25). What is the maximum magnitude of F (in 
newtons) that can be applied without lifting the wagon off the ground? 


FIGURE 25 


89. A light beam travels along the ray determined by a unit vector L, 
strikes a flat surface at point P, and is reflected along the ray determined 
by a unit vector R, where 6; = 62 (Figure 26). Show that if N is the unit 
vector orthogonal to the surface, then 


R=2L-NN-L 


Incoming light Reflected light 


FIGURE 26 
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90. Let P and Q be antipodal (opposite) points on a sphere of radius r 
centered at the origin and let R be a third point on the sphere (Figure 27). 
Prove that P R and QR are orthogonal. 


FIGURE 27 


91. Prove that ||v + wll? — |v — wll? = 4v- w. 


92. Use Exercise 91 to show that v and w are orthogonal if and only if 
lv — wl = ilv + wll. 


93. A rhombus is a parallelogram in which all four sides have equal 
length. Show that the diagonals of a parallelogram are perpendicular if 
and only if the parallelogram is a rhombus. Hint: Take an approach similar 
to the solution in Example 5, and consider x - y. 


94. Verify the Distributive Law: 
u-(¥v+w)=u-v+u-Ww 


95. Verify that (AV) - w = A(v - w) for any scalar À. 


Further Insights and Challenges 


96. Prove the Law of Cosines, c? = a? + b? — 2abcos@, by referring to 
Figure 28. Hint: Consider the right triangle APQR. 


b-—acos8@ 


FIGURE 28 
97. In this exercise, we prove the Cauchy—Schwarz inequality: If v and w 


are any two vectors, then 
Iv - wi < Mvi iwi 


(a) Let f(x) = lxv + w|? where x is a scalar value. Show that f(x) 
may be written f(x) = ax? + bx +c, where a = ||v||?, b = 2v - w, and 
c = ||wll*. 


(b) Conclude that b? — 4ac < 0. Hint: Observe that f(x) > 0 for all x. 


98. Use (7) to prove the Triangle Inequality: 
Iv + wil < ivi] + Iwil 
Hint: First use the Triangle Inequality for numbers to prove 
I(v + w)-(v+ wl < (V+ w) -vi o w) -w 


99. This exercise gives another proof of the relation between the dot 
product and the angle @ between two vectors v = (a;,b,;) and w= 
(22,62) in the plane. Observe that v = ||v|[ (cos@),sin@,) and w= 
Il W || (cos 62, sin 82), with 6; and @ as in Figure 29. Then use the addition 
formula for the cosine to show that 


Vv: w= |ivii || wll cosé 


FIGURE 29 
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100. Let v = (x, y) and 103. The set of all points X = (x, y, z) equidistant from two points P, Q 
in R? is a plane (Figure 31). Show that X lies on this plane if — 


PÒ -OÈ = = (1001? — 10F 17) 


Vo = (x cos + y sinĝ, —x sin 0 + y cos 8) 
Prove that the angle between v and vg is 8. 


101. Let v be a nonzero vector. The angles a, 8, y between v and the unit 
vectors i,j, k are called the direction angles of v (Figure 30). The cosines 
of these angles are called the direction cosines of v. Prove that 


cos? g + cos? £ + cos? y = 1 


FIGURE 31 


Hint: If R is the midpoint of P Q, then X is equidistant from P and Q if 
—> —> 
and only if X R is orthogonal to PQ. 


a 104. Sketch the plane consisting of all points X = (x, y,z) equidistant 
x from the points P = (0, 1,0) and Q = (0,0, 1). Use Eq. (8) to show that X 
lies on this plane if and only if y = z. 
FIGURE 30 Direction angles of v. 
105. Use Eq. (8) to find the equation of the plane consisting of all points 
102. Find the direction cosines of v = (3,6, —2). X = (x, y, z) equidistant from P = (2, 1,1) and Q = (1,0, 2). 


12.4 The Cross Product 


Some applications of vectors require another operation called the cross product. In 
physics and engineering, the cross product is used to compute torque, a twisting force 
that causes an object to rotate. Figure 1 displays diagrams of a force F of varying strength 
and direction applied to a wrench to turn a bolt. The vector r is referred to as a position 
vector and indicates the location of the force relative to the turning axis in the bolt. The 
resulting twist on the bolt varies from weak to strong, and the direction of the twist is 
either clockwise or counterclockwise. Since the twist has magnitude and direction, it is 
naturally represented by a vector. The resulting twisting force is referred to as the torque 
on the bolt and is calculated using the cross product of r and F. 


Weak Weak Weak Strong 
F clockwise counterclockwise clockwise counterclockwise 
twist twist twist twist 


ee 
i 


Weak Weak Strong 
counterclockwise counterclockwise clockwise F 
twist twist twist 


pou a 


FIGURE 1 


Unlike the dot product v - w (which is a scalar), the cross product v x w is a vector. 
It is defined algebraically using what is known as a 3 x 3 “determinant.” We introduce 


The theory of matrices and determinants is 
part of linear algebra, a subject of great 
importance throughout mathematics. In 
this section, we discuss just a few basic 
definitions and facts from linear algebra 
needed for our treatment of multivariable 
calculus. 


CAUTION Note in Eq. (3) that the middle 
term comes with a minus sign. 


The cross product differs fundamentally 
from the dot product in thatu x v is a 
vector, whereas u - v is a number. 
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2 x 2 and 3 x 3 determinants next, and then show how they are used to define the cross 
product. 

An n x n matrix is an array consisting of n rows and n columns of numbers (or 
vectors, as we will see in the definition of cross product). The determinant of a 2 x 2 
matrix is denoted and defined as follows: 


Note that the determinant is the difference of the diagonal products. For example, 


3 -R - fAa3 4-2-5 
1 47| 2 


The determinant of a3 x 3 matrix is denoted and defined by 


bo E mM c a b 
-ij 2 2) bi 2 ED) aay èi 2 "%2 
b3 c3 a3 C3 a3 b3 


(1, 1)-minor (1, 2)-minor (1, 3)-minor 


This formula expresses the 3 x 3 determinant in terms of 2 x 2 determinants called 
minors. The minors are obtained by crossing out the first row and one of the three 
columns of the 3 x 3 matrix. For example, the minor labeled (1,2) above is obtained as 
follows: 


an b C2 to obtain the (1, 2)-minor 5 k 
az b} c3 Sa 
(1,2)-minor 
Cross out row 1 and column 2 
$, 4 3 
EXAMPLE 1 A3 x3 Determinant Calculate 0 1 —7i. 
—] 5 3 


Solution 


© @ © 
1 -7 0 -7 D i 

o o 7af -eji +e s 

— 5 3 

= 2(38) — 4—7) + 3(1) = 107 z 


Later in this section, we will see how determinants are related to area and volume. 
First, we introduce the cross product, which is defined as a determinant whose first row 
has the vector entries i, j, k. 


DEFINITION The Cross Product The cross product of vectors v = (v1, v2, v3) and 
w = (w1, w2, W3) is the vector 


vı 


EXAMPLE 2 Calculate v x w, where v = (—2, 1,4) and w = (3; 275). 


Solution 


_|l 4 
R2 3 


on a 
3 p+] ale 


= (—3)i — (—22)j + (—7)k = (—3, 22, —7) F 


702 CHAPTER 12 VECTOR GEOMETRY 


Formula (3) gives no hint of the geometric meaning of the cross product. However, 
there is a simple way to visualize the vector v x w using the right-hand rule. Sup- 
pose that v, w, and u are nonzero vectors that do not all lie in a plane. We say that 
{v, w,u} forms a right-handed system if the direction of u is determined by the right- 
hand rule: When the fingers of your right hand curl from v to w, your thumb points to 
the same side of the plane spanned by v and w as u (Figure 2). The following theorem 
describes the cross product geometrically. The first two parts are proved at the end of the 
section. 


THEOREM 1 Geometric Description of the Cross Product Given two nonzero non- 
parallel vectors v and w with angle 0 between them, the cross product v x w is the | 
unique vector with the following three properties: 


FIGURE 2 {v, w, u} forms a right-handed 
system. 


(i) v x wis orthogonal to v and w. 


(ii) v x w has length ||v|| ||w|| sin 8. 


(iii) {v, w, v x w} forms a right-handed system. 


How do the three properties in Theorem 1 determine v x w? By property (i), v x w 
lies on the line orthogonal to v and w. By property (ii), v x w is one of the two vectors on 
this line of length ||v|| |wi] sin@. Finally, property (iii) tells us which of these two vec- 
tors is v x w—namely, the vector for which {v, w, v x w} forms a right-handed system 
(Figure 3). 


EXAMPLE 3 Let v = (2,0,0) and w = (0, 1,1). Determine u = v x w using the geo- 
metric properties of the cross product rather than Eq. (3). 


Solution We use Theorem 1. First, by property (i), u = v x w is orthogonal to v and ~~ 
w. Since v lies along the x-axis, u must lie in the yz-plane (Figure 4). In other words, 

u = (0,b,c). But u is also orthogonal to w = (0,1,1), sou-w=b+c = Q and thus 

u = (0, b, —b). 

¢ Next, direct computation shows that ||v|| = 2 and ||w|| = ./2. Furthermore, the angle 
between v and w is 9 = 5 since v - w = 0. By property (ii), 


lull = Vb? + Cb} = |b|V2_—sisequalto _||vil wll sin = = Ve 


FIGURE 3 There are two vectors orthogonal 
to v and w with length ||v]| ||w]| sin@. The 
right-hand rule determines which is Vv x w. 


w= (0,1, 1) Therefore, |b| = 2 and b = +2. Finally, property (iii) tells us that u points in the positive 

z-direction (Figure 4). Thus, b = —2 and u = (0, —2, 2). You can verify that the formula 

v= (2,0,0) : for the cross product yields the same answer. a 
a i One of the most striking properties of the cross product is that it is anticommutative. 


Reversing the order changes the sign: 
FIGURE 4 The direction of u = v x w is 


determined by the right-hand rule. Thus, u [4] 
act wWwxv=-VxXwWw 
has a positive z-component. 


We verify this using Eq. (3). When we interchange v and w, each of the 2 x 2 determi- 
nants changes sign. For example, 


v v 
W1 W2 


wi w2 


= V1 W2? — VW, = —(v w — viw) = — a p 


Anticommutativity also follows from the geometric description of the cross product. By 
properties (i) and (ii) in Theorem 1, v x w and w x v are both orthogonal to v and w ~_ 
and have the same length. However, v x w and w x v point in opposite directions by the 
right-hand rule, and thus v x w = —w x v (Figure 5). In particular, v x v = —v x v and 
FIGURE 5 hence v x v= 0. 
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The next theorem lists these and some further properties of cross products (the proofs 
are given as Exercises 53—56). 


bie am importini aeon bawen fie THEOREM 2 Basic Properties of the Cross Product 


dot product and cross product of a vector (Gi) wxv=-vxw 


with itself: 
iii) vx v=0 


yxve=n (iii) v x w = 0 if and only if either w = Av for some scalar À or v = 0 
v- v= |jivl}? (iv) (Av) x w = v x (Aw) = A(v x w) 


(v) @tvy)xw=uxwt+vxw 


ux(v+w)=uxy+uxw 


The cross product of any two of the standard basis vectors i, j, and k is equal to the 


i third, possibly with a minus sign. More precisely (see Exercise 57), 
ixj=k jxk=i, kxi=j [5] 
jxis-k, kxj=-i ixk=-j [6| 


Furthermore, we also have: 
ixi=jxj=kxk=0 


An easy way to remember the relations (5) and (6) is to draw i, j, and k in a circle 
as in Figure 6. Starting at any vector, go around the circle in the clockwise direction and 
you obtain one of the relations (5). For example, starting at i and moving clockwise yields 
i x j = k. If you go around in the counterclockwise direction, you obtain the relations (6). 
Thus, starting at k and going counterclockwise gives the relation k x j = —i. 


FIGURE 6 Circle for computing the cross 
products of the basis vectors. 


EXAMPLE 4 Using the ijk Relations Compute (2i + k) x (3j + 5k). 
Solution We use the properties of the cross product: 
(2i + k) x Gj + 5k) = (2i) x (3j) + (2i) x Gk) + k x Gj) + k x (5k) 
= 6(i x j) + 100 x k) +3(k x j) + 5(k x k) 
= 6k — 10j — 3i + 5(0) = —3i — 10j + 6k E 


The cross product can be used to demonstrate a significant property of the large- 
scale motion in the earth’s atmosphere. Meteorologists study the properties and motion 
of small volumes (called parcels) of air to help forecast the weather and understand 
our climate. The rotation of the earth impacts the movement of air parcels via what is 
FIGURE 7 known as the Coriolis force. For a parcel of mass m with velocity v, the Coriolis force 
is Fe = —2m& x v, where @ is the angular velocity of the rotating earth (Figure 7). The 
vector & is parallel to the rotation axis of the earth and has a magnitude of approximately 
7.3 x 1075 s—!, reflecting that the earth completes one rotation through 27 radians in a 
day. The next example demonstrates that in the northern hemisphere, the impact of the 
Coriolis force increases with increasing latitude. 


EXAMPLE 5 The Coriolis Force in Meteorology We consider three parcels of air 
with mass 2 kg, moving directly north at 20 m/s, one at the equator, at a latitude of 45° 
north, and at a latitude of 80° north. The parcel velocities have the same magnitude and 
the same direction relative to the surface of the earth, but not the same direction relative 
to the earth’s axis (Figure 7). In Figure 8 we illustrate that the angle that each velocity 
vector makes with a line parallel to the earth’s axis (and therefore with &) is equal to the 
FIGURE 8 latitude. Find the magnitude of the Coriolis force for each parcel. 
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Solution Let vo, V45, and vgo represent the parcel velocities at the different latitudes. 
e At the equator, vo||&, implying that @ x vo = 0 and therefore ||F,|| = 0. 
° At latitude 45°, we have |[F.|| = 2m || @|| ||v45 || sin(45°) = 0.0041 N. 
« At latitude 80°, we have ||F.|| = 277||&|| || vgo]| sin(80°) = 0.0058 N. ii 


In Section 14.5, we will show how the Coriolis force steers air currents so that they tend 
to circulate around low-pressure systems rather than flow directly into them. 


EXAMPLE 6 Torque on a Bolt Figure 9 shows two forces applied to a wrench to turn 
a bolt. The torque on the bolt is the vector t = r x F, where F is the force applied to the 
wrench, and r is a position vector, directed from the axis of the bolt to the point where 
the force is applied. In the figure, assume the z-axis is pointing out of the page. Compute 
the torque in each case where F; = (0,60, 0), F2 = (50, —50, 0) (both in newtons), and 
rı = (0.5,0, 0), r2 = (0.3,0,0) (both in meters). 


Solution We have 


T1 =T] X F; = 05i x 60j = 30k N-m 


T = r2 X Fp = 0.31 x (50i — 50j) = —15k N-m id 


FIGURE 9 That qt; is in the positive z-direction indicates that a bolt with a right-hand thread 
turns upward out of the page with that combination of F; and rı. Similarly in the second 
case, the bolt turns into the page. Also note that, even though the force is greater in 
magnitude in the second case, the resulting torque is smaller in magnitude. This is due to 
the force in the second case being applied closer to the bolt and more obliquely than the 
force in the first case. oma 


Cross Products, Area, and Volume 


Cross products and determinants are closely related to area and volume. Consider the 
parallelogram P spanned by nonzero vectors v and w with a common basepoint. In Fig- 
ure 10(A), we see that P has base b = ||v|| and height h = ||w/| sin @, where 8 is the angle 
between v and w. Therefore, P has area A = bh = ||v|| || w|| sin? = ||v x w|]. 


x 


(A) The area of the parallelogram P is (B) The area of the triangle T is |{v x wl]/2. 
llv x wif = livit [wil sin 8. 


FIGURE 10 


Notice also, as in Figure 10(B), that we also know the area of the triangle T spanned 
by nonzero vectors v and w is exactly half the area of the parallelogram. Thus, we have ~< 
the following: 
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Areas If P is the parallelogram spanned by v and w, and 7 is the triangle spanned 
by v and w, then 


lv x wll 
2 


area(P) = {lv x wi| and area(7) = 


A “parallelepiped” is the solid spanned by 
three vectors. Each face is a parallelogram. 

Next, consider the parallelepiped D spanned by three nonzero vectors u, v, w in R? 
(the three-dimensional prism in Figure 11). The base of D is the parallelogram spanned 
by v and w, so the area of the base is ||v x w||. The height of D is h = |lull - [cos], 
where @ is the angle between u and v x w. Therefore, 


volume of D = (area of base)(height) = ||v x w| - ||ul| - |cos 8| 


But, ||v x w]| Iul] cos@ is equal to the dot product of v x w and u. This proves the for- 


mula 
volume of D = ju - (v x w)| 
FIGURE 11 The volume of the The quantity u-(v x w), called the scalar triple product, can be expressed as a 
parallelepiped is ju - (v x w)|. determinant. Let 
We use the following notation for the u = (u1, 42, u43), V = (V1, U2, U3) , w = (w1, W2, W3) 
determinant of the matrix whose rows are Then 


the vectors u, V, W: 


v Uad « v v i v v 
u Uuj Ur U3 wwxw=u- (| M l S yi i+ i b k) 
det | v} =|vu v v3 2 %3 1 3 w1 2 
w Wy W2 W3 j V 3 g v a3 ta v v 
= 41 — 4&2 
It is awkward to write the absolute value of w2 W3 w1 W3 wi w2 
a determinant in the notation on the right, 
uy U2 U3 u 
but we may denote it as 
=lvj, v2 v3|=deti v 
Wi, W2 W3 wW 


We obtain the following volume formula: 


THEOREM 3 Volume via Scalar Triple Product and Determinants Let u, v, w be 
nonzero vectors in RÌ. Then the parallelepiped D spanned by u, v, and w has volume 


V =|u-(v x w)| = |det į v [9] 


EXAMPLE 7 Letv = (1,4,5) and w = (—2, —1, 2). Calculate: 


(a) The area A of the parallelogram spanned by v and w 
(b) The volume V of the parallelepiped in Figure 12 


Solution We compute the cross product and apply Theorem 3: 


4 5 
-] 2 


15 
—2. 2 


l 4 
2 -l1 


YXW= i— k = (13, —12,7) 


i+|_ 


(a) The area of the parallelogram spanned by v and w is 


FIGURE 12 
A = |lv x wil = V 132 + (-12)2 + 72 = 7362 ~ 19 
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(b) The vertical leg of the parallelepiped is the vector 6k, so by Eq. (9), 


Ns 


V = |(6k) - (v x w)| = | (0,0, 6) - (13, —12, 7) | = 6(7) = 42 E 


In R?, we can compute the area A of the parallelogram spanned by vectors v = 
(v1, v2) and w = (w1, w2) by regarding v and w as vectors in R? with a zero component 
in the z-direction (Figure 13). Thus, we write v = (v1, v2,0) and w = (w1, w2, 0). The 
cross product v x w is a vector pointing in the z-direction: 

E E 
d vxw=|ļvu v O= 
y w w 0 


\ 


v= (v, U2, 0) 7 = 


= 3 l b h = $ 
FIGURE 13 Parallelogram spanned by v and By Eq. (7), the parallelogram spanned by v and w has area A = ||v x wlj, and thus 


w in the xy-plane. 


v= (1, ge EXAMPLE 8 Compute the area A of the parallelogram in Figure 14. 
Solution We have is = 3 : =1-2—3-4=-—10. The area is the absolute value 
A =| — 10| = 10. a 


Proofs of Cross-Product Properties 


We now derive the first two properties of the cross product listed in Theorem 1. Let 


FIGURE 14 


The third property in Theorem 1 is more 
subtle than the first two. It cannot be v = (v1, 02,03), w = (W1, W2, W3) 
verified by algebra alone. 
We prove that v x w is orthogonal to v by showing that v - (v x w) = 0. By Eq. (8), 


V 
v V3 v v v v 

v-(vx w)=det} v] =v s — a , + v3 i | 11 | 
e w2 W3 wi W3 Wi w2 


Straightforward algebra (left to the reader) shows that the right-hand side of Eq. (11) 
is equal to zero. This shows that v - (v x w) = 0 and thus v x w is orthogonal to v as 
claimed. Interchanging the roles of v and w, we conclude also that w x v is orthogonal 
to w, and since v x w = —w x v, it follows that v x w is orthogonal to w. This proves 
part (i) of Theorem 1. To prove (ii), we shall use the following identity: 


lv x wil? = Iivi? wil? — (v - w)? 


To verify this identity, we compute ||v x w|]? as the sum of the squares of the components 


of v x w: 
7 |v Br v1 v3 |? vi v 
1 
Iv x wil? = A 
w2 W3 w1 W3 Wi, w2 
ai 2 2 2 
= (v2w3 — v3W2)" + (v1 w3 — v3w1) + (viw2 — vz2w1) 
On the other hand, 


vil" wi? — v w? = (of + vf + u3) (wt + w3 + w?) — ww + uw + 0303) 


~ 
Again, algebra (left to the reader) shows that the right side of Eq. (13) is equal to the right 
side of Eq. (14), proving Eq. (12). 
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Now let ô be the angle between v and w. By Ea. (12), 
Iv x wil? = Ivi Iwill? — (v- w)? = IIvil7 Ilwil? — [vil IIwll? cos? 8 
= |IvII7|]wi]7(1 — cos” 0) = lvli? |] wil? sin? 0 


Therefore, ||v x w]| = |]v¥||||w]| sin@. Note that sin ô > 0 since, by convention, @ lies be- 
tween 0 and x. This proves (ii). 


12.4 SUMMARY 


¢ Determinants of sizes 2 x 2 and 3 x 3: 


aii 412 
= 411422 — 412421 
a21 4&22 
ai, 412 413 
m G72 ax a2} 423 a2; 422 
421 @22 423| = il = + 413 
432 433 431 433 a3, 432 


431 432 4033 

¢ The cross product of v = (v1, v2, v3) and w = (w1, w2, w3) is the determinant 
i j k 

yvxw=|vu vù w/= 
wi W2 W3 


e The cross product v x w is the unique vector with the following three properties: 


(i) v x wis orthogonal to v and w. 
(ii) v x w has length ||v|j ||w|| sin @ (where 8 is the angle between v and w). 
(ili) {v, w, v x w} is a right-handed system. 


e Properties of the cross product: 


i (i) wx V=-vxw 
(li) v x w = 0 if and only if w = Av for some scalar or v = 0 
(iii) (AV) x w = v x (AW) = A(V x w) 
(iv) (U+v)xXw=uxWw+vxw and vx(u+w)=vxu+vxw 


e Cross products of standard basis vectors (Figure 15): 
i x j =k, jxk=i, kxi=j 


FIGURE 15 Circle for computing the cross 


j pe —k, jį = —iİ 1 | 
products of the basis vectors. J x kxj 1, Ixk j 


ixi, jxj=0, kxk=0 
°. The parallelogram spanned by v and w has area ||v x wi]. 
+ The triangle spanned by v and w has area nxm, 
e Cross-product identity: ||v x wil? = ||v||7 liw]? — (v - w2. 


°- The scalar triple product is defined by u - (v x w). We have 


u 
u-(v xw)=det{ v 
w 


°- The parallelepiped spanned by u, v, and w has volume |u - (v x w)|. 
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12.4 EXERCISES 


Preliminary Questions 


3 4 2 
1. What is the (1,3) minor of the matrix |-5 —1 1}? 
4 0 3 


2. The angle between two unit vectors e and fis %. What is the length of 
e x f? 


3. What is u x w, assuming that w x u = (2,2, 1)? 


4. Find the cross product without using the formula: 
(a) (4,8,2) x (4, 8, 2) (b) (4,8,2) x (2,4, 1) 


5. What arei x j andi x k? 


6. When is the cross product v x w equal to zero? 


Exercises 
In Exercises 1-4, calculate the 2 x 2 determinant. 
i 2 5% 
1, Z 
4 3 =. 
—6 9 9 25 
3. 1 A * 5 $. 
In Exercises 5-8, calculate the 3 x 3 determinant. 
1 2 1 ] 0 1 
5. 14 —3 0 6 |—2 0 3 
1 0 1 1 3 —l1 
1 2 3 1 0 0 
7. 2 4 6 8. {0 0 -1 
—3 —4 2 0 1 0 


In Exercises 9-14, calculate v x W. 

$ v2.1), w= 3,1, 1) 

10. v = (2,0,0), w= (-—1,0,1) 

11. v= (2,1,4), w= (4,-6,3) 

12. v= (1,1,0), #=(0,1,1) 

13.4 = (1,273), w= (1, 2,301) 

14. v = (2.4, —1.25,3), w = (—7.68, 4, —9.6) 


In Exercises 15—18, use the relations in Eqs. (5) and (6) to calculate the 
cross product. 


15. G+j)xk 

16. (j —k) x (j +k) 

17. (i — 3j + 2k) x (j — K) 

18. (2i — 3j + 4k) x (i+ j — 7k) 

In Exercises 19-24, calculate the cross product assuming that 
uxv=(1,1,0), uxw=(0,3,1), vxwe= (2,—-1,1) 

19. vxu 


20. v x (u +v) 


21. w x (u +v) 22. (3u + 4w) x w 


7. Which of the following are meaningful and which are not? Explain. 
(a) (u-v) x w 


(b) (uxv)-w 

(c) |[wilqu- v) 

(d) ||wi|(@u x v) 

8. Which of the following vectors is equal to j x i? 
(a) ixk 

(b) —k 

(c) ixj 


23. (u — 2v) x (u + 2v) 24. (v + w) x (3u + 2v) 
25. Let v = (a,b,c). Calculate v x i, v x j, and v x k. 


26. Find v x w, where v and w are vectors of length 3 in the xz-plane, 
oriented as in Figure 16, and @ = Z. 


FIGURE 16 


In Exercises 27 and 28, refer to Figure 17. 
27. Which of u and —u is equal to v x w? 


28. Which of the following form a right-handed system? 
(a) {v, w, u} (b) {w, v,u} (c) {v,u, w} 
(d) {u, v, w) (e) {w,v, —u} (f) {v, —u, w} 


FIGURE 17 


mS 


_ 39. Verify identity (12) for vectors v = (3, —2,2) and w = 


29. Let v = (3,0,0) and w = (0, 1, —1). Determine u = v x w using the 
geometric properties of the cross product rather than the formula. 


30. What are the possible angles 6 between two unit vectors e and f if 
lle x fll = 5 


31. Show that if v and w lie in the yz-plane, then v x w is a multiple of 1. 


32. Find the two unit vectors orthogonal to both a = (3,1, 1) and b = 
(—1,2, 1). 


33. Let e and e’ be unit vectors in R? such that e L e’. Use the geometric 
properties of the cross product to compute e x (e’ x e). 


34. Determine the magnitude of each Coriolis force on a 1.5-kg parcel of 
air with wind v. 

(a) vis 25 m/s toward the east at the equator 

(b) vis 25 m/s toward the east at 45° N 

(c) vis 35 m/s toward the south at 30° N 

(d) vis 35 m/s toward the south at 60° N 


35. Determine the magnitude of each Coriolis force on a 2.3-kg parcel of 
air with wind v. 

(a) vis 20 m/s toward the west at the equator 

(b) vis 20 m/s toward the west at 60° N 

(c) vis 40 m/s toward the south at the equator 

(d) v is 40 m/s toward the south at 45° S 


In Exercises 36 and 37, a force F (in newtons) on an electron moving at 
velocity v meters per second in a uniform magnetic field B (in teslas) is 
given by E = q(v x B), where q = —1.6 x 1071? coulombs is the charge 
on the electron. 


36. Calculate the force F on an electron moving with velocity 10° m/s 
in the direction i in a uniform magnetic field B, where B = 0.0004i + 
0.0001j teslas. 


37. Assume an electron moves with velocity v in the plane and B is a uni- 
form magnetic field pointing directly out of the page. Which of the two 
vectors, F, or F2, in Figure 18 represents the force on the electron? Re- 
member that q is negative. 


FIGURE 18 The magnetic field vector B points directly out of the page. 


38. Calculate the scalar triple product u-(v x w), where u = (1, 1,0), 
v = (3, —2, 2), and w = (4, —1, 2). 


(4, —1, 2). 


40. Find the volume of the parallelepiped spanned by u, v, and w in 
Figure 19. 


41. Find the area of the parallelogram spanned by v and w in Fig- 
ure 19. 
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FIGURE 19 


42. Calculate the volume of the parallelepiped spanned by 


i= (2,2,1),; v= (1,0, 3), w = (0, —4, 0) 


43. Sketch and compute the volume of the parallelepiped spanned by 


u = (1,0,0), v = (0; 2,0), w = (1,1,2) 


44. Sketch the parallelogram spanned by u = (1, 1,1) and v = (0,0, 4), 
and compute its area. 


45. Calculate the area of the parallelogram spanned by u = (1,0,3) and 
wi F2 ole): 


46. Find the area of the parallelogram determined by the vectors (a, 0, 0) 
and (0, b,c). 


47. Sketch the triangle with vertices at the origin O, P = 
Q = (0,3,3), and compute its area using cross products. 


(3,3,0), and 


48. Use the cross product to find the area of the triangle with vertices 
P = (1,1,5), Q = (3,4,3), and R = (1,5,7). 


49. Use the cross product to find the area of the triangle in the xy-plane 
defined by (1, 2), (3, 4), and (—2, 2). 


50. Use the cross product to find the area of the quadrilateral in the xy- 
plane defined by (0, 0), (1, —1), (3, 1), and (2, 4). 


51. Check that the four points P(2,4,4), O(3, 1,6), R(2,8,0), and 
S(7, 2, 1) all lie in a plane. Then use vectors to find the area of the quadri- 
lateral they define. 


52. Use the cross product to find the area of the triangle with vertices 
(a, 0,0), (0, b, 0), and (0, 0, c). 


In Exercises 53-55, prove each of the identities using the formula for the 
cross product. 


53. VX W=-WXV 
54. (Av) x W=A(Vx w) (Aascalar) 
55. Utv)xw=uxw+vxw 


56. Use the geometric description in Theorem 1 to prove Theorem 2 (iii): 
v x w = 0 if and only if w = Av for some scalar A or v= 0. 


57. Provei x j = k and k x j = —i by each of the following methods: 
(a) Using the definition of cross product as a determinant 
(b) Using the geometric description of the cross product in Theorem | 


58. Using standard basis vectors, find an example demonstrating that the 
cross product is not associative. 


710 CHAPTER 12 VECTOR GEQMETRY 


59. The components of the cross product have a geometric interpretation. 
Show that the absolute value of the k-component of v x w is equal to the 
area of the parallelogram spanned by the projections vo and wo onto the 
xy-plane (Figure 20). 


FIGURE 20 


60. [4 Formulate and prove analogs of the result in Exercise 59 for the 
i- and j-components of v x w. 


61. EA Show that three points P, Q, R are collinear (lie on a line) if and 
only if PÒ x PŘ =0. 


62. Use the result of Exercise 61 to determine whether the points P, Q, 
and R are collinear, and if not, find a vector perpendicular to the plane 
containing them. 


@ P=@:1,0), Qs(1,5.2, R= (C1, 13%) 
(b) P = (2,1,0), Q =(—3,21,10), R=6,—2,9) 
© P=(1,1,0), Q=(1,—2,-1), R= (3,2, —4) 


63. Solve the equation (1,1,1) x X = (1,—1,0), where X = (x, y,z). 
Note: There are infinitely many solutions. 


64. í 4 Explain geometrically why (1, 1,1) x X = (1,0,0) has no so- 
lution, where X = (x, y,z). 


65. Ej Let X = (x, y,z). Show that i x X = v has a solution if and 
only if v is contained in the yz-plane (the i-component is zero). 


66. | 4 Suppose that vectors u, v, and w are mutually orthog- 
onal—that is, u L v, u L w, and v L w. Prove that (u x v) x w = 0 and 
ux(vxw)=0. 


In Exercises 67—70, the torque about the origin O due to a force F acting 
on an object with position vector r is the vector quantity T =r x F. If sev- 
eral forces F ; act at positions r}, then the net torque (units: N-m or lb-ft) 
is the sum 


Gx) ey Ey 


67. Calculate the torque T about O acting at the point P on the mechanical 
arm in Figure 21(A), assuming that a 25-newton force acts as indicated. 


68. Calculate the net torque about O at P, assuming that a 30-kg mass is 
attached at P [Figure 21(B)]. The force F, due to gravity on a mass m has 
magnitude 9.8m m/s? in the downward direction. 


F = 25 newtons 125° 


(A) 


(B) 


FIGURE 21 


69. Let T be the net torque about O acting on the robotic arm of Figure 22, 
here taking into account the weight of the arms themselves. Assume that 
the arms have mass mı and mz (in kilograms) and that a weight of m3 kg 
is located at the endpoint P. In calculating the torque, we may assume that 
the entire mass of each arm segment lies at the midpoint of the arm (its 
center of mass). Show that the position vectors of the masses m1, m2, and 
m3 are 


SS 


1 
r= 5 Latsin 0,1 + cos 4j) 
gg T Pei aie : 
r2 = L;(sinĝ1i + cos 4,j) + heme 621 — cos 623) 
r3 = L;(sin 6,i+ cos 6,j) + Lo(sin 02i — cos 62j) 
Then show that 
1 1 
= (z (5m +m + ms) sin 6; + L2 (Sma + ma) sines) k 
where g = 9.8 m/s?. To simplify the computation, note that all three grav- 


itational forces act in the —j direction, so the j-components of the position 
vectors r; do not contribute to the torque. 


y 


FIGURE 22 


Nams” 


70. Continuing with Exercise 69, suppose that Lı =3 m, Lz = 2 m, 
mi = 15 kg, mz = 20 kg, and m3 = 18 kg. If the angles 6), @2 are equal 
(say, to 0), what is the maximum allowable value of @ if we assume that 
the robotic arm can sustain a maximum torque of 1200 N-m? 


~~ Further Insights and Challenges 


71. Show that 3 x 3 determinants can be computed using the diagonal 
rule: Repeat the first two columns of the matrix and form the products of 
the numbers along the six diagonals indicated. Then add the products for 
the diagonals that slant from left to right and subtract the products for the 
diagonals that slant from right to left. 


det(A) = 
= 411422433 + 412423431 + 413421432 
— 4134224831 — 411423432 — 412421433 
2 4 3 
72. Use the diagonal rule to calculate 0 1 -7|. 
—] 5 3 


73. Prove that v x w = v x u if and only if u = w + Av for some scalar 
à. Assume that v Æ 0. 


74. Use Eq. (12) to prove the Cauchy—Schwarz inequality: 
lv- wi] < ivil wil 


Show that equality holds if and only if w is a multiple of v or at least one 
of v and w is zero. 


75. Show that if u, v, and w are nonzero vectors and (u x v) x w= 0, 
then either (i) u and v are parallel, or (ii) w is orthogonal to u and v. 


76. Suppose that u, v, w are nonzero and 
(ux v)xw=ux(vxw)=9 


Show that u, v, and w are either mutually parallel or mutually perpendicu- 
lar. Hint: Use Exercise 75. 


77. | A | Let a, b, c be nonzero vectors. Assume that b and c are not 
parallel, and set 


v=ax(bxo), w = (a-c)b —(a-b)c 


(a) Prove that: 
(i) v lies in the plane spanned by b and c. 
(ii) v is orthogonal to a. 


(b) Prove that w also satisfies (i) and (ii). Conclude that v and w are par- 
allel. 


(c) Show algebraically that v = w (Figure 23). 


FIGURE 23 
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78. Use Exercise 77 to prove the identity 
(a x b) xc—ax(bxc)=(a-b)c—(b-c)a 


79. Show that if a, b are nonzero vectors such that a L b, then there exists 


a vector X such that 


Hint: Show that if X is orthogonal to b and is not a multiple of a, then 
a x X is a multiple of b. 


ax X=b 


80. Show that if a,b are nonzero vectors such that a L b, then the set of 
all solutions of Eq. (15) is a line with a as direction vector. Hint: Let Xo 
be any solution (which exists by Exercise 79), and show that every other 
solution is of the form Xp + Aa for some scalar A. 


81. Assume that v and w lie in the first quadrant in R? as in Figure 24. Use 


geometry to prove that the area of the parallelogram is equal to det 0: 


a 


C 
-i 


(a+c,b +d) 


, 


FIGURE 24 


82. Consider the tetrahedron spanned by vectors a, b, and c as in Figure 
25(A). Let A, B, C be the faces containing the origin O, and let D be 
the fourth face opposite O. For each face F, let vr be the vector that is 
perpendicular to the face, pointing outside the tetrahedron, of magnitude 
equal to twice the area of F. Prove the relations 


VatVat+vc=axb+bxc+cexa 
va +Va+¥co+vVp =0 
Hint: Show that vp = (c — b) x (b — a). 


83. In the notation of Exercise 82, suppose that a,b,c are mutually per- 
pendicular as in Figure 25(B). Let Sr be the area of face F. Prove the 
following three-dimensional version of the Pythagorean Theorem: 


Si + Sh + S2 = s 


4 


VD 


(A) 


FIGURE 25 The vector vp is perpendicular to the face. 
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FIGURE 1 The vector n is perpendicular to 
a family of parallel planes. 


FIGURE 2 


FIGURE 3 The plane with normal vector 
n = (0,0,3) passing through Po = (1, 2,0) 
is the xy-plane. 


12.5 Planes in 3-Space 


A linear equation ax + by = c in two variables defines a line in R2. In this section, we 
show that a linear equation ax + by + cz = d in three variables defines a plane in R3. 

To identify a plane in RÌ, we need to identify how the plane is oriented in space. 
A vector n that is perpendicular to a plane is called a normal vector to the plane. This 
vector determines how the plane is oriented as well as a family of parallel planes that 
all have n as a normal vector (Figure 1). To specify a particular plane, we select a point 
on the plane. Thus, a normal vector n to a plane and a point on the plane completely 
determine the plane. 

Given a normal vector n = (a,b,c) toa plane P, and a point Po = (x0, yo, Zo) on P, 
we begin with a geometric description of P. Following that, we translate the geometric 
description into a variety of equations for P in x, y, z. 


Geometric Description of a Plane The plane P through Po = (xo, yo, zo) with nor- 
mal vector n = (a,b,c) consists of the tips of all vectors based at Po that are perpen- 


dicular to n (Figure 2). 


This geometric description indicates that the plane P is the set of P = (x, y, z) such 


— 
that n- PoP = 0. This equation of the plane is equivalent to each of the following ver- 
sions: 


(asb,c}: (Xx “Kg — yoz — z0) =Q 
a(x — xo) + b(y — yo) + c(z — zo) = 9 
ax + by + cz = axo + byo + czo 
n- (x, y,Z) = axo + byo + czo 
Now, for simplicity, set d = axo + byo + czo. We have 
Equations of a Plane The plane through the point Po = (xo, yo, zo) with normal 
vector n = (a, b, c) is described by 
Vector form: n- (x,y,z) =d 


Scalar forms: a(x — xo) + b(y — yo) + c(z — zo) = 0 


ax+by+cz=d 


where d = axo + byo + czo. 


Note that the equation ax + by + cz = d of a plane in 3-space is the direct general- 
ization of the equation ax + by = c of a line in 2-space. In this sense, planes generalize 
lines. 

To show how the plane equation works in a simple case, consider the plane P 
through Po = (1, 2,0) with normal vector n = (0, 0,3) (Figure 3). Because n points in the 
z-direction, P must be parallel to the xy-plane. On the other hand, Po lies on the x y-plane, 
so P must be the x y-plane itself. This is precisely what Eq. (1) gives us: 


(0,0, 3) - (x,y,z) =d 


where d = (0)(1) + (0)(2) + (3)(0) = 0 since n = (0,0,3) and Po = (1, 2,0). In other 
words, P has equation z = 0, so P is the xy-plane. 


FIGURE 4 A line in R2 with normal 
vector n. 
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EXAMPLE 1 Find an equation of the plane through Po = (3, 1,0) with normal vector 
n = (3,2, —5). 


Solution Using Eq. (2), we obtain 
3(a —3) +2 —1)-—5z=0 or 3x+2y—5z=11 
Alternatively, we can compute 
d =n: OP = (3,2, —5) - (3, 1,0) = 11 


and write the equation as (3, 2, —5) | (x, y,z) = 11, or 3x + 2y —5z = 11. a 


CONCEPTUAL INSIGHT Keep in mind that the components of a normal vector are “lurk- 
ing” inside the equation ax + by + cz = d, because n = (a,b,c). The same is true for 
lines in R?. The line ax + by = c in Figure 4 has normal vector n = (a, b) because the 
line has slope —a/b and the vector n has slope b/a (lines are orthogonal if the product 
of their slopes is —1). 


Note that if n is normal to a plane P, then so is every nonzero scalar multiple An. 
When we use An instead of n, the resulting equation for P changes by a factor of A. For 
example, the following two equations define the same plane: 


x+tyt+z=l1, 4x+4y+4z=4 


The first equation uses the normal (1, 1, 1), and the second uses the normal (4, 4, 4). 
On the other hand, two planes P and P’ are parallel if they have a common normal 
vector. The following planes are parallel because each is normal to n = (1, 1, 1): 


x+y+tz=l, x+y+z=2, 4x+4y+4z=7 


In general, a family of parallel planes is obtained by choosing a normal vector n = 
(a,b,c) and varying the constant d in the equation 


ax+by+cz=d 


The unique plane in this family through the origin has equation ax + by + cz = 0. 


EXAMPLE 2 Parallel Planes Let P have equation 7x — 4y + 2z = —10. Find an 
equation of the plane parallel to P passing through: 


(a) The origin. (b) Q = (2, —1,3). 


Solution The planes parallel to P have an equation of the form (Figure 5) 


Tx =4y+ 2z= d 


(a) For d = 0, we get the plane through the origin: 7x — 4y + 2z = 0. 
(b) The point Q = (2, —1, 3) satisfies Eq. (4) with 


d = 1(2) — 4—1) + 2(3) = 24 
Therefore, the plane parallel to P through Q has equation 7x — 4y + 2z = 24. a 


Points that lie on a line are called collinear. If we are given three points P, Q, and R 
that are not collinear, then there is just one plane passing through P, Q, and R (Figure 6). 
The next example shows how to find an equation of this plane. 
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In Example 3, we could have instead used 


the vectors OP and OR (or RP and RO) 
to find a normal vector to P. 


CAUTION When you find a normal vector to 

the plane containing points P, Q, R, be 

sure to compute a cross product such as 

PQ x PR. Acommon mistake is to use a 
=_—_—> o> 

cross product such as OP x OQ or 

> f 

OP x OŘ, which need not be normal to 

the plane. 


/ Ix -4y+2z=-10 g 


FIGURE 5 Parallei planes with normal vector FIGURE 6 Three points P, Q, and R 
n = (7, —4, 2). determine a plane (assuming they do not 
lie in a straight line). 


EXAMPLE 3 The Plane Determined by Three Points Find an equation of the plane 
P determined by the points 


P = (1,0—1), es (2,2,1). R = (4,1,2) 
Solution 
Step 1. Find a normal vector. 
The vectors P Q and P R lie in the plane P, so their cross product is normal to P: 


Po sc (2.2. aa SSD 


PRM 1) 1 
a [i & 
n=POxPR=|1 2 2|=4i+3j—5k = (4,3,—5) 
a 4 4 


By Eq. (3), P has equation 4x + 3y — 5z = d for some d. 


Step 2. Choose a point on the plane and compute d. 
Now, choose any one of the three points—say, P = (1,0, —1)}—and compute 


J =m. OF S(43,-5). (,.6=1)29 


We conclude that P has equation 4x + 3y — 5z = 9. w 


To check our result, simply verify that the three points we were given satisfy this equation 
of the plane. 

Example 3 shows that three noncollinear points determine a plane. A plane P also 
can be determined by any of the following: 


e Two lines that intersect in a single point; 
¢ A line and a point not on the line; 
* Two distinct parallel lines. 


For each of these situations, think about how to determine a normal vector to the 
plane and a point on the plane. We examine these cases in the exercises. 


If we think of t representing time on a path 
on the line, then t = —5 is the time that 
the path meets the plane. The point 

P = (11,2, —4) is the location on the path 
at that time. 


FIGURE 7 The three blue lines are the traces 
of the plane —2x + 3y + z = 6 in the 
coordinate planes. 
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EXAMPLE 4 Intersection of a Plane and a Line Find the point P where the plane 
3x — 9y + 2z = 7 and the line r(t) = (1,2, 1) + t (—2,0, 1) intersect. 


Solution The line has parametric equations 
ya =t; y=2, z=1+t 
Substitute in the equation of the plane and solve for t: 
3x — 9y + 2z = 3(1 — 2t) — 972) + 201 +t) = 7 
Simplification yields ~4t — 13 = 7 or t = —5. Therefore, P has coordinates 
x=1-—2(-—5) = 11, y= 2, z = 1 + (—5) = —4 

The plane and line intersect at the point P = (11,2, —4). m 

The intersection of a plane P with a coordinate plane or a plane parallel to a coordi- 


nate plane is called a trace. The trace is a line unless P is parallel to the coordinate plane 
(in which case, the trace is empty or is P itself). 


EXAMPLE 5 Traces of the Plane Graph the plane —2x + 3y + z = 6 and then find 
its traces in the coordinate planes. 


Solution To draw the plane, we determine its intersections with the coordinate axes. To 
find where it intersects the x-axis, we set y = z = 0 and obtain 


—2x = 6 SO x=—3 
It intersects the y-axis when x = z = 0, giving 
3y =6 so vai 
It intersects the z-axis when x = y = 0, giving 
z=6 


Thus, the plane appears as in Figure 7. 

We obtain the trace in the xy-plane by setting z = 0 in the equation of the plane. 
Therefore, the trace is the line —2x + 3y = 6 in the xy-plane (Figure 7). 

Similarly, the trace in the xz-plane is obtained by setting y = 0, which gives the line 
—2x + z = 6 in the xz-plane. Finally, the trace in the yz-plane is 3y + z = 6. E 


In most cases, you can picture a plane by determining where it intersects the coordi- 
nate axes. However, if the plane is parallel to one of the axes and does not intersect it, or 
the plane passes through the origin, and therefore intersects all three axes there, we can 
use the normal vector to determine how the plane is oriented. 


12.5 SUMMARY 


* Plane through Po = (xo, Yo, zo) with normal vector n = (a,b,c): 


— Geometrically: The tips of all vectors based at Po that are perpendicular to n 


-= Algebraically: 
Vector form: n- (x,y,z) =d 
Scalar forms: a(x — xo) + b(y — yo) + c(z — zo) = 0 


ax+by+cz=d 


where d = n- (xo, yo, zo) = axo + byo + czo. 
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° The family of parallel planes with given normal vector n = (a,b,c) consists of all _ 


planes with equation ax + by + cz = d for some d. 
* A plane is determined in each of the following cases. In each case a point on the plane 
and a normal vector to the plane can be determined in order to find an equation for the 


plane. 


— Three noncollinear points 

— Two lines that intersect in a point 
— A line and a point not on it 

— Two distinct parallel lines 


°- The intersection of a plane P with a coordinate plane or a plane parallel to a coordinate 
plane is called a trace. The trace in the yz-plane is obtained by setting x = 0 in the 
equation of the plane (and similarly for the traces in the xz- and xy-planes). 


12.5 EXERCISES 


Preliminary Questions 


1. What is the equation of the plane parallel to 3x + 4y — z = 5 passing 
through the origin? 


2. The vector k is normal to which of the following planes? 
a) xed (b) y=1 (c) z= 1 


3. Which of the following planes is not parallel to the plane 
x+ty+z=l1? 

(a) 2x+2y+4+2z=1 
() x-y+z=0 


b) x+y+z=3 


4. To which coordinate plane is the plane y = 1 parallel? 


5. Which of the following planes contains the z-axis? 


(a) z=1 (b) x+y=1 (c) x+y=0 


6. Suppose that a plane P with normal vector n and a line £ with direc- 
tion vector v both pass through the origin and that n - v = 0. Which of the 
following statements is correct? 

(a) £ is contained in P. 

(b) £ is orthogonal to P. 


Exercises 


In Exercises 1-8, write the equation of the plane with normal vector n 
passing through the given point in the scalar form ax + by + cz = d. 


1. n= (1,3,2), (4,—1,1) 2. n= (-1,2,1), (3,1,9) 


3. n=(-1,2,1), (4,1,5) 4, n= (2,-4,1), (3,4,1) 


5. n=i, (3,1,—9) 6. n=j, (-5,4,}) 
7. trek, (6,7,2) 8. n=i-k, (4,2,—8) 
9. Write the equation of any plane through the origin. 


10. Write the equations of any two distinct planes with normal vector 
n = (3,2, 1) that do not pass through the origin. 


11. Which of the following statements are true of a plane that is parallel 
to the yz-plane? 


(a) n = (0,0, 1) is a normal vector. 

(b) n = (1,0, 0) is a normal vector. 

(c) The equation has the form ay + bz = d. 
(d) The equation has the form x = d. 


12, Find a normal vector n and an equation for the planes in Figures 8 


(AHO). 


(A) (B) (C) 


FIGURE 8 


In Exercises 13--16, find a vector normal to the plane with the given equa- 
tion. 


13. 9x — 4y —11z=2 
15. 3@ —4)- &y — 1)+ 11z=0 
16. x = 1 


14. x-z=0 


In Exercises 17-20, find the equation of the plane with the given descrip- 
tion. 


17. Passes through O and is parallel to 4x — 9y +z = 3 
18. Passes through (4, 1,9) and is parallel tox +y+z=3 
19. Passes through (4, 1, 9) and is parallel to x = 3 


20. Passes through P = (3,5, —9) and is parallel to the xz-plane 


In Exercises 21-24, find an equation of the plane passing through the three 
points given. 


2L P =(2-1,4, Q= (1,1,1), &=GA,-—2) 
ze P=6,1,1),, Q=(1,1,2), R=@,1,) 
23. P= (1,0,0, O=@ 1,1), R=(,0,) 
24. P = (2,0,0), Q=(0,4,0), R=(0,0,2) 


25. Ed In each case, describe how to find a normal vector to the plane: 
(a) Three noncollinear points are given. The plane contains all three 
points. 

(b) Two lines are given that intersect in a point. The plane contains the 
lines. 


26. Eí In each case, describe how to find a normal vector to the plane: 


(a) A line and a point that is not on the line are given. The plane contains 
the line and the point. 


(b) Two lines are given that are parallel and distinct. The plane contains 
the lines. 


27. In each case, determine whether or not the lines have a single point of 
intersection. If they do, give an equation of a plane containing them. 


(a) ry(t) = (t,2t — 1,t — 3) and ro(t) = (4,2t — 1, —1) 

(b) ri(t) = (3t,2t + 1,t — 5) and r2(t) = (4t, 4t — 3, —1) 

28. In each case, determine whether or not the lines have a single point of 
intersection. If they do, give an equation of a plane containing them. 

(a) ri(t) = (5t,2t — 1,2t — 2) and r2(t) = (t — 5, —t + 4,t — 7) 

(b) ri(¢) = (3t, —2t + 1,t — 3) and r2(t) = (2t — 1, —t, —t — 1) 

29. In each case, determine whether or not the point lies on the line. If it 
does not, give an equation of a plane containing the point and the line. 

(a) (2,2, —1) and r(t) = (4t, 6t — 1, —1) 

(b) (3, —3,2) and r(t) = (4t +3,4t — 3,t + 1) 


30. In each case, determine whether or not the point lies on the line. If it 
does not, give an equation of a plane containing the point and the line. 


(a) (—7, 10, —3) and r(t) = (1 — 4t, 6t — 5,t — 5) 

(b) (—1,5,9) and r(t) = (4t + 3,1 + 6,5 — 4t) 

31. In each case, determine whether or not the lines are distinct parallel 
lines. If they are, give an equation of a plane containing them. 

(a) rı(t) = (t,2t — 1,t — 3) and r2(t) = (3t — 3, 6t — 1,3t — 1) 

(b) ri (t) = (3t,2t + 1,t — 5) and r2(t) = (—6t, 1 — 4t, 2t — 3) 

32. In each case, determine whether or not the lines are distinct parallel 
lines. If they are, give an equation of a plane containing them. 

(a) ry(t) = (2t + 1,—2t — 1,3t — 7) and r2(t) = (7 — 6t, 6t — 7,2 — 9t) 
(b) rı(t) = (—4t,2t + 1,8t + 5) and ro(t) = (2t — 2, —t + 4,5 — 4t) 


In Exercises 33-37, draw the plane given by the equation. 


33. x+y+z=4 34. 3x + 2y — 6z = 12 


35. 12x — 6y + 4z = 6 36. x+2y=6 


37. x+y+z=0 


38. Let a,b,c be constants. Which two of the following equations define 
the plane passing through (a, 0, 0), (0, b, 0), (0, 0, c)? 
(a) ax+by4+cz=1 (b) bcx + acy + abz = abc 


Ue 
a 


(c) bx+cy+az=1 5 


Tiad 
Cc 


SECTION 12.5 Planes in3-Space 717 


39. Find an equation of the plane P in Figure 9. 


FIGURE 9 


40. Verify that the plane x — y + 5z = 10 and the line r(t) = (1,0,1) + 
t (—2, 1, 1) intersect at P = (—3, 2, 3). 


In Exercises 41—44, find the intersection of the line and the plane. 
41.x+y+z=14, r(t) = (1,1,0) + t (0,2, 4) 

42. 2x +y =3, r(t) = (2,—1,—1) +1 (1,2, —4) 

43. z = 12, r(t)=t (—6,9, 36) 

44. x—z=6, r(t)=(1,0,-1) + t (4,9,2) 


In Exercises 45—50, find the trace of the plane in the given coordinate 
plane. 

45. 3x — 9y + 4z = 5, yz 46. 3x — 9y +4z = 5, xz 
47. 3x + 4z = —2, xy 48. 3x + 4z = —2, xz 
49. -x+y=4, xz 50. -x+ y =4, yz 
51. Does the plane x = 5 have a trace in the yz-plane? Explain. 


52. Give equations for two distinct planes whose trace in the xy-plane has 
equation 4x + 3y = 8. 


53. Give equations for two distinct planes whose trace in the yz-plane has 
equation y = 4z. 


54. Find parametric equations for the line through Po = (3, —1, 1) perpen- 
dicular to the plane 3x + 5y — 7z = 29. 


55. Find all planes in R? whose intersection with the xz-plane is the line 
with equation 3x + 2z = 5. 


56. Find all planes in R? whose intersection with the xy-plane is the line 
EG) = 7 (2, 1,0). 


In Exercises 57-62, compute the angle between the two planes, defined as 
the angle 0 (between 0 and 1) between their normal vectors (Figure 10). 


57. Planes with normals n; = (1,0,1), nz = (—1,1, 1) 
58. Planes with normals n; = (1,2,1), np = (4, 1,3) 
59, 2x +3y +7z = 2 and 4x — 2y +2z =4 

60. x —3y+z=3 and 2x —3z=4 


61. 3(x — 1) — 5y + 2(z — 12) =0 and the plane with normal n = 
(1,0, 1) 
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62. The plane through (1, 0,0), (0, 1,0), and (0,0, 1) and the yz-plane 


FIGURE 10 By definition, the angle between two planes is the angle 
between their normal vectors. 


63. Find an equation of a plane making an angie of > with the plane 
3x + y —4z =2. 


64. EA Let P; and P2 be planes with normal vectors n; and nz. Assume 
that the planes are not parallel, and let £ be their intersection (a line). Show 
that nı x nz is a direction vector for £. 


65. Find a plane that is perpendicular to the two planes x + y = 3 and 
x+2y-z=4. 


66. Let £ be the line of intersection of the planes x + y +z = 1 and 
x + 2y + 3z = 1. Use Exercise 64 to find a direction vector for £. Then 
find a point P on £ by inspection, and write down the parametric equations 
for L. 


67. Let £ denote the line of intersection of the planes x — y — z = 1 and 
2x + 3y +z = 2. Find parametric equations for the line £. Hint: To find 
a point on £, substitute an arbitrary value for z (say, z = 2) and then solve 
the resulting pair of equations for x and y. 


68. Find parametric equations for the line of intersection of the planes 
2x + y—3z=0andx +y=l1. 


69. Vectors v and w, each of length 12, lie in the plane x + 2y — 2z=0. 
The angle between v and w is x/6. This information determines v x w up 
to a sign +1. What are the two possible values of v x w? 


70. The plane 


xy 
—~+—+ 
4 


= || 
Z 


= 
3 
intersects the x-, y-, and z-axes in points P, Q, and R. Find the area of the 
triangle APQOR. 


71, E In this exercise, we show that the orthogonal distance D from 
the plane P with equation ax + by + cz = d to the origin O is equal to 
(Figure 11) 


ld] 


Let n = (a,b,c), and let P be the point where the line through the origin 
with direction vector n intersects P. By definition, the orthogonal distance 
from P to O is the distance from P to O. 


d 
(a) Show that P is the terminal point of v = (=) n. 


(b) Show that the distance from P to O is D. 


72. Use Exercise 71 to compute the orthogonal distance from the plane 
x +2y + 3z = 5 to the origin. 


È eaan 


\ 
t 


Neat 
< 
A! 


FIGURE 11 


Further Insights and Challenges 


In Exercises 73 and 74, let P be a plane with equation 
ax +by+cz =d 


and normal vector n = (a,b,c). For any point Q, there is a unique point P 


on P that is closest to Q, and is such that P Q is orthogonal to P (Figure I2). 


FIGURE 12 


73. Show that the point P on P closest to Q is determined by the equation 
> 
—> -> d—-0Q.n 
OP =0 — n | 5 | 


74. By definition, the distance from Q = (x1, Y1, z1) to the plane P is the 
distance to the point P on P closest to Q. Prove 


: jax; + by; +czı—d| 
distance from Oio Pe- | 6 | 
iln] 


75. Use Eq. (5) to find the point P nearest to Q = (2, 1,2) on the plane 
x+y+tz=l. 


76. Find the point P nearest to Q = (—1,3, —1) on the plane 
x—4z=2 


77. Use Eq. (6) to find the distance from Q = (1,1,1) to the plane 
2x +y +57=2. 


78. Find the distance from Q = (1,2,2) to the plane n- (x, y,z) = 3, 
where n = (2, 3,0). 


79. What is the distance from Q = (a,b,c) to the plane x = 0? Visualize 
— your answer geometrically and explain without computation. Then verify 


that Eq. (6) yields the same answer. 


To ensure that Eq. (1) is genuinely 
quadratic, we assume that the degree-2 
coefficients A, B,C, D, E, F are not all 
zero. 


FIGURE 1 Ellipsoid with equation 


G+) +n 


~, 


el 4 3 — : 
Se . A 
< y 
x ——— 
Trace curve 


CB FIGURE 2 The intersection of the plane 
z = 2g with an ellipsoid is an ellipse. 
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80. The equation of a plane n - (x, y,z) = d is said to be in normal form 
if n is a unit vector. Show that in this case, |d| is the distance from the 
plane to the origin. Write the equation of the plane 4x — 2y + 4z = 24 in 
normal form. 


12.6 A Survey of Quadric Surfaces 


Quadric surfaces are the surface analogs of conic sections. Recall that a conic section is a 
curve in R? defined by a quadratic equation in two variables. A quadric surface is defined 
by a quadratic equation in three variables: 


Like conic sections, quadric surfaces are classified into a small number of types. When 
the coordinate axes are chosen to coincide with the axes of the quadric, the equation of 
the quadric has a simple form. The quadric is then said to be in standard position. In 
standard position, the coefficients D, E, F are all zero. In this short survey of quadric 
surfaces, we restrict our attention to quadrics in standard position. The idea here is not to 
memorize the formulas for the various quadric surfaces, but rather to be able to recognize 
and graph them using cross sections obtained by slicing the surface with certain planes, 
as we describe in this section. 

The surface analogs of ellipses are the egg-shaped ellipsoids (Figure 1). In standard 
form, an ellipsoid has the equation 


Ax? + By? + C2? + Dxy + Eyz + Fzx +ax+by+ez+d=0 


Ellipsoid 


For a = b = c, this equation is equivalent to x? + y? + z? = a? and the ellipsoid is a 
sphere of radius a. 

Surfaces are often represented graphically by a mesh of curves called traces, ob- 
tained by intersecting the surface with planes parallel to one of the coordinate planes 
(Figure 2), yielding certain cross sections of the surface. Algebraically, this corresponds 
to holding one of the three variables constant. For example, the intersection of the hori- 
zontal plane z = zo with the surface is a horizontal trace curve. 


EXAMPLE 1 The Traces of an Ellipsoid Describe the traces of the ellipsoid 
XN? y e Z2 
(5) +5) +(G) e 


Solution First, we observe that the traces in the coordinate planes are ellipses 


[Figure 3(A)]: 


xy-trace (set z = 0, blue in figure): 
yz-trace (set x = 0, green in figure): 


xZ-trace (set y = 0, red in figure): 
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(A) (B) Horizontal traces (C) Vertical traces 
2 2 2 
FIGURE 3 The ellipsoid (=) + (>) r (3) ZA; 


In fact, all the traces of an ellipsoid are ellipses (or just single points). For example, the 
horizontal trace defined by setting z = Zo is the ellipse [Figure 3(B)] 


i xX\? fy 2 20)" = a i E i 

trace at height zo: (=) + (=) +(5 =] or 75 + m 31 
— ee 
A constant 


The trace at height zo = 9 is the single point (0,0, 9) because x? /25 + y?/49 = 0 has 
only one solution: x = 0, y = 0. Similarly, for zọ = —9, the trace is the point (0, 0, —9). 
If |zo| > 9, then 1 — y 81 < 0 and the plane z = Zo lies above or below the ellipsoid. 
The trace has no points in this case. The traces in the vertical planes x = xo and y = yo 
have a similar description [Figure 3(C)]. z 


The surface analogs of the hyperbolas are the hyperboloids, which come in two 
types, depending on whether the surface has one or two components that we refer to as 
sheets (Figure 4). Their equations in standard position are 


2 
C) +1 
C 


2 
et 
c 
Notice that a hyperboloid of two sheets does not contain any points whose z-coordinate 


> , we [2X ' 
satisfies —c < z < c because the right-hand side ( =) — ] is negative for such z, but the 
c 


left-hand side of the equation is greater than or equal to zero. 


Hyperboloids One sheet: a E (2) — ( 


Two sheets: (=) 4- (2) 


GJ FIGURE 4 Hyperboloids of one and two 
sheets. (A) Hyperboloid of one sheet (B) Hyperboloid of two sheets 


FIGURE 6 The hyperboloid of two sheets 
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FIGURE 7 Elliptic cone 
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FIGURE 5 The hyperboloid (=) + ( 
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EXAMPLE 2 The Traces of a Hyperboloid of One Sheet Determine the traces of the 


hyperboloid (=) + (2) = E) +1. 


Solution The horizontal traces are ellipses and the vertical traces (parallel to either the 
yz-plane or the xz-plane) are hyperbolas or pairs of crossed lines (Figure 5): 


(3) +G) =(@) 43 
E oe 
O --@ 


EXAMPLE 3 Hyperboloid of Two Sheets Symmetric About the y-axis Show that 


2 2 2 
(=) ae (=) = (>) — 1 has no points for —b < y < b. 
a c b 


Trace z = Zo (ellipse, blue in figure): 
Trace x = xo (hyperbola, green in figure): 


Trace y = yo (hyperbola, red in figure): 


Solution This equation does not have the same form as Eq. (2) because the variables 
y and z have been interchanged. This hyperboloid is symmetric about the y-axis rather 
than the z-axis (Figure 6). The left-hand side of the equation is always > 0. Thus, there 
are no solutions with |y| < b because the right-hand side is (2)? — 1 < 0. Therefore, the 
hyperboloid has two sheets, corresponding to y > band y < —b. E 


The following equation defines an elliptic cone (Figure 7): 
ENZ 2 2 

D + =@) 
a b c 


An elliptic cone is a transition case between a hyperboloid of one sheet and a hyperboloid 
of two sheets (Figure 8). The hyperboloid of one sheet is pinched at its narrowest part to 
form an elliptic cone, and then the two parts of the elliptic cone separate to form the two 
components in a hyperboloid of two sheets. 

To visualize the elliptic cone, first consider its intersection with the xz-plane. When 
y =0, we have 6 = (2%, which is the pair of diagonal lines z = + (£) x. Simi- 
larly, intersecting with the yz-plane, where x = 0, we obtain the pair of diagonal lines 
z = + ($) y. Next, to see how these pairs of lines fit in the elliptic cone, we slice the 
surface parallel to the xy-plane. For instance, in the plane z = 1, the trace is given by 


Elliptic cone: 
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a larger ellipse. We obtain similar ellipses when we slice with the planes z = —1 and 
z = —2. Hence, the resulting surface is the elliptic cone appearing in Figure 7. 

The third main family of quadric surfaces are the paraboloids. There are two types— 
elliptic and hyperbolic. In standard position, their equations are 


Paraboloids Elliptic: 


Hyperbolic: 


Let’s compare their traces (Figure 9): 


FIGURE 8 The elliptic cone is a transition 
case between the two types of 


hyperboloids. Elliptic paraboloid Hyperbolic paraboloid 
Horizontal Traces Ellipses Hyperbolas 
Vertical traces Upward parabolas Upward and downward parabolas 


(A) Elliptic paraboloid (B) Hyperbolic paraboloid 


FIGURE 9 
Paraboloids play an important role in the Notice, for example, that for the hyperbolic paraboloid, the vertical traces x = xo are 
analysis of functions of two variables. The downward parabolas (green in the figure) 
minimum of the elliptic paraboloid at the 
origin and the hyperbolic paraboloid’s y\2 x0 \2 
saddle shape are models for local behavior z= (=) =) 


near critical points of functions of two 
variables. We explore this topic further in Trace x = xo of hyperbolic paraboloid 
Section 14.7. 


whereas the vertical traces y = yo are upward parabolas (red in the figure) 


-= (7) -G) 


Trace y = yo of hyperbolic paraboloid 


eg + (2) = Cp This is the equation of an ellipse. In the plane z = 2, the trace is __ 


(J FIGURE 10 The hyperbolic paraboloid 
is defined by z = 4xy or z = u? — v?. 


xry+ye=r 


Right circular cylinder of radius r 


FIGURE 13 
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It is somewhat surprising to realize that if we slice the hyperbolic paraboloid with the 
plane z = 0, we obtain 0 = (2)” — (2)°, which yields the pair of diagonal lines given by 
y = +(2) x as the trace in the xy-plane. It is not obvious that this surface would contain 
these two diagonal lines, but in fact it does. 


EXAMPLE 4 Alternative Form of a Hyperbolic Paraboloid Show that z = 4xy is a 
hyperbolic paraboloid by writing the equation in terms of the variables u = x + y and 
v=X-y. 


Solution Note that u + v = 2x and u — v = 2y. Therefore, 


4xy = (u + vu — v) = u? — v? 


and thus the equation is z = u? — v? in the coordinates {u, v, z}. These coordinates are 
obtained by rotating the coordinates {x, y, z} by 45° about the z-axis (Figure 10). i 


EXAMPLE 5 Without referring back to the formulas, use traces to determine and graph 
the quadric surface given by x? + 2z? — y =0. 


Solution We first slice with the coordinate planes. When x = 0, we obtain 2z? — y* =0, 
and therefore the trace in the yz-plane is the pair of diagonal lines z = + W When y = 0, 


we have x? + 2z? = 0, which has the solution x = z = 0. Hence, the xz-plane intersects 
the surface only at the origin. When z = 0, we obtain x? — y? = 0, which generates two 
diagonal lines in the xy-plane given by y = x. At this point, the structure of the surface 
might not yet be clear. So, we will slice with planes parallel to the xz-plane. For instance, 
if we set y = 1, we obtain x” + 2z? = 1, which is an ellipse. If we set y = 2, we obtain 
x? + 2z* = 4, which is a larger ellipse. A similar pair of ellipses is obtained when we 
slice with the planes y = —] and y = —2, respectively. Hence, we can now see that the 
surface is an elliptic cone opening along the y-axis, as in Figure 11. a 


Further examples of quadric surfaces are the quadratic cylinders. We use the term 
“cylinder” in the following sense: Given a curve C in the x y-plane, the cylinder with base 
C is the surface consisting of all vertical lines passing through C (Figure 12). Equations of 
cylinders involve just two of the variables x, y, and z. A quadratic cylinder is a cylinder 
whose base curve is a conic section. The equation x? + y? = r? defines a circular cylin- 
der of radius r with the z-axis as the central axis. Figure 13 shows a circular cylinder and 
three other types of quadratic cylinders. 

The ellipsoids, hyperboloids, paraboloids, and quadratic cylinders are called nonde- 
generate quadric surfaces. There are also a certain number of “degenerate” quadric sur- 
faces. For example, x? + y? + z? = 0 is a quadric that reduces to a single point (0, 0, 0), 
and (x + y + z)* = 1 reduces to the union of the two planes x + y +z = +1. 


y= a 
Elliptic cylinder Hyperbolic cylinder Parabolic cylinder 


724 


CHAPTER 


12 


VECTOR GEOMETRY 


12.6 SUMMARY 


¢ A quadric surface is defined by a quadratic equation in three variables: 


Ax? + By? +Cz?+ Dxy+Eyz+ Fzx+ax+by+cz+d=0 A-—Fare not all zero 


* Quadric surfaces in standard position: 


Ellipsoid Hyperboloid (one sheet) Hyperboloid (two sheets) 


Z 


x. O 
i Qo 
WEE- 
wz 


¢ A (vertical) cylinder consists of all vertical lines through a curve (called the base) in 
the x y-plane. There are three types of quadratic cylinders, a cylinder whose base is a 
conic: 
Elliptic cylinder Hyperbolic cylinder Parabolic cylinder 
z 
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12.6 EXERCISES 


Preliminary Questions 


1. True or false? All traces of an ellipsoid are ellipses. 5. A surface is called bounded if there exists M > 0 such that every 
point on the surface lies at a distance of at most M from the origin. Which 
2. True or false? All traces of a hyperboloid are hyperbolas. of the quadric surfaces are bounded? 


3. Which quadric surfaces have both hyperbolas and parabolas as 


traces? 6. What is the definition of a parabolic cylinder? 


4. Is there any quadric surface whose traces are all parabolas? 


Exercises 


In Exercises 1—8, state whether the given equation defines an ellipsoid or 
hyperboloid, and if a hyperboloid, whether it is of one or two sheets. 


LOGO 2 O+G'-@'= 


ied « -G)-@)+@)= 

5. x? —3y? +977 =1 6. x? -3y -9z =1 Œ (©) 

7. x+y =4—42? i Tiyen FIGURE 14 

In Exercises 9-16, state whether the given equation defines an elliptic 2 EE, " ee Be " a) ee ig bae es eieanon 

paraboloid, a hyperbolic paraboloid, or an elliptic cone. mii TaN eras: p gns, nus Sign, 

y= G J ne ( A Y 10. 2= Ẹ J n ( A ii 27. What is ee = the surface obtained when the elliptic 
$ j r z= (=) + (3) is rotated about the x-axis by 90°? Refer 

Ii. z= (=) — (5) 12. 4z = 9x? + Sy? to Figure 15. 

13. 3x? -7y =z 14. 3x? +7y? = 14z? 

15. y? = 5x? — 4z? 16. y = 3x? — 4z? 


In Exercises 17-24, state the type of the quadric surface and describe the 
trace obtained by intersecting with the given plane. 


17. 24(2) 4221, y=0 


18. x? + (= 


20. ey y FIGURE 15 


21. (=) + 


2 
19, x? + (3) +2=1, z= 
28. Describe the intersection of the horizontal plane z = h and the hy- 
y\2 5,2 perboloid —x* — 4y? + 4z? = 1. For which values of h is the intersection 
(=) =3 Sal, ysl empty? 


In Exercises 29-42, sketch the given surface. 


2 
äi +(3) a ae 29. x? +y? -z =] 


X\2 2 2 
23. y =3x?, z=27 24. y=3x*, y=27 30. (=) +(=) +(5) =] 
25. Match each of the ellipsoids in Figure 14 with the correct equation: a (> i 4 ( y p Da (2 y\2 
(a) x? +4y? + 42? = 16 (b) 4x2 + y? +47? = 16 4 8 SA (5) 
2 2 
(c) 4x2 4+ 4y? 4.22 = 16 33. z? = G i 4 w pesky 
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35. —x2-—y?+4927=9 36. x? +36y? =1 
om xy= 1 38. x=2y -7z 
39. x=1+y +z 40. x? -4y =z 

4i. x? +9y? +4z? = 36 42. y? — 4x? -z7 =4 


43. Find the equation of the ellipsoid passing through the points marked 
in Figure 16(A). 


44. Find the equation of the elliptic cylinder passing through the points 
marked in Figure 16(B). 


45. Find the equation of the hyperboloid shown in Figure 17(A). 


46. Find the equation of the quadric surface shown in Figure 17(B). 


FIGURE 16 


FIGURE 17 


47. Determine the vertical traces of elliptic and parabolic cylinders in 
standard form. 


48. What is the equation of a hyperboloid of one or two sheets in standard 
form if every horizontal trace is a circle? 


49. Let C be an ellipse in a horizonal plane lying above the xy-piane. 
Which type of quadric surface is made up of all lines passing through the 
Origin and a point on C? 


50. The eccentricity of a conic section is defined in Section 11.5. Show 
that the horizontal traces of the ellipsoid 


X\2 2 2 
GQ += 
a b c 
are ellipses of the same eccentricity (apart from the traces at height 
h = +c, which reduce to a single point). Find the eccentricity. 


Further Insights and Challenges 


51. Let S be the hyperboloid x? + y? = z? + 1 and let P = (æ, B,0) be 
a point on S in the (x, y)-plane. Show that there are precisely two lines 
through P entirely contained in S (Figure 18). Hint: Consider the line 
r(t) = (a+ at, ß + bt,t) through P. Show that r(t) is contained in S if 
(a, b) is one of the two points on the unit circle obtained by rotating (œ, B) 
through +5. This proves that a hyperboloid of one sheet is a doubly ruled 
surface, which means that it can be swept out by moving a line in space in 
two different ways. 


FIGURE 18 


Cone on parabola C 
(half of cone shown) 


Cone on ellipse C 


FIGURE 19 


In Exercises 52 and 53, let C be a curve in RÈ not passing through the 
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53. Let a and c be nonzero constants and let C be the parabola at height c 


= origin. The cone on C is the surface consisting of all lines passing through consisting of all points (x, ax”, c) [Figure 19(B)]. Let S be the cone con- 
the origin and a point on C [Figure I19(A)]. sisting of all lines passing through the origin and a point on C. This exercise 
2 2 2 shows that S is also an elliptic cone. 
pae Z y\?. . 
52. Show that the elliptic cone (=) = ) + (>) is, in fact, (a) Show that S has equation yz = acx?. 
a cone on the ellipse C consisting of all points (x,y,c) such that (b) Show that under the change of variables y = u + v and z = u — v, 
(= y 4 ( y j 55. this equation becomes acx? = u? — v? or u? = acx? + v? (the equation 
a b of an elliptic cone in the variables x, v, u). 
z 12.7 Cylindrical and Spherical Coordinates 
Wire 
l This section introduces two generalizations of polar coordinates to RÌ: cylindrical and 
ree spherical coordinates. These coordinate systems are commonly used in problems having 
symmetry about an axis or rotational symmetry. For example, the magnetic field gener- 
x ated by a current flowing in a long, straight wire is conveniently expressed in cylindrical 
coordinates (Figure 1). We will also see the benefits of cylindrical and spherical coordi- 
| Current flow nates when we study change of variables for multiple integrals. 
FIGURE 1 The magnetic field generated by Cylindrical Coordinates 
a current flowing in a long, straight wire is In cylindrical coordinates, we replace the x- and y-coordinates of a point P = (x, y, z) by 
conveniently expressed in cylindrical polar coordinates. Thus, the cylindrical coordinates of P are (r, 0, z), where (r,0) are 
coordinates. polar coordinates of the projection Q = (x, y, 0) of P onto the xy-plane (Figure 2). Note 
that the points at fixed distance r from the z-axis make up a cylinder; hence, the name 
z cylindrical coordinates. 
We convert between rectangular and cylindrical coordinates using the rectangular- 
NS polar formulas of Section 11.3. In cylindrical coordinates, we usually assume r > 0. 
Cylindrical to rectangular Rectangular to cylindrical 
`$ l : 
iP = (x, y, z) 
“ | 7 x =rcosé r= x? +y? 
4 | y =rsin tan@ = ~ 
-A e 
z=z z =z 
— 0 y « » a » . 
O= (x, y, 0) EXAMPLE 1 Converting from Cylindrical to Rectangular Coordinates Find the rect- 
angular coordinates of the point P with cylindrical coordinates (r,@,z) = (2, am 5). 
FIGURE 2 P has cylindrical coordinates Solution Converting to rectangular coordinates is straightforward (Figure 3): 
(r, 0, z). 3 
T 2 
x =rcos@ = 2cos — =2 (-?) = —/2 
4 2 
Z ve 350 
Cylindrical {2,—— ,5 
a ae rae) | _ 3x /2 
5 ; Rectangular (—/2, ./2, 5) Ai lie le = = /2 
I 
| 
I 
The z-coordinate is unchanged, so (x, y, z) = (—V2, V2, 5). E 
| 
| 
i PETENS, EXAMPLE 2 Converting from Rectangular to Cylindrical Coordinates Find cylindri- 
icii cal coordinates for the point with rectangular coordinates (x, y, z) = (—34/3; —3, 5). 
F y Solution We have r = ,/x? + y? = /(—3V3)? + (—3}2 = 6. The angle 8 satisfies 
N_- 
y —3 1 T 71 
tan@ = = = —— = — > Î=- OF — 
C FIGURE 3 a A I = V3 6 6 


The correct choice is 0 = Z because the projection Q = (—3./3, —3, 0) lies in the third 
quadrant (Figure 4). The cylindrical coordinates are (r,0,z) = (6, 4, 5). 7 
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FIGURE 4 The projection Q lies in the third quadrant. FIGURE 5 Level surfaces in 
Therefore, 0 = T. cylindrical coordinates. 


Level Surfaces in Cylindrical Coordinates: 
r= R Cylinder of radius R with 
the z-axis as axis of symmetry 


80 = ĝo Half-planė through the z-axis 
making an angle 0) with the 
xz-plane 


z=c Horizontal plane at height c 


FIGURE 6 The surface z = r? is the 
paraboloid z = x? + y? and can also be 
seen to be the result of rotating the curve 
Z= y2 around the z-axis. 


The level surfaces of a coordinate system are the surfaces obtained by setting one of 
the coordinates equal to a constant. In rectangular coordinates, the level surfaces are the 
planes x = x9, y = yo, and z = zo. In cylindrical coordinates, the level surfaces come 
in three types (Figure 5). The surface r = R is the cylinder of radius R consisting of all 
points located a distance R from the z-axis. The equation 6 = 9p defines the half-plane 
of all points that project onto the ray 6 = ĝo in the (x, y)-plane. Finally, z = c is the 
horizontal plane at height c. 


EXAMPLE 3 Equations in Cylindrical Coordinates Find an equation of the form z = 
f(r, 0) for the surfaces: 


(a) x? +y? +z? =9, withz > 0 b) xt+y+z=1 
Solution We use the formulas 
x +y r, x=rcos6, y =rsin#@ 


(a) The equation yoa y? +z? = 9 becomes r° + z? = 9, orz = V9 — r? (since z > 0). 
This is the upper half of a sphere of radius 3. 
(b) The plane x + y +z = 1 becomes 


z=1l1-—x-y=1-—rcosé—rsind or z = l — r(cos 0 + sin) G 


EXAMPLE 4 Graphing Equations in Cylindrical Coordinates Graph the surface cor- 
responding to the equation in cylindrical coordinates given by z = r°. 


Solution We consider two straightforward ways of picturing the surface. First, convert 
to rectangular coordinates to obtain z = x? + y. The resulting surface is the paraboloid 
illustrated in Figure 6. Alternatively, note that since the equation of the surface does not 
depend on @ we can graph its intersection with any plane containing the z-axis and rotate 
the resulting curve around the z-axis to obtain the surface. In the yz-plane, where x = 0, 
z = r° corresponds with the parabola z = y?. When we rotate this parabola around the 
z-axis, we obtain the circular paraboloid in Figure 6. = 


Spherical Coordinates 


Spherical coordinates make use of the fact that a point P on a sphere of radius p is 
determined by two angular coordinates 6 and @ (Figure 7): 


* @ is the polar angle of the projection Q of P onto the x y-plane. 
* @ is the angle of declination, which measures how much the ray through P 
declines from the vertical. 


Spherical Coordinates: 


p = distance from origin 
0 = polar angle in the xy-plane 


ġ = angle of declination from the vertical 


In some textbooks, @ is referred to as the 
azimuthal angle and @ as the polar angle. 


e The symbol @ (usually pronounced fee, 
but sometimes pronounced fie) is the 
21st letter of the Greek alphabet. 

+ We use p (written out as “rho” and 
pronounced row) for the radial 
coordinate, although r is also used to 
denote distance from the origin in 
other contexts. 
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r=psing 
/ 


N P=(%y.2) 


x "E = 
a 
Sc ee y 
x Q = (x, y, 0) 
FIGURE 7 Spherical coordinates (9 FIGURE 8 


(p,9,@). 


Thus, P is determined by the triple (0, 9,@), which are called spherical coordinates. 
Typically, we restrict the coordinates so that op > 0 and0 < ¢ <x. 


Suppose that P = (x, y, z) in rectangular coordinates. Since p is the distance from 


P to the origin, 
p =x? +y? +z? 


On the other hand, we see in Figure 8 that 


z 
tang =~, cos @ = — 
x 


The radial coordinate r of Q = (x, y,0) is r = psin@, and therefore 


x =rcosé = psingcosé, y=rsné = psingsing, Z=pcos@ 


Spherical to rectangular Rectangular to spherical 
x = psingcosé p =x? +y? +z? 
y = psinġsinð tang = ~ 
x 
g 
z = pcos ġ i acai 


EXAMPLE 5 From Spherical to Rectangular Coordinates Find the rectangular coor- 


dinates of P = (0,6, $) = (3, $, 5), and find the radial coordinate r of its projection Q 
onto the xy-plane. 


Solution By the formulas discussed, 


. m E J2\1 372 
r= psing cond = 3sin cos =3( 42) $= SA 
re See Pe eee ee Oe 
y=psingsing = 3s1 A J~ 5 a 


G W3 


= 3 aE y NS 
z = pcos ġ = cir 2 ae 
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FIGURE 9 Point with spherical coordinates 
(3, 3. 5)- 


P =(2,-24/3, 3) 


FIGURE 10 Point with rectangular 
coordinates (2, —24/3, 3). 


Now consider the projection Q = (x, y,0) = (2, y 0) (Figure 9). The radial coor- —_ 
dinate r of Q satisfies 


Therefore, r = 3//2. a 


EXAMPLE 6 From Rectangular to Spherical Coordinates Find the spherical coordi- 
nates of the point P = (x, y, z) = (2, =2./3, 3). 


Solution The radial coordinate is p = y 22 + (—2./3)2 + 32 = V25 = 5. The angular 


coordinate @ satisfies 


2 e es 
Since the point (x, y) = (2, —2./3) lies in the fourth quadrant, the correct choice is 
0 = = (Figure 10). Finally, cos¢@ = A = = and so ġ = cos! 3 2 = 0.93. Therefore, P 
has spherical coordinates (5, % , 0.93). n 


Figure 11 Shy the three types of level surfaces in spherical coordinates. Notice 
that if ¢ Æ 0, 5 z Or x, then the level surface ġ = ġo is the right circular cone consisting 
of points P een that O P makes an angle ġo with the z-axis. There are three exceptional 
cases: @ = 3 defines the xy-plane, = 0 is the positive z-axis, and @ = ~ is the negative 
z-axis. 


PER 0 = 6 $ = ġo 
Sphere of radius R Vertical half-plane Right circular cone 


FIGURE 11 


EXAMPLE 7 Finding an Equation in Spherical Coordinates Find an equation of the 
form p = f (0, ¢ġ) for the following surfaces: 


(a) x? +y +z? =9 b) z=x y? 
Solution 


(a) The es an A +2” = 9 defines the sphere of radius 3 centered at the origin. 
Since p? = x? + y +2, a equation in spherical coordinates is p = 3. 


(b) To convert z = x? — y? to spherical coordinates, we substitute the formulas for x, y, 
and z in terms of p, 8, and ¢: 


Z x? i 
j X . 2 
pcos = (p sin ġ cos 0Y — (p sing sin 0Y} 
cos @ = p sin? (cos? 6 — sin? 0) (divide by p and factor) 


coso = p sin? @ cos 20 (since cos? 0 — sin? @ = cos 20) 


FIGURE 14 This plane is the graph of 
p = sec®@. 
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ely which is valid for ġ # 0,7, and when 
sin“ @ cos 20 


6 Æ 1/4, 32/4, 52/4, 70/4. E 


Solving for p, we obtain p = 


The angular coordinates (8, @) on a sphere of fixed radius are closely related to the 
longitude-latitude system used to identify points on the surface of the earth (Figure 12). 
By convention, in this system, we use degrees rather than radians. 


e A longitude is a half-circle stretching from the North to the South Pole (Fig- 
ure 13). The axes are chosen so that 0 = 0 passes through Greenwich, England 
(this longitude is called the prime meridian). We designate the longitude by an 
angle between 0 and 180° together with a label E or W, according to whether it 
lies to the east or west of the prime meridian. 

The set of points on the sphere satisfying ¢ = ¢po is a horizontal circle called 
a latitude. We measure latitudes from the equator and use the label N or S 
to specify the Northern or Southern Hemisphere. Thus, in the upper hemi- 
sphere 0 < ġo < 90°, and a spherical coordinate ġo corresponds to the latitude 
(90° — ġo) N. In the lower hemisphere 90° < pọ < 180°, and ġo corresponds to 
the latitude (ġo — 90°) S. 


Greenwich 


FIGURE 12 Longitude and latitude provide FIGURE 13 Latitude is measured from the 

spherical coordinates on the surface of the equator and is labeled N (north) in the 

earth. upper hemisphere, and S (south) in the 
lower hemisphere. 


EXAMPLE 8 Spherical Coordinates via Longitude and Latitude Find the angles 
(0, $) for Nairobi (1.17° S, 36.48° E) and Ottawa (45.27° N, 75.42° W). 


Solution For Nairobi, 6 = 36.48° since the longitude lies to the east of Greenwich. 
Nairobi’s latitude is south of the equator, so 1.17 = ġo — 90 and ġo = 91.17°. 

For Ottawa, we have 8 = 360 — 75.42 = 284.58° because 75.42° W refers to 75.42° 
in the negative @ direction. Since the latitude of Ottawa is north of the equator, 45.27 = 
90 — ġo and ġo = 44.73°. B 


EXAMPLE 9 Graphing Equations in Spherical Coordinates Graph the surface corre- 
sponding to the equation in spherical coordinates given by p = sec @. 


Solution We could plug in values for ¢, obtain the corresponding values for p, and then 
plot points, but it would be difficult to obtain an accurate representation of the surface in 
this way. Instead, notice that we can rewrite the equation: 


1 
cos d 


p= 


pcos¢@ = | 


From our conversion equations, we see that this is z = 1. Hence, our surface is sim- 
ply the horizontal plane at height z = 1, as in Figure 14. a 
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pn p Cylindrical (r, 0, 2) 
; Rectangular (x, y, z) 


x Q = (x, y, 0) 


FIGURE 15 Cylindrical coordinates (7, 0, z). 


P= (x,y, 2) 


x Q = (x, y, 0) 


FIGURE 16 Spherical coordinates (p, 0, ¢). 


12.7 SUMMARY 


e Conversion from rectangular to cylindrical (7,6, z) and spherical (p, 8, @) coordinates 
(Figures 15 and 16): 


Rectangular to cylindrical Rectangular to spherical 


as OP ae) 


tan@ = ^= tan = 


L£=2 cos ġ = 


Bin ls 


The angles are chosen so that 
Q<6@<2x (cylindrical or spherical), 0<@g<x (spherical) 


- Conversion to rectangular from cylindrical (r, 0, z) and spherical (p, 0, @) coordinates: 


Cylindrical to rectangular Spherical to rectangular 
x =rcosé x = psingcosé 
y=rsing y = psing sing 

Z=2Z z = pcos@ 


e Level surfaces: 


Cylindrical Spherical 
r= R: cylinder of radius R p= R: sphere of radius R 
0 = ĝo: vertical half-plane 0 = ĝo: vertical half-plane 
z=c: horizontal plane @ =o: right circular cone 
12.7 EXERCISES 
Preliminary Questions 
1. Describe the surfaces r = R in cylindrical coordinates and p = R in (a) If = 0, then P lies on the z-axis. 


spherical coordinates. 


(b) If = 0, then P lies in the xy-plane. 


2. Which statement about cylindrical coordinates is correct? 


(a) If = 0, then P lies on the z-axis. 
(b) If6 =0, then P lies in the xz-plane. 


4. The level surface ¢ = ġo in spherical coordinates, usually a cone, re- 
duces to a half-line for two values of ġo. Which two values? 


3. Which statement about spherical coordinates is correct? 5. For which value of ġo is ¢ = ġo a plane? Which plane? 


-—— a ge 


Exercises 
In Exercises 1-4, convert from cylindrical to rectangular coordinates. In Exercises 5-10, convert from rectangular to cylindrical coordinates. 
1. (4,7,4) 2, (25-8) 5. (1,-1,1) 6 (2,2,1) 7 (1,¥3,7) 


3. (0 = z) 4, (1, 


$. £3 5 5 
wa gent 2,28? 6 9, (= we ) , 
> 2) (3 5 Ep? 10. (3, 3V3, 2) 


ee” 


en 


In Exercises 11-16, describe the set in cylindrical coordinates. 
11. x2 + y* <3 12. x? +y? +z? < 10 
13. ee 24 x=0 

14. x? +y? +z? =9, y>0, 220 
15. x? +y? <9, x>y 16. y2 +z? <9, Rey 


In Exercises 17-26, sketch the set (described in cylindrical coordinates). 


Pres 4 wg- 

3 
ih. 441-2 Siero, 223 
J. ene oO Set T od} 


23. r = sin (Hint: Convert to rectangular.) 


24. 1<r <3, 0s0s 3 O0<z<4 
25. z? +r? <4 

3 
26: r <3, m0 jag 


In Exercises 27—32, find an equation of the form r = f (0,2) in cylindrical 
coordinates for the following surfaces. 


27. 2=x+y 28. xX +y +z = 
x? 

73 == 1 30. x2- y =4 
yz 

31. x? +y =4 32. z = 3xy 


In Exercises 33—38, convert from spherical to rectangular coordinates. 


33. (3.0, 5) 34. (2 L =) 


A A 

3x z tc 30 

A , —,— FA ,—, — 
T pE (63.5) 


In Exercises 39—44, convert from rectangular to spherical coordinates. 


35. (3,7,0) 


38. (0.5,3.7,2) 


39. (3,0,1) 40. (Eia) 
273 
41. (1,1,1) Se a=) 
1 ¥3 J2 JS2 
a (124) TEER 


In Exercises 45 and 46, convert from cylindrical to spherical coordinates. 
45. (2,0,2) 46. (3,7,43) 

In Exercises 47 and 48, convert from spherical to cylindrical coordinates. 
47. (4,0,5) 48. (2,3,5) 

In Exercises 49-54, describe the given set in spherical coordinates. 

49. x? + y? +z? < 100 

50. x? +y? +z? =1, z> 0 

S1. x? +y +z =10, 2>0, y>0, 2>0 


sety tz «1, rey x20, y2d 
53, y? +z <4, x=0 
54, x + y? = 37? 


SECTION 12.7 Cylindrical and Spherical Coordinates 733 


In Exercises 55-64, sketch the set of points (described in spherical 
coordinates). 


T 
7 7 
a T 58. p=2, $=7 
7 T 7 
= z= = > = > 
59. p=?2, HECS, 60. 8 5? $ 3 p21 
6l. p <2, 0<0<5, S<oen 
T 27 
2. S — < < — 
62. p zy SPs 3 
63. p = csc 


64. p = cscġ coto 


In Exercises 65-72, find an equation of the form p = f(8,¢) in spherical 
coordinates for the following surfaces. 


65. x? +y? =9 66. x=3 67. z=2 
68. z? = 3(x? +y?) 69. x = 2? 70. 2=x24+y? 
71. x*-y*=4 72. xy =z 


73. | AÁ Which of (a)-(c) is the equation of the cylinder of radius R in 
spherical coordinates? Refer to Figure 17. 


(a) Ro=sing (b) psing=R (c) p= Rsing 


FIGURE 17 


74. Let Pi = (1, -V3, 5) and P = (~1,./3,5) in rectangular coordi- 
nates. In which quadrants do the projections of Pı and Pz onto the xy-plane 
lie? Find the polar angle 6 of each point. 


75. Determine the spherical angles (6, @) for the cities Helsinki, Finland 
(60.1° N, 25.0° E), and São Paulo, Brazil (23.52° S, 46.52° W). 


76. Find the longitude and latitude for the points on the globe with angular 
coordinates (0, @) = (21/8, 7/12) and (4, 2). 


77, Consider a rectangular coordinate system with its origin at the center 
of the earth, z-axis through the North Pole, and x-axis through the prime 
meridian. Find the rectangular coordinates of Sydney, Australia (34° S, 
151° E), and Bogotá, Colombia (4° 32’ N, 74° 15’ W). A minute is 1/60°. 
Assume that the earth is.a sphere of radius R = 6370 km. 


78. Find the equation in rectangular coordinates of the quadric surface 
consisting of the two cones ¢ = 4 and ¢ = Le 
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79. Find an equation of the form z = f(r, @) in cylindrical coordinates for 
i 

z XO Skye. 

80. Show that p = 2cos¢@ is the equation of a sphere with its center on 

the z-axis. Find its radius and center. 


81. An apple modeled by taking all the points in and on a sphere of radius 
2 inches is cored with a vertical cylinder of radius 1 in. Use inequalities in 
cylindrical coordinates to describe the set of all points that remain in the 
apple once the core is removed. 


82. Repeat Exercise 81 using inequalities in spherical coordinates. 


83. EA Explain the following statement: If the equation of a surface in 
cylindrical or spherical coordinates does not involve the coordinate @, then 
the surface is rotationally symmetric with respect to the z-axis. 


84. Plot the surface p = 1 — cos @. Then plot the trace of S in the 
xz-plane and explain why S is obtained by rotating this trace. 


85. Find equations r = g(@,z) (cylindrical) and p = f(@,) (spherical) 
for the hyperboloid x? + y? = z? + 1 (Figure 18). Do there exist points 
on the hyperboloid with ¢ = 0 or x? Which values of @ occur for points 
on the hyperboloid? 


FIGURE 18 The hyperboloid x2 + y? =z? +1. 


Further Insights and Challenges 


In Exercises 86—90, a great circle on a sphere S with center O and radius 

R is a circle obtained by intersecting S with a plane that passes through 

O (Figure 19). If P and Q are not antipodal (on opposite sides), there is 

a unique great circle through P and Q on S (intersect S with the plane 

through O, P, and Q). The geodesic distance from P to Q is defined as 

the length of the smaller of the two circular arcs of this great circle. 

86. Show that the geodesic distance from P to Q is equal to Rw, where 

wv is the central angle between P and Q (the angle between the vectors 
-= 

v= OP adu = OQ). 

87. Show that the geodesic distance from Q = (a, b,c) to the North Pole 

P = (0,0, R) is equal to R cos! (£) 


88. The coordinates of Los Angeles are 34° N and 118° W. Find the 
geodesic distance from the North Pole to Los Angeles, assuming that the 
earth is a sphere of radius R = 6370 km. 


89. Show that the central angle y between points P and Q on a sphere (of 
any radius) with angular coordinates (0, @) and (6’, ġ’) is equal to 


wv = cos! (sin ¢ sin ġ'cos(8 — 6’) + cos ¢ cos ¢’) 


Hint: Compute the dot product of OP and 00. Check this formula by 
computing the geodesic distance between the North and South Poles. 


90. Use Exercise 89 to find the geodesic distance between Los Angeles 
(34° N, 118° W) and Bombay (19° N, 72.8° E). 


— Smaller circle 


Great circle 
through P and Q 


FIGURE 19 


CHAPTER REVIEW EXERCISES 


In Exercises 1-6, let v = {(—2,5) and w = (3, —2). 
Calculate 5w — 3v and 5v — 3w. 

Sketch v, w, and 2v — 3w. 

Find the unit vector in the direction of v. 

Find the length of v + w. 

Express i as a linear combination rv + sw. 


Find a scalar œ such that liv + awl] = 6. 


= ht Seo 


If P = (1,4) and Q = (—3,5), what are the components of PÒ? 
What is the length of PQ? 


8. Let A= (2,—1), B = (1,4), and P = (2,3). Find the point Q 
—>_ ‘ 2 —> 
such that PQ is equivalent to AB. Sketch PO and AB. 


9. Find the vector with length 3 making an angle of a with the pos- 
itive x-axis. 

10. Calculate 3 (i — 2j) — 6 (i+ 6j). 

11. Find the value of 8 for which w= (—2,8) is parallel to 
v= (4, —3). 

12. Let P = (1,4, —3). 

(a) Find the point Q such that PO is equivalent to (3, —1, 5). 

(b) Find a unit vector e equivalent to PO. 


-_— 


Med 13. Let w = (2, —2, 1) and v = (4,5, —4). Solve for u if v + 5u = 


3w — u. 


14. Let v = 3i — j+ 4k. Find the length of v and the vector 
2v +3 (4i — K). 


15. Find a parametrization r;(¢t) of the line passing through (1, 4, 5) 
and (—2,3,—1). Then find a parametrization r2(t) of the line parallel 
to rı passing through (1, 0, 0). 


16. Let rı(t) = vı +tw1 and r2(t) = V2 + tw2 be parametrizations 
of lines L; and £2. For each statement (a)-(e), provide a proof if the 
statement is true and a counterexample if it is false. 


(a) If Li = Lo, then v] = v? and wy = w2. 

(b) If £; = Lo and v] = vo, then w] = w2. 

(c) If Lı = L2 and wy = Wp, then vj = Vp. 

(d) If £, is parallel to £2, then w] = w2. 

(e) If £] is parallel to £2, then w] = Aw? for some scalar À. 


17. Find a and b such that the lines rı = (1,2,1) +¢t(1,—1, 1) and 
r2 = (3, —1, 1) + t (a, b, —2) are parallel. 


18. Find a such that the lines rı = (1,2,1) + ¢ź(1,—1,1) and 
ro = (3, —1, 1) + t(a,4, —2) intersect. 


19. Sketch the vector sum v= v4 — V2 + V3 for the vectors in 
Figure 1(A). 


20. Sketch the sums v] + V2 + v3, Vj + 2v2, and v2 — v3 for the vec- 
tors in Figure 1(B). 


V3 vı 


(A) (B) 


FIGURE 1 


In Exercises 21—26, let v = (1,3, —2) and w = (2, —1,4). 
21. Compute v- w. 

22. Compute the angle between v and w. 

23. Compute v x w. 

24. Find the area of the parallelogram spanned by v and w. 


25. Find the volume of the parallelepiped spanned by v, w, and 
u = (1,2,6). 


26. Find all the vectors orthogonal to both v and w. 


27. Use vectors to prove that the line connecting the midpoints of two 
sides of a triangle is parallel to the third side. 


28. Let v = (1, —1,3) and w = (4, —2, 1). 
(a) Find the decomposition v = Viw + Vw with respect to w. 
(b) Find the decomposition w = Wijv + Wy with respect to v. 
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29. Calculate the component of v = ( — 2, 3, 3) along w = (1,2,2). 
30. Calculate the magnitude of the forces on the two ropes in Figure 2. 


FIGURE 2 


31. A 50-kg wagon is pulled to the right by a force Fı making an angle 
of 30° with the ground. At the same time, the wagon is pulled to the 
left by a horizontal force F2. 

(a) Find the magnitude of F, in terms of the magnitude of F> if the 
wagon does not move. 

(b) What is the maximal magnitude of F} that can be applied to the 
wagon without lifting it? 


32. Let v, w, and u be the vectors in R?. Which of the following is a 
scalar? 

(a) vx (u+w) 

(b) (u + w)- (v x w) 

(c) (u x w) + (w— v) 


in Exercises 33-36, let v= (1,2,4), 
w = (1,0, —3). Calculate the given quantity. 


u = (6,—1,2), and 


33. vxw 34. Ww xu 
u 

35. det | v 36. v - (u x w) 
wW 


37. Use the cross product to find the area of the triangle whose vertices 
are (1,3, —1), (2, —1, 3), and (4, 1,1). 


38. Calculate ||v x w]| if ||v|| = 2, v - w = 3, and the angle between v 


and w is T 


39. Show that if the vectors v, w are orthogonal, then ||v + wll? = 
viž + Iwill. 


40. Find the angle between v and w if ||v + wll = Iivi = || wl]. 


41. Find |je — 4f||, assuming that e and f are unit vectors such that 


le + fl] = v3. 


42. Find the area of the parallelogram spanned by vectors v and w 
such that ||v|| = ||wlf = 2 and v.w = 1. 


43. Show that the equation (1,2,3) x v = (—1,2,a) has no solution 
fora Æ —1. 


44. Prove with a diagram the following: If e is a unit vector orthogonal 
to v, then e x (v x e) = (e x v) xe = vV. 


45. Use the identity 
u x (VX W) = (U- Ww) V— (U- v) Ww 
to prove that 


ux(vxw)t+vx (wxu)+wx (uxyv)=90 
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FON 
46. Find an equation of the plane through (1, —3,5) with normal vec- 61. Convert (x, y, z) = (3,4, —1) from rectangular to cylindrical andi | 


Pi 


tor n = (2, 1, —4}. 
47. Write the equation of the plane P with vector equation 
(1,4, —3) - (x,y,z) =7 
in the form 
a(x — xo) + b(y— yo) + c (z — 20) = 0 
Hint: You must find a point P = (xo, yo, zo) on P. 


48. Find all the planes parallel to the plane passing through the points 
(1,2,3), (1,2,7), and (1, 1, —3). 


49. Find the plane through P = (4,—1,9) containing the line 
r(t) = (1,4, —3) + t(2, 1, 1). 


50. Find the intersection of the line r(t) = (3t + 2,1,—7r) and the 
plane 2x — 3y +z = 5. 
51. Find the trace of the plane 3x — 2y + 5z = 4 in the xy-plane. 


52. Find the line of intersection of the plane x + y +z = 1 and the 
plane 3x — 2y +z = 5. 


In Exercises 53—58, determine the type of the quadric surface. 


s3. (ZV+ (2Y +22 =1 sa, (=) —(2) +22 =1 
55. G) y i =2z=1 56. Ey = (zy — Dea 
57. (=) = (zy ~ 27? =O 58. (=) = ey -2z =] 


59. Determine the type of the quadric surface ax? + by? — z? = 1 ìf: 
(a) a<0, b<0Q0 
(b) a>0, b>0 
(c) a>O, b<O 


60. Describe the traces of the surface 


-7G 


in the three coordinate planes. 


spherical coordinates. 


62. Convert (r,6,z) = (3, z 4) from cylindrical to spherical 
coordinates. 


63. Convert the point (0,0, $) = (3, Z, 5) from spherical to cylindri- 
cal coordinates. 


64. Describe the set of all points P = (x, y, z) satisfying x? + y* < 4 
in both cylindrical and spherical coordinates. 


65. Sketch the graph of the cylindrical equation z = 2r cos 0 and write 
the equation in rectangular coordinates. 


66. Write the surface x? + y2—72=2(x+y) as an equation 
r = f (6,z) in cylindrical coordinates. 


67. Show that the cylindrical equation 
r2(1 —2sin2 6) +z? =1 
is a hyperboloid of one sheet. 


68. Sketch the graph of the spherical equation p = 2cos@ sing and 
write the equation in rectangular coordinates. 


69. Describe how the surface with spherical equation 
pr(1 + Å cos? ġ)=1 
depends on the constant A. 
70. Show that the spherical equation cot¢@ = 2cos@ + sin@ defines 
a plane through the origin (with the origin excluded). Find a normal 


vector to this plane. 


71. Let c be a scalar, a and b be vectors, and X = (x, y,z). Show 
that the equation (X — a) - (X — b) = c? defines a sphere with center 
m= dat b) and radius R, where R? = c? + | x(a = b)||*. 


The Cassini spacecraft was launched in 1997 
and, after arriving at Saturn in 2004, spent 
nearly 13 years orbiting and investigating the 
planet. The path it followed in orbit around 
Saturn is illustrated in the figure. 
Vector-valued functions are used to design 
and control the trajectory of the spacecraft, 
and the concepts of calculus are invaluable in 
the process. 


Functions with real number values are 
often called scalar-valued to distinguish 
them from vector-valued functions. 


NASA/Jet Propulsion Laboratory-Caltech 


We often use t for the parameter, thinking 
of it as representing time, but we are free 
to use any other variable such as s or 8. It 
is best to avoid writing r(x) orr(y) to 
prevent confusion with the x- and 
y-components ofr. 


13 CALCULUS OF VECTOR-VALUED 
FUNCTIONS 


n this chapter, we study vector-valued functions and their derivatives, and we use them 
to analyze curves and motion in 3-space. Although many techniques from single- 
variable calculus carry over to the vector setting, there are important new aspects to the 
derivative. For a real-valued function f, the derivative f'(x) is a numerical value that 
indicates the rate of change of f at x. By contrast, the derivative of a vector-valued func- 
tion is a vector. It identifies the magnitude and the direction of the rate of change of the 
function. To develop these new concepts, we begin with an introduction to vector-valued 
functions. 


13.1 Vector-Valued Functions 


Consider a particle moving in R? whose coordinates at time ¢ are (x(t), y(t), z(£)). It is 
convenient to represent the particle’s path by the vector-valued function 


Think of r(t) as a moving vector that points from the origin to the position of the particle 
at time ¢ (Figure 1). 


r(t) = (x(t), y(t), z(6)) = x(t + yj + zHk | 


N 


r(t;) Path of 


particle 


r(t) = (x(), yo), z0) 


FIGURE 1 


More generally, a vector-valued function is any function r(t) of the form in Eq. (1) 
whose domain P is a set of real numbers and whose range is a set of position vectors. 
The variable ¢ is called a parameter, and the functions x(t), y(t), z(t) are called the com- 
ponents or coordinate functions. We usually take as domain the set of all values of t 
for which r(t) is defined—that is, all values of ¢t that belong to the domains of all three 
coordinate functions x(t), y(t), z(t). For example, 


r(t)=(t*,e',4-—7t), domain D=R 
r(s) = (/s,e°,s—*}, 


The terminal point of a vector-valued function r(t) traces a path in R? as ¢ varies. We 
refer to r(t) either as a path or as a vector parametrization of a path. 

We have already studied special cases of vector parametrizations. In Chapter 12, we 
described lines in R? using vector parametrizations. Recall that 


domain D = {se R:s > 0} 


r(t) = (xo, yo, Z0) + tV = (xo + ta, yo + th, zo + tc) 


parametrizes the line through P = (Xo, yo, zo) in the direction of the vector v = (a,b,c). 
In Chapter 11, we studied parametrized curves in the plane R°? in the form 


c(t) = (x(t), y@)) 737 
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Such a curve is described equally well by the vector-valued function r(t) = (x(t), y(t)) 
The difference lies only in whether we visualize the path as traced by a moving point c(t) 
or the tip of a moving vector r(t). The advantage of the vector form is that we can define 
a vector-valued derivative, a vector that specifies both the magnitude and direction of a 
rate of change in position of a point on the path. 
It is important to distinguish between the path parametrized by r(t) and the under- 
4 REMINDER As we indicated previously, lying curve C traced by r(t). The curve C is the set of all points (x(t), y(t), z(t)) as t 


with parametrizations, we can think of the ranges over the domain of r(t). The path is a particular way of traversing the curve; it 
curve as a road on which the may traverse the curve several times, reverse direction, move back and forth, etc. 
parametrization travels, and the path as a 
Me. es r EXAMPLE 1 The Path Versus the Curve Describe the path 

r(t) = (cost, sint, 1), —~ <t < 


How are the path and the curve C traced by r(¢) different? 


Solution As ¢ varies from —oo to oo, the endpoint of the vector r(t) moves around 
a unit circle at height z = 1 infinitely many times in the counterclockwise direction 
when viewed from above (Figure 2). The underlying curve C traced by r(ż) is the circle 
itself. F 


A curve in R? is also referred to as a space curve (as opposed to a curve in R?, which 
is called a plane curve). Space curves can be quite complicated and difficult to sketch by 
hand. An effective way to visualize a space curve is to plot it from different viewpoints 


FIGURE 2 Plot of r(t) = (cost, sinz, 1). using a computer (Figure 3). 


X 


Some computer graphing utilities allow you 
to plot a space curve and rotate in different 
directions so that you can examine it from 


any viewpoint. : í 
P FIGURE 3 The curve r(t) = (t sin 24 cost, t sin? t, t cos t) for 0 < t < 4x, seen from three different 


viewpoints. 


The projections onto the coordinate planes are another aid in visualizing space 
curves. The projection of a path r(t) = (x(t), y(t), z(t)) onto the xy-plane is the path 
p(t) = (x(t), y(t), 0) (Figure 4). Similarly, the projections onto the yz- and xz-planes are 
the paths (0, y(t), z(t)) and (x(t), 0, z(t)), respectively. 


EXAMPLE 2 Helix Describe the curve traced by r(t) = (—sint,cost,t) fort > Oin 
terms of its projections onto the coordinate planes. 


Solution The projections are as follows (Figure 4): 


(A) xy-plane (set z = 0): the path traced by p(t) = (—sint,cost,0), which goes 
counterclockwise around the unit circle starting at p(0) = (0, 1, 0) 

(B) xz-plane (set y = 0): the path (— sin t, 0, t}, which is a sine wave in the z-direction 

(C) yz-plane (set x = 0): the path (0,cosz,r), which is a cosine wave in the 
z-direction WY 


The function r(t) describes a point moving above the unit circle in the xy-plane, while 
its height z = ¢ increases linearly, resulting in the helix of Figure 4. a 


FIGURE 4 Projections of the helix 


r(t) = (—sint, cost, t). 


FIGURE 5 


x*-y=z-1 
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(C) Projection 
wa onto yz-plane 


(B) Projection 
onto xz-plane 


(A) Projection onto xy-plane 


Every curve can be parametrized in infinitely many ways (because there are infinitely 
many ways that a particle can traverse a curve as a function of time). The next example 
describes two very different parametrizations of the same curve. 


EXAMPLE 3 Parametrizing the Intersection of Surfaces Parametrize the curve C 
obtained as the part of the intersection of the surfaces x? — y? = z — 1 and x? + y? = 4 
where y > 0 (Figure 5). 


Solution We have to express the coordinates (x, y, z) of a point on the curve as functions 
of a parameter t. We will demonstrate two different methods for doing this. 
First method: Solve the given equations for y and z in terms of x. First, solve for y: 


xX +y =A > y =4-x > ys=tv4—x? 


The intersection of the surfaces The part with y 2 0 
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FIGURE 6 Horizontal and vertical circles of 
radius 3 and center P = (2, 6,8) obtained 
by translating two different circles 
centered at the origin. 


Since we are restricting to y > 0, we take just y = /4 — x2. The equation x? — y*=z—-1 __ 
can be written z = x? — y? + 1. Thus, we can substitute y? = 4 — x? to solve for z: 


z=x =y +1 =x — (4-1) +1 =2x? -3 


Now use t = x as the parameter. Then y = /4 — t?, z = 2t? — 3. Thus, we have the 
parametrization 


r(t) = (1, V4 = 12,207 X- 3), EFTE) 


Second method: Note that x? + y? = 4, with y > 0, has a trigonometric parametriza- 
tion: x = 2cost, y = 2sint for 0 < t < x. The equation x? — y? = z — 1 gives us 


z =x? — y? + l = 4cos’ t — 4sin” t + 1 = 4cos 2t + 1 
Thus, we may parametrize the curve by the vector-valued function: 


r(t) = (2cost,2sint,4cos 2t + 1), V=t<2 E 


EXAMPLE 4 Parametrize the circle of radius 3 with its center P = (2, 6, 8) located in a 
plane: 


(a) parallel to the xy-plane. (b) parallel to the xz-plane. 


Solution (a) A circle of radius R in the xy-plane centered at the origin has parametriza- 
tion (Rcost, R sint). To place this circle of radius R in a three-dimensional coordinate 
system, we use the parametrization (R cost, R sint,0). 

Thus, the circle of radius 3 in the xy-plane centered at (0,0,0) has parametriza- 
tion (3 cos t, 3 sint,0). To move this circle in a parallel fashion so that its center lies at 
P = (2,6, 8), we translate by the vector (2, 6, 8): 


r\(t) = (2,6,8) + 3cost,3sint,0) = (2+ 3cost,6+4+ 3sinż, 8) 
(b) The parametrization (3 cos t,0,3sint) gives us a circle of radius 3 centered at the 
origin in the xz-plane. To move the circle in a parallel fashion so that its center lies at 
(2, 6, 8), we translate by the vector (2, 6, 8): 

r2(t) = (2,6, 8) + (3cost,0,3sint) = (2+ 3cost, 6,8 + 3 sinr) 


These two circles are shown in Figure 6. a 


(A) 
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13.1 SUMMARY 


¢ A vector-valued function is a function of the form 


r(t) = (x(t), y(t), 2(t)) = x(t)i + y(t)j + z(t)k 


¢ We often think of t as time and r(t) as a moving vector whose terminal point traces 
out a path as a function of time. We refer to r(t) as a vector parametrization of the 
path, or simply as a path. 

° The underlying curve C traced by r(t) is the set of all points (x(t), y(t), z(t)) in R? for 
t in the domain of r(t). A curve in R? is also called a space curve. 

° Every curve C can be parametrized in infinitely many ways. 

¢ The projection of r(t) onto the xy-plane is the curve traced by (x(t), y(t), 0). The 
projection onto the xz-plane is (x(t), 0, z(f)), and the projection onto the yz-plane is 


(0, y(t), z(t)). 


13.1 EXERCISES 


Preliminary Questions 

1. Which one of the following does not parametrize a line? 

(a) r,(t) = (8 —f¢, 2t, 3t) 

(b) ro(t) = Pi — 7j + Pk 

(c) r3(t) = (8 — 4t?,2 + 5t?, 923) 

2. What is the projection of r(t) = ti + ttj + e'k onto the xz-plane? 

_ 3. Which projection of (cos t, cos 2¢, sin t) is a circle? 

4. What is the center of the circle with the following parametrization? 


r(t) = (—2 + cos t)i + 2j + (3 — sint)k 


5. How do the paths r(t) = (cost, sint) and r2(źż) = (sint,cost) around 
the unit circle differ? 


6. Which three of the following vector-valued functions parametrize the 
same space curve? 


(a) (—2 + cos t)i + 9j + (3 — sint)k 
(b) (2 + cos t)i — 9j + (—3 — sint)k 
(c) (—2 + cos 3t)i+ 9j + (3 — sin 34)k 
(d) (—2 — cost)i + 9j + (3 + sin t)k 
(e) (2 + cost)i+9j+ (3 + sinż)k 


Exercises 
1. What is the domain of r(t) = e'i + j HED 


2. What is the domain of r(s) = e'i + ./sj + cos sk? 
3. Evaluate r(2) and r(—1) for r(t) = (sin $1, t°, (t? + 1)7}}. 


4. Does either of P = (4, 11,20) or Q = (—1, 6, 16) lie on the path r(t) = 
(1 +6,2 +8,14)? 


5. Find a vector parametrization of the line through P = (3, —5,7) in the 
direction v = (3,0, 1). 


6. Find a direction vector for the line with parametrization r(t) = 
(4— Hi + (24 50j+ dtk. 


7. Determine whether the space curve given by r(t) = (sint,cost/2, t) 
intersects the z-axis, and if it does, determine where. 


8. Determine whether the curve given by r(t) = (t?,1? — 2t — 3,t — 3) 
intersects the x-axis, and if it does, determine where. 


9. Determine whether the space curve given by r(t) = (t, 9,17 + 1) inter- 
sects the xy-plane, and if it does, determine where. 


10. Show that the path given by r(t) = (cost, cos(2r), sin t) intersects the 
xy-plane infinitely many times, but the underlying space curve intersects 
the xy-plane only twice. 


11. Show that the space curve given by r(t) = (1 — cos(2r), t + sint, t?) 
intersects the yz-plane in infinitely many points but does not cross 
through it. 


12. Show that the path given by r(t) = (e~ sin t, e™* cost, e™*} intersects 
the sphere x? + y? + z? = 4 once, traveling from outside the sphere to in- 
side as t goes from —oo to oo. 


13. Match the space curves in Figure 7 with their projections onto the 
xy-plane in Figure 8. 


eS 


g 


| x 
(A) (C) 
FIGURE 7 
y J J. 
x x x 
(i) Gi) (ii) 


FIGURE 8 
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14. Match the space curves in Figure 7 with the following vector-valued 
functions: 


(a) r)(t) = (cos 2t, cost, sint) 
(c) r3(t) = (1,¢,£) 


15. Match the vector-valued functions (af) with the space curves 


(Hvi) in Figure 9. 
(a) r(t)= (t + 15, 29-0 cost, 9-08! sin t) 
25t 
(c) r(t) = (nt, 7a} 
(e) r(t) = (t,t, 2¢) 


(b) ro(t) = (t, cos 2t, sin 2t) 


(b) r(t) = (cost, sint, sin 12t) 


( 
T r(t) = (cos? t, sin? t, sin 2t) 
r(t) = (cost, sin £, cos t sin 121) 


(i) (it) (iii) 
à . 
y (/ l : 
(iv) (v) (vi) 
FIGURE 9 


16. Which of the following curves have the same projection onto the 
xy-plane? 


(a) ri(t) = (t,t, e") 
(c) r3(t) = (t,t, cost) 


(b) r(t) = (e', 17,2) 


17. Match the space curves (A){C) in Figure 10 with their projections 
(Mii) onto the xy-plane. 


y 
-3 \ 
nn, 
S 
x 
(A) 
a 
y 
x 


(i) 


FIGURE 10 


18. Describe the projections of the circle r(t) = (sint,0,4-+ cost) onto 
the coordinate planes. ia 


In Exercises 19-22, the function r(t) traces a circle. Determine the radius, 
center, and plane containing the circle. 


19. r(t) = Qcost)i+ GOsint)j 
20. r(t) = 7i + (12cost)j + (12 sint)k 
21. r(t) = (sint,0,4 + cost) 
22. r(f) = (6+ 3sint,9,4+ 3cost) 
23. Consider the curve C given by 
r(t) = (cos(2t) sin t, sin(2t), cos(2tf) cos t} 


(a) Show that C lies on the sphere of radius 1 centered at the origin. 
Show that C intersects the x-axis, the y-axis, and the z-axis. 


24. Show that the curve C that is parametrized by 
r(t) = (1? — 1,1 — 217, 4 — 6t) 


lies on a plane as follows: 


(a) Show that the points on the curve at ¢ = 0, 1, and 2 do not lie on a line, 
and find an equation of the plane that they determine. 


(b) Show that for all t, the points on C satisfy the equation of the plane 
in (a). 


25. Let C be the curve given by r(t) = (t cost, tsint, ft). 
(a) Show that C lies on the cone x? + y? = 2”. 
(b) Sketch the cone and make a rough sketch of C on the cone. 


26. Use a computer algebra system to plot the projections onto ~_ 
the xy- and xz-planes of the curve r(t) = (t cost,t sint, ft) in Exercise 25. 


In Exercises 27 and 28, let 
r(t) = (sint, cost, sint cos 2t} 


be a parametrization of the curve shown in Figure 11. 


FIGURE 11 
27. Find the points where r(t) intersects the xy-plane. 
28. Show that the projection of r(t) onto the xz-plane is the curve 
z=x—-2x for —1 <x 2i 
29. Parametrize the part of the intersection of the surfaces 
E A y +z =9 
where z > 0 using t = y as the parameter. 


30. Find a parametrization of the entire intersection of the surfaces in 
Exercise 29 using trigonometric functions, 


aa 


No 


31. Viviani’s Curve C is the intersection of the surfaces (Figure 12) 


xŻ+y =z, y= 
(a) Separately parametrize each of the two parts of C corresponding to 
x > Oand x < 0, taking ¢ = z as the parameter. 
(b) Describe the projection of C onto the xy-plane. 
(c) Show thatC lies on the sphere of radius 1 with its center (0, 1, 0). This 
curve looks like a figure eight lying on a sphere [Figure 12(B)]. 


(B) Viviani's curve 
viewed from the 
negative y-axis 


FIGURE 12 Viviani’s curve is the intersection of the surfaces 
x? + y? = z? and y = z2. 


2 can be written in the form 


32. (a) Show that any point on x? + y? =z 
(z cos @, z sin ĝ, z) for some @. 
(b) Use this to find a parametrization of Viviani’s curve (Exercise 31) with 


0 as the parameter. 


33. Use sine and cosine to parametrize the intersection of the cylinder 
x? + y? = 1 and the plane x + y +z = 1. Then describe the projections 
of this curve onto the three coordinate planes. 


34. Use hyperbolic functions to parametrize the intersection of the sur- 
faces x? — y? = 4 and z = xy. 


35. Use sine and cosine to parametrize the intersection of the surfaces 
x? + y? = 1 and z = 4x? (Figure 13). 


FIGURE 13 Intersection of the surfaces x? + y? = 1 and z = 4x°. 
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In Exercises 36—38, two paths rı (t) and r2(t) intersect if there is a point P 
lying on both curves. We say that rı (t) and r2(t) collide if rı (to) = r2(to) 
at some time tg. 


36. Which of the following statements are true? 
(a) If rı(ż) and r2(t) intersect, then they collide. 
(b) If r(t) and r2(ż) collide, then they intersect. 


(c) Intersection depends only on the underlying curves traced by rı and 
r2, but collision depends on the actual parametrizations. 


37. Determine whether r;(ż) and r2(ż) collide or intersect, giving the co- 
ordinates of the corresponding points if they exist: 
rit) = (t +3,t +1,61!) rm6) = (4t, 2t — 2,27 — 7) 


38. Determine whether rı(ż) and r2(t) collide or intersect, giving the co- 
ordinates of the corresponding points if they exist: 


ril) = (t,t, t), rot) = (4t + 6,4,7 — t) 


In Exercises 39—48, find a parametrization of the curve. 
39. The vertical line passing through the point (3, 2, 0) 
40. The line passing through (1,0,4) and (4, 1,2) 


41. The line through the origin whose projection on the xy-plane is a line 
of slope 3 and whose projection on the yz-plane is a line of slope 5 (i.e., 
Az/Ay= 5) 


42. The circle of radius 1 with center (2, —1,4) in a plane parallel to the 
xy-plane 


43. The circle of radius 2 with center (1,2,5) in a plane parallel to the 
yz-plane 


; x\2 y 2 
44. The ellipse E F (=) = | in the xy-plane, translated to have cen- 
ter (9, —4, 0) 
45. The intersection of the plane y = : with the sphere x? + y? +z? =1 


46. The intersection of the surfaces 


z=x -y and z=x*+xy—1 
; X\2 22 
47. The ellipse 5 + (5) = 1 in the xz-plane, translated to have cen- 


ter (3, 1, 5) [Figure 14(A)] 


2 2 
48. The ellipse (>) + (=) = 1, translated to have center (3, 1,5) 
[Figure 14(B)] 


(A) (B) 


FIGURE 14 The ellipses described in Exercises 47 and 48. 
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Further Insights and Challenges = 
. —F 2 
49. Sketch the curve parametrized by r(t) = (|t| + £, |t| — ¢). Fə = ——— a,b, a? +b 
š h va? +b? +1} ( ) 
50. Find the maximum height above the xy-plane of a point on 
r(t) = (e, sint, t(4— t )}- Hint: Show that Cı F; and C2 F> have length r and are orthogonal to the 
ZF plane. 
51. |=} Let C be the curve obtained by intersecting a cylinder of radius : 5 
r and a plane. Insert two spheres of radius r into the cylinder above and e aa with the aid of a computer algebra system, that Eq. (2) holds 


below the plane, and let F; and F> be the points where the plane is tangent 


to the spheres [Figure 15(A)]. Let K be the vertical distance between the a 
equators of the two spheres. Rediscover Archimedes’s proof that C is an K = 2rva*+b*+1 


ellipse by showing that every point P on C satisfies 
To simplify the algebra, observe that since a and b are arbitrary, it suffices 


PF, + PPIK |2] to verify Eq. (2) for the point P = (r,0,ar). 


Hint: If two lines through a point P are tangent to a sphere and intersect the 
sphere at Qı and Q2 as in Figure 15(B), then the segments P Q, and P Q2 
have equal length. Use this to show that PF, = PR, and P F2 = P R2. 


52. Assume that the cylinder in Figure 15 has equation x? + y? = r? and 
the plane has equation z = ax + by. Find a vector parametrization r(t) of 
the curve of intersection using the trigonometric functions y = cost and 
y=sint. 


53. Now reprove the result of Exercise 51 using vector geome- 
try. Assume that the cylinder has equation x? + y? = r? and the plane has 
equation z = ax + by. 

(a) Show that the upper and lower spheres in Figure 15 have centers 


Ci = (0,0,r va? +b +41 ) 
C2 = (0,0, -rya? +b? +1) 


(b) Show that the points where the plane is tangent to the sphere are 


(B) 


FIGURE 15 
(a, b,a? + b°) 


ee 
/a +b? +i 


13.2 Calculus of Vector-Valued Functions 


In this section, we extend differentiation and integration to vector-valued functions. This 
is straightforward because the techniques of single-variable calculus carry over with 
little change. What is new and important, however, is the geometric interpretation of 
the derivative as a tangent vector. We describe this later in the section. 

The first step is to define the limits of vector-valued functions. 


DEFINITION Limit of a Vector-Valued Function A vector-valued function r(t) ap- 
| proaches the limit u (a vector) as t approaches fp if lim ir) — ul] = 0. In this case, 
>t 


we write 


a r(t)=u 


x re 
We can visualize the limit of a vector-valued function as a vector r(t) moving to- 


FIGURE 1 The vector-valued function ward the limit vector u (Figure 1). According to the next theorem, vector limits may be 
r(t) approaches the vector u as £ — to. computed componentwise. 


The Limit Laws of scalar functions remain 
valid in the vector-valued case. They are 
verified by applying the Limit Laws to the 
components. 


By Theorems 1 and 2, vector-valued limits 
and derivatives are computed 
componentwise, so they are no more 
difficult to compute than ordinary limits 
and derivatives. 
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THEOREM 1 Vector-Valued Limits Are Computed Componentwise A vector-valued 
function r(t) = (x(t), y(t), z(t)) approaches a limit as t — tọ if and only if each com- 
ponent approaches a limit, and in this case, 


lim r(t) = (im x(t), lim y(¢), lim z0) 
t— to t— to t— to t— to 


Proof Letu = (a,b,c) and consider the square of the length 


I(t) — ul? = @@ — a}? +O — bY + EE) — 0 [ 2 | 


The term on the left approaches zero if and only if each term on the right approaches 
zero (because these terms are nonnegative). It follows that ||r(t) — ul] approaches zero if 
and only if |x(t) — al, |y(t) — b|, and |z(t) — c| tend to zero. Therefore, r(t) approaches 
a limit u as t — fo if and only if x(t), y(t), and z(t) converge to the components a, b, 
and c, respectively. E 


EXAMPLE 1 Calculate lim r(t), where r(t) = T l—żź, B 
t= 
Solution By Theorem 1, 


] 
lim r(t) = lim(??, 1 — TE = (im t°, lim(1 — ż), lim Ai) = (9, —2, 5) E 
t—>3 t—>3 t—>3 t—>3 t>3 3 


Continuity of vector-valued functions is defined in the same way as in the scalar 
case. A vector-valued function r(t) = (x(t), y(t), z(t)) is continuous at fo if 


lim r(t) = r(to) 
t— to 


By Theorem 1, r(t) is continuous at to if and only if the components x(t), y(t), z(t) are 
continuous at fo. 
We define the derivative of r(t) as the limit of the difference quotient: 


/ 4d - a Kea) rei) 


In Leibniz notation, the derivative is written dr/dt. 

We say that r(t) is differentiable at ¢ if the limit in Eq. (3) exists, and we say thet 
r is differentiable if it is differentiable at all ¢ in its domain. Notice that the components 
of the difference quotient are themselves difference quotients: 


ee ee T — +h)—x(t) y +h) — yt) z(t +h)-— ap 


h>0 h h—>0 h Í h í h 


and by Theorem 1, r(¢) is differentiable if and only if the components are differentiable. 
In this case, r(t) is equal to the vector of derivatives (x’(t), y'(t), z’(t)). 


THEOREM 2 Vector-Valued Derivatives Are Computed Componentwise A vector- 


valued function r(t) = (x(t), y(t), z(t)) is differentiable if and only if each component 
is differentiable. In this case, 


d 
r(t) = Sr) = (x'(t), y'@), z’(2)) 


Here are some vector-valued derivatives, computed componentwise: 


d l d ; 
a(t» t° sin t) = (21, 32”, cost), 7 (Cos t, —1,e”) = (—sint, 0, 2e”) 
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Higher order derivatives are defined by repeated differentiation: 
d d 
Ne — — r(t), r= "et, 
r (t) J; (t) (t) at 
EXAMPLE 2 Calculate r’(3), where r(t) = (In tits i 
Solution We perform the differentiation componentwise: 
d 
r= — (Int,t, 17) = (rt, 1, 22) 
dt 
wn d —] —2 
r”(t) = — (t~", 1,22) = (—t74,0,2) 
dt 
Therefore, r”(3) = (—§, 0, 2). a 


The differentiation rules of single-variable calculus carry over to the vector setting. 


Differentiation Rules Assume that r(t), rı(t), and ro(t) are differentiable. Then 


e Sum Rule: (r1 (t) + ro(t)Y = ri (t) +0) 
¢ Constant Multiple Rule: For any constant c, (c r(t)Y = c r'(t). 
¢ Scalar Product Rule: For any differentiable scalar-valued function f, 


d 
T (Fore) = fee) + FOr) 


e Chain Rule: For any differentiable scalar-valued function g, 


d 
a r(g(t)) = r'(g(t))g'(t) 


Proof Each rule is proved by applying the single-variable differentiation rules to the 
components. For example, to prove the Scalar Product Rule (we consider vector-valued 
functions in the plane, to keep the notation simple), we write 


FOrO = FOO, YO) = (FOxO, FOVO) 
Now apply the Product Rule to each component: 
d d d 
a! (r(t) = (+ F@)x(t), ere wr) 


= (F'O + FOLO, FOO + FOYO) 
= (FOXA, FOYO + (FOx'@, FOO) 
= F'O A, yE) + fOX’O. YO) = FNA + fOr 


The remaining proofs are left as exercises (Exercises 73-74). E 
EXAMPLE 3 Letr(t) = (^, ST, 1} and f(t) = e*. Calculate: 


d d 
(a) aA (t)r(t) (b) ait (t)) 


Solution We have r’(t) = (21,5, 0) and f’(t) = 3e”. 
(a) By the Scalar Product Rule, 


d 
= fre) = OE) + fOr@ = 3e""(, 5t, 1) + e**(21, 5,0) 


= (317 + 2t)e” , (15t + 5)e**, 3e*"| 


CAUTION Order is important in the Cross 
Product Rule. The first term in Eq. (5) 
must be written as 


r(t) x a(t) 


not ro(t) x r(t). Remember, cross 
product is not commutative. Similarly, the 
second term is rı(t) x r(t). Why is order 
not a concern for dot products? 


SECTION 13.2 Calculus of Vector-Valued Functions 747 


Note that we could have first found f(t)r(t) = et t, St, 1) -s oS edt 5t, et \, and 
then differentiated to obtain the same answer. In that case, we would have needed to use 
the single-variable product rule when differentiating the x- and y-components. 


(b) By the Chain Rule, 


Za FE =r (FAFO = r(e” Be” = (2%, 5, 03e" = (6e%,15e%,0) m 


In addition to the derivative rule for the product of a scalar function f and a vector- 
valued function r stated earlier in this section, there are product rules for the dot and cross 
products. These rules are very important in applications, as we will see. 


THEOREM 3 Product Rules for Dot and Cross Products Assume that r;(ź) and r2(t) 
are differentiable. Then 


Dot Product Rule: aO -ro(t)) = r4 (t) - r2(t) + ri(t) - r(t) [4] 


Cross Product Rule: Tno x r2(t)) = (r1) x r2(t)) + (r1(t) x r3(t)) [5| 


We have seen three product rules involving vector-valued functions: the Scalar Prod- 
uct Rule, the Dot Product Rule, and the Cross Product Rule. Each has the same form as 
the single-variable product rule: The derivative of the first term “times” the second, plus 
the first term “times” the derivative of the second. The type of product referred to by 
“times” in each case is different—scalar multiplication in the first case, dot product in 
the second, cross product in the third. 


Proof We prove Eq. (4) for vector-valued functions in the plane. If r(t) = (x1 (£), y1 (6)) 
and r2(ż) = (x2(t), yo(t)), then 


d d 
700- Fat) = 7 OA + y1 Oy2)) 


= xi (t)xo(t) + a AE) + OYE + yEyE) 
= (x1 Ox) + y OARE) + (eE + yi) y5@) 
= ri (t) - r2(t) + r(t) - (2) 


The proof of Eq. (5) is left as an exercise (Exercise 75). B 


In the next example and throughout this chapter, all vector-valued functions are as- 
sumed differentiable, unless otherwise stated. 


EXAMPLE 4 Prove that Eo) x r'(t)) = r(t) x r” (t). 


Solution By the Cross Product Rule, 


d 4 ; n i 
= (re) xr) =r x rE) +r xr") = rt) x") 
——— _ — 


Equals 0 


Here, r(t) x r(t) = 0 because the cross product of a vector with itself is zero. x 
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The Derivative as a Tangent Vector a 


The derivative vector r’ (to) has an important geometric property: It points in the direction 
tangent to the path traced by r(t) at t = to. 

To understand why, consider the difference quotient, where Ar = r(to + h) — r(to) 
and At = h with h > 0: 


Ar r(to +h) — r(to) 

MT h [6 | 
The vector Ar points from the head of r(to) to the head of r(to + h) as in Figure 2(A). 
The difference quotient Ar/At is a positive scalar multiple of Ar and therefore points in 
the same direction [Figure 2(B)]. 


r(fo + h) a r(fp) 
h 


(to + k) — Ftp) 


——. \ 
r(fo +h) 
FIGURE 2 The difference quotient x y 
points in the direction of 
Ar = r(to + h) — (fo). (A) (B) 
If we think of r(t) as indicating the As h = At tends to zero, Ar also tends to zero but the quotient Ar/At approaches a 
position of a particle moving along a curve, vector r’ (fg) (assuming it exists), which, if nonzero, points in the direction tangent to the 
then r'(t) gives the rate of change of curve. Figure 3 illustrates the limiting process. We refer to r’(fo) as the tangent vector 
velocity of the particle. Since the velocity 
vector is tangent to the curve, it indicates rip +h) -rlo 
the (instantaneous) direction of motion of m h tending to zero Limit as h-+0 Se 
the particle. In the next section we will see o) 
that it also indicates the particle’s speed. Yas 
(A) (B) (C) 


FIGURE 3 The difference quotient converges to a vector r’(fg), tangent to the curve. 


The tangent vector r’(fo) (if it exists and is nonzero) is a direction vector for the 
tangent line to the curve. The tangent line then is the line with vector parametrization: 


Tangent line at r(to): L(t) = r(fo) + t r'(to) 


EXAMPLE 5 Plotting Tangent Vectors Plot r(t) = (cost, sint,4 cos? t} to- 


gether with its tangent vectors at t = 7 and H, Find a parametrization of the tangent 
line at t = 4. 


Solution The derivative is r(t) = (— sint,cost,—8costsint), and thus the tangent 
vectors at £ = 7 and ag are a, 


PVA: V2 V2 3x 
> (>) = CEE) (=) = (1,0,0) 


FIGURE 4 Tangent vectors to 


r(t) = (cost, sint,4 cos” t) 


r(x) horizontal 
r(27)=0 


T 2a 3x 4n 


FIGURE 5 Points on the cycloid where r’ is 
0 or horizontal. 


SECTION 13.2 Calculus of Vector-Valued Functions 749 


Figure 4 shows a plot of r(t) with r’(4) based at r(7) and r’ (32) based at r(32). 


Att = %,r(4%) = (2, A 2}, and thus the tangent line is parametrized by 


Le) =r(=) +r (Z) (2 Baja- P E-a) a 


There are some important differences between vector- and scalar-valued derivatives. 
The tangent line to a plane curve y = f(x) is horizontal at xo exactly when f"(xo) = 0. 
But in a vector parametrization of a plane curve, the tangent vector r’(fo) = ix! (to), y’ (to)) 
is horizontal and nonzero if y’(to) = 0 but x’(tp) Æ 0. 

In the case where a vector-valued function r(t) describes a particle moving along 
a curve, if r'(tọ) = 0, the particle has momentarily stopped at fg. It could subsequently 
continue to move in the same direction, or move in any other direction from that point, 
including reversing itself and returning along the path upon which it arrived. We will see 
such instantaneous-stop behavior in the next example. 


EXAMPLE 6 Tangent Vectors onthe Cycloid Recall from Example 7 in Section 11.1 
that a cycloid is a curve traced out by a point on the rim of a rolling wheel as the center of 
the wheel moves horizontally. We assume the point begins on the ground and the center 
of the wheel is moving to the right at a speed of 1. If the radius of the wheel is 1, then the 
resulting cycloid is traced out by 


r(t) = (t — sinź, I — cost), fort >0 
Find the points where: 


(a) r(t) is horizontal and nonzero. (b) r(t) is the zero vector. 


Solution The tangent vector is r(t) = (1 — cost, sin t). The y-component of r’(t) is zero 
if sint = O0—that is, if t = 0,7, 27,.... Therefore (see Figure 5), 


- At r(0) = (0,0), we have r’(0) = (1 — cos 0, sin 0} = (0,0), so r’ is the zero 


vector. 
e Atr(z) = (z,2), we have r(x) = (1 — cosz,sinw) = (2,0), sor’ is horizontal 
and nonzero. 


By periodicity, we conclude that r’(t) is nonzero and horizontal for t = 7,37,5z,... 
[and therefore at (7,2), (32,2), (57,2),...] and r’(t) = 0 for t = 0,27,47,... [and 
therefore at (0,0), (27,0), (47,0),...]. Note that, while the center of the wheel moves 
with a constant speed of 1, the point on the rim that traces out the cycloid has speed 2 at 
t = 7,3n,5m,... and has speed 0 at t = 03,27 ,47,... B 


CONCEPTUAL INSIGHT The cycloid in Figure 5 has sharp points called cusps at points 
where x = 0,27,47,.... If we represent the cycloid as the graph of a function y = 


| f(x), then f'(x) does not exist at these points. By contrast, the vector derivative r’(t) = 


(1 — cost, sint) exists for all t, but r’(t) = 0 at the cusps. In general, r’(t) is a direction 
vector for the tangent line whenever r(t) exists and is nonzero. If r’(t) = 0, then either 
the curve does not have a tangent line or the curve has a tangent line and r’(f) (being 
the zero vector) is not a direction vector for it. 


The next example establishes an important property of vector-valued functions that 
will be used in later sections in this chapter. 
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4 REMINDER \|r(t)|| represents the 
length of the vector r(t). 


FIGURE 6 r’(t) is orthogonal to r(t) if r(t) 
has fixed length. 


EXAMPLE 7 Orthogonality of r and r’ when r Has Constant Length Prove that if r(t) 
and r(t) are nonzero and r(t) has constant length, then r(t) is orthogonal to r'(t). 


Ne 


Solution We prove this by considering lIr(t)|]?. On one hand, this derivative is equal 
to 0 because ||r(t)|] is constant. On the other hand, by the Dot Product Rule, 


d d 
zO? = = (®) r0) =O + rE) + re) re) = 2r) PO) 


It follows that r’(t) - r(t) = 0, and r(t) is orthogonal to r’(t). @ 


GRAPHICAL INSIGHT The result of Example 7 has a geometric explanation. A vector 
parametrization r(t) consisting of vectors of constant length R traces a curve on the 
surface of a sphere of radius R with its center at the origin (Figure 6). Thus, r’(t) is 
tangent to this sphere. But any line that is tangent to a sphere at a point P is orthogonal 
to the radial vector through P, and thus r(t) is orthogonal to r’(t). 


Vector-Valued Integration 


The integral of a vector-valued function can be defined in terms of Riemann sums as 
in Chapter 5. We will define it more simply via componentwise integration (the two 
definitions are equivalent). In other words, 


b b b b 
f r(t)dt =(f sods, | year, | xt)at) 


The integral exists if each of the components x(t), y(t), z(t) is integrable. For example, 


IT IT IE IT 1 
[ (1,t,sint) dt = (f vat, | tds, | sint a) = g 37%?) as 
0 0 0 0 2 


Vector-valued integrals obey the same linearity rules as scalar-valued integrals (see 
Exercise 76). 

An antiderivative of r(t) is a vector-valued function R(t) such that R’(t) = r(¢). 
In the single-variable case, two functions fy and f2 with the same derivative differ by 
a constant. Similarly, two vector-valued functions with the same derivative differ by a 
constant vector (i.e., a vector that does not depend on 1). This is proved by applying the 
scalar result to each component of r(¢). 


THEOREM 4 = I£Rj(¢) and Ro(f) are differentiable and Rj (t) = R(t), then 


Ri(t) = Rot) + ¢ 


for some constant vector c. 


The general antiderivative of r(t) is written 


J r(t)dt=R(t)+c 


where c = (c},€2,€3) is an arbitrary constant vector. For example, 
1» lo 
(1,ż,sinćt} dt = {t, z ,-cost})+e=(t+c, z +c2,— cost +c3 
EXAMPLE 8 Finding Position via Vector-Valued Differential Equations The path of 


a particle satisfies 
d 1 Na 
= = (1 — 6sin 3z, 31] 


Find the particle’s location at t = 4 if r(Q) = (4, 1). 


(7.69, 2.6) 
t=4 


FIGURE 7 Particle path 


r(t) = (t + 2cos3¢ + 2, zat” + 1) 
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Solution The general solution is obtained by integration: 
1 l » 
r(t) = 1 —6sin3t, z! d= t +2cos3t, 75 +c 


From the general solution and from the initial condition, we have two expressions 
for r(0): 


r(0) = (2,0) +e and r(0) = (4,1) 


Therefore, we have c = (2, 1), and it follows that 
I 4 loz 
nti) = pin 2G ea? + (2,1) = t+ 2¢as 3t +2, T +1 


The path is illustrated in Figure 7. The particle’s position at t = 4 is 


1 
r(4) = (4 +2cos12 +2, a” -} 1) z~ (7.69, 2.6) a 


The Fundamental Theorem of Calculus from single-variable calculus naturally car- 
ries over to vector-valued functions: 


Fundamental Theorem of Calculus for Vector-Valued Functions 
Part I: If r(¢) is continuous on [a, b], and R(t) is an antiderivative of r(t), then 


b 
| r(t)dt = R(b) — R(@) 


Part II: Assume that r(t) is continuous on an open interval J and let a be in 7. Then 


d t 
Ap i r(s)ds = r(t) 


13.2 SUMMARY 


e Limits, differentiation, and integration of vector-valued functions are performed com- 
ponentwise. 
¢ Differentation rules: 


— Sum Rule: (ri(f) + r2(t)Y = ri (£) + (0) 
- Constant Multiple Rule: (c r(t))’ = c r'(t) 


— Chain Rule: < (gto) = g'(Ðr' (elt) 
* Product Rules: 
— Scalar times vector: A f (t)r(t)) = f’(t)r(t) + f(t)r'(t) 
d 
- Dot product: 7 (t)-ro(t)) = r4 £) -reo(t) + r1 (t) - 4C) 


d 
- Cross product: z i) x T2(£)) = (r1© x r2(6)) + (r14) x r40) 


* The derivative r'(tọ) is called the tangent vector or velocity vector. 
If r’(to) is nonzero, then it points in the direction tangent to the curve at r(fo). The 
tangent line at r(fo) has vector parametrization L(t) = r(to) + tr’(to) 
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° If Ri) = R, (0), then R(t) = Ro(t) + c for some constant vector c. 


¢ The Fundamental Theorem of Calculus for vector-valued functions: If r(t) is contin- ~~ 


uous, then 


b 
- if R’(t) = r(¢), then | r(t)dt = R(b) — R(a), 


f 
== =f r(s)ds = r(t) 


13.2 EXERCISES 


Preliminary Questions 
1. State the three forms of the Product Rule for vector-valued functions. 


In Questions 2—6, indicate whether the statement is true or false, and if it 
is false, provide a correct statement. 


2. The derivative of a vector-valued function is defined as the limit of a 
difference quotient, just as in the scalar-valued case. 


3. The integral of a vector-valued function is obtained by integrating each 
component. 


4, The terms “velocity vector” and “tangent vector” for a path r(t) mean 
the same thing. 


Exercises 


In Exercises 1—6, evaluate the limit. 
, 2 ] 
1. lim t 3 åt, 2 
t—>3 t 


3. lim e”i+1n(t + 1)j + 4k 
t>0 


2. lim sin 2ti + cos tj + tan 4tk 
t>xn 


1 t 
4, tim (——. Ear) 
t>0\f +1 f 


for r(t) = {t~}, sint, 4). 


5. Evaluate lim 
h=>0 


r(t +h) —r(t) 
h 


t 
6. Evaluate lim me for r(t) = (sint, 1 — cost, —2t}. 
t>-0 ¢ 


In Exercises 7—12, compute the derivative. 
7. v(t) = (t,t7, 27) 8. x(t) = (207, /22,2 —1-*| 
9. r(s) =(e'5,1 —s,In(1 — s)} 


10. bie) = (24, + 171] É of) =r — ek 


12. a(6) = (cos 36)i + (sin? 6)j + (tan 0)k 
13. Calculate r’(t) and r(t) for r(t) = (t, t?, 1°). 


14, Sketch the curve parametrized by r(t) = (1 — ¢t?,t} for -1 <t < 1. 
Compute the tangent vector at £ = 1 and add it to the sketch. 


15. Sketch the curve parametrized by rj(t) = (t,t7) together with its tan- 
gent vector at t = 1. Then do the same for r2(t) = (t°, 2°). 


16. Sketch the cycloid r(t) = (t — sint, 1 — cos f) together with its tangent 
vectors att = 3 and 3m 


17. Determine the value of t between 0 and 27 such that the tangent vector 
to the cycloid r(t) = (t — sint, 1 — cos t) is parallel to (v3, 1). 


5. The derivative of a vector-valued function is the slope of the tangent 
line, just as in the scalar case. 


6. The derivative of the cross product is the cross product of the 
derivatives. 


7. State whether the following derivatives of vector-valued functions rj (tf) 
and r2(t) are scalars or vectors: 


d d 
(a) —ri(t) (b) a (rj (t) - r2(t)) 


d 
at (c) 7M! (t) x r2(t)) 


18. Determine the values of t between 0 and 27 such that the tangent vec- 
tor to the cycloid r(t) = {t — sint, 1 — cos t} is a unit vector. 


In Exercises 19-22, evaluate the derivative by using the appropriate Prod- 
uct Rule, where 


ri(t)=(t?,0°,2), ra) = (e",e”,e') 


d d 
19, zO - r2(t)) 20. z (fri) 


d 
21. a (r(t) x r2(t)) 


d ; 
22. zO í ri(¢))| „> assuming that 


{= 
r(2) = (2,1,0), r’(2) = (1,4, 3) 
In Exercises 23 and 24, let 


ri(t)=(t7,1,2¢), p(t) = (1,2, e*) 


d 
23. Compute gO . r2(0) in two ways: 
i= 


(a) Calculate r;(t) - r2(t) and differentiate. 
(b) Use the Dot Product Rule. 


d 
24. Compute a x O j in two ways: 


(a) Calculate rı (t) x r2(t) and differentiate. 
(b) Use the Cross Product Rule. 


d 
In Exercises 25-28, evaluate as) using the Chain Rule. 


25. r(t)=(??,1-¢), g= e 


26. r(t)=(t7, 2°), g(t) =sint 


© 27. x(t) = (e',e7,4), g(t) =4t +9 


28. r(t) = (4sin2t,6cos2t), g(t) =t? 


29. Let r(t) = (t?, 1 — t, 4t). Calculate the derivative of r(t) - a(¢) att = 2, 
assuming that a(2) = (1,3,3) and a’(2) = (—1,4, 1). 


d À 
30. Let v(s) = sĉi + 2sj + 9s~*k. Evaluate 5, Vets) ats = 4, assuming 
that g(4) = 3 and g'(4) = —9. 


In Exercises 31-36, find a parametrization of the tangent line at the point 
indicated. 


31. r(t) = (1,04), t= -2 

32. r(t) = (cos t, sin 2t}, t=3 

33. ra) = (1 — 77,574,207), e2 

34. r(t) = (6t,4¢7, 207), 1 = —2 

35. r(s) = 4s 'i— $sk, s=2 

36. r(s) = Unsjit+sj+9sk, s=1 

37. Use Example 4 to calculate Le x r), where r(t) = (t, 12, e'). 

38. Let r(t) = Gcost,5sint,4cost). Show that ||r(¢){] is constant and 
conclude, using Example 7, that r(t) and r’(t) are orthogonal. Then com- 
pute r’(t) and verify directly that r’(t) is orthogonal to r(t). 


39. Show that the derivative of the norm is not equal to the norm of the 
derivative by verifying that |[r(t)||’ # lley I| for r(t) = (t, 1,1). 


d 
40. Show that FAG x r) = a x r for any constant vector a. 


In Exercises 41—48, evaluate the integrals. 


2 1 1 
41. i (1? + 41,413 — t) ae 42. f — a) ds 
2 o \l+s2’1+s 


2 1 
43. J (ui + uj) du 44. f (rei + toG? + Ij) at 
22 0 
A i "EL “al 
45. (—sint,6t,2t+cos2t) dt 46. op as du 
0 1/2 u“ HK HU 


4 t 
47. f (Tli +4vtj-— 8t? k)dt 48. l (3si + 6s?j + 9k) ds 
1 0 


In Exercises 49-56, find both the general solution of the differential equa- 
tion and the solution with the given initial condition. 


d 
49. = = (1—21,4t), (0) = (3,1) 


50. r’(t) =i-j, r(0) = 214+ 3k 


51. r'(t)=ti+5tj+k, r(1)=j+2k 


2 
52. r'(t) = (sin3t,sin3t,t), r(¥) = (24,7) 


53. r’(t) = 16k, r(0) = (1,0,0), r’(0) = (0, 1,0) 
54. r”(t) = (2, 12-1, 1), r(1) = (0,0, 1), (1) = (2,0,0) 


55. r"(t) = (0,2,0), (3) = (1, 1,0), r'(3) = (0,0, 1) 
56. r”(t) = (e’,sint,cost}), r(0) = (1,0, 1), r’(0) = (0,2, 2) 
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57, Find the location at t = 3 of a particle whose path (Figure 8) satisfies 


dr 


1 


y 


10 


5 0 1 D 5 


FIGURE 8 Particle path. 


58. Find the location and velocity at t = 4 of a particle whose path 
satisfies 


dr 
— = (27"2,6,8t), 
dt ( 

59. A fighter plane, which can shoot a laser beam straight ahead, travels 


along the path r(t) = (5 —t,21—717,3-—2 /27). Show that there is pre- 
cisely one time ¢ at which the pilot can hit a target located at the origin. 


r(1) = (4,9, 2) 


60. The plane of Exercise 59 travels along r(t) = {t — 17,12 — 17,3 — t}. 
Show that the pilot cannot hit any target on the x-axis. 


61. Find all solutions to r’(t) = v with initial condition r(1) = w, where v 
and w are constant vectors in R?. 


62. Let u be a constant vector in RÌ. Find the solution of the equation 
r’(t) = (sin t)u satisfying r’(0) = 0. 


63. Find all solutions to r’(t) = 2r(t), where r(t) is a vector-valued func- 
tion in 3-space. 


64. Show that w(t) = (sin(3t + 4), sin(3t — 2), cos 3t) satisfies the differ- 
ential equation w” (t) = —9w/(t). 


65. Prove that the Bernoulli spiral (Figure 9) with parametrization r(t) = 
(ef cos 4t, e' sin 4t} has the property that the angle y between the position 
vector and the tangent vector is constant. Find the angle y in degrees. 


FIGURE 9 Bernoulli spiral. 


66. A curve in polar form r = f (9) has parametrization 
r(@) = f(@) (cos 8, sin@) 


Let y be the angle between the radial and tangent vectors (Figure 10). 
Prove that 


a ee, 
dr/d0  f'(@) 


Hint: Compute r(@) x r’(@) and r(@) - r’(@). 


tan y 
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FIGURE 10 Curve with polar parametrization 
r(@) = f(@) (cos@, sin@). 


dj 


Use the Second Law to prove that t = Fi 


67. [4 Prove that if {jr(t)|| takes on a local minimum or maximum 
value at fo, then r(to) is orthogonal to r’(to). Explain how this result FIGURE 11 
is related to Figure 11. Hint: Observe that if ||r(éo)|| is a minimum, 


then r(t) is tangent at fo to the sphere of radius ||r(¢o)|| centered at the 


origin. 


69. Use FTC I from single-variable calculus to prove the first part of the 
Fundamental Theorem of Calculus for Vector-Valued Functions. 


68. Newton’s Second Law of Motion in vector form states that F = ap 70. Use FTC II from single-variable calculus to prove the second part of 


dt the Fundamental Theorem of Calculus for Vector- Valued Functions. 


where F is the force acting on an object of mass m and p = mr’ (t) is the 
object’s momentum. The analogs of force and momentum for rotational 
motion are the torque t = r x F and angular momentum 


J = r(t) x p(t) 


Further Insights and Challenges 


71. Let r(t) = (x(t), y(t)} trace a plane curve C. Assume that x’(to) 40. 7 
Show that the slope of the tangent vector r’(fo) is equal to the slope dy/dx cr(t)dt =c | r(t)dt (c any constant) 


of the curve at r(fo). 


72. Prove that e xr”) =r- (r xr”). 


73. Prove the Sum and Constant Multiple for derivatives of vector-valued 


functions. 


74. Prove the Chain Rule for vector-valued functions. 


75. Prove the Cross Product Rule [Eq. (5)]. 


76. Prove the linearity properties 


4 REMINDER The length of a curve is 
referred to as the arc length. 


J (r1 (t) + r2(t)) dt = J rı(t}dt + J r2(t) dt 


77. Prove the Substitution Rule [where g is a differentiable scalar function 
with an inverse]: 


b g` (b) 
Í r(e(t))e/(t) dt = Í TEPS 


g l(a) 
78. Prove that if ||r(t)|| < K fort € [a,b], then 


b 
j) r(t)dt 


< K(b-a) 


13.3 Arc Length and Speed 


In Section 11.2, we derived a formula for the arc length of a plane curve given in para- 
metric form. This discussion applies to curves in 3-space with only minor changes. 

Recall that arc length is defined as the limit of the lengths of polygonal approxima- 
tions. Let C be the curve parametrized by 


r(t) = (x(t), y(t), z(t) , ast<b 


We assume that the parametrization directly traverses C; that is, the path traces C from 
one end to the other without changing direction along the way. To produce a polygonal 
approximation of C, we choose a partition a = fp < ti < tf) <--- < ty = b and join the 


r(t) 


FIGURE 1 Polygonal approximation to the 
curve traced by r(t) fora < t <b. 


Keep in mind that the arc length s in 

Eq. (1) is the length of C only if r(t) 
directly traverses C. In general, the integral 
represents the distance traveled by a 
particle whose path is traced by r(t). 


iN 


r(to) 


r'(t;) 


X y 


FIGURE 2 The velocity vector r’ (to) is 
longer than r’(t)), indicating that the 
\__ particle is moving faster at fo than at t4. 
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terminal points of the vectors r(t;) by segments, as in Figure 1. As in Section 11.2, we 
find that if r’(rt) exists and is continuous on the interval [a,b], then the lengths of the 
polygonal approximations approach a limit L as the maximum of the widths |t; — tj-1| 
tends to zero. This limit is the length s of C and is computed by the integral in the next 
theorem. 


THEOREM 1 Arc Length Letr(r) directly traverse C fora < t < b. Assume that r’(t) 
exists and is continuous. Then the arc length s of C is equal to 


| b b | 
| Siti J Ire) dt = | y x(t)? + y(t)? +21) dt 


EXAMPLE 1 Find the arc length s of the helix given by r(t) = (cos 3f, sin 3t, 3t) for 
= t= Dy. 


Solution The derivative is r’(t) = (—3 sin 3t, 3 cos 3t, 3), and 


\Ir’(t)||7 = 9 sin? 3t + 9 cos” 3t +9 = 9(sin? 3t + cos? 3t) + 9 = 18 


20 21 
Therefore, s = | Irol dt = | J/18 dt = 62x. E 
0 0 


Speed, by definition, is the rate of change of distance traveled with respect to time f. 
To calculate the speed, we define the arc length function: 


: 
oe | Iro) du 


Thus, s(t) is the distance traveled during the time interval [a, t]. By Part II of Fundamental 
Theorem of Calculus, 


d 
Speed at time t = = = |r’) 


This relationship provides us with the second of the two important features of the velocity 
vector, r(t): It points in the direction of motion, and its magnitude is the speed (Figure 2). 
We often denote the velocity vector by v(t) and the speed by v(t): 


v(t) = r(t), v(t) = || v(r)]| 


EXAMPLE 2 With distance measured in feet, find the speed at time t = 2 seconds for a 
particle whose position vector is 


r(t) = Pi — ej + 4tk 
Solution The velocity vector is v(t) = r/(t) = 317i — e! j + 4k, and at t = 2, 
v(2) = 12i — e?j + 4k 


The particle’s speed is v(2) = |[v(2)|] = v 122 + (—e?)2 + 42 = 14.65 ft/s. E 
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Keep in mind that a parametrization r(t) 
describes not just a curve, but also how a 
particle traverses the curve, possibly 
speeding up, slowing down, or reversing 
direction along the way. Changing the 
parametrization amounts to describing a 
different way of traversing the same 
underlying curve. 


FIGURE 3 The curve is parametrized by r(t) 
and by rı (u) = r(g(u)). 


Arc length parametrizations are also called 
unit speed patametrizations. We will use arc 
length parametrizations to define curvature 
in Section 13.4. 


Arc Length Parametrization 


We have seen that parametrizations of a given curve are not unique. For example, rı (t) = 
(t,t?) and ro(u) = (u>, u°) both parametrize the parabola y = x*. Notice in this case that 
r2(u) is obtained by substituting t = u? in r; (t). 

Given a parametrization r(t) we obtain a new parametrization by making a substi- 
tution £ = g(u)—that is, by replacing r(t) with rı(u) = r(g(u)) (Figure 3). If t = g(u) 
increases from a to b as u varies from c to d, then the path r(t) for a < t < b is also 
parametrized by ry(u) forc <u <d. 


re 
—_}—_——_»—__—__> yj = of ruo) =r(g(ug)) 
c Up d a to b 


EXAMPLE 3 LetC be the curve parametrized by r(t) = (t?,sin t,t) for 3 < t < 9. Give 
a different parametrization of C using the parameter u, where t = g(u) = e“. 


Solution Substituting t = e“ in r(t), we obtain the parametrization 


ri(u) = r(g(u)) = (e™, sine, e") 


Because u = Int, the parameter ¢ varies from 3 to 9 as u varies from In 3 to In 9. There- 
fore, C is parametrized by rı (u) for ln3 < u < in9. 5 


A way of parametrizing a curve that is useful in studying properties of the curve 
is to choose a starting point and travel along the curve at unit speed (say, 1 m/s). 
A parametrization of this type is called an arc length parametrization with the pa- 
rameter often denoted by s. It is defined by the property that the speed has constant 
value 1: 


Iro) = 1 for all s 


There are three important properties of an arc length parametrization: 


* The parameter s corresponds to the arc length of the curve that is traced from the 
Starting point (and thus the name arc length parametrization). 
° Every velocity vector r’(s) has length equal to 1 (Figure 4). 


(A) An arc length parametrization: (B) Not an arc length parametrization: 
All velocity vectors have length 1, Lengths of velocity vectors vary, 
so speed is 1. so the speed is changing. 


FIGURE 4 
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¢ The arc length of the curve that is traced over any interval [a, b] is equal to b — a, 
the length of the interval: 


b b 
distance traveled over [a,b] = / Irol ds = | ldt=b—-a 
a a 


Finding an arc length parametrization: Start with any parametrization r(t) such that 
r(t) Æ 0 for all t. 
Step 1. Form the arc length integral 


t 
s=80= f Wl du 
Step 2. Determine the inverse of g(t). Note that, because ||r’(t)|| 40, s = g(t) is an 
increasing function, and g has an inverse t = g!(s). 


Step 3. Take the new parametrization 
ri(s) = r(g~'(s)) 


This is our arc length parametrization. 

In most cases, we cannot evaluate the arc length integral s = g(t) explicitly, and we 
cannot find a formula for its inverse g—!(s) either. So although arc length parametriza- 
tions exist in general, we can find them explicitly only in special cases. 


EXAMPLE 4 Finding an Arc Length Parametrization Find an arc length parametriza- 
tion of the helix that is traced by the parametrization r(t) = (cos 4t, sin 4t, 32). 


Solution Step 1. First, we evaluate the arc length function 
llr’ (t) | = ||(—4 sin 4t, 4 cos 4r, 3) |] = v 16 sin? 4t + 16 cos? 4t + 32 = 5 
t t 
s = g(t) =} [r’(u)|| du =| Sdu = 5t 
0 0 


Step 2. Then we observe that the inverse of s = 5t is t = 5/5; that is, g \(s)=s/5. 


Step 3. Substituting = for each appearance of t in the original parametrization, we obtain 
the arc length parametrization 


ri(s) =r(g7\(s)) =r (=) = (cos 


4s ;i 4s 3s 
FE 1n =m} — 
5 5 3 


As a check, let’s verify that rı (s) has unit speed: 


4 45 4 45 3 
y = = a, eo E ar 
llr: (5) I \ z sia =» g COS Sal 


13.3 SUMMARY 


- If r(t) = (x(t), y(t), z(¢)) directly traverses C for a < t < b, then the arc length s 
of C is 


b "b 
‘= / Irl dt = | x'(t)? + y(t)? + z(t}? dt 
a a 
In general, whether r(t) directly traverses a curve or not, the integral represents the 
distance traveled on the path r(t) over [a, b]. 
i 


e Arc length function: s(t) = / Ir’(u)|| du 


a 
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e Speed is the derivative of distance traveled with respect to time: 


D= Ë = rol 


e The velocity vector v(t)=r(t) points in the direction of motion [provided that 
r(t) £0] and its magnitude v(t) = ||r’(t)|| is the object’s speed. 

° We say that r(s) is an arc length parametrization if ||r’(s)|| = 1 for all s. In this case, 
the arc length of the curve that is traced over [a, b] is b — a. 

° If r(¢) is a parametrization of a curve C such that r’(t) Æ 0 for all f, then 


ri(s) =r(g71(s)) 


is an arc length parametrization of C, where t = g~!(s) is the inverse of the arc length 


function s = g(t). 


13.3 EXERCISES 


Preliminary Questions 


1. At a given instant, a car on a roller coaster has velocity vector 
v= (25, —35, 10) (in miles per hour). What would the velocity vector be 
if the speed were doubled? What would it be if the car’s direction were 
reversed but its speed remained unchanged? 


2. Two cars travel in the same direction along the same roller coaster (at 
different times). Which of the following statements about their velocity 
vectors at a given point P on the roller coaster are true? 

(a) The velocity vectors are identical. 

(b) The velocity vectors point in the same direction but may have different 


lengths. 


(c) The velocity vectors may point in opposite directions. 


3. Starting at the origin, a mosquito flies along a parabola with speed 
v(t) = t?. Let L(t) be the total distance traveled at time t. 


(a) How fast is L(t) changing at t = 2? 


(b) Is L(t) equal to the mosquito’s distance from the origin? 


4. What is the length of the path traced by r(t) for 4 < t < 10 if r(t) is an 
arc length parametrization? 


Exercises 


In Exercises 1-8, compute the length of the curve traced by r(t) over the 
given interval. 


1. r(t) = (3t,4t —3,6t4+1), O<1 <3 
2. r(t) = (2t,2 —4t,5), 5<t< 10 

3. rier let), tare4 

4. r(t) = (cost, sint,17/*), O<t<2n 

S gems (Ar oP"), Wars 

6. r(t) = (227 +1,277 -1,27), O<1 <2 
7. r(t) = (tcost,tsint,3t), O<t<2z 
8. r(t) = ti +2tj+ (t? —3k, O<t <2 


9, The curve shown in Figure 5(A) is parametrized by 
r(t) = (cos(7t), sin(7t), 2cos t) for 0 < t < 2m. Approximate its length. 


10. The curve shown in Figure 5(B) is parametrized by 
r(t) = (2cost,2sint, cos(19t)) for 0 < t < 27. Approximate its length. 


In Exercises lI and 12, compute the arc length function 
t 

s(t)= | lr (u)|| du for the given value of a. 
a 

11. r(t) = (t?, 217,13), a =0 


12. r(t) = (4t'/7,Int,2t), a=1 


Z 
“nA 
Ss 
=? 
‘ =< 2”? 
Xx 
SL 
I 
(A) 
FIGURE 5 


In Exercises 13—18, find the speed at the given value oft. 
13. r(t) = (2t +3,4t —3,5— t}, t=4 

14. r(t) = (—t,2t?,—3t°}, t=2 

15. r(t)=(t,Int,(Int)*), t=1 

16. r(t)=(e'9,12,31-1), + =3 

17. r(t) = (sin3t,cos4t,cos5t), t= 5 
18. r(t) = (cosht,sinht,t), t=0 


x 


19. At an air show, a jet has a trajectory following the curve y = x”. 


If when the jet is at the point (1, 1), it has a speed of 500 km/h, determine 
its velocity vector at this point. 


20. What is the velocity vector of a particle traveling to the right along the 
hyperbola y = x~! with constant speed 5 cm/s when the particle’s location 


is (2, 5)? 
21. A bee with velocity vector r’(t) starts out at the origin at £ =0 
and flies around for T seconds. Where is the bee located at time T if 


T T 
i r’(u) du = 0? What does the quantity f ir (u)|| du represent? 
0 0 


22. The DNA molecule comes in the form of a double helix, meaning two 
helices that wrap around one another. Suppose a single one of the helices 
has a radius of 10A (1 angstrom A = 1078 cm) and one full turn of the 
helix has a height of 34A. 


_ SMi. mape 
(a) Show that r(t) = (10 cos f, 10 sinf, =| is a parametrization of the 


helix. 
(b) Find the arc length of one full turn of the helix. 


za. Let 


2nNt Qn Nt 
H(t) = (Roos ( = ).Rsin ( = E EFI 


(a) Show that r(t} parametrizes a helix of radius R and height A making 
N complete turns. 


(b) Guess which of the two springs in Figure 6 uses more wire. 
(c) Compute the lengths of the two springs and compare. 


fal petal, 

r npm” i 
i ; 

ior 


# 
i 


FIGURE 6 Which spring uses more wire? 


24. Use Exercise 23 to find a general formula for the length of a helix of 
radius R and height A that makes N complete turns. 


25. The cycloid generated by the unit circle has parametrization 
r(t) = (t — sinź, 1 — cost) 


(a) Find the value of ż¢ in [0,27] where the speed is at a maximum. 


(b) Show that one arch of the cycloid has length 8. Recall the identity 
sin?(t/2) = (1 — cos t)/2. 


26. Which of the following is an arc length parametrization of a circle of 
radius 4 centered at the origin? 


(a) r1(t) = (4sint, 4 cost) 
(b) r2(t) = (4 sin 4t, 4cos4t) 
(c) r3(t) = (4sin 4,4cos £) 
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27. Let r(t) = (3t + 1,4t — 5,2r). 
t 
(a) Evaluate the arc length integral s = g(t) = i lr || du. 
0 


(b) Find the inverse g—!(s) of g(t). 
(c) Verify that ri(s) = r(g~!(s)) is an arc length parametrization. 


28. Find an arc length parametrization of the line y = 4x + 9. 

29. Let r(t) = w + tv be a parametrization of a line. 

(a) Show that the arc length function s = g(t) = [ r (u)|| du is given 
by s =?#{]v||. This shows that r(t) is an arc length eas irate if and 


only if v is a unit vector. 


(b) Find an arc length parametrization of the line with w = (1,2,3) and 
v = (3,4, 5). 


30. Find an arc length parametrization of the circle in the plane z = 9 with 
radius 4 and center (1, 4, 9). 


31. Find a path that traces the circle in the plane y = 10 with radius 4 and 
center (2, 10, —3) with constant speed 8. 


32. Find an arc length parametrization of the curve parametrized by 
r(t) = (r, 2 13/ 2 Ft! a), with the parameter s measuring from (0, 0, 0). 


33. Find an arc length parametrization of the curve parametrized by 
r(t) = (cos t sint, 2/ i with the parameter s measuring from (1, 0, 0). 


34. Find an arc length parametrization of the curve parametrized by 
r(t) = (e sint, ef cost, e*). 


35. Find an arc length parametrization of the curve parametrized by 
Mi) = (2) 


36. Find an arc length parametrization of the cycloid with parametrization 
r(t) = (t — sint, 1 — cosf). 


37. Find an arc length parametrization of the line y = mx for an arbitrary 
slope m. 


38. Express the arc length L of y = x? for 0 < x < 8 as an integral in two 
ways, using the parametrizations rj (t) = (t, t°) and r2(t) = (¢3, 1°). Do not 
evaluate the integrals, but use substitution to show that they yield the same 
result. 


39. The curve known as the Bernoulli spiral (Figure 7) has parametriza- 
tion r(t) = (e cos 4t, e sin 42). 
t 


(a) Evaluate s = g(t) = | \|x’(u)|| du. It is convenient to take lower 


—-CO 


limit —co because l lim r(t) = (0,0). 
—>—00 


(b) Use (a) to find an arc length parametrization of the spiral. 


FIGURE 7 Bernoulli spiral. 
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Further Insights and Challenges 


40. [4 Prove that the length of a curve as computed using the arc length 
integral does not depend on its parametrization. More precisely, let C be 
the curve traced by r(t) for a < t < b. Let f(s) be a differentiable func- 
tion such that f’(s) > Oand f(c) = a and f(d) = b. Then ri(s) = r(f(s)) 


parametrizes C for c < s < d. Verify that 


b d 
[ woud f iiri (s)Il ds 


Cc 


41. The unit circle with the point (—1,0) removed has parametrization 


(see Exercise 85 in Section 11.1) 


FIGURE 8 The involute of a circle. 


1-12 x 
r(t) = 7 > N —0 <f < oo 

Ere L 43. The curve r(t)= (t—tanht,secht) is called a tractrix (see 
Use this parametrization to compute the length of the unit circle as an im- Exercise 106 in Section E 
proper integral. Hint: The expression for ||r’(r)|| simplifies. (a) Show that s(t) = Í \Ir/(u) lf du is equal to s(t) = In(cosh 1). 

0 
42. The involute of a circle (Figure 8), traced by a point at the end of a th : 
, TA tt = = In ./e?5 — 1) is an inverse of s(t) and ver- 

thread unwinding from a circular spool of radius R, has parametrization » sat = 8(s) ad ds ett) 


(see Exercise 29 in Section 11.2) 


r(6) = (R(cos 6 + 8 sin@), R(sin@ — 6 cos 4)) 


Find an arc length parametrization of the involute. 


Curvature is large 
where the unit tangent 
changes direction rapidly —__ 


GJ FIGURE 3 The unit tangent vector varies 
in direction but not in length. 


r(s) = (tanh! (Viez) Yas = 


is an arc length parametrization of the tractrix. 


13.4 Curvature 


Curvature is a measure of how much a curve bends. It is used to study geometric prop- 
erties of curves and motion along curves, and has applications in diverse areas such as 
roller coaster design (Figure 1), optics, eye surgery (see Exercise 70), and biochemistry 
(Figure 2). 


Alfred Pasickatciemen Source: 


Robin Smith/Getty Images 


FIGURE 1 Curvature is a key ingredient in FIGURE 2 Biochemists study the effect of 
roller coaster design. the curvature of DNA strands on biological 
processes. 


A natural way to define curvature is to consider the rate at which the direction along 
the curve is changing (Figure 3). To indicate the direction along a curve, we use unit 
tangent vectors. We introduce them next, and then employ them to precisely define 
curvature. 

Consider a path with parametrization r(t) = (x(t), y(t), z(t)). We assume that the 
derivative r’(t) #0 for all ¢ in the domain of r(). A parametrization with this property is 
called regular. At every point P along the path, there is a unit tangent vector T = Tp 
that points in the direction of motion of the parametrization. We write T(t) for the unit 
tangent vector at the terminal point of r(ż): 


r(t) 
llr) 


Unit tangent vector = T(t) = 


T = (-sin @, cos 0} 


r(@) = R(cos 6, sin 0} 


FIGURE 4 The unit tangent vector at a point 
on a circle of radius R. 


Example 1 shows that a circle of large 
radius R has small curvature 1/ R. This 
makes sense because your direction of 
motion changes slowly when you walk at 
unit speed along a circle of large radius. 
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For example, if r(t) = (t, t°, t°}, then r’(t) = (1, 2t, 3t7}, and the unit tangent vector at 
P = (1,1, 1), which is the terminal point of r(1) = (1, 1, 1), is 
T (s3 a (1,2, 3) = i 2 3 ) 
"RLZ VEFFE \./14’ /14’ yA 
Now imagine following the path and observing how the unit tangent vector T 
changes direction as in Figure 3. A change in T indicates that the path is bending, and 


would seem to be 


dT 
the more rapidly T changes, the more the path bends. Thus, | — 


a good measure of curvature. However, depends on how fast you walk (when 


you walk faster, the unit tangent vector changes more quickly). Therefore, we assume 
; dT 
that you walk at unit speed. In other words, curvature is the magnitude x (s) = | T 


where s is the parameter of an arc length parametrization. Recall that r(s) is an arc length 
parametrization if ||r’(s)|| = 1 for all s. 


DEFINITION Curvature Let r(s) be an arc length parametrization and T the unit tan- 
gent vector. The curvature of the underlying curve at r(s) is the quantity (denoted by 
a lowercase Greek letter “kappa”) 


dT 
o= fal 


By definition, curvature is the magnitude of the rate of change of the unit tangent 
vector T with respect to distance traveled s along the curve. 


EXAMPLE 1 The Curvature of a Circle of Radius R Is 1/R Compute the curvature 
of a circle of radius R. 


Solution Assume the circle is centered at the origin, so that it has parametrization r(@) = 
(R cos0, Rsin@) (Figure 4). Since curvature is defined using an arc length parametriza- 
tion, we need to find an arc length parametrization of the circle. First, we compute the 
arc length function: 


0 0 
s(0)= j lr (u)|| du =f R du = R0 
0 0 
Thus, s = R@, and the inverse of the arc length function s = g(0) is 0 = g ‘(s) = s/R. 


In Section 13.3, we showed that r; (s) = r(g~!(s)) is an arc length parametrization. In our 
case, we obtain 


ri(s) =r(g(s)) = Sit = (R cos 2 R sin =) 


R R 
Now, with this parametrization, the unit tangent vector and its derivative are 
dr} d S S S S 
T(s) = 2 = (Rc —, Rsi =) =(-si 5 z) 
(s) oe ry OS R sin R sin R’ cos R 
dT 1 l 6 . $ 
—— $= os =n =s 
ds R\ RUR 


By definition of curvature, 


al-l] 
ds| R R’ Ril R 


This shows that the curvature is 1/R at all points on the circle. tal 


K(s) = 
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In practice, it is often difficult, if not impossible, to find an arc length parametrization 
explicitly. Fortunately, we can compute curvature using any regular parametrization r(f). 
We next develop some alternative formulas for curvature that do not rely on an arc length 
parametrization. 

Since arc length s is a function of time f, the derivatives of T with respect to ¢ and 
s are related by the Chain Rule. Denoting the derivative with respect to t by a prime, we 
have 

dT 4dTds dT 


S)— 3S og a — 
t ds dt ds 


d , i 
where v(t) = = = ||r’(£)|| is the speed of r(t). Since curvature is the magnitude 


| 
ds i 
we obtain 

ITA — v(t )K(t) 


This yields an alternative formula for the curvature in the case where we do not have an 
arc length parametrization: 


l 
k(t) = To Ol 


We can directly apply this formula to find curvature, but we can also use it to derive 
another option for calculations. 


THEOREM 1 Formula for Curvature If r(t) is a regular parametrization, then the 
curvature of the underlying curve at r(f) is 


MOESKO 
D= OR 


Proof Since v(t) = |[r’(1)||, we have r'(t) = v(t)T(t). By the Scalar Product Rule, 
r’(t) = VOTE) + OTE) 
Now compute the following cross product, using the fact that T(r) x T(t) = 0: 
r(t) x P(t) = VETE) x (VOTE + (OT) 
= v(t)?T(t) x T(t) | 4 | 


Since ||'T(t)|| is constant, Example 7 in Section 13.2 implies that T(t) and T’(t) are 
orthogonal. Then, using the geometric interpretation of cross product and the fact that 
| T(t)|| = 1, it follows that 


ITC) x TOI = ITO! ITO! sin Z = ITO 


Equation (4) yields ||r/(t) x (H) = AFITA. Using Eq. (2), we obtain 
IEE) x rO = EY IT'OM = vee = IOP KO 
This yields the desired formula. Bi 
It is a quick consequence of Theorem 1 that—as we might expect—the curvature of ~~ 
a line is zero. A line in 3-space has a parametrization r(t) = (xo + at, yo + bt, zo + ct). 


This is a regular parametrization since r’(t) = (a,b,c) and at least one of a, b, or c must 
be nonzero. For this parametrization, r”(t) = 0, and by Eg. (3) the curvature is zero. 


FIGURE 5 The twisted cubic 
r(t) = (t, 12,23). 


FIGURE 6 Graph of the curvature «(t) of 
the twisted cubic. 


0.5 


0.5 1 


FIGURE 8 The Cornu spiral. 
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EXAMPLE 2 Twisted Cubic Curve Calculate the curvature x(t) of the twisted 
cubic r(t) = (t, t?,t°) (Figure 5). Then plot the graph of x(t) and determine where the 
curvature is largest. 


Solution The derivatives are 


r'(t) = (1,214,307), r” = (0,2, 6t) 


The parametrization is regular because r(t) Æ 0 for all t£, so we may use Eq. (3): 


i j k 
r(t)xr"(t)=| 1 2 3 | = 6r7i— 6tj+2k 
0 2 6t 
P Ir (e) x rOl _— V36¢4 + 36t? +4 
ras A++. 


The graph of k(t) in Figure 6 shows that the curvature is largest at £ = 0, when the curve 
is passing through the origin. E 


Via Theorem 1, we can obtain a straightforward formula for computing the curvature 
of a plane curve given parametrically by r(t) = (x(t), y(£)}: 


THEOREM 2 Curvature of a Plane Curve Assume r(t) = (x(t), y(t)) is a regular 
parametrization of a plane curve. At the point (x(t), y(¢)), the curvature is given by 


= ix (Hy E) — y'(t)x"(0)| 
(x(t)? + yr)?” 


k(t) 


Proof We consider the curve as a curve in 3-space with a vector parametrization 
given by r(t) = (x(t), y(t), 0)). Then r'(t) = (x(t), y(t), 0) and v(t) = (x(t), y” (t),0)}. 
Therefore, 


i j k 
rixr@=| xO ye 0 J= Oy HO- y (O k 
x(t) y Y 


Since |r H] = (x’(0)? + y (02), Eq. (3) yields 


a _ Oy" E à 
Irol? (o is y'(t)?)3/2 


k(t) = 
EXAMPLE 3 Highway Curvature Transitions Highway engineers design roads 
to achieve continuous and simple transitions between road segments with different 
curvatures, such as between the straight highways in Figure 7 and the circular parts of the 
entrance and exit ramps. Curve segments commonly used in such transitions are taken 
from the Cornu spiral (Figure 8) that is defined parametrically by r(t) = (x(t), y(t), 
t > 0, where 


t t 
xt) = | sinu? du, y(t) = f cos u? du 
0 JO 


Show that x(t) = 2t, and therefore curvature changes linearly as a function of t along the 
Cornu spiral. 
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f(x) =x3 -3x7+4 


CD FIGURE 9 Graph of 
f(x) =x? — 3x2 +4 and the curvature 
K(x). 


FIGURE 10 The angle 6 changes as the 
curve bends. 


Solution We use Eq. (5). Computing first derivatives using FTC II and second deriva- 
tives using the Chain Rule, we have 


x/(t)=sint2 and x(t) = 2t cost? 


y(t)=cost? and y"(t) = —2r sint? 
Therefore, 


x'(t)y"(t) — YOXA = —2t sin? t? — 2t cos? t? = —2t(sin? t? + cos? t°) = —2t 


x O% + yeyr = sin? £? + cos” t = 1 


It follows that x(t) = eel = 2t and curvature is a linear function of ¢. Note that by 
changing linearly, the curvature changes in a relatively simple manner. Therefore, the 
Cornu spiral is natural to employ in situations, such as highway design, where a simple 
transition in curvature is desired. i 


When a plane curve is the graph of a function f, the curvature formula simplifies 
further: 


THEOREM 3 Curvature of the Graph of f The curvature at the point (x, f(x)) on 
the graph of y = f(x) is equal to 


If” Œ) 


Hre” 


We can prove this theorem using Eq. (5) and a parametrization with x = ¢ and 
y = f (t) (see Exercise 28). 
EXAMPLE 4 Compute the curvature of f(x) = x? — 3x? + 4 at x = 0,1,2,3. 
Solution We apply Eq. (6): 


f' (x) = 3x? — 6x =3x(x—-2),  f"&œ)=6x-—6 


ee IF” Œ) E |6x — 6| 
(1+ o (1+ 9x2(x — Da 


We obtain the following values: 


6 0 
K 0 =E = E 6, = —— r >= 
M ap? O= E =9 
6 12 
Figure 9 shows that, as we might expect, the curvature is large where the graph is bending 
more. ™ 


CONCEPTUAL INSIGHT Curvature for plane curves has a geometric interpretation in 
terms of the angle of inclination, defined as the angle 8 between the tangent vector 
and the horizontal (Figure 10). The angle 6 changes as the curve bends, and we can 
show that the curvature «x is the rate of change of @ with respect to distance traveled 
along the curve (see Exercise 71). 


Weel 


FIGURE 11 For a plane curve, the normal 
vector points in the direction of bending. 


N 


Xx 


FIGURE 12 The normal vector is parallel to 
the xy-plane and points toward the z-axis. 
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The Normal Vector 


We noted earlier that T’(t) and T(t) are orthogonal. The unit vector in the direction of 
T’(t), assuming it is nonzero, is called the normal vector and denoted N(f) or simply N: 


T(t 
Normal vector: N(t) = t) 


ITAI 


This pair T and N of orthogonal unit vectors play a critical role in understanding a 
given space curve. Since |/T’(¢)|| = v(t)«(t) by Eq. (2), we have 


Intuitively, N points in the direction in which the curve is turning (Figure 11). This is 
particularly clear for a plane curve. In this case, there are two unit vectors orthogonal 
to T, and of these two shown in the figure, N is the vector that points to the inside of the 
curve. 


EXAMPLE 5 Normal Vector to a Helix Consider the helix r(t) = (2cost,2sint,t). 
Show that for all £, the normal vector is parallel to the xy-plane and points toward the 
Z-axis. 


Solution Since r(t)=(2cost,2sint,t), the tangent vector r’(t) = (—2 sint, 2 cos t, 1) 


has length ||r’(t)|| = /(—2 sin t)? + (2 cos t}? + 1 = V5, so 


| = 1 
T(t) = rol ae —2 sin ź, 2 cost, 1) 
T(r) = wji 2cost, —2 sint, 0) 


N- 


ITO = zV (—2 cost)? + (—2 sint)? +0 = = 
T(t) 


ITO 


Since the z-component is 0, it follows that N(t) is parallel to the xy-plane. Further- 
more, at the point on the curve where r(t) = (2 cost, 2 sin t, t), the x- and y-components 
of the normal N(t) = (— cost, —sint,0) are the same negative scalar multiple of the 
corresponding components of r(t). Thus, N(t) points toward the z-axis from the point 
(Figure 12). = 


N(t) = 


= (— cost, — sint, 0) 


The Frenet Frame 


At a point P on a curve, the vectors T and N determine a plane. The normal vector B to 
this plane, which we call the binormal vector, is defined by 


Binormal vector: B=TxN | 9 


By the Geometric Description of the Cross Product (Theorem 1 in Section 12.4), we 
can conclude: 


°- B is orthogonal to both T and N, 
° B is a unit vector since ||B|| = ITI [NI] sinz/2 = (1)(1)(1) = 1. 
°- {T, N, B} forms a right-handed system. 
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This set of mutually perpendicular unit vectors is called the Frenet frame, after_ 
the French geometer Jean Frenet (1816-1900). It is an important tool in the field of 
B differential geometry. As we move along a space curve, the Frenet frame moves and 
T twists along with us, as in Figure 13. It provides a moving coordinate system, with origin 
at the current location, that is used to study trajectories of objects such as spacecraft, 
y satellites, and asteroids. 


EXAMPLE 6 In Example 5, for the helix r(t) = (2 cost, 2 sint, t), we determined T(t) 
and N(t). Compute B(t) to complete the Frenet frame for this curve. 


3 Solution From Example 5, we have 
x 
1 i ; 
FIGURE 13 The Frenet frame at a point TQ) = We (—2sint,2cost,1) and N(¢) = (—cost, — sint, 0) 
on a curve. 
Therefore, 
i j k 
B(t) = T(t) x N(t) 2-sint -4cost + sin fi l cos tj + k 
= =y eS 5 r i> oe BEZ We 
— cost —sint 0 v5 v5 v5 
i 


The Osculating Plane and Circle 


At a point P on a curve parametrized by r(t), the unit tangent vector and the normal 
vector define a plane through P, called the osculating plane at P [Figure 14(A)]. Within 
; the osculating plane, there is a best-fit circle that is tangent to the curve at P and has the 
Katherine Johnson was a physicist and same curvature at P as the curve [Figure 14(B)]. 

mathematician who conducted technical 
work at the National Aeronautics and 
Space Administration during the early 
decades of the manned space program. 
During this time, she calculated the 
trajectories, launch windows, and 
emergency back-up return paths for or An 

numerous historic flights including the $ ~ ~~“ 
1969 Apollo 11 flight that involved the first af wie as 
lunar landing. In 2015, Johnson received s 

the Presidential Medal of Freedom. 


Science History Images / Alamy 


(A) (B) (C) 


FIGURE 14 


Specifically, assume that x p, the curvature of the curve at P, is nonzero. The osculat- 
ing circle, denoted Osc p, lies in the osculating plane and is the circle of radius R = 1/«p 
through P whose center Q lies in the direction of the unit normal N [Figure 14 (C)}. 
To find the center Q, first note that with O representing the origin, we have OQ = 
ee oP + PO (Figure 15). OP if P is the point on the curve corresponding to r(fo), then 
circle are related by R = 1 /K . Since we O P = r(éo). Furthermore, P Q points in the direction of N and has length equal to 1/xp, 


want the osculating circle to have the same the radius of the circle. Thus, the center Q of the osculating circle at P is determined by 
curvature as the curve at P, it has radius 


—> 1 
Pade: 00 =r(to) + —N 


Among all circles tangent to the curve at P, Oscp is the best approximation to the curve 
(see Exercise 81). We refer to R = 1/xp as the radius of curvature at P. The center EN 
of Oscp is called the center of curvature at P. 

For a curve in the plane R?, the osculating plane is R2 itself. In this setting, determin- 
ing osculating circles is relatively straightforward as we see in the following example. 


O = (0, 0, 0) 


FIGURE 15 


FIGURE 16 At (x, x7) the vector (—2x, 1) is 
normal to the parabola and points inside it. 


Radius =5V10 ” 


FIGURE 17 The osculating circles at x = 0 


and x = 3/2. 
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EXAMPLE 7 Determine the equations of the osculating circles to y = x? at x = 0 and 
gt x = 37/2. 


Solution Let f(x) = x’. 


Step 1. Find the radius. 
Apply Eq. (6) to f(x) = x? to compute the curvature: 


IF") 2 


OO nn = 
K(X (1 if fix?) (1 P 4x2)? 


Therefore, 


1 

K(0)=2, «(3/2) = —— 

5/10 
So the radius of the osculating circle at x = 0 is 1/2, and at x = 3/2 is 5/10. 

Step 2, Find N. 
Next, we parametrize the curve by r(x) = (x, f(x)) = pox): For a plane curve, we 
can find N without computing T’. The vector r’(x) = (1, 2x) is tangent to the curve, 
and we know that (2x, —1) is orthogonal to r’(x) (because their dot product is zero). 
Therefore, N(x) is the unit vector in one of the two directions + (2x, —1). Since N(x) 


must point inside the curve y = x*, it follows that for all x, N(x) is in the direction of 
(—2x, 1) (Figure 16). Thus, 


(—2x,1)  (+2x, 1} 


voe e aa 
A en eae 


Therefore, 


3 1 
N = 0,1 d Ni- |= -= (— a 
(0) = (0,1) an G) Yio | 3,1) 


Step 3. Find the center Q. 
Apply Eq. (10) for x = 0: 


06 =1(0) + —_N(0) = 0,0) + 20,1) = (0, 
Q= (0) eer 5 (0.1) = (0,5) 


Now, for x = 3/2: 
Oat 2a? el LE (-3,1)\ _ | _27 29 
06 ="(5) + zea (3) = (5a) +54 (Se) = (Fa) 


Step 4. Determine the equation of the osculating circle. 
See Figure 17. At x = 0, the osculating circle has center (0, 1/2) and radius 1/2. The 
equation of the circle is 


ea 


2 +( z 
a) a 


At x = 3/2, the osculating circle has center (—27/2, 29/4) and radius 54/10. Its equa- 


tion is 
a vd » ey 250 
x — — — = 
2 > a n 
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13.4 SUMMARY 


- A parametrization r(t) is called regular if r’(t) #0 for all t. If r(t) is regular, we 


r(t 
define the unit tangent vector T(t) = matt We denote ||r’(t)|| by v(¢). 
Curvature is defined by x(s) = | = | , where r(s) is an arc length parametrization. It 
S 
l we 
can be computed by «(t) = ae) A for any regular parametrization r(¢). 
v 


In practice, it is easier to compute curvature using the following formulas: 


— For a regular parametrization: 


ra) xr") 
KO = POP 


— For a regular parametrization (x(t), y(t)) of a plane curve: 


p jx Ey” O — y (Ex E) 


k(t) 
(x’'@)? + rary”? 


— Ata point ona graph y = f(x) in the plane: 


Ce) z 


(Lets) 


T(t) 
ITO 
T’(t) and the unit normal are also related by T’(t) = x(t)u(t)N(t) 
The binormal vector at P is defined by B = T x N. It is defined only if the curvature 
at P is nonzero. Together T, N, and B form the Frenet frame at P. 
The osculating plane at a point P on a curve C is the plane through P determined by 
the vectors T and N at P. 
The osculating circle Oscp is the circle in the osculating plane through P of radius 
R = 1/xp whose center Q lies in the normal direction N at P. If P corresponds to 
r(to), then the center is found via: 


If ||T’(£)|| # 0, we define the unit normal vector N(t) = 


—> l 
OQ = rto) + —N 
KP 


The center of Oscp is called the center of curvature and R is called the radius of 
curvature. 


13.4 EXERCISES 


Preliminary Questions 


1. What is the unit tangent vector of r(t) if the underlying curve is a line 5. What is the curvature at a point where T’(s) = (1,2,3) in an arc length 
with direction vector w = (2, 1, —2} and x is decreasing along r(t)? parametrization r(s)? 


2. What is the curvature of a circle of radius 4? 


6. What is the radius of curvature of a circle of radius 4? 


3. Which has larger curvature, a circle of radius 2 or a circle of radius 4? 


4. What is the curvature of r(t) = (2 + 3t, 7t,5 — t}? 


7. What is the radius of curvature at P if xp = 9? 
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~ Exercises 


In Exercises I-6, calculate r(t) and T(t), and evaluate T(1). 
1. r(t) = (427, 92) 2 x(t) = (e', 17) 


3. r(t) = (3 + 41,3 — St, 9t} 4, r(t) = (1+ 2¢,17,3 — 7} 


5. r(t) = (cos zt,sin zt, t) 6. r(t) = (e, e™,t?) 

In Exercises 7—10, use Eq. (3) to calculate the curvature function k(t). 
P 1) =e) 8. r(t) = (4cost,t,4sint) 
9. r(t) = (4t + 1,4¢ — 3, 2¢} 10. r(t) = (t~', 1,2) 

In Exercises 11—14, use Eq. (3) to evaluate the curvature at the given point. 


PIS reise (1/2) 1/27, 27) t ==] 


j= 


12. r(e) = 3 =1,e'“*, 8t -t?), t=4 
13. r(t) = (cost,sint,t?}, += % 
14. r(t) =(cosht,sinht,t), t=0 


In Exercises 15-18, find the curvature of the plane curve at the point 
indicated. 


1% y= e, t=3 16. y= cosx, x=0 


17. y=f*, t=2 18. y=?r", t=1 


19. Find the curvature of r(t) = (2 sint,cos3t,t) att = 3 andt = 5. 

20. Find the curvature function x(x) for y = sinx. Use a com- 
puter algebra system to plot x(x) for 0 < x < 27. Prove that the curvature 
takes its maximum at x = % and 2%. Hint: As a shortcut to finding the 


max, observe that the maximum of the numerator and the minimum of the 
denominator of x(x) occur at the same points. 


21. Show that the tractrix r(t) = (t — tanht,sechr) has the curvature 
function x(t) = secht. 


22. Show that curvature at an inflection point of a plane curve y = f(x) 
is Zero. 


23. Find the value(s) of œ such that the curvature of y = e®* at x = 0 is 
as large as possible. 


24. Find the point of maximum curvature on y = e”. 
25. Show that the curvature function of the parametrization r(t) = 


(a cost, b sint) of the ellipse Ey + (2) = lis 


2 [a | 
KE) = [cs 
(b2 cos? t + a? sin? t)?/2 


26. Use a sketch to predict where the points of minimal and maximal cur- 
vature occur on an ellipse. Then use Eq. (11) to confirm or refute your 
prediction. 


27. In the notation of Exercise 25, assume that a > b. Show that bja? < 
k(t) < a/b? for all t. 


28. Use Eq. (5) and a parametrization x = t and y = f(t) to prove that 


\— the curvature of the graph of y = f(x) is given by 


lf") 
K(x) = ——————_.|;5 
(i+ fay)? 


In Exercises 29-32, use Eq. (5) to compute the curvature at the given point. 
rt), ga 30. (coshs,s), s=0 


31. (tcost,sint), t= 32. (sin3s,2sin4s), s = % 


t 


33. Let s(t) =| lir (u)|du where r(t) = (e cos 4t, e' sin 4t). Show 


—00 
that the radius of curvature is proportional to s(t). (This curve is known as 


the Bernoulli spiral and was introduced in Exercise 39 in Section 13.3.) 


34. The curve that is parametrized by x(t) = cos? t and y(t) = sin? t, with 
0 < t < 27, is called a hypocycloid (Figure 18). 


(a) Show that the curvature is x(t) = amrcsetl” 


(b) What is the minimum curvature and where on the curve does it occur? 
(c) For what ż is the curvature undefined? At what points on the hypocy- 
cloid does that occur? Explain what is happening on the traced-out path at 
those points. 


FIGURE 18 A hypocycloid. 


35. Plot the clothoid r(r) = (x(t), y(¢)), and compute its curva- 
ture x(t) where 


t u? 
yt) = il cos — du 
0 3 


36. Find the normal vector N(@) to r(@) = R (cos 6, sin @), the circle of ra- 
dius R. Does N(@) point inside or outside the circle? Draw N(@) at 6 = 3 
with R = 4. 


t u? 
w= | sin — du, 
0 3 


37. Find the normal vector N(t) to r(t) = (4, sin 2t, cos 2f). 


38. Sketch the graph of r(t) = (t, 1°). Since r’(r) = (1, 3”), the unit nor- 
mal N(t) points in one of the two directions +(—37, 1). Which sign is 
correct at t = 1? Which is correct at t = —1? 


39. Find the normal vectors to r(t) = (t, cost) at t = 7 and t = am 
40. Find the normal vector to the Cornu spiral (Example 3) at t = ./z. 


In Exercises 41—44, find T,N, and B for the curve at the indicated point. 
Hint: After finding T’, plug in the specific value for t before computing N 
and B. 


41. r(t) = (0,1,t7) at (0, 1, 1). In this case, draw the curve and the three 
resultant vectors in 3-space. 


42, r(t) = (cost, sint, 2) at (1,0, 2). In this case, draw the curve and the 
three resultant vectors in 3-space. 
43. x(t) = (1,0, 33) at (1,1, 3) 44. r(t) = (t,t, e") at (0,0, 1) 


45. Find the normal vector to the clothoid (Exercise 35) at t = 21/3, 
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46. Method for Computing N Let v(t) = ||r’(.)||. Show that 


v(t” (t) — vu’ (t)r (t) 
= A 12 
NO = Toro -VOO n 


Hint: N is the unit vector in the direction T’(t). Differentiate T(t) = 
r’(t)/v(t) to show that v(t)r” (t) — v' (t)r (t) is a positive multiple of T’(¢). 


In Exercises 47-52, use Eq. (12) to find N at the point indicated. 
w 7 07), al 
48. (t —sint,1— cost), t= 


49. (17/2,0°/3,t), t=1 SO (44,2), t=- 


Sie (et), += 0 52. (coshż,sinhż,£?}, t=0 
53. Let r(t) = (r, 40/2, 7), 

(a) Find T,N, and B at the point corresponding tot = 1. 

(b) Find the equation of the osculating plane at the point corresponding to 
tæl, 

54. Let r(t) = (cost, sint,In(cost)). 

(a) Find T, N, and B at (1,0, 0). 

(b) Find the equation of the osculating plane at (1, 0, 0). 


55. Let r(t) = (t, 1 —1,t*). 
(a) Find the general formulas for T and N as functions of t. 
(b) Find the general formula for B as a function of t. 


(c) What can you conclude about the osculating planes of the curve based 
on your answer to b? 


56. (a) What does it mean for a space curve to have a constant unit tan- 
gent vector T? 


(b) What does it mean for a space curve to have a constant normal 
vector N? 


(c) What does it mean for a space curve to have a constant binormal 
vector B? 


57: Let f= x”. Show that the center of the osculating circle at (xo, xm) 
is given by (4x3 ‘ 5 T 3x9). 
58. Use Eq. (10) to find the center of curvature of r(t) = (t?, 1°) att = 1. 


In Exercises 59-68, find an equation of the osculating circle at the point 
indicated or indicate that none exists. 


60. y=x?, x=2 
62. y=simx, x= 
64. yolnx, x= 
65. r(t)=(cost,sint), t=% 66. r(t)=(t?,1— 207), r= 2 


67. r(t)=(1—sint,1—2cost), t=x 


68. r(t) = (cosht, sinht}, t =0 


69. Figure 19 shows the graph of the half-ellipse y = +,/2rx — px?, 
where r and p are positive constants. Show that the radius of curvature 
at the origin is equal to r. Hint: One way of proceeding is to write the 
ellipse in the form of Exercise 25 and apply Eq. (11). 


——o—— — -eode E= 
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y 


FIGURE 19 The curve y = +,/2rx — px? and the osculating circle at 
the origin. 


70. In a recent study of laser eye surgery by Gatinel, Hoang-Xuan, and 
Azar, a vertical cross section of the cornea is modeled by the half-ellipse 
of Exercise 69. Show that the half-ellipse can be written in the form 
x = f(y), where f(y) = p—'(r — yr? — py?). During surgery, tissue is 
removed to a depth f(y) at height y for —S < y < S, where t(y) is given 
by Munnerlyn’s equation (for some R > r): 


1) = YR- 2- R-y- fr2- 92 4,/2-y2 


After surgery, the cornea’s cross section has the shape x = f(y)-+ t(y) 
(Figure 20). Show that after surgery, the radius of curvature at the point P 
(where y = Q) is R. 


Segment of 
length t(y) 


| Eye shape 
_,. . “before surgery 


x 


____— after surgery 
x= f(y) +t(y) 


FIGURE 20 Contour of cornea before and after surgery. 


71. The angle of inclination at a point P on a plane curve is the angle 
@ between the unit tangent vector T and the x-axis (Figure 21). Assume 
that r(s) is an arc length parametrization, and let @ = @(s) be the angle of 
inclination at r(s). Prove that 

= 


ds 
Hint: Observe that T(s) = (cos 8(s), sin @(s)). 


T = (cos 6, sin 6) 


FIGURE 21 The curvature at P is the quantity |d@/ds|. 


ha 


72. A particle moves along the path y = x? with unit speed. How fast 
is the tangent turning (i.e., how fast is the angle of inclination changing) 
when the particle passes through the point (2, 8)? 


73. Let @(x) be the angle of inclination at a point on the graph y = f(x) 
(see Exercise 71). 


(a) Use the relation f’(x) = tan@ to prove that ee 
S E p dx ad + FWB 


' ds a 
(b) Use the arc length integral to show that ra S lef e) 
(c) Now give a proof of Eq. (6) using Eq. (13). 


74. Use the parametrization r(@) = (f (0) cos @, f (0) sin@) to show that a 

curve r = f(@) in polar coordinates has curvature 

| f()? +2’)? — FO) F"@)| 
(FOR + for)” 


In Exercises 75—77, use Eq. (14) to find the curvature of the curve given in 
polar form. 


75. f(0) =2cos@ 


k(0) = 


76. f(0)=80 77. f(@) =e? 


78. Use Eq. (14) to find the curvature of the general Bernoulli spiral 


r = ae” in polar form (a and b are constants). 


SECTION 13.4 Curvature 771 


79. Show that both r(t) and r’(f) lie in the osculating plane for a vector 
function r(t). Hint: Differentiate r(t) = v(t)T(2). 


80. Show that 


1 1 
y(s) = r(to) + ri + —((sinxs)T — (cos xs)N) 

K 
is an arc length parametrization of the osculating circle at r(¢o). 


81. Two vector-valued functions r;(s) and r2(s) are said to agree to order 
2 at so if 


r(so) =¥15(s0), 11 (50) = r2(so) 


Let r(s) be an arc length parametrization of a curve C, and let P be the 
terminal point of r(0). Let y(s) be the arc length parametrization of the 
osculating circle given in Exercise 80. Show that r(s) and y(s) agree to 
order 2 at s = 0 (in fact, the osculating circle is the unique circle that ap- 
proximates C to order 2 at P). 


(so) = r2(s0), 


82. Let r(t) = (x(t), y(t), z(t)) be a path with curvature «x (t) and define the 
scaled path rj (t) = (Ax(t), Ay(t), Az(t)), where à Æ 0 is a constant. Prove 
that curvature varies inversely with the scale factor. That is, prove that the 
curvature x(t) of rj(¢) is xı (t) = A—!«(t). This explains why the curva- 
ture of a circle of radius R is proportional to 1/R (in fact, it is equal to 
1/R). Hint: Use Eq. (3). 


Further Insights and Challenges 


83. Viviani’s curve is given by r(t) = (1 + cosż, sinż, 2sin(t/2)). Show 
that its curvature is 


/13+3cost 


t) = —_—_—_- 
ii (3 + cos t)3/2 


84. Let r(s) be an arc length parametrization of a closed curve C of 
length L. We call C an oval if d0 /ds > 0 (see Exercise 71). Observe 
that —N points to the outside of C. For k > 0, the curve Cı defined by 
r}(s) = r(s) — KN is called the expansion of c(s) in the normal direction. 
(a) Show that Iir} (s)| = {Ir’(s)|| + k«(s). 

(b) As P moves around the oval counterclockwise, © increases by 
2x [Figure 22(A)]. Use this and a change of variables to prove that 


L 
Í K(s)ds = 2r. 
0 
(c) Show that C; has length L + 27k. 


(B) C; is the expansion of C 
in the normal direction. 


FIGURE 22 As P moves around the oval, 6 increases by 27. 


In Exercises 85-93, we investigate the binormal vector further. 


85. Let r(t) = (x(t), y(t), 0). Assuming that T(t) x N(t) is nonzero, there 
are two possibilities for the vector B(t). What are they? Explain. 


86. Follow steps (a)-(c) to prove that there is a number t called the 


torsion such that 
dB 
— =-tN 15 
T= 15 


dB dN 
(a) Show that a = T x — and conclude that dB/ds is orthogonal 


ds 
to T. 
(b) Differentiate B - B = 1 with respect to s to show that dB/ds is orthog- 
onal to B. 
(c) Conclude that dB/ds is a multiple of N. 


87. Show that if C is contained in a plane P, then B is a unit vector normal 
to P. Conclude that t = 0 for a plane curve. 


88. A Torsion means twisting. Is this an appropriate name for t? Ex- 
plain by interpreting t geometrically. 


89. Use the identity 
a x (bx c)=(a- ob — (a - b)c 


to prove 
NxB=T, BxT=N 
90. Follow steps (a)}—(b) to prove 
dN 
= = T+ tB 


(a) Show that dN/ds is orthogonal to N. Conclude that dN/ds lies in 
the plane spanned by T and B, and hence, dN/ds = aT + bB for some 
scalars a,b. 


(b) Use N -T = Oto show that T - aN =—N. a and compute a. Com- 


. . = S S . 
pute b similarly. Equations (15) and (17) together with dT/dt = KN are 
called the Frenet formulas. 
91. Show that r’ x r” is a multiple of B. Conclude that 


_rxr 
ir xri 
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92. Use the formula from the preceding problem to find B for the space 93. The vector N can be computed using N = B x T [Eq. (16)] with B, as 
curve given by r(t) = (sint, — cost, sint). Conclude that the space curve in Eq. (18). Use this method to find N in the following cases: 


lies in a plane. 


Yendis / Alany 


FIGURE 1 The trajectory of a comet is 
analyzed using vector calculus. 


X 


FIGURE 2 


CAUTION While the initial condition 
determines the constant Co that arises in 
the antiderivative, the constant is not 
necessarily equal to the value in the initial 
condition. To find Co, we need to find two 
expressions for v(Q) and use them to solve 


for Co. 


(a) r(t) = (cos La) att = 0 
(b) r(t) = (t2, ,chatt = 1 


13.5 Motion in 3-Space 


In this section, we study the motion of an object traveling along a path r(t). That ob- 
ject could be a variety of things, including a particle, a baseball, or comet Hale-Bopp 
(Figure 1). Recali that the velocity vector is the derivative 


r(t +h) — r(t) 
h 
As we have seen, v(t) points in the direction of motion (if it is nonzero), and its magnitude 


v(t) = ||v(¢)|| is the object’s speed. The acceleration vector is the second derivative 
r’(t), which we shall denote as a(t). In summary, from r(t), we have 


v(t) = r(t) = lim 


v(t) = r(t), u(t) = vO, a(t) = r(t) 


EXAMPLE 1 Calculate and plot the velocity and acceleration vectors at t = 1 of r(t) = 
(sin 2t, — cos 2t, a/t + 1). Then find the speed at t = 1 (Figure 2). 


Solution 


1 
v(t) = r'(t) = (2 cos 2t, 2 sin 2t, = (t + vp”), v(1) ~ (—0.83, 1.82, 0.35) 


1 
a(t) = r” (t) = (-4 sin 2t, 4 cos 2t, -IV + p>? , a(l) ~ (—3.64, —1.66, —0.089) 


The speed at t = 1 is 


Ivl © /(—0.83)2 + (1.82)2 + (0.35)2 = 2.03 ig 


If an object’s acceleration is given, we can solve for v(t) and r(t) by integrating 
twice: 


v(t) = f aOd: and then r(t) = [roa 


Arbitrary constants arise in each of these antiderivatives. To determine specific func- 
tions v(t) and r(t), initial conditions need to be provided. 


EXAMPLE 2 Find r(t) if 
a(t) =(costhitej+tk, v0)=i, r(0)=k 


Solution We obtain 


v(t) = [wo dt = (sin t)i + e*j + rk + Co 
With the initial condition for v, we can determine Cp. Specifically, from the initial 
condition and from Eq. (1) we have, respectively, the following two expressions for v(0): 
v(0)=i and v(0)=j+Co 
It follows that i = j + Co, and therefore Co = i — j. Thus, 


ee EE ý 
vO = (sindi + ej + Fk +i-j= (sint + Di+ (e — Dj+ Fk 


- On the moon, the acceleration due to 


gravity is 1.6 m/s*. During his moonwalk, 
Apollo 14 astronaut Alan Shepard used a 
makeshift club to hit a golf ball. It went 
“miles and miles and miles,” he said. In 
Exercise 21, we explore how far it might 
have gone. 


100 sin 8 


100 cos 6 


FIGURE 3 The launch velocity is 
v(0) = 100 cos ĝi + 100 sin 6j. 
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Now, taking another antiderivative, we obtain 


The initial condition and Eq. (2) provide the following two expressions for r(Q): 


3 
r(t) = [roa = (—cost + Hi + (e — t)j + -k+ Cı 


r(0)=k and r(0)=-i+j+C 
This implies that k = —i + j + C4, and therefore Cı = i — j + k. We now have 


pe 
r(t) = (—cost +i +(e —Hj+ ckt+i-j+k 
1? 
= (cose +r Di+ E-r- D+ (+1) a 


Near the surface of the earth, gravity imparts an acceleration of approximately 
9.8 m/s? ~ 32 ft/s* in the downward direction. This means that if we have a projec- 
tile moving near the surface of the earth that has no additional means of acquiring 
acceleration, we know that its acceleration vector a(t) is determined by gravity. When 
a projectile’s motion occurs within a vertical plane, we can model the motion in the 
xy-plane, using x for the horizontal motion and y for the vertical. In that case, we use 
a(t) = —9.8j m/s? or a(t) = —32j fts?. 


EXAMPLE 3 A projectile is launched from the ground at angle 6 with a speed of 
100 ft/s. Show that the projectile lands at a distance of 625 sin 8 cos 0 ft from the launch 
point. (This launch-to-landing distance is called the range of the projectile.) 


Solution Assume that the launch point is at the origin, and let r(t) be the position vector. 
For an initial condition, we have r(0) = 0. Furthermore, since the launch speed is 100 ft/s 
with an angle of 6, we have the initial condition v(0) = 100 cos ĝi + 100 sin @j (Figure 3). 

We assume that we have an acceleration vector a(t) = —32j. We determine r(t) by 


integrating twice: 


v(t) = f a(t)dt = —32tj + Co 
From the initial condition and from Eq. (3), we have 
v(0) = 100 cos ĝi + 100sinĝj and v(0)= Co 


Hence, Co = 100 cos ĝi + 100 sin 8j. 
Therefore, 


v(t) = 100 cos 6i + (100 sin@ — 32r)j 


Integrating again: 


|4] 


Eq. (4) implies that r(0) = C1. From the initial condition r(0) = 0, we get C; = 0. 
Therefore, 


r(t) = [ro dt = (100cos @)ri + ((100 sin 6)r — 16t7)j +C 


r(t) = (100 cos 6)ti + ((100 sin @)t — 1617)j 


Now, the projectile is at ground level when the y-component of r(t) is zero. There- 
fore, we solve 


(100 sin 6)t — 16t? = 0 


t(100siné@ — 16t) = 0 
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In Example 3 in Section 3.6, we showed 
that in this case, the maximum range 
occurs when @ = 1/4. In fact, given any 
initial speed, the maximum range occurs 
with 0 = 2/4; see Exercise 23. 


Kl- 


FIGURE 4 In uniform circular motion, v has 
constant length but turns continuously. The 
acceleration a is centripetal, pointing 
toward the center of the circle. 


The constant w (lowercase Greek omega) is 
called the angular speed because the 
particle’s angle along the circle changes at 
a rate of w radians per unit time. 


When you make a left turn in an 
automobile at constant speed, your 
tangential acceleration is zero [because 
v(t) = 0] and you will not be pushed back 
against your seat. But the car seat (via 
friction) pushes you to the left toward the 
car door, causing you to accelerate in the 
normal direction. Due to inertia, you feel as 
if you are being pushed to the right toward 
the passenger’s seat. This force is 
proportional to kv”, so a sharp turn (large 
kK) or high speed (large v} produces a 
strong normal force. 
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We have solutions at t = 0 (when the projectile was launched) and at t = POE = 


— (when the projectile returns to the ground). The distance from the launch point to 
the landing point is the x-component of r(t) evaluated at the time of landing. That is, the 


projectile lands at (100 cos @) (25524 ) = 625 cos @ sin @ ft from the launch point. a 


In general, acceleration is the rate of change of velocity with respect to time. In 
linear motion, acceleration is zero if the speed is constant. By contrast, in two or three 
dimensions, the acceleration can be nonzero even when the object’s speed is constant. 
This happens when v(t) = ||v(¢)|| is constant but the direction of v(t) is changing. The 
simplest example is uniform circular motion, in which an object travels in a circular 
path at constant speed (Figure 4). 


EXAMPLE 4 Uniform Circular Motion Find a(t) and jja(t)|| for the motion of a parti- 
cle around a circle of radius R with constant speed v. 


Solution Assume that the particle follows the circular path r(t) = R(cos wt, sin wt) for 
some constant w. Then the velocity and speed of the particle are 


v(t) = Rol- sin wt, COS wt), v = ||v(t)|| = Riol 


Thus, |œ] = v/R; accordingly, 


a(t) = v (t) = —Rw*(cos wt, sin wt), \ja(t)|| = Ro* = R Sy Y. 


R 
The vector a(t) is called the centripetal acceleration: It has length v? /R and points 
toward the center of the circle, in this case the origin [because a(t) is a negative multiple 
of the position vector r(t)], as in Figure 4. i 


Understanding the Acceleration Vector 


Acceleration is the rate of change of velocity, and a velocity vector provides information 
about the direction of motion and the speed (via its magnitude). Thus acceleration can 
involve change in either the direction or the magnitude of velocity. To understand how 
the acceleration vector a(t) encodes both types of change, we decompose a(t) into a sum 
of tangential and normal components. 

Recall the definition of unit tangent and unit normal vectors: 


v(t) T(t) 
T = ; N = 
Or Ste = To 


Thus, v(t) = v(t)T(t), where v(t) = ||v(t)||, so by the Scalar Product Rule, 


dv 


d f 
a(t) = T= ZG eoT@ = OTH) + v(t)T (t) 


Furthermore, T’(t) = v(t)«(t)N(t) by Eq. (8) of Section 13.4, where «(t) is the curvature. 
Thus, we can write 


The coefficient ap(t) is called the tangential component and ayn(t) the normal compo- 
nent of acceleration (Figure 5). 


ic) Peter M. Wilson samy 


The normal component ay is often called 
the centripetal acceleration. In the case of 
uniform circular motion it is directed 

toward the center of the circle. 


FIGURE 6 The Giant Ferris Wheel in 
Vienna, Austria, erected in 1897 to 
celebrate the 50th anniversary of the 
coronation of Emperor Franz Joseph I. 


FIGURE 7 


Ferris wheel 
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—_—— 


CB FIGURE 5 Decomposition of a into tangential and normal components. 


CONCEPTUAL INSIGHT The tangential component ay = v’(r) is the rate at which speed 
v(t) changes, whereas the normal component ay = «(t)u(t)? describes the change in v 


due to a change in direction. These interpretations become clear once we consider the 
following extreme cases: 


- A particle travels in a straight line. Then direction does not change [k(t) = 0] and 
a(t) = v’(t)T is parallel to the direction of motion. 

e A particle travels with constant speed along a curved path. Then v’(t) = 0 and the 
acceleration vector a(t) = x(t)u(t)*N is normal to the direction of motion. 


General motion combines both tangential and normal acceleration. 


EXAMPLE 5 The Giant Ferris Wheel in Vienna has radius R = 30 m (Figure 6). 
Assume that at time t = tọ, a person in a seat at the bottom of the wheel has a speed of 


40 m/min that is slowing at a rate of 15 m/min’. Find the acceleration vector a for the 
person. 


Solution At the bottom of the wheel, T = (1,0) and N = (0,1). We are told that 
ay = v’ = —15 at time fp. The curvature of the wheel is x = 1/R = 1/30, so the normal 
component is an = KV? = v*/R = (40)*/30 ~ 53.3. Therefore (Figure 7), 


a ~ —15T + 53.3N = (—15, 53.3) m/min? a 


The following theorem provides useful formulas for the tangential and normal 
components. 


THEOREM 1 Tangential and Normal Components of Acceleration In the decompo- 
sition a = arT + anN, we have 


=a-N = y |jal? — lar? 


Proof To begin, note that T - T = 1 and N - T = 0. Thus, 


a- T = (arT +anN) -T = ar 


a: N= (arT +anN):-N=an 
y 


and since T = —, we have 


ivil’ 


aT =a: DT = (1) © = E2) 
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a=-2T+4N 


CB FIGURE 8 The vectors T, N, and a at 
t= 5 on the curve given by 
r(t) = (t7, 22, In). 


Summary of steps in Example 6: 


v 
ivil 


ay =a-T 


an N= a-—arT 


an = |lan N| 
AN N 
N = 
Qn 


and 
anN=a-arT =a- (= )y 


Finally, the vectors arT and anN are the sides of a right triangle with hypotenuse a as in 
Figure 5, so by the Pythagorean Theorem, 


2 2 2 / 
lal? = jar“ + lan = an = y llall? — larl? x 


Keep in mind that an = 0 but ar is positive or negative, depending on whether the 
object is speeding up or slowing down along the curve. 


EXAMPLE 6 Forr(t) = az. 2t, In t), determine the acceleration a(t). At t = i, decom- 
pose the acceleration vector into tangential and normal components, and find the curva- 
ture of the path (Figure 8). 


Solution First, we compute the tangential components T and ar. We have 


v(t) = r(A) = (222,271), a(t) =r") = (2,0, -17) 
=r (3) = 2(;).2 ł x siha 
y = 7 = 7 9 ms (5) = ( 9 m5 


Thus, 
ie ee ded Cy 
ivi” vie +2+22 Sse 
and by Eq. (6), 


ar =a: T= (2,0,-4).(5,5,5)=-2 


Next, we use Eq. (7): 
V2? 84 8 
N =a-arT = 2,0, —4) — (—2 “rts ho a 
aN Tr = ( omit J 3 5} ( ) 
This vector has length 


64 16 64 
= NI| = = — — = 
an = |lanNiI]| Yato TE 4 
and thus, 
8 4 _8 
ann _ (3:5: 3) J21 2 
= a] 4 Aes 3 


Finally, we obtain the decomposition 


a = (2,0, —4) = arT + anN = —2T + 4N 


Now, since an = 4 at t = L, and we know an = kv? from Eq. (5), to obtain the 


curvature at t = 7 divide 4 by the square of the speed. With v = (1,2,2) at t = T we 
have v? = 9, and therefore x(1/2) = 4/9. a 


EXAMPLE 7 Nonuniform Circular Motion Figure 9 shows the acceleration vectors of 
three particles moving counterclockwise around a circle. In each case, state whether the 
particle’s speed v around the circle is increasing, decreasing, or momentarily constant. 


~ 


FIGURE 9 Acceleration vectors of particles 
moving counterclockwise (in the direction 
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(B) 


of T) around a circle. 


Solution The rate of change of speed depends on the angle 6 between a and T: 
vy’ =ar =a- T = jali ||Tl| cos = lal] cos 


Here, the first equality follows from Eq. (5), the second from Eq. (6), the third from the 
geometric interpretation of the dot product, and the last since T is a unit vector. 


¢ In (A), 8 is obtuse, so cos @ < O and v’ < 0. The particle’s speed is decreasing. 

- In (B), 0 = 5, so cos@ = 0 and v’ = 0. The particle’s speed is momentarily 
constant. 

e In(C), 8 is acute, so cos 0 > 0 and v’ > 0. The particle’s speed is increasing. m 


13.5 SUMMARY 


¢ For an object whose path is described by a vector-valued function r(t), 
eA =r), v@=lIiv@I, a) =r" 


* The velocity vector v(t) points in the direction of motion. Its length v(t) = ||v(¢)]| is 
the object’s speed. 

¢ The acceleration vector a is the sum of a tangential component (reflecting change in 
speed along the path) and a normal component (reflecting change in direction): 


a(t) = ap (t)T(t) + an(t)N(Z) 


Unit tangent vector T(t) ut 
Cc = 
i ON 
T@ 
Unit normal vector N(t) = 
ITI 


a-v 
ar = v(t) = a - T = — 


am Mi 
arT = (——)v 
an = k(t)u(t)” = y llall? — larl? 


ayN =a—arT =a- ( 


Tangential component 


Normal component 


13.5 EXERCISES 


Preliminary Questions 


1. If a particle travels with constant speed, must its acceleration vector be 3. Two objects travel to the right along the parabola y = x? with nonzero 


zero? Explain. 


2. For a particle in uniform circular motion around a circle, which of the 
vectors v(t) or a(t) always points toward the center of the circle? 


speed. Which of the following statements must be true? 
(a) Their velocity vectors point in the same direction. 
(b) Their velocity vectors have the same length. 


(c) Their acceleration vectors point in the same direction. 
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4. Use the decomposition of acceleration into tangential and normal com- 
ponents to explain the following statement: If the speed is constant, then 
the acceleration and velocity vectors are orthogonal. 


5. If a particle travels along a straight line, then the acceleration and ve- 
locity vectors are (choose the correct description): 


(a) orthogonal. (b) parallel. 
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6. What is the length of the acceleration vector of a particle traveling 
around a circle of radius 2 cm with constant speed 4 cm/s? 


7. Two cars are racing around a circular track. If, at a certain moment, 
both of their speedometers read 110 mph, then the two cars have the same 
(choose one): 


(a) ary 


(b) an 


Exercises 


1. Use the table to calculate the difference quotients 
h = —0.2, —0.1, 0.1, 0.2. Then estimate the velocity and speed at t = 1. 


r(1 + A) — r(1) for 


(1.557, 2.459, —1.970) 
(1.559, 2.634, — 1.740} 


(1.540, 2.841, —1.443) 
(1.499, 3.078, —1.035) 
(1.435, 3.342, —0.428) 


2+h)-—r@ 
2. Draw the vectors r(2 + k) — r(2) and we for h = 0.5 for 


the path in Figure 10. Draw v(2) (using a rough estimate for its length). 


r(2.5) 


r(2) 
O 


FIGURE 10 


In Exercises 3-6, calculate the velocity and acceleration vectors and the 
speed at the time indicated. 


3. r(t) =(,1-1,427), + =1 4. r(t) = ej — cos(2t)k, t =0 


5. r(@) = (sinf, cos@,cos30@), @= Z 


1 S Es 
E Fe “= 
7. Find a(t) for a particle moving around a circle of radius 8 cm at a con- 


stant speed of v = 4 cm/s (see Example 4). Draw the path, and on it, draw 
the acceleration vector att = 7. 


6. r(s) = ( 


8. Sketch the path r(t) = (1 — ¢?, 1 — t} for —2 < t < 2, indicating the di- 
rection of motion. Draw the velocity and acceleration vectors at £ = 0 and 
t=1. 


9. Sketch the path r(t) = (7, 1°} together with the velocity and accelera- 
tion vectors at t = 1. 


10. 4 The paths r(t) = (t7,t°) and r(t) = (t*,1°) trace the same 
curve, and r}(1) = r(1). Do you expect either the velocity vectors or the 
acceleration vectors of these paths at t = 1 to point in the same direction? 
Explain. Compute these vectors and draw them on a single plot of the 
curve. 


In Exercises 11—14, find v(t) given a(t) and the initial velocity. 
11. a(t) =(r,4), vO) = (4, —2) 

12. a(t) = (e',0,t +1), v(0) = (1, —3, V2) 

13. a(t)=k, v(0) =i 


14. a(t) = 17k, vw0)=i-j 


In Exercises 15-18, find r(t) and v(t) given a(t) and the initial velocity and 
position. 


15. a(t) = (t,4), v(0) = (3,—2), (0) = (0,0) 


16. a(t) = (e',2t,t +1), v(0)=(1,0,1), r(0) = (2,1,1) 


17. a(t) =tk, v(0)=i, r(0)=j 


18. a(t) =costk, v(0)=i-j, r(0)=i 
19. A projectile is launched from the ground at an angle of 45°. What ini- 
tial speed must the projectile have in order to hit the top of a 120-m tower 


located 180 m away? 


20. Find the initial velocity vector vo of a projectile released with initial 
speed 100 m/s that reaches a maximum height of 300 m. 


21. Assume that astronaut Alan Shepard hit his golf shot on the moon (ac- 
celeration due to gravity = 1.6 m/s”) with a modest initial speed of 35 m/s 
at an angle of 30°. How far did the ball travel? 


22. Golfer Judy Robinson hit a golf ball on the planet Priplanus with an 
initial speed of 50 m/s at an angle of 40°. It landed exactly 2 km away. 
What is the acceleration due to gravity on Priplanus? 


23. Show that a projectile launched at an angle 6 with initial speed vo 
travels a distance (vA /g) sin 20 before hitting the ground. Conclude that 


the maximum distance (for a given vg) is attained at 0 = a 


24. Show that a projectile launched at an angle © will hit the top of an 
h-meter tower located d meters away if its initial speed is 


“a /g/2dsec@ 
"= Jaat h 


25. A quarterback throws a football while standing at the very center of 
the field on the 50-yard line. The ball leaves his hand at a height of 5 ft 
and has initial velocity vo = 40i + 35j + 32k ft/s. Assume an acceleration 
of 32 ft/s* due to gravity and that the i vector points down the field toward 
the endzone and the j vector points to the sideline. The field is 150 ft in 
width and 300 ft in length. 


(a) Determine the position function that gives the position of the ball t 
seconds after it is thrown. 


(b) The ball is caught by a player 5 ft above the ground. Is the player in 
bounds or out of bounds when he receives the ball? Assume the player is 
Standing vertically with both toes on the ground at the time of reception. 


26. A soccer ball is kicked from ground level with (x, y)-coordinates 
(85, 20) on the soccer field shown in Figure 11 and with an initial ve- 
locity vo = 10i — 5j + 25k ft/s. Assume an acceleration of 32 ft/s2 due to 
gravity and that the goal net has a height of 8 ft and a total width of 24 ft. 


(a) Determine the position function that gives the position of the ball ¢ 
seconds after it is hit. 


(b) Does the ball go in the goal before hitting the ground? Explain why or 
why not. 


N 


FIGURE 11 


27. A constant force F = (5,2) (in newtons) acts on a 10-kg mass. Find 
the position of the mass at t = 10 seconds if it is located at the origin at 
t = 0 and has initial velocity vo = (2, —3} (in meters per second). 


28. A force F = (24t, 16 — 8t} (in newtons) acts on a 4-kg mass. Find the 
position of the mass at t = 3 s if it is located at (10, 12) at t = 0 and has 
zero initial velocity. 


29. A particle follows a path r(t) for O < t < T, beginning at the origin O. 
1 E 
The vector V = F J r'(t)dt is called the average velocity vector. Sup- 
0 


pose that V = 0. Answer and explain the following: 
(a) Where is the particle located at time T if ¥ = 0? 
(b) Is the particle’s average speed necessarily equal to zero? 


30. At a certain moment, a moving particle has velocity v = (2,2, —1) 
and acceleration a = (0,4,3). Find T, N, and the decomposition of a into 
tangential and normal components. 


31. At a certain moment, a particle moving along a path has velocity 
v = (12,20, 20) and acceleration a = (2,1, —3). Is the particle speeding 
up or slowing down? 


In Exercises 32-35, use Eq. (6) to find the coefficients ay and an as a 
function of t (or at the specified value of t). 


2 nity (07,27) 33. r(t) = (t, cost, sin t) 
34. r(t) = (t1,int, t), t= 1 
rO a FS 


In Exercises 36-43, find the decomposition of a(t) into tangential and nor- 
mal components at the point indicated, as in Example 6. 


36. r(t)=(e',1-2), t=0 
37. r(t) = (4 1°, 1 — 31), t= —1 
38. 


1,2 1,3 am 
a. gt), ft r=] 


r(t) ={ 
39. r(t) = (1, 412, 4r ae t=4 


42. r(@) = (cos6,sin9,@), 9@=0 


43. r(t) = (t,cost,tsint), t= 5 
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44, Let r(t) = (t?, 4t — 3). Find T(t) and N(t), and show that the decom- 
position of a(t) into tangential and normal components is 


2t 4 
ate (te ae es) 
©) ( T5) ( t244 


45. Find the components ar and an of the acceleration vector of a particle 
moving along a circular path of radius R = 100 cm with constant speed 
vo = 5 cm/s. 


46. In the notation of Example 5, find the acceleration vector for a person 
seated in a car at (a) the highest point of the Ferris wheel and (b) the two 
points level with the center of the wheel. 


47. Suppose that the Ferris wheel in Example 5 is rotating clockwise and 
that the point P at angle 45° has acceleration vector a = (0, —50) m/min? 
pointing down, as in Figure 12. Determine the speed and tangential com- 
ponent of the acceleration of the Ferris wheel. 


Ferris wheel | 


FIGURE 12 


48. At time fo, a moving particle has velocity vector v = 2i and acceler- 
ation vector a = 3i + 18k. Determine the curvature «(tg) of the particle’s 
path at time fg. 


49. A satellite orbits the earth at an altitude 400 km above the earth’s 
surface, with constant speed v = 28,000 km/h. Find the magnitude of the 
satellite’s acceleration (in kilometers per square hour), assuming that the 
radius of the earth is 6378 km (Figure 13). 


FIGURE 13 Satellite orbit. 


50. A car proceeds along a circular path of radius R = 300 m centered at 
the origin. Starting at rest, its speed increases at a rate of t m/s*. Find the 
acceleration vector a at time t = 3 s and determine its decomposition into 
normal and tangential components. 


51. A particle follows a path r;(t) on the helical curve with parametriza- 
tion r(@) = (cos 6, sin@, @). When it is at position r(3), its speed is 3 m/s 
and its speed is increasing at a rate of 5 m/s. Find its acceleration vector a 


at this moment. Note: The particle’s acoelétation vector does not coincide 
with r’(@). 
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52. [A Explain why the vector w in Figure 14 cannot be the accelera- 
tion vector of a particle moving along the circle. Hint: Consider the sign 
of w-N. 


FIGURE 14 


53. Ei Figure 15 shows the acceleration vectors of a particle moving 
clockwise around a circle. In each case, state whether the particle is speed- 
ing up, slowing down, or momentarily at constant speed. Explain. 


Further Insights and Challenges 


56. EA The orbit of a planet is an ellipse with the sun at one focus. The 
sun’s gravitational force acts along the radial line from the planet to the 
sun (the dashed lines in Figure 16), and by Newton’s Second Law, the ac- 
celeration vector points in the same direction. Assuming that the orbit has 
positive eccentricity (the orbit is not a circle), explain why the planet must 
slow down in the upper half of the orbit (as it moves away from the sun) 
and speed up in the lower half. Kepler’s Second Law, discussed in the next 
section, is a precise version of this qualitative conclusion. Hint: Consider 
the decomposition of a into normal and tangential components. 


pianetary MOtion 
ee 


FIGURE 16 Elliptical orbit of a planet around the sun. 


In Exercises 57-61, we consider an automobile of mass m traveling along 
a curved but level road. To avoid skidding, the road must supply a fric- 
tional force F = ma, where a is the car’s acceleration vector. The maxi- 
mum magnitude of the frictional force is umg, where u is the coefficient of 
friction and g = 9.8 m/s*. Let v be the car’s speed in meters per second. 


57. Show that the car will not skid if the curvature x of the road is such 


that (with R = 1/x) 
a) 2 
2 v 2 
(v) + (=) < (ug) 
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(A) (B) (C) 


FIGURE 15 


lla x vl 
Mi 
55. Suppose that r(t) Hes on a sphere of radius R for all ¢. Let 


J=r x r. Show that r = (J x r)/|iri|?. Hint: Observe that r and r’ are 
perpendicular. 


54. Prove that an = 


Note that braking (v’ < 0) and speeding up (v’ > 0) contribute equally to 
skidding. 


58. Suppose that the maximum radius of curvature along a curved high- 
way is R = 180 m. How fast can an automobile travel (at constant speed) 
along the highway without skidding if the coefficient of friction is u = 
0.5? 


59. Beginning at rest, an automobile drives around a circular track of ra- 
dius R = 300 m, accelerating at a rate of 0.3 m/s”. After how many sec- 
onds will the car begin to skid if the coefficient of friction is y = 0.6? 


60. You want to reverse your direction in the shortest possible time by 
driving around a semicircular bend (Figure 17). If you travel at the maxi- 
mum possible constant speed v that will not cause skidding, is it faster to 
hug the inside curve (radius r) or the outside curb (radius R)? Hint: Use 
Eq. (8) to show that at maximum speed, the time required to drive around 
the semicircle is proportional to the square root of the radius. 


61. What is the smallest radius R about which an automobile can tum 
without skidding at 100 km/h if 4 = 0.75 (a typical value)? 


FIGURE 17 Car going around the bend. 


13.6 Planetary Motion According to Kepler and Newton 


In this section, we derive Kepler’s laws of planetary motion, a feat first accomplished by 
Isaac Newton and published by him in 1687. No event was more emblematic of the sci- 
entific revolution. It demonstrated the power of mathematics to make the natural world 
comprehensible and it led succeeding generations of scientists to seek and discover math- 
ematical laws governing other phenomena, such as electricity and magnetism, thermody- 
namics, and atomic processes. 


Kepler's version of the Third Law stated 
only that T? is proportional to a>. Newton 
discovered that the constant of 
proportionality is equal to 4n? /(G M), and 
he observed that if you can measure T and 
a through observation, then you can use 
the Third Law to solve for the mass M. 
This method is used by astronomers to find 
the masses of the planets (by measuring T 
and a for moons revolving around the 
planet) as well as the masses of binary 
stars and galaxies. See Exercises 2-5. 


Planet 


FIGURE 3 The gravitational force F, 
directed from the planet to the sun, is a 
negative multiple of e». 
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According to Kepler, the planetary orbits are ellipses with the sun at one focus. Fur- 
thermore, if we imagine a radial vector r(t) pointing from the sun to the planet, as in 
Figure 1, then this radial vector sweeps out area at a constant rate or, as Kepler stated 
in his Second Law, the radial vector sweeps out equal areas in equal times (Figure 2). 
Kepler’s Third Law determines the period T of the orbit, defined as the time required 
to complete one full revolution. These laws are valid not just for planets orbiting the 
sun, but for any body orbiting about another body according to the inverse-square law of 


gravitation. 
a EE 
| Planet 
Planet 
z 
Sun 
Orbital path 


Center of 
ellipse | 


l 
I 


Semimajor axis 


FIGURE 1 The planet travels along an C FIGURE 2 The two shaded regions have 

ellipse with the sun at one focus. equal areas, and by Kepler’s Second Law, the 
planet sweeps them out in equal times. To do 
so, the planet must travel faster going from A 
to B than from C to D. 


| Kepler's Three Laws 


(i) Law of Ellipses: The orbit of a planet is an ellipse with the sun at one focus. 
(ii) Law of Equal Area in Equal Time: The position vector pointing from the sun 
to the planet sweeps out equal areas in equal times. 


4 
(iii) Law of the Period of Motion: T* = ( a 


GM 
* ais the semimajor axis of the ellipse (Figure 1) in meters. 
e G is the universal gravitational constant: 6.673 x 107!! m3 kg! s~?. 
- M is the mass of the sun, approximately 1.989 x 1030 kg. 

T is the period of the orbit, in seconds. 


) a”, where 


Our derivation makes a few simplifying assumptions. We treat the sun and planet 
as point masses and ignore the gravitational attraction of the planets on each other. And 
although both the sun and the planet revolve around their mutual center of mass, we 
ignore the sun’s motion and assume that the planet revolves around the center of the sun. 
This is justified because the sun is much more massive than the planet. 


We place the sun at the origin of the coordinate system. Let r = r(t) be the position 
vector of a planet of mass m, as in Figure 1, and let (Figure 3) 


r(t) 
— 
rt) || 
be the unit radial vector at time ż (e, is the unit vector that points to the planet as it moves 


around the sun). By Newton’s Universal Law of Gravitation (the inverse-square law), the 
sun attracts the planet with a gravitational force 


Fe) =~ ( a Je 


Int) ||? 
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where k = GM. Combining the Law of Gravitation with Newton’s Second Law of Mo- 


tion F(r(t)) = mr” (t), we obtain g 
k 
r’(t) = ——— e 1 
Iro ” 
Kepler’s Laws are a consequence of this differential equation. 
Kepler’s Second Law 
The key to Kepler’s Second Law is the fact that the following cross product is a constant 
vector [even though both r(t) and r'(t) are changing in time]: 
In physics, mJ is called the angular J=r(t) xr(t) 
momentum vector. In situations where J is 
constant, we say that angular momentum is | 
POSEE I POOE ey pA vane THEOREM 1 The vector J is constant—that is, 
whenever the force acts in the radial 
direction. 
Proof By the Cross Product Rule (Theorem 3 in Section 13.2), 
ap re) =r) xr 7 
q; = g EO x TO) HPO x re) + re) x r'e) 
4 REMINDER The cross product of parallel vectors is zero, so the first term is certainly zero. The second ~~ 
term is also zero because r” (t) is a multiple of e, by Eq. (1), and hence also of r(t). m 
e a x b is orthogonal to both a and b. 
. ax b= Q jfa and b are parallel, that H 2)? Fi ‘Ale Hi 4 eee al te ‘both 
leydnchie'h AR ow can we use Eq. (2)? First o , the cross product J is orthogonal to both r(t) 
Í and r’(t). Because J is constant, r(t) and r’(t) are confined to the fixed plane orthogonal 
to J. This proves that the motion of a planet around the sun takes place in a plane. 

We can choose coordinates so that the sun is at the origin and the planet moves in the 
counterclockwise direction (Figure 4). Let (7,@) be the polar coordinates of the planet, 
where r = r(t) and 0 = (t) are functions of time. Note that r(t) = |r) |l. 

Recall from Section 11.4 (Theorem 1) that the area swept out by the planet’s radial 
vector, from 0 to @, is 

tt dae 
A=- r° dð 
2 Jo 
Kepler’s Second Law states that this area is swept out at a constant rate. But, this rate is 
simply dA/dt. We will prove that dA/dt is constant. By the Fundamental Theorem of 
dA 
Calculus, a ar and by the Chain Rule, 
FIGURE 4 The orbit is contained in the 
plane orthogonal to J (but we have not dA = dA do aa 1 rt? a 1 r(t)6’(t) 
proven yet that the orbit is an ellipse). dt 6 u@idt ad 2 
Thus, Kepler’s Second Law follows from the next theorem, which tells us that d A /dt has 
the constant value aR |. 
THEOREM 2 Let J = ||J|| (J and hence J are constant by Theorem 1). Then 


FIGURE 5 The unit vectors e, and eg are 
orthogonal, and rotate around the origin 
along with the planet. 


To compute cross products of vectors in the 
plane, such asr, e,, and eg, we treat them 
as vectors in 3-space with a z-component 
equal to zero. The cross product is then a 
multiple of k. 


4 REMINDER Eq. (1) states 


j k 
r) = ae 


where r(t) = |jr(f)||. 
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Proof We note that in polar coordinates, e, = (cos@,sin@). We also define the unit 
vector eg = (— sin ĝ, cos 8} that is orthogonal to e, (Figure 5). In summary, 


r(t) = |r|, e, = (cos6@,sin@), e =(—sin@,cos6), e,-eg =0 


We see directly that the derivatives of e, and eg with respect to @ are 


The time derivative of e, is computed using the Chain Rule: 


d0\ (ad 
= — -— — f 
= (F) (Se) 70) ee 


Now apply the Product Rule to r = re;: 


ned 


d 
r = E r'e, tre. = r'e, +r0'e 
Using e, x e, = 0, we obtain 
J=r xr =re, x (r'e, + r’eg) = r?0' (e, x ep) 


It is straightforward to check that e, x eg = k, and since k is a unit vector, J = ||Jj] = 
\r26’|. However, 6’ > 0 because the planet moves in the counterclockwise direction, so 
J = r°0'. This proves Theorem 2. E 


Proof of the Law of Ellipses 


We show that the orbit of a planet is indeed an ellipse with the sun as one of the foci. 
Let v = r'(t) be the velocity vector. Then r” = v and Eq. (1) may be written 


dv k 
F a Ea 
On the other hand, by the Chain Rule and the relation r(z)*6’(t) = J of Eq. (3), 
dy d@dv apie _ J ay 
dt dtd0 `“ d0 r(t)2d0 


d 
Together with Eq. (6), this yields i= E 


dv k 

— = ——e 

d8 7 * 
This is a first-order differential equation that no longer involves time t. We can solve it 
by integration: 


k 
ay (cos 6, sin @) 


k k k 
v=—5 f (c0s0,sino) i (=e ee) ah See +c 


where ¢ is an arbitrary constant vector. 

We are still free to rotate our coordinate system in the plane of motion, so we may 
assume that ¢ points along the y-axis. We can then write € = (0,(k/J)b) for some scalar 
constant b. We finish the proof by computing J = r x v: 


k k 
J=rxv=re, x (e+e) — grle x eg +e, x (0, b) ) 
Direct calculation yields 
e x @9 =k, e, x (0, b) = (bcos @)k 
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4 REMINDER The equation of a conic 


section in polar coordinates is discussed in 


Section 11.5. 


The Hubble Space Telescope produced this 


image of the Antenna galaxies, a pair of 
spiral galaxies that began to collide 
hundreds of millions of years ago. 


Perihelion } 
advances i/ 


Planet 


FIGURE 6 The perihelion of an orbit shifts 
slowly over time. For Mercury, the 
semimajor axis makes a full revolution 
approximately once every 24,000 years. 
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k 
so our equation becomes J = ar + bcos @)k. Since k is a unit vector, 


k 
J = |J|| = =e + bcos 8) 


Solving for r, we obtain the polar equation of a conic section of eccentricity b (an ellipse, 


parabola, or hyperbola): 


J* fk 


ee 1+ bcosé@ 


This result shows that if a planet travels around the sun in a bounded orbit, then 
the orbit must be an ellipse. There are also “open orbits” that are either parabolic or 
hyperbolic. They describe comets that pass by the sun and then continue into space, never 
to return. In our derivation, we assumed implicitly that J 4 0. If J = 0, then 6’(t) = 0. In 
this case, the orbit is a straight line, and the planet falls directly into the sun. 

Kepler’s Third Law is verified in Exercises 23 and 24. 


CONCEPTUAL INSIGHT We exploited the fact that J is constant to prove the Law of 
Ellipses without ever finding a formula for the position vector r(t) of the planet as a 
function of time ¢. In fact, r(t) cannot be expressed in terms of elementary functions. 
This illustrates an important principle: Sometimes it is possible to describe solutions of 
a differential equation even if we cannot write them down explicitly. 


HISTORICAL PERSPECTIVE 


Heritage Team (STScI/AURA)-ESA/ 


NASA, ESA, and the Hubble 
Hutibte d “allaboretion 


The astronomers of the ancient world (Babylon, 
Egypt, and Greece) mapped out the nighttime 
sky with impressive accuracy, but their mod- 
els of planetary motion were based on the er- 
roneous assumption that the planets revolve 
around the earth. Although the Greek as- 
tronomer Aristarchus (310-230 BCE) had sug- 
gested that the earth revolves around the sun, 
this idea was rejected and forgotten for nearly 
18 centuries, until the Polish astronomer Nico- 
laus Copernicus (1473-1543) introduced a rev- 
olutionary set of ideas about the solar system, 
including the hypothesis that the planets revolve 
around the sun. Copernicus paved the way for 
the next generation, most notably Tycho Brahe 
(1546-1601), Galileo Galilei (1564—1642), and 
Johannes Kepler (1571-1630). 

The German astronomer Johannes Kepler 
was the son of a mercenary soldier who ap- 
parently left his family when Johannes was 5 
and may have died at war. Johannes was raised 


by his mother in his grandfather’s inn. Kepler’s 
mathematical brilliance earned him a scholar- 
ship at the University of Tiibingen, and at the 
age of 29, he went to work for the Danish ` 
astronomer Tycho Brahe, who had compiled 
the most complete and accurate data on plane- 
tary motion then available. When Brahe died in 
1601, Kepler succeeded him as Imperial Math- 
ematician to the Holy Roman Emperor, and in 
1609, he formulated the first two of his laws of 
planetary motion in a work entitled Astronomia 
Nova (New Astronomy). 

In the centuries since Kepler’s death, 
as observational data improved, astronomers 
found that the planetary orbits are not exactly 
elliptical. Furthermore, the perihelion (the point 
on the orbit closest to the sun) shifts slowly 
over time (Figure 6). Most of these deviations 
can be explained by the mutual pull of the plan- 
ets, but the perihelion shift of Mercury is larger 
than can be accounted for by Newton’s Laws. 
On November 18, 1915, Albert Einstein made a 
discovery about which he later wrote to a friend, 
“I was beside myself with ecstasy for days.” 
He had been working for a decade on his fa- 
mous General Theory of Relativity, a theory 
that would replace Newton’s Law of Gravita- 
tion with a new set of much more complicated 
equations called the Einstein Field Equations. 
On that 18th of November, Einstein showed that 
Mercury’s perihelion shift was accurately ex- 
plained by his new theory. At the time, this was 
the only substantial piece of evidence that the 
General Theory of Relativity was correct. 
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13.6 SUMMARY 


* Kepler’s three laws of planetary motion: 


— Law of Ellipses 

— Law of Equal Area in Equal Time 
An? 
GM 
full revolution) and a is the semimajor axis (Figure 7) 


Center of | 
ellipse | 


— Law of the Period T? = ( ) a>, where T is the period (time to complete one 


I 
1 
t 
I 
1 
L 
1 
! 
4 


a 
Semimajor axis 
e According to Newton’s Universal Law of Gravitation and Second Law of Motion, the 


F y 7 : ' 7. ig . e s 
IGURE 7 Planetary orbit position vector r(t) of a planet satisfies the differential equation 


_ r(t) 
rO 


k 
r’(t)=——se,,  wherer(t)= |r©l, e 
r 


Constants: 
° Properties of J = r(t) x r(t): 


e Gravitational constant: 
— Jis a constant of planetary motion. 


G ~ 6.673 x 107!! m? kg"! s~? 
- Let J = ||Jij. Then J = r(t)*6’(t). 


* Mass of the sun: 
M ~ 1.989 x 10” kg 
e k= GM 7 1.327 x 107° 


the orbit. 


dA 
— The planet sweeps out area at the rate i 


°- A planetary orbit has polar equation r = 


, where e is the eccentricity of 


13.6 EXERCISES 


Preliminary Questions 


1. Describe the relation between the vector J =r x r and the rate at 
which the radial vector sweeps out area. 


2. Equation (1) shows that r” is proportional to r. Explain how this fact is 
used to prove Kepler’s Second Law. 


3. How is the period T affected if the semimajor axis a is increased four- 
fold? 


Exercises 


1. Kepler’s Third Law states that T?/a? has the same value for each plan- 
etary orbit. Do the data in the following table support this conclusion? 
Estimate the length of Jupiter’s period, assuming that a = 77.8 x 10!° m. 


Planet Mercury Venus Earth Mars 


a (10!° m) 5.79 10.8 15.0 228 
T (years) 0.241 0.615 1.00 1.88 


2. Finding the Mass of a Star Using Kepler’s Third Law, show that if 
a planet revolves around a star with period T and semimajor axis a, then 


2 3 
the mass of the staris M = es A ; 
G T? 
3. Ganymede, one of Jupiter’s moons discovered by Galileo, has an orbital 


period of 7.154 days and a semimajor axis of 1.07 x 10? m. Use Exercise 
2 to estimate the mass of Jupiter. 


4. An astronomer observes a planet orbiting a star with a period of 9.5 
years and a semimajor axis of 3 x 108 km. Find the mass of the star using 
Exercise 2. 


5. Mass of the Milky Way The sun revolves around the center of mass 
of the Milky Way galaxy in an orbit that is approximately circular, of 


radius a © 2.8 x 10'7 km and velocity v % 250 km/s. Use the result of 
Exercise 2 to estimate the mass of the portion of the Milky Way inside the 
sun’s orbit (place all of this mass at the center of the orbit). 


6. A satellite orbiting above the equator of the earth is geosynchronous if 
the period is T = 24 hours (in this case, the satellite stays over a fixed point 
on the equator). Use Kepler’s Third Law to show that in a circular geosyn- 
chronous orbit, the distance from the center of the earth is R 42,246 km. 
Then compute the altitude h of the orbit above the earth’s surface. The 
earth has mass M ~ 5.974 x 104 kg and radius R œ 6371 km. 


7. Show that a planet in a circular orbit travels at constant speed. Hint: 
Use the facts that J is constant and that r(t) is orthogonal to r(t) for a 
circular orbit. 


8. Verify that the circular orbit 
r(t) = (R cos wt, R sinat) 


satisfies the differential equation, Eq. (1), provided that w? = kKR~>. Then 
2 
deduce Kepler’s Third Law T? = (=) R? for this orbit. 
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9, Prove that if a planetary orbit is circular of radius R, then vT = 27 R, 

where v is the planet’s speed (constant by Exercise 7) and T is the period. 
k 

Then use Kepler’s Third Law to prove that v = y =, 


10. Find the velocity of a satellite in geosynchronous orbit about the earth. 
Hint: Use Exercises 6 and 9. 


11. A communications satellite orbiting the earth has initial position 


r(0) = (29,000, 20,000, 0) (in kilometers) and initial velocity r’(0) = 
(1,1, 1) (in kilometers per second), where the origin is the earth’s center. 
Find the equation of the plane containing the satellite’s orbit. Hint: This 
plane is orthogonal to J. 


12. Assume that the earth’s orbit is circular of radius R = 150 x 10° km 
(it is nearly circular with eccentricity e = 0.017). Find the rate at which 
the earth’s radial vector sweeps out area in units of square kilometers per 
second. What is the magnitude of the vector J =r x r for the earth (in 
units of square kilometers per second)? 


In Exercises 13—19, the perihelion and aphelion are the points on the orbit 
closest to and farthest from the sun, respectively (Figure 8). The distance 
from the sun at the perihelion is denoted rper and the speed at this point is 
denoted Uper. Similarly, we write rap and Vap for the distance and speed at 
the aphelion. The semimajor axis is denoted a. 


Semimajor axis 


FIGURE 8 r and v = r’ are perpendicular at the perihelion and 
aphelion. 


13. Use the polar equation of an ellipse 
p 
r= — 
1+ecos@ 
to show that rper = a(1 — e) and rap = a(1 + e). Hint: Use the fact that 
per + Fap = 2a. 


14. Use the result of Exercise 13 to prove the formulas 


= 2Fap! per 


ie Fap — Iper 


e = 3 
Tap + Tper Fap + Fper 


15. Use the fact that J = r x r’ is constant to prove 
Uper(1 — e) = Vap(1 + e) 
Hint: r is perpendicular to r’ at the perihelion and aphelion. 


16. Compute rper and rap for the orbit of Mercury, which has eccentricity 
e = 0.244 (see the table in Exercise 1 for the semimajor axis). 
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17. Conservation of Energy The total mechanical energy (kinetic en- 
ergy plus potential energy) of a planet of mass m orbiting a sun of mass M 
with position r and speed v = |jr’|| is 


1 GMm 
eae ada 
(a) Prove the equations 
aa . d GMm GMm 
ao Oe =v-(- HE e) 


(b) Then use Newton’s Law F = ma and Eq. (1) to prove that energy is 
dE 
conserved—that is, Fri ==.(), 


18. Show that the total energy [Eq. (8)] of a planet in a circular orbit of 


m ; 
. Hint: Use Exercise 9. 


radius Ris E = — 


GM\ 1 
19. Prove that Uper = (*) 5 as follows: 


a l—e 
(a) Use Conservation of Energy (Exercise 17) to show that 
2 p) = = 
Die Vey = 20M, To ) 
2e 
—! -1 _ 
(b) Show that Fer ~ lap = Meaney 


2 ia 
(c) Show that Vier Uy = 


using Exercise 13. 


e 
ner using Exercise 15. Then solve 
J cis 


for Uper using (a) and (b). 

20. Show that a planet in an elliptical orbit has total mechanical energy 
GMm 

E=-— 

compute the total energy at the perihelion. 


, where a is the semimajor axis. Hint: Use Exercise 19 to 


2 wa 
21. Prove that v? = GM ar at any point on an elliptical orbit, 
a 


where r = ||r||, v is the velocity, and a is the semimajor axis of the orbit. 


ene CA Two space shuttles A and B orbit the earth along the solid tra- 
jectory in Figure 9. Hoping to catch up to B, the pilot of A applies a for- 
ward thrust to increase her shuttle’s kinetic energy. Use Exercise 20 to 
show that shuttle A will move off into a larger orbit as shown in the fig- 
ure. Then use Kepler’s Third Law to show that A’s orbital period T will 
increase (and she will fall farther and farther behind B)! 


FIGURE 9 


Further Insights and Challenges 
Exercises 23 and 24 prove Kepler’s Third Law. Figure 10 shows an ellip- 


tical orbit with polar equation 
i ae 
1+ecosé 


where p = J*/k. The origin of the polar coordinates occurs at F\. Let a 
and b be the semimajor and semiminor axes, respectively. 


23. This exercise shows that b = ./pa. 
(a) Show that C F; = ae. Hint: rper = a(1 — e) by Exercise 13. 
(b) Show that a = i P z 
— e 
(c) Show that Fj A+ FA = 2a. Conclude that Fı B + F)B = 2a and 
hence Fi B = FB =a. 


(d) Use the Pythagorean Theorem to prove that b = ./pa. 


nee od 


Semiminor axis Noe oe 


a 
Å— 
Semimajor axis 


FIGURE 10 


24. The area A of the ellipse is A = mab. 

(a) Prove, using Kepler’s First Law, that A = 1J T, where T is the period 
of the orbit. 

(b) Use Exercise 23 to show that A = (2.,/p)a?/”. 


nee 72 40°, 
(c) Deduce Kepler’s Third Law: T* = GM’ ; 


25. EA According to Eq. (7), the velocity vector of a planet as a func- 
tion of the angle @ is 


k 
y= — c 
v(8) 7e + 
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Use this to explain the following statement: As a planet revolves around 
the sun, its velocity vector traces out a circle of radius k/J with its center 
at the terminal point of c (Figure 11). This beautiful but hidden property of 
orbits was discovered by William Rowan Hamilton in 1847. 


Velocity circle 


Planetary orbit 


FIGURE 11 The velocity vector traces out a circle as the planet travels 
along its orbit. 
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1. Determine the domains of the vector-valued functions. 
(a) ri) = (tt, E+ D}, sin" t) 
(b) r(t) = (V8 — 3, Int, ev") 


2. Sketch the paths r;(@) = (@,cos@) and r2(@) = (cos8,@) in the 
xy-plane. 


3. Find a vector parametrization of the intersection of the surfaces 
x? + y4 +223 = 6 and x = y? in RÌ. 


4. Find a vector parametrization using trigonometric functions of the 
intersection of the plane x + y +z = 1 and the elliptical cylinder 


ey 1 Pi = 1 in RÌ. 

In Exercises 5—10, calculate the derivative indicated. 

5. r(t), r(t)=(1—t,177,Inz) 

kae x(t) = (13,417, 71) 

7. (O), x(t) = e”, e748”, et} 

8. r”(—3), r(t)= E Ct) ar — t) 

9, get tn 

10. 79 9S 0), r(s)= (s, 2s, 57) 

In Exercises 11—14, calculate the derivative at t = 3, assuming that 
r)(3) = (1, 1,0), 
r(3) = (0,0, 1), 


r2(3) = (1, 1,0) 
r,(3) = (0,2, 4) 


d d 
11. Fy TI) — 4 - Fate) 12. x (e*r2(t)) 


d d 
13. zO- Fa) 14. FA x r2(t)) 


3 
15. Calculate i (4t -+ 3,17, —41) dt. 
0 


kig 
16. Calculate il (sin 6, 0, cos 26) dé. 
0 


17. A particle located at (1, 1,0) at time t = 0 follows a path whose 
velocity vector is v(t) = (1, r, 2ra), Find the particle’s location at t = 2. 


18. Find the vector-valued function r(t) = (x (t), y(t)) in R2 satisfying 
r(t) = —r(t) with initial conditions r(0) = (1, 2). 


19. Calculate r(t), assuming that 


v(t) = (4 — 162, 124? — 1), r(0)=(1,0),  r(0)= (0,1) 


20. Solve r”(t) = G hig 1,3) subject to the initial conditions 
r(0) = (1, 0,0) and r’(0) = (—1, 1,0) 


21. Compute the length of the path 

r(t) = (sin 2t, cos 2t, 3t — i) tol eee 3 
22. For the path r(t) = (Int, t, e }, with 1 < t < 2, express the 
length as a definite integral, and use a computer algebra system to find 


its value to two decimal places. 


23. Find an arc length parametrization of a helix of height 20 cm that 
makes four full rotations over a circle of radius 5 cm. 


B 
AS r 
Semiminor axis| b 
a 
_ 


Semimajor axis 
FIGURE 10 


24. The area A of the ellipse is A = mab. 
(a) Prove, using Kepler’s First Law, that A = 1J T, where T is the period 
of the orbit. 


(b) Use Exercise 23 to show that A = (z /pya>! 2. 


4 2 
(c) Deduce Kepler’s Third Law: T? = ae. 


25, | A According to Eq. (7), the velocity vector of a planet as a func- 
tion of the angle @ is 


k 
ee 
v( sae an 
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Use this to explain the following statement: As a planet revolves around 
the sun, its velocity vector traces out a circle of radius k/J with its center 
at the terminal point of ¢ (Figure 11). This beautiful but hidden property of 
orbits was discovered by William Rowan Hamilton in 1847. 


Velocity circle 


Planetary orbit 


FIGURE 11 The velocity vector traces out a circle as the planet travels 
along its orbit. 


CHAPTER REVIEW EXERCISES 


1. Determine the domains of the vector-valued functions. 
(a) ri) =(¢7',@+ 7), sin! t) 
b) r2(t) = (V8 — #3, Int, eY") 


2. Sketch the paths rı (0) = (@,cos@) and ro(@) = (cos6,é@) in the 
x y-plane. 


3. Find a vector parametrization of the intersection of the surfaces 
x? + y4 +273 = 6 and x = y? inR?. 


4. Find a vector parametrization using trigonometric functions of the 
intersection of the plane x + y +z = 1 and the elliptical cylinder 


y 2 z\2 ple 3 
(a) Te ee 
In Exercises 5—10, calculate the derivative indicated. 
5. v(t), r(t)=(1 —1,t7*,In2) 


6. r”), rE) = (t?, 40, 71) 


.-r(0), r(t)= Ca se At est) 


Oo N 


. r’(—3), r(t) = (17, (¢+1)71,2° —t) 
d 2 
9. —e Moet} 
10. W 6); r(s) =(s,2s s?) 
do kd > $ 
In Exercises 11-14, calculate the derivative at t = 3, assuming that 
ry(3) = (1,1,0), r2(3) = (1, 1,0) 


r,G)=0,0,1), 154G)=(0,2,4) 


d d 
11. g OU — 4 r20) 12. (e’r2(t)) 


d d 
13. z ti @ Fate) 14. rr x r2(t)) 


3 
15. Calculate | (4t + 3,7, —41°) dt. 
0 


a 
16. Calculate | (sin 6, 0, cos 20) dé. 
0 


17. A particle located at (1, 1,0) at time t = 0 follows a path whose 
velocity vector is v(t) = (1, i 2h Find the particle’s location at t =2. 


18. Find the vector-valued function r(t) = (x(t), y(¢)) in R? satisfying 
r(t) = —r(t) with initial conditions r(0) = (1,2). 


19. Calculate r(t), assuming that 
r(t) = (4 — 161, 1247 — t), 


r’(0) = (1,0), r(0) = (0, 1) 


20. Solve r”(t) = g —1,t+ 1,13} subject to the initial conditions 
21. Compute the length of the path 

r(t) = (sin 2t, cos 2t,3t — 1) forl<t<3 
22. For the path r(t) = (In t,t,e! , with 1 < t < 2, express the 
length as a definite integral, and use a computer algebra system to find 


its value to two decimal places. 


23. Find an arc length parametrization of a helix of height 20 cm that 
makes four full rotations over a circle of radius 5 cm. 


The circulation of weather systems around 
areas of low pressure can be understood 
using the gradient vector, an important tool 
arising in multivariable differentiation. 


FIGURE 1 The global climate is influenced 
by the ocean “conveyer belt,” a system of 
deep currents driven by variations in 
seawater density. 


GOES 12 Satellite, NASA, NOAA 


14 DIFFERENTIATION 
IN SEVERAL VARIABLES 


n this chapter, we extend the concepts and techniques of differential calculus to 

functions of several variables. As we will see, a function f that depends on two or 
more variables has not just one derivative but rather a set of partial derivatives, one for 
each variable. The partial derivatives are the components of the gradient vector, which 
provides valuable insight into the function’s behavior. In the last two sections, we apply 
the tools we have developed to optimization in several variables. 


14.1 Functions of Two or More Variables 


A familiar example of a function of two variables is the area A of a rectangle, equal to 
the product xy of the base x and height y. We write 


A(x, y) = xy 


or A = f(x,y), where f(x, y) = xy. An example in three variables is the distance from 
a point P = (x, y, z) to the origin: 


g(x, y, 2) = J2 +y +z 


An important but less familiar example is the density of seawater, denoted p, which 
is a function of salinity § and temperature T and is a key factor in the makeup of ocean 
current systems (Figure 1). Although there is no simple formula for o(S, T), scientists 
determine values of the function experimentally. According to Table 1, if S = 32 (in 
parts per thousand or ppt) and T = 10°C, then 


p(32, 10) = 1.0246 kg/m? 


TABLE 1 Seawater Density p 
(kg/m*) as a Function of Temperature 


and Salinity. 
Salinity (ppt) 
IC 32 32.5 33 
5 1.0253 1.0257 1.0261 
10 1.0246 1.0250 1.0254 
15 1.0237 1.0240 1.0244 
20 1.0224 1.0229 1.0232 


A function of n variables is a function f that assigns a real number f(x1,...,Xn) to 
each n-tuple (x1, ...,Xn) in a domain in R”. Sometimes we write f (P) for the value of 
f at a point P = (x1,...,Xn). When f is defined by an algebraic expression involving 
X1,- --,Xn, We usually take as the domain the set of all n-tuples for which f(x1,...,Xn) 
is defined. The range of f is the set of all values f(xj,...,x,) for (%1,...,x,) in the 
domain. Since we focus on functions of two or three variables, we shall often use the 
variables x, y, and z (rather than x, x2, x3). 


EXAMPLE 1 Sketch the domains of: 
(a) fx, y)=J9-x?-y (b) g(x, y,z) = x./y + In(z — 1) 


What are the ranges of these functions? 


789 


be 
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g(x,y, z) =e (c>0) 


g(x,y, z)=90 ey, z=c (c <0) 


FIGURE 17 Level surfaces of g(x, y, z) = x? + y2 — 2°, 


14.1 EXERCISES 


Preliminary Questions 


14.1 SUMMARY 


The domain D of a function f(xj,...,X,) of n variables is the set of n-tuples 

(a},..-,@,) in R” for which f(qaj,...,a,) is defined. The range of f is the set 

of values taken on by f. 

The graph of a continuous real-valued function f(x, y) is the surface in R? consisting 

of the points (a, b, f(a, b)) for (a, b) in the domain D of f. 

A vertical trace is a curve obtained by intersecting the graph with a vertical plane 
=o ory = b. 

A level curve is a curve in the xy-plane defined by an equation f(x, y) = c. The level 

curve f(x,y) = c is the projection onto the xy-plane of the horizontal trace curve, 

obtained by intersecting the graph with the horizontal plane z = c. 

A contour map shows the level curves f(x, y) = c for equally spaced values of c. The 

spacing m is called the contour interval. 

When reading a contour map, keep in mind: 


— Your altitude does not change when you hike along a level curve. 


— Your altitude increases or decreases by m (the contour interval) when you hike 
from one level curve to the next. 


The spacing of the level curves indicates steepness: They are closer together where 
the graph is steeper. 

Aaltitude 
Ahorizontal 
A direction of steepest ascent at a point P is a direction along which f(x, y) increases 
most rapidly. The steepest direction is obtained (approximately) by drawing the seg- 
ment from P to the nearest point on the next level curve. 
Level surfaces can be used to understand a function f(x,y,z). In the case where the 
function represents temperature, we call the level surfaces isotherms. 


The average rate of change from P to Q is the ratio 


1. What is the difference between a horizontal trace and a level curve? 4. Describe the contour map of f(x, y) = x with contour interval 1. 


How are they related? 


5. How will the contour maps of 


2. Describe the trace of f(x, y) = x? — sin(x? y) in the xz-plane. 


f@.y)=x and g(x,y) =2x 


3. Is it possible for two different level curves of a function to intersect? 


Explain. 


with contour interval 1 look different? 
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(A) Graph of y = f(x) (B) Graph of z = f(x, y) 


FIGURE 3 FIGURE 4 Graph of 
f (x, y) = 2x? + Sy”. 


FIGURE 5 Different views of the graph of g(x, y) = e7* =? — e~@-D°-O-D”, 


Traces 


One way of analyzing the graph of a function f(x,y) is to freeze the x-coordinate by 
setting x = a and examine the resulting curve given by z = f(a, y). Similarly, we may 
set y = b and consider the curve z = f(x,b). Curves of this type are called vertical 
traces. They are obtained by intersecting the graph with planes parallel to a vertical 
coordinate plane (Figure 6): 


Z 
z Vertical trace 


Vertical trace aty=b 


(A) Vertical traces parallel to yz-plane (B) Vertical traces parallel to xz-plane 


FIGURE 6 


* Vertical trace in the plane x = a: Intersection of the graph with the vertical 
plane x = a, consisting of all points (a, y, f(a, y)) 

e Vertical trace in the plane y = b: Intersection of the graph with the vertical 
plane y = b, consisting of all points (x, b, f(x, b)) 


N 


4 


(Interval m = 4) 


X 


FIGURE 13 Graph and contour 
map of f(x, y) = 12 — 2x — 3y. 


A contour map is like a topographic map 
that hikers would use to help understand 
the terrain that they encounter. They are 
both two-dimensional representations of 
the features of three-dimensional 
Structures. 


A path of steepest descent is the same as a 


path of steepest ascent traversed in the 
opposite direction. Water flowing down a 
mountain approximately follows a path of 
steepest descent. 
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A horizontal 


, Function does not change Az B 
P along the level curve Ak oe 


Contour interval: 100 m 
Horizontal scale: 200 m ——— 


Contour interval: 0.8 km 
Horizontal scale: 2 km —— 


(A) (B) 


FIGURE 14 


EXAMPLE 8 Average Rate of Change Depends on Direction Compute the average 
rate of change from A to the points B, C, and D in Figure 14(B). 


Solution The contour interval in Figure 14(B) is m = 100 m. Segments AB and AC both 
span two level curves, so the change in altitude is 200 m in both cases. The horizontal 
scale shows that AB corresponds to a horizontal change of 200 m, and AC corresponds 
to a horizontal change of 400 m. On the other hand, there is no change in altitude from A 
to D. Therefore, 


A altitu 200 
$ LL 


age rate of change from A to B = ——— Z _ = 
average rate of change from A to A horizontal 200 


A altitud 200 
average rate of change from A to C = sa se 0.5 


A altitude 
average rate of change from A to D = ——————— = 
A horizontal 
We see here explicitly that the average rate varies according to the direction. E 


When we walk up a mountain, the incline at each moment depends on the path we 
choose. If we walk around the mountain, our altitude does not change at all. On the 
other hand, at each point there is a steepest direction in which the altitude increases most 
rapidly. On a contour map, the steepest direction is approximately the direction that takes 
us to the closest point on the next highest level curve [Figure 15(A)]. We say “approx- 
imately” because the terrain may vary between level curves. A path of steepest ascent 
is a path that begins at a point P and, everywhere along the way, points in the steepest 
direction. We can approximate the path of steepest ascent by drawing a sequence of 


(A) 


FIGURE 10 


On contour maps, level curves are often 
referred to as contour lines. When we refer 
to level curves on a contour map, we mean 
the curves that are actually displayed. 
Keep in mind that between the displayed 
level curves there are additional curves 
associated with other values of f. 


FIGURE 11 f(x, y) =x? + 3y”. Contour 
interval m = 10. 
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Level curves 
close together 


Flatter part Level curves 
of graph farther apart 
(B) Horizontal traces (C) Contour map 


¢ Horizontal trace at height c: Intersection of the graph with the horizontal plane 
z = c, consisting of the points (x, y, f(x, y)) such that f(x, y) = c 
°. Level curve: The curve f(x,y) = c in the xy-plane 


Thus, the level curve corresponding to c consists of all points (x, y) in the domain of f 
in the x y-plane where the function takes the value c. Each level curve is the projection 
onto the x y-plane of the horizontal trace on the graph that lies above it. 

A contour map is a plot in the domain in the x y-plane that shows the level curves 
f(x, y) =c for equally spaced values of c. The interval m between the values of c is 
called the contour interval. When you move from one level curve to the next, the value 
of f(x, y) (and hence the height of the graph) changes by +m. 

Figure 10 compares the graph of a function f(x, y) in (A) and its horizontal traces 
in (B) with the contour map in (C). The contour map in (C) has contour interval 
m = 100. 

It is important to understand how the contour map indicates the steepness of the 
graph. If the level curves are close together, then a small move from one level curve to 
the next in the xy-plane leads to a large change in height. In other words, the level curves 
are close together if the graph is steep (Figure 10). Similarly, the graph is flatter when 
the level curves are farther apart. 


EXAMPLE 5 Elliptic Paraboloid Sketch the contour map of 
f(x,y) = x? + 3y” 


and comment on the spacing of the contour curves. 


Solution The level curves have equation f(x, y) = c, or 
x? +3y =c 


* For c > 0, the level curve is an ellipse. 

e For c = 0, the level curve is just the point (0,0) because x” + 3y? = 0 only for 
(x, y) = (0, 0). 

° There is no level curve for c < 0 because f(x, y) is never negative. 


The graph of f(x, y) is an elliptic paraboloid (Figure 11). As we move away from 
the origin, f(x, y) increases more rapidly. The graph gets steeper, and the level curves 
become closer together. i 


z=f(, y) 


(A) 


FIGURE 10 


On contour maps, level curves are often 
referred to as contour lines. When we refer 
to level curves on a contour map, we mean 
the curves that are actually displayed. 
Keep in mind that between the displayed 
level curves there are additional curves 
associated with other values of f. 


FIGURE 11 f(x, y) = x2 + 3y”. Contour 
interval m = 10. 
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Level curves 
close together 


Flatter part Level curves 
of graph farther apart 
(B) Horizontal traces (C) Contour map 


° Horizontal trace at height c: Intersection of the graph with the horizontal plane 
z = c, consisting of the points (x, y, f(x, y)) such that f(x,y) =c 
e Level curve: The curve f(x,y) = c in the xy-plane 


Thus, the level curve corresponding to c consists of all points (x, y) in the domain of f 
in the xy-plane where the function takes the value c. Each level curve is the projection 
onto the xy-plane of the horizontal trace on the graph that lies above it. 

A contour map is a plot in the domain in the x y-plane that shows the level curves 
f(x, y) =c for equally spaced values of c. The interval m between the values of c is 
called the contour interval. When you move from one level curve to the next, the value 
of f(x, y) (and hence the height of the graph) changes by +m. 

Figure 10 compares the graph of a function f(x, y) in (A) and its horizontal traces 
in (B) with the contour map in (C). The contour map in (C) has contour interval 
m = 100. 

It is important to understand how the contour map indicates the steepness of the 
graph. If the level curves are close together, then a small move from one level curve to 
the next in the x y-plane leads to a large change in height. In other words, the level curves 
are close together if the graph is steep (Figure 10). Similarly, the graph is flatter when 
the level curves are farther apart. 


EXAMPLE 5 Elliptic Paraboloid Sketch the contour map of 
f(x,y) =x? +3y? 


and comment on the spacing of the contour curves. 


Solution The level curves have equation f(x,y) = c, or 
x? +3y*=c 


* For c > 0, the level curve is an ellipse. 

e For c = 0, the level curve is just the point (0, 0) because x? + 3y? = 0 only for 
(x, y) = (0,0). 

« There is no level curve for c < 0 because f(x, y) is never negative. 


The graph of f(x, y) is an elliptic paraboloid (Figure 11). As we move away from 
the origin, f(x, y) increases more rapidly. The graph gets steeper, and the level curves 
become closer together. m 


NS 


4 


(Interval m = 4) 


x 


FIGURE 13 Graph and contour 
map of f(x,y) = 12 — 2x — 3y. 


A contour map is like a topographic map 
that hikers would use to help understand 
the terrain that they encounter. They are 
both two-dimensional representations of 
the features of three-dimensional 
Structures. 


A path of steepest descent is the same as a 


path of steepest ascent traversed in the 
opposite direction. Water flowing down a 
mountain approximately follows a path of 
steepest descent. 
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Function does not change 


along the level curve 


Contour interval: 0.8 km 
Horizontal scale: 2 km — 


Contour interval: 100 m 
Horizontal scale: 200 m = 


(A) (B) 


FIGURE 14 


EXAMPLE 8 Average Rate of Change Depends on Direction Compute the average 
rate of change from A to the points B, C, and D in Figure 14(B). 


Solution The contour interval in Figure 14(B) is m = 100 m. Segments AB and AC both 
span two level curves, so the change in altitude is 200 m in both cases. The horizontal 
scale shows that AB corresponds to a horizontal change of 200 m, and AC corresponds 
to a horizontal change of 400 m. On the other hand, there is no change in altitude from A 
to D. Therefore, 


A altitude 200 
n Wre S 
average rate of change from A to A horizontal 200 


average rate of change from A to C = ———————- = —— = 0.5 


A altitude 
average rate of change from A to D = ————_ = 
A horizontal 
We see here explicitly that the average rate varies according to the direction. Er 


When we walk up a mountain, the incline at each moment depends on the path we 
choose. If we walk around the mountain, our altitude does not change at all. On the 
other hand, at each point there is a steepest direction in which the altitude increases most 
rapidly. On a contour map, the steepest direction is approximately the direction that takes 
us to the closest point on the next highest level curve [Figure 15(A)]. We say “approx- 
imately” because the terrain may vary between level curves. A path of steepest ascent 
is a path that begins at a point P and, everywhere along the way, points in the steepest 
direction. We can approximate the path of steepest ascent by drawing a sequence of 
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(a, b, f(a, b)) ? 
| 
l 
b 


(a, b) 


(A) Graph of y = f(x) (B) Graph of z = f(x, y) 


FIGURE 3 FIGURE 4 Graph of 
f(x, y) = 2x? + 5y°. 


FIGURE 5 Different views of the graph of g(x, y) = e7* ~” — e771 -0-0 


Traces 


One way of analyzing the graph of a function f(x,y) is to freeze the x-coordinate by 
setting x = a and examine the resulting curve given by z = f(a, y). Similarly, we may 
set y = b and consider the curve z = f(x,b). Curves of this type are called vertical 
traces. They are obtained by intersecting the graph with planes parallel to a vertical 
coordinate plane (Figure 6): 


g 
z Vertical trace 


Vertical trace 


(A) Vertical traces parallel to yz-plane (B) Vertical traces parallel to xz-plane 
C FIGURE 6 


e Vertical trace in the plane x = a: Intersection of the graph with the vertical 
plane x = a, consisting of all points (a, y, f(a, y)) 

e Vertical trace in the plane y = b: Intersection of the graph with the vertical 
plane y = b, consisting of all points (x, b, f(x, b)) 


g(x,y, Z) =e (c>0) 
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g(x,y, 2) =0 g(x,y, z)=c (c <0) 


FIGURE 17 Level surfaces of g(x, y,z) = x7 4 y2 = 2°. 


14.1 SUMMARY 


The domain D of a function f(x1,...,Xn) of n variables is the set of -tuples 
(@},..-,@,) in R” for which f(a),...,a,) is defined. The range of f is the set 
of values taken on by f. 

The graph of a continuous real-valued function f(x, y) is the surface in R? consisting 
of the points (a, b, f(a, b)) for (a, b) in the domain D of f. 

A vertical trace is a curve obtained by intersecting the graph with a vertical plane 
x=eor y = bd. 

A level curve is a curve in the x y-plane defined by an equation f(x, y) = c. The level 
curve f(x, y) =c is the projection onto the xy-plane of the horizontal trace curve, 
obtained by intersecting the graph with the horizontal plane z = c. 

A contour map shows the level curves f(x, y) = c for equally spaced values of c. The 
spacing m is called the contour interval. 

When reading a contour map, keep in mind: 


~ Your altitude does not change when you hike along a level curve. 


— Your altitude increases or decreases by m (the contour interval) when you hike 
from one level curve to the next. 


The spacing of the level curves indicates steepness: They are closer together where 
the graph is steeper. 

Aaltitude 
Ahorizontal | 


A direction of steepest ascent at a point P is a direction along which f(x, y) increases 
most rapidly. The steepest direction is obtained (approximately) by drawing the seg- 
ment from P to the nearest point on the next level curve. 

Level surfaces can be used to understand a function f(x, y, z). In the case where the 
function represents temperature, we call the level surfaces isotherms. 


The average rate of change from P to Q is the ratio 


14.1 EXERCISES 


Preliminary Questions 


1. What is the difference between a horizontal trace and a level curve? 4. Describe the contour map of f(x, y) = x with contour interval 1. 


~ How are they related? 


5. How will the contour maps of 


2. Describe the trace of f(x, y) = x? — sin(x*y) in the xz-plane. 


3. Is it possible for two different level curves of a function to intersect? 


Explain. 


F@.y)=x and g(x,y) =2x 


with contour interval 1 look different? 


GOES 12 Satellite, NASA, NOAA 


The circulation of weather systems around 
areas of low pressure can be understood 
using the gradient vector, an important tool 
arising in multivariable differentiation. 


FIGURE 1 The global climate is influenced 
by the ocean “conveyer belt,” a system of 
deep currents driven by variations in 
seawater density. 
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14 DIFFERENTIATION 
IN SEVERAL VARIABLES 


n this chapter, we extend the concepts and techniques of differential calculus to 

functions of several variables. As we will see, a function f that depends on two or 
more variables has not just one derivative but rather a set of partial derivatives, one for 
each variable. The partial derivatives are the components of the gradient vector, which 
provides valuable insight into the function’s behavior. In the last two sections, we apply 
the tools we have developed to optimization in several variables. 


14.1 Functions of Two or More Variables 


A familiar example of a function of two variables is the area A of a rectangle, equal to 
the product xy of the base x and height y. We write 


A(x, y) = xy 


or A= f(x, y), where f(x, y) = xy. An example in three variables is the distance from 
a point P = (x, y, z) to the origin: 


g(x, yz) Sfx? +y? + 27 


An important but less familiar example is the density of seawater, denoted p, which 
is a function of salinity S and temperature T and is a key factor in the makeup of ocean 
current systems (Figure 1). Although there is no simple formula for p(S, 7), scientists 
determine values of the function experimentally. According to Table 1, if S = 32 (in 
parts per thousand or ppt) and T = 10°C, then 


(32, 10) = 1.0246 kg/m? 


TABLE 1 Seawater Density p 
(kg/m*) as a Function of Temperature 


and Salinity. 
Salinity (ppt) 
as ©: 32 320 33 
5 1.0253 1.0257 1.0261 
10 1.0246 1.0250 1.0254 
15 1.0237 1.0240 1.0244 
20 1.0224 1.0229 1.0232 
A function of n variables is a function f that assigns a real number f(x1,...,Xn) to 
each n-tuple (x1,...,Xn) in a domain in R”. Sometimes we write f (P) for the value of 
f at a point P = (x1,...,Xn). When f is defined by an algebraic expression involving 


Xi,- --,Xn, we usually take as the domain the set of all n-tuples for which f(x1,...,Xn) 
is defined. The range of f is the set of all values f(x1,...,x,) for (x1, ...,Xn) in the 
domain. Since we focus on functions of two or three variables, we shall often use the 
variables x, y, and z (rather than x1, x2, x3). 


EXAMPLE 1 Sketch the domains of: 


(a) f(x, y)=y9- x? ~y (b) g(x, y,z) = x./y + In(z — 1) 


What are the ranges of these functions? 


789 


22. Match the functions (a}(d) with their contour maps (AD) in 
Figure 21. 


(a) f(x,y) =3x+4y 
(c) h(x, y) = 4x — 3y 


(b) g(x,y) =x? —y 
(d) k(x,y)=x?-y 


WY 


ay => © S 16 So => ~U 5 
(C) (D) 


FIGURE 21 


In Exercises 23-28, sketch the graph and draw several vertical and hori- 


zontal traces. 
24. f(x,y) = ¥4—x? — y? 


26. f(x,y) =y? 


23. f(x,y) = 12 — 3x — 4y 


25. f(x,y) = x? + 4y? 


1 
27. , Y) = sin(x — 28. y) = => 
f(x,y) = sin(x — y) fx, y) TET 
29. Sketch contour maps of f (x, y) = x + y with contour intervals m = 1 
and 2. 


30. Sketch the contour map of f(x, y) = x? + y? with level curves c = 0, 
4, 8, 12, 16. 


In Exercises 31-38, draw a contour map of f(x,y) with an appropriate 
contour interval, showing at least six level curves. 
y 


32. f(x, y)= = 


31. f(x,y) =x*-y x2 


33. fa, p= = 34. f(x,y) =xy 


35. f(x,y) =x? + 4y? 36. f(x,y) =x+2y-1 


37. f(x,y) =x? 38. f(x,y) = 3x2 — y? 


39. [Es] Find the linear function whose contour map (with contour in- 
terval m = 6) is shown in Figure 22. What is the linear function if m = 3 
(and the curve labeled c = 6 is relabeled c = 3)? 
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E c=6 
c=Q 


FIGURE 22 Contour map with contour interval m = 6. 


40. Use the contour map in Figure 23 to calculate the average rate of 
change: 


(a) from A to B. (b) from A to C. 
: A i : 
= a Ce ee : — 2 
——— BE A 
a 
-6 —-4 4 6 


FIGURE 23 


Exercises 41—43 refer to the map in Figure 24. 


41. (a) At which of A-C is pressure increasing in the northern direction? 
(b) At which of A-C is pressure increasing in the westerly direction? 


42. For each of A-C indicate in which of the four cardinal directions, 
N, S, E, or W, pressure is increasing the greatest. 


43. Rank the following states in order from greatest change in pressure 
across the state to least: Arkansas, Colorado, North Dakota, Wisconsin. 


FIGURE 24 Atmospheric pressure (in millibars) over North America 
on March 26, 2009. 


In Exercises 44-47, let T(x, y,z) denote temperature at each point in 
space. Draw level surfaces (also called isotherms) corresponding to the 
fixed temperatures given. 


a4. T(x, y,z) = 2x +3y —z,T =0,1,2 
45. T(x, y,z) =x —y+2z,T =0,1,2 
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46. T(x, y,z)=x?+y?—z,T =0,1,2 
47. T(x, y,z) = x? — y? + z2?, T =0,1,2,—1,-2 


In Exercises 48-51, o(S,T) is seawater density (kilograms per cubic me- 
ter) as a function of salinity S (parts per thousand) and temperature T 
(degrees Celsius). Refer to the contour map in Figure 25. 


48. Calculate the average rate of change of p with respect to T from B 
to A. 


49. Calculate the average rate of change of p with respect to S from B 
to C. 


50. At a fixed level of salinity, is seawater density an increasing or a de- 
creasing function of temperature? 


51. Does water density appear to be more sensitive to a change in temper- 
ature at point A or point B? 


Temperature T (°C) 


0 
31.5 


320 s825 330 38:5 


Salinity (ppt) 


34.0 34.5 


FIGURE 25 Contour map of seawater density p(S, T) (kilograms per 


In Exercises 52-55, refer to Figure 26. 
52. Find the change in seawater density from A to B. 


53. Estimate the average rate of change from A to B and from A 
toc. 


54. Estimate the average rate of change from A to points i, ii, and iii. 


55. Sketch the path of steepest ascent beginning at D. 


Contour interval = 20 m 


FIGURE 26 


56. Let temperature in 3-space be given by T(x, y,z) = x? + y* —z. 
Draw isotherms corresponding to temperatures T = —2, —1,0, 1,2. 

2 
57. Let temperature in 3-space be given by T(x, y,z) = a + % +27. 
Draw isotherms corresponding to temperatures T = 0, 1, 2. 


58. Let temperature in 3-space be given by T(x, y,z) = x? — y? ~-z. 
Draw isotherms corresponding to temperatures T = —1,0, 1. 


59. Let temperature in 3-space be given by T(x, y,z) =x? — y? — 27 


cubic meter). Draw isotherms corresponding to temperatures T = —2, —1,0, 1,2. 
Further Insights and Challenges 
60. [EA The function f(x,t) =17!/2e-*"/*, whose graph is shown in Temperature T 


Figure 27, models the temperature along a metal bar after an intense burst 
of heat is applied at its center point. 


(a) Sketch the vertical traces at times t = 1, 2, 3. What do these traces tell 
us about the way heat diffuses through the bar? 


(b) Sketch the vertical traces x = c for c = +0.2, +0.4. Describe how 
temperature varies in time at points near the center. 


61. Let 


f(, y) = for (x, y) # (0, 0) 


x 
Vx? +y? 


Write f as a function f(r,@) in polar coordinates, and use this to find the 
level curves of f. 


FIGURE 27 Graph of f (x,t) = 1—!/2e-*"/t beginning shortly after 
t= 0. 


14.2 Limits and Continuity in Several Variables 


This section develops limits and continuity in the multivariable setting. We focus on 
functions of two variables, but similar definitions and results apply to functions of three 


or more variables. 


i 


x 


FIGURE 1 The open disk D(P,r) consists 
of points (x, y) at distance < r from P. It 
does not include the boundary circle. 


FIGURE 2 


i 
\ 
i 


F 
Open disk of {{a, b) 
radius $=" a (x, y) 


(A) If, y) — LI < e for all (x, y) 
inside the punctured disk 
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Recall that on the real number line, a number x is close to a if the distance |x — a| 
is small. In the plane, a point (x, y) is close to another point P = (a,b) if the distance 


d((x, y), (a, b)) = ./ (x — a)? + (y — b? between them is small. 

Note that if we take all the points that are a distance of less than r from P = (a,b), 
as in Figure 1, this is a disk D(P,r) centered at P that does not include its boundary. If 
we insist also that d((x, y), (a, b)) 4 0, then we get a punctured disk that does not include 
P and that we denote D*(P,r). 

Now assume that f(x, y) is defined near P but not necessarily at P itself. In other 
words, f(x, y) is defined for all (x, y) in some punctured disk D*(P,r) with r > 0. We 
say that f(x, y) approaches the limit L as (x, y) approaches P = (a,b) if |f(x, y) — LI 
becomes arbitrarily small for (x, y) sufficiently close to P = (a, b) [Figure 2(A)]. In this 
case, we write 


lim Xs = lim Xi =L 
(x,y) P fœ y) (x,y) (a,b) fŒœy) 


Here is the formal definition. 


DEFINITION Limit Assume that f(x, y) is defined near P = (a,b). Then 


li ,y)=L 
aaay e y) 


if, for any € > 0, there exists ô > 0 such that if (x, y) satisfies 


0 < d((x, y), (a,b)) < ô, then |f(x,y)—L| <e 


This is similar to the definition of the limit in one variable, but there is an important 
difference. In a one-variable limit, we require that f(x) tend to L as x approaches a from 
two directions—the left and the right [Figure 2(B)]. In a multivariable limit, f(x, y) must 
tend to L as (x, y) approaches P from infinitely many different directions [Figure 2(C)]. 


x 


e 
ar) 


(B) In one variable, we can approach (C) In two variables, (x, y) can approach 
a from only two possible directions. P = (a, b) along any direction or path. 


EXAMPLE 1 Showthat (a) lim x=a and (b) lim y=b. 
(x,y) (a,b) (x,y)—>(a,b) 


Solution Let P = (a,b). To verify (a), let f(x, y) =x and L = a. We must show that 
for any € > 0, we can find ô > 0 such that 


If 0<d((x,y),(@2,b)) <8, then |f(x,y)—-L|=|x—-al<e | 1 | 
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In fact, we can choose 6 = e€, for if d((x, y), (a, b)) < €, then 
aap to- <e 3 (x -af <e » |x-—al<e 


In other words, for any e > 0, if 0 < d((x, y), (a, b)) < €, then |x — a| < e. This proves 
(a). The limit (b) is similar (see Figure 3). la 


The following theorem lists the basic laws for limits. We omit the proofs, which are 
similar to the proofs of the single-variable Limit Laws. 


THEOREM 1 Limit Laws Assume that lim f(x,y)and lim g(x,y) exist. 
(x, y)—>P (x,y)—>P 


Gi) Sum Law: 


FIGURE 3 If |y — b| < ô for ô = e, then 


lim (fœ, y) +80, y) = lim f(x,y)+ lim g&,y) 
| f(x, y) — b| < e. Therefore, »y)>P (x,y)->P (x,y)—> P 


(x 
(ii) Constant Multiple Law: For any number k, 


lm y 
(x, y)—> (a.b) 


lim kf(x,y)=k lim (x, y) 
(x,y) P Pony ae zl 


(iii) Product Law: 


(iv) Quotient Law: If lim g(x,y) £0, then 
(x,y) P 


Fy) _ EHP pais 


Im a ae ee 
(x,y)>P g(x,y) lim g(x,y) 
(x,y)>P 


As in the single-variable case, we say that f is continuous at P = (a,b) 1f f(x,y) 
approaches the value of the function f(a, b) as (x, y) > (a,b). 


DEFINITION Continuity A function f of two variables is continuous at P = (a, b) if 


lim x,y) = fase 
a g y) = f (a,b) 


We say that f is continuous if it is continuous at each point (a, b) in its domain. 


The Limit Laws tell us that all sums, multiples, and products of continuous functions 
are continuous. When we apply them to f(x, y) = x and g(x, y) = y, which are contin- 
uous by Example 1, we find that the power functions f(x, y) = x” y” are continuous for 
all whole numbers m,n and that all polynomials are continuous. Furthermore, a rational 
function h(x, y)/g(x, y), where h and g are polynomials, is continuous at all points (a, b) 
where g(a, b) Æ 0. As in the single-variable case, we can evaluate limits of continuous 
functions using substitution. 


EXAMPLE 2 Evaluating Limits by Substitution Show that 


3x+y 


POMS E A 


is continuous (Figure 4). Then evaluate lim f(x,y). 
(x,y) (1,2) 
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Solution The function f is continuous at all points (a, b) because it is a rational function 
whose denominator Q(x, y) = x* 4 y + 1 is never zero. Therefore, we can evaluate the 
limit by substitution: 

Sty oe 5 


lin ———= ia; 
(x,y) (1,2) x? T y2 +1 12 +22 +] 6 


If f is a product f(x, y) = h(x)g(y), where h(x) and g(y) are continuous, then the 
limit is a product of limits by the Product Law: 


fey) = lim h@g(y) = (lim G)) ( lim g0)) 


(x, ares b) oo. b) 


EXAMPLE 3 Product Functions Evaluate lim ee 
(x,y) (3,0) y 


Solution Since lim x° and im me both exist, the desired limit can be expressed as a 


x—3 
product of limits: 


lim, x32 (im P) (im =z) = (P/Q) = 27 a 
a80 y x3 yoo y 


Composition is another important way to build functions. If f is a function of two 
variables and G(u) a function of one variable, then the composite function G o f is the 
function of two variables given by G( f(x, y)). According to the next theorem, a compo- 
sition of continuous functions is continuous. 


THEOREM 2 A Composition of Continuous Functions Is Continuous If a function of 


two variables f is continuous at (a, b} and a function of one variable G is continuous 
at c = f(a,b), then the composite function G( f(x, y)) is continuous at (a, b). 


EXAMPLE 4 Write H(x, y) = ent +2y as a composite function and evaluate 


lim A(x, 
(x.y)> (1,2) a) 
Solution We have H(x, y) = G(f(x,y)), where G(u) = e” and f(x,y) = —x? + 2y. 
Both f and G are continuous, so # is also continuous and 
-x+y a UPAD _. 53 


lim H(x,y)= lim e 
(x,y) (1,2) @iy)—(2) 


As we indicated previously, if a limit A m. m f(x,y} exists and equals L, then 

Xy) > 
f(x, y) tends to L as (x, y) approaches (a,b) along any path. In the next example, we 
prove that a limit does not exist by showing that f(x, y) approaches different limits when 
(0, 0) is approached along different lines through the origin. We use three different meth- 


ods on the problem to demonstrate a variety of approaches one can take. 


2 
EXAMPLE 5 Showing a Limit Does Not Exist Examine 


cally. Then prove that the limit does not exist. 


t X 3 
lim >, Ty ~Numeri- 
(x,y) (0,0) x4 + y 


Solution If the limit existed, we would expect the values of f(x, y) in Table 1 to get 
closer to a limiting value L as (x, y) gets close to (0, 0). However, the table suggests that: 


° As (x, y) approaches (0, 0) along the x-axis, f(x, y} approaches 1. 
°- As (x, y) approaches (0, 0) along the y-axis, f(x, y) approaches 0. 
° As (x, y) approaches (0, 0) along the line y = x, f(x, y) approaches 0.5. 
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FIGURE 5 Graph and contour map of 


f(x, y= 


iG 


0.9 0.7 0.5 0.3 0.1 


x 
ae 


R 
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Se 


Therefore, f(x, y) does not seem to approach any fixed value L as (x, y) —> (0,0). 


x2 

x? +y? 
PERO RISI CICALE EAKA 
0s [05 | 039 02e 01s [om [o | ome 058 [02029 T as 
4 | 061 | os | 036 | o2 [00s | o|[o0s9] 02 | 036 | 0S | osi 

os [ons wot | os [oss] 01 lo) 01 [ose] os | 06i [ors 
o2 ossz] os [osz] os | o2 |o] o2 | as [062| 08 [ossz 
“01 [ose joss | 09 | 08 | os [o] 05 | os | 09 [09/092 
iO teehee ede [ea tT et ta | 
o1 [0962/0981 / 09 | os | os |o] Os os | 09 [oos | 0962. 
=02 [0862/08 [069/05 | 02 [o] 02 | as Tos] os (080 
03/075 aso] os [0308 o1 [o] oi | 0308) 05 | 0640/0735, 


-oa (osio os | 0360 02 [0059 | 0/0059) 02 | 036 | os | osi 
as | os | 039 [0265 |0138 |0038 | 0/0038 | 0.138 [0265 [0390] 035 


Now, let’s prove that the limit does not exist. We demonstrate three different 
methods. 


TABLE 1 Values of f(x,y) = 


First Method We show that f(x, y) approaches different limits along the x- and y-axes 
(Figure 5): 


2 
Limit along x-axis: lim f(x,0) = lim —~—~ = lim 1 =1 
x0 x0 x? — x—>0 
2 
Limit along y-axis: aim FO, p) = lan = lim0O=0 


0 02 +y 2 y>0 


These two limits are different, and hence, aaah f(x, y) does not exist. 
x,y)>(0, 


Second Method If we set y = mx, we have restricted ourselves to the line through the 
origin with slope m. Then the limit becomes 
lin lin Ta l 
30 Sire) ee 0 x? + (mx) 1+m? 

This clearly depends on the slope m, and therefore gives different values when the 
origin is approached along lines of differing slope. For instance, when m = 0, so that we 
are approaching along the x-axis, we have a limit of 1. But when m = 1, so that we are 
approaching along the line y = x, the limit is . Hence, the overall limit does not exist. 
The contour map in Figure 5 shows the variety of limits that occur as we approach the 
origin along different lines. 


Third Method We convert to polar coordinates, setting x = rcos@ and y =r sinð. 

Then for any path that approaches (0, 0), it must be the case that r approaches 0. Different 

linear paths can be considered by fixing @ at various values and having r approach 0. 
Hence, we can consider 


x? (r cos 0)? —_ 
aT ai TEET lim cos“ 8 
r>0x? +y? r>0(rcos6é)?+(rsiné)?  r>0 


This result depends on 0. For instance, fixing 0 at 0 would mean we are approaching 
(0,0) along the positive x-axis, and that gives a limit of 1. Fixing 8 at 7/2 would mean 
we are approaching (0,0) along the positive y-axis, and that gives a limit of 0. Since 
different values of @ yield different results, the overall limit does not exist. 2 


ee, 


FIGURE 6 Graph of f(x, y) = 


xy? 


x2 py 
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EXAMPLE 6 Verifying a Limit Eel ya r f(x,y), where f(x, y) is defined 
X,Y) >U, 
for (x, y) # (0, 0) by 


2 
xy 
fœ, y) = Pas 


as in Figure 6. 


Solution Since substitution yields the indeterminate form of type 9, we need to try an 
alternate method. We convert to polar coordinates: 


x ="ritos¢@, y=rsmnð 


Keep in mind that for any path approaching (0, 0), r approaches 0. 
Then x? + y? = r? and for r 40, 


(r cos @)(r sin)? 


5 = r|cos@ sin? 6| <r 
= 


— | x2 al y2 
As (x, y) approaches (0,0), the variable r also approaches 0, so the desired conclusion 
follows from the Squeeze Theorem: 


xy? 


x? + y? 


0< 


< m < liimr=0 
(x,y) (0,0) 


r—>0 


2 


; x 
Therefore, lim = — 
(x,y) 0,0) x4 + y 


Converting to polar coordinates enabled us to evaluate the previous two limits. In the 
next example, converting to polar coordinates does not help because it does not result in 
a useful simplification. 


EXAMPLE 7 Determine whether or not the following limit exists: 


xy 


lm —-~ 
(x,y)>(0,0) x4 + y2 


Solution We first consider paths along lines through the origin where y = mx. 
Then the limit becomes 


x?(mx) xm 
lim 


— = im ~~~ = 0 
x30x4+(mx)*  x>0 x2 +m? 


Thus, all paths along lines through the origin yield the same limit. However, this does 
not mean that all paths through the origin yield the same limit. By examining the form 


+ 


of a you might notice that this expression simplifies greatly if we consider curves 


y = ax”. For example, if we consider y = x° (in the first case) and y = 2x2 (in the 
second), then we obtain 
m A =g. and lim Aa = 5 
x30 x44 (x2)? 2 x0 x44 (2x2)2 5 
Since these limits are not equal (and furthermore do not equal the limit obtained 
along lines), the overall limit does not exist. ie 


To prove a limit does not exist, we only need to find two paths that yield different 
limits. However, to prove that a limit does exist at a point, it is not enough just to consider 
the limit along a set of paths approaching the point. Instead, as we did in Examples 2, 3, 
4, and 6, we employ limit laws and theorems to prove a limit exists. 
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14.2 SUMMARY 


-+ Suppose that f(x, y) is defined near P = 


(a,b). Then 


(x,y) = 
(x, = =e 2 


if, for any € > Q, there exists 5 > 0 such that if (x, y) satisfies 


0 < d((x, y),(a,b))< 6, then |f(x,y)— 


[| <e 


¢ There are algebraic limit laws for sums, constant multiples, products, and quotients. 


¢ A function f of two variables is continuous at P = 


(a, b) if 


f(x,y) = f(a,b) 


(x, Bane sb) 


* To prove that a limit does not exist, it is enough to show that the limits obtained along 
two different paths are not equal. 


14.2 EXERCISES 


Preliminary Questions 


1. What is the difference between D(P,r) and D*(P,r)? 


2. Suppose that f(x, y) is continuous at (2, 3) and that 
f(2,y) = y? for y Æ 3. What is the value f(2, 3)? 


3. Suppose that Q(x, y) is a function such that 1/ Q(x, y) is continuous 
for all (x, y). Which of the following statements are true? 


(a) Q(x, y) is continuous for all (x, y). 
(b) Q(x, y) is continuous for (x, y) Æ (0,0). 
(c) Q(x, y) Æ 0 for all (x, y). 


4. Suppose that f (x,0) = 3 for all x #0 and f(0, y) = 5 forall y 40. 


What can you conclude about ad en 3 fy)? 


Exercises 


In Exercises 1-8, evaluate the limit using continuity. 


a +y 
(x,y) (1,2) 


(x? 3x4 
(x poe 1) i á ) 


5, lim  tanxcos y 
(x.y)>(7-0) 
2 Z 
e — e? 
ïm  ———— 
(yo) x+y 
In Exercises 9—12, assume that 


=, 
(x, a > 02, 5) pas 


to find the limit. 


colts (g(x, y) — 2f Œœ, y)) 


10. x. x 
i T a y)*g(x, y) 


p fay) 
(x,y)->(2,5) f (x, y) + g(x,y) 


2 


13. Does lim na exist? Explain. 


(x,y) (0,0) x? + y? 


lim 
(x,y)> >, 5) 


N x 
lim, — 
(x.y)>(5.5) Y 
e 
lim 
(x.y)>(0,1D) x — 4y 


lim _ tan~!(x? — y) 
(x,y) (2,3) 
In(x — y) 
(x, aie, ,0) 
g(x,y) = 


lim ef @¥Y-8@y) 


1. 
(x,y) (2,5) 


14, Let f(x,y) = xy/(x? + y’). Show that f(x, y) approaches zero along 
the x- and y-axes. Then prove that lim o (x,y) does not exist by 


(x,y) (0,0 
showing that the limit along the line y = x is R 


3 3 
15. ket f(x, y)= 


depends on m, and therefore the limit lim — f(x, y) does not exist. 
(x,y) (0,0) 


. Set y = mx and show that the resulting limit 


2 g 2 
w . Set y = mx and show that the resulting 


im x,y) does not 
(x,y) (0,0) ft y) 


16. Let f(x, y) = 
limit depends on m, and therefore the limit 


exist. 


17. Prove that 


lim ——> 
(x, y)— (0,0) x2 + y? 
does not exist by considering the limit along the x-axis. 


18. Let f(x,y) = x?/(x? + y?) and g(x, y) = x7/(x? + y”). Using polar 
coordinates, prove that 


@,y)> e 0) Mni 


and that a ek A g(x, y) does not exist. Hint: Show that g(x, y) = cos? 0 


and observe that cos@ can take on any value between —l1 and | as 
(x, y) > (0,0). 


~ In Exercises 19-22, use any method to evaluate the limit or show that it 


Ne 


does not exist. 
x2 — y 


== 2M. er) 
(x,y) >,0) x“ + y 


a lim ed 
Am 24 
; x x —y 
a1. lim =; 22. 
(x,y) (0,0) 3x* + 2y 
In Exercises 23-24, show that the limit does not exist by approaching the 
origin along one or more of the coordinate axes. 


x+ty+z x7 —y? +7? 


23. Ta Oe ae 
(x,y,z) >(0,0,0) x2 + y2 + z2 


25. Use the Squeeze Theorem to evaluate 


2 Ca (e 
(x^ — 16)cos l T 


i ] 
isi. | a. ae A 
(= + =) 


In Exercises 27-42, evaluate the limit or determine that it does not exist. 


lim 
(x,y) (4,0) 


26. Evaluate lim tan 
(x,y) (0,0) 


z4 cos(a w) 


2 — 
pate (z~w — 9z) 


28. 
(z,w)—>(—1,2) 


27, 
(z,w)—>(—2,1) 
x? + y? 


sil 30. > 
(x.y}>(0,0) 1+ y 


29. in = —- 
(x,y)>(4.2) Vx? — 4 


$% ti a 
s m o 
(x,y) (0.0) \/x2 + y2 
cos x sin y 
4. m —— 
(x,y>@0,0) y 


1 
31. lm -= 
(y) >84 /x2 + y? 


33. COS X 


im : 
(x,y) (r,0) Sin y 


-I n(x — y) w l ixl 


* lim e im E ee 
(x.y)—>(1,—3) (x,y) (0,0) |x| + lyi 


2 2 


37 (x? y? + 4xy) 38 


i li . lim 
(x,y}> (—3,—2) (x.y)— (2,1) 


39 


1 
. lim tan(x? + y”)tan7! ( ) 
(x,y)—> (0,0) Á y“) x? + y? 


in  ———— 
(x,y)>(0,0) x4 + x2y?2 + y4 


"  @x,y,2)->(0,0,0) x2 + y2 + z2 


SECTION 14.2 Limits and Continuity in Several Variables 807 


40. lim (+y +e 
(x,y)—> (0,0) 
D7 R2 
41. lim a) Si a E 
(x.y)—>(0,0) /x2 +y? +1-—1 
2 2 
x*+y* —2 
i, ere ea eines 
y1. |x — H + ly =I 
Hint: Rewrite the limit in terms of u = x — 1 and v = y — 1. 
3 3 
a ry 
43. Let ws : 
fy) = = TEE 


(a) Show that 


[x3] < a? + y”), Ly] yae? +?) 


(b) Show that | f(x,y) < |x] + Įyl. 


(c) Use the Squeeze Theorem to prove that lim f(x,y) =0. 


(x,y) (0,0) 
xy? 
44. Leta,b > 0. Show that lim > z =Oifa+b > 2 and that 
~ (x,y) (0,0) x“ + Y 


the limit does not exist if a +b < 2. 


45. 4, | Figure 7 shows the contour maps of two functions. Explain why 
the limit um $ f(x, y) in (A) does not exist. Does A m A g(x, y) appear 
(x,y) yy 


re 


(B) Contour map of g(x, y) 


to exist in (B)? If so, what is its limit? 


Wo 
© 


(A) Contour map of f(x, y) 


FIGURE 7 


Further Insights and Challenges 


46. Evaluate lim (1+x)/. 
(x,y)—> (0,2) 


47. Is the following function continuous? 


2 2) E 2 2 
x“ + if x“ + <i 

rb y= 2 ] 2 žy 
1 if x+ y*-> 1 


48. | 4 J The function f(x, y) =sin(xy)/xy is defined for 


xy #0. 


(a) Is it possible to extend the domain of f to all of R? so that the result 
is a continuous function? 


(b) Use a computer algebra system to plot f. Does the result support your 
conclusion in (a)? 


49. Prove that the function 


(2* — 1)(sin y) ; 
fœ. y) = xy ne 7s 
in2 ifxy =0 


iS continuous at (0, 0). 


50. Prove that if f(x) is continuous at x = a and g(y) is continuous at 
y = b, then F(x, y) = f(x)g(y) is continuous at (a, b). 


ees 
x8 + 2y? 
(a) Show that as (x, y) > (0,0) along any line y = mx, the limit equals 0. 
(b) Show that as (x, y) > (0,0) along the curve y = x°, the limit does 


not equal 0, and hence, lim f(x,y) does not exist. 
(x,y) (0,0) 


51. Consider the function f(x, y) = 
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The partial derivative symbol 0 is a 
rounded “d.” It is used to distinguish 
derivatives of a function of multiple 
variables from derivatives of functions of 
one variable where the straight “d” is used. 


14.3 Partial Derivatives 


We have stressed that a function f of two or more variables does not have a unique rate 
of change because each variable may affect f in different ways. For example, the current 
I in a circuit is a function of both voltage V and resistance R given by Ohm’s Law: 


V 


The current / is increasing as a function of V (when R is fixed) but decreasing as a 
function of R (when V is fixed). 

The partial derivatives are the rates of change with respect to each variable sepa- 
rately. A function f(x, y) of two variables has two partial derivatives, denoted fy and fy, 
defined by the following limits (if they exist): 


LOE R a Hew 


f(a, b) = pm 


Thus, fy is the derivative of f(x,b) as a function of x alone, and fy is the derivative 
of f(a, y) as a function of y alone. We refer to f, as the partial derivative of f with 
respect to x or the x-derivative of f. We refer to f, similarly. The Leibniz notation for 
partial derivatives is 


af of 

pm = fx» ay F fy 

ð ð 

Ul ey) Z een 
OX \(a,b) OY |(a,b) 


If z = f(x,y), then we also write dz/dx and dz/dy. 

Partial derivatives are computed just like ordinary derivatives in one variable with 
this difference: To compute fx, treat y as a constant and take the derivative of f with 
respect to x, and to compute fy, treat x as a constant and take the derivative of f with 
respect to y. 


EXAMPLE 1 Compute the partial derivatives of f(x, y) = xy°. 


Solution 

Of 9/745 59 2 5 5 

Ox TAS y”) 4 ax ) yx) 
aE aeennnemmmnemmnentll 
Treat y° as a constant. 

Of o a ws DAE re A 2.4 

tel x = x*— = x (5y") S u 

i7 ay | y`) m (Sy*) y 
ae 


Treat x? as a constant. 


GRAPHICAL INSIGHT The partial derivatives at P = (a, b) are the slopes of the tangent 
lines to the trace curves through the graph of f(x, y) at the point (a, b, f(a, b)) in Figure 
1(A). To compute f,(a, b), we set y = b and differentiate in the x-direction. This gives 
us the slope of the tangent line to the trace curve in the plane y = b [Figure 1(B)). 
Similarly, f,(a, b) is the slope of the trace curve in the plane x = a (Figure 1(C)}. 


The differentiation rules from calculus of one variable (the Product, Quotient, and 
Chain Rules) are valid for partial derivatives. 


nN 


P = (a, b, f(a, b)) 


FIGURE 2 The slopes of the tangent lines to 
the trace curves are g,(1,3) and gy(1, 3). 


CAUTION It is not necessary to use the 
Quotient Rule to compute the partial 
derivative in Eq. (1). The denominator does 
not depend on y, so we treat it as a 
constant when differentiating with respect 
to y. 


SECTION 143 Partial Derivatives 809 


Slope f,(a, b) 


The trace curve Slope f,(a, b) 


(x, b, f(x, b)) 


The trace curve 
(a, y, f(a, y)) 
y 
x Plane x =a 
(C) 
y? 
EXAMPLE 2 Calculate g,(1,3) and g,(1,3), where g(x, y) = dae 


Solution To calculate gx, treat y (and therefore y?) as a constant and differentiate with 
respect to x: 


2 
ns y? on pea wa sae 
8x(%,y) = = (<2) oe Po! ow 2 ae (1 + x2 
y 6D _ 27 


To calculate gy, treat x [and therefore (1 + x)?] as a constant and differentiate with 
respect to y: 


ee a oe ee Pe ee ee ee 1 

nana © ia) (+x) ay” ~ +x 
1) OE 

idee OO 


These partial derivatives are the slopes of the trace curves through the point P = (1, 3, 2) 
shown in Figure 2. Note that in the figure, g is decreasing as x increases through P, con- 
sistent with our determination that g,(1,3) < 0. Similarly, g is increasing as y increases 
through P, reflecting that g,(1,3) > 0. a 


The Chain Rule was used in Example 2 to compute g,(x, y). We use the Chain 
Rule to compute partial derivatives of a composite function like f(x, y) = sin(3x? + 4y) 
in the same way the Chain Rule is applied in the single variable case. For example, to 
compute the partial derivative of f with respect to x, we take the derivative of the outside 
function at the inside function [yielding cos(3x? + 4y)] and multiply by the derivative 
(with respect to x) of the inside function; that is, by 6x. Therefore, 


D soe ale : ô 
jy POY? + 4y) = cos(3x? + 4y)—(3x? + dy) = 6x cos(3x? + 4y) 


In multivariable calculus, there are a number of different ways compositions of func- 
tions can arise. Consequently, there are multiple possibilities for chain-rule derivative 


computations. We examine other possibilities for multivariable chain rules in Sections 
14.5 and 14.6. 
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In Example 5, the calculation 


O zty = ye Y 


ðZ 


follows from the Chain Rule, just like 


d 4 


dz 


€ 


LZ w 4 eftt2 
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EXAMPLE 3 Chain Rule for Partial Derivatives Compute 2 In(xy — 2y?). 
y 


Solution Using the Chain Rule, we have: 


ð l ð 1 x— 4y 
sno- 29 ies | a ey ye [| ee Ga 
ay le (ss) a” ial (sa) xy ~ 2y? 
me 
Chain Rule 
m 


EXAMPLE 4 Wind Chill The wind-chill temperature W(T,v) (in °C) measures 
how cold people feel (based on the rate of heat loss from exposed skin) when the outside 
temperature is T°C (with T < 10) and the wind velocity is v m/s (with v > 2): 


W = 13.1267 + 0.6215T — 13.947v®16 + 9.4867 v?- 16 


Calculate ae and a Show that at a fixed wind speed, the impact on wind chill of a 
changing temperature does not depend on the temperature, but the impact of a changing 
wind speed is larger the colder the temperature. 


Solution Computing the partial derivatives: 


aw 
— = 0.612 AR6v9- 16 
T 6125 + 0.486v 


aw 
= = —13.947(0.16)v~°* + 0.4867 (0.16)v-0 4 = —2.2315v 70-84 + 0.0778T v 7034 


Note that ae does not depend on T, so that at A fixed wind speed 2% W is the same, no 
matter the ade E For example, at 20 m/s, 2¥ a = 0.6125 + 0. 486(20)° 16 ~ 1.3877 
(°C per °C) at all values of T. 

On the other hand, at a fixed wind speed, 2” S, decreases as T decreases. For example 
(in units of °C per m/s), 


aW aW 


—0.2663 —|_5 19) © 0.3788 ~0.4912 


~ les 10) ~ a he 15,10) ~ 


Therefore at a fixed wind speed, an increase in wind on has a larger cooling effect at 
colder temperatures. E 


Partial derivatives are defined for functions of any number of variables. We compute 
the partial derivative with respect to any one of the variables by differentiating with 
respect to that variable while holding the remaining variables constant. 


EXAMPLE 5 More Than Two Variables Calculate f,(0,0, 1, 1), where 
gry 
f(x,y,z, w) = a» 
Solution Use the Quotient Rule, treating x, y, and w as constants and differentiating 
with respect to z: 
erzty j= (z? + w) ezt — gety 2z? +w) 
ae Fw (z? + w) 


g 
F(X, Y, z, w) = = ( 


(2? + whet — 22e? (zx + wx — 2e 
(22 + wy g (2? + w)? 


= 
— 


0 1 


f,(0, 0, 1, 1) = (2 + 12 = pi 


These approximation formulas are 
multivariable versions of the difference 
quotient approximation introduced in 
Section 3.1. 


Òa 
B Cia 
ns Emm 


w 
© 
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WA 
O Mi 
À 
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+ 


Temperature T (°C) 
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r 


© 
w 
ad 
Ur 


33.0 33.5 340 34.5 
Salinity S (ppt) 


FIGURE 3 Contour map of seawater density 
as a function of temperature and salinity. 
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In the next example, we estimate a partial derivative numerically. Since fy and fy 
are limits of difference quotients, we have the following approximations when Ax and 
Ay are small: 


_ fat Ax,b)~ f(a,b) 
Ax 


_ fabtAp- farm 
Ay 


Similar approximations are valid in any number of variables. 


EXAMPLE 6 Estimating Partial Derivatives Using Contour Maps Seawater density 
depends on salinity and temperature and can be expressed as a function p(S, T), where 
p is in kilograms per cubic meter, salinty S is in parts per thousand, and temperature T 
is in degrees Celsius. Use the contour map of seawater density appearing in Figure 3 to 
estimate d0/0T and 00/dS at A = (33,15). 


Solution We estimate 00/d0T at A in two Steps. 


Step 1. Choose AT, and estimate or evaluate 0(33, 15 + AT). 
With S held constant at 33, a change in T moves us vertically on the contour map from 
the point A. Any choice of small AT can be used to make our estimate. We choose 
AT = 2 because the corresponding point (B on the contour map) lies on a level curve 
near A, and at B we can evaluate p, rather than estimate it. With AJ = 2, we have 
p@G3, 15 + AT) = p(33, 17) = 1.0240. 


Step 2. Compute the difference quotient and make the approximation. 


dp 
aT 


_ 033,17) — (33,15) 1.0240 — 1.0245 _ —0.0005 
(33,15) 2 A 2 


= —0.00025 kg-m7?/°C 


We estimate 00 /dS in a similar way, using AS ~ 0.7 to put us at point C on a level curve 
of p on the contour map. We obtain 


ap _ (33.7, 15) — (33,15) _ 1.0250 — 1.0245 _ 0.0005 
ere 0.7 0.7 0.7 
~ 0.0007 kg-m7/ppt r 


Higher Order Partial Derivatives 


The higher order partial derivatives are the derivatives of derivatives. The second-order 
partial derivatives of f are the partial derivatives of fy and fy. We write f,, for the 
x-derivative of fx and fyy for the y-derivative of fy: 


SA a fof 
fax = x (2). fy == (2) 


We also have the mixed partials: 
_ 9 fof ð fof 
n-a mak (% 
The process can be continued. For example, fryx 18 the x-derivative of fry, and fryy is 


the y-derivative of fy (perform the differentiation in the order of the subscripts from left 
to right). The Leibniz notation for higher order partial derivatives is 
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3f f anf i 
3x2’ fay = Oyax’ fz = Oxdy’ Ivy = ya 


fxx = ay 


Higher order partial derivatives are defined for functions of three or more variables in a 
similar manner. 


EXAMPLE 7 Calculate the second-order partial derivatives of f(x, y) = x? + ye’. 
Solution First, we compute the first-order partial derivatives: 


ð ð 
hay) = = (x3 + ye) = 3x7 + ye*, fla, y) = T (x? + y e”) = 2ye” 


Then we can compute the second-order partial derivatives: 


ð g ð 0 
fux@,.y= ox = Tar Hye ) fyy@, y) = ay? ial gA 
= 6x + ye, = 2e” 
ð ð 
fay & y) = = Tiel + y*e*) fyx(*, y) = of = 5 ve 
= ne : = 2ye* P 


It is not a coincidence that fy = fyx in the previous example. This result is an 
example of a general theorem that we present after the next example. 


Nl 
Remember how the subscripts are used in EXAMPLE 8 Calculate fxyy for f(x, y) = x pye. 
partial derivatives. The notation fyyy 
indicates that we first differentiate with Solution By the previous example, fxyy = 2ye”. Therefore, 
respect to x and then differentiate twice 
with respect to y. a 3 
= — = — 2ye” = 2e* ü 
fxyy dy Tey ay y 
The next theorem, named for the French mathematician Alexis Clairaut (Figure 4), 
indicates that in a mixed partial derivative, the order in which the derivatives are taken 
does not matter, provided that the mixed partial derivatives are continuous. A proof of 
the theorem is provided in Appendix D. 
The hypothesis of Clairaut’s Theorem, that THEOREM 1 Clairaut’s Theorem: Equality of Mixed Partials If fxy and fys both 
fry and fyx are continuous, is almost exist and are continuous on a disk D, then fxy(a,b) = fy,(a,b) for all (a,b) € D. 
always satisfied in practice, but see Therefore, on D, 
Exercise 80 for an example where the 
mixed partial derivatives are not equal. 92 f “ 32 r 
dxdy dydx 
32W 3? W 
EXAMPLE 9 Check that ——— = ——— for W = e¥/7. 
LoT  arau 
Solution We compute both mixed partial derivatives and observe that they are equal: 
ee ees bes Sees OW oir 2.12) 2p ar SS 
oT oT \T aU dU \T 
9 OW _ 2 UIT _ yy p-3 UIT 8 OW _ 7-2 vit _ yt UIT w 


aU aT i aT au 


SSPL/The Image Works _ 


FIGURE 4 Alexis Clairaut (1713-1765) was 
a brilliant French mathematician who 
presented his first paper to the Paris 
Academy of Sciences at the age of 13. In 
1752, Clairaut won a prize for an essay on 
lunar motion that Euler praised (surely an 
exaggeration) as “the most important and 
profound discovery that has ever been 
made in mathematics.” 


FIGURE 5 The plot of 


u(x,t) = er 


et 


illustrates the diffusion of a burst of heat 
over time. 
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Although Clairaut’s Theorem is stated for fy and fyx, it implies more generally 
that partial differentiation may be carried out in any order, provided that the derivatives 
in question are continuous (see Exercise 71). For example, we can compute fxyxy by 
differentiating f twice with respect to x and twice with respect to y, in any order. Thus, 


fxyxy = xxyy zi fyyxx = fyxyx == fxyyx = fyxxy 


EXAMPLE 10 Choosing the Order Wisely Calculate the partial derivative gzzwx. 
Yx 

where g(x, Y, Z, w) = x?w?z? + sin (2). 

Solution Let’s take advantage of the fact that the derivatives may be calculated in any 


order. If we differentiate with respect to w first, the second term disappears because it 
does not depend on w: 


ð “à 
8w = = (Hu + sın (2)) = 2x7 we" 
ow 4 


Next, differentiate twice with respect to z and once with respect to x: 


ð 
Bur = gA we = 4x3 wz 


d 
Buzz = —4x wz = 4x’ w 
dz 


ð 
= —4x*w = 12x? w 
&wzzx ax 
We conclude that gzzwx = Sweex = 12x2w. E 


A partial differential equation (PDE) is a differential equation involving functions 
of several variables and their partial derivatives. A solution to a PDE is a function that 
satisfies the equation. The heat equation in the next example is a PDE that models tem- 
perature as heat spreads through an object. There are infinitely many solutions, depending 
on the initial temperature distribution in the object. The particular function in the example 
describes temperature at times t > 0 along a metal rod when the center point is given a 
burst of heat at ¢ = 0 (Figure 5). 


Temperature T 


Time t 


l 
fit 


ðu Žu 
A ae | 2 | 


EXAMPLE 11 The Heat Equation Show that u(x,t) = e~ @"/41) defined for 


t > 0, satisfies the heat equation 
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lid z 
Solution We write u(x,t) = sa 2e- 4t) We first compute = 
PO Ox 
du ð bapa /2,—(x?/4t) 1 —3/2 ,—(x?/4t) 
— = — | ——t = ———= xt 
ðx Ox (zz j 4/7 f É 


2 
7 = =~ ( - T Dan | 13/2 e a 
4 Jr 


At 


-Aen a e 7) 
IT It 


Then compute du/dt and observe that it equals 3?u/ðx? as required: 


duo ( l R A m E 4) q tp 5/2 9-07 /48) - 
8/7 


at at (2ST 


HISTORICAL PERSPECTIVE 


E] pes : = 
Mei d _ a ee Zz 
Joseph Fourier Adolf Fick 
(1768-1830) (1829-1901) 


The general heat equation, of which Eq. (2) 
is a special case, was first introduced in 1807 
by French mathematician Jean Baptiste Joseph 
Fourier. As a young man, Fourier was unsure 
whether to enter the priesthood or pursue math- 
ematics, but he must have been very ambi- 
tious. He wrote in a letter, “Yesterday was my 
2ist birthday, at that age Newton and Pascal 
had already acquired many claims to immor- 
tality.” In his twenties, Fourier got involved 
in the French Revolution and was imprisoned 
briefly in 1794 over an incident involving dif- 
ferent factions. In 1798 he was summoned, 
along with more than 150 other scientists, to 
join Napoleon on his unsuccessful campaign in 


Egypt. 


aJa 


Fourier’s true impact, however, lay in his 
mathematical contributions. The heat equation 
is applied throughout the physical sciences 
and engineering, from the study of heat flow 
through the earth’s oceans and atmosphere to 
the use of heat probes to destroy tumors and 
treat heart disease. 

Fourier also introduced a striking new 
technique—known as the Fourier trans- 
form—for solving his equation, based on the 
idea that a periodic function can be expressed 
as a (possibly infinite) sum of sines and cosines. 
Leading mathematicians of the day, includ- 
ing Lagrange and Laplace, initially raised ob- 
jections because this technique was not easy 
to justify rigorously. Nevertheless, the Fourier 
transform turned out to be one of the most im- 
portant mathematical discoveries of the nine- 
teenth century. A Web search on the term 
“Fourier transform” reveals its vast range of 
modern applications. 

In 1855, the German physiologist Adolf 
Fick showed that the heat equation describes 
not only heat conduction but also a wide range 
of diffusion processes, such as osmosis, ion 
transport at the cellular level, and the motion 
of pollutants through air or water. The heat 
equation thus became a basic tool in chemistry, 
molecular biology, and environmental science, 
where it is often called Fick’s Second Law. 


14.3 SUMMARY 


e The partial derivatives of f(x, y) are defined as the limits 


0 
Fx (a, b) == oy = 
Ox (a,b) 
of 
f (a, b) =u 
, OY \(a,b) 


= li 


lim f(a+h,b)- f(a,b) 


h>0 h 
7” f(a,b +k) — f(a,b) 
k=+0 k 
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- Compute fy by holding y constant and differentiating with respect to x, and compute 
fy by holding x constant and differentiating with respect to y. 

- f,(a,b) is the slope at x = a of the tangent line to the trace curve z = f(x, b). Simi- 
larly, f(a, b) is the slope at y = b of the tangent line to the trace curve z = f(a, y). 

e Approximating partial derivatives: For small Ax and Ay, 


~ Af _ fla+Ax,b)— f(a3b) 
f,(a, b) = Ke z Ax 


_ Af _ flab+ Ay)— flab) 
fy(a, b) i Ay = Ay 


Similar approximations are valid in any number of variables. 
¢ The second-order partial derivatives are 
32 32 32 
f = Í xy? 
dy Ox Ox dy 


32 
f = fyx» PIT Jy 


* Clairaut’s Theorem states that mixed partials are equal—that is, fry = fyx provided 
that fxy and fy, are continuous. 

e More generally, higher order partial derivatives may be computed in any order. For 
example, fryyz = fyxzy if f is a function of x, y, z whose fourth-order partial deriva- 
tives are continuous. 


14.3 EXERCISES 


Preliminary Questions 


1. Patricia derived the following incorrect formula by misapplying the 3. Which of the following partial derivatives should be evaluated without 
Product Rule: using the Quotient Rule? 
E T EES 2 ð xy ð xy ð y 
— {x = x“ (2y) + 2x a) — ae o c= 
ax y^) (2y) + y“ (2x) (a) ox a (b) ay pol (c) ax ye 41 
What was her mistake and what is the correct calculation? 
: À 3_.,-l 
2. Explain why it is not necessary to use the Quotient Rule to com- 4. Whatis fx, where f(x,y,z) = (sin yzje* ~* V7? 
ð (x+y : 
pute ax (= T 3) Should the Quotient Rule be used to compute 5. Assuming the hypotheses of Clairaut’s Theorem are satisfied, which 
a (xt+y\, of the following partial derivatives are equal to frxy? 
ay (= ap z) i (a) Jxyx (b) Syyx (c) Jxyy (d) fyxx 
Exercises 
1. Use the limit definition of the partial derivative to verify the formulas 5. Use the Quotient Rule to compute 2 PEON f 
Oyx+y 
2 rymy, xy = 22y ð 
Ox í dy 6. Use the Chain Rule to compute H In(u? + uv). 
u 

2. Use the limit definition of the partial derivative to verify the formulas 7, Calculate fz(2,3, 1), where f(x, y,z) = xyz. 

MET i b = 8. | A Explain the relation between the following two formulas (c is a 

saat 6 =-, = (=) = >y constant): 
axy y Np y 


' 
os sin(cx) = ccos(cx), S sin(xy) = y cos(xy) 
x Ox 
3. Use the Product Rule to compute fx and fy for f(x,y) = 
(x? — y\(x — y»). 9. The plane y = 1 intersects the surface z = x* + 6xy — yf in a cer- 


tain curve. Find the slope of the tangent line to this curve at the point 
4. Use the Product Rule to compute fy and fy for f(x,y) = xye sin y. P =(i,1,6). 
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10. Determine whether the partial derivatives 3f/ðx and df/dy are posi- 
tive or negative at the point P on the graph in Figure 6. 


i a 


FIGURE 6 


In Exercises 11—14, refer to Figure 7. 
11. Estimate fy and fy at point A. 
12. Is fy positive or negative at B? 


13. Starting at point B, in which compass direction (N, NE, SW, etc.) does 
f increase most rapidly? 


14, At which of A, B, or C is fy the least? 


70 50 30 
/ 


FIGURE 7 Contour map of f(x, y). 


In Exercises 15-42, compute the first-order partial derivatives. 


15. z= x7 +4 y? 16. 2 =x*y? 

17. z=xty+xy~ 18. V=ar7h 

1S; z= £ a z= = 
J x-y 


21. z = y9 — x? — y? rT EA 
MIF y- 
23. z = (sinx)(cos y) 24. z = tan(uv?) 


l—x 


25. z= cos 26. @ = tan! (xy?) 


27. w = ln(x? — y?) 28. P = sin(2s — 3t) 


29. W =e'ts 30. Q =r 
Noose a 
31. z= e? 32. Rek 
33. z =e) 34. P= eV +? 
—rt 
35. =L PEE. 
37. z = sinh(x?y) 38. z = cosh(t — cos x) 
39, w = xy*2? 40. w = 
w= xyz w T 

41. Q= È -LiM O eo E 

l M ° (x2 4 y2 4 72)3/2 


In Exercises 43-46, compute the given partial derivatives. 


43. f(x,y) = 3x*y+4x7y? —Txy, f,(1,2) 


44. fa.p= sin(x? — y), fy, x) 
45. g(u, v) = uln(u +v), g,(1,2) 
46. h(x, 2) =e, hz(3, 0) 


47. The heat index 7 is a measure of how hot it feels when the relative 
humidity is H (as a percentage) and the actual air temperature is T (in de- 
grees Fahrenheit). An approximate formula for the heat index that is valid 
for (T, H) near (90, 40) is 

I(T, H) = 45.33 + 0.6845T + 5.758H — 0.00365T7 

— 0.1565HT + 0.001 HT? 

(a) Calculate 7 at (T, H) = (95,50). 
(b) Which partial derivative tells us the increase in 7 per degree increase 
in T when (T, H) = (95, 50)? Calculate this partial derivative. 


48. Calculate dP/dT and ð P/3V , where pressure P, volume V, and tem- ~ 
perature T are related by the Ideal Gas Law, PV = nRT (R and n are 
constants). 


49. EA Use the contour map of f(x, y) in Figure 8 to explain the fol- 
lowing statements: 

(a) fy is larger at P than at Q, and f, is more negative at P than at Q. 
(b) f(x,y) is decreasing as a function of y; that is, for any fixed value 
x =a, fx(a, y) is decreasing in y. 


FIGURE 8 


50. Estimate the partial derivatives at P of the function whose contour 
map is shown in Figure 9. 


FIGURE 9 


«x 51. Over most of the earth, a magnetic compass does not point to true 


(geographic) north; instead, it points at some angle east or west of true 

north. The angle D between magnetic north and true north is called the 

magnetic declination. Use Figure 10 to determine which of the following 

Statements is true: 

@ = I Tito > 0 (c) —|} >0 
A yis dx |c dy Ic 


Note is the horizontal axis increases from right to left because of the way 
longitude is measured. 


aD 


Magnetic Declination for the U.S. 


120°W 110°W 100°W 90°W  80°W 70°W 


SST 


FIGURE 10 Contour interval 1°. 


52. Refer to Table 1. 
(a) Using difference quotients, approximate 09/dT and dp/dS at the 
points (S, T) = (30, 2), (32, 6), and (35, 10). 


(b) For fixed salinity § = 32, determine whether the quotients Ap/AT 
are increasing or decreasing as T increases. What can you conclude 
about the sign of 27/277 and the concavity of p as a function of T? 


TABLE 1 Seawater Density p as a Function of Temperature 
T and ni 5 


EMEC 
25.61 | 26.38 | 27.18 28.78 
25.72 27.34 | 28.12 | 28.91 


In Exercises 53—58, compute the derivatives indicated. 


a7 f o 
me 2 4 
53. f(x,y) = 3x7y — 6xy4, $2 aye 
xy 3? g 
54. x, =", 
g(x,y) cay oxy 
u 
55. h(u, v) = ———, hlu, v) 


u + 4v 


56. A(x, y) = In(x? + y’), hxy, y) 
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57: f y=, fya 
58. e(x, y) = xe, 8xy(—3, 2) 


59. Compute fxyxzy for 


fœ, yz) = u 
5 z+z 
y sin(xz) sin(x + z) + (x +z Jany +x tan (= =) 


Hint: Use a well-chosen order of differentiation on each term. 
60. Let 

x? + elv 
3y2 + In(2 + u?) 


What is the fastest way to show that fuvxyvu(¥, y.u, v) =O for all 
(x, y, u,v)? 


f(x, y,u, v) = 


In Exercises 61-68, compute the derivative indicated. 
61. f(u,v) = cos(u + v?), funy 

62. g(x, y,z) = a, 8xxyz 

63. F(r,s,t)=r(s?7+t2), Fest 

64. u(x,t) =17 e70 un 

65. F(0,u, v) =sinh(uv +67), Fung 


k hiwa a N 
v +H w 


67. g(x, y,z) = yX? +y? +27, 8gryz 


68. u(x,t) = sech? (x — t), Uxxx 


69. Find a function such that L = 2xy an 


70. [4 J Prove that there does not exist any function f(x,y) such that 
of of 


a. xy and ar x. Hint: Consider Clairaut’s Theorem. 
71. Assume that f,;y and f,, are continuous and that fyxx exists. Show 
that fxyx also exists and that fy; = fryx. i 


72. Show that u(x,t) = sin(nx) ent satisfies the heat equation for any 


constant n: 
ou 3Žu 
OL i TA 


73. Find all values of A and B such that f (x,t) = e4*+** satisfies Eq. (3). 


74. The function 


i 2 
? t)=- -x [%4 
fœ) IRE á 


describes the temperature profile along a metal rod at time t > 0 when a 
burst of heat is applied at the origin (see Example 11). A small bug sit- 
ting on the rod at distance x from the origin feels the temperature rise and 
fall as heat diffuses through the bar. Show that the bug feels the maximum 
temperature at time t = 5x7. 

In Exercises 75-78, the Laplace operator A is defined by 
Af = fxx + fyy. A function u(x,y) satisfying the Laplace equation 
Au = Q is called harmonic. 
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Figure 9(B) shows that the graph also contains lines through the origin that do not lie in 
the xy-plane (in fact, the graph is composed entirely of lines through the origin). As we 
zoom in on the origin, these lines remain at an angle to the xy-plane, and the graph does 
not flatten out. Thus, g(x, y) is not differentiable at (0,0), and there is no tangent plane 
there. 

Furthermore, since g(x, y) is not differentiable at (0,0), the assumptions of Theo- 
rem 1 must not be satisfied there. In particular, while the partial derivatives g,(x, y) 
and gy(x,y) exist, they must not be continuous at the origin (see Exercise 47 for 
details). 


14.4 SUMMARY 
- f(x,y) is differentiable at (a, b) if fx(a, b) and f,(a, b) exist and 


ij fœ y) -Læ y)  _ 
(x,y) (ab) /(x — a} + (y — b}? 


where L(x, y) = f (a,b) + fx(a,bXx —a)+ fyla,b)Xy — b). 

e Result used in practice: If fx(x, y) and fy(x,y) exist and are continuous in a disk D 
containing (a, b), then f (x, y) is differentiable at (a, b). 

e If f(x, y) is differentiable at (a, b), the equation of the tangent plane to z = f(x, y) at 
(a,b) is 


z= f(a,b)+ f,(a, 6) — a) + fy(a, by — b) 


- If f(x,y) is differentiable at (a,b), the linearization of f centered at (a,b) is the 
a function 


L(x, y) = f (a,b) + fx(a,b)Xx — a) + fy(a, b) — b) 


¢ The approximation by linearization is f(x, y) + L(x, y), or 
f(x,y) ~= L(x, y) = f(a,b)+ fx(a,bXx — a) + fy@, db) — b) 
¢ Linear Approximation: 
f(a + Ax,b+ Ay) œ% f(a,b)+ f(a, b)Ax + fy(a, b)Ay 
Af © fx(a,b) Ax + fy(a, b) Ay 
°. Differential Form of Linear Approximation: Af ~ df, where 


df = f(x, y)dx + fy@, y)dy = Dae ai oF 


Ox dy 


14.4 EXERCISES 


Preliminary Questions 
1. How is the linearization of f(x, y) centered at (a, b) defined? (a) Lia, y)=8+5x+7y 
(b) Lx, y)=8+5@ — 2) + 7(y — 3) 


2. If f is differentiable at (a,b) and f, (a,b) = fy(a,b) = 0, what can 


we conclude about the tangent plane at (a, b}? 4. Estimate f(2,3.1). 
\_ In Exercises 3-5, assume that 5. Estimate Af at (2,3) if Ax = —0.3 and Ay = 0.2. 
f(233) =; ABS, HeD =F 6. In the derivation of the equation for the plane determined by fy and 


. oo A fy, we used w x v for a normal vector to the plane. How would the choice 
3. Which of (a}(b) is the linearization of f centered at (2,3)? of y x w for a normal vector have affected the resultant equation? 


FIGURE 3 The vectors v and w are parallel 
to the plane determined by fy and fy. 


¢ REMINDER A plane through the point 
P = (x0, Yo, Zo) with normal vector 

n = (A, B,C) has equation 

A(x — xo) + By — yo) + C(z — zo) = 0 


e(x, y) = f(x, y) — L(x, y) 


z = f(x, y) 


FIGURE 4 The error approximating f(x,y) 
with L(x, y). 
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of these tangent lines lies in the plane y = b, and the other lies in the plane x = a . We 
refer to these lines as the tangent line for fy and the tangent line for f,, respectively. 
These two tangent lines determine a plane that is certainly a good candidate for a tangent 
plane to the graph [Figure 2(B)]. We refer to this plane as the plane determined by fy 
and fy. Unfortunately, this plane might not be fully tangent to the graph at P because 
other lines through P in this plane might not be tangent to the graph as in Figure 2(C). 
We will give an example of just such a situation later in the section. 

To identify a condition that guarantees that the plane determined by fy and fy is tan- 
gent to the graph, we first need an equation of this plane. (We will also use this condition 
to define differentiability.) 

We begin by finding a normal vector to the plane determined by fx and fy. To do 
that, we find direction vectors for the tangent lines for fy and fy (which are parallel to the 
plane) and then take their cross product (which results in a vector normal to the plane). 

Consider first the tangent line for fy, which lies in the plane y = b. In that plane, 
the line has slope f,(a,b). Therefore, if we move on the line 1 unit in the positive x- 
direction from P, then we move f;, (a, b) units in the z-direction. It follows that the vector 
v = (1,0, f,(a, b)) is a direction vector for this line, as in Figure 3. 

Similarly, the vector w = (0, 1, fy(a, b)) is a direction vector for the tangent line for 
fy. As indicated previously, a normal vector to the plane determined by fy and fy is 
obtained by taking a cross product of the vectors v and w. It is convenient to compute 
this cross product as w x V: 


i j k 
wxv=]|0 1 fy(a,b)| = ({fx(a,b), fy(a,b), —1) 
1 0 fx(a,b) 


Now, P = (a,b, f(a, b)) lies on the plane determined by fy and fy, and the vector 
(f,(a,b), f,(a,b), —1) is normal to it. Therefore, the plane has equation 


Fx. (a, bx — a) + fy(a, b)(y — b) — (z — f (a,b) = 0 
or 


z = f(a,b) + fr(a, bx — a) + fy(a, b)(y — b) 


Next, we use this equation for the plane determined by fy and fy to identify a condi- 
tion that ensures this plane is fully tangent to the graph of f(x, y) [and thus that f(x, y) 
is differentiable]. Let 


L(x, y) = f(a, b) T Fx (a, b\x p a) T fy(a,bX(y = b) 


We refer to L(x, y) as the linearization of f(x, y) centered at (a,b). The linearization 
can be used to approximate f(x, y) near (a, b). (Later in this section, we will develop this 
idea further and present some examples.) The graph of L(x, y) is the plane determined by 
fx and fy. Figure 4 demonstrates that the difference f(x, y) — L(x, y) is the error e(x, y) 
obtained when approximating f(x,y) by L(x, y). As (x, y) approaches (a, b), this error 
approaches zero because the two functions are continuous and agree at (a, b). If the error 
goes to zero fast enough that the graph of f(x, y) flattens and becomes approximately a 
plane, then the plane determined by fy and fy is an actual tangent plane. (We will explain 
why when we introduce directional derivatives in the next section.) 


BMI is one factor used to assess the risk of 
certain diseases such as diabetes and high 
blood pressure. The range 

18.5 < I < 24.9 is considered normal for 
adults over 20 years of age. 
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Therefore, we have by Eq. (2): 


1 Í + 
R(x,y) wa + 5(% a) + (ya) = A a 


Like functions of a single variable, the approximation by linearization has associated 
linear approximation formulas for the change in f. If we let Ax and Ay represent small 
changes in x and y, and set x = a + Ax and y = b + Ay, then from the linearization 
formula, Eq. (2), we obtain the Linear Approximation: 


f(a+ Ax,b+ Ay) » f(a,b) + fx(a,b)Ax + fy(a,b)Ay 


We can also write the Linear Approximation in terms of the change in f: 


Af = f(x,y) = f(a,b) 


Af © f(a, b)Ax + fy(a, b)Ay | 4 | 


EXAMPLE 6 Body Mass Index A person’s BMI is I = W/H?, where W is the body 
weight (in kilograms) and H is the body height (in meters). Estimate the change in a 
child’s BMI if (W, H) changes from (40, 1.45) to (41.5, 1.47). 


Solution To begin, we compute the partial derivatives: 


JE TASTE ar Ə (W\ W 
OW oOW\H2) H? 0H dH\H2/) HÆ 


At (W, H) = (40, 1.45), we have 


ol i i 40 
ae = z © 0.48, — = are) œ —26.24 
OW |(40,1.45) 145 3H | (40, 1.45) 1.45 


If (W, H) changes from (40, 1.45) to (41.5, 1.47), then 
AW = 41.5 — 40 = 1.5, AH = 1.47 — 1.45 = 0.02 
Therefore, by Eq. (4), 


ol I 
Al ~ — nya S 


AH 7 0.48(1.5) — 26.24(0.02) + 0.2 
OW | (40,1.45) 0H 


(40,1.45) 


We find that BMI increases by approximately 0.2. m 


CONCEPTUAL INSIGHT Linear Approximation for estimating the change in f(x,y) is 
similar to the corresponding Linear Approximation for a function f of a single variable: 


Af ~ f'(a) (x-a) 
— —_— a 


Change Rateof Change 
in f change ata jinx 


AL ~ fr(a,b) (x—a)+ fyla,b) (y — b) 


Change Rate of change Change Rate of change Change 
in f with respect to inx with respect to in y 
x at (a,b) y at (a,b) 


For a function of two variables, we have contributions to the change in f from changes 
in each independent variable. 


Z 


f(x, y) = x2 + 2y2-y — 4 


lj 
P l 
623/ 


} 
? 


z= -13 + 2x + Ty 


FIGURE 5 The graph of 
f(x,y) = x? + 2y? — y — 4 and the 
tangent plane at P = (1,2,3). 


FIGURE 6 The graph looks more and more 
like the tangent plane at P as we zoom in. 
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Solution We have f,(x, y) = 2x and fy(x, y) = 4y — 1. From that, 
f-1,.2)=2 and fy71,2)=7 


These values, along with f(1,2) = 3, enable us to determine the equation of the tangent 
plane: 
z= 3+2(x —1)+7(y — 2) = —13 + 2x + 7y 
Ve, 
f(a, b) als fx (a, b)\x a a) T fy(a, b\y di b) 
The tangent plane through P = (1,2,3) has equation z = —13 + 2x + 7y (Figure 5). 
E 


EXAMPLE 3 Find an equation of the tangent plane to the graph of f(x, y) = xy? + x? 
at (2, —2, f(2, —2)). 


Solution The partial derivatives of f(x, y) are f,(x, y) = y? + 2x and fy(x, y) = 3xy?. 
With f(2,—2) = —12, f,(2,-2) =—4, and f,(2,—2) = 24, the tangent plane 
through (2, —2, —12) has equation 
z = —12—4(x — 2) + 24(y + 2) 


This can be rewritten as z = 44 — 4x + 24y. a 


In single-variable calculus, a function f that is differentiable at a has a graph that, 
as you continuously zoom in at (a, f (a)), appears more and more like the tangent line to 
the graph at (a, f (a)). 

A similar situation holds for differentiable functions of two variables. Specifically, 
if f(x,y) is differentiable at (a, b), then as you continuously zoom in on the graph at 
P = (a,b, f(a,b)), it appears more and more like the tangent plane to the graph at P 
(Figure 6). 


As Figure 6 suggests, differentiability at (a, b) implies that in a small region around 
P, the graph of f(x, y) is nearly indistinguishable from the tangent plane at P. That 
is to say, we can approximate f(x, y) near (a,b) by the linearization L(x, y). We have 
obtained the multivariable version of approximation by linearization: 


Approximating f(x, y) by Its Linearization If f(x,y) is differentiable at (a, b), and 
(x, y) is close to (a, b), then f(x, y) © L(x, y). Thus, 


f(x,y) © f(a, b) + fx(a,b)Xx — a) + fy(a,bXy — b) 


Z 


PODE 


j 
j 
raz] 
i / 
i j 


z= —13 + 2x + 7y 


FIGURE 5 The graph of 
f(x,y) =x? +2y? — y — 4 and the 
tangent plane at P = (1, 2,3). 


FIGURE 6 The graph looks more and more 
like the tangent plane at P as we zoom in. 
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Solution We have f,(x, y) = 2x and fy(x, y) = 4y — 1. From that, 


These values, along with f (1,2) = 3, enable us to determine the equation of the tangent 
plane: 
Zz = 3+2(x—1)+7(y — 2) SS le Ey 
ed 
f(a, b)+ fx(a, b\(x —a)+ fyfa, bXy — b) 
The tangent plane through P = (1,2,3) has equation z = —13 + 2x + 7y (Figure 5). 


EXAMPLE 3 Find an equation of the tangent plane to the graph of f(x, y) = xy? +x? 
at (2, —2, f(2, —2)). 


Solution The partial derivatives of f(x, y) are fx(x, y) = y% + 2x and fx. y= 3xy2, 
With f(2,—2) = —12, f,(2,—2) = —4, and f,(2,—2) = 24, the tangent plane 
through (2, —2, —12) has equation 
z = —12—4( — 2) + 24(y + 2) 


This can be rewritten as z = 44 — 4x + 24y. E 


In single-variable calculus, a function f that is differentiable at a has a graph that, 
as you continuously zoom in at (a, f (a)), appears more and more like the tangent line to 
the graph at (a, f (a)). 

A similar situation holds for differentiable functions of two variables. Specifically, 
if f(x, y) is differentiable at (a,b), then as you continuously zoom in on the graph at 
P = (a,b, f (a, b)), it appears more and more like the tangent plane to the graph at P 
(Figure 6). 


As Figure 6 suggests, differentiability at (a, b) implies that in a small region around 
P, the graph of f(x,y) is nearly indistinguishable from the tangent plane at P. That 
is to say, we can approximate f(x, y) near (a,b) by the linearization L(x, y). We have 
obtained the multivariable version of approximation by linearization: 


Approximating f(x, y) by Its Linearization If f(x, y) is differentiable at tD, and 
(x, y) is close to (a, b), then f(x, y) ~ L(x, y). Thus, 


f(x,y) © f(a,b) + fx(a,bXx — a) + fy(a,bXy — b) 


BMI is one factor used to assess the risk of 
certain diseases such as diabetes and high 
blood pressure. The range 

18.5 < I < 24.9 is considered normal for 
adults over 20 years of age. 
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Therefore, we have by Eq. (2): 


aS a 
2 


1 l 
RG, y) Sa + 5 —@) + 50 —4) = 


Like functions of a single variable, the approximation by linearization has associated 
linear approximation formulas for the change in f. If we let Ax and Ay represent small 
changes in x and y, and set x = a + Ax and y = b + Ay, then from the linearization 
formula, Eq. (2), we obtain the Linear Approximation: 


fla + Ax,b+ Ay) ~ f(a,b)+ fila, b)Ax + fyla,b)Ay 


We can also write the Linear Approximation in terms of the change in f: 


Af = 7.9) = feb) 


Af © firla,b)Ax + fy(a, b)Ay | 4 | 


EXAMPLE 6 Body Mass Index A person’s BMI is 7 = W/H7, where W is the body 
weight (in kilograms) and H is the body height (in meters). Estimate the change in a 
child’s BMI if (W, H) changes from (40, 1.45) to (41.5, 1.47). 


Solution To begin, we compute the partial derivatives: 


OF def Wi\. ol ar ð (W\ 20W 
OW O@W\H2/ H? OH @dH\H2) H? 


At (W, H) = (40, 1.45), we have 


al ] al 2(40 
A = +048, = ak : ~ —26.24 
DWlagias 1-45 Boia) 1a 


If (W, H) changes from (40, 1.45) to (41.5, 1.47), then 
AW = 41.5 — 40 = 1.5, AH = 1.47 — 1.45 = 0.02 
Therefore, by Eq. (4), 


ol 
YS AH * 0.48(1.5) — 26.24(0.02) + 0.2 


al | 
OW | (40,1.45) dH \ (49 1.45) 


We find that BMI increases by approximately 0.2. w 


AIX 


CONCEPTUAL INSIGHT Linear Approximation for estimating the change in f(x,y) is 
similar to the corresponding Linear Approximation for a function f of a single variable: 
Af = fa) @—a) 
—— — ore 


< oe 


Change Rate of Change 
in f change ata inx 


Af = f,(a4,b) (x-a)+ fyb) (y—b) 
Change Rate of change Change Rate of change Change 
in f with respectto in x with respectto in y 


x at (a,b) y at (a, b) 


For a function of two variables, we have contributions to the change in f from changes 
in each independent variable. 


FIGURE 3 The vectors v and w are parallel 
to the plane determined by fx and fy. 


4 REMINDER A plane through the point 
P = (xo, yo, Zo) with normal vector 

n = (A, B,C) has equation 

A(x — xo) + B(y — yo) + C(z — zo) = 9 


e(x, y) = f(x, y) — L(x, y) 


ey N 


‘a 


on 
D 
D 
=) 
N” 
e 
J 


m = 26. ») 


x (x, y, 0) 7 


FIGURE 4 The error approximating f(x, y) 
with L(x, y). 
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of these tangent lines lies in the plane y = b, and the other lies in the plane x = a . We 
refer to these lines as the tangent line for f, and the tangent line for fy, respectively. 
These two tangent lines determine a plane that is certainly a good candidate for a tangent 
plane to the graph [Figure 2(B)]. We refer to this plane as the plane determined by fy 
and f,. Unfortunately, this plane might not be fully tangent to the graph at P because 
other lines through P in this plane might not be tangent to the graph as in Figure 2(C). 
We will give an example of just such a situation later in the section. 

To identify a condition that guarantees that the plane determined by fy and fy is tan- 
gent to the graph, we first need an equation of this plane. (We will also use this condition 
to define differentiability.) 

We begin by finding a normal vector to the plane determined by fy and fy. To do 
that, we find direction vectors for the tangent lines for f, and f (which are parallel to the 
plane) and then take their cross product (which results in a vector normal to the plane). 

Consider first the tangent line for fy, which lies in the plane y = b. In that plane, 
the line has slope f,(a,b). Therefore, if we move on the line 1 unit in the positive x- 
direction from P, then we move f(a, b) units in the z-direction. It follows that the vector 
v = (1,0, f(a, b)) is a direction vector for this line, as in Figure 3. 

Similarly, the vector w = (0, 1, fy(a, b)) is a direction vector for the tangent line for 
fy. As indicated previously, a normal vector to the plane determined by fy and fy is 
obtained by taking a cross product of the vectors v and w. It is convenient to compute 
this cross product as w x v: 


i j k 
wxv=|0 1 fy(a,b)|={({fx(a,b), fy(a,b),—1) 
1 0O f(a,b) 


Now, P = (a,b, f(a, b)) lies on the plane determined by fy and fy, and the vector 
(fx(a,b), fy(a,b),—1) is normal to it. Therefore, the plane has equation 


fx(a,b)(x — a) + fy(a, b) — b) — (z — f(a, b) = 0 


or 


z= f(a,b) + fr(a, b)\(x — a) + fy(a,bXy — b) 


Next, we use this equation for the plane determined by fy and fy to identify a condi- 
tion that ensures this plane is fully tangent to the graph of f(x, y) [and thus that f(x, y) 
is differentiable]. Let 


L(x, y) = f (a,b) + fx(a,bXx — a) + fy(a, by — b) 


We refer to L(x, y) as the linearization of f(x, y) centered at (a, b). The linearization 
can be used to approximate f(x, y) near (a, b). (Later in this section, we will develop this 
idea further and present some examples.) The graph of L(x, y) is the plane determined by 
fx and fy. Figure 4 demonstrates that the difference f(x, y) — L(x, y) is the error e(x, y) 
obtained when approximating f(x, y) by L(x, y). As (x,y) approaches (a, b), this error 
approaches zero because the two functions are continuous and agree at (a, b). If the error 
goes to zero fast enough that the graph of f(x, y) flattens and becomes approximately a 
plane, then the plane determined by fy and fy is an actual tangent plane. (We will explain 
why when we introduce directional derivatives in the next section.) 
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Figure 9(B) shows that the graph also contains lines through the origin that do not lie in 
the xy-plane (in fact, the graph is composed entirely of lines through the origin). As we 
zoom in on the origin, these lines remain at an angle to the xy-plane, and the graph does 
not flatten out. Thus, g(x, y) is not differentiable at (0,0), and there is no tangent plane 
there. 

Furthermore, since g(x, y) 1s not differentiable at (0,0), the assumptions of Theo- 
rem 1 must not be satisfied there. In particular, while the partial derivatives g(x, y) 
and g(x,y) exist, they must not be continuous at the origin (see Exercise 47 for 
details). 


14.4 SUMMARY 
° f(x,y) is differentiable at (a,b) if f,(a,b) and f,(a, b) exist and 
ii f(x,y) — L(x, y) 
m ot eee SS 
(x.y) ab) /(x — a)? + O — b} 


where L(x, y) = f(a,b) + f(a, bb) — a) + fy(a,b)(y — b). 

e Result used in practice: If fx(x, y) and fy(x, y) exist and are continuous in a disk D 
containing (a,b), then f(x, y) is differentiable at (a, b). 

°- If f(x, y) is differentiable at (a, b), the equation of the tangent plane to z = f(x, y) at 
(a,b) is 


z= f(a,b)+ fx(a,bXx — a) + fy(a, by — b) 


- If f(x,y) is differentiable at (a,b), the linearization of f centered at (a,b) is the 
a function 


L(x, y) = f(a,b) + fx(a,b)\x — a) + fy@, by — b) 
e The approximation by linearization is f(x, y) + L(x, y), or 
f(x,y) © L(x, y) = f(a,b) + fila, b\(x — a) + fy(a, b)(y — b) 
e Linear Approximation: 
fat Ax,b + Ay) © f(a,b) + fila, b)Ax + fy(a, b)AY 
Af ~ f(a, b) Ax + fy(a,b) Ay 
¢ Differential Form of Linear Approximation: Af ~% df, where 


re] ð 
df = f(x)dx + falx, y)dy = Lax + dy 


14.4 EXERCISES 


Preliminary Questions 
1. How is the linearization of f(x, y) centered at (a, b) defined? (a) L(x, y) =8 +5x +7y 
(b) LG, y) = 8 + 5(x — 2) + 7y — 3) 


2. If f is differentiable at (a, b) and f(a, b) = fy(a,b) = 0, what can 


we conclude about the tangent plane at (a, b)? 4. Estimate f(2,3.1). 
\. In Exercises 3-5, assume that 5. Estimate Af at (2,3) if Ax = —0.3 and Ay = 0.2. 
f(2,3) = 8, fx(2,3) =5, Fy2, 3). 7 6. In the derivation of the equation for the plane determined by fy and 


fy, we used w x v for a normal vector to the plane. How would the choice 
3. Which of (a)-{b) is the linearization of f centered at (2, 3)? of v x w for a normal vector have affected the resultant equation? 


Nw 


51. Over most of the earth, a magnetic compass does not point to true 
(geographic) north; instead, it points at some angle east or west of true 
north. The angle D between magnetic north and true north is called the 
magnetic declination. Use Figure 10 to determine which of the following 
statements is true: 
@ > Thad w Se >0 oe >0 
a yle OX İc ðY İc 

Note T the horizontal axis increases from right to left because of the way 
longitude is measured. 


Magnetic Declination for the U.S. 


100°W 90°W 80W  70°W 


e 


120°W 110°W 


FIGURE 10 Contour interval 1°. 


52. Refer to Table 1. 
(a) Using difference quotients, approximate 3p/ðT and dp/0S at the 
points (S$, T) = (30, 2), (32, 6), and (35, 10). 


(b) For fixed salinity S = 32, determine whether the quotients Ap/AT 
are increasing or decreasing as T increases. What can you conclude 
about the sign of 3?p/3T? and the concavity of p as a function of T? 


TABLE 1 Seawater Density o as a Function of Temperature 


T and as 5 


Of AT 
gan 2 4 
ST eae S ane AR 
2 

54. g(x,y) = 2 ) os 

x—y dxdy 

u 

55. hlu, v) = ut Ay’ Ayy(u, v) 
56. h(x, y) =In@? +y),  Ayy (x,y) 
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57. f(x,y) = xng’), 
58. e(x,y) = xe 7’, 


Syy (2; 3) 
&xy(—3, 2) 
59. Compute fryxzy for 


f@YD= 
y sin(xz) sin(x + z) + (x + 2?ytany + x tan ( 


z27 | ) 
y-y! 
Hint: Use a well-chosen order of differentiation on each term. 

60. Let 


x7 + ev 


PEPYS SE Fine + w) 


What is the fastest way to show that fuvryvu(x, y, u,v) =90 for all 


(x, y, u,v)? 

In Exercises 61—68, compute the derivative indicated. 
61. f(u,v) =cos(tut+v), fuuv 

62, g(x, y,z) = epee. Sxxyz 
63. F(r,s,t)=r(s* +t), Fest 
64. u(x,t) = 171/270140) ex 
65. F(6,u,v) = sinh(uv+ 67), Fuuo 


66. R(u,v,w) = ee 
v+w 


67. g(x, y,z) = Jx? + y? + 22, Sxyz 


68. u(x,t) = sech?(x — t), 


Ruvw 


Uxxx 


69. Find a function such that of = 2xy and af = x’, 
Ox oy 


70. A J Prove that there does not exist any function f(x,y) such that 
a ð 
of = xy and of 


= x”, Hint: Consider Clairaut’s Theorem. 
Ox ay 


71. Assume that f;y and f,, are continuous and that f,,, exists. Show 
that Sryx also exists and that Syxx = Sryx- Š 


72. Show that u(x,t) = sin(nx) e7"! satisfies the heat equation for any 


constant n: 
— 3 
Ot ax2 


73. Find all values of A and B such that f(x,t) = e4**# satisfies Eq. (3). 


74, The function 


fe.) = en 


2/%1t 


describes the temperature profile along a metal rod at time t > 0 when a 
burst of heat is applied at the origin (see Example 11). A small bug sit- 
ting on the rod at distance x from the origin feels the temperature rise and 
fall as heat diffuses through the bar. Show that the bug feels the maximum 
temperature at time t = 5x. 


In Exercises 75-78, the Laplace operator A is defined by 
Af = fxx + fyy. A function u(x, y) satisfying the Laplace equation 
Au = Q is called harmonic. 


38. Use the Linear Approximation to show that if J = x? y?, then 


39. The monthly payment for a home loan is given by a function 


f(P,r, N), where P is the principal (initial size of the loan), r the interest. 


rate, and N the length of the Joan in months. Interest rates are expressed as 
a decimal: A 6% interest rate is denoted by r = 0.06. If P = $100,000, 
r = 0.06, and N = 240 (a 20-year loan), then the monthly payment is 
f (100,000, 0.06, 240) = 716.43. Furthermore, at these values, we have 


af af af 
~~. = 0,007 2 57160, a 
sp = 0.0071, = = 5769 aa 6 


Estimate: 

(a) The change in monthly payment per $1000 increase in loan principal 

(b) The change in monthly payment if the interest rate increases to r = 
6.5% and r = 7% 

(c) The change in monthly payment if the length of the loan increases to 
24 years 


Further Insights and Challenges 


42. Show that if f(x, y) is differentiable at (a,b), then the function of 
one variable f(x,b) is differentiable at x =a. Use this to prove that 


f(x, y) = yx? + y? is not differentiable at (0, 0). 

43. This exercise shows directly (without using Theorem 1) that the 
function f(x, y) = 5x + 4y? from Example 1 is differentiable at (a, b) = 
(2, 1). 

(a) Show that f(x, y) = L(x, y) + e(x, y) with e(x, y) = 4(y — 1)’. 

(b) Show that 


ie a i 


~ V(x — 2)2 + (y — 1)? 
(c) Verify that f(x, y) is differentiable. 


44. Show directly, as in Exercise 43, that f(x, y) = xy? is differentiable 
at (0, 2). 


45. Differentiability Implies Continuity Use the definition of differen- 
tiability to prove that if f is differentiable at (a, b), then f is continuous at 
(a,b). 


46. Let f(x) be a function of one variable defined near x = a. Given a 
number M, set 


L(x) = f(a) + M(x — a), e(x) = f(x) — L(x) 
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40. Automobile traffic passes a point P on a road of width w feet at an 
average rate of R vehicles per second. Although the arrival of automobiles 
is irregular, traffic engineers have found that the average waiting time T 
until there is a gap in traffic of at least t seconds is approximately T = te! 
seconds. A pedestrian walking at a speed of 3.5 ft/s (5.1 miles per hour) re- 
quires £ = w/3.5 s to cross the road. Therefore, the average time the pedes- 
trian will have to wait before crossing is f(w, R) = (w/3.5)e¥*/?> s. 

(a) What is the pedestrian’s average waiting time if w = 25 ft and R = 
0.2 vehicle per second? 

(b) Use the Linear Approximation to estimate the increase in waiting time 
if w is increased to 27 ft. 

(c) Estimate the waiting time if the width is increased to 27 ft and R de- 
creases to 0.18. 

(d) What is the rate of increase in waiting time per 1-ft increase in width 
when w = 30 ft and R = 0.3 vehicle per second? 


41. The volume V of a right-circular cylinder is computed using the val- 
ues 3.5 m for diameter and 6.2 m for height. Use the Linear Approximation 
to estimate the maximum error in V if each of these values has a possible 
error of at most 5%. Recall that V = mr7h. 


Thus, f(x) = L(x) + e(x). We say that f is locally linear at x = a if M 
can be chosen so that lim a = 0. 

xa |x —a| 
(a) Show that if f(x) is differentiable at x = a, then f(x) is locally linear 
with M = f'(a). 


(b) Show conversely that if f is locally linear at x = a, then f(x) is dif- 
ferentiable and M = f'(a). 


47. Assumptions Matter Define g(x, y) = 2xy(x + pa + y’) for 
(x,y) Æ 0 and g(0,0) = 0. In this exercise, we show that g(x, y) is con- 
tinuous at (0,0) and that g,(0,0) and g,(0, 0) exist, but g(x, y) is not dif- 
ferentiable at (0, 0). 


(a) Show using polar coordinates that g(x, y) is continuous at (0, 0). 


(b) Use the limit definitions to show that g,(0,0) and g,(0,0) exist and 
that both are equal to zero. 


(c) Show that the linearization of g(x, y) at (0,0) is L(x, y) = 0. 

(d) Show that if g(x,y) were differentiable at (0,0), we would have 
_ &(h, h) 

| 

hd h 

2h. This shows that g(x, y) is not differentiable at (0, 0). 


= 0. Then observe that this is not the case because g(h, h) = 


14.5 The Gradient and Directional Derivatives 


For a function f(x, y), the rate of change in the x direction is given by fy, and the 
rate of change in the y direction is given by fy. These partial derivatives give rates 
of change in the directions of the vectors i and j, respectively. What if we want to 
know the rate of change of f in some other direction, say in the direction of the 


vector (2, —1)? 


To formally express a rate of change in any given direction, we will define the 
directional derivative. Before doing that, we introduce the gradient vector, an im- 
portant vector that is used in a variety of situations, including computing directional 
derivatives. The components of the gradient of a function f are the partial derivatives 


of f. 
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The gradient of a function of n variables is 
the vector 


v= (2, 2...., 2) 


Ixi 8x2" OX 


Initially, we can think of it as a convenient 
method for keeping track of the collection 
of first partial derivatives. We will soon see, 
though, it is much more than just that. 


The symbol V, called “del,” is an 
upside-down Greek delta. It was 
popularized by the Scottish physicist P. G. 
Tait (1831-1901), who called the symbol 
“nabla,” because of its resemblance to an 
ancient Assyrian harp. The great physicist 
James Clerk Maxwell was reluctant to adopt 
this term and would refer to the gradient 
simply as the “slope.” He wrote jokingly to 
his friend Tait in 1871, “Still harping on 
that nabla?” 


Vfa, 1) = (2, 2) 


FIGURE 1 Gradient vectors of 
f(@,y)= x? +4 y? at several points 
(vectors not drawn to scale). 


DEFINITION The Gradient The gradient of a function f(x, y) at a point P = (a,b) 
is the vector 


Vip = (fx(a,b), fy(a, b)) 


In three variables, for f(x, y,z) and P = (a,b,c), 


VfP = (fx (a, b, c), fy(a, b, Ch f-(a, b, c)) 


We also write Vf(a,p) or Vf (a, b) for the gradient of f at P = (a, b). Sometimes, we omit 
reference to the point P and write 


vp =(e or vp = (%2, 32) 
ax dy dx dy dz 


The gradient Vf assigns a vector Vfp to each point in the domain of f, as in Figure 1. 


EXAMPLE 1 Drawing Gradient Vectors Let f(x, y) = x? + y”. Calculate the gradi- 
ent Vf, draw several gradient vectors, and compute Vfp at P = (1, 1). 


Solution The partial derivatives are f,(x, y) = 2x and fy(x, y) = 2y, so 
Vf = (2x, 2y) 


The gradient attaches the vector (2x, 2y) to the point (x, y). As we see in Figure 1, these 
vectors point away from the origin. At the particular point (1, 1), 


Vfp = Vf(, 1) = (2,2) = 
EXAMPLE 2 Gradient in Three Variables Calculate Vj(3,-2,4), where 
f(x,y, 2) = zent 

Solution The partial derivatives and the gradient are 

of = Ize Ty, of = 3ze2*+3y of — ear ty 

Ox dy i dz 

Vf = v oy zee ee 
Therefore, Vf(3,-2,4) = (2 - 4e°,3 - 4e? e?) = (8, 12, 1). ” 


The following theorem lists some useful properties of the gradient. The proofs are left as 
exercises (see Exercises 66—68). 


THEOREM 1 Properties of the Gradient If f(x, y,z) and g(x, y, z) are differentiable 
and c is a constant, then 
Gi) Vif+e)=Vf+Ve 
Gi) Vicf) = cVf 
(ili) Product Rule for Gradients: V(fg) = f Vg + gVf 
Gv) Chain Rule for Gradients: If F(t) is a differentiable function of one variable, 


then 


V(F(f(, y,2))) = F’f (x, y,2)Vf 


VT(, y) 


x 


FIGURE 2 Alexa’s temperature changes at 
the rate V Tyçr) + r(t). 


CAUTION Do not confuse the Chain Rule for 
Paths with the Chain Rule for Gradients 
stated in Theorem 1 above. They are 
different rules for different types of 
compositions. 
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The gradient is what is known as a differential operator. Note that the properties of 
the gradient in Theorem 1 resemble properties of derivatives we have previously seen. 


EXAMPLE 3 Using the Chain Rule for Gradients Find the gradient of 
(x,y,z) = a? +y +27) 


Solution The function g is a composite g(x, y,z) = F(f(x, y,z)) with F(t) = të and 
f (x,y,z) = x? + y? + 27. Apply Eq. (1): 


Vg = V(x? + y? +28) = 80? +y +27)’ V(x? + y* + 2) 
= (x? + y* + 27)! (2x, 2y, 22) 


= 16(x? + y + ay (xumez) m 


Introduction to the Chain Rule for Paths 


Section 14.6 introduces general chain rules in multivariable calculus. There are a number 
of different chain rules because there are a number of different ways we can compose 
functions of multiple variables. We consider a particular one here because it is an impor- 
tant application of the gradient vector that we will need later in this section when working 
with directional derivatives. 

We use the Chain Rule for Paths when we are given a function f along a parametric 
path given by x(t) and y(t) in the plane or by x(t), y(t), and z(t) in 3-space. For notational 
simplicity, we let r(t) represent both the vector (x(t), y(t)) and the point (x(t), y(t)). In the 
former case, the path is traced out by the tips of the vectors, in the latter by the points. We 
follow a similar notational convention with x(t), y(t), and z(t) in the three-dimensional 
case. 

A function f that is defined along a path r(t) results in a composition f(r(rt)). The 
Chain Rule for Paths is used to find the derivative of these composite functions. 

As an example, suppose that T(x, y) is the temperature at location (x, y). Now imag- 
ine that Alexa is riding a bike along a path r(t) (Figure 2). We suppose that Alexa carries 
a thermometer with her and checks it as she rides. Her location at time ż is r(t), so her 
temperature reading at time ¢ is the composite function 


T(r(t)) = Alexa’s temperature at time t 


The temperature reading varies as Alexa’s location changes, and the rate at which it 
changes is the derivative 


fr t)) 
dt int 


The Chain Rule for Paths tells us that this derivative is simply the dot product of the 
temperature gradient VT, evaluated at r(t), and Alexa’s velocity vector r(t). 


THEOREM 2 Chain Rule for Paths If f and r(t) are differentiable, then 


d ts 
gI CO) = Vinny -r (t) 


For two variables, the Chain Rule for Paths is 


d Of of ; of dx Əf dy 
— fA) =(—, =>) x e, y O = —— 4+ MMM 
f@@) (2 5 (x(t), yO) beat aya 
We prove the Chain Rule for Paths in the next section when we address multivariable 
calculus chain rules more generally. 
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FIGURE 3 Gradient vectors V7 and the 
path r(t) = (cos(¢ — 2), sin 2f). 


r(t) = (a + th, b + tk) 
y u= (h, k) 


Contour map of f(x, y) 


FIGURE 4 The directional derivative 

Du f (a, b) is the rate of change of f along 
the linear path through P with direction 
vector u. 


DIFFERENTIATION IN SEVERAL VARIABLES 


EXAMPLE 4 The temperature at location (x, y) is T(x, y) = 20 + 10¢70-3?+y") °C. A 
bug follows the path 


r(t) = (cos(t — 2), sin 2t) 


(t in seconds) as in Figure 3. What is the rate of change of temperature with respect to 
time that the bug experiences at t = 0.6 seconds? 


Solution Att = 0.6 s, the bug is at location 
r(0.6) = (cos(—1.4), sin 1.2) (0.170, 0.932) 
By the Chain Rule for Paths, the rate of change of temperature is the dot product 


dT 
dt 


= VT;06) : r(0.6) 
t=0.6 


We compute the vectors 
24 y2 a(y2 tye 
ae (6x20 497) gyen Ose dy \ 


r(t) = (— sin(t — 2), 2. cos 2t) 
and evaluate at r(0.6) = (0.170, 0.932): 


VT0.6) © (—0.779, —4.272) 
r’(0.6) = (0.985, 0.725) 


Therefore, the rate of change is 


dT 


EP V Tx0.6) ° r’(t) © (—0.779, —4.272) - (0.985, 0.725) ~ —3.87°C/s E 
t=0.6 


Directional Derivatives 


Now we are ready to introduce methods to compute rates of change of a function f(x,y) 
in directions other than the positive x and positive y directions. 

Consider a line through a point P = (a, b) in the direction of a unit vector u = (h,k) 
(see Figure 4): 


r(t) = (a +th,b + tk) 
The derivative with respect to t of f (r(t)) at t = 0 is called the directional derivative of 


f with respect to u at P, and is denoted Dy f(P) or Dy f(a, b): 


d — 
Du f (a, b) = a T ED) = lim Dathan 
t=0 á 


Directional derivatives of functions of three or more variables are defined in a similar 
way. 


DEFINITION Directional Derivative The directional derivative of f at P = (a,b) in 
the direction of a unit vector u = (h, k} is the limit (assuming it exists) 


f(a+th,b+tk)— f(a,b) 
t 


Daf (P) = Du f(a, b) = lim 
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Note that the partial derivatives are the directional derivatives with respect to the 
standard unit vectors i = (1,0) and j = (0, 1). For example, 


f(a + t(1), b + 4(0)) — (a,b) _ pea f(a, b) 


D; Db) = li 
iS (a, 2) rot t p56 t 


= f,(a, b) 


Thus, we have 


fx (a,b) = Di f (a,b), Fy(a, b) = D; f (a, b) 


CONCEPTUAL INSIGHT The directional derivative Dy f (P) is the rate of change of f per 
unit change in the horizontal direction of u at P = (a, b) (Figure 5). This is the slope of 
the tangent line at Q = (a,b, f(a, b)) to the trace curve obtained when we intersect the 
graph with the vertical plane through P in the direction u. With u = (h, k}, the vector 
v = (h,k, Du f (P)) points along this line from Q. 


FIGURE 5 Dy f(a, b) is the slope of the 
tangent line to the trace curve through Q in 
the vertical plane through P in the 
direction u. The vector v = (h,k, Dy f(P)) 
is parallel to this line. 


Typically, we do not compute directional derivatives using the definition. For differ- 
entiable functions, the following theorem provides a more convenient approach using the 
gradient vector. The theorem is proved using the Chain Rule for Paths. 


THEOREM 3 Computing the Directional Derivative If f is differentiable at P and u 
is a unit vector, then the directional derivative in the direction of u is given by 


Daf(P) = Vfp +a | 2 | 


For a function f(x, y) and unit vector u = (h, k), computing the dot product in Eq. 
(2) yields 


Du f (a,b) = Vfap)- a= fx(a,b)h + fya, b)k 


Theorem 3 holds in all dimensions. In particular, for f(x,y,z) and unit vector u = 
(h,k,m), we have 


Du f(a, b,c) = Vfia,b,c)-W = fx, b,c)h + fy(a,b, c)k + fr(a, b, c)m 
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Proof We prove the theorem for functions of two variables, f(x, y), and do so using ws 
a composition of functions and the Chain Rule for Paths. Let P = (a, b) and u = (h, k). 
Furthermore, let r(t) = (a + th, b + tk) represent the line through P in the direction of u, 
and consider the composite function f(r(t)). By definition of the directional derivative, 


d 
Du f (a, b) = prij (r(t)) 
t 


=0 
By the Chain Rule for Paths, 


d 
ol (r(t))} = Vf) r (O = Vis): (h,k) = Vfp -u 
f t=0 
Therefore, 


Daf (P) = Vfp-u 
E 
EXAMPLE 5 Let f(x, y) =xe?, P = (2,—i), and v = (2,3). Calculate the directional 
derivative in the direction of v. 


Solution First, note that v is not a unit vector. So, we first replace it with the vector 


v -22 -{ 2 2 


u = — = — = ( ——, — 
Ivi v13 J13 V13 
Then we compute the gradient at P = (2, —1): 
=i of of ey y A —_/,—1 —1 
vp (2, A) = ( sXe } => Vir = Vfo,-1) = (¢ , 2€ _ 
Next, we use Theorem 3: 
4 3 Se-! 
Duf(P) = Vfp -u= yee (=. wa = —— 7 0.82. = 
i Vie 10h aN 


This means that if we think of this function as representing a mountain, then at co- 
ordinate (x, y) = (2, —1), we should expect that if we head 1 unit in the direction of 
vector v, we would have to climb in the vertical direction by approximately 0.82 unit. 


EXAMPLE 6 Find the rate of change of pressure at the point Q = (1,2, 1) in the direc- 
tion of v = (0,1, 1), assuming that the pressure (in millibars) is given by 
f(x,y,z) = 1000 + 0.01(yz? + x?z — xy?) (x, y, z in kilometers) 


Solution First, compute the gradient at Q = (1,2, 1): 
Vf = 0.01 (2x2 = y’, z= 2xy,2yz+ x?) 


Vfo = Vfa,2, = (—0.02, —0.03, 0.05) 


Then we compute a unit vector, u, in the direction of v: 


i (o a =} 
lvl T's 72 
Next, 
a 
Jd J2 
Thus, we expect that as we move in the direction of v from Q, the pressure should 
increase by about 0.014 millibars/km. m 


Du f(Q) = Vfo - u = (—0.02, —0.03, 0.05) - ( = 0.014 millibars/km ae 


Vip 


: \ 
P Unit vector 


FIGURE 6 Du f (P) = ||Vfp || cos8. 


qa REMINDER 


e The terms “normal” and “orthogonal” 
both mean “perpendicular.” 

e We say that a vector is normal to a 
curve at a point P if it is normal to the 
tangent line to the curve at P. 


x 


~ FIGURE 7 Contour map of f(x, y). The 
gradient at P is orthogonal to the level 
curve through P and points in the direction 
of maximum increase of f(x, y). 
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GRAPHICAL INSIGHT Given a function f(x, y) that is differentiable at P = (a, b), The- 
orem 3 guarantees the tangent plane to the graph of f at Q = (a,b, f(a, b)) is tangent 
to the graph in all directions, not just the directions determined by the partial deriva- 
tives. 

Recall that the plane determined by fy and fy is defined as the plane through Q 
determined by the vectors vı = (1,0, f,(a,b)) and v2 = (0,1, f,(a,b)). Given a unit 
vector u = (h, k), the vector v = (h, k, Du f(P)), based at Q, is tangent to the graph as 
illustrated in Figure 5 and explained in the corresponding Conceptual Insight. 

In general, we cannot be sure that v is in the plane determined by fx and fy. How- 
ever, if f is differentiable at (a, b), then we can show that it is. First, using Theorem 3 
and assuming f is differentiable at (a, b), we show that v = hv, + kvo: 


v = (h,k, Du f (a, b)) 
= (h,k, hf,(a,b) +kfy(a,b)) by Theorem 3 


= h (1,0, f(a, b)) +k (0,1, f(a, b)) 
= hv, +kv2 


Since v = Av; + kw, it follows that v is a linear combination of vı and v2, im- 
plying that these vectors, based at Q, all lie in the same plane. Thus, when f is differ- 
entiable at (a, b), the tangent plane is tangent to the graph in all directions, justifying 
calling it a tangent plane. 


Properties of the Gradient 


Here we explore some properties of the gradient. We demonstrate how it provides im- 
portant information about the behavior of functions and how it arises naturally in the 
development of mathematical models. 

First, suppose that Vfp Æ 0 and let u be a unit vector (Figure 6). By the properties 
of the dot product and the fact that u is a unit vector, 


Du f(P) = Vfp -u = IV fpllilull cos = ||V fpl] cos 0 


where 0 is the angle between Vfp and u. In other words, the rate of change in a given 
direction varies with the cosine of the angle 0 between the gradient and the direction. 
Because the cosine takes values between —1 and 1, we have 


—IIVfpll < Duf(P) < IVFP | 


Since cos 0 = 1, the maximum value of Da f (P) occurs for @ = 0—that is, when u points 
in the direction of Vfp. In other words, the gradient vector points in the direction of 
the maximum rate of increase, and this maximum rate is ||Vfp||. Similarly, f decreases 
most rapidly in the opposite direction, —Vfp, because cos 9 = —1 for 0 = x. The rate 
of fastest decrease is — || V fp ||. The directional derivative is zero in directions orthogonal 
to the gradient because cos 5 = 0. 

Another key property is that gradient vectors are normal to level curves (Figure 7). 
To prove this, suppose that P lies on the level curve f(x, y) =k. We parametrize this 
level curve by a path r(¢) such that r(0) = P and r’(0) Æ 0 (this is possible whenever 
Vfp #9). Then f(r(t)) = k for all t, so by the Chain Rule, 


d d 
Vfp -r'(0)=—f@a@))| = —k=0 
dt o “el 
This proves that Vfp is orthogonal to r’(0), and since r’(0) is tangent to the level curve, 
we conclude that Vfp is normal to the level curve (Figure 7). We encapsulate these 
remarks in the following theorem. 
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FIGURE 8 Contour map of 
f(x,y) = y? — x” and the corresponding 
gradient vectors at each point. 


THEOREM 4 Interpretation of the Gradient Assume that Vfp Æ 0. Let u be a unit 
vector making an angle 6 with V fp. Then 


Du f(P) = IV fp || cos 4 | 4 | 


e Vfp points in the direction of fastest rate of increase of f at P, and that rate of 
increase is || V fp |]. 

e —Vfp points in the direction of fastest rate of decrease at P, and that rate of 
decrease is —||Vfp||. 

e Vfp is normal to the level curve (or surface) of f at P. 


| GRAPHICAL INSIGHT At each point P, there is a unique direction in which f(x, y) in- 
creases most rapidly (per unit distance). Theorem 4 telis us that this direction of fastest 
increase is perpendicular to the level curves and that it is specified by the gradient vec- 
tor (Figure 7). For most functions, the direction of maximum rate of increase varies 
from point to point, as does the maximum rate of increase itself. 


Figure 8 shows a contour map of f(x,y) = y? — x? along with gradient vectors at 
various points. The graph of f is a hyperbolic paraboloid (saddle). At each point on a 
level curve, the gradient vector must point in the direction in the domain of f that yields 
the steepest increase on the saddle. If we were actually on the saddle, each gradient vector 
tells us the horizontal direction we should take to go most steeply up the saddle. Note 
that at (0, 0), the gradient vector is the zero vector, and therefore provides no information 
about directions of increase from (0, 0). 


z= g51 ad Y z=0 


z=-l z=—l 


TAK 


EXAMPLE 7 Let f(x,y) =x*y~* and P = (2,1). Find the unit vector that points in 
the direction of maximum rate of increase at P and determine that maximum rate. 


Solution The gradient points in the direction of maximum rate of increase, so we evalu- 
ate the gradient at P: 


Vii = (4x32, —2x4y-3) ; Vf, = (32, —32) 
The unit vector in this direction is 


a- L232 _ (32-32) _ [v2 _ V2 
2,32, D 2D” «CB 


The maximum rate, which is the rate in this direction, is given by 


IV fo,nll = v G2? + (—32)2 = 32/2 7 


FIGURE 9 Contour map of the function 
f(x, y) in Example 8. 
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EXAMPLE 8 The altitude of a mountain at (x, y) is 
f(x, y) = 2500 + 100(x + y?)e793¥" 


where x, y are in units of 100 m. 


(a) Find the directional derivative of f at P = (—1, —1) in the direction of unit vector u 
making an angle of 0 = 4 with the gradient (Figure 9). 
(b) What is the interpretation of this derivative? 


Solution First compute || Vfp ||: 


f(x,y) = 1002-3”, fy(x, Y) = 100y(2 — 0.6x — 0.6y?)e03” 
fe(—1, —1) = 10067 ~ 74, fy(—1, —1) = —200e-°3  —148 
Hence, Vfp ~ (74, —148) and 


| Vip || ~ V742 + (—148) ~ 165.5 
Apply Eq. (4) with 6 = 7/4: 


Du f(P) = ||Vfpl| cos @ © 165.5 (2) ~ 116.7 


Recall that x and y are measured in units of 100 m. Therefore, the interpretation is the 
following: If you stand on the mountain at the point lying above (—1, —1) and begin 
climbing so that your horizontal displacement is in the direction of u, then your altitude 
increases at a rate of 116.7 m per 100 m of horizontal displacement, or 1.167 m per meter 
of horizontal displacement. a 


Like level curves on a contour map, isobars on a weather map represent curves of 
constant air pressure p [Figure 10(A)]. On a small volume (parcel) of air, a force known 
as the pressure gradient force is determined by the gradient of p and the volume V of the 
parcel. The force equals — V Vp. Note that the force is directed from higher pressures to 
lower (because of the negative sign) and is stronger when the isobars are closer together. 
When you add wind vectors to the weather map [Figure 10(B)], or you look at an image 
of a large cyclone (such as the one pictured at the start of the chapter), the winds appear 
to circulate around a low pressure rather than flow directly toward it. This wind-steering 
effect is caused by the Coriolis force. 


(A) Weather map with isobars (B) Wind vectors included 


FIGURE 10 


Geostrophic flow is a simple approximation to large-scale flow in the atmosphere. In 
this model, we assume that the pressure gradient force is balanced by the Coriolis force, 
and that vertical motion is negligible. In a local coordinate system on the surface of the 
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The right-hand side Coriolis force terms 
arise from the force vector 


F, = —2m& x w, where & is the angular 


velocity vector of the earth, and w is the 
velocity of the parcel (Exercise 44). 


Given a vector v = (a,b), the vector 
(—b, a) is obtained by rotating v 
counterclockwise by 90°. 


Vp 


FIGURE 11 The wind vectors are 
proportional to Vp, rotated 90°. 


r(A r(t) 


FIGURE 12 VF p is normal to the surface 
Fa ypg ea? 


DIFFERENTIATION IN SEVERAL VARIABLES 


earth, with the positive x-, y-, and z-axes pointing east, north, and up, respectively, this _ 


force balance results in the equations 


ð i 
ve =2mo(sinL)w, and Aa = —2ma(sin L)wy | 5 | 
D 


where m is the mass of the parcel, w is the angular speed of the earth (the magnitude of 
the angular velocity), L is the latitude (positive in the Northern Hemisphere, negative in 
the Southern Hemisphere), and w; and w2 are the x- and y-components of the parcel’s 
velocity, respectively. 


EXAMPLE 9 Geostrophic Flow Use the geostrophic flow model to explain the fol- 
lowing atmospheric phenomenon: In the Northern Hemisphere, winds blow with low 
pressure to the left, and the closer together the isobars, the stronger the winds. 


Solution Ignoring vertical motion, we regard the pressure gradient and parcel velocity 


as two-dimensional vectors, Vp = (22, az) and w = (w1, w2}. From Eq. (5), we have 


w = (wi, w2) = c(-2. zr) 


for a constant C. Since sin L is positive (along with m, œ, and V) so is C. The vector 


(-2, 3z) is Vp rotated counterclockwise by 90°. So the parcel velocity vector (i.e., the 
wind vector) is proportional in magnitude to the pressure gradient and points in the direc- 
tion 90° counterclockwise to it (Figure 11). It follows that in the Northern Hemisphere, 
the wind blows with lower pressure to the left and is strongest when the magnitude of the 
pressure gradient is largest, that is, when the isobars are closest together. In particular, in 
the Northern Hemisphere, winds circulate counterclockwise around low pressure systems 
and clockwise around high pressure ones. E 


Another use of the gradient is in finding normal vectors on a surface with equation 
F(x, y, Zz) = k, where k is a constant. 


THEOREM 5 Gradient as a Normal Vector Let P = (a,b,c) bea point on the surface 
given by F(x, y,z) = k and assume that V Fp # 0. Then V Fp is a vector normal to | 
the tangent plane to the surface at P. Moreover, the tangent plane to the surface at P | 
has equation 


F(a, b, c)(x — a) + Fy, b,c) — b) + F(a, b, c)(z — c) = 0 


Proof Let r(t) be any path on the surface such that r(0) = P and r'(0) Æ 0. Then 
F(r(t)) = k since all points on the curve must satisfy the equation F(x, y, z) = k. Differ- 
entiating both sides of this equation and applying the Chain Rule for Paths, we have 


VFp -r(0)=0 


Hence, V Fp is perpendicular to r’(0), which we know to be tangent to the curve 
given by r(t) at P and thus tangent to the surface at P. However, we can take r(t) to pass 
through P from any direction, as in Figure 12, and hence V Fp must be perpendicular to 
tangent vectors pointing in any direction, and therefore perpendicular to the entire tangent 
plane at P. 


FIGURE 13 The gradient vector V Fp is 
normal to the surface at P. 
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Since VFp = (F(a, b, c), Fy(a, b,c), F(a, b, c)) is a normal vector to the tangent 
plane and P = (a,b,c) is a point on the plane, an equation of the tangent plane is 
given by 


F(a, b, c)(x oe a) IF Fy (a, b, cy ~~, b) + F,(a, b, Cz a c) = 0 a 
EXAMPLE 10 Normal Vector and Tangent Plane Find an equation of the tangent 
plane to the surface 4x? + 9y? — z? = 16 at P = (2, 1,3). 
Solution Let F(x, y,z) = 4x? + 9y? — z*. Then 
VE = (8x, 18y, —2z) ; V Fp = V F(2,1,3) = (16, 18, —6) 


The vector (16, 18, —6) is normal to the surface F(x, y,z) = 16 at P (Figure 13), so the 
tangent plane at P has equation 


16(x — 2) + 18(y — 1) — 6(z — 3) = 0 or 16x + 18y — 6z = 32 a 


Notice how this equation for the tangent plane relates to Eq. (2) of Section 14.4, 
where we found that an equation for the tangent plane to a surface given by z = f(x,y) 
at a point (a, b, f(a, b)) is given by 


z = f(a,b) + fx(a,b)x — a)+ fia, by — b) 


To apply our new formula for the tangent plane to this situation, we take F(x, y,z) = 
f(x, y) —z = 0. Then note that F, = fr, Fy = fy, and F; = —1. Hence, our new for- 
mula yields 


fx(a,b)Xx — a) + fy(a, by — b)+ (-1I)z — ce) = 0 
where c = f(a, b). This agrees exactly with Eq. (2) from Section 14.4. 


14.5 SUMMARY 


¢ The gradient of a function f is the vector of partial derivatives: 
of a ð ð 
w=(Z 2) o vpo) 
ax dy ax dy Oz 
e Chain Rule for Paths: 
d 
Ted (r(t)) = Vira r(t) 
t 
¢ For u = (h, k}, a unit vector, Dy f is the directional derivative with respect to u = 
(h, k}: 


lim f(a +th,b + tk) — f(a,b) 


Daf (a,b) = 
uf (a ) t—0 t 


This definition extends to three or more variables. 
e For differentiable f, the directional derivative can be computed using the gradient: 


Du f(a, b) = Vfiap) U 


° Du f(a, b) = || V fap) cos 8, where @ is the angle between V fia,b) and u. 
- Basic geometric properties of the gradient (assume Vfp # 0): 
— Vfp points in the direction of fastest rate of increase, and that rate of increase is 


Vf |l- 
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— —Vfp points in the direction of fastest rate of decrease, and that rate of decrease _ 
is —|| V fP |l- 
—- Vfp is orthogonal to the level curve (or surface) through P. 


e Equation of the tangent plane to the level surface F(x, y,z) = k at P = (a,b,c): 
VFp- (x —a,y—b,z—c) =0 


F(a, b,c)(x — a) + Fy(a,b,c)y — b) + F(a, b,ch(z — c) = 0 


14.5 EXERCISES 


Preliminary Questions 


1. Which of the following is a possible value of the gradient Vf of a 
function f(x, y) of two variables? 


(a) 5 (b) (3,4) (e) (3,4,5) 


2. True or false? A differentiable function increases at the rate || V fp || in 
the direction of Vfp. 


3. Describe the two main geometric properties of the gradient Vf. 


4. You are standing at a point where the temperature gradient vector is 
pointing in the northeast (NE) direction. In which direction(s) should you 
walk to avoid a change in temperature? 
(a) NE (b) NW 


(c) SE (d) SW 


5. What is the rate of change of f(x, y) at (0,0) in the direction making 
an angle of 45° with the x-axis if Vf(0, 0) = (2,4)? 


Exercises 
1. Let f(x,y) = xy? and r(t) = (302, =). 
(a) Calculate Vf and r(t). 


d 
(b) Use the Chain Rule for Paths to evaluate Tı FfQ@(t)) at t = 1 and 


t =l. 
2. Let f(x,y) =e” and r(t) =ù, 1 + t). 
(a) Calculate Vf and r(t). 
d 
(b) Use the Chain Rule for Paths to calculate Ti f(r@)). 
(c) Write out the composite f(r(t)) as a function of t and differentiate. 
Check that the result agrees with part (b). 
3. Figure 14 shows the level curves of a function f(x, y) and a path r(t), 


traversed in the direction indicated. State whether the derivative Jı Ff(r(t)) 


is positive, negative, or zero at points A-D. 


D 


FIGURE 14 


4. Let f(x,y) =x? + y? and r(t) = (cost, sinf). 

nod l 
(a) Find Tı f(r(t)) without making any calculations. Explain. 
(b) Verify your answer to (a) using the Chain Rule. 


In Exercises 5—8, calculate the gradient. 


5. f(x,y) =cos(x? + y) 6. g(x, y)= a 

7. h(x, y,z) = xyz 8. r(x, y,Z, w) = xze” tJ 
In Exercises 9-20, use the Chain Rule to calculate £ f(r) at the value 

of t given. 

9. f(x,y)=3x—-—Ty, r(t)=(cost,sint), t =0 

10. f(x,y) =2x4+3y, rt)=(P,27), t= 2 

11. f(x,y) =x? —3xy, r(t)=(cost,sint), t=0 

12. f(x,y) =x? —3xy, r(t)=(cost,sint), t= = 

13. f(x,y) = sin(xy), r(t)=(e7,e*\, t=0 

14. f(x,y) =cos(y—x), r(t) = (e, e”), + =1n3 

15. f(x,y)=x—xy, r(t)=(t?,22-42), t=4 

16. f(x,y) =3xe7Y, r(t) = (2, -2¢), t=0 

17. fx,y)=mx+Iny, r(t)= (cos t, t7}, t=7 

18. g(x, y,z) =xye*, r(t)= Ei — 1), t= 

19. g(x, y,z)=xyz', r(t)= (e, 1, 1), i= I 

20. g(x, y,z, w) =x +2y +3z+ 5w, r(t)= anA, — 2}, t= | 

In Exercises 21-30, calculate the directional derivative in the direction of 

v at the given point. Remember to use a unit vector in your directional 
derivative computation. 

21. fœ, y) =x? +y, v= (4,3), P=(1,2) Ne 


22. f(x,y) = xy? — x?, v=i-j, P=(2,-1) 


23. f(x,y) =x*y?, v=i+j, P = (7,3) 


tee m ae 


\_ 24. f(x,y) =sin@ —y), v=(1,1), P=(%,%) 


25. f(x,y) =tan (xy), v=(1,1), P=(3,4) 

26. f(x,y) =e}, v=(12,-5), P=(2,2) 

27. f(x,y) = nx? + y*), v=3i-2j, P=(1,0) 

28. g(x, y,z) =Z? — xy +2y?, v=(1,-2,2), P=(2,1,-3) 
2: g(x. y. z) = rez, wa), ), P S(1, 20) 

30. g(x, y,z) =xm(y+z)ọ v=2i—j+k, P =(2,e,e) 


31. Find the directional derivative of f(x,y) = x? + 4y? at the point 
P = (3,2) in the direction pointing to the origin. 


32. Find the directional derivative of f(x,y,z) =xy + z? at the point 
P = (3, —2, —1) in the direction pointing to the origin. 


In Exercises 33—36, determine the direction in which f has maximum rate 
of increase from P, and give the rate of change in that direction. 


33. f(x,y)=xe%, P=(2,0 
34. f(x,y) =x? —xy+y?, P=(-1,4) 


Sar ag ms, P = (1,—1,3) 
z 


36. f(x,y, z=x7y/z, P=(1,5,9) 


37. Suppose that Vfp = (2,—4,4). Is f increasing or decreasing at P in 
the direction v = (2, 1,3)? 


38. Let f(x, y) = xe” and P = (1,1). 

(a) Calculate ||Vfp ||. 

(b) Find the rate of change of f in the direction V/fp. 

(c) Find the rate of change of f in the direction of a vector making an 
angle of 45° with Vfp. 


39. Let f(x,y,z) = sin(xy + z) and P = (0, —1,z). Calculate Du f (P), 
where u is a unit vector making an angle 0 = 30° with V fp. 


40. Let T(x, y) be the temperature at location (x, y) on a thin sheet of 
metal. Assume that VT = (y —4,x + 2y}. Let r(t) = U be a path on 
the sheet. Find the values of ¢ such that 


d 
ae T(r(t)) = 0 


41. Find a vector normal to the surface x*+y*—z*=6 at 
P = (3,1;2). 


42. Find a vector normal to the surface 3z? + x?y — y?x = 1 at P= 
(1, —1, 1). 


43. Find the two points on the ellipsoid 


where the tangent plane is normal to v = (1, 1, —2). 


44. Assume we have a local coordinate system at latitude Z on the earth’s 
surface with east, north, and up as the x, y, and z directions, respec- 
tively. In this coordinate system, the earth’s angular velocity vector is 
Q2 = (0,wcos L,wsin L}. Let w = (w1, w2,0) be a wind vector. 

(a) Determine the components of the Coriolis force vector F, = 
—2mQ x w. 

(b) The equation -VVp+F, = 0 results from balancing the pressure 
gradient force, — V Vp, and the Coriolis force. Show that the x- and y- 
components of this equation result in Eq. 5. 
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45. Use the geostrophic flow model to explain the following: In the South- 
em Hemisphere, winds blow with low pressure to the right, and the closer 
together the isobars, the stronger the winds. In particular, winds blow 
clockwise around low pressure systems and counterclockwise around high 
pressure systems. 


In Exercises 46-49, find an equation of the tangent plane to the surface at 
the given point. 
46. x? 4+ 3y?+4z27=20, P = (2,2,1) 
47. xz +2x?y +y? =11, P = (2,1,1) 
48. x7 +7722! * = 13, P= (2 om =) 
Je 
49, In(] + 4x? + 9y*) — 0.122 =0, P =(3,1,6.1876) 


50. Verify what is clear from Figure 15: Every tangent plane to the cone 
x? + y? — z? = 0 passes through the origin. 


FIGURE 15 Graph of x2 + y2 — z2 =0. 


oi. Use a computer algebra system to produce a contour plot of 
f(x,y) = x? — 3xy + y — y? together with its gradient vector field on the 
domain [—4, 4] x [—4, 4]. 


52. Find a function f(x, y, z) such that Vf is the constant vector (1, 3, 1). 
53. Find a function f(x,y,z) such that Vf = (2x, 1,2). 

54, Find a function f(x, y, z) such that Vf = (x, Wiz): 

55. Find a function f(x,y,z) such that Vf = (z,2y,2x). 

56. Find a function f(x, y) such that Vf = (y, x). 


57. Show that there does not exist a function f(x, y) such that Vf = 
(y?, x). Hint: Use Clairaut’s Theorem fry = fyx- 


58. Let Af = f(a+h,b+k) — f(a,b) be the change in f at P = (a,b). 
Set Av = (h, k). Show that the Linear Approximation can be written 


Af ~ Vfp - Av [6] 


59. Use Eg. (6) to estimate 
Af = f (3.53, 8.98) — f(3.5,9) 
assuming that V/(3.5.9) = (2, —1). 


60. Find a unit vector n that is normal to the surface z? — 2x4 — yt = 16 
at P = (2,2, 8) that points in the direction of the x y-plane (in other words, 
if you travel in the direction of n, you will eventually cross the x y-plane). 


61. Suppose, in the previous exercise, that a particle located at the point 
P = (2,2,8) travels toward the xy-plane in the direction normal to the 
surface. i 
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(a) Through which point Q on the xy-plane will the particle pass? 


(b) Suppose the axes are calibrated in centimeters. Determine the path r(t) 
of the particle if it travels at a constant speed of 8 cm/s. How long will it 
take the particle to reach Q? 


62. Let f(x,y) = tan`! a and u = (2 $) 
y a 2 


(a) Calculate the gradient of f. 

(b) Calculate Da f (1, 1) and Da f (V3, 1). 

(c) Show that the lines y = mx for m Æ 0 are level curves for f. 

(d) Verify that Vfp is orthogonal to the level curve through P for P = 
(x, y) # (0,0). 


63. [4 Suppose that the intersection of two surfaces F(x, y,z) = 0 and 
G(x, y,z) = 0 is a curve C, and let P be a point on C. Explain why the 


vector v = VFp x VGp is a direction vector for the tangent line toC _ | 


at P. 


64. Let C be the curve of intersection of the spheres x? + y? + z? = 3 and 
(x — 2} + (y — 2)? + z2? = 3. Use the result of Exercise 63 to find para- 
metric equations of the tangent line to C at P = (1, 1, 1). 


65. Let C be the curve obtained as the intersection of the two surfaces 
x? + 2xy + yz =7 and 3x? — yz = 1. Find the parametric equations of 
the tangent line to C at P = (1,2, 1). 


66. Prove the linearity relations for gradients: 
(a) Vif +8)= Vf + Va 
b) Vicf) =cVf 


67. Prove the Chain Rule for Gradients in Theorem 1. 
68. Prove the Product Rule for Gradients in Theorem 1. 


Further Insights and Challenges 


69. Let u be a unit vector. Show that the directional derivative Daf is 
equal to the component of Vf along u. 


70. Let f(x,y) = y)”. 
(a) Use the limit definition to show that f,(0,0) = f,(0,0) = 0. 


(b) Use the limit definition to show that the directional derivative 
Dy f (0,0) does not exist for any unit vector u other than i and j. 


(c) Is f differentiable at (0,0)? 


71. Use the definition of differentiability to show that if f(x, y) is differ- 
entiable at (0,0) and 


f(0,0) = f,(0,0) = f, 0,0) =0 
then 
fœ) 


an JE 7 
y0 x2 + y2 a 


72. This exercise shows that there exists a function that is not differen- 
tiable at (0, 0) even though all directional derivatives at (0, 0) exist. Define 
f(x, y) = x*y/(x? + y*) for (x, y) # 0 and f (0,0) = 0. 

(a) Use the limit definition to show that Dy f (0,0) exists for all vectors v. 
Show that f,(0,0) = fy(0,0) = 0. 


(b) Prove that f is not differentiable at (0,0) by showing that Eq. (7) does 
not hold. 


73. Prove that if f(x,y) is differentiable and Vf(.,y) = 0 for all (x, y), 
then f is constant. 


74. Prove the following Quotient Rule, where f, g are differentiable: 


v(4) a Mr ES 
g g 


In Exercises 75-77, a path r(t) = (x(t), y(t)) follows the gradient of a 
function f(x,y) if the tangent vector r’(t) points in the direction of Vf 
for all t. In other words, v(t) = k(t)V fy) for some positive function k(t). 
Note that in this case, r(t) crosses each level curve of f(x,y) at a right 
angle. 


75. Show that if the path r(t) = (x(t), y(t)) follows the gradient of 
fœ, y), then 


yO _ f 


——_ 


x'(t) 5 te 


76. Find a path of the form r(t) = (t, g(t)) passing through (1, 2) that fol- 
lows the gradient of f(x, y) = 2x? + 8y? (Figure 16). Hint: Use Separa- 
tion of Variables. 


FIGURE 16 The path r(t) is orthogonal to the level curves of 
f(x, y) = 2x? + By?. 


77. Find the curve y = g(x) passing through (0, 1) that crosses 
each level curve of f(x, y) = ysinx at a right angle. Using a computer 
algebra system, graph y = g(x) together with the level curves of f. 


14.6 Multivariable Calculus Chain Rules 


We have seen a few different chain rule formulas for functions involving multiple vari- 
ables. In this section, we show how they all fall under a general scheme for identifying 
the structure of a composite function and determining the type of chain rule formula from 


the structure. 


To begin, we return to the Chain Rule for Paths and prove it. In the proof, we use 
the limit condition in the definition of differentiability, demonstrating why that limit is a 
necessary and important part of the concept of differentiability. 
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The Chain Rule for Paths applies to compositions f(r(t)), where f and r are differ- 
4 REMINDER We regard r(t) as entiable. We primarily consider the cases where f is a function of x and y, and r(t) is a 
representing both a vector, (x(t), y(t)) in path in the plane, or f is a function of x, y, and z, and r(t) is a path in 3-space. 
the plane or (x(t), y(t), z(t)) in 3-space, 


and a point (x(t), y(t)) or (x(t), y(t), z(t)). 
THEOREM 1 Chain Rule for Paths If f and r(ż) are differentiable, then 


d 
Fred (r(t)) = Vf re) 


In the cases of two and three variables, this chain rule states: 


Of of 
dx’ dy 


af dx af dy 


aan ax ax dt dy dt 


d 
gI FO) = ( 


d _ / of ih L). 


T af dy ðf dz 
xdt ðydt azdt 


We prove the theorem for the two-variable case. 


Proof By definition, 


f(x@ +h), yt +h)) — f (x(t), y@)) 


d , 
apt TO) = jim 7 


To calculate this derivative, set 
Af = f(x +h), yt + h))— f(x(t), y(t) 
Ax = x(t + h) — x(t), Ay = y(t +h) — y(t) 
e(x(t + h), y(t +h)) = fælt + h), yt +h)) — (F(t), y) + AM, ya) Ax 
+ fy), yE))Ay) 


The last term is the error, as in Section 14.4, in approximating f with its linearization 
centered at (x(t), y(¢)). Putting these terms together, we have 


Af = klt), yO))Ax + Va), yYO)AY + e(x(t +h), yt + h)) 
Now, set h = At and divide by At: 


e(x(t + At), y(t + At)) 


Af Ax A 
T= Fe), YO + HEC), ya m a 


We show below that the last term tends to zero as At —> O. Given that, we obtain the 
desired result: 


n " Af 
< f(r(t)) = Jim. z 


, A Ay 
S a m a t hel. y(t)) lim 


= fx(x(0), yon + fy), yin? 
= V frit) - r(t) 
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We verify that the last term tends to zero as follows: 


en CEEHAD E+ AN) 4 eet + AN), yE + AD) (ee + ar) 
At 


At—>0 At ~~ At->0 J (Ax)? + (Ay)? 


_ ( on LE HAD E+ AD) iia kal K Al _ 
At>0 (Ax) + (Ay)? At—>0 t At 
S a a 
Zero 


The first limit is zero, as indicated, because f is differentiable. The second limit is equal 
to /x’(t)* + y’(t), a finite value, and therefore the product is zero. = 


d 
EXAMPLE 1 Calculate ET f(r(t)) 


, where 
i= 2 


fap.) SB xy pr and r(t) = (cost, sint, tf) 
Solution We have r(3) = (cos 3, sin 3, 3) = (0, 1, 3). Compute the gradient: 


vf = (22 af » 


— ——— _ — 


I 
— p= 0, 1,— = 1, 0, 
ax’ dy’ 3z (ystpZZps Vir(x/2) vi ( + ( T) 


Then compute the tangent vector: 


: wt ie J a 
By the Chain Rule, 
d i JT = 
apt Ee) = = V frad E (5) = (1,0,7) -(-1,0,1) =m — 1 a 


{2 


Next, let’s consider the case of more general composite functions. Suppose, for ex- 
ample, that x, y,z are differentiable functions of s and t—say, x = x(s,t), y = y(s,t), 
and z = z(s,t). The composition 


FEC, t), YC, t), 2(s, t) [2 | 
is then a function of s and t. We refer to s and ż as the independent variables. 
EXAMPLE 2 Given that f(x, y,z) = xy + z and x =s*, y = st, z = t°, find the com- 
posite function. 


Solution We can keep track of which variable depends on which other variable by using 
a chart as in Figure 1. The composite function is given by 


f(x(s,t), y(s,t),z(S, t)) = xy +z = (s*)(st) oT = st + 1? oB 


The Chain Rule expresses the derivatives of f with respect to the independent vari- 


ables. For example, the partial derivatives of ,t), . 
FIGURE 1 Keeping track of the P F F(x(s, t), y(s, t), z(s,£)) are 


relationships between the variables. of odfdx afdy df az 
as Ox 0s By Os | dz Os at 
af af ax af dy af az 
B Geol | By Be de Be 


a 


FIGURE 2 Keeping track of the 
relationships between the variables. 


FIGURE 3 Keeping track of the 
dependencies between the variables. 


The term “primary derivative” is not 
standard. We use it in this section only, to 
Clarify the structure of the Chain Rule. 
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ð 
Note that we can obtain the formula for of by labeling each edge in Figure 1 with 
the partial derivative of the top variable with respect to the bottom variable as in Figure 2. 


Then to obtain the formula for —, we consider each of the paths along the edges down 


S 
from f to s: the first through x, the second through y, and the third through z. Each 
path contributes a term to the formula, and those terms are added together. The first 
term, through x, is the product of the partial derivatives labeling the path’s edges, giving 


r ð 
oF sal Similarly, the second term is of A and the third term is oy = Thus, we obtain 
Ox OS dy Os dz OS 
the formula 


af _ af ax , af dy , af 82 
Qs ðxðs dyads 9zas 


ð 
We obtain the formula for a in a similar manner. To prove these formulas, we 


ð : ae 
observe that CA when evaluated at a point (so, to), is equal to the derivative with respect 
JS 
s on the path obtained by fixing t = fg and letting s vary. That path is 
r(s) = (x(s, fo), y(S, to), z(s, f0)) 
Fixing t = fo and taking the derivative with respect to s, we obtain 


ð d 
(so, ope NS) 


S=SQ 


The tangent vector is 
Ox 0 OZ 
r'(s) -= —(s, to), aa to), — (53 to) 
Os Os Os 


Therefore, by the Chain Rule for Paths, 


of k d 
qe =a fls) 


Of əx of dy  əƏf əz 
—Vf-r = Se ee Se a 
f° 8 (so) dx ds i dyads 3z ðs 


(so,to) S=5Q 


The derivatives on the right are evaluated at (so, to). This proves Eq. (2). A similar argu- 
ment proves Eq. (3), as well as the general case of a function f(x1,...,n), where the 
variables x; depend on independent variables f),..., tm. 


THEOREM 2 General Version of the Chain Rule Let f(x),...,x,) be a differen- 
tiable function of n variables. Suppose that each of the variables x;,..., Xn is a differ- 
entiable function of m independent variables t),...,t,. Then, fork = 1,...,m, 


of 7 Of ax, Of Ox2 
Oty =: Ox, Oty 3x2 Ot 


We keep track of the dependencies between the variables as in Figure 3. As an aid to 
remembering the Chain Rule, we will refer to 


af af 


Om O 


as the primary derivatives. They are the components of the gradient Vf. By Eq. (4), the 
derivative of f with respect to the independent variable tg is equal to a sum of n terms: 


of Ox; 


—-— forj=1,2,..., 
OX; Ot sia, j 


jth term: 
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Note that we can write Eq. (4) as a dot product: a 
of -gaf + (= 3x2 n) 
Ot. \ðx Ox. xn] \ðtk Ək ` Oty 


of = up (= 0x2 a) 


Ot, tk’ Otk At, 


3 
EXAMPLE 3 Using the Chain Rule Let f(x, y,z) = xy + z. Calculate L, where 


2 2 


x=S, y=st, z=t 
Solution We keep track of the dependencies of the variables as in Figure 2. 


Step 1. Compute the primary derivatives. 
of of of 
z~ =, ~~ =x, 
ax oy Oz 
Step 2. Apply the Chain Rule. 
Of afax afdy — df az ð > 0 ð 5 
> = > YH YH ye — (st) + — (t 
a} pei oe ORES a ME Ee” 
= (y)(2s) + x(t) +0 
= 2sy + xt 


This expresses the derivative in terms of both sets of variables. If desired, we can 
substitute x = s? and y = st to write the derivative in terms of s and t: 


we 


0 
= = 2ys + xt = 2(st)s + (s*)t = 3s t 


To check this result, recall that in Example 2, we computed the composite function: 
f(x(s,0), Y(8,t), zs, t) = f(s’, st, P) = t +e 
Of 


From this, we see directly that = 3571, confirming our result. E 


EXAMPLE 4 Evaluating the Derivative Let f(x, y) = e*”. Evaluate of at 
(s,t,u) = (2,3, -1), where x = st, y =s — ut’. ôr 


Solution We keep track of the dependencies of the variables as in Figure 4. We can use 
either Eq. (4) or Eq. (5). We’ll use the dot product form in Eq. (5). We have 


FIGURE 4 Keeping track of the Vf = (GE, 4 = (ye? xe) ee a3 = (s, —2ut) 
dependencies between the variables. dx dy at’ at i 
and the Chain Rule gives us 
of Ox dy : 
L epee 22) lye xe?) ae 
a; f (= z) (ye*”, xe* ) (S, —2ut) 


= ye? (s) + xe? (—2ut) 
= (ys — 2xut je? 
; w UF. 
To finish the problem, we do not have to rewrite ar in terms of s,t,u. For (s,t,u) = ~ 
(2,3, —1), we obtain 


x=st=2(3)=6, y=s—ut? =2=2(-1K2)=11 


If you have studied quantum mechanics, 

you may recognize the right-hand side of 
Eq. (6) as the angular momentum operator 
(with respect to the z-axis) applied to the 
function f. 


Here we are treating z as a dependent 
variable with independent variables x and 
y. We could switch the roles of the 
variables and similarly work with y(x, z), 
where y is dependent while x and z are 
independent. Likewise, we could work with 


x(y, z). 
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With (s,f, 4) = (2,3, —1) and (x, y) = (6, 11), we have 
of 


= (ys — 2xut)e*” 
Of |(23,-1) 


= (ane = XODA)» = 58e% m 
35D 


EXAMPLE 5 Polar Coordinates Let f(x,y) be a function of two variables, and let 
(r,0) be polar coordinates. 


af af 


ð 
(a) Express Hi in terms of a and as 


(b) Evaluate a at (x, y) = (1,1) for f(x, y) = x*y. 


Solution 


(a) Since x = r cos and y = r sin, 


ax dy 
50 r sing, T: rcos@ 
By the Chain Rule, 
Of Of ax af dy aor of 
me Ouse a ee ag lay 


ð 
Since x = r cos and y =r sin ĝ, we can write a in terms of x and y alone: 
of of af 
3 ay > dx [6 | 
(b) Apply Eq. (6) to f(x, y) = x*y: 


af 
06 
af | 

9? le y=.) 


ð N 
sea yy aea y=? — 2xy? 
dy Ox 


= 1 — XD) = -1 a 


Notice that the General Version of the Chain Rule encompasses the Chain Rule for 
Paths. In the Chain Rule for Paths, there is just one independent variable, which is the 
parameter for the path. 


implicit Differentiation 

In single-variable calculus, we used implicit differentiation to compute dy/dx when y 
is defined implicitly as a function of x through an equation f(x, y) = 0. This method 
also works for functions of several variables. Suppose that z is defined implicitly by an 
equation 


F(x, y,z) =0 
Thus, z = z(x, y) is a function of x and y. We may not be able to solve explicitly for 


z(x, y), but we can treat F(x, y, z) as a composite function with x and y as independent 
variables and use the Chain Rule to differentiate implicitly with respect to x: 


Ee 80 OP, ee 
Ox dx  ðyðx dz dx 
We have dx /dx = 1 and also 0y/dx = 0, since y does not depend on x. Thus, 


OF dF dz OZ 
+ Se 2 Pt Pe 


= = ant) 
ox OZ Ox Ox 
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FIGURE 5 The surface 

x? + y* — 22% + 12x — 8z —4 = 0. 

A small patch of the surface around P can 
be represented as the graph of a function of 
x and y. 


FIGURE 6 Graph of the cylinder 
x? 4+ y? —1=0. 


If F, 4 0, we may solve for 0z/0x (we compute 0z/dy similarly): 


EXAMPLE 6 Calculate 0z/dx and dz/dy at P = (1,1, 1), where 
F(x, y,Z) = x? + y? — 2z? + 12x — 8—4 =0 
What is the graphical interpretation of these partial derivatives? 
Solution We have 
F, =2x+12, F;=2y, F,=—4&z-—8 


Hence, 
a M EO ea E 
Ox Fo 42+8° dy F, 4z+4+8 
The derivatives at P = (1,1, 1) are 
OZ 21)+12 14 7 OZ 2(1) > 1 
alain 4+8 12 $ aylan 448 12 6 


Figure 5 shows the surface F(x, y, z) = 0. The surface as a whole is not the graph of 
a function f(x, y) because it fails the Vertical Line Test [that is, for some (x, y) there 


is more than one point (x, y, z) on the surface]. However, a small patch near P may be 


o 0 
represented as a graph of a function z = f(x, y), and the partial derivatives = and - 
x 
are equal to f, and f,. Implicit differentiation has enabled us to compute these partial 


derivatives without finding f(x, y) explicitly. a 


Assumptions Matter Implicit differentiation is based on the assumption that we can 
solve the equation F(x, y,z) = 0 for z in the form z = f(x,y). Otherwise, the partial 


d 
derivatives = and = would have no meaning. The Implicit Function Theorem of 
x y 


advanced calculus guarantees that this can be done (at least near a point P) if F has 
continuous partial derivatives and F,(P) Æ 0. Why is this condition necessary? Recall 
that the gradient vector V Fp = (F,(P), F,(P), F,(P)) is normal to the surface at P, so 
F,(P) = 0 means that the tangent plane at P is vertical. To see what can go wrong, 
consider the cylinder (shown in Figure 6): 
F(x, y,Z) =x +y? —1=0 

In this particular case, F, is O for all (x, y, z). The z-coordinate on the cylinder does not 
depend on x or y, so it is impossible to represent the cylinder as a graph z = f(x, y) and 


aa: oz OZ 
the derivatives ie and — do not exist. 
x 


14.6 SUMMARY 


° If f(x,y,z) is a function of x, y, z, and if x, y, z depend on two other variables, say, s 
and ¢, then 


f(, yz) = f(x(s, t), y(s, 1), z(s, t)) 


is a composite function of s and t. We refer to s and t as the independent variables. 
* The Chain Rule expresses the partial derivatives with respect to the independent vari- 
ables s and ¢ in terms of the primary derivatives: 


ee oe en 
ax’ dy’ Oz 


Namely, 
of ” Of ax 
ds Ox as 


* In general, if f(x1,..., 
independent variables f),... 
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af ay | af az Of — af ax af ay , af a 
dy ðs Oz as’ Ot dx dt dy dt az 4t 


Xn) is a function of n variables and if x1, . . . , Xn depend on the 


sta then 
ok ee ee ee bid asi 
Ot, Ox, Ot, 3x2 at OXn Oth 


° The Chain Rule can be expressed as a dot product: 


=( =) 0x2 re 


0x1 3x2 Oxn| \Itk Itp Ətk 


i 


* Implicit differentiation is used to find the partial derivatives 0z/dx and 0z/dy when 
z is defined implicitly by an equation F(x, y,z) = 0 


14.6 EXERCISES 


dz F, ak a D 
z R ay F, 


Preliminary Questions 


1. Let f(x,y) = xy, where x = uv and y = u + v. 
(a) What are the primary derivatives of f? 
(b) What are the independent variables? 


In Exercises 2 and 3, suppose that f(u,v) = ue”, where u=rs and 
v=r+ts. 


2. The composite function f(u, v) is equal to: 
(a) rse’* (b) re 


3. What is the value of f(u, v) at (r,s) = (1, 1)? 


(c) rse” 


4. According to the Chain Rule, 3f/ðr is equal to (choose the correct 
answer): 


Of ax af dy 
(b) ox ðr ” dy Or 
of ər of as 
(c) Ər ax j as ax 
5. Suppose that x, y, z are functions of the independent variables u, v, w. 
Which of the following terms appear in the Chain Rule expression for 
Of/dw? 


6. With notation as in the previous exercise, does 0x/dv appear in the 
Chain Rule expression for 0f/du? 


Of ax af dx 
G ðx Or + Ox Os 
Exercises 
1. Let f(x, y,z) = x?y? + 24 and x = s?, y = st?, and z = s2t. 
(a) Calculate the primary derivatives — yy oF 
Ox ’ ay’ az" 
Ox dy OZ 
Calculate — 
(b) culate ao epi 


ð 
(c) Compute i using the Chain Rule: 


af _ af ax | af ay | af az 
ðs ax as dy ðs 8z ðs 


Express the answer in terms of the independent variables s, t. 


2. Let f(x, y) = x cos(y) and x = u2 + v? and y = ų — v. 
(a) Calculate the primary derivatives sL, L 

x dy 
(b) Use the Chain Rule to calculate 3f/3v. Leave the answer in terms of 
both the dependent and the independent variables. 
(c) Determine (x, y) for (u,v) = (2,1) and evaluate df/dv at (u,v) = 
e. 


In Exercises 3—10, use the Chain Rule to calculate the partial derivatives. 
Express the answer in terms of the independent variables. 


af a 
3. a, a f(x, y,z) = xy +z, x=s? , y= 2rs, z=r? 
Of af. 2 
4. r re ; f(x,y,z) = xy +z, x =r +s — 2t, y = 3rt,z =S 
dg ə 
5. E TE, 06,9) = tanl +6), 0 =xy,p=x1+y 
ax’ ay 
6 ƏR ƏR eraan 
E or Ta x, y) = (x — 2y}, x = w?, y =v” 
oF 
Te Soe 
Of i 2 u+u 
8. ar) oD ae +y“ x =e" youtu 
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dh x 
9. —; h(x, y) = —, Xx =hh, y= th 
ðt2 y 
10. T, f(x,y,z) = xy —27,x = r cos ô, y = cos? 0, z =r 


In Exercises 11—16, use the Chain Rule to evaluate the partial derivative 
at the point specified. 


11. 3f/ðu and f/av at (u, v) = (—1, —1), where f(x, y,z) = x? + yz’, 
x=ut+v,y=utv’,z=uv 


12. df/ds at (r,s) = (1,0), where f(x, y) = In@y), x = 3r + 2s, y= 
5r+3s 


13. 8g/80 at (r,0)=(2V2,%), where g(x,y) =1/@ +”), 


x=rcosé,y=rsing 
14. dg/ds at s = 4, where g(x, y) = x” — y?, x =s?+1,y=1-—2s 


15. 02g/du at (u, v) = (0,1), where g(x, y) = x — ve x= e™"Cesv, y= 
e" sin v 


h 
16. s at (q,r) = (3,2), where h(u, v) = ue”, u = q?, v = qr? 


17. Given f(x,y) and y = y(x), we can define a composite function 
g(x) = fœ, y@)). 

ð ð 
(a) Show that g'(x) = ar -L a y (x). 

Ox dy 
(b) Let f(x,y) =x? — xy? and y(x) = 1 — x. With g(x) = f(x, y@)), 
use the formula in (a) to determine g'(x), expressing the result in terms of 
x only. 
(c) With f(x,y) and y(x) as in (b), give an expression for g(x) in terms 
of x. Then compute g'(x) from g(x), and show that the result coincides 
with the one from (b). 


18. Let f@,y)=4 — xy? +e% and y(x)= Z, Define g(x) = 
F(x, y(x)). 

(a) Use the derivative formula from Exercise 17(a) to prove that g'(x) = 0 
and therefore that g is a constant function. 

(b) Express g(x) directly in terms of x, and simplify to show that g is 
indeed a constant function. 


19. A baseball player hits the ball and then runs down the first base line 
at 20 ft/s. The first baseman fields the ball and then mns toward first base 
along the second base line at 18 ft/s as in Figure 7. 


FIGURE 7 


Determine how fast the distance between the two players is changing 
at a moment when the hitter is 8 ft from first base and the first baseman is 
6 ft from first base. 
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20. Jessica and Matthew are running toward the point P along the straight _ 


paths that make a fixed angle of @ (Figure 8). Suppose that Matthew runs 
with velocity vg meters per second and Jessica with velocity vp meters per 
second. Let f(x, y) be the distance from Matthew to Jessica when Matthew 
is x meters from P and Jessica is y meters from P. 


(a) Show that f(x,y) = yx? + y? — 2xycosé. 
(b) Assume that 0 = 7/3. Use the Chain Rule to determine the rate at 


which the distance between Matthew and Jessica is changing when x = 30, 
y = 20, va = 4 m/s, and vp = 3 m/s. 


FIGURE 8 


21. Two spacecraft are following paths in space given by rı = (sin tots t’) 
and m = (cos t,l— te). If the temperature for points in space is given 
by T(x, 7,z)= x*y(I — z), use the Chain Rule to determine the rate of 
change of the difference D in the temperatures the two spacecraft experi- 
ence at time t = 7. 


22. The Law of Cosines states that c? = a? + b? — 2abcos0@, where 
a,b,c are the sides of a triangle and @ is the angle opposite the side of 
length c. 

(a) Compute 00/da, 00/db, and 3@/dc using implicit differentiation. 

(b) Suppose that a = 10, b = 16, c = 22. Estimate the change in @ if a 
and b are increased by 1 and c is increased by 2. 


23. Letu = u(x, y), and let (r, @) be polar coordinates. Verify the relation 


Hint: Compute the right-hand side by expressing ug and u, in terms of u, 
and uy. 


1 
2 2 2 
Vull = u% + -540 


24. Letu(r,0) = r? cos? 0. Use Eq. (8) to compute || Vul|?. Then compute 
(| Vull? directly by observing that u(x, y) = x?, and compare. 


25. Letx = s + t and y = s — t. Show that for any differentiable function 


fœ, y), 
GE af\? _ af af 
Ox (2) — as ðt 


26. Express the derivatives 


Of AE inh 
ap’ 80’ ad erms o 


where (p, 8, @) are spherical coordinates. 


27. Suppose that z is defined implicitly as a function of x and y by the 
equation F(x, y,z) = xz? + yz +xy—1=0. 
(a) Calculate F,, Fy, Fz. 


ð 
(b) Use Eq. (7) to calculate iA and =, 
Ox oy 


— 


\ 28. Calculate 0z/dx and dz/dy at the points (3, 2, 1) and (3, 2, —1), where 


z is defined implicitly by the equation z + 27x? — y — 8 =0. 


In Exercises 29-34, calculate the partial derivative using implicit differ- 
entiation. 

ð 
29. = x’y + yz +xz = 10 


ow 


30. mee x?w + w+ we +3yz =0 
z 
OZ p 
31. —, e7 +sin(xz)+y=0 
dy 
or ot 2 
2. Sad d —, =í s/r 
A ea 
33, ov = T EE 
e ay’ we + x2 w+ y2 sY, Lie i 


34. aU/dT and aT/aU, (TU — VŽ l(W — UV) = In2 at 
(T,U,V,W) = (1, 1,2,4) 


35. Letr = (x,y,z) and er = r/||r|]. Show that if a function f(x,y,z) = 
F(r) depends only on the distance from the origin r= |r|] = 


x2 + y? + 2?, then 


Vf = F’(r)er 


E 


36. Let f(x,y,z) = py a i 


pute Vf directly and using Eq. (9). 


, with r as in Exercise 35. Com- 


37. Use Eq. (9) to compute V ( : ) 


r 
38. Use Eq. (9) to compute V(lnr). 
39. Figure 9 shows the graph of the equation 
F(x, y,z) =x +y —z* — 12x —82-4=0 
(a) Use the quadratic formula to solve for z as a function of x and y. This 


gives two formulas, depending on the choice of sign. 


(b) Which formula defines the portion of the surface satisfying z > —4? 
Which formula defines the portion satisfying z < —4? 


(c) Calculate 3z/ðx using the formula z = f(x, y) (for both choices of 
sign) and again via implicit differentiation. Verify that the two answers 
agree. 
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FIGURE 9 Graph of x? + y? — z? — 12x — 8z —4 = 0. 


40. For all x > 0, there is a unique value y = r(x) that solves the equation 
y? +4xy = 16. 

(a) Show that dy/dx = —4y/(3y* + 4x). 

(b) Let g(x) = f(x, r(x)), where f(x, y) is a function satisfying 


f.2=8. fa D= 10 


Use the Chain Rule to calculate 2’(1). Note that r(1) = 2 because (x, y) = 
(1, 2) satisfies y? + 4xy = 16. 


41. The pressure P, volume V, and temperature T of a van der Waals gas 
with n molecules (7 constant) are related by the equation 


2 
an 
(P+ =| (V —nb) =nRT 


where a, b, and R are constant. Calculate 3P /3T and dV/dP. 


42. When x, y, and z are related by an equation F(x, y, z) = 0, we some- 
times write (dz/9x), in place of 0z/0x to indicate that in the differentia- 
tion, z is treated as a function of x with y held constant (and similarly for 
the other variables). 


(a) Use Eg. (7) to prove the cyclic relation 


dz ax OF 
(sz), (§), (Z),.- +! 
(b) Verify Eq. (10) for F@,y,z)=x+y+z=0. 


(c) Verify the cyclic relation for the variables P, V,T in the Ideal Gas 
Law PV — nRT = 0 (n and R are constants). 


43. Show that if f(x) is differentiable and c #0 is a constant, then 
u(x,t) = f(x — ct) satisfies the so-called advection equation 


Further Insights and Challenges 


In Exercises 44-47, a function f (x, y,z) is called homogeneous of degree 
n if f(Ax,Ay,Az) =A" f(x,y,z) forall à € R. 


44. Show that the following functions are homogeneous and determine 
their degree: 
(a) f(x, y,z) =x°y + xyz (b) f(x,y,z) = 3x +2y — 8z 


(c) f(x,y,z)=ln (2) (d) f(x, y,z)=2* 


45. Prove that if f(x,y,z) is homogeneous of degree n, then f,(x, y, z) 
is homogeneous of degree n — 1. Hint: Either use the limit definition or 
apply the Chain Rule to f(Ax, Ay, Az). 


46. Prove that if f(x, y, z) is homogeneous of degree n, then 


Pe ee | 11 | 


Hint: Let F(t) = f (tx, ty, tz) and calculate F’(1) using the Chain Rule. 
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47. Verify Eq. (11) for the functions in Exercise 44. 


48. Suppose that f is a function of x and y, where x = g(t, s), y = h(t, s). 
Show that fj; is equal to 


ax\? Ox dy dy i 
fas (3) +o (55) (Ge) tea) 
3?x 3?y > 
ae Sa 5a T Is 


49. Letr = ,/x? +--+ x2 and let g(r) be a function of r. Prove the for- 


mulas 


DIFFERENTIATION IN SEVERAL VARIABLES 


harmonic. A function f(x,y) is called radial if f(x,y) = g(r), where —_ | 


| 


51. Use Eq. (12) to prove that in polar coordinates (r, @), 
1 1 
Af = fr + -zf t+ <tr 


52. Use Eq. (13) to show that f(x, y) = inr is harmonic. 


53. Verify that f(x,y) =x and f(x, y) = y are harmonic using both the 
rectangular and polar expressions for Af. 


54. Verify that f(x,y) = tan`! ~ is harmonic using both the rectangular 
and polar expressions for Af. 


50. Prove that if g(r) is a function of r as in Exercise 49, then 


072 a7 
pia ... + — = + 
ax? Jx? Err 


In Exercises 51—55, the Laplace operator is defined by Af = fxx + fyy- 
A function f(x,y) satisfying the Laplace equation Af =0 is called 


Z Local and 
global 
maximum 


Local 
maximum 


Disk D(P, r) y 


FIGURE 1 f(x,y) has a local maximum 
at P. 


4 REMINDER The term “extremum” (the 
plural is “extrema”) means a minimum or 
maximum value. 


¢ More generally, (a,,...,@,) isa 
critical point of f(x,,...,X,) if each 
partial derivative satisfies 


Le Cee, = 0 


or does not exist. 


n—1 


55. Use the Product Rule to show that 


1 3f 3 
fr t-f, =r te „3f 
r a ar 


&r 

Use this formula to show that if f is a radial harmonic function, then 
rf, = C for some constant C. Conclude that f(x, y) = C Inr + b for some 
constant b. 


14.7 Optimization in Several Variables 


Recall that optimization is the process of finding the extreme values of a function. This 
amounts to finding the highest and lowest points on the graph over a given domain. As 
we saw in the one-variable case, it is important to distinguish between local and global 
extreme values. A local extreme value is a value f(a, b) that is a maximum or minimum 
in some small open disk around (a, b) (Figure 1). 


DEFINITION Local Extreme Values A function f(x,y) has a local extremum at 
P = (a,b) if there exists an open disk D(P,r) such that 


* Local maximum: f(x,y) < f(a,b) forall (x, y) € D(P,r) 
- Local minimum: f(x,y) > f(a,b) forall (x,y) € D(P,r) 


Fermat’s Theorem for functions of one variable states that if f(a) is a local extreme 
value, then a is a critical point and thus the tangent line (if it exists) is horizontal at 
x =a. A similar result holds for functions of two variables, but in this case, it is the 
tangent plane that must be horizontal (Figure 2). The tangent plane to z = f(x, y) at 
P = (a,b) has equation 


i= f(a, b) a Fx (a, bx ii a) gz fy(a, b)(y m b) 


Thus, the tangent plane is horizontal if f(a, b) = fy(a,b) = 0—that is, if the equation 
reduces to z = f(a, b). This leads to the following definition of a critical point, where we 
take into account the possibility that one or both partial derivatives do not exist. 


DEFINITION Critical Point A point P = (a,b) in the domain of f(x, y) is called a 
critical point if: 


e f.(a,b) = Q or f(a, b) does not exist, and 
° fy(a,b) = 0 or fy(a, b) does not exist. 


FIGURE 2 The tangent line or plane is 
horizontal at a loca] extremum. 


e Theorem 1 holds in any number of 
variables: Local extrema occur at 


critical points. 


Gj FIGURE 3 Graph of 


f(x, y) = 11x? — 2xy + 2y? + 3y. 


FIGURE 4 Graph of 


fy) = 


ey 
2x2 + 8y2 +3 


SECTION 14.7 Optimization in Several Variables 851 


Local maximum 


Local maximum 


(A) 


As in the single-variable case, we have the following: 


THEOREM 1 Fermat’s Theorem If f(x,y) has a local minimum or maximum at 
P = (a,b), then (a,b) is a critical point of f(x, y). | 


Proof If f(x, y) has a local minimum at P = (a,b), then f(x,y) > f(a, 5) for all (x, y) 
near (a, b). In particular, there exists r > 0 such that f(x,b) > f(a, b) if |x —a|<r.In 
other words, g(x) = f(x,b) has a local minimum at x = a. By Fermat’s Theorem for 
functions of one variable, either g’(a) = 0 or g’(a) does not exist. Since g’(a) = f,(a, b), 
we conclude that either f,(a,b) = 0 or f,(a,b) does not exist. Similarly, fy(a, b) = 0 
or fy(a,b) does not exist. Therefore, P = (a,b) is a critical point. The case of a local 
maximum is similar. E 


In most cases, the partial derivatives exist for the functions f(x, y) we encounter. 
In such cases, finding the critical points amounts to solving the simultaneous equations 


fsx. y) = 0 and fy, y) = 0. 
EXAMPLE 1 Show that f(x, y) = 11x? — 2xy + 2y? + 3y has one critical point. Use 
Figure 3 to determine whether it corresponds to a local minimum or maximum. 
Solution The partial derivatives are 
fex, y) = 22x —2y, fy (X, y) = —2x +4y +3 
Set the partial derivatives equal to zero and solve: 
22x —-2y =0 

—2x + 4y+3=0 

By the first equation, y = 11x. Substituting y = 11x in the second equation gives 
—2x + 4(114)+3 =42x+3=0 

Thus, x = — 4 and y = — +. There is just one critical point, P = (4—4). Figure 3 


shows that f(x, y) has a local minimum at P (that is, in fact, a global minimum). E 


As the next example demonstrates, computational software can be of assistance in 
finding critical points. 
EXAMPLE 2 Determine the critical points of 
A 
2x? + 8y? +3 
Are they local minima or maxima? Refer to Figure 4. 


f(x,y) = 
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Solution We use a CAS to compute the partial derivatives, obtaining 


2x? + 8y? + 4xy +3 —2x? + 8y? — l6xy — 3 
f(x,y) = Crna? ae h.y) = (2x2 + By2 + 3)2 


To determine where the partial derivatives are zero, we set the numerators equal to zero: 
—2x* + 8y? +4xy +3 =0 
—2x* + By” — 16xy -3 =0 
Figure 4 suggests that f(x, y) has a local max with x > 0 anda local min with x < 0. Us- 
ing a CAS to solve the resulting system of equations, we have solutions at (/§ ; -a) 


and (-v§. m $): The former is the local maximum we see in the figure; the latter is 


the local minimum. E 


We know that in one variable, a function f may have a point of inflection rather than 
a local extremum at a critical point. A similar phenomenon occurs in several variables. 
Each of the functions in Figure 5 has a critical point at (0,0). However, the function in 
Figure 5(C) has a saddle point, a critical point that is neither a local minimum nor a local 
maximum. If you stand at the saddle point and begin walking, some directions such as the 
+j or —j directions take you uphill and other directions such as the +i or —i directions 
take you downhill. 

As in the one-variable case, there is a Second Derivative Test determining the type 
of a critical point (a, b) of a function f(x, y) in two variables. This test relies on the sign 

The discriminant is also referred to as the of the discriminant D = D(a, b), defined as follows: 


“Hessian determinant.” 
D = D(a,b) = fxx(a,b) fyy(a,b) — f2,(a,b) 


We can remember the formula for the discriminant by recognizing it as a determinant: 


Fixx (a, b) fxy(a, b) 
fyx(a,b) fyy(a,b) 


p= 


(A) Local maximum (B) Local minimum (C) Saddle 


FIGURE 5 


THEOREM 2 Second Derivative Test for f(x,y) Let P = (a,b) be a critical point 
of f(x, y). Assume that frx, fyy, fry are continuous near P. Then 
(i) If D > Oand fxx(a,b) > 0, then f(a, b) is a local minimum. 
(il) If D > Oand f,,.(a,b) < 0, then f(a, b) is a local maximum. 
(iii) If D < 0, then f has a saddle point at (a, b). 
(iv) If D = 0, the test is inconclusive. 


lf D > 0, then f,,(a,b) and f,y(a, b) 
must have the same sign, so the sign of 
Fyy(a, b) also determines whether f (a, b) 
is a local minimum or a local maximum in 
the D > 0 case. 


A proof of this theorem is discussed at the end of this section. 


FIGURE 6 Graph of 


fay) ="? + ye. 
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EXAMPLE 3 Applying the Second Derivative Test Find the critical points of 
f@.y=@? + ye~ 

and analyze them using the Second Derivative Test. 

Solution 


Step 1. Find the critical points. 
Compute the partial derivatives: 


fx, y) = —(x? + y*)e* + 2xe™ 
= (2x — x? — y*)e™* 
fy(x, y) = 2ye™ 
Set them equal to zero: 
(2x —x* — y*)e* =0 
2ye* = 


853 


The solution to the second equation is y = 0. Now, substitute y = 0 in the first equa- 


tion to obtain 


(2x — x*)e* =0 


The solutions to this equation are x = 0,2, and therefore the critical points are (0, 0) 


and (2, 0) (Figure 6). 


Step 2. Compute the second-order partials. 
ð 
frx, y) = 5, (2x =e = y*)e~*) = (2 — 4x + x2 + ye 
ð mat — 
fyy@, y) = mo x) = Je™* 


ð 
Fry, y) = fyx@, y) = eye) = —2ye * 


Step 3. Apply the Second Derivative Test. 


Critical Discriminant 
point Fax fyy fry D = fix fyy - A Type 
(0,0) 2 2 0 (2)(2) -0 =4 Local minimum since 
D > Qand fy, > 0 
(2,0) —2e-2 27? 0 Ce e2) -Re Saddle since 


D<0 


GRAPHICAL INSIGHT We can also read off the type of critical point from the contour 
map. For example, consider the function depicted in Figure 7. Notice that the level 
curves encircle the local minimum at P, with f increasing in all directions emanating 
from P. By contrast, f has a saddle point at Q: The neighborhood near Q is divided 


into four regions in which f(x, y) alternately increases and decreases. 


854 CHAPTER 14 DIFFERENTIATION IN SEVERAL VARIABLES 


Saddle point 
FIGURE 7 f(x,y) =x? +y? — 12xy. 


In the next example, we confirm the observations from the Graphical Insight using the 
Second Derivative Test. 


EXAMPLE 4 Analyze the critical points of f(x, y) = x? + y? — 12xy. 
Solution We have the following partial derivatives: 
f(x, y) = 3x? — 12y, f(x. y) = 3y? — 12x 

Set the partial derivatives equal to zero: 

3x? — 12y =0 

3y* — 12x =0 
From the first equation, we obtain y = ix’, Substituting that into the second equation 
and simplifying yields 

3 Gal — 12x = Se — 64) =0 
4 16 


This equation has solutions x = 0,4. Then, since y = ix?, the critical points are (0, 0) 
and (4, 4). 
Now, computing the second partial derivatives, we obtain 


Six (x, y) = 6x, Fry, y) = 6y, fok, y) = —12 


The Second Derivative Test confirms what we see in Figure 7: f has a local min at (4, 4) 
and a saddle at (0, 0). 


Critical Discriminant 
point Sux fyy fry D= Fux fyy a fiy Type 
(0,0) 0 0 = (0)(0) — (—12)* = —144 Saddle since 
D<0 
(4,4) 24 24 =i? (24)(24) — (—12) = 432 Local minimum since 


D > Oand fy, > 0 


EXAMPLE 5 When the Second Derivative Test Fails Analyze the critical points of 
f(x,y) = 3xy? = x’, 


Solution We have the following partial derivatives: 
f(x,y) = 3y? — 3x?, Fy, y) = Oxy 
Setting them equal to zero: 
3y? — 3x72 =0 


6xy = 0 


Vertical trace 
z=- 


FIGURE 8 Graph of a “monkey saddle” with 
equation f(x, y) = 3xy2 — x3, 


SIG yYax+y 


X (1,1) 


y Maximum of f(x, y) =x +y 
on D, occurs at (1, 1). 


FIGURE 9 


Interior point 


a x b 


FIGURE 10 Interior and boundary points of 
an interval [a,b]. 
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From the second equation, either x = 0 or y = 0. From the first equation, we find that 
the only critical point is (0, 0). 
Next, we compute the second partial derivatives: 


fxx(x*, y) = —6x, fyy(%, y) = Ox, fry(x, y) = Oy 
Applying the Second Derivative Test, we obtain 
Critical Discriminant 
point Sux Fyy Fry D = fix fyy — i, Type 
(0, 0) 0 0 0 0 No information since 


D=0 


Thus, we need to analyze this critical point by examining the graph more carefully. 
Consider the vertical trace in the xz-plane obtained by setting y = 0. The resulting curve 
is z = —x? (Figure 8). When it passes through the origin, it has neither a local maximum 
nor local minimum, so the critical point (0, 0) is a saddle point, not an extreme point. 

Graphs can take on a variety of different shapes at a saddle point. The graph of 
f (x, y) is called a “monkey saddle” because a monkey can sit on this saddle with room 
for each of its legs and its tail. a 


Global Extrema 


Often we are interested in finding the minimum or maximum value of a function f ona 
given domain D. These are called global or absolute extreme values. However, global 
extrema do not always exist. The function f(x, y) = x + y has a maximum value on the 
unit square D; in Figure 9 [the max is f(1, 1) = 2], but it has no maximum value on the 
entire plane R°. 

To state conditions that guarantee the existence of global extrema, we need a few 
definitions. First, we say that a domain D is bounded if there is a number M > 0 such 
that D is contained in a disk of radius M centered at the origin. In other words, no point 
of D is more than a distance M from the origin [Figures 11(A) and 11(B)]. Next, a point 
P is called 


e An interior point of D if D contains some open disk D(P,r) centered at P. 
e A boundary point of D if every disk centered at P contains points in D and 
points not in D. 


CONCEPTUAL INSIGHT To understand the concept of interior and boundary points, think 
of the familiar case of an interval 7 = [a,b] in the real line R (Figure 10). Every point 
x in the open interval (a, b) is an interior point of I (because there exists a small open 
interval around x entirely contained in 7). The two endpoints a and b are boundary 
points (because every open interval containing a or b also contains points not in /). 


y y 4 Y Boundary point 
i Boundary a not in D ; 
Interior point point kA 
4 T, 
© ¢ 


(A) This domain is bounded (B) An unbounded domain (C) A nonclosed domain 
and closed (contains all (contains points arbitrarily (contains some but not 
boundary points). far from the origin). all boundary points). 


FIGURE 11 Domains in R?. 
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FIGURE 12 
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f(x,y) = 2x + y — 3xy 


The interior of D is the set of all interior points, and the boundary of D is the set of 


all boundary points. In Figure 11(C), the boundary is the curve surrounding the domain. = 


The interior consists of all points in the domain not lying on the boundary curve. 

A domain D is called closed if D contains all its boundary points (like a closed 
interval in R). A domain PD is called open if every point of D is an interior point (like an 
open interval in R). The domain in Figure 11(A) is closed because the domain includes 
its boundary curve. In Figure 11(C), some boundary points are included and some are 
excluded, so the domain is neither open nor closed. 

In Section 4.2, we stated two basic results. First, a continuous function f on a closed, 
bounded interval [a, b] takes on both a minimum and a maximum value on [a, b]. Second, 
these extreme values occur either at critical points in the interior (a, b) or at the endpoints. 
Analogous results are valid in several variables. The next theorem addresses the two- 
dimensional case. 


THEOREM 3 Existence and Location of Global Extrema Let f(x, y) be a continuous 
function on a closed, bounded domain D in R2. Then 


(i) f(x, y) takes on both a minimum and a maximum value on D. 


(ii) The extreme values occur either at critical points in the interior of D or at points 
on the boundary of D. 


EXAMPLE 6 Find the maximum and minimum values of f(x, y) = 2x + y — 3xy on 
the unit square D = {(x, y):0< x,y < 1}. 


Solution By Theorem 3, the maximum and minimum occur either at a critical point or 
on the boundary of the square (Figure 12). 


Step I. Examine the critical points. 


f(x,y) =2— 3y, fy@, y)= 1 — 3x 
Setting the partial derivatives equal to zero, we obtain y = 5 and x = L, and therefore 
there is a unique critical point P = (4, 3). At the critical point, 


OR ORTOTOR 


Step 2. Check the boundary. 
We do this by checking each of the four edges of the square separately. The bottom 
edge is described by y = 0, 0 < x < 1. On this edge, f(x,0) = 2x. The maximum 
value on this edge occurs at x = 1, where f(1,0) = 2 and the minimum value occurs 
at x = 0, where (0,0) = 0. Proceeding in a similar fashion with the other edges, we 
obtain 


Restriction of Maximum of Minimum of 
Edge f(x,y) to edge f(x,y) on edge f(x,y) on edge 
Bottom: y = 0,0<x <1 f(x, 0) = 2x f0,0) =2 F(0,0) =0 
Top: y=1,0<x <1 f@,1)=1—x f@Q,1)=1 f(1.1) =0 
Left: x =0,0<y<1 fO, y)=y f ©, 1) = f(0,0)=0 
Right: x =1,0<y<1 fA, y) =2-— 2y f,0)=2 fd, 1) =0 


accel 


FIGURE 13 Dividing the boundary of the 
domain into arcs, 


dxty+z=1 


A = (3, 0, 0) 


x 


FIGURE 14 Maximize the volume of the 
inscribed box. 
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Step 3. Compare. 
The maximum of f on the boundary is f(1,0) = 2. This is greater than the value 
fer) = - at the critical point, so the maximum of f on the unit square is 2. Similarly, 
the minimum of f is 0. E 


EXAMPLE 7 Find the maximum and minimum values of the function f(x, y) = xy on 
the disk D = {(x, y) : x? + y? < 1}. 


Solution 


Step 1. Examine the critical points. 


fx, y) =y fy, y) =x 


There is a unique critical point P = (0, 0) in the interior of the disk, and f(0,0) = 0 
Step 2. Check the boundary. 
As in Figure 13, we Pai the boundary into two arcs labeled I and Il. The first 
is given by y= +V1—x*,-1< x < 1. Restricting f to this part of the boundary, 
we have f(x,V1—x?) = welll — x2. Candidates for 2 maximum and minimum of 
f on Arc I are obtained by examining g(x) = xv 1 — x? over [—1, 1]. To find critical 


points of g, we start with the derivative, 


x 
(x)= V1 — x? -x—— 
j V1 — x? 
Setting g'(x) equal to zero and simplifying, we obtain 1 — 2x? = 0, and therefore 
x= EA Since y = /1 — x*, the corresponding points on Arc I are (+; +5) and 


(-4 = 45). We also obtain candidates for the maximum and minimum from the end- 
points of Arc I, (—1,0) and (1,0). 

Restricting f to Arc I, which is given by p- = —/1—x?,-1 < x <1, our 
function ga f(x, -vV1 — x?) = —xV/1—x*. We need to examine h(x) = 
—xvV1—x? over [—1,1]. As with Arc I, we obtain the following candidates for 
the maximum and minimum of f on Arc I: (5. -~z), (-;. -4;), (—1,0), and 
(1, 0). 

Step 3. Compare. 


Evaluating f at the interior critical point and each of the candidate points from the 
two arcs, we find 


70.0)=0.5 (Jyh) = 4s (dep) =-b (eh) =H 
f (-4.-+) = 2.0.9 =0, f(-1,0 = 


Comparing these values, we see that the gs value of 5 over the disk occurs 


1 . o 
at the two boundary points — Wot 5) and (-J Se +z), and the minimum value of 
— 4 occurs at the two boundary points (-4 4) and (+ v -4 ). E 


EXAMPLE 8 Box of Maximum Volume Find the maximum volume os a box inscribed 
in the tetrahedron bounded by the coordinate planes and the plane tx +y+z=1 
(Figure 14). 


Solution 


me 


Step 1. Find a function to be maximized. 
Let P = (x, y,z) be the corner of the box lying on the front face of the tetrahedron 
i in the figure. Then the box atts sides of lengths x, y, z and volume V = xyz. Using 
ix +y+z= loz=i1— ix — y, we express V in terms of x and y: 


1 
V(x, y) = xyz = xy ¢ — 37 = y) = xy — ary ay" 
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THEOREM 4 With Q(h,k) and D as above: 


Gi) If D > Oanda < 0, then Q(h, k) < 0 for (h, k) Æ (0, 0). 
(ill) If D < 0, then Q(h, k) takes on both positive and negative values. 


DIFFERENTIATION IN SEVERAL VARIABLES 


Our problem is to maximize V, but which domain D should we choose? We let N, 
be the shaded triangle AOAB in the xy-plane in Figure 14. Then the corner point 

P = (x, y, z) of each possible box lies above a point (x, y) in D. Because D is closed 
and bounded, the maximum exists and occurs at a critical point inside D or on the 
boundary of D. 


Step 2. Examine the critical points. 


First, compute and simplify the partial derivatives: 
aV 2 2 2 
Se pk =y(1-3x-y) 
aV 
ay 


To find the critical points, we need to solve: 


2 
y(1-5x-»)=0 
«(1-3x-2y)=0 
3 


If x = 0 or y = Q0, then (x,y) lies on the boundary of D, not interior to D. Thus, 
assume that x and y are both nonzero. Then the first equation gives us 


a ae äriga 
x a 2xy «( Ay y) 


2 2 
P= ae Be => y= 


Substituting into the second equation, we obtain 


1 

3 
Dea ed 
v(L3)=03 Ae (5) E 


Step 3. Check the boundary. 


We have V(x, y) = 0 for all points on the boundary of D (because the three edges of 
the boundary are defined by x = 0, y = 0, and 1 — ix — y = 0). Clearly, then, the 
maximum occurs at the critical point, and the maximum volume is $- a 


We close the section with a proof of the Second Derivative Test. The proof is based 


on completing the square for quadratic forms. A quadratic form is a function 


O(h, k) = ah? + 2bhk + ck? 


where a, b,c are constants (not all zero). The discriminant of Q is the quantity 


Some quadratic forms take on only positive values for (h, k) Æ (0,0), and others 


take on both positive and negative values. According to the next theorem, the sign of the 
discriminant determines which of these two possibilities occurs. 


(i) If D > Oanda > 0, then Q(h, k) > 0 for (h, k) Æ (0,0). 


To illustrate Theorem 4, consider 
Oth, k) = h? + 2hk + 2k? 
It has a positive discriminant 
D= (1X2)=1=1 


We can see directly that Q(h, k) takes on 
only positive values for (h, k} 4 (0,0) by 
writing O(h, k) as 


Oth,k) = (h +k +k? 


(a+th, a+ tk) 


FIGURE 15 Line through P in the direction 
of (h,k). 
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Proof Assume first that a 4 0 and rewrite Q(h, k) by “completing the square”: 


b \? b? 
Q(h,k) = ah? + 2bhk + ck? =a (r + sz) se (c = Z) k 


bA D 
= —k sai 
a (i+ 2%) aon [a] 


If D >Q and a > 0, then D/a > 0 and both terms in Eq. (1) are nonnegative. Fur- 
thermore, if Q(h,k) = 0, then each term in Eq. (1) must equal zero. Thus, k = 0 and 
h + 2k = 0, and then, necessarily, h = 0. This shows that Q(h,k) > 0 if (h, k) # (0,0), 
and (i) is proved. Part (ii) follows similarly. To prove (iti), note that if a Æ 0 and D < 0, 
then the coefficients of the squared terms in Eq. (1) have opposite signs and Q(h, k) 
takes on both positive and negative values. Finally, if a = 0 and D < 0, then Q(h,k) = 
2bhk + ck? with b Æ 0. In this case, O(h, k) again takes on both positive and negative 
values. E 


Proof of the Second Derivative Test Assume that f(x, y) has a critical point at P = 
(a,b). We shall analyze f(x, y) by considering the restriction of f(x, y) to the line (Fig- 
ure 15) through P = (a,b) in the direction of a unit vector (h, k): 


F(t)= f(a+th,b + tk) 
Then F(0) = f(a, b). By the Chain Rule, 
F'(t)= f(a + th,b + tk)h + fy(at th,b + tk)k 
Because P is a critical point, we have f,(a,b) = fy(a, b) = 0, and therefore 
F'(0) = fx(a,b)h + fy(a, b)k = 0 


Thus, t = Q is a critical point of F(t). 
Now apply the Chain Rule again: 


d 
PO => (f(a +th,b+tk)h+ fy(a +th,b + tk)k) 
= ( fxx(a + th,b + tk)h? + fxy(a + th,b + tk)hk) 
+ (fyx(a +th,b + tk)kh + fyy(a + th,b + tk)k?) 


= fxxla + th,b + tk)h? = 2 fry(a + th,b+ tk)hk + fyy(a + th, b + tk)k? 


We see that F(t) is the value at (h, k) of a quadratic form whose discriminant is equal to 
D(a + th,b-+ tk). Here, we set 


D(r,s) = fix(r. S) fy (7,5) — fayr, sÝ 
Note that the discriminant of f(x, y) at the critical point P = (a,b)is D = Da, b). 


Case 1: D(a, b) > O and f(a, b) > 0. We must prove that f(a, b) is a local minimum. 
Consider a small disk of radius r around P (Figure 15). Because the second derivatives 
are continuous near P, we can choose r > 0 so that for every unit vector (h, k), 


D(a+th,b+tk)>0 for |t| <r 
Fux(atth,b+tk)>0 for jt] <r 


Then F”(t) is positive for |t| < r by Theorem 4(i). This tells us that F (t) is concave 
up, and hence F(0) < F(t) if 0 < |t| < |r| (see Exercise 74 in Section 4.4). Because 
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DIFFERENTIATION IN SEVERAL VARIABLES 


F(0) = f(a,b), we may conclude that f(a, b) is the minimum value of f along each — 
segment of radius r through (a,b). Therefore, f(a, b) is a local minimum value of f as 
claimed. The case that D(a, b) > 0 and fxx(a, b) < 01s similar. 


Case 2: D(a, b) < 0. For t = 0, Eq. (2) yields 
F"O) = frx(a, b)h* +2 fry(a, byhk + fyy(a, bk? 


Since D(a, b) < 0, this quadratic form takes on both positive and negative values by 
Theorem 4(iii). Choose (h,k) for which F”(0) > 0. By the Second Derivative Test in 
one variable, F (0) is a local minimum of F(t), and hence there is a value r > 0 such that 
F(0) < F(t) for all 0 < |t| < r. However, we can also choose (h, k} so that F”(0) < 0, 
in which case, F(0) > F(t) for 0 < |t| < r for some r > 0. Because F(0) = f(a,b), we 
conclude that f(a, b) is a local min in some directions and a local max in other directions. 
Therefore, f has a saddle point at P = (a, b). 2 


14.7 SUMMARY 
¢ We say that P = (a,b) is a critical point of f(x, y) if 


— f,(a,b) = Qor fx(a,b) does not exist, and 
- f,(a,b) = 0 or f(a, b) does not exist. 


In n-variables, P = (a),...,@,) is a critical point of f(x1,...,Xn) if each partial 
derivative fx j(@1,---4n) either is zero or does not exist. 

° The local minimum or maximum values of f occur at critical points. 

¢ The discriminant of f(x, y) at P = (a, b) is the quantity 


D(a,b) = fxx(a, b) fyy(a, b) — f? (a,b) 
e Second Derivative Test: If P = (a,b) is a critical point of f(x, y), then 


D(a, b) > 0, Îfxx(a, b) > 0 f(a, b) iS a local minimum 


D(a,b) > 0, fxx(a,b) < 0 f (a,b) is a local maximum 


= 
=> 

D(a,b)<0 = saddle point 
=> 


D(a,b) = 0 test inconclusive 

- A point P is an interior point of a domain D if D contains some open disk D(P,r) 
centered at P. A point P is a boundary point of D if every open disk D(P,r) contains 
points in D and points not in D. The interior of D is the set of all interior points, and 
the boundary is the set of all boundary points. A domain is closed if it contains all of 
its boundary points and open if it is equal to its interior. 

* Existence and location of global extrema: If f is continuous and D is closed and 
bounded, then 


— f takes on both a minimum and a maximum value on D. 


— The extreme values occur either at critical points in the interior of D or at points 
on the boundary of D. 


To determine the extreme values, first find the critical points in the interior of D. Then 
compare the values of f at the critical points with the minimum and maximum values 
of f on the boundary. 
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~ 14.7 EXERCISES 


Preliminary Questions 


1. The functions f(x, y) = x? + y? and g(x,y) = x? — y? both have a 3. Let f(x,y) be a continuous function on a domain D in R?. Determine 
critical point at (0, 0). How is the behavior of the two functions at the crit- which of the following statements are true: 
ical point different? 


(a) If D is closed and bounded, then f takes on a maximum value on D. 
2. Identify the points indicated in the contour maps as local minima, lo- 


cal maxima, saddle points, or neither (Figure 16). (b) If D is neither closed nor bounded, then f does not take on a maxi- 
mum value of D. 


(c) f(x,y) need not have a maximum value on the domain D defined by 
O<x<I1,0<y< 1. 


(d) A continuous function takes on neither a minimum nor a maximum 


value on the open quadrant 
FIGURE 16 (Œœ, y): x > 0,y > 0} 
Exercises 
1. Let P = (a,b) be a critical point of f(x, y) = x? + y4 — 4xy. 3. Find the critical points of 
(a) First use f,(x, y) = 0 to show that a = 2b. Then use f,(x, y) = 0 to 
F(x, y) = 8y4 + x? +. xy — 3y? — y? 
show that P = (0,0), (2/2, /2), or (—2/2, —/2). Nate ae 


(b) Referring to Figure 17, determine the local minima and saddle points 


Use the contour map in Figure 19 to determine their nature (local mini- 
of f(x,y) and find the absolute minimum value of f(x, y). P 8 a 


mum, local maximum, or saddle point). 


FIGURE 17 


— Ry4t 2 2 3 
2. Find the critical points of the functions FIGURE 19 Contour map of f(x, y) = 8y* + x“ + xy — 3y? — y3, 


f(x,y) =x? + 2y? — 4y + 6x, g(x, y) = x? — 12xy + y 


Use the Second Derivative Test to determine the local minimum, local 
maximum, and saddle points. Match f(x, y) and g(x, y) with their graphs 
in Figure 18. 


4. Use the contour map in Figure 20 to determine whether the critical 
points A, B,C, D are local minima, local maxima, or saddle points. 


FIGURE 18 FIGURE 20 
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5. Let f(x,y) = y2x — yx? + xy. 
(a) Show that the critical points (x, y) satisfy the equations 


yO ~ 2x + 1) =0, x(2y —x+1)=0 


(b) Show that f has three critical points where x = 0 or y = 0 (or both) 
and one critical point where x and y are nonzero. 


(c) Use the Second Derivative Test to determine the nature of the critical 
points. 


6. Show that f(x,y) = yx? + y? has one critical point P and that f 
is nondifferentiable at P. Does f have a minimum, maximum, or saddle 
point at P? 


In Exercises 7-23, find the critical points of the function. Then use the 
Second Derivative Test to determine whether they are local minima, local 
maxima, or saddle points (or state that the test fails). 


7. fœ,y) =x? +y —xy+x 8. f(y) =x? -xy +y 


9. f(x,y) =x? + 2xy = 2y? — 10x 
10. f(x, y) = x7 y + 12x? — By 

11. f(x,y) =4x — 3x? — 2xy? 

12. f(x,y) = x? + yt — 6x — 2y? 


13. f(x,y) =x* + y* — 4xy 14. f(x, y) = e Hy 


15. f(x,y) = xye -” 16. f(x,y) = e — xe? 


17. f(x,y) = sin(x + y) — cosx 18. f(x,y) = x ln(x + y) 


19. f@%,y)=Inx+2Iny —x —4y 
20. f(x,y) = («+ y) n(x? + y?) 


2. f(.yJ=x—-y?—Ine+y) 22 fey) = @— ye” 


23. f(x,y) = Œ + 3y) 


24. Show that f(x,y) = x? has infinitely many critical points (as a func- 
tion of two variables) and that the Second Derivative Test fails for all 
of them. What is the minimum value of f? Does f(x,y) have any local 
maxima? 


25. Prove that the function f(x,y)= ix? + $ y?/* — xy satisfies 
f(x, y) => 0 for x > Oand y > 0. 

(a) First, verify that the set of critical points of f is the parabola y = x2 
and that the Second Derivative Test fails for these points. 


(b) Show that for fixed b, the function g(x) = f(x, b) is concave up for 
x > 0 with a critical point at x = b!/2. 


(c) Conclude that f(a, b) > f(b!/*,b) = 0 for all a,b > 0. 


26. EÓ Let f(x,y) = (02 + ye”, 
(a) Where does f take on its minimum value? Do not use calculus to 
answer this question. 


(b) Verify that the set of critical points of f consists of the origin (0, 0) 
and the unit circle x? + y? = 1. 


(c) The Second Derivative Test fails for points on the unit circle (this can l 
be checked by some lengthy algebra). Prove, however, that f takes on its ~~ 
maximum value on the unit circle by analyzing the function g(t) = te 
for t > 0. 


27. Use a computer algebra system to find a numerical approxi- 
mation to the critical point of 


fæ, y) =(= x + xe +(1-yt ye” 


Apply the Second Derivative Test to confirm that it corresponds to a local 
minimum as in Figure 21. 


y 


FIGURE 21 Plot of f(x, y) = (1 — x + xDe + (1 — y + ye’. 


28. Which of the following domains are closed and which are bounded? 
(a) (œ, y) e R?:x? +y <1} 


(b) {@, y) E R? :x? +y <1} 

(e) {(x,y) € R? : x > 0} 

(d) (@œ,y) e€ R? :x>0,y > 0} 

(e) {(x,y)€R?:1<x<4,5<y <10} 
Œ {(x,y) € R?: x > 0,x? +y? < 10} 


F í In Exercises 29-32, determine the global extreme values of the func- 
tion on the given set without using calculus. 
29. f(@,y) =x +y, 


0<x<1, O<y<l 


30. f@,y)=2x-y, O<x<1, O<y<3 


31. f(x,y) =? +y +D, 05x <3, Ox<y<5 


32. f(x,y) = Tai x? +y? <1 

A linear function f(x,y) = ax + by +c has no critical points. There- 
fore, the global minimum and maximum values of f(x,y) on a closed and 
bounded domain must occur on the boundary of the domain. Furthermore, 
it is not difficult to see that if the domain is a polygon, as in F. igure 22, 
then the global minimum and maximum values of f must occur at a vertex 
of the polygon. In Exercises 33-36, find the global minimum and maxi- 
mum values of f (x, y) on the specified polygon, and indicate where on the 


polygon they occur. Racy 


33. f(x, y) = 2x — 6y +4 on the polygon in Figure 22(A). 


34. f(x, y) = 11y — 7x +7 on the polygon in Figure 22(B). 


~~ 


35. f(x,y) = 12 + 5y — 20x on the polygon in Figure 22(A). 


36. f(x,y) = 3x — 6y — 8 on the domain where |x| + |y| < 3. 


(A) (B) 


FIGURE 22 


37. Assumptions Matter Show that f(x,y)=xy does not have a 
global minimum or a global maximum on the domain 


D={@, y):0<x <1,0< y < 1} 
Explain why this does not contradict Theorem 3. 


38. Find a continuous function that does not have a global maximum on 
the domain D = {(x,y):x +y > 0,x +y < 1}. Explain why this does 
not contradict Theorem 3. 


39. Find the maximum of 
fy) =x+y—x?-y? -xy 


on the square, 0 < x < 2,0 < y < 2 (Figure 23). 
(a) First, locate the critical point of f in the square, and evaluate f at this 
point. 


(b) On the bottom edge of the square, y = 0 and f(x,0) = x — x”. Find 
the extreme values of f on the bottom edge. 


(c) Find the extreme values of f on the remaining edges. 
(d) Find the greatest among the values computed in (a), (b), and (c). 


y F(x, 2)=-2—x-x? 
Edge y =2 


Edge x = 0 —~ 
fO, y)=y-y? 


— Edge x=2 
f(2, y)=-2-y-y? 


| 


Edge y=0 
f(x, 0)=x—-x? 


FIGURE 23 The function f(x, y) =x + y — x? — y? — xy on the 
boundary segments of the square 0 < x < 2,0 < y <2. 
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40. Find the maximum of f(x, y) = y? + xy — x? on the square domain 
O<*# 5 2,0<y <2. 


í FA j In Exercises 41—49, determine the global extreme values of the func- 
tion on the given domain. 


41. f(x,y) =x? — 2y, O<x<1, O<y<1 

42- f(x,y) =5x —3y, yz2x—2, ye—x=2, yes 
43. f(x,y)=x7+2y*, O<x<1, O<y<l 

44. fenar +x*y + 2y?, x,y>0, xty<l 

45. f(x,y) =x? +xy? 4+ y’, x,y>0, x+ty<l 

46. f(x,y) =x? +y? -—3xy, O<x<1, O<y<1 

47. tapen + y? —2x + 4y, £20 0<y<3, pox 
48. f(x,y) = (4y? -xe x2 +y2 <2 
49. f(x,y) =x? +2xy?, x? +y2<1 


50. Find the maximum volume of a box inscribed in the tetrahedron 
bounded by the coordinate planes and the plane 


eae 7 = 1 
— P 


51. Find the volume of the largest box of the type shown in Figure 24, with 
one comer at the origin and the opposite comer at a point P = (x, y, z) on 
the paraboloid 


N 


2 
x 
= with x,y,z > 0 


4 


FIGURE 24 


52. Find the point on the plane 


z=x+y+l 


closest to the point P = (1,0,0). Hint: Minimize the square of the dis- 
tance. 
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53. Show that the sum of the squares of the distances from a point 
P = (c,d) to n fixed points (a1, b1), -. - (an, bn) is minimized when c is 
the average of the x-coordinates a; and d is the average of the y-coord- 
inates b;. 


54. Show that the rectangular box (including the top and bottom) with 
fixed volume V = 27 m? and smallest possible surface area is a cube 
(Figure 25). 


FIGURE 25 Rectangular box with dimensions x, y, z. 


55. Ei Consider a rectangular box B that has a bottom and sides but 
no top and has minimal surface area among all boxes with fixed volume 
V = 64m’. 

(a) Do you think B is a cube as in the solution to Exercise 54? If not, how 
would its shape differ from a cube? 

(b) Find the dimensions of B and compare with your response to (a). 


56. Find three positive numbers that sum to 150 with the greatest possible 
product of the three. 


57. A 120-m long fence is to be cut into pieces to make three enclosures, 
each of which is square. How should the fence be cut up in order to mini- 
mize the total area enclosed by the fence? 


58. A box with a volume of 8 m° is to be constructed with a gold-plated 
top, silver-plated bottom, and copper-plated sides. If gold plate costs $120 
per square meter, silver plate costs $40 per square meter, and copper plate 
costs $10 per square meter, find the dimensions that will minimize the cost 
of the materials for the box. 


59. Find the maximum volume of a cylindrical can such that the sum of 
its height and its circumference is 120 cm. 


60. Given n data points (x1, y;),... 
is the linear function 


, (Xn, Yn), the linear least-squares fit 


f@)=mx+b 


that minimizes the sum of the squares (Figure 26): 


E(m,b) = 9 0j- JEN 


j=1 


Show that the minimum value of E occurs for m and b satisfying the two 
equations 


n n 
m (E>) + bn = dy 
j=l j=l 


n n n 
m > x; +b) xj = So xjyj 
j=l j=l E 


FIGURE 26 The linear least-squares fit minimizes the sum of the 
squares of the vertical distances from the data points to the line. 


61. The power (in microwatts) of a laser is measured as a function of cur- 
rent (in milliamps). Find the linear least-squares fit (Exercise 60) for the 
Current 


data points. 
(milliamps) opopeg 
(microwatts} 


62. Let A = (a, b) be a fixed point in the plane, and let f4 (P) be the dis- 
tance from A to the point P = (x, y). For P Æ A, let e,p be the unit vector 
pointing from A to P (Figure 27): 


=. 
AP 
AP PSS 
| AP II a 
Show that 
Vfa(P) = eaP 


Note that we can derive this result without calculation: Because Vfa(P) 
points in the direction of maximal increase, it must point directly away 
from A at P, and because the distance f,4(x, y) increases at a rate of 1 as 
you move away from A along the line through A and P, Vf,4(P) must be 
a unit vector. 


FIGURE 27 The distance from A to P increases most rapidly in the 
direction e4 p. 
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~ Further Insights and Challenges 


63. In this exercise, we prove that for all x, y > 0: 
l | 
=x" + —x > xy 
a B 


where a > 1 and $ > 1 are numbers such that of! + 87! = 1. To do this, 
we prove that the function 


f(x,y) =a x® + Bly? — xy 


satisfies f(x, y) > 0 for all x, y > 0. 


(a) Show that the set of critical points of f(x, y) is the curve y = x 
(Figure 28). Note that this curve can also be described as x = y?—'. What 
is the value of f(x, y) at points on this curve? 


(b) Verify that the Second Derivative Test fails. Show, however, that for 


a—l 


64. l 4 The following problem was posed by Pierre de Fermat: Given 
three points A = (a), 42), B = (b1, b2), and C = (c1, c2) in the plane, find 
the point P = (x, y) that minimizes the sum of the distances 


f@,y)=AP+BP+4+CP 


Let e, f, g be the unit vectors pointing from P to the points A, B,C as in 
Figure 29. 


(a) Use Exercise 62 to show that the condition Vf(P) = 0 is equivalent 


to 


(b) Show that f(x, y) is differentiable except at points A, B, C. Conclude 
that the minimum of f(x, y) occurs either at a point P satisfying Eq. (3) 
or at one of the points A, B, or C. 


(c) Prove that Eq. (3) holds if and only if P is the Fermat point, defined 


,d 
as the point P for which the angles between the segments AP, BP, CP 
are all 120° (Figure 29). 
(d) Show that the Fermat point does not exist if one of the angles in AABC 
is greater than 120°. Where does the minimum occur in this case? 


fixed b > 0, the function g(x) = f(x, b) is concave up with a critical point 
at x = bfl. 


(c) Conclude that for all x > 0, f(x, b) > f(b8-!, b) = 0. 


Critical points of z = f(x, y) 
sy (A) P is the Fermat point 

(the angles between e, 

f, and g are all 120°). 


(B) The Fermat point does not exist. 


FIGURE 28 The critical points of f(x, y) = aay + Bol yP —xy 
form a curve y = x% 1, 
FIGURE 29 


y 


Constraint 
a(x, y} =2x+3y—-6=0 


14.8 Lagrange Multipliers: Optimizing with a Constraint 


if Point on the line 
closest to the origin 


-m 
— 
- 


Some optimization problems involve finding the extreme values of a function f(x, y) 
subject to a constraint g(x, y) = 0. Suppose that we want to find the point on the line 
2x + 3y = 6 closest to the origin (Figure 1). The distance from (x, y) to the origin is 
x f(x, y) = yx? + y?, so our problem is 


~ 
a - 
= a Ml 


Minimize f(x,y) =x? +y? subjectto g(x,y) =2x+3y-—6=0 


CD FIGURE 1 Finding the minimum of 


fy) =y? +y? 


“\— onthe line 2x + 3y = 6. 


We are not seeking the minimum value of f(x, y) (which is 0), but rather the minimum 
among all points (x, y) that lie on the line. 

The method of Lagrange multipliers is a general procedure for solving optimization 
problems with a constraint. Here is a description of the main idea. 


2 2 
e 
FIGURE 15 Rectangle inscribed in the ellipse —> + oa = 1. 
a 


23. Find the point (xo, yo) on the line 4x + 9y = 12 that is closest to the 
origin. 


24. Show that the point (x, yo) closest to the origin on the line ax + by = 
c has coordinates 


_ ac ie be 
ee BP 
25. Find the maximum value of f(x,y) = x“y? for x > 0, y > 0 on the 
line x + y = 1, where a,b > 0 are constants. 


26. Show that the maximum value of f(x, y) = x?y? on the unit circle is 
6 E 
25y 5 


27. Find the maximum value of f(x, y) = xf y? for x > 0, y > 0 on the 
unit circle, where a,b > 0 are constants. 


28. Find the maximum value of f(x, y,z) = x“ y?z° for x,y,z > 0 on the 
unit sphere, where a,b,c > 0 are constants. 


29. Show that the minimum distance from the origin to a point on the 
plane ax + by + cz =d is 


ldi 
Va* +b +c? 


30. Antonio has $5.00 to spend on a lunch consisting of hamburgers 
($1.50 each) and french fries ($1.00 per order). Antonio’s satisfaction from 
eating x) hamburgers and x2 orders of french fries is measured by a func- 
tion U (x1, x2) = ./x1x2. How much of each type of food should he pur- 
chase to maximize his satisfaction? (Assume that fractional amounts of 
each food can be purchased.) 


31. [4 Let Q be the point on an ellipse closest to a given point P 
outside the ellipse. It was known to the Greek mathematician Apollonius 
(third century BCE) that P Q is perpendicular to the tangent to the ellipse 
at Q (Figure 16). Explain in words why this conclusion is a consequence 
of the method of Lagrange multipliers. Hint: The circles centered at P are 
level curves of the function to be minimized. 


FIGURE 16 
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32. | A | In a contest, a runner starting at A must touch a point P along a 
river and then run to B in the shortest time possible (Figure 17). The runner 
should choose the point P that minimizes the total length of the path. 


(a) Define a function 
f(x,y) =AP+ PB, where P = (x,y) 


Rephrase the runner’s problem as a constrained optimization problem, as- 
suming that the river is given by an equation g(x, y) = 0. 

(b) Explain why the level curves of f(x, y) are ellipses. 

(c) Use Lagrange multipliers to justify the following statement: The el- 
lipse through the point P minimizing the length of the path is tangent to 
the river. 

(d) Identify the point on the river in Figure 17 for which the length is 
minimal. 


FIGURE 17 


In Exercises 33 and 34, let V be the volume of a can of radius r and height 
h, and let S be its surface area (including the top and bottom). 


33. Find 7 and } that minimize S subject to the constraint V = 54x. 


34. | F j Show that for both of the following two problems, P = (r, h} is 
a Lagrange critical point if h = 2r: 


¢ Minimize surface area S for fixed volume V. 
¢ Maximize volume V for fixed surface area sS. 


Then use the contour plots in Figure 18 to explain why S has a minimum 
for fixed V but no maximum and, similarly, V has a maximum for fixed S 
but no minimum. 


Increasing $ 
i ii curves of S 


Critical point P = (r, h) 


Level curve of V 
Increasing V 


FIGURE 18 


35. Figure 19 depicts a tetrahedron whose faces lie in the coordinate 

planes and in the plane with equation x + > Se “=l (a,b,c > 0). The 
a c 

volume of the tetrahedron is given by V = tabe. Find the minimum value 

of V among all planes passing through the point P = (1,1,1). 
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A point P = (a,b) satisfying these equations is called a critical point for the optimiza- 
tion problem with constraint and f(a, b) is called a critical value. 


EXAMPLE 1 Find the extreme values of f(x, y) = 2x + Sy on the ellipse 


D= 
Solution 


Step 1. Write out the Lagrange equations. 
The constraint curve is g(x, y) = 0, where g(x, y) = (x /4)? + (y/3)" — 1. We have 


2 
Vf = (2,5), Ve= (3.2 


The Lagrange equations Vfp = AVgp are 


x 2y Àx à (2y) 


Step 2. Solve for à in terms of x and y. 
Equation (2) gives us two equations for À: 


16 45 
a5 hey 


To justify dividing by x and y, note that x and y must be nonzero, because x = 0 or 
y = 0 would violate Eq. (2). 
Step 3. Solve for x and y using the constraint. 


Level curve of 
f(x, y) = 2x + 5y 


ne 


. 16 45 45 
The two expressions for à must be equal, so we obtain — = Zy or y = rohan Now 
x 


substitute this in the constraint equation and solve for x: 
Constraint curve 


A | Ey 4. EAn 
i 4 3 
l 225 289 
2 2 
= a e Sai | E 
i (z j a) i (=) 
| 1024 32 45 32 4 
Thus, y = + z890 ~ ET and since y = ——, the critical points are P = ( >) 


ig” T 
32 45 
i and Q = | —-—,-— }. 
FIGURE 3 The min and max occur 
where a level curve of f is tangent to the 


constraint curve g(x, y) = 0. Step 4. Calculate the critical values. 


32 45 32 4 
rass (i) =2(5)+5(5) ve 


and f(Q) = —17. We conclude that the maximum of f(x, y) on the ellipse is 17 and 
the minimum is —17 (Figure 3). a 


Assumptions Matter According to Theorem 3 in Section 14.7, a continuous function 
on a closed, bounded domain takes on extreme values. This tells us that if the constraint 
curve is closed and bounded (as in the previous example, where the constraint curve 
is an ellipse), then every continuous function f(x, y) takes on both a minimum and a 
maximum value subject to the constraint. Be aware, however, that extreme values need 
not exist if the constraint curve is not bounded. For example, the constraint x — y = 0 
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The critical point with the greatest x-coordinate [the maximum value of f(x, y,z)] is Q 


13 
with x-coordinate = ~ 0.515. 


14.8 SUMMARY 


* Method of Lagrange multipliers: The local extreme values of f(x,y) subject to a 
constraint g(x, y) = 0 occur at points P (called critical points) satisfying the Lagrange 
condition Vfp = AVgp. This condition is equivalent to the Lagrange equations 


fx, y) = Ax, Y), 


fy(x, y) = Agy(x, y) 


° If the constraint curve g(x, y) = Ois bounded [e.g., if g(x, y) = Ois a circle or ellipse], 
then global minimum and maximum values of f subject to the constraint exist. 

e Lagrange condition for a function of three variables f(x,y,z) subject to two con- 
straints g(x, y,z) = Oand h(x, y, z) = Q: 


Vf =àVg + uVYh 


14.8 EXERCISES 


Preliminary Questions 

1. Suppose that the maximum of f(x,y) subject to the constraint 
g(x, y) = 0 occurs at a point P = (a, b) such that V fp 4 0. Which of the 
following statements is true? 

(a) Vfp is tangent to g(x, y) = Oat P. 

(b) Vfp is orthogonal to g(x, y) = Oat P. 

2. Figure 10 shows a constraint g(x, y) = 0 and the level curves of a 


function f. In each case, determine whether f has a local minimum, a 
local maximum, or neither at the labeled point. 


P A 
a(x, y)=0 g(x, y) =0 


FIGURE 10 


3. On the contour map in Figure 11: 

(a) -Identify the points where Vf = AVg for some scalar A. 

(b) Identify the minimum and maximum values of f(x,y) subject to 
g(x,y) = 90. 


Contour plot of f(x, y) 
(contour interval 2) 


FIGURE 11 


Exercises 


In this exercise set, use the method of Lagrange multipliers unless other- 
wise Stated. 


1. Find the extreme values of the function f(x, y) = 2x + 4y subject to 
the constraint g(x, y) = x? + y2 = 5 = 0. 

(a) Show that the Lagrange equation Vf =AVg gives Ax =1 and 
Ay = 2. 

(b) Show that these equations imply à Æ 0 and y = 2x. 

(c) Use the constraint equation to determine the possible critical points 
(x, y). 


(d) Evaluate f(x, y) at the critical points and determine the minimum and 
maximum values. 


2. Find the extreme values of f(x, y) =x? +2y? subject to the con- 
straint g(x, y) = 4x — 6y = 25. 


(a) Show that the Lagrange equations yield 2x = 4A, 4y = —6i. 


(b) Show that if x = 0 or y = 0, then the Lagrange equations give x = 
y = 0. Since (0,0) does not satisfy the constraint, you may assume that x 
and y are nonzero. 


(c) Use the Lagrange equations to show that y = —}.x. 


(d) Substitute in the constraint equation to show that there is a unique 
critical point P. 
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for the surface occurs when the last isotherm intersects the surface in just a single point 
and hence that isotherm is tangent to the surface. That is to say, the last isotherm and the 
surface share the same tangent plane at their single point of intersection. 

However, as we know, Vfp is always perpendicular to the tangent plane to the level 
surfaces for f at each point P on a level surface. So at the hottest point on the surface, 
Vgp and Vfp are both perpendicular to the same tangent plane. Hence, they must be 
parallel, and one must be a multiple of the other. Thus, at that point, Vfp =AVgp. A 
similar argument holds for the minimum temperature on the surface. 


FIGURE 6 As we move to the right, FIGURE 7 As we move to the right, 
temperature increases, attaining a maximum temperature increases and then decreases. 


on the surface of f = 4 at P. 


There is one other situation to consider. Imagine that as we move left to right 
across our surface, temperature first increases to f = 4 and then it decreases again, as in 
Figure 7. There is a collection of points with the maximal temperature of f = 4. In this 
case, Vf must point to the right on isotherms that are to the left of f = 4 since this is 
the direction of increasing temperature, and Vf must point to the left on isotherms that 
are to the right of f = 4 since this is the direction of increasing temperature. Hence, in 
order for the nght-pointing gradient vectors to become left-pointing gradient vectors in 
a continuous manner, they must be equal to 0 on the f = 4 isotherm. This makes sense, 
since on that isotherm there is no direction of increasing temperature. So for all of the 
points on the surface with maximal temperature, of which there are many, the equation 
Vf = AVzg is satisfied, but by taking A = 0. 

In the next example, we consider a problem in three variables. 


EXAMPLE 3 Lagrange Multipliers in Three Variables Find the point on the plane 


x Z ye- 

5 ae : T p” 1 closest to the origin in R°. 

Solution Our task is to minimize the distance d = yx? + y2 + z? subject to the con- 
Kae z P ' ; ; 

straint 5 + = + a. 1. But, finding the minimum distance d is the same as finding the 


minimum square of the distance d?, so our problem can be stated: 


x 


Minimize f(x,y,z) = x? +y? +z? subject to g(x, y,z)= = 


y 
The Lagrange condition is 
4 4 


V f — m 
Vg 


1 1 
(2x; 27723) =À (5. a 3) 
—— am 2 
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for the surface occurs when the last isotherm intersects the surface in just a single point 
and hence that isotherm is tangent to the surface. That is to say, the last isotherm and the 
surface share the same tangent plane at their single point of intersection. 

However, as we know, Vfp is always perpendicular to the tangent plane to the level 
surfaces for f at each point P on a level surface. So at the hottest point on the surface, 
Vgp and Vfp are both perpendicular to the same tangent plane. Hence, they must be 
parallel, and one must be a multiple of the other. Thus, at that point, Vfp = AVgp. A 
similar argument holds for the minimum temperature on the surface. 


FIGURE 6 As we move to the right, CD FIGURE 7 As we move to the right, 
temperature increases, attaining a maximum temperature increases and then decreases. 
on the surface of f = 4 at P. 


There is one other situation to consider. Imagine that as we move left to right 
across our surface, temperature first increases to f = 4 and then it decreases again, as in 
Figure 7. There is a collection of points with the maximal temperature of f = 4. In this 
case, Vf must point to the right on isotherms that are to the left of f = 4 since this is 
the direction of increasing temperature, and Vf must point to the left on isotherms that 
are to the right of f = 4 since this is the direction of increasing temperature. Hence, in 
order for the right-pointing gradient vectors to become left-pointing gradient vectors in 
a continuous manner, they must be equal to 0 on the f = 4 isotherm. This makes sense, 
since on that isotherm there is no direction of increasing temperature. So for all of the 
points on the surface with maximal temperature, of which there are many, the equation 
Vf =ANVg is satisfied, but by taking à = 0. 

In the next example, we consider a problem in three variables. 


EXAMPLE 3 Lagrange Multipliers in Three Variables Find the point on the plane 


x Z NS 

5 a A Eg Ag 1 closest to the origin in R?. 

Solution Our task is to minimize the distance d = yx? + y? + z? subject to the con- 
DE Z ; Te ; y ; 

straint 5 + + I” l. But, finding the minimum distance d is the same as finding the 


minimum square of the distance d?, so our problem can be stated: 


Minimize f(x,y,z) = x? +y? +z? subjectto g(x,y, z) = = af - i 
The Lagrange condition is 


toi 
22,2 2 =À AO aF 
alg ads i 4 y 


Vf —— 
Vg 
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The critical point with the greatest x-coordinate [the maximum value of f(x, y,z)] is Q 


V1 
with x-coordinate a =~ 0.515. 


14.8 SUMMARY 


e Method of Lagrange multipliers: The local extreme values of f(x,y) subject to a 
constraint g(x, y) = 0 occur at points P (called critical points) satisfying the Lagrange 
condition Vfp = AVgp. This condition is equivalent to the Lagrange equations 


FG, y) = Agx(x, y), 


Fy@, y) = àgy(x, y) 


¢ If the constraint curve g(x, y) = 0 is bounded [e.g., if g(x, y) = 0 is a circle or ellipse], 
then global minimum and maximum values of f subject to the constraint exist. 

e Lagrange condition for a function of three variables f(x,y,z) subject to two con- 
straints g(x, y,z) = 0 and A(x, y, z) = 0: 


Vf =AVE + pVh 


14.8 EXERCISES 


Preliminary Questions 

1. Suppose that the maximum of f(x,y) subject to the constraint 
g(x, y) = 0 occurs at a point P = (a,b) such that Vfp Æ 0. Which of the 
following statements is true? 

(a) Vfp is tangent to g(x, y) = Oat P. 

(b) Vfp is orthogonal to g(x, y) = Oat P. 

2. Figure 10 shows a constraint g(x, y) = 0 and the level curves of a 


function f. In each case, determine whether f has a local minimum, a 
local maximum, or neither at the labeled point. 


a 
a(x, y)=0 


g(x, y)=0 


FIGURE 10 


3. On the contour map in Figure 11: 

(a) Identify the points where Vf = AVg for some scalar A. 

(b) Identify the minimum and maximum values of f(x,y) subject to 
g(x, y) = 0. 


Contour plot of f(x, y) 
(contour interval 2) 


FIGURE 11 


Exercises 


In this exercise set, use the method of Lagrange multipliers unless other- 
wise Stated. 


1, Find the extreme values of the function f(x, y) = 2x + 4y subject to 
the constraint g(x, y) = x? + y? —5=0. 

(a) Show that the Lagrange equation Vf =AVg gives Ax =1 and 
Ay = 2. 

(b) Show that these equations imply A Æ 0 and y = 2x. 

(c) Use the constraint equation to determine the possible critical points 
(x, y). 


(d) Evaluate f(x, y) at the critical points and determine the minimum and 
maximum values. 


2. Find the extreme values of f(x,y) = x? + 2y? subject to the con- 
straint g(x, y) = 4x — 6y = 25. 


(a) Show that the Lagrange equations yield 2x = 44, 4y = —6À. 

(b) Show that if x = 0 or y = 0, then the Lagrange equations give x = 
y = 0. Since (0, 0) does not satisfy the constraint, you may assume that x 
and y are nonzero. 


(c) Use the Lagrange equations to show that y = — 3x. 


(d) Substitute in the constraint equation to show that there is a unique 
critical point P. 


Level curve of 
fix, y) = 2x + 5y 


Ped 


Constraint curve 
g(x, y) =0 
a 


FIGURE 3 The min and max occur 
where a level curve of f is tangent to the 
constraint curve g(x, y) = 0. 
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A point P = (a,b) satisfying these equations is called a critical point for the optimiza- 
tion problem with constraint and f(a, b) is called a critical value. 


EXAMPLE 1 Find the extreme values of f(x, y) = 2x + Sy on the ellipse 


QG- 
Solution 


Step 1. Write out the Lagrange equations. 
The constraint curve is g(x, y) = 0, where g(x, y) = (x A + (y/3)? — 1. We have 


2 
Vf = (2,5), Ve= (=. a 


The Lagrange equations Vfp = AVgp are 


Step 2. Solve for A in terms of x and y. 
Equation (2) gives us two equations for À: 


16 45 
he, Ae 


To justify dividing by x and y, note that x and y must be nonzero, because x = 0 or 
y = 0 would violate Eq. (2). 
Step 3. Solve for x and y using the constraint. 


è . 16 45 45 
The two expressions for A must be equal, so we obtain — = ay ory= Clg Now 
x 4 
substitute this in the constraint equation and solve for x: 
2 
x\2 Bx 
(7) + (25) E 
1 225 289 
2 2 
a on | 
. (= ia =| E (sa) 
1024 32 : 45 32 45 
Thus, x = zy) 589 = UETA and since y = = the critical points are P = (5 5) 
32 45 
d —-—,- 
ae ( 17 =) 


Step 4. Calculate the critical values. 


32 45 32 45 


and f(Q) = —17. We conclude that the maximum of f(x, y) on the ellipse is 17 and 
the minimum is —17 (Figure 3). a 


Assumptions Matter According to Theorem 3 in Section 14.7, a continuous function 
on a closed, bounded domain takes on extreme values. This tells us that if the constraint 
curve is closed and bounded (as in the previous example, where the constraint curve 
is an ellipse), then every continuous function f(x,y) takes on both a minimum and a 
maximum value subject to the constraint. Be aware, however, that extreme values need 
not exist if the constraint curve is not bounded. For example, the constraint x — y = 0 


(—x, —y) (x, —y) 
2 ge 
FIGURE 15 Rectangle inscribed in the ellipse =e 52 =i. 
a 


23. Find the point (xo, yo) on the line 4x + 9y = 12 that is closest to the 
origin. 


24. Show that the point (xo, yo) closest to the origin on the line ax + by = 
c has coordinates 


ac _ be 
25. Find the maximum value of f(x, y) = xy? for x > 0, y > 0 on the 
line x + y = 1, where a,b > O are constants. 


26. Show that the maximum value of f(x, y) = x? y? on the unit circle is 
6 ie 
25V¥ 5° 


27. Find the maximum value of f(x,y) = x“y? for x > 0, y > 0 on the 
unit circle, where a, b > 0 are constants. 


28. Find the maximum value of f(x, y,z) = x*y?z° for x, y,z > Oon the 
unit sphere, where a, b,c > 0 are constants. 


29. Show that the minimum distance from the origin to a point on the 
plane ax + by + cz =d is 


idl 
Va? + b? +c? 


30. Antonio has $5.00 to spend on a lunch consisting of hamburgers 
($1.50 each) and french fries ($1.00 per order). Antonio’s satisfaction from 
eating xı hamburgers and x2 orders of french fries is measured by a func- 
tion U (x1, x2) = ./x1x2. How much of each type of food should he pur- 
chase to maximize his satisfaction? (Assume that fractional amounts of 
each food can be purchased.) 


31. [4 Let Q be the point on an ellipse closest to a given point P 
outside the ellipse. It was known to the Greek mathematician Apollonius 
(third century BCE) that PQ is perpendicular to the tangent to the ellipse 
at Q (Figure 16). Explain in words why this conclusion is a consequence 
of the method of Lagrange multipliers. Hint: The circles centered at P are 
level curves of the function to be minimized. 


FIGURE 16 
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32. [SH 1na contest, a runner starting at A must touch a point P along a 
river and then run to B in the shortest time possible (Figure 17). The runner 
should choose the point P that minimizes the total length of the path. 


(a) Define a function 
f(x,y)=AP+PB, where P = (x,y) 


Rephrase the runner’s problem as a constrained optimization problem, as- 
suming that the river is given by an equation g(x, y) = 0. 

(b) Explain why the level curves of f(x, y) are ellipses. 

(c) Use Lagrange multipliers to justify the following statement: The el- 
lipse through the point P minimizing the length of the path is tangent to 
the river. 

(d) Identify the point on the river in Figure 17 for which the length is 
minimal. 


FIGURE 17 


In Exercises 33 and 34, let V be the volume of a can of radius r and height 
h, and let S be its surface area (including the top and bottom). 


33. Find r and A that minimize S subject to the constraint V = 547. 


34. í A J Show that for both of the following two problems, P = (r, h) is 
a Lagrange critical point if k = 2r: 


*¢ Minimize surface area S for fixed volume V. 
¢ Maximize volume V for fixed surface area S. 


Then use the contour plots in Figure 18 to explain why S has a minimum 
for fixed V but no maximum and, similarly, V has a maximum for fixed S 
but no minimum. 


h 
Increasing S 
<” Level curves of S 


Critical point P = (r, h) 


Level curve of V 
Increasing V 


FIGURE 18 


35. Figure 19 depicts a tetrahedron whose faces lie in the coordinate 

planes and in the plane with equation = + A a si (a,b,c > 0). The 
a c 

volume of the tetrahedron is given by V = abc. Find the minimum value 

of V among all planes passing through the point P = (1, 1, 1). 


WN 
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Further Insights and Challenges 


63. In this exercise, we prove that for all x, y > 0: 
Legit > xy 
a p 


where œ > 1 and B > 1 are numbers such that œ~! + 67! = 1. To do this, 
we prove that the function 


f(x,y) = a7! x™ + Bol? — xy 


satisfies f(x, y) > 0 for all x, y > 0. 


(a) Show that the set of critical points of f(x, y) is the curve y = x7! 
(Figure 28). Note that this curve can also be described as x = y?~!. What 
is the value of f(x, y) at points on this curve? 

(b) Verify that the Second Derivative Test fails. Show, however, that for 
fixed b > 0, the function g(x) = f(x, b) is concave up with a critical point 
at x = bB-!, 

(c) Conclude that for all x > 0, f(x,b) > f(b8-!,b) = 0. 


y 


Critical points of z = f(x, y) 
x 


FIGURE 28 The critical points of f(x, y) = aT txt + poy — xy 
form acurve y = x7}, 


Y 


Constraint 
g(x, y) =2x+3y-6=0 


Point on the line 
closest to the origin 


~ 
Eye 
* 


~ 
“se ee 


FIGURE 1 Finding the minimum of 


64. | D The following problem was posed by Pierre de Fermat: Given 
three points A = (a), a2), B = (b1, b2), and C = (c1, c2) in the plane, find 
the point P = (x, y) that minimizes the sum of the distances 


f(x,y)=AP+BP+CP 


Let e, f, g be the unit vectors pointing from P to the points A, B,C as in 
Figure 29, 


(a) Use Exercise 62 to show that the condition Vf(P) = 0 is equivalent 


to 


(b) Show that f(x, y) is differentiable except at points A, B, C. Conclude 
that the minimum of f(x, y) occurs either at a point P satisfying Eq. (3) 
or at one of the points A, B, or C. 

(c) Prove that Eq. (3) holds if and only if P is the Fermat point, defined 
as the point P for which the angles between the segments AP, BP, CP 
are all 120° (Figure 29). 


(d) Show that the Fermat point does not exist if one of the angles in AABC 
is greater than 120°. Where does the minimum occur in this case? 


e+f+g=0 


(A) P is the Fermat point 
(the angles between e, 
f, and g are all 120°). 


(B) The Fermat point does not exist. 


FIGURE 29 


14.8 Lagrange Multipliers: Optimizing with a Constraint 


Some optimization problems involve finding the extreme values of a function f(x, y) 
subject to a constraint g(x, y) = 0. Suppose that we want to find the point on the line 
2x + 3y = 6 closest to the origin (Figure 1). The distance from (x, y) to the origin is 
x f(x,y) = yx? + y?, so our problem is 


Minimize f(x,y) =x? +y? subjectto g(x,y) =2x+3y—-6=0 


We are not seeking the minimum value of f(x, y) (which is 0), but rather the minimum 


f@,y) = yx? +y? 


on the line 2x + 3y = 6. 


among all points (x, y) that lie on the line. 


The method of Lagrange multipliers is a general procedure for solving optimization 
problems with a constraint. Here is a description of the main idea. 


\_ 53. Let B > 0. Show that the maximum of 


f(%1,.-. Xn) = X1X2* °° Xn 


subject to the constraints x1 + - - -+ Xn = B and x; > 0 for j = 1,...,n 
occurs for x} = > +- = Xn = B/n. Use this to conclude that 


ay +++: +a 


(ajaz -- an)!" < = 


for all positive numbers &1, ... , an. 


54. Let B > 0. Show that the maximum of f (x1, . --, Xn) = x1 +-+- + Xn 
subject to x? + - -- +x? = B? is ./nB. Conclude that 


lai] +-+: + lan] < Valai +--+ +47)! 


for all numbers a1, ..., an. 


55. Given constants E, E1, E2, E3, consider the maximum of 
S(x1, x2, X3) = x1 ln xı + x2 ln x2 + x3 In x3 
subject to two constraints: 


xi tx +x =N, Eix; + E2x2 + £3x3 = E 


Chapter Review Exercises 875 
Show that there is a constant u such that x; = Ale#Fi for i = 423, 
where A = N7}(e##i + e#42 + hE) 


56. Boltzmann Distribution Generalize Exercise 55 to n variables: 
Show that there is a constant u such that the maximum of 


S =x, lnx +---+2x, nx, 
subject to the constraints 
xi teetan =N, Eix ++- + EnXn = E 
occurs for x; = AT le¥Ei , where 


A =N! (eF 4... 4 etn) 


This result lies at the heart of statistical mechanics. It is used to determine 
the distribution of velocities of gas molecules at temperature T; x; is the 
number of molecules with kinetic energy E;; u = —(kT)—', where k is 
Boltzmann’s constant. The quantity S is called the entropy. 
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[x2 y2 
x+3 ` 
(a) Sketch the domain of f. 


1. Given f(x,y) = 


(b) Calculate f(3, 1) and f(—5, —3). 


(c) Find a point satisfying f(x, y) = 1. 


2. Find the domain and range of: 
(a) f@.y.2=J/x —yt+/y—2 
b) f(x,y) = In(4x? — y) 


3. Sketch the graph f(x, y) = x? — y + 1 and describe its vertical 
and horizontal traces. 


4, Use a graphing utility to draw the graph of the func- 
tion cos(x? + y*)e!—*Y in the domains (—1, 1] x [—1, 1], [—2,2] x 
[—2, 2], and [—3, 3] x [—3, 3], and explain its behavior. 


5. Match the functions (a}{d) with their graphs in Figure 1. 
(a) f(x.y)=x*+y 

b) f(x,y) =x? +4y? 

(c) f(x,y) = sin(4xyje -” 

(d) f(x,y) =sin(4x)e7* I 


6. Referring to the contour map in Figure 2: 


(a) Estimate the average rate of change of elevation from A to B and 
from A to D. 


(b) Estimate the directional derivative at A in the direction of v. 


(c) What are the signs of fx and fy at D? 
(d) At which of the labeled points are both fx and fy negative? 


7. Describe the level curves of: 
(a) f(x,y) =e*-Y 
(c) f(x,y) = 3x? — 4y? 


b) f(x,y) = In(4x — y) 
(d) f(x,y)=x4+y? 


(A) (8) 


(C) (D) 


FIGURE 1 


d f 
\ VU In Exercises 29-32, compute 7 f((t)) at the given value of t. 


29. f(x,y)=x+e?, r(t) = (3¢— 1,7?) ate =2 
30. f(x,y,z) = xz — y2, r(t) = a 1,1 -1) at t = —2 


31. f(x, y) = xe? — ye**, r(t) =(e',Int)att = 1 
32. f(x,y) = tan! 2, x(t) = (cost,sint),¢ = % 


In Exercises 33-36, compute the directional derivative at P in the di- 
rection of V. 


33. f(x, y) = xy, P=@(,-1) v=2i+j 
34. f(x,y,z) =zx—xy?, P=(1,1,1), v= (2,—1,2) 


wy sa 


_ yk? +y" $ 
am f(x, y) =e* 3 p= (3 5) 


) v = (3, —4) 


36. f(x,y,z) = sin(xy +z), P = (0,0,0), v=j+k 


37. Find the unit vector e at P = (0,0, 1) pointing in the direction 
along which f(x,y,z) = xz + e-*’ +) increases most rapidly. 


38. Find an equation of the tangent plane at P = (0,3, —1) to the sur- 
face with equation 


ze + etl = xy +y 3 


39. Let n Æ 0 be an integer and r an arbitrary constant. Show that 
the tangent plane to the surface x” + y” + z” =r at P = (a,b,c) has 
equation 

airb ae er 
40. Let f(x,y) = (x — y)e*. Use the Chain Rule to calculate 3f/ðu 


and df/dv (in terms of u and v), where x = u — v and y = u + v. 


41. Let f(x,y,z) = x?y + y?z. Use the Chain Rule to calculate 
df/ds and df/dt (in terms of s and t), where 


x=s+t, yost, z=2s-t 
42. Let P have spherical coordinates (0,6,6) = (2, 4, 7). Calculate 
af p assuming that 
Jx(P)=4, fy(P)=—3, fe(P)=8 
Recall that x = pcos@sing, y = psinĝ sing, z = pcos¢. 
43. Let g(u, v) = f(u? — v?, v3 — u°). Prove that 


298 , 298 
“6 O sÜ 
$ Ou q» ðv 
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44. Let f(x,y) = g(u), where u = x? + y? and g(u) is differentiable. 


Prove that 
Ox dy/ du 
45. Calculate 0z/dx, where xe? + ze? = x+y. 


46. Let f(x, y) = x4 — 2x? + y? — 6y. 
(a) Find the critical points of f and use the Second Derivative Test to 
determine whether they are a local minima or a local maxima. 


(b) Find the minimum value of f without calculus by completing the 
square. 


In Exercises 47-50, find the critical points of the function and analyze 
them using the Second Derivative Test. 


47. f(x,y) = x? — 4xy + 2y? 
he 3 
48. f(x,y) =x? +2y? —xy 


49. f(x,y) = ett) — xed 


3 1 
50. f(x, y) = sin(x + y) = zE + y’) 
51. Prove that f(x, y) = (x + 2y)e*” has no critical points. 


52. Find the global extrema of f(x,y) = x? — xy — y? + y on the 
square [0, 1] x [0, 1]. 


53. Find the global extrema of f(x, y) = 2xy — x — y on the domain 
{y <4,y > x?}. 


54. Find the maximum of f(x,y,z) = xyz subject to the constraint 
g(x, y.z) =2x + y+4z =l. 


55. Use Lagrange multipliers to find the minimum and maximum val- 
ues of f(x, y) = 3x — 2y on the circle x? + y? = 4. 


56. Find the minimum value of f(x,y) = xy subject to the con- 
straint 5x — y = 4 in two ways: using Lagrange multipliers and setting 
y = 5x — 4 in f(x,y). 


57. Find the minimum and maximum values of f(x, y) = xy on the 
ellipse 4x? + 9y? = 36. 


58. Find the point in the first quadrant on the curve y = x + x7! clos- 
est to the origin. 


59. Find the extreme values of f(x,y,z) = x + 2y + 3z subject to the 
two constraints x + y + z = 1 and x2 + y2 +z? =1. 


60. Find the minimum and maximum values of f(x, y,z)=x—z 
on the intersection of the cylinders x? + y? = 1 and x? +z2=1 
(Figure 5). 


d f 
\o In Exercises 29-32, compute T f(r(t)) at the given value of t. 


29. f(x,y)=x+e, r(t)= (31 T 1,27] i =? 


30. f(x,y,z) =xz-y’, r(t) = (s, pis r) et 2 
31. f(x,y) = xe?” — ye, r(t)=(e', Inc) att = 1 


32. f(x,y) = tan”! 2 


= . = 
=> I(t) = (cost, sint),¢ = 3 


In Exercises 33-36, compute the directional derivative at P in the di- 
rection of v. 


33. f(x,y) =x°y*, P=(,-l), v=2i+j 
34. f(x,y,z) = 2x —xy*, P=(1,1,1), v= (2,—1,2) 


Ae Be 


35. f(x,y) =er 1”, nef 2°72 ) iain! 


36. f(x,y,z) =sinxy+z), P = (0,0,0), v=jt+k 


37. Find the unit vector e at P = (0,0, 1) pointing in the direction 
along which f(x,y,z) = xz + e7* *” increases most rapidly. 


38. Find an equation of the tangent plane at P = (0,3, —1) to the sur- 
face with equation 


ze +t! = xy +y- 3 


39. Let n 4 0 be an integer and r an arbitrary constant. Show that 
the tangent plane to the surface x” + y” +z” =r at P = (a,b,c) has 
equation 

atx 4+p"-1y 4 onl, =r 
40. Let f(x, y) = (x — y)e*. Use the Chain Rule to calculate 3f/ðu 


and df /dv (in terms of u and v), where x = u — v and y = u + v. 


41. Let f(x,y,z) =x*y + y?z. Use the Chain Rule to calculate 
Of/ds and ðf/ðt (in terms of s and t), where 


x=s+t, yest, z=2s—t 
42. Let P have spherical coordinates (p, 0, ¢) = (2, 7, 7). Calculate 
b ia assuming that 


fx(P)=4, JyP) =-3, fz(P)=8 
Recall that x = p cos 8 sing, y = p sinf sing, z = p cos ġ. 


43. Let g(u, v) = f(u? — v?, v? — u’). Prove that 


0 0 
2% a 28 
” Bu U ya 
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44. Let f(x, y) = g(u), where u = x2 + y? and g(u) is differentiable. 


Prove that 
af 9 af Caas dg \? 
Ox dy} du 
45. Calculate dz/dx, where xe? + ze¥ = x + y. 


46. Let f(x, y) = x4 — 2x2 + y? — 6y. 
(a) Find the critical points of f and use the Second Derivative Test to 
determine whether they are a local minima or a local maxima. 


(b) Find the minimum value of f without calculus by completing the 
square. 


In Exercises 47—50, find the critical points of the function and analyze 
them using the Second Derivative Test. 


47. f(x,y) = x4 — 4xy + 2y? 
foes 3 
48. f(x,y) =x +2y~ —xy 


49. f(x,y) = ett) — xe?” 


: 1 
50. f(x,y) = sin(x + y)— a aje y’) 
51. Prove that f(x, y) = (x + 2y)e*” has no critical points. 


52. Find the global extrema of f(x,y) = x= xy y? + y on the 
square [0, 1] x [0, 1]. 


53. Find the global extrema of f(x, y) = 2xy — x — y on the domain 
{fy <4,y > x*}. 


54. Find the maximum of f(x, y,z) = xyz subject to the constraint 
a(x, y,z)=2x+y4+42=1. 


55. Use Lagrange multipliers to find the minimum and maximum val- 
ues of f(x, y) = 3x — 2y on the circle x? + y = 4, 


56. Find the minimum value of f(x,y) = xy subject to the con- 
straint 5x — y = 4 in two ways: using Lagrange multipliers and setting 
y = 5x —4in f(x,y). 


57. Find the minimum and maximum values of f(x, y) = xy on the 
ellipse 4x? + 9y? = 36. 


58. Find the point in the first quadrant on the curve y = x + x7! clos- 
est to the origin. 


59. Find the extreme values of f(x, y,z) = x + 2y + 3z subject to the 
two constraints x + y + z = 1 and x? +y? +27 =1. 


60. Find the minimum and maximum values of f(x, y,z)=x—z 
on the intersection of the cylinders x? + y? =1 and x? +z? =1 
(Figure 5). 


\ 53. Let B > 0. Show that the maximum of 


FO1s<-.,Xn)'= KAD" - Xp 


subject to the constraints x1 + +--+ Xn = B and x; > 0 for j =1,...,n 
occurs for xj = +- = Xn = B/n. Use this to conclude that 


ay +- +an 
n 


(aa ---a,)'/” < 


for all positive numbers @),..., än. 


54. Let B > 0. Show that the maximum of f (x1, ..-, Xn) = x1 +--+ Xn 
subject to x? + --- + x2 = B? is /nB. Conclude that 


lail +-+- + lanl < Valai +- +07)? 
for all numbers aj,..., apn. 


55. Given constants E, E1, Eo, E3, consider the maximum of 
S(x1, X2, X3) = xy In xı + x2 In x2 + x3 ln x3 
subject to two constraints: 


X14+%24+%3=N, Exi + Fox. + E3x3 = E 


Chapter Review Exercises 875 
Show that there is a constant u such that x; = ATle}*i for i = 1,2,3, 
where A = N7!(e#™i + eHE2 4 chs), 


56. Boltzmann Distribution Generalize Exercise 55 to n variables: 
Show that there is a constant u such that the maximum of 


S = xi mx; +---+2x,lInx, 
subject to the constraints 
xi tetr =N, Eix +-+- + EnXn = E 
occurs for x; = A~'e#i, where 


A=N7!(eHFi 4... 4 eHEny 


This result lies at the heart of statistical mechanics. It is used to determine 
the distribution of velocities of gas molecules at temperature T; x; is the 
number of molecules with kinetic energy E;; u = —(kT)~!, where k is 
Boltzmann’s constant. The quantity S is called the entropy. 
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x+3 — 
(a) Sketch the domain of f. 


1. Given f(x,y) = 


(b) Calculate f(3, 1) and f(—5, —3). 


(c) Find a point satisfying f(x, y) = 1. 


2. Find the domain and range of: 
(a) f@.y,2)= J/x —yt+ /y—z 
(b) f(x,y) = In(4x? — y) 


3. Sketch the graph f(x, y) = x? — y + 1 and describe its vertical 
and horizontal traces. 


4. Use a graphing utility to draw the graph of the func- 
tion cos(x? + yjet in the domains [—1,1] x [—1, 1], [—2,2] x 
[—2, 2], and [—3, 3] x [—3, 3], and explain its behavior. 


5. Match the functions (a)(d) with their graphs in Figure 1. 
(a) f(x,y)=x? +y 

b) f(x,y) =x? +4y? 

(©) f(x,y) = sin(xy) —” 

(d) f(x,y)= sin(4x)e7* ~” 


6. Referring to the contour map in Figure 2: 


(a) Estimate the average rate of change of elevation from A to B and 
from A to D. 


(b) Estimate the directional derivative at A in the direction of v. 


(c) What are the signs of fy and fy at D? 
(d) At which of the labeled points are both fy and fy negative? 


7. Describe the level curves of: 
(a) f(x,y) =e) 
(c) f(x, y) = 3x2 —4y? 


(b) f(x,y) = In(4x — y) 
(d) f@,y) =x +y? 


(A) (B) 


(C) (D) 


FIGURE 1 


The volcanic-rock columns making up 
Devil’s Tower in Wyoming resemble the 
columns of volume in a Riemann sum 
representation of the volume under the graph 
of a function of two variables. As in the 
single-variable case, we define integrals in 
two and three variables as limits of Riemann 


sums. 


z=f y) 


FIGURE 1 The double integral of f(x, y) 
over the domain D yields the volume of 
the solid region between the graph of 
f(, y) and the xy-plane over D. 


Krasnova Ekaterina/Shutierstock 


‘FIGURE 2 


Keep in mind that a Riemann sum depends 


on the choice of partition and sample 
points. It would be more proper to write 


Sym ((Pi;}, {x;}, {y;}) 


but we write Sy m to keep the notation 
simple. 


15 MULTIPLE INTEGRATION 


| ntegrals of functions of several variables, called multiple integrals, are a natural ex- 
tension of the single-variable integrals studied in the first part of the text. They are 
used to compute many quantities that appear in applications, such as volumes, masses, 
heat flow, total charge, and net force. 


15.1 Integration in Two Variables 


The integral of a function of two variables f(x, y), called a double integral, is denoted 


J Í, fœ y)dA 


When f(x,y) = 0 on a domain D in the xy-plane, the integral represents the volume of 
the solid region between the graph of f(x, y) and the x y-plane (Figure 1). More generally, 
the integral represents a signed volume, where positive contributions arise from regions 


above the xy-plane and negative contributions from regions below. 
There are many similarities between double integrals and single integrals: 


* Double integrals are defined as limits of Riemann sums. 
* Double integrals are evaluated using the Fundamental Theorem of Calculus (but 
we have to use it twice—see the discussion of iterated integrals below). 


An important difference, however, is that the domains of integration of double integrals | 
are often more complicated. In one variable, the domain of integration is simply an in- 
terval [a,b]. In two variables, the domain D is a plane region whose boundary can be 
made up of a number of different curves and segments (e.g., D in Figure 1 and R in 
Figure 2). 

In this section, we focus on the simplest case where the domain is a rectangle, leaving 
more general domains for Section 15.2. Let 


R = [a,b] x [c,d] 
denote the rectangle in the plane (Figure 2) consisting of all points (x, y) such that 


K: eee =), cs pa 


Like integrals in one variable, double integrals are defined through a three-step pro- 
cess: subdivision, summation, and passage to the limit. Figure 3 illustrates the subdivision 
step which itself has three steps: 


1. Subdivide (a, b] and [c,d] by choosing partitions: 


ak expe - +> ayb, c= yo< yr <- <yy =d 


where N and M are positive integers. 
2. Create an N x M grid of subrectangles 72;;. 
3. Choose a sample point P;; in each Rij. 


Note that Ri; = [xi—1; xi] x [yj-1, yj], so Rij has area 
AAj; = Ax; Ay; 
where Ax; = x; — and Ay; =y a YJ: 


The next step in defining the integral is summation where we form a Riemann sum 
with the function values f(P;;): 


N M N M 
SN,M = > (Pj) AAy = ) ep F (Piz) Axi Ay; 


879 
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N columns Pij = Xip Yi) t 
Se E 


x; = | Xi b 
(A) Rectangle R = [a, b] x [c, d] (B) Create N x M grid. (C) Sample point Py 


FIGURE 3 


The double summation runs over alli and j in the ranges 1 <i < Nandi <j<M,a 
total of NM terms. 

The geometric interpretation of Sy, m is shown in Figure 4. Assume that f(x, y) > 0 
over R. Each individual term f(P;;) A Aj; of the sum is equal to the volume of the narrow 
box of height f(P;;) above Rij: 


f(Pij) AAi; = f (Piz) Ax; Ay; = height x area 
ee ES 


Volume of box 


The sum Sy,y of the volumes of these narrow boxes approximates volume in the same 
way that Riemann sums in one variable approximate area by rectangles [Figure 4(A)). 


aci XAXA C3 X3 


(A) In one variable, a Riemann sum (B) The volume of the box is f(P;;)AAj;, (C) The Riemann sum Sy, y is the sum 
approximates the area under the curve where AA;; = Ax;Ay;. of the volumes of the boxes. 
by a sum of areas of rectangles. 


FIGURE 4 


When f(P;;) < 0, the term f(P;;) AAj;; is the signed volume of a narrow box lying 
below the x y-plane. Generally, we can think of the Riemann sum Sy,m as a sum of signed 
volumes of narrow boxes, some lying above the x y-plane, some below. 

The final step in defining the double integral is passing to the limit. We write P = 
{{x:}, {yj}} for the partition and ||P || for the maximum of the widths Ax;, Ay;. The 
following definition makes precise the idea of the Riemann sums converging to a limit as 
the subrectangles get smaller and smaller: 


G 


FIGURE 5 Approximations to the 
volume under z = 24 — 3x? — y?. 


FIGURE 6 / f(x, y)dA is the signed 


volume of the region between the graph of 
z = f(x, y) and the rectangle R. 
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Limit of Riemann Sums The Riemann sum Sy y approaches a limit L as ||P || > 0 
if, for all € > 0, there exists 6 > 0 such that 


|L —Sn.m| <€ 


for all partitions satisfying ||P || < 6 and all choices of sample points. We write 


lim (P) An =L 
reo” old ae b> T 


SA od 


For example, Figure 5 shows that the Riemann sums converge to the volume under 
the graph of z = 24 — 3x? — y? over R = [0, 2] x [0, 3] because the narrower the boxes, 
the better the collection of them fills out the solid region. 


(A)N=4,M=6 (B)N=8,M=12 (C) N = 20, M = 30 
If the limit of Riemann sums exists, then we obtain the double integral: 


DEFINITION Double Integral over a Rectangle The double integral of f(x,y) over 
a rectangle R is defined as the limit 


[ff tenaa = jim, EX f(P) AAi; 


If this limit exists, we say that f(x, y) is integrable over R. 


The double integral enables us to define the volume V of the solid region between 
the graph of a positive function f(x, y) and the rectangle R by 


=| f(x, y)dA 
R 


If f(x,y) takes on both positive and negative values, the double integral defines the 
signed volume. So in Figure 6, where each V; represents the actual volume indicated, 


Í. ETT ee E 


It is often convenient to work with partitions that are regular, that is, partitions 
whose intervals [a,b] and [c,d] are each divided into subintervals of equal length. In 
other words, the partition is regular if Ax; = Ax and Ay; = Ay for all i and j, where 


= a 
Apis ih Apo a 
M 


For a regular partition, ||P || tends to zero as N and M tend to œ. 
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EXAMPLE 1 Estimating a Double Integral Let R = [1,2.5] x [1,2]. Calculate 534 __ 


for the integral (Figure 7) 
| Í xydA 
R 


using the following two choices of sample points: 
(a) Lower-left vertex (b) Midpoint of rectangle 


Solution Since we use the regular partition to compute $3, each subrectangle has sides 


of length 


23-1 1 2—1 1 
=> = =; A = o Z — 
a e i Da 


and area AA = Ax Ay = i. The corresponding Riemann sum is 


3. a2 5 ww 
S2 =} 9 FUP) AA = ay pea) 


i=] j=l i=1 j=1 


FIGURE 7 Graph of z = xy. 


where f(x, y) = xy. 


(a) If we use the lower-left vertices shown in Figure 8(A), the Riemann sum is 
sasi (FU) + £(103) + £31) + £(3.3) + FD + £29) 
= 114343424243) =4(4) = 2.8125 
(b) Using the midpoints of the rectangles shown in Figure 8(B), we obtain 
Sa = 3( i + (3.4) + 714-3) + GD + 7G.) 4 1G) 


= 1/25 35 35 49 45 63) 1/252 
= aie + i¢ + T titit Te) = al) = 3.9375 a 


(A) Sample points are the lower-left (B) Sample points are midpoints. 
vertices. 


FIGURE 8 


EXAMPLE 2 Use geometry to evaluate J f (8 —2y)dA, where R = [0,3] x [0,4]. 
R 


Solution Figure 9 shows the graph of z = 8 — 2y. The double integral is equal to the 
volume V of the solid wedge underneath the graph. The triangular face of the wedge has 
area A = +(8)4 = 16. The volume of the wedge is equal to the area A times the length 
£ = 3; that is, V = £A = 3(16) = 48. Therefore, 


If (8 — 2y)dA = 48 m 
a R 
FIGURE 9 Solid wedge under the graph 


of z = 8 — 2y. The next theorem assures us that continuous functions are integrable. 


CAUTION The converse of Theorem 1 need 
| not hold. There are integrable functions 
that are not continuous. 


FIGURE 10 The double integral of 
f(x,y) = C over a rectangle R is 
C - area(7). 


Positive signed 
volume Z 
forx>0 


Negative signed 
volume 
forx<0 


FIGURE 11 The signed volumes on either 
side of the xy-plane cancel. 


in mathematics to “iterate” often means to 
repeat an operation in succession. 
Computing double integrals and triple 
integrals (in Section 15.3) as iterated 
integrals involves computing single-variable 
integrals in succession. 


SECTION 78.1 Integration in Two Variables 883 


THEOREM 1 Continuous Functions Are Integrable Ifa function f of two variables 
is continuous on a rectangle R, then f(x, y) is integrable over R. 


As in the single-variable case, we often make use of the linearity properties of the 
double integral. They follow from the definition of the double integral as a limit of Rie- 


mann sums. 


THEOREM 2 Linearity of the Double Integral Assume that f(x, y) and g(x, y) are 
| integrable over a rectangle R. Then 


© ff Gen+eamda= ff sanaas Jf senda 
R R R 

(ii) For any constant C, ii cfœda =c ff f(x, y)dA 
R R 


If f(x, y) = C is a constant function, then 


|| CdA =C -area(R) 
R 


The double integral is the signed volume of the box bounded by the rectangle R in the 
xy-plane and the plane z = C (Figure 10). That signed volume is C times the area of the 
rectangle, and therefore the integral equals C - area(7<). 


EXAMPLE 3 Arguing by Symmetry Use symmetry to show that / Í xy? dA=0, 
R 
where R = [—1, 1] x [—1, 1]. 
Solution The double integral is the signed volume of the region between the graph of 
f(x,y) = xy? and the xy-plane (Figure 11). Note that f(x, y) takes opposite values at 
(x, y) and (—x, y): 
f(—x,y) = —xy* = —f (x,y) 


Because of symmetry, the (negative) signed volume of the region below the xy-plane 
where —1 < x < 0 cancels with the (positive) signed volume of the region above the xy- 


plane where 0 < x < 1. The net result is | xy? dA =Q. 
R 


Iterated Integrals 


Our main tool for evaluating double integrals is the Fundamental Theorem of Calculus, 
Part I (FTC I), as in the single-variable case. To use FTC I, we express the double integral 
as an iterated integral, which is an expression of the form 


[ (f° f(x,y) dy) ax 


Iterated integrals are evaluated in two steps. 


Step 1. Hold x constant and evaluate the inner integral with respect to y. This gives us a 
function of x alone: 


d 
S(x) = / fay 


Step 2. Integrate the resulting function S(x) with respect to x. 
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4 9 
EXAMPLE 4 Evaluate | (/ ye” a) dx. 
2 1 


Solution First, evaluate the inner integral, treating x as a constant: 


9 
I= 1] 
=e (==) = 40e* 
y=! 2 


We often omit the parentheses in the 
notation for an iterated integral: 


brad 9 9 i, 
‘ie f(x, y)dy dx sx) = f yet dy =e | ydy=e (D) 
a Je 1 1 


The order of the variables in dy dx tells us Then integrate S(x) with respect to x: 
to integrate first with respect to y between 


the limits y = c and y =d. ad? i 7 
i ake ik i / ye’ dy} dx = ji 40e* dx = 40e*| = 40(e* — e°) s 
2 1 2 2 
+ P gd 
EXAMPLE 5 Evaluate / / pa a 
y=0 J x=0 3x T 4y 
Here we integrate first with respect to x. Solution We evaluate the inner integral first, treating y as a constant. Since we are in- 
Sometimes for clarity, as in this case, we tegrating with respect to x, we need an antiderivative of 1/y3x + 4y as a function of x. 
ERIS dig OGAE in RENDO Using the substitution u = 3x + 4y, so that du = 3dx, we find 
integration. 
dx 2 
ee ee 
J J3x+4y 3 J+ 
Thus, we have 
f ara] =i (VaT -Va 
aŠ ETa] _- 195-5) 
a 3 ‘oa Bee . 
For the integral of ./4y + 9, we use the Therefore, we obtain 
substitution u = 4y + 9, du = 4dy. dx dy 4 
= Vay +9 — 2/9) dy 
ls 3x +4y ja K vy 


y=0 
8 1 34 
z B72) Pf gaye) a a aa ; 
5 (2°) I a a 
EXAMPLE 6 Reversing the Order of Integration Verify that 
[ i _dxdy _ i fk dydx 
y=0 Jx=0 Sati Jaaha SEE 


Solution We evaluated the iterated integral on the left in the previous example and ob- 


2 

3 

Ži ý 
=; (ay rope = 502) 

: 


, 34 i 
tained a value of y We compute the integral on the right and verify that the result is 


34 
also — 
so g` 
r =a ae = 53 F Ay Hose- 
X = — ae 
y=0 V 3x 3x + 4y y=0 2 ( tak x) 
dydx 3 
= V3 — 43; 
LL ap bay a) ( ž p 16 ym 
l Oe rs 3/2 
E. = (x + 16) ~ 503 ) 
x=0 
1 34 
—_—~ 253/2 = 93/2 _ 1 3/2 i 
9 ( i )= 9 . 


CAUTION When you reverse the order of 
integration in an iterated integral over a 
rectangle, remember to interchange the 
limits of integration (the inner limits 
become the outer limits). However, in 
contrast, over nonrectangular regions, the 
process is more complicated, and reversing 
the order of integration involves more than 
simply interchanging the limits. We 
examine the nonrectangular case in the 
| next section. 


Ff(Py3) = f(P23)  f(P33) 
F(Pi2) fP) f (P32) 


f(Pi) fP) f (P31) 
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The previous example illustrates a general fact: The value of an iterated integral does 
not depend on the order in which the integration is performed. This is part of Fubini’s 
Theorem. Even more important, Fubini’s Theorem states that a double integral over a 
rectangle can be evaluated as an iterated integral. 


THEOREM 3 Fubini’s Theorem The double integral of a continuous function f(x, y) 
over a rectangle R = [a,b] x [c,d] is equal to the iterated integral (in either order): 


b d d b 
Ih. fie.yda = | fæ y)dydx = | f(x, y)dx dy 
x=a J y=c y=c J x=a 


Proof We sketch the proof. We can compute the double integral as a limit of Riemann 
sums that use a regular partition of R and sample points P;; = (xi, yj), where {x;} are 
sample points for a regular partition of [a,b], and {y;} are sample points for a regular 
partition of [c,d]: 


N M 
J, PORE Be yim i Ff (xi, yp AyAx 


=! J=i 


Here, Ax = (b — a)/N and Ay = (d — c)/M. Fubini’s Theorem stems from the elemen- 
tary fact that we can add up the values in the sum in any order. So if we list the values 
f(Pij) in an N x M array as shown in the margin, we can add up the columns first and 
then add up the sums from the columns. This yields 


First, sum the columns. 


N M 
Ihe 7G, ya@A= fim FG OY ws 


=l j= 


Then add up the column sums. 


For fixed i, f(x;, y) is a continuous function of y and the inner sum on the right is a 


d 
Riemann sum that approaches the single integral / fxi, y)dy. In other words, setting 
C 


d 
S) = | f(x, y) dy, we have, for each fixed x;, 
c 


x d 
jim, Do fGi Ay =| Fi, y)dy = Si) 


j=l 


To complete the proof, we take two facts for granted. First, S(x) is a continuous function 
for a <x <b. Second, the limit as N, M —> co may be computed by taking the limit 
first with respect to M and then with respect to N. Granting this, we get 


N 


M N 
Ife f(x,y)dA = Riog d im. 2 fxi, y;)Ay | Ax = Jim 2 S(xj)Ax 
= J= i= 


b b d 
=| Sdr = | (f fæy)dy) dx 


Note that the sums on the right in the first line are Riemann sums for S(x) that converge 
to the integral of S(x) in the second line. This proves Fubini’s Theorem for the order 
dy dx. A similar argument applies to the order dx dy. ül 
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The term dA in a double integral is often referred to as an area element. Fubini’s —_ 
Theorem indicates that we have two choices for how we can express dA when we com- 
pute a double integral as an iterated integral: either as dA = dy dx, where we integrate 
first with respect to y, or as dA = dx dy, where we integrate first with respect to x. 


GRAPHICAL INSIGHT Assume that f(x,y) > 0 on a rectangle R, and therefore the 
double integral of f over R is the volume of a solid S bounded between R and the 
graph of f (Figure 12). When we write the integral as an iterated integral in the order 
dy dx, then for each fixed value x = xo, the inner integral is the area of the cross 
section of S in the vertical plane x = xo perpendicular to the x-axis as in Figure 12(A). 
That is, 


area of cross section in vertical plane 
x = xo perpendicular to the x-axis 


a 
S(xo) = ji f (xo, y)dy = 


What Fubini’s Theorem says is that the volume V of S can be calculated as the integral 
of cross-sectional area S(x): 


b pd b 
v= | | f(x, y)dydx = | S(x) dx = integral of cross-sectional area 
a C a 


Similarly, the iterated integral in the order dx dy calculates V as the integral of cross ` 
sections perpendicular to the y-axis as in Figure12(B). 


(A) (B) 
FIGURE 12 
EXAMPLE 7 Find the volume V of the solid region enclosed between the graph of 
f(x,y) = 16 — x? = 3y? and the rectangle R = [0,3] x [0, 1] as shown in Figure 13. 
Solution The volume V is equal to the double integral of f(x,y), which we write as an 
iterated integral: 
r 3 pl 
V= Jf (16 — x° —3y*)dA = / J (16 — x? — 3y°)dydx 
R x=0 J y=0 
We evaluate the inner integral first and then compute V: 
1 l 
(16 — x? — 3y*)dy = (16y —x?y—y?)| = 15-—x? s 
FIGURE 13 Graph of ig = 
f(x,y) = 16 — x? — 3y? over 3 I 3 
R = [0,3] x [0,1]. V=] (15—x*)dx= (15x - 5*°) = 36 a 
x=0 0 


AB” 


ad 


FIGURE 14 The current carries heat 
across R. 
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Multiple integration may be used to model the rate at which heat is transported 
by currents in the ocean. Imagine we have an xy-plane oriented vertically in the ocean 
(Figure 14) and a rectangular region R in it. Assume that the water directly crosses the 
region with speed s(x, y), measured in meters per second (the corresponding velocity 
vectors are illustrated in the figure). Furthermore, assume that the temperature of the 
crossing water depends on x and y, and is given by T(x, y) in degrees centigrade. Then 
the rate at which heat flows across R is given by the double integral 


H= / [ geTe, AeA 
R 


where, for the ocean water, p is the density (1025 kg/m*) and c is the specific heat [3850 
J/(kg°C)]. If the sides of R are measured in kilometers, then the resulting rate at which 
heat is transported is in units of megawatts. 

The Gulf Stream is an important Atlantic Ocean current that flows northward along 
the coast of the United States and then eastward toward Europe. The following example 
provides a rough estimate of the heat transport rate of the Gulf Stream through a rectan- 
gular cross section. The speed and temperature vary widely along the current, as do the 
current’s width and depth, but the values we use are representative. 


EXAMPLE 8 Assume that the Gulf Stream is 100 km wide and the temperature varies 
from 15°C at the outer edges to 20°C in the middle. We model the temperature across it 
with T(x, y) = 15+0.2x —0.002x*. Further, we assume that it is 1 km deep and that the 
speed varies from bottom to top according to s(x, y)=0.5 + 1.5y m/s. Determine the rate 
of heat transport across the 100-km by 1-km rectangular section through the Gulf Stream. 


Solution We compute H via 


100 1 
n=] pcT (x, y)s(x, y)dA= pef ( (15 + 0.2x — 0.002x7)(0.5 + sy) dx 
x=0 y=0 


100 1 
= pc / (15 + 0.2x — 0.002x7) ( Í (0.5 + 1.5 as) dx 
X y 


Now, 
1 i 
J (0.5 + 1.5y)dy = (0.5y ps 0.757?) = 1.25 
y=0 0 
Therefore 
100 
H =1.25pc f (15 + 0.2x — 0.002x?)dx 
x=0 


100 


0.002 
= 1.25(1025)(3850) (15x poir s”) ~~ 9.04 x 10° megawatts E 


0 


In Section 16.5, we generalize the flow-rate computation in the previous example 
to surface regions that are not necessarily flat and rectangular, and to flows that do not 
necessarily cross the surface directly. 


15.1 SUMMARY 


°- A Riemann sum for f(x, y) on a rectangle R = [a,b] x [c,d] is a sum of the form 


N M 
Sym =} >> f(Pij) Axi Ay; 


i=l j=l 


corresponding to partitions of [a, b] and [c, d], and choice of sample points P;; in the 
subrectangle Rij. 
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The double integral of f(x, y) over R is defined as the limit (if it exists) 


N M 


i=l 


; A= lm ‘she Ay; 
[ff fe.» Ado DSR Ax boy 


We say that f(x, y) is integrable over R if this limit exists. 
¢ A continuous function on a rectangle R is integrable. 


The double integral is equal to the signed volume of the region between the graph of 


z = f(x,y) and the rectangle R. The signed volume of a region is positive if it lies 
above the x y-plane and negative if it lies below the x y-plane. 


If f(x, y) = C is aconstant function, then 


II CdA =C -area(R) 
R 


¢ Fubini’s Theorem: The double integral of a continuous function f(x, y) over a rect- 
angle R = [a,b] x [c,d] can be evaluated as an iterated integral (in either order): 


b d d b 
| | oan J / eaves Í TET 
R x=a J y=c y=c Jx=a 


15.1 EXERCISES 


Preliminary Questions 


1. If Sg4 is a Riemann sum for a double integral over a rectangle 
R = [1,5] x [2, 10] using a regular partition, what is the area of each sub- 
rectangle? How many subrectangles are there? 


2. Estimate the double integral of a continuous function f over the small 
rectangle R = [0.9, 1.1} x [1.9, 2.1] if f(1, 2) = 4. 


3. What is the integral of the constant function f(x, y) = 5 over the rect- 
angle [—2,3] x [2,4]? 


4, What is the interpretation of | J f(x, y)dA if f(x, y) takes on both 
R 
positive and negative values on R? 


2 pd 
5. Which of (a) or (b) is equal to | [ f(x, y)dydx? 
1 J4 


2 5 5 2 
(a) | i F anay (b) f T fle, ide dy 


6. For which of the following functions is the double integral over the 
rectangle in Figure 15 equal to zero? Explain your reasoning. 

b) f(x,y) = xy? 

(d) fœ, y) = e 


(a) f(x,y) =x*y 
(ce) f(x,y) = sinx 


FIGURE 15 


Exercises 


1. Compute the Riemann sum S43 to estimate the double integral of 
f(x,y) =xy over R = [1,3] x [1,2.5]. Use the regular partition and 
upper-right vertices of the subrectangles as sample points. 


2. Compute the Riemann sum with N = M = 2 to estimate the integral 
of q/x + y over R = [0,1] x [0,1]. Use the regular partition and mid- 
points of the subrectangles as sample points. 


In Exercises 3-6, compute the Riemann sums for the double integral 
If F(x, y)dA, where R = [1,4] x [1,3], for the grid and two choices 
R 


of sample points shown in Figure 16. 


3. f(x,y) =2x+y 4. f(x,y) =7 


S5. f(x,y)= 4x 6. f(x,y)=x—-2y 


FIGURE 16 


7. Let R = [0,1] x [0,1]. Estimate 


f (x + y)dA by computing two 
X i R 
different Riemann sums, each with at least six rectangles. 


8. Evaluate I 4 dA, where R = [2,5] x [4.7]. 
R 


9, Evaluate J (15 — 3x)d A, where R = [0,5] x [0.3], and sketch 


R 
the corresponding solid region (see Example 2). 
10. Evaluate | (—5) dA, where R = [2,5] x [4,7]. 
R 


11. The following table gives the approximate height at quarter-meter 
intervals of a mound of gravel. Estimate the volume of the mound by 
computing the average of the two Riemann sums $4.3 with lower-left and 
upper-right vertices of the subrectangles as sample points. 


| 0.75 | 0.1 0.2 02, O55. QA 

0.5 0.2 0.3 0.5 0.4 0.2 

0.25 | 0.15 0.2 0.4 0.3 0.2 

0 0.1 0.15 O02 O15 OIl 
0.2 


12. Use the following table to compute a Riemann sum $33 for f(x. ¥) 
on the square R = [0.1.5] x [0.5.2]. Use the regular partition and sample 
points of your choosing. 


Values of f(x,y) 


2 |26 2.17 186 1.62 1.44 | 

15 |22 183 157 137 122 | 

i is 15 129 142 1 

OS (14 7 4 0.87 0.78 

0 I 0.83 0.71 0.62 0.56 | 
0 


lopo, 
13. Let Syn be the Riemann sum for | f ee dy dx using 


Ea 0 JO 

the regular partition and the lower-left vertex of each subrectangle as sam- 
ple points. Use a computer algebra system to calculate Sy.y for N = 25. 
50, 100. 


14. Let Sy m be the Riemann sum for 


J ya 
| f In(1 Se ae y*)dy dx 
0 JO 


using the regular partition and the upper-right vertex of each subrectangle 


as sample points. Use a computer algebra system to calculate S3x.y for 
N = 25504100. 


In Exercises 15—18, use symmetry to evaluate the double integral. 


15. If xîdA. R = [4.4] x [0.5] 
R 

16. f (l—x)dA. R= [0.2] x [-7,7] 
R 

17. Jf snxdA, R= [0.27] x [0,27] 
R 


18. i (2+x*y)dA. R= [0,1] x [-1.1] 
R 
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In Exercises 19-36, evaluate the iterated integral. 


3 p2 2 p3 
19. | i xoy dy dx 20. f | xvydydy 
1 JO 0 Jil 
9 8 ~—i p8 
a. f | ldx dv 22. | [ (Saray 
+ J=3 =j d3 
] T l T 
23. | | x? sin ydydx 24. | | x smy dreds 
tal =i J0 
6 pt. eta 
25, | i x7 dx dy 26. f | yo dx dy 
2 Ji 2 JI 
1 p2 2 p2 
a7, | | (x +45?) dx dy 28. Í | (x? — y"*)dydx 
0 JO 0 JO 
4 79 
29, | i yx +4ydx dy 
0 JO 
tj pa2 2 pt ‘dx 
30. | | cos(2x + y)dvdx 31. | | aaa 
0 t/t i Jo ory 
2 p4 
32. | i e dy dx 33. T 25 ads 
t wJ2 
a4: f — xdxdy a p pan In(xy) dy dx 
Jetty +Y I i ¥ 
] 3 l 
36. | i ———- dx dy 
o J2 (et 4y)y 


In Exercises 37-44, evaluate the integral. 


37, JJ “dA, R=- aria 
R Y 


38. I x?ydA. R= [-1.1] x [0.2] 
R 


| 


39. I cosxsin2ydA. R= [0.3] x [0. 
z 3 


ral 


. 
40. - ` = 4 
If. pda R= [0.2] x [0,4] 
41. I e` sinydA, R= [0,2] x = 
a (0, 2] x [0.3] 


42. II eT dA, R= [0.1] x [1,2] 
R 


43. I xInvdA, R= [0,3] x [l,e] 
R 


taf 


44, Tl x tanydA, R=([0,2] x [0.5] 
R 


+ è a 
45. Let f(x, x)= mxy-. where m is a constant. Find a value of m such 


that f f(x. y)dA = 1, where R = [0.1] x [0.2]. 
R 


890 CHAPTER 15 MULTIPLE INTEGRATION 


46. Evaluate 


3 pl 
r= | f ye” dydx 
1 JO 


You will need Integration by Parts and the formula 
if eX (x7! — x2) dx =x +C 


Then evaluate 7 again using Fubini’s Theorem to change the order of inte- 
gration (i.e., integrate first with respect to x). Which method is easier? 


47. (a) Which is easier, antidifferentiating y./1 + xy with respect to x 
or with respect to y? Explain. 


(b) Evaluate If yy 1 +xydA, where R = [0, 1] x [0, 1]. 
R 


48. (a) Which is easier, antidifferentiating xe*” with respect to x or with 
respect to y? Explain. 
(b) Evaluate If xe” dA, where R = [0,1] x (0, 1]. 
R 
49. (a) Which is easier, antidifferentiating is with respect to x or with 


respect to y? Explain. 


(b) Evaluate f i! l = dA, where R = [0,1] x [0,1]. 
Ritxy 


50. Calculate a Riemann sum $33 on the square R = [0,3] x [0,3] for the 
function f(x, y) whose contour plot is shown in Figure 17. Choose sample 
points and use the plot to find the values of f(x, y) at these points. 


FIGURE 17 Contour plot of f(x, y). 


51. | 4 Using Fubini’s Theorem, argue that the solid in Figure 18 has 
volume AL, where A is the area of the front face of the solid. 


Side of area A 


FIGURE 18 


Further Insights and Challenges 


52. Prove the following extension of the Fundamental Theorem of Calcu- 


ə- F 
lus to two variables: If ——— = f(x, y), then 
Ox dy 


f [ f(x, y)dA = F(b,d) — F(a,d) — F(b,c) + F(a,c) 
R 


where R = [a,b] x [c,d]. 
2 


O° F 
53. Let F(x, y) = x—'e*». Show that 
Ox dy 


= ye’ and use the result of 


Exercise 52 to evaluate If ye dA for R = [1,3] x [0,1]. 
R 


: ,  , OF 
54. Find a function F(x, y) satisfying = 6x? y and use the result of 


Ox Oy 
Exercise 52 to evaluate | | 6x?y dA for R = [0,1] x [0,4]. 
R 


55. In this exercise, we use double integration to evaluate the following 
improper integral for a > 0 a positive constant: 


OO {—-x _ ,—ax 
Ka) = f a 
0 


x 
—x _ ,-—ax 


(a) Use L’H6pital’s Rule to show that f(x) = : , though not 


defined at x = 0, can be defined and made continuous at x = 0 by assign- 
ing the value f(0) =a — 1. 


(b) Prove that | f(x)| < e"* +e-™ for x > 1 (use the Triangle Inequal- 
ity), and apply the Comparison Theorem to show that J(a) converges. 


oO a 
(c) Show that (a) = [ [ e *” dydx. 
0 1 


(d) Prove, by interchanging the order of integration, that 


a e7 TY 
I(a) = ina — li d 
(2) E ea 1 y 4 [a] 


(e) Use the Comparison Theorem to show that the limit in Eq. (1) is 
zero and therefore that J(a) = Ina (see Figure 19, for example). Hint: 


If a > 1, show that e T /y <e`T for y > 1, and if a < 1, show that 
eT /y < e~*! Ja fora < yzi. 


FIGURE 19 The shaded region has area In 5. 


FIGURE 2 The function fis zero outside 
of D. 
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15.2 Double Integrals over More General Regions 


In the previous section, we restricted our attention to integrals on rectangular domains. 
Now, we shall treat the more general case of domains D whose boundaries are sim- 
ple closed curves (a curve is simple if it does not intersect itself and closed if it 
begins and ends at the same point). We assume that the boundary of D is smooth 
as in Figure 1(A) or consists of finitely many smooth curves, joined together with 
possible corners, as in Figure 1(B). A boundary curve of this type is called piece- 
wise smooth. We also assume that D is a closed domain; that is, D contains its 
boundary. 


Boundary 


ha 
` Boundary 


(A) D has a smooth boundary. (B) D has a piecewise smooth boundary, 
consisting of three smooth curves 
joined at the corners. 


FIGURE 1 


Fortunately, we do not need to start from the beginning to define the double integral 
over a domain P of this type. Given a function f(x, y) on D, we choose a rectangle R = 
[a,b] x [c,d] containing D and define a new function f (x,y) that agrees with f(x,y) 
on D and is zero outside of D (Figure 2): 


s a f(xy) if(x.y)eD 
fay)= 0 if (x,y) ED 


The double integral of f over D is defined as the integral of f over R: 


| | f(x,y)dA= | | f(x,y)dA 
eee IR 


We say that f is integrable over D if the integral of a over R exists. The value of the 
integral does not depend on the particular choice of R because f is zero outside of D. 

This definition seems reasonable because the integral of f involves only the values 
of f on D. However, f is likely to be discontinuous because its values could jump to zero 
beyond the boundary. Despite this possible discontinuity, the next theorem guarantees 
that the integral of f over R exists if our original function f is continuous on D. 


\. 10. Sketch the region D between y =x? and y = x(1— x). Express 


D as a simple region and calculate the integral of f(x,y) =2y 
over D. 


11. Evaluate J f Z dA, where D is the shaded part inside the semicircle 
D 


of radius 2 in Figure 26. 


12. Calculate the double integral of f(x, y) = y? over the rhombus R in 
Figure 27. 


x 
1 2 


FIGURE 26 y = y4 -— x2. 


13. Calculate the double integral of f(x,y) =x + y over the domain 
D = {(x, y) : x? +y? < 4,y = 0}. 


FIGURE 27 |x| + $Iy] < 1. 


14. Integrate f(x,y) =(x+y+ 1)? over the triangle with vertices 
(0, 0), (4, 0), and (0, 8). 


15. Calculate the integral of f(x, y) = x over the region D bounded above 
by y = x(2 — x) and below by x = y(2 — y). Hint: Apply the quadratic 
formula to the lower boundary curve to solve for y as a function of x. 


16. Integrate f(x,y) = x over the region bounded by y = x, y=4x — x2, 


and y = 0 in two ways: as a vertically simple region and as a horizontally 
simple region. 


In Exercises 17-24, compute the double integral of f(x,y) over the 
domain D indicated. 


17. f(x,y) = xy; (ex = 5, FEZ Yaz +S 

18. f(x,y)=—-2; O<x<3, l<yse 

19. f(ix.y)=x; O<x <1, l<y<e 

20. f(x,y) =cos(x+y); 35x55, ley sd 

21. f(x,y) = 6xy — x?; bounded below by y = x”, above by y = yx 
22. f(x,y) = sinx; bounded by x = 0, x = 1, y = 0, y = cosx 


23. f(x,y) = e”; bounded by y = x — i, ys 12 — x for 
Layas 


24. f(x,y) = (x + yyl; bounded by y = x, y = l, y =e,x =0 


In Exercises 25-28, sketch the domain of integration and express as an 
iterated integral in the opposite order. 


9 43 
26. | | f(x,y)dxdy 
4 


f 


A nA 
b s. | | f(t,y)dy dx 
0 Jx 


1 e 
k ,y)dydx 
a | f(x, y)dx dy 28. Í [ f(x, yay 
4 J2 
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29. Sketch the domain D corresponding to 


4 p2 
f J y 4x? +5ydxdy 
0 JA 


Then change the order of integration and evaluate. 


30. Change the order of integration and evaluate 


l axn/2 
f f x cos(xy) dx dy 
o JO 


Explain the simplification achieved by changing the order. 


31. Compute the integral of f(x,y) =(Iny)~! over the domain D 
bounded by y = e* and y= ev. Hint: Choose the order of integration 
that enables you to evaluate the integral. 


32. Evaluate by changing the order of integration: 
4 p2 
[ j sin y? dy dx 
0 J/x 


In Exercises 33-36, sketch the domain of integration. Then change the 
order of integration and evaluate. Explain the simplification achieved by 
changing the order. 


ls 2 oe 4 p2 
33. f [ et dx dy 34. [ i vx? +1 dx dy 
0 x 0 JA 


y 
1 1 3 1 1 4 
35. [ i xe? dydx 36. ial xe” dydx 
0 y=x 0 y=x2/3 


37. Sketch the domain D where 0 < x <2, 0< y <2, and x or y is 
greater than 1. Then compute J Í CO dA. 
D 


38. Calculate 


D 
EA andx — 1. 


e* dA, where D is bounded by the lines y = x +1, 


In Exercises 39-42, calculate the double integral of f(x, y) over the trian- 
gle indicated in Figure 28. 


FIGURE 28 


39. f(x,y)=e", (A) 
40. f(x, y=1 —2x, (B) 


41. f.y) = om (C) 


42. fœ, y)=x+1, ©) 


When you write a double integral over a 
vertically simple region as an iterated 
integral, the inner integral is an integral 
over the dashed segment shown in Figure 
6(A). For a horizontally simple region, the 
inner integral is an integral over the dashed 
segment shown in Figure 6(B). 
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Now, how do we compute double integrals over nonrectangular regions? We address 
this question next, in two special cases where the region lies between two graphs. In each 
case, the computation involves an iterated integral. 


Regions Between Two Graphs 


When D is a region between two graphs in the xy-plane, we can evaluate double integrals 
over D as iterated integrals. Recall from Section 6.1 that D is vertically simple if it is the 
region between the graphs of two continuous functions y = g;(x) and y = g0(x) over a 
fixed interval of x-values [Figure 6(A)]: 


D={(@,y):a<x<b, giQx)<y < g2(%)} 
Similarly, D is horizontally simple [Figure 6(B)] if 


De{@yicesxysd, Mh) <x < hO) 


-+ 
=) 


x=h,Q) 


g(x) sy sga) x=h (y) 


d 
y= BX) hO) xs h O) 
Y 
ysg c 
Ler x 
a x b 
(A) Vertically simple region (B) Horizontally simple region 


FIGURE 6 


THEOREM 2 If Dis vertically simple with description 


azxshb, gi(x) = y = g(x) 


b pgxx) 
[f rasina [ enia 
| D a vgilri 


If D is a horizontally simple region with description 


cyd, hi(y) Sx < holy) 


l d pha(y) 
J l EGA =j | faiz drdy 
JD c viy(y) 


Proof We sketch the proof, assuming that D is vertically simple (the horizontally simple 


case is similar). Choose a rectangle R = [a,b] x [c,d] containing D, and let f be the 
function shown in Figure 2 that equals f on D and otherwise equals zero. We wish to 
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where R is a rectangle containing D and f(x,y) = f(x,y) if (x,y) € D, and 
f(x,y) =0 otherwise. The value of the integral does not depend on the choice 
fR. 

The double integral defines the signed volume between the graph of f(x, y) and the 
xy-plane, where the signed volumes of regions below the xy-plane are negative. 


For any constant C, / | CdA =C -area(D). 
D 


If D is vertically or horizontally simple, l [ J (x, y) dA can be evaluated as an iter- 
D 
ated integral: 


Vertically simple domain b fex) 
on [ [0 tenayas 
a Jg 


a<x<hb, gi(x) < y < g(x) I(x) 


f(x, y)dx dy 


Horizontally simple domain [ | ee 
c dh 


c<y<d, hy) <x < hy) 10) 


If f(x, y) < g(x, y) on D, then JI f(x,y)dA < JI g(x, y)dA. 
D D 
If m is the minimum value and M the maximum value of f on D, then 
m -area(D) < II F(x, y)dA < M -area(D) 
D 


If zı (x, y) < z2(x, y) for all points in D, then the volume V of the solid region between 
the surfaces given by z = zı (x, y) and z = z2(x, y) over D is given by 


Y= If (z2(x, y) = zi(x,y))dA 


The average value of f on D is 


a ‘a Sfp f@.y)dA 
f= area(D) If as [fp 1dA 


Mean Value Theorem for Double Integrals: If f(x, y) is continuous and D is closed, 
bounded, and connected, then there exists a point P € D such that 


J [ f(x, y)dA = f(P)- area(D) 


Equivalently, f(P) = f. where F is the average value of f on D. 
Additivity with respect to the domain: If D is a union of nonoverlapping (except 
possibly on their boundaries) domains D),..., Dy, then 


I f.y)dA = vf, f@,y)dA 


If the domains D4, ..., Dy are smali and P; is a sample point in Dj, then 


N 
{I f(x,y)dA ~ >) f(Pj)area(Dj) 
D 


j=l 


The domain D is also a vertically simple 
region, but the upper curve is not given by 
a single formula, requiring D to be divided 
into two domains over which separate 
integrals would be set up. The formula 
switches from y = x to y = 2. Therefore, 
it is more convenient to consider D as a 
horizontally simple region. 
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EXAMPLE 3 A Volume Integral Find the volume V of the region under the plane 
z = 2x + 3y and above the triangle D in the xy-plane in Figure 8. 


FIGURE 8 FIGURE 9 


Solution The triangle D is bounded by the lines y = x/2, y = x, and y = 2. Figure 9 
shows that D is a horizontally simple region described by 


Ribes, y sx = 2y 


The volume is equal to the double integral of f(x, y) = 2x + 3y over D: 


2 p2y 
v= f(x,y)dA z / (2x + 3y)dxdy 
D 0 Jx=y 


= i’ (x? + 3yx) 


2y 2 
dy = J ((4y? + 6y) — (y* + 3y”)) dy 
x=y 


2 
= 16 id 
0 


2 
= 6y? dy = 2y? 
0 


The next example shows that in some cases, one iterated integral is easier to evaluate 
than the other. 


EXAMPLE 4 Choosing the Best Iterated Integral Evaluate J [ e dA for D in 
D 
Figure 10. 


Solution First, let’s try describing D as a vertically simple domain. Referring to 
Figure 10(A), we have 


I 2 4 2 2 
D:0<x<4 =x<y<2 3 II e? da= | / e dydx 
f D x=0 y=x/2 


The inner integral cannot be evaluated because we have no explicit antiderivative for e? j 
Therefore, we try describing D as horizontally simple [Figure 10(B)]: 


PiVUsy=2Z, Osa =2y 


This leads to an iterated integral that can be evaluated: 


Zip 2y 2 2y 2 
j j. e” dxdy a7 (xe? Jay s 2ye” dy 
0 Jx=0 0 0 


x=0 
i 


=e] E 
0 


2 
=e 


z=f( y) 


FIGURE 16 


FIGURE 17 Pagoda with ceiling 
H(x, y) = 32 — x? — y2. 
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Equivalently, f is the value satisfying the relation 


GRAPHICAL INSIGHT Equation 9 implies that if f(x, y) > 0 on a domain D, then the 
solid region under the graph of f over D has the same volume as the cylinder with 
base D and height f (Figure 16). 


II f(x, y)dA = f - area(D) 
D 


EXAMPLE 9 An architect needs to know the average height H of the ceiling of a pagoda 
whose base D is the square [—4, 4] x [—4, 4] and roof is the graph of 


H(x, y) = 32 — x? — y? 
where distances are in feet (Figure 17). Calculate H. 


Solution First, we compute the integral of H(x, y) over D: 


4 p4 
I 82-1- da= | (32 — x? — y*) dy dx 
D 


sed 
4 r a 4 /640 
= B= x y= y ax= f (F-a) dx 


_ (840, _8 3\|° _ 4096 
= 3 = 
The area of D is 8 x 8 = 64, so the average height of the pagoda’s ceiling is 


Ej 3 
r 1 1 /4096\ 64 
ae | ee EN a eo 
CR Í, (xy) al 3 ) 3 A 


The following Mean Value Theorem for Double Integrals states that a continuous 
function on a domain D must take on its average value at some point P in D, provided 
that D is closed, bounded, and also connected (see Exercise 69 for a proof). By definition, 
D is connected if any two points in D can be joined by a curve in D (Figure 18). 


(A) Connected domain: Any two (B) Nonconnected domain: 
points can be joined by a curve Points P and Q cannot be 
lying entirely in D. joined by a curve in D. 


FIGURE 18 


THEOREM 4 Mean Value Theorem for Double Integrals If f(x, y) is continuous 
and D is closed, bounded, and connected, then there exists a point P € D such that 


J fi E E (10 | 
D 


f(P) = f, where f is the average value of f on D. 


Equivalently, 


FIGURE 13 Finding the volume of a solid 
sandwiched between two paraboloids 
above a square. 


z =z, y) 


FIGURE 14 Finding the volume of a solid Q 
sandwiched between two surfaces above a 
domain D. 
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measurements (in meters) were taken over the park on April 1 and that the depth measure- 
ments are modeled by the function d(x, y) = —0.014x + 0.007y + 2.0 that is displayed 
via a contour map in the figure. Estimate the volume of the snowpack in the park in cubic 
meters. 


Solution The snowpack volume is represented by the volume under the graph of d(x, y) 
over D, so we compute the corresponding integral. The domain is best expressed as hor- 
izontally simple: 


0 < y < 80, 0<2< 120-25 


Integrating, we have 


80 120—4y 
volume = | | (—0.014x + 0.007y + 2.0) dx dy 
0 x=0 
8 


0 120-4 y 
= | (—0.007x? + 0.007yx + 2.0x) dy 
0 x=0 
80 1 \2 i 1 
= | —0.007 { 120 — ~y}) +0.007y | 120 — -y | + 2.0 (120 z 5] dy 
0 Z 2 2 
80 
= | (—0.00525y? + 0.68y + 139.2)dy = 12,416 
0 


Since x and y are in kilometers and d is in meters, we need to multiply the result by 
10° to convert to a quantity in cubic meters. It follows that our estimate for the snowpack 
volume in the park is 12.416 billion cubic meters. E 


EXAMPLE 7 A Volume Enclosed Between Two Surfaces Find the volume V of the 
solid bounded above by the paraboloid z = 8 — x? — y? and below by the paraboloid 
Z =x? +y? over the domain D = {(x, y): -l <x < 1,—1<y<1}. 


Solution The solid region is shown in Figure 13. It is obtained from the solid region 


between the paraboloid z = 8 — x? — y and D by removing the solid region between 
the paraboloid z = x? + y? and D. The desired volume is therefore the difference in the 
corresponding volumes and is obtained as follows: 


i pl 1 pl 
v= | J 8-12- y?)dydx - | J (x? + y> dy dx 
-1 | —lv—l 


1 1 
=| | @-2-y)-0? +yndyar 
5 


1 1 1 2y? 1 
=) | iS — 2 — 2y*) dy dx =| (32-2 — z) dx 
—] J-] —] 3 zj 
1 
4 2 
= 16 — 4x? — — } dx = 26= 
J, ( 4 k 3 7 


We can generalize the idea in the previous example to compute the volume of a solid 
region Q in space that is sandwiched between surfaces and defined on a domain P in the 
xy-plane as in Figure 14. The surfaces are graphs of functions zı(x, y) and z2(x, y) with 
z1(%, y) < z2(x, y) on D, and the volume is obtained by 


v=Jf ayda- f Zz, y)dA 
D D 


= || D-a aa 
The second equality holds by the linearity of the integral. 


ae e m m m es = E 


FIGURE 13 Finding the volume of a solid 
sandwiched between two paraboloids 
above a square. 


FIGURE 14 Finding the volume of a solid Q 
sandwiched between two surfaces above a 


domain D. 
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measurements (in meters) were taken over the park on April 1 and that the depth measure- 
ments are modeled by the function d(x, y) = —0.014x + 0.007y + 2.0 that is displayed 
via a contour map in the figure. Estimate the volume of the snowpack in the park in cubic 
meters. 


Solution The snowpack volume is represented by the volume under the graph of d(x, y) 
over D, so we compute the corresponding integral. The domain is best expressed as hor- 
izontally simple: 


0 < y < 80, 0<x< 120-3) 


Integrating, we have 


80 120—4y 
volume = | Í (—0.014x + 0.007y + 2.0)dx dy 
0 x=0 
8 120-4 


0 
= | (—0.007x? + 0.007 yx + 2.0x) dy 
0 


x=0 


80 a I 1 
= Í —0.007 (120 = z) + 0.007y (120 e 3») tow (120 = z») dy 
0 


80 
= | (—0.00525y? + 0.68y + 139.2) dy = 12,416 
0 


Since x and y are in kilometers and d is in meters, we need to multiply the result by 
10° to convert to a quantity in cubic meters. It follows that our estimate for the snowpack 
volume in the park is 12.416 billion cubic meters. a 


EXAMPLE 7 A Volume Enclosed Between Two Surfaces Find the volume V of the 
solid bounded above by the paraboloid z = 8 — x? — y? and below by the paraboloid 
z= x? + y? over the domain D = {(x, y): -1 <x <1,-1 <y < I}. 


Solution The solid region is shown in Figure 13. It is obtained from the solid region 
between the paraboloid z = 8 — x? — y? and D by removing the solid region between 
the paraboloid z = x? + y? and D. The desired volume is therefore the difference in the 
corresponding volumes and is obtained as follows: 


1 pl 1 pl 
v= | | 8-12- Ddydx— | | (x? + y*) dy dx 
E | —IJ-—1 


1 1 
=| | 6-2-7-0 + Dayar 
ad By 
l 1 1 2y? 
=| i] (82x? —2y*)dydx = | (8y-2*y- 2) 
Son =| 3 
- 4 2 
= meee on™ 
=f (16 4x 5) dx 267 F 


We can generalize the idea in the previous example to compute the volume of a solid 
region Q in space that is sandwiched between surfaces and defined on a domain D in the 
xy-plane as in Figure 14. The surfaces are graphs of functions zı(x, y) and z2(x, y) with 
z(x,y) < z2(x, y) on D, and the volume is obtained by 


V =|] aaa- ff z,(x,y)dA 
D D 
e | Í (ay) — zy, GA 
D 


The second equality holds by the linearity of the integral. 


z=f(x, y) 


FIGURE 16 


\\ He y) =32-x2-y2 


~~ 


Ta 
~ 
~ 


FIGURE 17 Pagoda with ceiling 
A, y)= 32 ar ae y2. 
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Equivalently, f is the value satisfying the relation 


i i (Cola acy 
D 


GRAPHICAL INSIGHT Equation 9 implies that if f(x, y) > 0 on a domain D, then the 
solid region under the graph of f over D has the same volume as the cylinder with 
base D and height f (Figure 16). 


EXAMPLE 9 An architect needs to know the average height H of the ceiling of a pagoda 
whose base D is the square [~4, 4] x [—4, 4] and roof is the graph of 


H(x, y) = 32—x? — y? 
where distances are in feet (Figure 17). Calculate H. 


Solution First, we compute the integral of H(x, y) over D: 


4 4 
J 62-12- yda = | / (32 — x? — y*) dy dx 
D es 4, 


= 8 ) 4 4096 
SS =a 
O 3 Jja 2 


The area of D is 8 x 8 = 64, so the average height of the pagoda’s ceiling is 


E 1 /4096\ 64 
F= iG. piace ea eae 
mati Í, E MMAF ( 3 ) 3 : 


The following Mean Value Theorem for Double Integrals states that a continuous 
function on a domain D must take on its average value at some point P in D, provided 
that D is closed, bounded, and also connected (see Exercise 69 for a proof). By definition, 
D is connected if any two points in D can be joined by a curve in D (Figure 18). 


(A) Connected domain: Any two (B) Nonconnected domain: 
points can be joined by a curve Points P and Q cannot be 
lying entirely in D. joined by a curve in D. 


FIGURE 18 


THEOREM 4 Mean Value Theorem for Double Integrals If f(x,y) is continuous 
and D is closed, bounded, and connected, then there exists a point P € D such that 


J | fŒ) dA = f(P)area(D) 


Equivalently, f (P) = f, where f is the average value of f on D. 
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EXAMPLE 3 A Volume Integral Find the volume V of the region under the plane 
z = 2x + 3y and above the triangle D in the xy-plane in Figure 8. 


FIGURE 8 FIGURE 9 


Solution The triangle D is bounded by the lines y = x/2, y = x, and y = 2. Figure 9 
shows that D is a horizontally simple region described by 


Pease. yea te 2y 


The domain D is also a vertically simple The volume is equal to the double integral of f(x, y) = 2x + 3y over D: 
region, but the upper curve is not given by 

a single formula, requiring D to be divided y is 2 p2y R n: 

: ż j 5 = A; = X 

into two domains over which separate D fœ, y) à a + 3y)dx dy 


integrals would be set up. The formula 7 

switches from y = x to y = 2. Therefore, 2 

it is more convenient to consider D as a B i (x tög x) 
horizontally simple region. 


2y 2 
dy = i ((4y* + 6y*) — (y? + 3y*)) dy 
x=y 


2 
= 16 si 


2 
=| 6y- dy = 2y° 
0 0 


The next example shows that in some cases, one iterated integral is easier to evaluate 
than the other. 


EXAMPLE 4 Choosing the Best Iterated Integral Evaluate J i e dA for D in 
D 
Figure 10. 


Solution First, let’s try describing D as a vertically simple domain. Referring to 
Figure 10(A), we have 


| 4 2 
D:0<x<4 x~x<y<2 => [| eda = | | e” dy dx 
2 D x=0 y=x/2 


The inner integral cannot be evaluated because we have no explicit antiderivative for e, 
Therefore, we try describing D as horizontally simple [Figure 10(B)]: 


D:0<y=22, O<x<2y 


This leads to an iterated integral that can be evaluated: 


x 2 
i )ay= | 2ye” dy 
x=0 0 


2 pay 2 
| | e” dx dy = | (xe” 
0 Jx=0 0 
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where Fe is a rectangle containing D and f(x,y) = f(x,y) if (x,y) € D, and 
f(x, y) =0 otherwise. The value of the integral does not depend on the choice 
of R. 

The double integral defines the signed volume between the graph of f(x, y) and the 
xy-plane, where the signed volumes of regions below the x y-plane are negative. 


For any constant C, J i CdA=C-area(D). 
D 


If D is vertically or horizontally simple, J f(x, y)dA can be evaluated as an iter- 
D 


ated integral: 


i 5 g(x) 
Vertically simple domain [ me f(x, y)dy dx 
8 


a<x <b, gi(x) < y < g2(x) 1(x) 


Horizontally simple domain [ i 
h 


c<y<d, hy) <x < hy) f(x, y)dx dy 


i(y) 


If f(x,y) < g(x, y) on D, then II f(x, y)dA < Jf g(x, y)dA. 
D D 


If m is the minimum value and M the maximum value of f on D, then 


m-area(D) < II f(x, y)dA < M -area(D) 
D 


If z1(x, y) < z2(x, y) for all points in D, then the volume V of the solid region between 
the surfaces given by z = z1(x, y) and z = z2(x, y) over D is given by 


2 J (a(x, y) — z(x,y) A 
D 


The average value of f on D is 


JÍp1dA 


Mean Value Theorem for Double Integrals: If f(x, y) is continuous and PD is closed, 
bounded, and connected, then there exists a point P € D such that 


=D [ fe y)dA = 


I. f(x, y)dA = f(P)- area(D) 


Equivalently, f(P) = f, where f is the average value of fonD. 
Additivity with respect to the domain: If D is a union of nonoverlapping (except 
possibly on their boundaries) domains D),...,Dy, then 


If f(x, y)dA -5 ff, F(x, y)dA 


° If the domains D,,..., Dy are small and P; is a sample point in Dj, then 


N 
I f(x,y)dA ~ ) | f(P;)area(Dj) 
j=l 


When you write a double integral over a 
vertically simple region as an iterated 
integral, the inner integral is an integral 
over the dashed segment shown in Figure 
6(A). For a horizontally simple region, the 
inner integral is an integral over the dashed 
segment shown in Figure 6(B). 
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Now, how do we compute double integrals over nonrectangular regions? We address 
this question next, in two special cases where the region lies between two graphs. In each 
case, the computation involves an iterated integral. 


Regions Between Two Graphs 
When PD is a region between two graphs in the x y-plane, we can evaluate double integrals 
over D as iterated integrals. Recall from Section 6.1 that D is vertically simple if it is the 
region between the graphs of two continuous functions y = g;(x) and y = g2(x) over a 
fixed interval of x-values [Figure 6(A)]: 

D={@,y):a<x<b, gilx) Sy < g2(x)} 
Similarly, D is horizontally simple [Figure 6(B)] if 


D={(z,y):c<y<d, hy) <x < h0) 


g(x) sy s g(x) x=hy) = x=h,0) 


y= g(x) h0) P h0) 


x 


a x b 


(A) Vertically simple region (B) Horizontally simple region 
FIGURE 6 


THEOREM 2 If is vertically simple with description 


a = a= hb, gi(x) < y < g2(x) 


82(x) 


“bh | 
fæ yda = | / f(x. y)dy dx 
& 


a 1(x) 


JI, 


If D is a horizontally simple region with description 


hi(y) <x < h2) 


c<yz<d, 


d fh) 
If f(x,y)dA =/ | f(x,y) dx dy 
D c vhi(y) 


Proof We sketch the proof, assuming that D is vertically simple (the horizontally simple 


case is similar). Choose a rectangle R = [a,b] x [c,d] containing D, and let a be the 
function shown in Figure 2 that equals f on D and otherwise equals zero. We wish to 


~ 10. Sketch the region D between y =x? and y = x(1 — x). Express 


D as a simple region and calculate the integral of f(x,y) =2y 
over D. 


11. Evaluate J J z dA, where D is the shaded part inside the semicircle 
DX 


of radius 2 in Figure 26. 


12. Calculate the double integral of f(x, y) = y? over the rhombus R in 
Figure 27. 


FIGURE 26 y = /4— x2. 


13. Calculate the double integral of f(x,y) =x + y over the domain 
D= (æ, y) x? +y <4,y > 0}. 


FIGURE 27 |x| + 51yl < 1. 


14. Integrate f(x,y) =(x+y+1)~ over the triangle with vertices 
(0, 0), (4, 0), and (0, 8). 


15. Calculate the integral of f(x, y) = x over the region D bounded above 
by y = x(2 — x) and below by x = y(2 — y). Hint: Apply the quadratic 
formula to the lower boundary curve to solve for y as a function of x. 

16. Integrate f(x, y) = x over the region bounded by y = x, y = 4x — x?, 
and y = Q in two ways: as a vertically simple region and as a horizontally 


simple region. 


In Exercises 17-24, compute the double integral of f(x,y) over the 
domain D indicated. 


17. f(x,y) = x3y; O<x<5, x<y<2x+3 

is. f(x,y)=—-2; 0O<x<3, l<zyse* 

1% fe, y= C2241, Layee" 

20. f(x,y) =cos(Qx+y), 55x53, 1<y<2x 

21. f(x,y) = 6xy — x?; bounded below by y = x”, above by y = ./x 
22. f(x,y) = sin x; bounded by x = 0,x = 1, y = 0, y = cosx 


23. f(x, y) = et}; bounded by y = x — 1, y = 12 — x for 
2<y<4 


24. f(x,y) = (x + yy}; bounded by y =x, y=l,y=e,x=0 


In Exercises 25-28, sketch the domain of integration and express as an 
iterated integral in the opposite order. 


4 på 
25. | J F(x, y)dydx 
0 Jx 


a, 
27. [ { AT ST 


9 43 
26. f J F(x, y)dx dy 
4 syp 


1 e 
28. i [ FQ, y)dy dx 
0 Jet 
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29. Sketch the domain D corresponding to 


ay) 
f J y 4x2 + Sy dx dy 
o Jy 


Then change the order of integration and evaluate. 


30. Change the order of integration and evaluate 


1 px/2 
j | x cos(xy) dx dy 
0 J0 


Explain the simplification achieved by changing the order. 


31. Compute the integral of f(x,y)=(Iny)~! over the domain D 
bounded by y = e* and y= eV™ Hint: Choose the order of integration 
that enables you to evaluate the integral. 


32. Evaluate by changing the order of integration: 


4 p2 
f J sin y? dy dx 
0 J/x 


In Exercises 33-36, sketch the domain of integration. Then change the 
order of integration and evaluate. Explain the simplification achieved by 
changing the order. 


1 l os 4 p2 
33. f J sme dx dy 3 f | V3 + 1dx dy 
Ovy x 0 Sy 


1 1 s 1 1 4 
35. | / xe” dydx 36. Í f xe? dydx 
0 =r 0 y=x2/3 


37. Sketch the domain D where 0 < x <2, 0 < y < 2, and x or y is 
greater than 1. Then compute J J ety dA. 
D 


38. Calculate J J e* dA, where D is bounded by the lines y = x + 1, 
D 
y=x,x = 0, and z & 1, 


In Exercises 39-42, calculate the double integral of f(x, y) over the trian- 
gle indicated in Figure 28. 


FIGURE 28 


39, f(x,y)=e*, (A) 
40. f(x,y)=1—2x, (B) 
41. f(x,y) = z (C) 


42. f(x,y)=x+1, (D) 


FIGURE 2 The function f is zero outside 
of D. 
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15.2 Double Integrals over More General Regions 


In the previous section, we restricted our attention to integrals on rectangular domains. 
Now, we shall treat the more general case of domains D whose boundaries are sim- 
ple closed curves (a curve is simple if it does not intersect itself and closed if it 
begins and ends at the same point). We assume that the boundary of D is smooth 
as in Figure 1(A) or consists of finitely many smooth curves, joined together with 
possible corners, as in Figure 1(B). A boundary curve of this type is called piece- 
wise smooth. We also assume that D is a closed domain; that is, D contains its 


boundary. 
x 
a 
` Boundary = Boundary 
(A) D has a smooth boundary. (B) D has a piecewise smooth boundary. 

consisting of three smooth curves 
joined at the corners. 

FIGURE 1 


Fortunately, we do not need to start from the beginning to define the double integral 
over a domain D of this type. Given a function f(x, +) on D, we choose a rectangle R = 
[a,b] x [c,d] containing D and define a new function T (x, y) that agrees with f(x,y) 
on D and is zero outside of D (Figure 2): 


FQY) WOT) enD 


an if (x,y) gD 


The double integral of f over D is defined as the integral of f over R: 


=n 


We say that f is integrable over D if the integral of f over R exists. The value of the 
integral does not depend on the particular choice of R because f is zero outside of D. 

This definition seems reasonable because the integral of f involves only the values 
of f on D. However, f is likely to be discontinuous because its values could jump to zero 
beyond the boundary. Despite this possible discontinuity, the next theorem guarantees 
that the integral of f over R exists if our original function f is continuous on D. 


ai 63. Let Fa be the average of f(x,y) = xy? on D = [0,1] x [0,4]. Find a 


point P € D such that f(P) = f (the existence of such a point is guaran- 
teed by the Mean Value Theorem for Double Integrals). 


64. Verify the Mean Value Theorem for Double Integrals for f(x, y) = 
e*~ on the triangle bounded by y = 0, x = 1, and y = x. 


In Exercises 65 and 66, use the approximation in (12) to estimate the 
double integral. 


65. The following table lists the areas of the subdomains D; of the do- 
main D in Figure 33 and the values of a function f(x, y) at sample points 


P; € Dj. Estimate If f(x, y)dA. 
D 


l Z 3 - 5 6 


Area(D;) | 12 11 14 06 T2 038 
f(P;) 9 91 93 91 89 88 


FIGURE 33 
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66. The domain D between the circles of radii 5 and 5.2 in the first quad- 
rant in Figure 34 is divided into six subdomains of angular width Ad = 3, 
and the values of a function f(x, y) at sample points are given. Compute 


the area of the subdomains and estimate / | f(x, y)dA. 
D 


FIGURE 34 


67. According to Eq. (3), the area of a domain D is equal to l Í 1dA. 


D 
Prove that if D is the region between two curves y = gı (x) and y = g2(x) 
with g2(x) < gı(x) fora <x < b, then 


b 
| Í, ase | (giz) — golx))dx 


Further Insights and Challenges 


68. Let D be a closed connected domain and let P, Q € D. The Interme- 
diate Value Theorem (IVT) states that if f is continuous on D, then f(x, y) 
takes on every value between f(P) and f(Q) at some point in D. 

(a) Show, by constructing a counterexample, that the IVT is false if D is 
not connected. 

(b) Prove the IVT as follows: Let r(t) be a path such that r(0) = P and 
r(1) = Q (such a path exists because D is connected). Apply the IVT in 
one variable to the composite function f(r(t)). 


69. Use the fact that a continuous function on a closed bounded domain D 
attains both a minimum value m and a maximum value M, together with 
Theorem 3, to prove that the average value f lies between m and M. Then 


b 


FIGURE 1 The box B = [a,b] x [c,d] x 
[p,q] decomposed into smaller boxes. 


4.=X = b, 


use the IVT in Exercise 68 to prove the Mean Value Theorem for Double 
Integrals. 


t x 
70. Let G(t) = | | f(y) dy dx where f(y) is a function of y alone. 
0 40 


(a) Use the Fundamental Theorem of Calculus to prove that G”(t) = 
f(t). 
(b) Show, by changing the order in the double integral, that G(t)= 
t 
j (t — y) f (y) dy. This illustrates that the “second antiderivative” of f(y) 
0 


can be expressed as a single integral. 


15.3 Triple Integrals 


Triple integrals of functions f(x,y,z) of three variables are a fairly straightforward gen- 
eralization of double integrals. In the first simple case, instead of a rectangle in the plane, 
our domain is a box (Figure 1) 


B = [a,b] x [c,d] x [p,q] 


consisting of all points (x, y, z) in R? such that 


c<y<d, 


PpSzceq 


$ To integrate over this box, we subdivide the box (as usual) into subboxes 


Bi jx = [xi-1, xi] X [yj—1, Yj] X [zZk-1, Zk] 
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by choosing partitions of the three intervals 
asx <x) <-+- < ay =O 
c= yo <y <- <ym=d 
Pp =Z70 < Z1 <`: <ZL=4ą4 


Here, N, M, and L are positive integers. The volume of B;;, is A Vij = Ax; Ay; Azk, 
where 


Axi = Xj — Xi-1, Ay; = yj — Yj-1, Azk = Zk — 2-1 
Then we choose a sample point P;;; in each subbox B;;, and form the Riemann sum: 


N M L 


SaL =), >, ae FP ijk) AVijk 


i=l j=l k=1 


We write P = {{x:}, {yj}, {ze}} for the partition and let ||P]| be the maximum of the 
widths Ax;, Ay;, Azx. If the sums Sy, m, approach a limit as ||P|| — 0 for arbitrary 
choices of sample points, we say that f is integrable over G. The limit value is denoted 


(x,y,z)dV = lim § 
JI a S 00 


The term dA, used in double integrals and Triple integrals have many of the same properties as double and single integrals. The 
referred to as an area element, suggests linearity properties are satisfied, and continuous functions are integrable over a box B. 
small areas are involved in integrals over Furthermore, triple integrals can be evaluated as iterated integrals. 


domains in the plane. Similarly, the dV 
used in triple integrals is called a volume 
element and suggests smal! volumes are 
involved when integrating over a 

domain in R°. 


THEOREM 1 Fubini’s Theorem for Triple Integrals The triple integral of a continu- 
ous function f(x, y,z) over a box B = [a,b] x [c,d] x [p,q] is equal to the iterated 


integral: 
Hi fæyadv = | 
B x 


Furthermore, the iterated integral may be evaluated in any order. 


b 


d 4 
/ f(x, y,z) dzdy dx 
y=c J2=p 


=, 


As noted in the theorem, we are free to evaluate the iterated integral over a box in 
any order (there are six different orders). For instance, 


b d q q d b 
/ | j: f(œx,y.z)dzdydx =| Í f(x, y,z) dx dy dz 
=a J y=c J Z=p Z=p ¥ y= 4¥X=a 


EXAMPLE 1 Integration over a Box Calculate the integral | J J x7e)t% dv, where 
B 

B = [1,4] x [0,3] x [2, 6]. 

Solution We write this triple integral as an iterated integral: 


4 f3 p6 
[ff xet dV = / j | x7e¥+32 gz dy dx 
B 1 JO v2 


Step I. Evaluate the inner integral with respect to z, holding x and y constant. 


6 1 6 
| xr ey tz dz= gre 
Z 


1 1 1 
= —x7eVtl8 a are +6 — (e! _ eôf)x? o 
=2 


3 


Z2 


x 


FIGURE 2 The point P = (x, y, z) is in the 
z-simple region W if (x, y) € D and 
ai < a= 29). 


More generally, integrals of functions of n 
variables (for any n) arise naturally in many 
different contexts. For example, the 
average distance between two points in a 
ball in R? is expressed as a six-fold integral 
because we integrate over all possible 
coordinates of the two points, Each point 
has three coordinates for a total of six 


variables. 


Equation 2 is analogous to the fact we have 
already seen that the area A of a region R 
in the xy-plane is given by taking the 
double integral of 1 over the region 


A= 


R 


dA 
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Step 2. Evaluate the middle integral with respect to y, holding x constant. 


3 1 3 1 
/ tee! — ef)x?e? dy = Eg x? | e dy = ae! see" = yr 


Step 3. Evaluate the outer integral with respect to x. 


4 
| | (xet dV = see's — e°\(e? — 1) | x? dx =1e®—eye?-1) m 
B x=l 


Next, instead of a box, we integrate over a solid region W that is enclosed between 
two surfaces z = z1 (x, y) and z = z2(x, y) over a domain D in the xy-plane (Figure 2): 


W={ix,y.2:G.y)€D and z(x,y) < z < z2x, y)} 


In this case, the region W is called z-simple. Furthermore, the domain D is referred to 
as the projection of W onto the x y-plane. We can similarly define x-simple for regions 
enclosed between surfaces x = x1(y, z) and x = x2(y, z), as well as y-simple for regions 
between surfaces y = y,(x,z) and y = y2(x, Z). 

As in the case of double integrals, we define the triple integral of f(x,y,z) over 


W by 
If fiesy.dv = fff flay. pay 
W B 


where B is a box containing W, and f is the function that is equal to f on W and equal 
to zero outside of W. The triple integral exists, assuming that z1 (x, y), z2(x, y), and the 
integrand f are continuous. In practice, we evaluate triple integrals as iterated integrals. 
This is justified by the following theorem, whose proof is similar to that of Theorem 2 in 
Section 15.2. 


THEOREM 2 The triple integral of a continuous function f over the region 


W : (x,y) e D, 


a D saraa) 
is equal to the iterated integral 


z2(x,y) 
[ff se»2= ff (J 
W D z=21(x,y) 


Note that the inner integral on the right side in the theorem is a single-variable inte- 
gral with respect to z, and the outer integral is a double integral over x and y. Typically, 
we would compute that double integral as a double iterated integral. 

One thing missing from our discussion so far is a geometric interpretation of triple 
integrals. A double integral represents the signed volume of the three-dimensional region 
between a graph z = f(x, y) and the x y-plane. The graph of a function f(x, y, z) of three 
variables lives in four-dimensional space, and thus, a triple integral represents a signed 
“volume” of a four-dimensional region. Such a region might be hard or impossible to 
visualize. On the other hand, triple integrals can be used to compute many different types 
of quantities in a three-dimensional setting. Some examples are mass, center of mass, 
moments of inertia, heat content, and total charge (see Section 15.5). 

Furthermore, the volume V of a region W is defined as the triple integral of the 
constant function f(x,y,z) = 1: 


fayd) dA | 
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OG FIGURE 3 Region W between the 
planes z = x + y and z = 3x + 5y lying 
over D = [0,3] x [0, 2]. 


FIGURE 4 Region W between the 
planes z = x + y and z = 3x + 5y lying 
over the triangle D. 


In particular, if W is a z-simple region between z = z1(x, y) and z = z2(x, y), then 


z2(x,y) 
[ff iav = |] (a y \az) aa ff (za(x, Y) — z1(x, y))dA 
Ww D \Jz=z1%,y) D 


Thus, the triple integral for V is equal to the double integral defining the volume of the 
region between the two surfaces, as we saw in the previous section. 


po 


EXAMPLE 2 Solid Region over a Rectangular Domain Evaluate | | J zdV, where 


W 
W is the region between the planes z = x + y and z = 3x + 5y lying over the rectangle 
D = [0,3] x [0,2] (Figure 3). 


Solution Apply Theorem 2 with zı (x, y) = x + y and z2(x, y) = 3x + 5y: 


3x+5y 3 2 3x+5y 
[ff zav = ff / zdz da= f / | zdzdy dx 
W D z=x+y x=0 J y=0 J z=x +y 


Step 1. Evaluate the inner integral with respect to z. 


3x+5y 1 
dz = =z" 
| zdz 5% 


=y +y 


3x+5y 


1 1 
= 5 Ox + 5y)? = rh + yy = 4x74 l4xy + 12y? 


z= TY 


Step 2. Evaluate the integral with respect to y. 


2 
= 8x? + 28x + 32 


2 
| (4x py + 12y*)dy = (4x7y + Ixy” + 4y3) 
y=0 y=0 


Step 3. Evaluate the integral with respect to x. 


3 
[fl zdV = Í (8x? + 28x + 32)dx = Ga ates 32x) 
W x=0 3 0 


= 72 + 126+ 96 = 294 a 


3 


EXAMPLE 3 Solid Region over a Triangular Domain Evaluate | | j zdV, where 
Ww 
W is the region in Figure 4. 


Solution This is similar to the previous example, but now W lies over the triangle D in 
the xy-plane defined by 


G< zx <1, O<y<l-x 


Thus, the triple integral] is equal to the iterated integral: 


3x+5y I i—x 3x+5y 
If zav = ff / zdz | dA = J / Í zdz dy dx 
W D z=x+y x=0 Jy=0 Jz=x+y 
no patamaeeee? 


Integral 


over triangle 


We computed the inner integral in the previous example [see Eq. (3)]: 


3x+5y 

m l 2 

l zdz = -z 
z=x+y 2 


3x+5y 
= 4x? + l4xy + 12y? 


x+y 


N a? 


Naa” 


FIGURE 5 The region between the 
paraboloids z = x” + 3y? and 
z=4—x7— y2 is shown in (A). 
The region we are integrating over is 
shown in (B). 
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Next, we integrate with respect to y (omitting some intermediate steps): 
1—x 


1—x 
| (4x? + 14xy + 12y7) ay= Ax?y + Ixy” + Ay? =4—5x+ 2x? = x? 
=0 y=0 


I 28 
If zav = | (4— 5x +2x* —x7)\dx= — im 
W x=0 12 


EXAMPLE 4 Region Between Intersecting Surfaces Integrate f(x, y,z) =x over 
the region W bounded above by z = 4 — x? — y? and below by z = x? + 3y? in the 
octant x > 0, y > 0,z > 0. [Note: The region bounded between the paraboloids is shown 
in Figure 5(A). The part of that region that is W is shown in Figure 5(B).] 


And finally, 


Solution The region W is z-simple, so 


4—=x?—y? 
fff owa h 
W D Jz=x24+3y? 


where D is the projection of W onto the xy-plane. To evaluate the integral over D, we 
must find the equation of the curved part of the boundary of D. 


Step 1. Find the boundary of D. 
The upper and lower surfaces intersect at points (x, y, z) where both 


z=x?+3y* and z=4-=-x -y 
are satisfied. Thus, 


4—x?—y*=z=x*43y? or x? 4+2y*=2 


Therefore, as we see in Figure 5(B), W projects onto the domain D consisting of the 
quarter of the inside of the ellipse x? + 2y? = 2 in the first quadrant. This ellipse hits 
the axes at (./2, 0) and (0, 1). 


z=x7 + 3y? \ 


Curve where surfaces ~\_ 
intersect lies above 
boundary of D. 


N 
I 
& 
* 
M 
l 
I 


(A) (B) 


Step 2. Express D as a simple domain. 
Since D is both vertically and horizontally simple, we can integrate in either dydx 
order or dxdy order. If we choose dx dy, then y varies from 0 to 1 and the domain is 


described by 
D:0<y<1, 0<x</2—-2y? 
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Step 3. Write the triple integral as an iterated integral. 


1 f2—2y2 p4—x?—y? 
If xav= | Í | x dzdx dy 
W y=0 x=0 z=x2+3y2 
Step 4. Evaluate. 


Here are the results of evaluating the integrals in order: 


4—x?7—y? 4—x?—y? 
Inner integral: | XOTA = 4x — 2x7 — 4y°x 
z=x?+3y? z=x?+3y? 
Middle integral: 
af 2—2y? ] nf 2—2y? 
| (4x — 2x? — 4y*x)dx = (2 = 2152) 
x=0 2 x=0 


=2 -4y +27" 


— i — 4.2. 16 
Triple integral: xdV = | (2-4y*°4+2y)dy=2--~+-=— H 
w 0 3° 35 15 


So far, we have evaluated triple integrals over regions W that were identified as 
z-simple and having a projection that is a domain in the xy-plane. We can integrate 
equally well over x-simple and y-simple regions. For example, if W is the x-simple 
region between the graphs of x = xı (y, z) and x = x2(y, z) lying over a domain D in the 
yz-plane (Figure 6), then 


x= xy, z) 


x2(y.z) 
FIGURE 6 D is the projection of W onto the If, ff. y,z)dV = If (= P fyz) ix) dA 


yz-plane. 
EXAMPLE 5 Writing a Triple Integral in Three Ways A region W is bounded by 
z=4-y’, y=, a=), x=U 
Figure 7 demonstrates that W is x-simple, y-simple, and z-simple. Set up three separate 


iterated integrals for | | | xyz dV, first regarding W as z-simple, then as x-simple, and 
W 


finally as y-simple. 


Q = (x, 2x, 4 — 4x?) 


(x, 2x, 0) 


(A) W as z-simple (B) W as x-simple (C) W as y-simple (D) The curve in the boundary of S 
consists of points P = (x, 0, 4 — 4x) 


FIGURE 7 


You can check that all three ways of writing 
the triple integral in Example 5 yield the 
same answer: 


ee 
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Solution We consider each case separately. 

Consider WV as z-simple. In Figure 7(A), we can see that W is z-simple because the 
region is enclosed between the plane z = 0 and the surface z = 4 — y*. Therefore, the 
inner integral is an integral with respect to z with 0 < z < 4 — y*. To set up the outer two 
integrals, we need to determine the domain in the xy-plane for these two integrals. Still 
examining Figure 7(A), we see that the projection of W onto the x y-plane is a triangle D 
with 0 < x < 1,2x < y < 2. We then have 


W:0<x<l1, 2x<y<2, 0<z<4-y 


1 2 4—y? ra] 
xyzdV =| f xyz dz dy dx 
Hy, x=0 J y=2x Jz=0 $ 


Consider W as x-simple. In Figure 7(B), we can see that W is x-simple because it lies 
between the yz-plane (x = 0) and the plane x = }. Thus, the inner integral is an integral 
with respect to x with 0 < x < 4. We need to determine the domain in the yz-plane for 
the outer two integrals. The projection of W onto the yz-plane is the domain 7 in Figure 
7(B) with 0 < y < 2,0 < z < 4 — y?. Therefore, we have 


WOESE Waxz<4+y*, Varay 


2 pa-y? py/2 
fff zdy = | xyz dx dz dy 
W y=0 /z=0 x=0 


Consider YV as y-simple. Observe that Figure 7(C) shows that W is enclosed between 
the plane y = 2x and the surface z = 4 — y?, and therefore the inner integral is an integral 
with respect to y with 2x < y < /4 — z. We need to determine the domain in the xz- 
plane for the outer two integrals. The challenge is to describe the projection of W onto 
the xz-plane; that is, the region S in Figure 7(C). We need the equation of the boundary 
curve of S. A point P on this curve is the projection of a point Q = (x,y,z) on the 
boundary of the left face [Figure 7(D)]. Since Q lies on both the plane y = 2x and the 
surface z = 4 — y$, O = (x,2x,4 — 4x?). The projection of Q is P = (x,0,4 — 4x*), 
We see that the projection of W onto the xz-plane is the domain S with 0 < x < 1, 
0<z < 4 — 4x”. Thus, 


Nj m| 


W:-Osrsl Darzi, 2c tym f4=z 


1 p4—4x? p./4—z 
xyzdV =| | xyzdydzdx 
Wh, x=0 /z=0 y=2x [5] 


The average value of a function of three variables is defined as in the case of two 


variables: 
De ] 
f= TEET Hr, f,y, zdV | 6 | 


where volume(W) = Í [ 1 dV. Also, as in the case of two variables, f lies between 


Yy 
the minimum and maximum values of f on W. And, furthermore, the Mean Value Theo- 
rem holds: If W is connected and f is continuous on W, then there exists a point P € W 
such that f(P) = f. 


EXAMPLE 6 A solid piece of crystal W in the first octant of space is bounded by the 
five planes given by z = 0, y = 0, x = 0, x +z = 1, and x + y + z = 3. The tempera- 
ture at every point in the crystal is given by T(x, y,z) = x in degrees centigrade. Find 
the average temperature for all points in the crystal. 
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FIGURE 8 Finding the average temperature 
of a crystal. 


By(r) ea Interval of radius r 


B,(r) Disk of radius r 


Ball of radius r 


FIGURE 9 Balls of radius r in dimensions 
n=l, 2,3. 


Solution To find the average temperature, we first find the volume. The region W, A 
which appears in Figure 8, is best handled as y-simple, lying between the planes 
x+y+z=3 and y =Q. Furthermore, it projects onto the triangle in the xz-plane 
given by 0 < z < 1 — x for 0 < x < 1. Thus, W is described by 


Geg=ul S=73T-~, Vay spez 


1 l—x p3-x-z 
volume(W) = / | ay = J | Í dydzdx 
W x=0 Jz=0 Jy=0 
1 t—x 
=| J (3 —x —z)dzdx 
x=0 J z=0 
; ee E ee =~) Neg” 
= = Z =W] = = -= 
A ( EY 2 6 


To obtain the average temperature, we must next compute | | | T(x, y,z) dV. The 
Yy 


only difference from our previous calculation is that we are now integrating T(x, y, z) = 
x on W: 


1 3—x-Z 
If T(x.y.2)4V = f (E io E T 
W =0 
[ (ai. 3x —x ? — zx) dzdx 
=0 


= 
[ (za —x)- x7(1 —x)- oo) dx = 
x=0 


] 6\/3\ 9, 
~ volume(W) ff, mae = ($) (3) ~ 28 j 


Note that the Mean Value Theorem implies that there is some point in the crystal where 


oo| WwW 


Therefore, 


a || 


the temperature is exactly zg C ia 


The Volume of the Sphere in Higher Dimensions 


Archimedes (287-212 BCE) proved the beautiful formula V = $r? for the volume of a 
sphere nearly 2000 years before calculus was invented, by means of a brilliant geometric 
argument showing that the volume of a sphere is equal to two-thirds the volume of the 
circumscribed cylinder. According to Plutarch (ca. 45—120 CE), Archimedes valued this 
achievement so highly that he requested that a sphere with a circumscribed cylinder be 
engraved on his tomb. 

We can use integration to generalize Archimedes’s formula to n dimensions. The 
ball of radius r in R”, denoted B,,(r), is the set of points (x1, ..., xn) in R” such that 


xi t+ +x6 <r? 


The balls B,(r) in dimensions 1, 2, and 3 are the interval, disk, and ball shown in 
Figure 9. In dimensions n > 4, the ball B,,(r) is difficult, if not impossible, to visualize, 
but we can compute its volume. Denote this volume by V,,(r). For n = 1, the “volume” 
Y (7) is the length of the interval B;(7), and for n = 2, V>(r) is the area of the disk B2(r). 
We know that 


4 
Vi(r) = Zr, V(r) = qr’, V(r) = aur 


For n > 4, V,,(r) is sometimes called the hypervolume. 


FIGURE 10 The volume V3(r) is the integral 
of cross-sectional area V>(/ r? — c2). 


TABLE 1 Volume of an 
n-dimensional unit ball is V,(1) = A, 
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The key idea is to determine V,,(r) from the formula for V,,_;(r) by integrating cross- 
sectional volume. Consider the case n = 3, where the horizontal slice at height z = c isa 
two-dimensional ball (a disk) of radius Vr? — c? (Figure 10). The volume V3(r) is equal 
to the integral of the areas of these horizontal slices: 


r r 4 
V(r) = / Vz (v r? — 2) 1 = f a(r? - z’) dy = 3 nmr? 
z=—r z=-r 


Next, we show by induction that for all n > 1, there is a constant A, such that 


The slice of B,(r) at height x, = c has equation 
xo xd RE E +c? =r? 


This slice is the ball B„—1 (vr? — c?) of radius /r? — c?, and V,(r) is obtained by inte- 
grating the volume of these slices: 


r r n=l 
V,(r) = / Vi (E — a dXn = An-1 f (V3 — z) dXn 
x x 


n=—r n =r 
Using the substitution x, = r sin ô and dx, = r cos 8 d8, we have 


x /2 
V,7)=Ap-ir” í p cos” 0 dð = A,-1C,r” 
=J 


a /2 
where Cn = | cos” 8 d@. This proves Eq. (7) with 


6=—1 /2 


In Exercise 45, you are asked to use Integration by Parts to verify the relation 


n— l 
cy= ( ) c- 
n 


It is easy to check directly that Co = x and C1 = 2. By Eq. (9), C2 = 5Co =% 
2(2) = 4, and so on. Here are the first few values of Ca: 


TREE VERA 
ole ]?tF 3 Flaite ls. 
15 | 16 | 35 
Note that A, = V,(1) by Eq. (7), and therefore A, is the volume of the n-dimensional 
unit ball (.e., ball of radius 1). We know that A; = 2 and A> = 7, so we can use the 
values of C, together with Eq. (8) to obtain the values of A, in Table 1. ne Fa for 
example, that the ball of radius r in four dimensions has volume V4(r) = jn? rf. The 


general formula depends on whether n is even or odd. Using induction and formulas (8) 
and (9), we can prove that 


3 


3 = 


This sequence of numbers A, has a curious property. Setting r = 1 in Eq. (7), we see 
that A, is the volume of the unit ball in n dimensions. From Table 1, it appears that the 
volumes increase up to dimension 5 and then begin to decrease. In Exercise 46, you are 
asked to verify that the five-dimensional unit ball has the largest volume. Furthermore, 
the volumes A, tend to 0 as n —> oo. 
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Sj 


15.3 SUMMARY 


* The triple integral over a box B = [a,b] x [c,d] x [p,q] is equal to the iterated 


integral 


b d q 
Jf fæydav = | | f (x,y,z) dzdy dx 
B x=a J y=c Jz=p 


The iterated integral may be written in any one of six possible orders—for example, 


q d pb 
/ g N 
z=p Jy=¢ Jx=6 


A z-simple region W in R? is a region consisting of the points (x, y, z) between two 
surfaces z = zı (x, y) and z = z2(x, y), where zı (x, y) < z2(x, y), lying over a domain 
D in the xy-plane. In other words, W is defined by 


(x,y) € D, aay) =z = oe) 


Similarly, we have x-simple regions and y-simple regions. 
The triple integral over a z-simple region W is equal to an iterated integral: 


z2(x,y) 
[f[[, sex0av = ff (/ Í fayde) aA 
W D \Yz=21(x,y) 


The volume of a region W is 
y = If ldV 
W 


The average value of f(x, y,z) on a region W of volume V is the quantity 


f= zS, fE.y.zjaV 


15.3 EXERCISES 


Preliminary Questions 


ia pl 1 px p2x+y 
1. Which of (ac) is not equal to i f | f(x, y,z)dzdy dx? (a) i; | | e7tt? dz dy dx 
0 J3 J6 0 JO Jx+y 


7 1 4 
(a) f f [ f(x, y, z)dy dx dz 
6 J0 J3 
4 pl 7 
(b) f l f ER dy 
3 JO J6 


1 p4 f7 
(c) f f f f(x,y, ,z)dx dzdy 
0 73 J6 


l pz pf2x+y 
o f | f| eacdyas 
0 J0 Jxt+y 


3. Describe the projection of the region of integration W onto the xy- 
plane: 


(a) IT i fœ,y,z)dzdydx 


1 paf/i—x?2 p4 
2. Which of the following is not a meaningful triple integral? (b) l j l ff, y,z)dzdydx 


Exercises 


In Exercises 1-8, evaluate Tl f(x, y,z)dV for the specified function 3. fl, yz) =x; O<x 22, Vay <1, Me gal 
B 


f and box B. 


L f(,y,z)=xz+yz2; O<x <2, 2<y<4, 0<72<4 


2. Jaya) = 7y + ae [—2, 2] x [0, 1} x [0, 2] 


4. fœ,y,z)= [0,2] x [2,4] x [-1, 1] 


x « 
(y +2)?’ 


5. f(x, y,z) = ( — yMy — 2); [0,1] x [0,3] x [0,3] 
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& fy: = 5 l<x<3, 0<y<2, Csr 4 19. Find the triple integral of the function F(x, y, z) = z over the region 
=a x in Figure 13. 


7. f(x,y,z)=(«+2)'; [0,a] x [0,5] x (0,c] 
8. f(x,y.z)=(xty—2z)*; [0,a] x [0,5] x [0c] 


In Exercises 9-14, evaluate J | i F(x, y,z)dV for the function f and 
Ww 
region W specified. 


L fRyoaH2rty: We eeest, Dayar, Ve2=1 
2a +y¥+Z. r 

W fayoeer"™; WE O<y <x, Verxal FIGURE 13 

11. f(x, y:z)=xyz; W:0872<1, O<yevil—-x, Ozrl 


20. Find the volume of the solid in R? bounded by y =x’, x= y?, 


a: mee Wirty Sze 4 
12. f(x,y,z) =x; Wir’ +y <z z=x+y+5,andz=0. 


—_— : > 
13. f(x,y,z) =e; W:x+y+z<1, x20, yO, 21. Find the volume of the solid in the first octant bounded between the 


> 
z2=0 planes x + y+z=landx+y+2z=1. 
14. f(x,y,z) =z; W:0<x<1, x? <y <2, 
x-y<z7<xt+y 22. Calculate fff y dV, where W is the region above z = x? + y? and 
w 
15. Calculate the integral of f(x, y,z) = z over the region W in Figure below z = 5, and bounded by y = 0 and y = 1. 
11, below the hemisphere of radius 3 and lying over the triangle D in the 
xy-plane bounded by x = 1, y = 0, and x = y. 23. Evaluate f J Í xzdV, where W is the domain bounded by the 
w 
x2 y 
elliptic cylinder A + ie 1 and the sphere x? + y? +z? = 16 in the 
first octant (Figure 14). 
ba 
FIGURE 11 9 Prp 
16. Calculate the integral of f(x, y,z) = e? over the tetrahedron W in FIGURE 14 


Figure 12 (the region in the first octant under the plane shown). 


24. Describe the domain of integration and evaluate: 


3 pN 9—x? pa/9—x?—y? 
[ | Í xydzdy dx 
0 J0 0 


25. Describe the domain of integration of the following integral: 


J4—z2 5-12-72 
x,y,z)dydx dz 
ic ; i roa f@, y,z)dy 


26. Let W be the region below the paraboloid 


x? + yy? =z =2 


FIGURE 12 


that lies above the part of the plane x + y+ z = 1 in the first octant. 


ae Express 
\— 17. Integrate f(x, y,z) =x over the region in the first octant bounded 


ee Be a? ae = y2 
above by z = 8 — 2x* — y* and below by z = y4. If f(@.,y,z)dV 
w 


18. Compute the integral of f(x,y,z) = y? over the region within the 
cylinder x? + y? = 4, where 0 < z < y. as an iterated integral (for an arbitrary function f). 
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27. Assume f(x,y,z) can be expressed as a product, f(x,y,z) = 
2(x)h(y)k(z). Show that the integral of f over a box B = [a,b] x [c,d] x 
[p,q] can be expressed as a product of integrals as follows: 


My. f(@,y,z)dV = (f eax) (f roa) (i kodz) 


28. Consider the integral in Example 1: 


4 p3 p6 
j f [ xel t3z dzdy dx 
1 JO J2 


Show that the integrand can be expressed as a product g(x)h(y)k(z). Then 
verify the equation in Exercise 27 by computing the product of integrals 
on the right-hand side and showing it equals the result obtained in the 
example. 


29. In Example 5, we expressed a triple integral as an iterated integral in 
the three orders 


dzdydx, dxdzdy, and dydzdx 
Write this integral in the three other orders: 


dzdxdy, dxdydz, and dydxdz 


30. Let W be the region shown in Figure 15, bounded by 
y+tz=2, əy, x+=0, and z=0 


Express and evaluate the triple integral of f(x, y, z) = 2x — 4y + 6z con- 
sidering W as: 

(a) z-simple, integrating with respect to z first, with z)(x,y)<z< 
z2(x, y) for some zı and z2 

(b) x-simple, integrating with respect to x first, with x;(y,z) < x < 
x2(y, z) for some x; and x2 

(ce) y-simple, integrating with respect to y first, with yı(x,z) < y < 
y2(x, z) for some yı and y2 


Upper face 
y+z=2 


FIGURE 15 


31. Let 


W = {[(@,y,z): fx? +y? <z <1} 


(see Figure 16). Express J | | J (x, y,z) dV as an iterated integral in the 
w 
order dz dy dx (for an arbitrary function f). 


FIGURE 16 


32. Repeat Exercise 31 for the order dx dy dz. 


33. Let W be the region bounded by z = 1 — y”, y = x”, and the plane 
z= 0. Calculate the volume of W as a triple integral in the order 
dzdydx. 


34. Calculate the volume of the region W in Exercise 33 as a triple inte- 
gral in the following orders: 


(a) dxdzdy (b) dydzdx 


In Exercises 35—38, draw the region W and then set up but do not compute 
a single triple integral that yields the volume of W. 


35. The region W is bounded by the surfaces given by z = 1 — y?, x = 0 
and z=0,z+x =3. 


36. The region W is bounded by the surfaces given by z = x?, z + y = 1, 
andz—y=1. 


37. The region W is bounded by the surfaces given by z = y”, y = z? and 
x=O0,x+y+z=4. 


38. The region W is undemeath z = 1 — x? and also bounded by y = 0, 
z= 0, and y = 3 — x? — 2”. 


In Exercises 39-42, compute the average value of f(x,y,z) over the 
region W. 


39. f(x, y,z) =xysin(zz); W = [0,1] x [0,1] x [0,1] 

40. f(x,y,z)=xyz3 W:0<z2<y<x<1 

41. f(x,y,z) =; W:0<y<1-—x*, O<z<x 

42. f(x,y,z) =x? +y? +z?; W bounded by the planes 2y +z = 1, 


x=0,x% = 1,z=0,andy =0 


i a 
In Exercises 43 and 44, let I = f f [ f(x, y,2)dV and let SN N,N 
o Jo Jo 


be the Riemann sum approximation 


zjs. 


SN, N,N = — LD 


i 


s 


N 
=l j 


nys (E ht) 


43. Calculate Sy.v,w for f(x,y,z) = e°- for N = 10, 20, 
30. Then evaluate J and find an N such that Sy y,y approximates J to two 
decimal places. 


1 


44, Calculate Sy,v.v for f(x,y,z) = sin(xyz) for N = 10, 20, 
30. Then use a computer algebra system to calculate J numerically and 
estimate the error |Z — Sy y.n|- 
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~— Further Insights and Challenges 
45. Use Integration by Parts to verify Eq. (9). the five-dimensional ball has the largest volume. Can you explain why A, 


46. Using Eq. (8), compute the volume A, of the unit ball in R” for n = 8, tends to 0 asn — 00? 
9, 10. Show that C, < 1 forn > 6 and use this to prove that of all unit balls, 


15.4 Integration in Polar, Cylindrical, and Spherical Coordinates 


In single-variable calculus, a well-chosen substitution (also called a change of variables) 
often transforms a complicated integral into a simpler one. Change of variables is also 
useful in multivariable calculus, but the emphasis is different. In the multivariable case, 
we are usually interested in simplifying not just the integrand, but also the representation 
of the domain of integration. 

This section treats three of the most useful changes of variables, in which an integral 
is expressed in polar, cylindrical, or spherical coordinates. As in Figure 1, certain physical 
systems are much more easily modeled with the right coordinate system. The general 
Change of Variables Formula is discussed in Section 15.6. 


Double Integrals in Polar Coordinates 


Polar coordinates are convenient when the domain of integration is an angular sector or 
a polar rectangle (Figure 2): 


Gary A. Glatzmaier (University of California, Santa Cruz) and 
Paul H, Roberts (Unsvorsily of California, Los Angeles) 


FIGURE 1 Spherical coordinates are used in R:0,<0<%, m<r<nrn | 1 | 
mathematical models of Earth’s magnetic 

_ field. This computer simulation, based on We assume throughout that rı > 0 and that all radial coordinates are nonnegative. Recall 
inne maa eat that rectangular and polar coordinates are related by 


magnetic lines of force, representing 
inward- and outward-directed field lines in 


x =rcosé@, =rsin@ 
blue and yellow, respectively. y 


Thus, we write a function f(x, y) in polar coordinates as f(r cos 8,r sin 0). The Change 
of Variables Formula for a polar rectangle R is 


(zg) r 
II fæ yda = | f Fr coso,r sin@)r dr dé [2 | 
R ĝi ry 


Notice the extra factor r in the integrand on the right. It will become clear why it is 


, l included when we derive the Change of Variables Formula next. 
Equation (2) expresses the integral of 


f(x,y) over the polar rectangle in Figure 2 
as the integral of a new function 
rf(rcosĝ,r sin@) over the ordinary 
rectangle [@1, 02] x [71,72]. In this sense, 
the change of variables simplifies the 
domain of integration. 


FIGURE 2 Polar rectangle. 


To derive Eq. (2), the key step is to estimate the area AA of the small polar rect- 
angle shown in Figure 3. If Ar and A@ are small, then this polar rectangle is very nearly 
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an ordinary rectangle of sides Ar and r A@, as in the Reminder in the margin, and there-_ _ 
fore AA ~r Ar A@. In fact, AA is the difference of areas of two sectors: 


1 I 1 
AA=5Cr+ Ar)? A0 — Aa A@ = r(Ar A8) + (Ar Ae xr Ar A8 


The error in our approximation is the term }(Arř A9, which has a smaller order of 
magnitude than Ar A0 when Ar and A0 are both small. 


y 


AA = rA rA9 


Arc of length rAé@ 


aal ad 
7 AQ 


4 REMINDER In Figure 4, the length B of 
the arc subtended by the angle @ is the 
fraction of the entire circumference that @ 
is of the entire angle 27. Hence, 

= ~2nr = rĝ. Similarly, the area of 


the sector subtended by @ is 570. FIGURE 3 Small polar rectangle. FIGURE 4 


Now, decompose R into an N x M grid of small polar subrectangles 7;; as in 
Figure 5, and choose a sample point Pj; in Rij. If Rij is small and f(x,y) is contin- 
uous, then by approximation (11) in Section 15.2, we have 


If, F(x, y)dx dy + f(Pij)area(Rij) ~ f(Pij) rij Ar A0 


Pj= (Ty. 95) 


FIGURE 5 Decomposition of a polar 
rectangle into subrectangles. 


Note that each polar rectangle R;; has angular width A@ = (62 — 01)/N and radial width 
Ar = (r2 — r1)/M. The integral over R is the sum 


N M 
J| fenardy=Dy ff f(x, y) dx dy 


i=] j=] 
N M 
>> J (Py) Area(Rij) 


1 j=l 


Q 


i, 


& 
paie 
Mr 


F (rij cos 6:3, rij sin 6;;) rij Ar AO 


Il 
pem 


1 


Lj 
This is a Riemann sum for the double integral of r f (r cos 6, r sin @) over the region where 
rı Sr <m, 6 <8 < 4, and we can prove that it approaches the double integral as — 
N,M — ov. A similar derivation is valid for domains (Figure 6) that can be described 


FIGURE 6 A region between two polar as the region between two polar curves r = rı(0) and r = r(@) for @ between the values 
curves. 0; and 02. This gives us the following Theorem 1. 


Equation (3) is summarized in the 
expression for the area element dA in polar 
coordinates: 


adA=rdrdé 


FIGURE 7 Quarter annulus 0 < 6 < 3, 
2<r<4. 


FIGURE 8 
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THEOREM 1 Double Integral in Polar Coordinates For a continuous function f on 
the domain 


D:01 <0 <02, m(@)<r<r26) 


A prz) 
I fædda = | ji f(rcos6,rsin@)r dr dé 
D 6; Yr=r;(@) 


We call such a region D radially simple. It has the property that every ray from the 
origin intersects the region in a single point or in a line segment that begins on r = 71 (0) 
and ends on r = r2(@). 


EXAMPLE 1 Compute J J (x + y)dA, where D is the quarter annulus in Figure 7. 
D 


Solution The quarter annulus is an example of a domain that is radially simple. 
Step I. Describe D and f in polar coordinates. 
The quarter annulus D is defined by the inequalities (Figure 7) 


D:0<0 <>, perad 


In polar coordinates, 


f(x,y) =x + y =rcosð +r sin =r(cosé + sin) 


Step 2. Change variables and evaluate. 
To write the integral in polar coordinates, we replace dA by r dr dé: 


a/2 p4 
If (+y)dA= | | r(cos@ + sin)r dr dé 
D 0 r=2 


The inner integral is 
4 3 3 
4 2 56 
i (cos@ + sin@)r? dr = (cos@ + sin @) ($ — =) = Faih + sin) 
r=2 
and 


mE ig 


=— E 
0 3 


s6 [7'4 56 . 
(x +y)dA = a (cos + sin@)d@ = z (sind — cos @) 
D 0 


EXAMPLE 2 Calculate J J (x? + y)~* dA for the shaded domain D in Figure 8. 
D 


Solution 


Step 1. Describe D and f in polar coordinates. 
The quarter circle lies in the angular sector 0 < @ < Ẹ because the line through P = 
(1, 1) makes an angle of 4 with the x-axis (Figure 8). 
To determine the limits on r, recall from Section 11.3 (Examples 5 and 8) that 


* The vertical line x = 1 has polar equation r cos@ = 1 or r = sec. 
°- The circle of radius 1 and center (1,0) has polar equation r = 2 cos 0. 


Therefore, a ray of angle 6 intersects D in the segment where r ranges from sec @ to 


2 cos 0. In other words, our domain is radially simple with polar description 
Dioses. sec <r < 2cosô 
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4 REMINDER 
2 1 173 
cos to =; a +5 sin 28 +C 


f secoas = tan + C 


ye (r, 8, 2) 


FIGURE 9 Cylindrical coordinates. 


FIGURE 10 Region described in cylindrical 
coordinates. 


Equation (4) is summarized in the 
expression for the volume element dV in 
cylindrical coordinates: 


dV =rdzdr d0 


The function in polar coordinates is 
FÈS Er Eem 


Step 2. Change variables and evaluate. 


m/4 p2cosé z/4 p2cosé 
If (x7 + yo? dA = i n r*rardo = | | r~> dr dé 
= 0 r=sec @ 


The inner integral is 


2cos@ 3 1 > 
EM T e 
/ r r z 


r=sec@ 


5 x /4 1 
II i yore dA = É G cos? @ — — sec 20) dé 
D 8 
1 1 
— 0+ 5 sin20 -zno 
4 8 0 
-1/3 i 1 sin = 1 - m m m 
“Hla S a E 8 © 
Triple Integrals in Cylindrical Coordinates 
Cylindrical coordinates, introduced in Section 12.7, are useful when the domain has axial 


symmetry—that is, symmetry with respect to an axis. In cylindrical coordinates (r, 6, -I R 
the axis of symmetry is the z-axis. Recall the relations (Figure 9) 


Therefore, 


m/4 


x=rcosé, y=rsing, gag 


To set up a triple integral in cylindrical coordinates, we assume that the domain of inte- 
gration W can be described as the region between two surfaces (Figure 10) 


zı(r,0) < z < z2(r,0) 
lying over a radially simple domain P in the xy-plane with polar description 
D:0ı <0 <02, rı(0) <r < r0) 


A triple integral over W can be written as an iterated integral (see Theorem 2 of 


Section 15.3): 
z2(r,0) 
If fx.y.adv = ff (/ fos.2)de) dA 
Ww D z=z (7.0) 


By expressing the integral over D in polar coordinates, we obtain the following Change 
of Variables Formula. 


THEOREM 2 Triple Integrals in Cylindrical Coordinates For a continuous function 
f on the region 


6, <6 < &, rıl) <r <r2(8), z(r,0) < z < z2(r,8), 


the triple integral | | Í f(x, y, z) dV is equal to 
| W 


h r2(@) z2(r,0) | 
i | i. f(rcos6,rsin@,z)rdzdrdée 
0 


r=r\(0) Jz=21(7,8) 
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EXAMPLE 3 Integrate f(x, y,z) = zyx? + y over the cylindrical region W where 
x? + y? <4 for 1 <z <5 (Figure 11). 


radius = 2 


Solution The domain of integration W lies above the disk of radius 2 centered at the 
origin, so in cylindrical coordinates, 


W: 09 <27, Va re 2, 1<¢ 25 


We write the function in cylindrical coordinates: 


j f(x,y. 2) T y? Ser 


x and integrate using dV = r dzdrdé. 


FIGURE 11 The region x2 +y* <4, 2x p2 5 
| <¢= 5. If 2+ yav = f / (zr)r dzdr dé 
a. W 0 r=0 Jz=1 
2x p2 
= | | 12r? drdé 
0 r=0 


23 
=| 32d0 = 64r a 
0 


EXAMPLE 4 Compute the integral of f(x, y, z) = z over the region W within the cylin- 
der x? + y? < 4, where 0 < z < y. 


Solution 


Step 1. Express W in cylindrical coordinates. 
The condition 0 < z < y tells us that y > 0, so W projects onto the semicircle D in the 
xy-plane shown in Figure 12. The semicircle has radius 2 and corresponds to y > 0. 
In polar coordinates we have 
YW VaR <9, Var =2 


The z-coordinate in W varies from z = 0 to z = y, and in polar coordinates y = 
r sin @, so the region has the description 


W:0=G=%7, O=r<2, 0<z<rsinð 


Step 2. Change variables and evaluate. 


x p2 r sinô 
If fæy dav = f J ji zr dz dr d8 
W 0 Jr=0Jz=0 


FIGURE 12 
x p2 1 
= f Í —(r sin@)*r dr d0 
0 Jr=o 2 
m 
4 REMINDER g f 2sin* 0 d0 =x m 
| sio?oae = 5 (0-352) +c - - — - 
Triple Integrals in Spherical Coordinates 
| sin? 0 d0 = > We noted that the Change of Variables Formula in cylindrical coordinates has a volume 
0 


element expressed as dV = r dr dO dz. In spherical coordinates (p, 6, d) (introduced in 
Section 12.7), the analog is the formula 


dV = p° sind dp dd de 
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” r= p sin ġ 


P= (x, Y, z) = (p, 0, $) 


(J FIGURE 13 Spherical coordinates. 


FIGURE 14 A spherical wedge with volume 
approximately p? sn PA PAGAD. 


FIGURE 15 Decomposition of a spherical 
wedge into subwedges. 


To begin the derivation of this formula, recall the conversion formulas illustrated in _ 
Figure 13: 

x = psingcosé, y= psingsin#g, z = pcos ¢, r=psing 
A key step in the derivation of the formula for dV is estimating the volume of a small 


spherical wedge W. Suppose it is defined by fixing values for p, ¢, and @, and varying 
each coordinate by a small amount given by Ap, Ad, and A8 as in Figure 14. 


Z 


For small increments, the wedge is nearly 
a rectangular box with dimensions 
psingAé@ x påọ x Ap. 


Ap 
psin oe a 


rA@= 
psin g@A@ 


The spherical wedge is nearly a box with sides Ap, pAd, and rA@ by projecting ur 
from the corresponding length in the x y-plane. Converting r A@ to spherical coordinates, —~ 
we obtain p sin ġ A9 for this third dimension of the box. 

Therefore, the volume of the spherical wedge is approximately given by the prod- 
uct of these three dimensions, the accuracy of which improves the smaller we take our 
changes in the variables: 


volume(W) = p? sing Ap Ad A0 | 5 | 


Following the usual steps, we decompose W into N? spherical subwedges W; (Fig- 
ure 15) with increments 
aa $2 — ¢ı OA 
N y ` PSN 
and choose a sample point P; = (pi, 0i, Qi) in each W;. Assuming f is continuous, the 
following approximation holds for large N (small W;): 


A6 a 


II Po f(x, y,z)dV > f(P;)volume(W;) 


~ f(P;)p? sing; Ap Ad A0 


Taking the sum over i, we obtain 


~ Dai 
[[[, toroa DFP DEP singi Ap AG A9 [6] 
The sum on the right is a Riemann sum for the function 


f(pcosð sin ¢, p sind sing, p cos ¢) p* sing 


on the domain W. Equation (7) follows by passing to the limit as N —> 00 [and showing 
that the error in Eq. (6) tends to zero]. This argument applies generally to regions defined 
by an inequality »1(0,6) < p < p2(8, $) with 6; < 6 < 6) and ġ1 < ¢ < Q2. 


oe 


Equation (7) is summarized in the 
expression for the volume element dV in 
spherical coordinates: 


dV =p’ sind dp dọ d0 
Z 


FIGURE 16 Sphere of radius 4. 


4 REMINDER We can integrate sin? @ by 
writing sin? ¢ = (1 — cos? @) sing and 
using a substitution u = cos @. This yields 


l 
[ si? 6a = z cos $ — cos +C 


\— FIGURE 17 Ice cream cone defined by 
O<psR,0<O<n/4. 
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THEOREM 3 Triple Integrals in Spherical Coordinates For a region W defined by 
Oe 0) < 05, hi <$ <Q, pPı(0, $) < p < P28, ¢) 


the triple integral J | f(x, y,z) dV is equal to 
W 


@2 póz pp2(0.0) 
i | ji f(psingcosé, p sin ¢ sind, p cos ¢) p” sing dp dọ dé 
0) Jo=ġ; ¥p=pi(6.d) 


We call such a region W centrally simple in that every ray from the origin intersects 
the solid in a point or a single line segment such that the first endpoint of the segment lies 
on the surface p = (0, @) and the second endpoint lies on the surface p = p2(0, @). 


EXAMPLE 5 Compute the integral of f(x, y,z) = x? + y? over the sphere S of radius 
4 centered at the ongin (Figure 16). 


Solution First, write f(x, y, z) in spherical coordinates: 
JX, wos x? + y? = (p sing cos 0)? + (p sing sin 0% 
= p sin? (cos? 6 + sin? 6) = p° sin? $ 


Since we are integrating over the entire sphere S of radius 4, this is a centrally simple 
region, with each ray beginning at the origin and ending on the sphere. So, p varies from 
0 to 4, 6 from 0 to 27, and ¢ from 0 to z. In the following computation, we integrate first 
with respect to @. This is justified because the result of the inner two integrals is indepen- 
dent of @, and therefore the outer integral can be treated as the integral of a constant with 
respect to 6: 


2 pit 4 
J ji (x7 + y*)dV = | fi (p° sin? ġ) p” sind dp dọ dé 
JIS 0 @=0 J p=0 


a 4 x p> 4 
=2x | / o*sin® odo do = 2x | —! | sin’ ddd 
204 a 
= —= | sin’ 6 dọ 
S Jo 
2048 l r 2 
= 5 = E - cos) A = — La 


EXAMPLE 6 Integrate f(x,y,z) =z over the ice cream cone-shaped region W in 
Figure 17, lying above the cone and below the sphere. 


Solution The cone has equation x? + y? = z*, which in spherical coordinates is 

(p sing cos 6)” + (p sin @ sin ey = (p cos y} 

p sin? (cos? 6 + sin? 0) = p? cos? H 
sin? @ = cos? h 

x 3x 
44 
The half of the cone above the xy-plane has the equation ¢ = 7. On the other hand, the 
sphere has equation p = R, so the ice cream cone has the description 


sing=+tcos@¢é > ¢= 


W:0=6@ = 2x, 0<o<5, O<p<R 
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We have the following integral that, as in the previous example, we integrate first 
with respect to 6 because the result of the inner two integrals is independent of 0. 


2x px/4 pR 
[fl zav = f / (p cos ġ)p? sing dp dọ dé 
Ww 0 ġ=0 Jp=0 


Ye 


m/4 pR R4 /4 x R4 
=2n | | p> cos¢ sind dp do = — sing cos ġ dọ = —— 
¢=0 Jp=0 2 Jo 8 
a 
15.4 SUMMARY 
The area and volume elements: e Double integral in polar coordinates: 
dA =r dr d0 @ pro(@) 
Tf fæ yda = | / f(r cos@,rsin@)r dr d0 
D 6, Yr=r)(@) 
dV =rdzdrdé@ 
¢ Triple integral | J f(x, y,z)dV 
Ww 
dV = p? sing dp dọ d0 - In cylindrical coordinates: 
h2 pro(@) za(r,@) 
[ / Í f(rcosé,rsin0,z)rdzdr dé 
Q, Yr=r\(@) Jz=z1 (7,0) 


— In spherical coordinates: 


6 poz pr(0.9) 
| J | f(psingdcos 9, p sing sin8, pcos $) p? sing dp dẹ dé 
6, Jo=ġ Jp=p1(0,0) 


15.4 EXERCISES 


Preliminary Questions 


1. Which of the following represent the integral of f(x, y) = ee ye (a) Sphere of radius 4 
over the unit circle? (b) Region between the spheres of radii 4 and 5 
1 p2x 2n pl ' ; 
(a) [ il wee (b) i f Le (c) Lower hemisphere of the sphere of radius 2 
F i 4. An ordinary rectangle of sides Ax and Ay has area Ax Ay, no mat- 
l p2x 2x pl ter where it is located in the plane. However, the area of a polar rectangle 
(c) Í | r° dr dô (d) i | r° dr do of sides Ar and A@ depends on its distance from the origin. How is this 
0 0 


difference reflected in the Change of Variables Formula for polar coordi- 
nates? 
2. What are the limits of integration in iff f(r,0,z)r dr d0 dz if the 


integration extends over the following regions? 5. The volume of a sphere of radius 3 is 362. What is the value of each 


of the following integrals? 
(a) x? +y? <4, =] aza ax prn A a 
(b) Lower hemisphere of the sphere of radius 2, center at origin (a) f f i p° sin dp dọ dé 
0 v0 
3. What are the limits of i ion i ial eka 
at are the limits of integration in (b) i f f ianpamdanih 
0 0 
2 xf4 pafl p3 
9,0 sin ġ dp dọ d0 ' 
Jf f(p,ġ,.0) p° sing dp do © f f f >singapapao 
0 0 0 g 
if the integration extends over the following spherical regions centered at ie fa > ma 
the origin? (d) F Í Í p“ sing dp dọ dé 
—1 
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~ Exercises 


In Exercises I—6, sketch the region D indicated and integrate f(x,y) over 
D using polar coordinates. 


L fy =x? +97, x+y <2 

2. f(xy) =x? +y; 1<x? +y <4 

3. f(x,y) =xy; x20, y>0, x?+y <4 
4. fy) =y? +y; yz20, x+y <1 


5. f@y=y?+y2)'; yz 4, x+y <1 


6. fay) =t; x2 +y2<R 


FIGURE 18 
In Exercises 7-14, sketch the region of integration and evaluate by chang- 
ing to polar coordinates. 22. Let W be the region above the sphere x? + y? + z? = 6 and below 
the paraboloid z = 4 — x? — y?. 
4 J i f aan Tya (a) Show that the projection of W on the xy-plane is the disk 
` Jado x? + y? < 2 (Figure 19). 


(b) Compute the volume of W using polar coordinates. 


3 pvV/9-y? 
8. f / yx? + y? dx dy 
0 V0 


1/2 prf/1—x2 
9, [ f xdydx 
0 3x 


5 fy 2 pv3x 
11. [ f xdxdy 12. f) / ydydx 
0 J0 0 Jx 


2 paf4—x?2 
13. J [ (x? + y*) dy dx 
—1 J0 


2 pr 2x—x?2 l 
14. J í —= dydx FIGURE 1 
1 Jo Yx? +y? . 

In Exercises 15-20, calculate the integral over the given region by chang- 

ing to polar coordinates. 23. Evaluate J [ x? + y? dA, where D is the domain in Figure 20. 
Hint: Find the equation of the inner circle in polar coordinates and treat 

Se ee a ee 
15. f@, y= Qty); x+y <2, x21 the right and left parts of the region separately. 


16. f(x,yy=y; 2<x?+y?2 <9 

17. f(x,y) =|xy|; x? +y? <1 

18. fœ p=? +y; x24 y2 <1, x+y] 
19. f(x,y) =x-y; x? +y? <l, x+y21 


W feyoy; xy 2 1 eya 


21. Find the volume of the wedge-shaped region (Figure 18) contained in 
the cylinder x? + y? = 9, bounded above by the plane z = x and below by 
the xy-plane. FIGURE 20 
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24. Evaluate J | xy x? + y? dA, where D is the shaded region enclosed 
D 


by the lemniscate curve r? = sin 26 in Figure 21. 


FIGURE 21 


25. Let W be the region above the plane z = 2 and below the parabo- 
loid z = 6 — (x? + y”). 
(a) Describe W in cylindrical coordinates. 


(b) Use cylindrical coordinates to compute the volume of W. 
26. Use cylindrical coordinates to calculate the integral of the function 


f(x,y,z) = z over the region above the disk x? + y? < 1 in the xy-plane 
and below the surface z = 4 + x? + y?. 


In Exercises 27-32, use cylindrical coordinates to calculate 


/ J I f(x, y,z)dV for the given function and region. 

2: fay D =x +y; x*+y? <9, Oz 55 

28. fœ, y, z= xz; x*+y2<1, x20, O<z<2 

29. f(x,y,z) =x; x? +y? <16, x>0, y>0, —3<z<3 
30. CDn F x2 +y? erage +’) 

31. f(x,y,z) =z; x+y <7 <9 


32. f(x,y,z =z; O<z<x2+y <9 


In Exercises 33—36, express the triple integral in cylindrical coordinates. 


1 y= l—x? 4 
33. ih / (x, y,z)dzdy dx 
=] Jy=—+/1—x? BPEJ É 


0 py=V1—-x2 p2 
af | / f(x, y,z)dzdy dx 
=l] Jy=0 z=0 
22 


1 py=J/l—x2 px?’+y 
35. J l / F(x, y,z)dzdydx 
=l ¥y=0 z=0 


2 pysa/2x—x? pa/x2+y2 
36. i f j f(x.y,z)dzdydx 
0 Yy=0 Jz=0 


37. Find the equation of the right-circular cone in Figure 22 in cylindrical 
coordinates and compute its volume. 


FIGURE 22 


38. Use cylindrical coordinates to integrate f(x, y,z) = z over the inter- 
section of the solid hemisphere x? + y? + z? < 4, z > 0, and the cylinder 
x24 y* =< 1. 


39. Find the volume of the region appearing between the two surfaces in 
Figure 23. 


FIGURE 23 


40. Use cylindrical coordinates to find the volume of a sphere of radius 2a 
from which a central cylinder of radius a has been removed. 


41. Use cylindrical coordinates to show that the volume of a sphere of ra- 
dius a from which a central cylinder of radius b has been removed, where 
0 < b <a, only depends on the height of the band that results. In partic- 
ular, this implies that such a band of radius 2 m and height 1 m has the 
same volume as such a band of radius 6,400 km (the radius of the earth) 
and height 1 m. 


42. Use cylindrical coordinates to find the volume of the region bounded 
below by the plane z = 1 and above by the sphere x? + y? + z? = 4. 


43. Use spherical coordinates to find the volume of the region bounded 
below by the plane z = 1 and above by the sphere x? + y? + z? = 4. 


44. Use spherical coordinates to find the volume of a sphere of radius 2 ie 


from which a central cylinder of radius 1 has been removed. 


In Exercises 45—50, use spherical coordinates to calculate the triple inte- 


~œ gral of f(x, y, z) over the given region. 


45. f(x,y,z) = Y7; pee te Se | vyz = 


46. f(x,y,z) = 52x Fy Fz <25 


1 
47. f(x,y,z) =x? +y; p< 
48. f(x, y,z)= l; x? + y* +27 <4z, z > yx? +y? 
49. f(x,y, 2) = yx? + y2 + z?; xX +y tz < 22 
50. f(x,y,z) =p; x? +y? +z <4, z<1, x20 


51. Use spherical coordinates to evaluate the triple integral of fær S= 
z over the region 


0s0s5, ETER l<p<2 


52. Find the volume of the region lying above the cone ¢ = ¢o and below 
the sphere p = R. 
53. Calculate the integral of 
fæ yz) = 2? +y? + 2°) 7? 
over the part of the ball x? + y? + z? < 16 defined by z > 2. 


_ 54. Calculate the volume of the cone in Figure 22, using spherical coordi- 
nates. 


55. Calculate the volume of the sphere x? + y? +z? =a’, using both 
spherical and cylindrical coordinates. 
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56. Let W be the region within the cylinder x? + y? = 2 between z = 0 


and the cone z = ./x2 + y2. Calculate the integral of f(x, y, z) = x? + y? 
over W, using both spherical and cylindrical coordinates. 


57. Bell-Shaped Curve One of the key results in calculus is the compu- 
tation of the area under the bell-shaped curve (Figure 24): 


we 2 
= Í e” dx 
-0 


This integral appears throughout engineering, physics, and statistics, and 
although e7 does not have an elementary antiderivative, we can compute 
I using multiple integration. 

(a) Show that 7 2 = J, where J is the improper double integral 


roo oO 5 2 
J= J / e ~~» dxdy 
=00 4—00 


A a pane ae 
Hint: Use Fubini’s Theorem and e~* ~” =e *e?. 


(b) Evaluate J in polar coordinates. 
(c) Prove that J = ./z. 


—2 -Í 


FIGURE 24 The bell-shaped curve y = e7* . 


Further Insights and Challenges 


58. An Improper Multiple Integral Show that a triple integral of 
(x2 + y? + z? + 1)? over all of R? is equal to 2”. This is an improper 
integral, so integrate first over p < R and let R —> oo. 


59. Prove the formula 


54 
lnr då = —— 
JI, 2 


15.5 Applications of Multiple integrals 


where r = yx? + y? and D is the unit disk x? + y? < 1. This is an im- 
proper integral since lnr is not defined at (0, 0), so integrate first over the 
annulus a < r < 1, where 0 < a < 1, and let a — 0. 


1 
60. Recall that the improper integral il x * dx converges if and only 
0 


if a < 1. For which values of a does j | r * dA converge, where r = 
D 
yx? + y? and D is the unit disk x? + y? < 1? 


Previously we used the variable p to 
represent density in applications. We have 
also used p as a spherical-coordinates 
variable. To avoid confusion between these 
two uses, we will also use ô to represent 
density. 


This section discusses some applications of multiple integrals. First, we consider quan- 
tities (such as mass, charge, and population) that are distributed with a given density ô 
in R? or RÊ. In single-variable calculus, we saw that the “total amount” is defined as the 
integral of density. Similarly, the total amount of a quantity distributed in R* or R? is 
defined as the double or triple integral: 


total amount = J| d(x,y)dA or II d(x, y,z)adV 
D W 


The density function 6 has units of amount per unit area (or per unit volume). 
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Population in a small 
y (km) rectangle R;; is approximately 
5(P,)AxAy. 


River 


FIGURE 1 An aerial view of a region near 
the river. 


Mass © 8(P;;,)AV 


y 


FIGURE 2 The mass of a small box is 
approximately (P; jg) AV. 


(r, 8, z) with 
ar? <z<H 


z= a(x? +y?) 


FIGURE 3 A solid enclosed between the 
paraboloid z = a(x? + y*) and the plane 
Z =a. 


The intuition behind Eq. (1) is similar to that of the single-variable case. Suppose, _ p 
for example, that 5(x, y) is population density (Figure 1). When density is constant, the — 
total population is simply density times area: 


population = density (people/km?) x area (km?) 


To treat variable density in the case, say, of a rectangle R, we divide R into smaller 
rectangles R;; of area Ax Ay on which ô is nearly constant (assuming that ô is continuous 
on R). The population in Rj; is approximately 5(P;;) Ax Ay for any sample point P;; in 
Rij, and the sum of these approximations is a Riemann sum that converges to the double 
integral: 


Í 5(x,y)dA ~ Y 9 8(Piy)AxAy 
R ij 


EXAMPLE 1 Population Density The population in a rural area near a river has 
density 


5(x, y) = 40xe°!” people per km? 
How many people live in the region R: 2 < x < 6,1 < y < 3 (Figure 1)? 


Solution The total population is the integral of population density: 


3 p6 
II 40xe°¥ dA = J i 40xe°!¥ dx dy 
R 1 42 
3 6 3 
=| (20%72| ) dy 4 640e°'” dy 
1 r2 ] A 


3 
= 64001 | -=~ 1566 people E 


In the next example, we compute the mass of an object as the integral of mass density. 
In three dimensions, we justify this computation by dividing W into boxes B; jg of volume 
AV that are so small that the mass density is nearly constant on 5; ;, (Figure 2). The mass 
of B;;, is approximately ô(P;jz) AV, where Piję is any sample point in Bijx, and the sum 
of these approximations is a Riemann sum that converges to the triple integral: 


Il, eR SSNS ae 222 ô(P;jk) AV 


Approximate mass 
of Bijk 
When ô is constant, we say that the solid has a uniform mass density. In this case, the 
triple integral has the value ôV and the mass is simply M = ôV. 


EXAMPLE 2 Leta > 0. Find the mass of the solid W enclosed between the paraboloid 
z = a(x? + y”) and the plane z = H (Figure 3). Assume a mass density of 5(x, y, z) = Z. 


Solution Because the solid is symmetric with respect to the z-axis, we use cylindrical co- 
ordinates (r, 0, z). Recall that r? = x? + y?, so the cylindrical equation of the paraboloid 
is z = ar?. A point (r,@, z) lies above the paraboloid if z > ar?, so it lies in the solid if 
ar? < z < H. In other words, the solid is described by 


H 
020 s2, Osr<j—, arsz=H 


a 


In R2, we denote the integral of x5(x, y) 
by M, and call it the moment with respect 
to the y-axis because x is the signed 
distance from (x, y) to the y-axis. 


In R?, we denote the integral of x8(x, y, z) 
by My, and call it the moment with respect 
to the yz-plane because x is the signed 
distance from (x, y, z) to the yz-plane. 
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The mass of the solid is the integral of mass density: 


2x pa/HBja pH 
u= ff s(x, y.2)av = | | | (z)r dzdr d0 
W 6=0 Jr=0 z=ar? 


2x pa/H/a 
= | | (e — zart) rdr do 
e=0 Jr=0 2 2 


2n H?r? aró yara 
— — — dé 
f. H? rH? ri 
5 6=0 6a = 3a 


Next, we compute centers of mass. In Section 8.4, we computed centers of mass of 
laminas (thin plates in the plane) that had constant mass density. Multiple integration 
enables us to treat variable mass density. We define the moments of a lamina D with 
respect to the coordinate axes: 


My ff xd(x, y) dA, My = II yd(x, y)dA 
D D 


The center of mass (COM) is the point Pem = (xcM, ycm), where 


You can think of the coordinates xcm and ycm as weighted averages—they are the 
averages of x and y in which the factor ô assigns a larger coefficient to points with larger 
mass density. 

If D has uniform mass density (ô constant), then the factors of ô in the numerator and 
denominator in Eq. (2) cancel, and the center of mass coincides with the centroid, defined 
as the point whose coordinates are the averages of the coordinates over the domain: 


Here, A = II 1 dA is the area of D. 
D 


In R, the moments of a solid region W are defined not with respect to the axes as 
in R*, but with respect to the coordinate planes: 


M= II, xd(x, y,z)d V 
M;; = TII, yd(x, y,z)d V 
My = J J I, 26(x, y,z) dV 


The center of mass is the point Pow = (xcm, Ycm; ZCM) With coordinates 


roa oMa My 
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The centroid of W is the point P = (x, Y, Z), which, as before, coincides with the cente1 
of mass when ô is constant: “= 


rb fff rh Ufo eb Mf 


where V = [fl 1dV is the volume of W. 
W 


Symmetry can often be used to simplify COM calculations. We say that a region W 
in R? is symmetric with respect to the xy-plane if (x, y, —z) lies in W whenever (x, y, z) 
lies in W. The density 5 is symmetric with respect to the xy-plane if 


d(x, Yy,» =z) = d(x, Y, z) 


In other words, the mass density is the same at points located symmetrically with respect 
to the xy-plane. If both W and ô have this symmetry, then Myy = 0 and the COM lies on 
the xy-plane—that is, zcm = 0. Similar remarks apply to the other coordinate axes and 
to domains in the plane. 


y EXAMPLE 3 Center of Mass Find the center of mass of the domain D bounded by 
y = 1 — x? and the x-axis, assuming a mass density of 5(x, y) = y (Figure 4). 


Center of mass x ; 5 P r : : 
Solution The domain D is symmetric with respect to the y-axis, and so too is the 


mass density because 5(x, y) = 6(—x, y) = y. Therefore, xcm = 0. We need only com- 


pute Ycm: 
l 1—x? 1 1 1—x? 
A... Mz=[[ youyda=f f|  yrdyae=f (Gy) jar > 
=i i D x=—1 Jy=0 x=-1 \3° ly=o 
l 

FIGURE 4 Since 5(x, y) = 6(—x, y) mass = F) (1 — 3x? + 3x4 = x9) dx = l (2 =" = =) -aA 
density is symmetric with respect to the 3 Jx=-1 3 > 7 105 
y-axis. 2 


l l—x l 1 1—x? 
m= ff Sæ yda = | | ydydx = Í Ay dx 
D x=—] Jy=0 x=-1 \2" |y=0 
ip 1 4 3 8 
=- 1] 237 pt |x e2 Ei e 
3J_( +x!) dx 5 ( 5+5) 15 


Me 32. 73\7-" 4 
Th f 5 Z eh Z ———— — = =, 
a r Eee (=) 7 j 


EXAMPLE 4 Find the center of mass of the solid W in Example 2, enclosed be- 
tween the paraboloid z = a(x? + y”) and the plane z = H, assuming a mass density of 
d(x, y,Z) = Z. 


Solution The domain is shown in Figure 3. 


Step 1. Use symmetry. 
The solid W and the mass density are both symmetric with respect to the z-axis, so we 
can expect the COM to lie on the z-axis. In fact, the density satisfies both 5(—x, y, z) = 
d(x, y, z) and d(x, —y, z) = d(x, y, z), and thus we have M,, = My, = 0. It remains to 
compute the moment Myy. 

Step 2. Compute the moment. 
In Example 2, we described the solid in cylindrical coordinates as — 


0 <0 <r, osr |Z, ar <z<H 
a 


Axis of 
rotation 


FIGURE 5 A spinning yo-yo has rotational 
kinetic energy 51 w*, where J is the 
moment of inertia and w is the angular 
velocity. See Exercise 49. 
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r H? 
and we computed the solid’s mass as M = ——. The moment is 


m» = fff zd(x,y,z)adV = nia z? dV 
DEAE z?r dzdr dé 
fe G H? — la? 50°18) rdr d8 


a/ H/a 


-f 
f 
-f 

-f 


(Hr p do 
r=0 

H4 H* 

= ee = 

8a 4a 
The z-coordinate of the center of mass is 

_ My _ ZH) _ 3, 
Ce ir eae) A 

and the center of mass itself is (0,0, 3H ). E 


Moments of inertia are used to analyze rotation about an axis. For example, the 
spinning yo-yo in Figure 5 rotates about its center as it falls downward, and according to 
physics, it has a rotational kinetic energy equal to 


rotational KE = sla? 
Here, w is the angular velocity (in radians per second) about this axis and J is the moment 
of inertia with respect to the axis of rotation. The quantity 7 is a rotational analog of the 
mass m, which appears in the expression im v? for translational kinetic energy. 

By definition, the moment of inertia with respect to an axis L is the integral of the 
square of the distance from the axis, weighted by mass density. We confine our atten- 
tion to the coordinate axes. Thus, for a lamina in the plane R*, we define the moments 


of inertia 
I, = f | y75(x, y)dA 
D 


Iy = Ih x*5(x,y)dA 


pä J (x2 + y?)6(x,y) dA 
D 


The quantity Tọ is E the R moment of inertia. It is the moment of inertia relative 
to the z-axis because x? + y is the square of the distance from a point in the xy-plane to 
the z-axis. Notice that Jo = Ix + Iy. 

For a solid object occupying the region W in R?, 


| Tx = Jff (y? + 2*)8(x, y,z)dV 
W 


l= l (x? + 27)5(x, y,zjdV 
W 


L = / J J (x? + y)8(x, y,z) dV 
W - 


Moments of inertia have units of mass times length squared. 
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EXAMPLE 5 A lamina D of uniform mass density and total mass M kilograms occu- _ _ 
pies the region between y = | — x? and the x-axis (with distance measured in meters). 
Calculate the rotational kinetic energy if D rotates with angular velocity wœ = 4 radians 
per second about: 

(a) the x-axis. (b) the z-axis. 

Solution The lamina is shown in Figure 6. To find the rotational kinetic energy about 
the x- and z-axes, we need to compute /, and Jo, respectively. 


Step 1. Find the mass density. 
The mass density is uniform (i.e., ô is constant), but this does not mean that 6 = 1. In 


1 
fact, the area of D is | (1 — x?) dx= $, so the mass density (mass per unit area) is 
=i 


mass M 3M 
= = = = — kgn? 

area 5 & 
FIGURE 6 Rotating about the z-axis, the 
plate remains in the xy-plane. About the Step 2. Calculate the = 
x-axis, it rotates out of the xy-plane. 1 pl-x lj 3M 

paj / yedydx = | ad= | — } dx 
—1 /y=0 =1 2 4 


M f! 8M 
= — 1 ~ 3x7 + 3t r dem kg-m’ 
ak x° + 3x" —x°)dx 35 g 


To calculate Jo, we use the relation Jp = Ix + Iy. We have 


1 1—x? 3M 1 M 
l= J / x8 dydx = (+) | x*(1 —x*)dx = — kg-m? 
~1 Jy=0 £ zi 5 


Nw 
CAUTION The relation and thus . 
Io I, + ly Ih Te ME p a = eee” | 4 | 
— — 35 5 q 
is valid for a lamina in the xy-plane. 
However, there is no relation of this type Step 3. Calculate kinetic energy. 
. a a 3 
for solid objects in R’. Assuming an angular velocity of w = 4 rad/s, 
1 1 /8M 
rotational KE about x-axis = —I,@” = — ( —— } 4 © 1.8M joules 
2 2 35 
1 1 /3M 
rotational KE about z-axis = 5 low" => (+) 4? x 3.4M joules 
The unit of energy is the joule (J), equal to 1 kg-m7/s?. a 
2 


A point mass m located a distance r from an axis has moment of inertia 7 = mr 
with respect to that axis. Given an extended object of total mass M (not necessarily a 
point mass) whose moment of inertia with respect to the axis is Z, we define the radius 
of gyration by r; = (I/M )'/2. With this definition, the moment of inertia would not 
change if all of the mass of the object were concentrated at a point located a distance r, 
from the axis. 


EXAMPLE 6 Radius of Gyration of a Hemisphere Find the radius of gyration about 
the z-axis of the solid hemisphere W above the x y-plane and inside the sphere x” + y? + 
z? = R*, assuming a mass density of 5(x, y, z) = z kg/m?. 


Solution To compute the radius of gyration about the z-axis, we must compute J, and 
the total mass M. We use spherical coordinates, and we compute the outer integral with ~— 
respect to @ first since the inner two integrals have no dependence on @. 


x? + y? = (p cos sin p)? + (p sin @ sin oy” = p sin? —, z = p cos ġ 


NW 


Probability density p(x) 


(J FIGURE 7 The shaded area is the 
probability that X lies between 6 and 12. 


FIGURE 8 The probability 
Pia<X<b;c<Y<d) 

is equal to the integral of p(x, y) over the 
rectangle. 


4 REMINDER Conditions on a probability 
density function: 


e p(x) = 0, 
e p(x) satisfies / p(x) dx = 1 where J 


J 
is the domain of the density function. 
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2x pr/2 pR 
I, = | | (x? + y*)zdV = | j» / (p° sin? 6)(p cos ¢)p” sin ¢ dp dọ dé 
Ww 6=0 Jo 


m/2 pR 
=2n | | o sin? $ cos ġ dp dọ 
$ p 


=0 =0 
RÉ nx {2 
a sin? 6 cos ¢ dd 
3 é=0 
z RÉ [sinto P\ mR r 
— = ——— kg-m 
3 A'o 12 


2x pxr/2 pR 
a= ff zdV 3. | (p cos $)p” sing dp dọ dé 
W 6=0 Jġ=0 J p=0 


The integral computation for M is similar to that for 7, and results in M = x R4/4 kg. 
Therefore, the radius of gyration is rg = (1;/M yl/2 = (R? y" 2 = R/ /3 m. E 


Probability Theory 


In Section 8.1, we discussed how probabilities can be represented as areas under curves 
(Figure 7). Recall that a random variable X is defined as the outcome of an experiment or 
measurement whose value is not known in advance. The probability that the value of X 
lies between a and b is denoted P(a < X < b). Furthermore, X is a continuous random 
variable if there is a continuous function p of one variable, called the probability density 
function, such that (Figure 7) 


b 
Pa<Xx<b)= | P(x) dx 


Double integration enters the picture when we compute “joint probabilities” of two 
random variables X and Y. We let 
Pig < X =< bie =< <d) 
denote the probability that X and Y satisfy 
ax<X <b, c<Y<d 
For example, if X is the height (in centimeters) and Y is the weight (in kilograms) in a 
certain population, then 
P(160 < X < 170; 52 < Y < 63) 
is the probability that a person chosen at random has height between 160 and 170 cm and 
weight between 52 and 63 kg. 
We say that X and Y are jointly continuous if there is a continuous function p(x, y), 


called the joint probability density function (or simply the joint density), such that for 
all intervals [a, b] and [c, d] (Figure 8), 


b d 
Pa<X<be<¥<d)=f[ | P(x, y)dy dx 


x=a J y=C 


In the margin, we recall two conditions that a probability density function must satisfy. 
Joint density functions must satisfy similar conditions: First, p(x, y) > 0 for all x and y 
(because probabilities cannot be negative), and second, 


00 CO 
/ | p(x, y)dydx =1 | 5 | 


This is often called the normalization condition. It holds because it is certain (the prob- 
ability is 1) that X and Y each take on some value between —oo and oo. 
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FIGURE 9 


p(x, y) is zero 
outside this square. 


Region in first quadrant 
where x + y <3 


MULTIPLE INTEGRATION 


EXAMPLE 7 Without proper maintenance, the time to failure (in months) of two sensors a 
in an aircraft are random variables X and Y with joint density 


l „-x/2⁄4-y/36 


frx>0,y = 0 
864 


PX, y) = 
0 otherwise 
What is the probability that neither sensor functions after 2 years? 


Solution The problem asks for the probability P(O < X < 24; 0 < Y < 24). For sim- 


—x/24—y/36 —x/24 ,—y/36. 


plicity in integration, we rewrite e as e 


24 24 l 24 24 
l / P(x, y)dydx = z7 Í / e lA re dy dx 
x=0 J y=0 864 x=0 J y=0 


A 24 
end —x/24 { ~¥/36| 
364 / 5 e ( 36e j ) dx 


_—~ ~24/36 cl 
= ae —e ){ — 24e ; 


= (1 — 674°) (1 — e7!) + 0.31 


There is a 31% chance that neither sensor will function after 2 years. a 


More generally, we can compute the probability that X and Y satisfy conditions of — 
various types. For example, P(X + Y < M) denotes the probability that the sum X + Y 
is at most M. This probability is equal to the integral 


P(X +Y < M)= II P(x, y)dy dx 
D 
where D = {(x, y): x+y < M}. 


EXAMPLE 8 Calculate the probability that X + Y < 3, where X and Y have joint prob- 
ability density 


1 
gg et 0 =a =5, VR 7=s 
p(x, y) = 


0 otherwise 


Solution The probability density function p(x, y) is nonzero only on the square in 
Figure 9. Within that square, the inequality x + y < 3 holds only on the shaded triangle, 
so the probability that X + Y < 3 is equal to the integral of p(x, y) over the triangle: 

dx 


3 3—x 1 3 ] 
/ / p(x, y)dydx = — (o + y + 2x7) 


b ws. 15.5 9 
=a —~—x°+12x4+=)}d 
] me a x 4 x 


3—x 


I /1 5 9 1 
ee aE =.= 
= (3 5? + 6%) + 5)] a E 
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15.5 SUMMARY 


° If the mass density is constant, then the center of mass coincides with the centroid, 
whose coordinates x, y (and Z in three dimensions) are the average values of x, y, and 
z over the domain. For a domain in R?, 


rai feadh JI 
X = — x dA, = — dA, A= 1dA 
ai R D> D 


In R? In R? 
Total mass M Fi d(x, y)dA M= If d(x, y,z)dV 
D W 
W 
Mx = Jf yô(x,y)dA 
D 


Moments Mxz = Ih, yd(x,y,z)dV 
My = Tf xô(x,y)dA 
D 
Mxy = sj J yi 28(x, y, z) dV 
W 
Center oe. My _ Mx Ce Myz _ Mxz ie Mxy 
of mass CM = yf” YCM = “yy CM = H’ YOM = “yy” CM M 


I = J I y ôx, y)dA 
D Am J J a O? +. 22)8(x, y, dV 


= 2 
Moments = J I, iic 
of inertia 


K3 ff (x? + 27)5(x, y,z)dV 
Ww 


b= i ji (x? + y*)5(x, y)dA 
D Iz = Tf "i + yx, y,z)dV 


(lo = Ix + ly) 


e Radius of gyration: rz = (1/M)!/? 
e Random variables X and Y have joint probability density function p(x, y) if 


b d 
PaasX<bes¥sd=| | hare 
x=a J y=c 


e A joint probability density function must satisfy p(x, y) > 0 and 


6 @) OO 
J J Pæœ.y)dýjdx = | 
=—00 =— 00 


15.5 EXERCISES 


Preliminary Questions 


1. What is the mass density 5(x, y,z) of a solid of volume 5 m? with 3. If p(x, y) is the joint probability density function of random variables 
uniform mass density and total mass 25 kg? X and Y, what does the double integral of p(x, y) over [0, 1] x [0, 1] repre- 
2. A domain D in R? with uniform mass density is symmetric with re- sent? What does the integral of p(x, y) over the triangle bounded by x = 0, 
spect to the y-axis. Which of the following are true? y = 0, and x + y = 1 represent? 


(a) xcm =0 (b) yom =0 (c) I, =0 (d) 1, =0 
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Exercises 


1, Find the total mass of the rectangle 0 < x < 1,0 < y < 2 assuming a 
mass density of 
ô(x, y) = 2x? + y? 


2. Calculate the total mass of a plate bounded by y = 0 and y = x~! for 
1 < x < 4 (in meters) assuming a mass density of d(x, y) = y/x kg/m?. 


3. Find the total charge in the region under the graph of y = 4e~* /? 
for 0 < x < 10 (in centimeters) assuming a charge density of 5(x, y) = 


10-©xy coulombs per square centimeter (C/em7). 


4. Find the total population within a 4-km radius of the city center 
(located at the origin) assuming a population density of é(x,y)= 
2000(x* + y*)—8-2 people per square kilometer. 


5. Find the total population within the sector 2|x| < y < 8 assuming a 
population density of 5(x, y) = 100e~®-!” people per square kilometer. 


6. Find the total mass of the solid region W defined by x > 0, y > 0, 
x? + y? <4, and x < z < 32 — x (in centimeters) assuming a mass den- 
sity of 5(x, y, z) = 6y g/cm?. 


7. Calculate the total charge of the solid ball x? + y? + z? < 5 (in cen- 
timeters) assuming a charge density (in coulombs per cubic centimeter) of 


5(x, yz) = (3 - 1075? + y? +27)? 


8. Compute the total mass of the plate in Figure 10 assuming a mass 
density of f(x, y) = x? /(x? + y2) g/cm”. 


FIGURE 10 


9. Assume that the density of the atmosphere as a function of alti- 
tude h (in kilometers) above sea level is 5(h) = ae~ kg/km, where 
a = 1.225 x 10° and b = 0.13. Calculate the total mass of the atmosphere 
contained in the cone-shaped region yx? + y? < h <3. 


10. Calculate the total charge on a plate D in the shape of the ellipse with 
the polar equation 


r? = Laios: L” N 
6 9 


with the disk x? + y? < 1 removed (Figure 11) assuming a charge density 
of p(r, 9) = 3r—* C/em?. 


FIGURE 11 


In Exercises 11—16, find the centroid of the given region assuming the den- 
sity 6(x, y) = 1. 


11. Region bounded by y = 1 — x? and y = 0 
12. Region bounded by y? = x +4 and x = 4 
13. Quarter circle x? + y? < RÊ, x > 0, y>0 
14. Quarter circle x? + y? < R?, y > |x| 


15. Lamina bounded by the x- and y-axes, the line x = M, and the graph 
of y = e™* 


16. Infinite lamina bounded by the x- and y-axes and the graph of 


y=e* 


17. Use a computer algebra system to compute numerically the 
centroid of the shaded region in Figure 12 bounded by r? = cos 20 for 
x > 0. 


FIGURE 12 


18. Show that the centroid of the sector in Figure 13 has y-coordinate 


mules 


y 


A 


FIGURE 13 
In Exercises 19-21, find the centroid of the given solid region assuming a 
density of (x, y) = 1. 
19. Hemisphere x? + y? +z? < R2,7>0 


20. Region bounded by the xy-plane, the cylinder x? + y? = R?, and the 
plane x/R+z/H = 1, where R > Oand H > 0 


21. The “ice cream cone” region W bounded, in spherical coordinates, by 
the cone ¢ = 2/3 and the sphere p = 2 


22. Show that the z-coordinate of the centroid of the tetrahedron bounded 
by the coordinate planes and the plane 


X 
a b c 
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in Figure 14 is z=c/4. Conclude by symmetry that the centroid is 27. Region |x| + lyi <1; 6@,y=@4+)D0+) 
4,b/4,c/4). = 

ai 28. Semicircle x? + y? < R*,y>0; S(x,y) =Y 

29. Find the z-coordinate of the center of mass of the first octant of the 

unit sphere with mass density 5(x, y, z) = y (Figure 17). 


FIGURE 14 


23. Find the centroid of the region W in Figure 15, lying above the sphere 
x2 + y? + z? = 6 and below the paraboloid z = 4 — x? — y’. 


FIGURE 17 


30. Find the center of mass of a cylinder of radius 2 and height 4 and mass 
density e~*, where z is the height above the base. 


31. Let R be the rectangle [—a,a] x [b, —b] with uniform density and 
total mass M. Calculate: 


(a) The mass density 6 of R 


“aggre: 
(b) J, and Jo 
(c) The radius of gyration about the x-axis 
32. Calculate 7, and Jp for the rectangle in Exercise 31 assuming a mass 
density of d(x, y) = x. 
33. Calculate Jo and I, for the disk D defined by x? + y? < 16 (in me- 
FIGURE 15 ters), with total mass 1000 kg and uniform mass density. Hint: Calculate Ip 
24. Let R > 0 and H > 0, and let W be the upper half of the ellipsoid first and observe that J) = 2/,,. Express your answer in the correct units. 
D gre 2. pe 
xi +y + (Rz/HY = R, where z = O (igure 16). Find the centoid of 34, Calculate J, and 1y for the half-disk x? + y? < R?, x > O (in meters), 
W and show that it depends on the height H but not on the radius R. with total mass M kilograms and uniform mass density. 

í In Exercises 35-38, let D be the triangular domain bounded by the coordi- 
nate axes and the line y = 3 — x, with mass density 5(x, y) = y. Compute 
the given quantities. 

35. Total mass 36. Center of mass 
ra 38. Io 
In Exercises 39-42, let D be the domain between the line y = bx/a and 
the parabola y = bx*/a*, where a,b > 0. Assume the mass density is 
ô(x, y) = 1 for Exercise 39 and 8(x, y) = xy for Exercises 40—42. Com- 
pute the given quantities. 
39. Centroid 40. Center of mass 
41. Iy 42. Io 
FIGURE 16 Upper half of ellipsoid x? + y? + (Rz/ H}? = R?,z > 0. 43. Calculate the moment of inertia J, of the disk D defined by 
N oe x? + y* < R? (in meters), with total mass M kilograms. How much ki- 
. m Exercises 25-28, find the center of mass of the region with the given netic energy (in joules) is required to rotate the disk about the x-axis with 
mass density 6. angular velocity 10 radians per second? 


25. Region bounded —6—x.x=0y=0: lx, y) =x? 
EO NN INS aan ae a 44. Calculate the moment of inertia 7, of the box W = [-—a,a] x 


26. Region bounded by y =x+4andx=0; 6(x,y)=|y| [—a,a] x [0, H] assuming that W has total mass M. 
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45. Show that the moment of inertia of a sphere of radius R of total mass 
M with uniform mass density about any axis passing through the cen- 
ter of the sphere is 2M R*. Note that the mass density of the sphere is 


ô = M/(37R°). 


46. Use the result of Exercise 45 to calculate the radius of gyration of a 
uniform sphere of radius R about any axis through the center of the sphere. 


In Exercises 47 and 48, prove the formula for the right circular cylinder in 
Figure 18. 


47. 1. =5MR? 48. I = {MR + MH? 


FIGURE 18 


49. The yo-yo in Figure 19 is made up of two disks of radius r = 3 cm 
and an axle of radius b = | cm. Each disk has mass Mı = 20 g, and the 
axle has mass M2 = 5 g. 

(a) Use the result of Exercise 47 to calculate the moment of inertia 7 of 
the yo-yo with respect to the axis of symmetry. Note that 7 is the sum of 
the moments of the three components of the yo-yo. 


(b) The yo-yo is released and falls to the end of a 100-cm string, where it 
spins with angular velocity œw. The total mass of the yo-yo is m = 45 g, so 
the potential energy lost is PE = mgh = (45)(980)100 g-cm*/s*. Find w 
using the fact that the potential energy is the sum of the rotational kinetic 
energy and the translational kinetic energy and that the velocity v = bw 
because the string unravels at this rate. 


Axle of radius $ 


FIGURE 19 


50. Calculate 7- for the solid region W inside the hyperboloid x? + v= 
z7 + 1 between z = Oandz = 1. 


51. Calculate P(O < X < 2:1 < Y < 2), where X and Y have joint prob- 
ability density function 


4 (2xy + 2x + y) fO<x<dand0<¥7 <2 


px.yj= 
otherwise 


52. Calculate the probability that X + Y < 2 for random variables with 
joint probability density function as in Exercise 51. 


53. The lifetime (in months) of two components in a certain device are 
random variables X and Y that have joint probability density function 


L4(48 — 2x — +) 


F36 ifx>0y>0.2x+y<48 
0 


x,vj= 
p(X.) otherwise 


Calculate the probability that both components function for at least 12 
months without failing. Note that p(x, x) is nonzero only within the tri- 
angle bounded by the coordinate axes and the line 2x + y = 48 shown in 
Figure 20. 


y (months) 


2x+y=48 


Region where x 2 12, +2 12 
and 2x + y < 48 


x (months) 


FIGURE 20 


54. Find a constant C such that 


fe she Cay fO<xandO<y<1- x 
pA = Jo otherwise 
is a joint probability density function. Then calculate: 
(a) P(X <3:Y < }) (b) P(X > Y) 
55. Find a constant C such that 
GE Cy if0<x<landx’?<y<x 
Py? = VQ otherwise 


is a gst probability density function. Then calculate the probability that 
Kax 


56. Numbers X and Y between 0 and | are chosen randomly. The 
joint probability density is p(x.y)=1if0<x<1land0<y< 1. and 
Dp(x.¥) s Q otherwise. Calculate the probability P that the product XY is 
at least 5. 


57. According to quantum mechanics, the x- and y-coordinates of a par- 
ticle confined to the region R = [0,1] x [0,1] are random variables with 
joint probability density function 


in? in? Ii . 
p(x. y) = C sin*(27£x)sin“(2any) if (x. ye R 
0 otherwise 


The integers € and » determine the energy of the particle. and C is a 
constant. 


(a) Find the constant C. 
(b) Calculate the probability that a particle with € = 2, n = 3 lies in the 
region [0, +] x (0, 4]. 


58. The wave function for the ls state of an electron in the hydrogen 
atom 1S 


VWis(p) = 


\__ where ap is the Bohr radius. The probability of finding the electron in a 
region W of RÌ is equal to 


[ff p(x, y,z)dV 
w 


where, in spherical coordinates, 


p(p) = Wis (P)? 


Use integration in spherical coordinates to show that the probability of 
tinding the electron at a distance greater than the Bohr radius is equal to 
5/e? œ% 0.677. (The Bohr radius is ag = 5.3 x 107"! m, but this value is 
not needed.) 


59, Ei According to Coulomb’s Law, the attractive force between two 
electric charges of magnitude qı and q2 separated by a distance r is 
kqıq2/r° (k is a constant). Let F be the net force on a charged particle P 
of charge Q coulombs located d centimeters above the center of a circular 
disk of radius R, with a uniform charge distribution of density p coulombs 
per square meter (Figure 21). By symmetry, F acts in the vertical direction. 
(a) Let R be a small polar rectangle of size Ar x A@ located at distance 
r. Show that R exerts a force on P whose vertical component is 


kpQd 
O a ao) r Ar A@ 


(b) Explain why F is equal to the following double integral, and evaluate: 


F =koOd r dr dé 
á oa f j TETJE 
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Charged plate 


FIGURE 21 


60. | A Let D be the annular region 


where b > a > 0. Assume that D has a uniform charge distribution of 
p coulombs per square meter. Let F be the net force on a charged par- 
ticle of charge Q coulombs located at the origin (by symmetry, F acts 
along the x-axis). 

(a) Argue as in Exercise 59 to show that 


nj2 b 
F = kpQ f (2) rdr do 
8=—r/2 Jr=a r 


(b) Compute F. 


Further insights and Challenges 

61. Let D be the domain in Figure 22. Assume that D is symmetric with 
respect to the y-axis; that is, both gı (x) and g2(x) are even functions. 

(a) Prove that the centroid lies on the y-axis—that is, that x = 0. 


(b) Show that if the mass density satisfies 6(—x, y) = d(x, y), then 
My = 0 and xcm = 0. 


FIGURE 22 


62. Pappus’s Theorem Let A be the area of the region D between two 
graphs y = gı (x) and y = g2(x) over the interval [a,b], where g2(x) > 
g1(x) = 0, Prove Pappus’s Theorem: The volume of the solid obtained by 
revolving D about the x-axis is V = 22 Ay, where F is the y-coordinate of 
the centroid of D (the average of the y-coordinate). Hint: Show that 


b g2(x) 
Ay = f | ydydx 
x=a / y=g (x) 


63. Use Pappus’s Theorem in Exercise 62 to show that the torus obtained 
by revolving a circle of radius b centered at (0, a) about the x-axis (where 
b < a) has volume V = 272ab?. 


64. Use Pappus’s Theorem to compute y for the upper half of the disk 
x? + y <a’, y > 0. Hint: The disk revolved about the x-axis is a sphere. 


65. Parallel-Axis Theorem Let W be a region in R? with center of mass 

at the origin. Let 7, be the moment of inertia of W about the z-axis, and 

4 Ip be the moment of inertia about the vertical axis through a point 
= (a,b, 0), where h = Ja? + b2. By definition, 


i= f | | (ea? + O — BP IBGE y, dV 


Prove the Parallel-Axis Theorem: J, = I, + Mh?. 


66. Let W be a cylinder of radius 10 cm and height 20 cm, with total 
mass M = 500 g. Use the Parallel-Axis Theorem (Exercise 65) and the re- 
sult of Exercise 47 to calculate the moment of inertia of WV about an axis 
that is parallel to and at a distance of 30 cm from the cylinder’s axis of 
symmetry. 


15.6 Change of Variables 


The formulas for integration in polar, cylindrical, and spherical coordinates are important 
special cases of the general Change of Variables Formula for multiple integrals. In this 
section, we discuss the general formula. 
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Maps from R? to R? — 


A function G : X — Y from a set X (the domain) to another set Y is often called a map or 
a mapping. For x € X, the element G(x) belongs to Y and is called the image of x. The 
set of all images G(x) is called the image or range of G. We denote the image by G(X). 

In this section, we consider maps G : D —> R? defined on a domain D in R? 
(Figure 1). To prevent confusion, we’ll often use u, v as our domain variables and x, 
y for the range. Thus, we will write G(u, v) = (x(u, v), y(u, v)), where the components 
x and y are functions of u and v: 


x = x(u, v), yas y(u, v) 
v 2 
Domain D Image R = G(D) 


FIGURE 1 G maps D to R. 


One map we are familiar with is the map defining polar coordinates. For this map, we 
use variables r, @ instead of u, v. The polar coordinates map G : R? —> R? is defined by 


G(r,@) = (rcos6,rsin@) 


EXAMPLE 1 Polar Coordinates Map Describe the image of a polar rectangle 
R = [r1, r2] x [01,62] under the polar coordinates map. 


Solution Referring to Figure 2, we see that eae 


e A vertical line r = rı (shown in red) is mapped to the set of points with radial 
coordinate rı and arbitrary angle. This is the circle of radius rı. 

e A horizontal line @ = 0; (dashed line in the figure) is mapped to the set of points 
with polar angle 6) and arbitrary r-coordinate. This is the line through the origin 
of angle 04. 


Ms 
FIGURE 2 The polar coordinates map 
G(r,0) = (rcos6@,rsin@). r6-plane xy-plane 
The image of R = [r1, r2] x (01, 62] under the polar coordinates map G(r, 0) is the polar 
rectangle in the x y-plane defined by rı < r < 72,0; < 0 < 6». E 


General mappings can be quite complicated, so it is useful to study the simplest 
case—linear maps—in detail. A map G(u, v) is linear if it has the form 


G(u, v) = (Au + Cv, Bu + Dv) (A,B,C,D are constants) 


We can get a clear picture of this linear map by thinking of G as a map from vectors 
in the uv-plane to vectors in the xy-plane. Then G has the following linearity properties ~- 
(see Exercise 46): 


G(uy + uo, v + v2) = Guy, v1) + G(u2, v2) [a| 
G(cu,cv) = cG(u,v) (c any constant) A 


FIGURE 3 A linear mapping G maps a 


~ parallelogram to a parallelogram. 


FIGURE 4 The map 
G(u, v) = (2u —v,u4+v). 
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A consequence of these properties is that G maps the parallelogram spanned by any two 
vectors a and b in the uv-plane to the parallelogram spanned by the images G(a) and 
G(b), as shown in Figure 3. 

More generally, G maps the segment joining any two points P and Q to the segment 
joining G(P) and G(Q) (see Exercise 47). The grid generated by basis vectors i = (1, 0) 
and j = (0,1) is mapped to the grid generated by the image vectors (Figure 3) 


r = G(1, 0) = (A, B) 
s = G(0, 1) = (C, D) 


G 
=a 
Image of v-axis H 
G(Q) Image of u-axis 
G 
=e 


EXAMPLE 2 Image of a Triangle Find the image of the triangle 7 with vertices 
(1,2), (2, 1), (3, 4) under the linear map G(u, v) = (2u — v,u + v). 


Solution Because G is linear, it maps the segment joining two vertices of 7 to the seg- 
ment joining the images of the two vertices. Therefore, the image of 7 is the triangle 
whose vertices are the images (Figure 4) 


G(1, 2) = (0,3), G= (3, 3), G(3, 4) = (2,7) ial 


(0,3) (G, 3) 


To understand a nonlinear map, it is usually helpful to determine the images of hor- 
izontal and vertical lines, as we did for the polar coordinate mapping. 


EXAMPLE 3 Let G(u,v) = (uv!, uv) for u > 0, v > 0. Determine the images of 
(a) The lines u = c and v = c (b) [1,2] x [1,2] 


Find the inverse map G~!. 
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The term “curvilinear rectangle” refers to a 
region bounded on four sides by curves as 
on the right in Figure 5. 


FIGURE 5 The mapping 
G(u, v) = (uv—!,uv). 


qa REMINDER The definition of a2 x 2 
determinant is 


a 


: i | =ad -tc | 4 | 


Solution In this map, we have x = uv! and y = uv. Thus, 


xy =u’, y= y? 


x 
(a) Py the first part of Eq. (3), G maps a point (c, v) to a point in the xy- ae with 
xy =c’. In other words, G maps the vertical line u = c to the hyperbola xy = c?. Sim- 
ilarly, by the second part of Eq. (3), the horizontal line v = c is mapped to the ah of 
points where y/x = c*, or y = c*x, which is the line through the origin of slope c*. See 
Figure 5. 
(b) The image of [1,2] x [1,2] is the curvilinear rectangle bounded by the four curves 
that are the images of the lines u = 1, u = 2, and v = 1, v = 2. By Eq. (3), this region is 


defined by the inequalities 


l<xy <4, 1<2 <4 
Xx 


— 


To find G~!, we use Eq. (3) to write u = ./xy and v = ./y/x. Therefore, the inverse map 
isG-'(x,y) = i [xy, /y/x). We take positive square roots because u > O and v > Oon 
the domain we are considering. = 


y=x 


(v=1) 


xy=4(u=2) 
xý= l (u= 1) 
x 


How Area Changes Under a Mapping: The Jacobian Determinant 
The Jacobian determinant (or simply the Jacobian) of a map 
Glu, v) = (x(u, v), y(u, v)) 


is the determinant 


ə(x 
The Jacobian Jac(G) is also denoted aan 2, Note that Jac(G) is a function of u and v. 


2 


EXAMPLE 4 Evaluate the Jacobian of G(u, v) = (u? + v, uv) at (u, v) = (2, 1). 


Solution We have x = u? + v and y = uv, so 


dx Ox 
eee a(x, y) _| ðu dv 
olu, v) dy dy 
ðu ðv 
2 
An | Zu J | = yu? = 


The value of the Jacobian at (2, 1) is Jac(G)(2, 1) = 3(2)° — 1 = 23. a 


FIGURE 6 A linear map G expands (or 
shrinks) area by the factor |Jac(G)|. 
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The Jacobian tells us how area changes under a map G. We can see this most directly 
in the case of a linear map G(u, v) = (Au + Cv, Bu + Dv). 


THEOREM 1 Jacobian of a Linear Map The Jacobian of a linear map 


G(u, v) = (Au + Cv, Bu + Dv) 


is constant with value 


fact) =| 5 p |= AD- BC | 5 | 


| Under G, the area of a region D is multiplied by the factor |Jac(G)|; that is, 
area(G(D)) = |\Jac(G)|area(D) | 6 | 


Proof Equation (5) is verified by direct calculation: Because 


x=Au+Cv and y= Bu + Dv 


the partial derivatives in the Jacobian are the constants A, B,C, D. 

We sketch a proof of Eq. (6). It certainly holds for the unit square D = [1,0] x [0, 1] 
because G(D) is the parallelogram spanned by the vectors (A, B} and (C, D} (Figure 6) 
and this parallelogram has area 


\Jac(G)| = |AD — BC] 


by Eq. (10) in Section 12.4. Similarly, we can check directly that Eq. (6) holds for arbi- 
trary parallelograms (see Exercise 48). To verify Eq. (6) for a general domain D, we use 
the fact that D can be approximated as closely as desired by a union of rectangles in a 
fine grid of lines parallel to the u- and v-axes. m 


We cannot expect Eq. (6) to hold for a nonlinear map. In fact, it would not make 
sense as stated because the value Jac(G)(P) may vary from point to point. However, it is 
approximately true if the domain D is small and P is a sample point in D: 


area(G(D)) ~ |Jac(G)(P)jarea(D) | 7 | 


This result may be stated more precisely as the limit relation: 


ac(G\(P)| = lim area(G(D)) 


D|-0 area(D) 


Here, we write |D| — 0 to indicate the limit as the diameter of D (the maximum distance 
between two points in D) tends to zero. 
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CONCEPTUAL INSIGHT Although a rigorous proof of Eq. (8) is too technical to include __ 
here, we can understand Eq. (7) as an application of linear approximation. Consider a 
rectangle R with vertex at P = (u, v) and sides of lengths Au and Av, assumed to be 
small as in Figure 7. The image G(R) is not a parallelogram, but it is approximated 

well by the parallelogram spanned by the vectors A and B in the figure: 


A= G(u + Au, v) — G(u, v) 

= (x(u + Au, v) — x(u, v), y(u + Au, v) — y(u, v)) 
B = G(u, v + Av) — G(u, v) 

= (x(u, v + Av) — x(u, v), y(u, v + Av) — yu, v)) 


4 REMINDER Eqs. (9) and (10) use the The linear approximation applied to the components of G yields 
linear approximations 
Ox dy 
x(u + Au, v) — x(u, v) © Au ax (aw ZA ) [9 | 
Ox ð 
y(u + Au, v) — ylu, v) © D Au BY (Fav Pav) 
ane Using Eq. (10) from Section 12.4 for the area of a parallelogram spanned by vectors 
aa, see ‘An A and B, we obtain the desired approximation: 
ax dy 
Au y Au 
dy ~ A a Ou ðu 
a= x ZA area(G(R)) ~ Idet ( ) = |det 
DUPE SY) Che) G7 B a Ay Ay 
__ |axdy dy dx ik 
~ |auav du dv ý te 
= |Jac(G)(P)|area(R) 


The last equation holds since the area of R is Au Av. 


FIGURE 7 The image of a small rectangle 
under a nonlinear map can be 
approximated by a parallelogram whose 
sides are determined by the linear 
approximation. 


The Change of Variables Formula 


Recall the formula for integration in polar coordinates: 


@ prn 
If flx.y)dxdy = | il f(r cos6,r sin) r dr dé 
D ð vri 


Here, D is the polar rectangle consisting of points (x, y) = (r cos 8,r sin) in the xy- 
plane (see Figure 2). On the right the rectangle R = [r1, r2] x [81, 02] in the r@-plane is 
the domain of integration. Thus, D is the image of the domain on the right under the polar 
coordinates map. 

The general Change of Variables Formula has a similar form. Given a map 


G; Do = D 


in uv-plane in xy-plane 


FIGURE 8 The Change of Variables 
Formula expresses a double integral over 
D as a double integral over Do. 


4 REMINDER G is called “one-to-one” if 
G(P) = G(Q) only for P = Q. 


Equation (12) is summarized by the 
equality 


maa peed Ee 


alu, v) 


a(x, y) 


u,v 


Recall that denotes the Jacobian 


Jac(G). 


¢= REMINDER If D is a domain of small 
diameter, P € D is a sample point, and 
f(x, y) is continuous, then (see 

Section 15.2) 


If f(x, y)dx dy ~% f(P)area(D) 
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from a domain in the uv-plane to a domain in the xy-plane (Figure 8), our formula ex- 
presses an integral over D as an integral over Do. The Jacobian plays the role of the factor 
r on the right-hand side of Eq. (11). 


(x(u, V), y(u,v))Jac(G)| dudv = F(x, y) dx dy 
JIE u y(u Sh, x,y 


A few technical assumptions are necessary. First, we assume that G is one-to-one, at 
least on the interior of Dp, because we want G to cover the target domain P just once. We 
also assume that G is a C! map, by which we mean that the component functions x and 
y have continuous partial derivatives. Under these conditions, if f(x, y) is continuous, 
we have the following result. 


THEOREM 2 Change of Variables Formula Let G : Do ~ D be a C! mapping that 
is one-to-one on the interior of Do. If f(x, y) is continuous, then 


II f(x,y)dx dy = ff f (x(a, v), y(u, v)) ayy) dudv 
D Do ol(u, v) | 


Proof We sketch the proof. Observe first that Eq. (12) is approximately true if the do- 
mains Do and D are small. Let P = G(Po), where Pp is any sample point in Do. Since 
f(x,y) is continuous, the approximation recalled in the margin together with Eq. (7) 
yields 


J rA f(x, y)dxdy ~% f(P)area(D) 
~ f(G(Po))|Jac(G)(Po)| area(Do) 


~ ff f(G(u, v)) |Jac(G)(u, v)| du dv 
0 


If D is not small, divide it into small subdomains D; = G(Do;) (Figure 9 shows a rect- 
angle divided into smaller rectangles), apply the approximation to each subdomain, and 


sum: 


~ >> J f f(G(u, v)) |Jac(GXu, v)| du dv 
ee 


= Ih Ff (GG, v)) |Jac(G)(u, v)| du dv 
0 


Careful estimates show that the error tends to zero as the maximum of the diameters of 
the subdomains D; tends to zero. This yields the Change of Variables Formula. a 
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Vv y 


Curvilinear rectangle 
Rectangle Do j Sample point P Oj 


Domain Dp Domain D = G(Dp) 


FIGURE 9 G maps a rectangular grid on Dọ to a curvilinear grid on D. 


EXAMPLE 5 Polar Coordinates Revisited Use the Change of Variables Formula to 
derive the formula for integration in polar coordinates. 


Solution The Jacobian of the polar coordinate map G(r,@) = (r cos 0,r sin 0) is 


ax ðx 

wa ðr 380 i —r a = r(cos2 o +- sin? ee 
ay dy sin r COS 
dr 00 


Let D = G(R) be the image under the polar coordinates map G of the rectangle R de- 
fined by rọ < r < 171,99 < 0 < 6 (see Figure 2). Then Eq. (12) yields the expected for- 
mula for polar coordinates: 


0; ry 
If fla,y)dx dy = | / f(rcosé,rsin9@)rdr dé | 13 | 
D o Jro 


Assumptions Matter In the Change of Variables Formula, we assume that G is one-to- 
one on the interior but not necessarily on the boundary of the domain. Thus, we can apply 
Eq. (12) to the polar coordinates map G on the rectangle Do = [0, 1] x [0, 27r]. In this 
case, G is one-to-one on the interior but not on the boundary of Do since G(0,0) = 
(0,0) for all 6 and G(r,0) = G(r, 2z) for all r. On the other hand, Eq. (12) cannot 
be applied to G on the rectangle [0,1] x [0,42] because it is not one-to-one on the 
interior. 


EXAMPLE 6 Use the Change of Variables Formula to calculate j Í e*-) dx dy, 
P 
where P is the parallelogram spanned by the vectors (4, 1), (3, 3) in Figure 10. 


FIGURE 10 The map 
G(u, v) = (4u + 3v,u + 3v). 


<— 


Recall that the linear map 


G(u, v) = (Au + Cv, Bu + Dv) 


satisfies 


G(1,0) = (A, B), 


G(0, 1) = (C, D) 
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Solution 


Step 1. Define a map. 
We can convert our double integral to an integral over the unit square R = [0, 1] x [0, 1] 
if we can find a map that sends R to P. The following linear map does the job: 


G(u, v) = (4u + 3v,u + 3v) 


Indeed, G(1, 0) = (4, 1) and G(O, 1) = (3,3), so it maps R to P because linear maps 
map parallelograms to parallelograms. 
Step 2. Compute the Jacobian. 


Ox ax 

ðu Əv 4 3 
Jac(G) = = =9 
ac(G) ay ay k 1 

ðu Əv 


Step 3. Express f(x, y) in terms of the new variables. 
Since x = 4u + 3v and y = u + 3v, we have 


g^ = et(4ut+3v)—ut3v) ae e15u+9v 


Step 4. Apply the Change of Variables Formula. 
The Change of Variables Formula tells us that dx dy = 9 du dv: 


1 1 
J [ e% dx dy = J [ e+ \Jac(G)| du dv = | i el e9 dudv 
P 0 vO 
1 
= ye” = vf e” dv = L 1Ke—1) " 
5 0 15 


EXAMPLE 7 Use the Change of Variables Formula to compute 


i} (x? + y*) dx dy 
D 


where D is the domain 1 < xy < 4,1 < y/x < 4 (Figure 11). 


y=x 
@= 1) 


y uv=LasZ 


xy =4 (u = 2) 


-xy= 1 (u= 1) 
x 


FIGURE 11 


Solution In Example 3, we studied the map G(u, v) = (uv~!, uv), which can be written 


S uv, y= 280 
We showed (Figure 11) that G maps the rectangle Do = [1,2] x [1,2] to our domain D. 
Indeed, because xy = u? and yx~! = v?, the two conditions 1 < xy <4 and 1 < y/x <4 
that define D become 1 < u <2 and1 < v <2. 
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The Jacobian is 


Ox Ox 
a(x, ðu av -1 ayy? | Qe 
ey (x,y) _| du av j|_|v uv _ 2u 
d(u, v) dy dy v u 
ðu ðv 
To apply the Change of Variables Formula, we write f(x, y) in terms of u and v: 
2 
rene ae (=) + (uv)? =u’ (0? + v*) 
By the Change of Variables Formula, 
Da 2—2 2 |24 
(x+ y“)dxdy = u“ (v ^ + v^)|— | dudv 
D Do v 
2 p2 
= 2 | / ur(v-> + v)du dv 
= =] 
T ae 
=— (v ~-+v)dv 
2 v=] 
is’ 1, iA). 26 
-F(p ial )=% . 


Keep in mind that the Change of Variables Formula turns an xy-integral into a 
uv-integral, but the map G goes from the uv-domain to the xy-domain. Sometimes, ~ 
it is easier to find a map F going in the wrong direction, from the xy-domain to the 
uv-domain. The desired map G is then the inverse G = F~'!. The next example shows 
that in some cases, we can evaluate the integral without solving for G. The key fact is 
that the Jacobian of G is the reciprocal of the Jacobian of F (see Exercises 49-51): 


The relationship between Jacobians in 

Equation (14) can be written in the Fear "d Jac(F) Æ 0, then Jac(G) = Jac(F)~! 
suggestive form 

(x,y) _ Geay EXAMPLE 8 Using the Inverse Map Integrate f(x, y) = xy(x? + y?) over 
a(x, y) 


alu, v) 


D:—3 < x= y? <3, 1<xy<4 


Solution There is a simple map F that goes in the wrong direction. Let u = x? — y? 
and v = xy. Then our domain is defined by the inequalities —3 < u < 3 and 1 < v < 4, 
and we can define a map from D to the rectangle R = [—3,3] x [1,4] in the uv-plane 
(Figure 12): 


F:D-oR 


(x,y) = (xe = y, xy) 


Gj FIGURE 12 The map F goes in the 
“wrong” direction. 


4 REMINDER 3 x 3 determinants are 
defined in Eq. (2) of Section 12.4. 
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To convert the integral over D into an integral over the rectangle R, we have to apply 
the Change of Variables Formula to the inverse mapping: 


Gar RD 


We will see that it is not necessary to find G explicitly. Since u = x? — y? and v = xy, 
the Jacobian of F is 


ðu ðu 
gx dy 2x —2y 2 #2 
= = =? 
Jac(F) jaa n | G+ yD 
Ox oy 
By Eq. (14), 
Jac(G) = Jac(F)! = Soh 
a ~ Ux? + y?) 


Normally, the next step would be to express f(x, y) in terms of u and v. We can avoid 
doing this in our case by observing that the Jacobian cancels with one factor of f(x, y): 


II xy(x* + y’) dx dy = I f(x, v), y(u, v)) |Jac(G)| du dv 
D R 
1 
By- 2 2 
= ff 707+ ore a 


l 
= Sh xydudv 


l 
=5/f vdudv (because v = xy) 

ZIIR 

Le 67 1 1 l 45 
== dvdu = -(6) | =47 — -17) = = 

5 | | vavau 5(6)(5 51) 5 E 


Change of Variables in Three Variables 


The Change of Variables Formula has the same form in three (or more) variables as in 
two variables. Let 


G : Wo > W 


be a mapping from a three-dimensional region Wọ in (u, v, w)-space to a region W in 
(x, y, z)-space, say, 


x = x(u, v, w), y = y(u, v, w), z = z(u,v, w) 


The Jacobian Jac(G) is the 3 x 3 determinant: 


ox dx Ox 

ðu ðv ðw 

O(x, Y, Z) dy Oy day 

Jac(G) = —————— = eS E in pia 
i Ou, v, w) du dv ðw 

OZ Oz daz 

due Əv dw 


The Change of Variables Formula states 


d(x, y, Z) 


dx dy dz = du dvdw 


olu, v, w) 
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More precisely, if G is C l and one-to-one on the interior of Wo, and if f is continuous, —_ 


then 
il | f(x, y,z) dx dy dz 
w 
z a(x, Y, Z) 


In Exercises 42 and 43, you are asked to use the general Change of Variables Formula to 
derive the formulas for integration in cylindrical and spherical coordinates developed in 


Section 15.4. 


15.6 SUMMARY 


°. Let G(u, v) = (x(u, v), y(u, v)) be a mapping. The Jacobian of G is the determinant 


Ox Ox 
(x,y) | ðu av 
d(u,v) | 3y ay 
ðu av 


Jac(G) = 


°- If G = F`! and Jac(F) Æ 0, then Jac(G) = Jac(F)7!. 
¢ Change of Variables Formula: If G : Dp —> D has component functions with continu- 
ous partial derivatives and is one-to-one on the interior of Do, and if f is continuous, 


then 


| | f(x, y)dx dy = J J f(xtu, v), y(u, v)) 
D Do 


d(x, y) 


dnd 
Jaa 


e The Change of Variables Formula is written in two and three variables as 


dx dy 
15.6 EXERCISES 
Preliminary Questions 
1. Which of the following maps is linear? 
(a) (uv, v) (b) (u + v,u) (ce) 435") 


2. Suppose that G is a linear map such that G(2,0) = (4,0) and 
G(0, 3) = (—3, 9). Find the images of: 


(a) G(1,0) (b) GQ, 1) (c) G(2, 1) 


d(x, y) 
Ə(u, v) 


Iyd 


dudvd 
(u,v, w) iici 


du dv, 


dx dy dz = 


3. What is the area of G(R) if R is a rectangle of area 9 and G is a 
mapping whose Jacobian has constant value 4? 


4. Estimate the area of G(R), where R = [1, 1.2] x [3,3.1] and G is a 
mapping such that Jac(G)(1,3) = 3. 


Exercises 


1, Determine the image under G(u,v) = (2u,u + v) of the following 
sets: 

(a) The u- and v-axes 

(b) The rectangle R = [0,5] x [0,7] 

(c) The line segment joining (1,2) and (5, 3) 

(d) The triangle with vertices (0, 1), (1,0), and (1, 1) 


2. Describe [in the form y = f(x)] the images of the lines u = c and 
v = c under the mapping G(u, v) = (u/v, u? — v?). 


3. Let G(u, v) = (u?, v). Is G one-to-one? If not, determine a domain on 
which G is one-to-one. Find the image under G of: 


(a) The u- and v-axes 

(b) The rectangle R = {—1,1] x [-—1,1] 

(c) The line segment joining (0, 0) and (1, 1) 

(d) The triangle with vertices (0,0), (0, 1), and (1, 1) 


4. Let G(u,v) = (e", et), 
(a) Is G one-to-one? What is the image of G? 


(b) Describe the images of the vertical lines u = c and the horizontal lines 
v= rc. 


<= 


In Exercises 5-12, let G(u,v) = (Qu + v,5u +3v) be a map from the 
uv-plane to the xy-plane. 


5. Show that the image of the horizontal line v = c is the line with equa- 
3 1 ; 

tion y = —x + —c. What is the image (in slope-intercept form) of the ver- 

tical line u = c? 


6. Describe the image of the line through the points (u, v) = (1, 1) and 
(u,v) = (1, —1) under G in slope-intercept form. 


7. Describe the image of the line v = 4u under G in slope-intercept 
form. 


8. Show that G maps the line v=mu to the line of slope 
(5 + 3m)/(2 + m) through the origin in the x y-plane. 


9. Show that the inverse of G is 
G(x, y) = (3x — y, —5x + 2y) 
Hint: Show that G(G~!(x, y)) = (x, y) and G7!(G(u, v)) = (u, v). 


10. Use the inverse in Exercise 9 to find: 

(a) A point in the wv-plane mapping to (2, 1) 

(b) A segment in the uv-plane mapping to the segment joining (—2, 1) 
and (3, 4) 


11. Calculate Jac(G) = 2%”. 
au, v) 
12, Gia e 2&4. 
d(x, y) 


In Exercises 13-18, compute the Jacobian (at the point, if indicated). 
13, Gu, v) = (3u + 4v, u — 2v) 

14. G(r,s) = (rs,r +s) 

15. G(r,t)=(rsint,r —cost), (r,t) = (1,7) 

16. G(u, v) = (vlnu, u?v!), (u,v) = (1,2) 

17. G(r,0) =(rcos@,rsin@), (r,@) = (4, 2) 

18. G(u, v) = (ue”, e") 


19, Find a linear mapping G that maps [0, 1] x [0, 1] to the parallelogram 
in the xy-plane spanned by the vectors (2,3) and (4, 1). 


20. Find a linear mapping G that maps [0, 1] x [0, 1] to the parallelogram 
in the xy-plane spanned by the vectors (—2, 5) and (1,7). 

21. Let D be the parallelogram in Figure 13. Apply the Change of 
Variables Formula to the map G(u, v) = (Su + 3v,u + 4v) to evaluate 


If xy dx dy as an integral over Do = [0, 1] x [0, 1]. 
D 


FIGURE 13 


22. Let G(u, v) = (u — uv, uv). 


(a) Show that the image of the horizontal line v =c is y = i : 
=G 


Xal 


c Æ 1, and is the y-axis if c = 1. 
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(b) Determine the images of vertical lines in the uv-plane. 
(c) Compute the Jacobian of G. 


(d) Observe that by the formula for the area of a triangle, the region D in 
Figure 14 has area 4(b? — a”). Compute this area again, using the Change 
of Variables Formula applied to G. 


(e) Calculate J Í xydx dy. 
D 


y 


FIGURE 14 


23. Let G(u, v) = (3u + v,u — 2v). Use the Jacobian to determine the 
area of G(R) for: 
(a) R = [0,3] x [0,5] (b) R = [2,5] x [1,7] 


24. Find a linear map T that maps [0,1] x [0, 1] to the parallelogram P 
in the xy-plane with vertices (0,0), (2, 2), (1,4), (3, 6). Then calculate the 
double integral of e?*—” over P via change of variables. 


25. With G as in Example 3, use the Change of Variables Formula to 
compute the area of the image of [1,4] x [1,4]. 


In Exercises 26-28, let Ro = [0,1] x [0, 1] be the unit square. The trans- 
late of a map Go(u, v) = (d(u, v), Y (u, v)) is a map 


G(u,v) = (a+ d(u,v),b + wy, v)) 


where a,b are constants. Observe that the map Go in Figure 15 maps Ro 
to the parallelogram Po and that the translate 


Gi(u, v) = (2+ 4u + 20,1 +u +3v) 
maps ‘Ro to Pı. 


Golu, V) = (4u + 20, u + 30) 
, 


FIGURE 15 
26. Find translates G2 and G3 of the mapping Go in Figure 15 that map 
the unit square Ro to the parallelograms Pz and P3. 


27. Sketch the parallelogram P with vertices (1, 1), (2, 4), (3, 6), (4, 9) and 
find the translate of a linear mapping that maps Ro to P. 
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28. Find the translate of a linear mapping that maps Ro to the parallelo- 
gram spanned by the vectors (3,9) and (—4, 6) based at (4, 2). 


29. Let D = G(R), where G(u, v) = (u?,u + v) and R = [1,2] x [0,6]. 


Calculate J f y dx dy. Note: It is not necessary to describe D. 
D 


30. Let D be the image of R = [1,4] x [1,4] under the map G(u, v) = 
(u2/v, v? fu). 

(a) Compute Jac(G). (b) Sketch D. 

(c) Use the Change of Variables Formula to compute Area(D) and 


If f(x, y)dx dy, where f(x,y) =x +y. 
D 


31. Compute J J (x +3y)dxdy, where D is the shaded region in 
D 
Figure 16. Hint: Use the map G (u, v) = (u — 2v, v). 


x+2y=6 


FIGURE 16 


u 
v+1’ 


If (x + y)dx dy 
D 


where D is the shaded region in Figure 17. 


32. Use the map G(u, v) = ( 2) to compute 


FIGURE 17 


33. Show that T(u, v) = (u? — v?,2uv) maps the triangle Do = {(u, v) : 
0 <v <u <1} to the domain D bounded by x = 0, y = 0, and yo 
4 — 4x. Use T to evaluate 


If x? + y? dx dy 
D 


34, Find a mapping G that maps the disk u? + v? < 1 onto the interior of 
2 2 

the ellipse (=) =F (>) < 1. Then use the Change of Variables Formula 

to prove that the area of the ellipse is mab. 


35. Calculate i i] ee +4y? dy dy, where D is the interior of the ellipse 
D 


HAZ y\2 
A or (=) =|, 
(5) 57 
36. Let D be the region inside the ellipse x? + 2xy + 2y? —4y = 8. 


Compute the area of D as an integral in the variables u = x + y, 
v=y-—2. 


37. Sketch the domain D bounded by y = x?, y = 5x2, and y = x. Usea wi 


change of variables with the map x = uv, y = u? to calculate 


If y~" dx dy 
D 


This is an improper integral since f(x, y) = y7! is undefined at (0, 0), but 
it becomes proper after changing variables. 


38. Find an appropriate change of variables to evaluate 


J Í («+ ye” dx dy 
R 


where FR is the square with vertices (1,0), (0, 1), (—1, 0), (0, —1). 


39. Let G be the inverse of the map F(x,y) = (xy,x”y) from the 
xy-plane to the uv-plane. Let D be the domain in Figure 18. Show, by 
applying the Change of Variables Formula to the inverse G = F—!, that 


20 p40 
If e dx dy =f [ ey! dudu 
D 10 J20 


and evaluate this result. Hint: See Example 8. 


FIGURE 18 


40. Sketch the domain 
D={@,y):l<x+y<4, -4<y-2x < 1} 


(a) Let F be the map u = x + y,v = y — 2x from the xy-plane to the 
uv-plane, and let G be its inverse. Use Eq. (14) to compute Jac(G). 


(b) Compute f | e**Y dx dy using the Change of Variables Formula 
D 


with the map G. Hint: It is not necessary to solve for G explicitly. 
41. Let I = If (x? = y’) dx dy, where 
D 


D={@,y):2<xy <4,0<x-—y<3,x>0,y>0} 


(a) Show that the mapping u = xy, v = x — y maps D to the rectangle 
R = (2, 4] x [0,3]. 

(b) Compute d(x, y)/d(u, v) by first computing d(u, v)/3(x, y). 

(c) Use the Change of Variables Formula to show that J is equal to the 
integral of f(u, v) = v over R and evaluate. 


42. Derive formula (4) in Section 15.4 for integration in cylindrical coor- 
dinates from the general Change of Variables Formula. 


43. Derive formula (7) in Section 15.4 for integration in spherical coordi- 
nates from the general Change of Variables Formula. 


44. Use the Change of Variables Formula in three variables to prove 
2 2 2 
that the volume of the ellipsoid (=) + (>) + (=) = ] is equal to 
a c 
abc x the volume of the unit sphere. 


\— Further Insights and Challenges 


45. Use the map 


to evaluate the integral 


i [ dx dy 
0 1- ] — x2y2 
This integral is an improper integral since the integrand is infinite if 


x =+1 and y= +1, but applying the Change of Variables Formula 
shows that the result is finite. 


46. Verify properties (1) and (2) for linear functions and show that any 
map satisfying these two properties is linear. 


47. Let P and Q be points in R?. Show that a linear map G(u, v) = 
(Au + Cv, Bu + Dv) maps the segment joining P and Q to the seg- 
ment joining G(P) to G(Q). Hint: The segment joining P and Q has 
parametrization 

(1—-1)OP +100 for 0<t<1 


48. Zi Let G be a linear map. Prove Eq. (6) in the following steps. 

(a) For any set D in the uv-plane and any vector u, let D + u be the set 
obtained by translating all points in D by u. By linearity, G maps D + u to 
the translate G(D) + G(u) [Figure 19(C)]. Therefore, if Eq. (6) holds for 
D, it also holds for D + u. 

(b) In the text, we verified Eq. (6) for the unit rectangle. Use linearity to 
show that Eq. (6) also holds for all rectangles with vertex at the origin and 
sides parallel to the axes. Then argue that it also holds for each triangular 
half of such a rectangle, as in Figure 19(A). 

(c) Figure 19(B) shows that the area of a parallelogram is a difference of 
the areas of rectangles and triangles covered by steps (a) and (b). Use this 
to prove Eq. (6) for arbitrary parallelograms. 


49. The product of 2 x 2 matrices A and B is the matrix AB defined by 


a b a b \ ff aa’tbe ab! pba’ 
c d c d J” \ ca’+dc cb +dd 
ee 
A B AB 


The (i, j)-entry of A is the dot product of the ith row of A and the jth 
column of B. Prove that det(A B) = det(A) det(B). 
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FIGURE 19 


50. Let Gy : Dı > Də and G2 : D2 > D; be C! maps, and let G2 o G; : 
Dı — D3 be the composite map. Use the Multivariable Chain Rule and 
Exercise 49 to show that 


Jac(G2 o G1) = Jac(G2)Jac(G}) 


51. Use Exercise 50 to prove that 
Jac(G~!) = Jac(G)“! 
Hint: Verify that Jac(7) = 1, where 7 is the identity map J(u, v) = (u, v). 


52. Let (x, y) be the centroid of a domain D. For A > 0, let AD be the 
dilation of D, defined by 


AD = {Ax,Ay): (x, y) € D} 


Use the Change of Variables Formula to prove that the centroid of AD is 
(Ax, Ay). 


CHAPTER REVIEW EXERCISES 


4 6 
1. Calculate the Riemann sum Sz 3 for $ | x*y dx dy using two 
1 J2 


choices of sample points: 

(a) Lower-left vertex 

(b) Midpoint of rectangle 

Then calculate the exact value of the double integral. 


1 pl 
2. Let Syn be the Riemann sum for ji j cos(xy)dx dy using 
0 J0 
midpoints as sample points. 
(a) Calculate S4 4. 


(b) Use a computer algebra system to calculate Sy y for 
N = 10, 50, 100. 


3. Let D be the shaded domain in Figure 1. 


ib 


i? A 
“| 
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LS 


FIGURE 1 


Estimate | L xydA by the Riemann sum whose sample points are 


the midpoints of the squares in the grid. 
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4. Explain the following: 
1 1 

(a) J | sin(xy)dx dy = 0 
mS 


l pl 
(b) J | cos(xy)dx dy > 0 
—l J-l 


In Exercises 5—8, evaluate the iterated integral. 


2 p5 
f J rete Tr 
0 J3 


0 x/6 
| Í e2y sin(3x) dx dy 
1/2 Jo 


m/3 px/6 
Í | sin(x + y)dx dy 
0 0 


2 f2 ydxdy 
i J Pa 
In Exercises 9-14, 
f fenaa 


sketch the domain D and calculate 


9 D=(0<x<4,0<y<x}, f@,y)= cosy 
10. D={(0<x<2,0<y<2x—-x7}, f(x,y) =Jxy 
11. D={0<x<1,1-x<y<2-x}, f(x,y) = At 


12. D={1<x<2,0<y<1/x}, f@,y) =cos(xy) 
13. D={0 <y <1, 05y2?<x<y}, f(x,y) = yet 


14,.D={i<y<e, y<x<2y}, f(x,y) =ln(x + y) 


3 p9—x? 
15. Express f Í f (x, y) dy dx as an iterated integral in the or- 
—3 J0 
der dx dy. 


16. Let W be the region bounded by the planes y = z, 2y +z = 3, 
and z=Qfor0<x < 4. 


(a) Express the triple integral | J | F(x, y,z)dV as an iterated in- 
W 


tegral in the order dy dx dz (project W onto the xz-plane). 

(b) Evaluate the triple integral for f(x, y,z) = 1. 

(c) Compute the volume of W using geometry and check that the re- 
sult coincides with the answer to (b). 


17. Let D be the domain between y =x and y = ./x. Calculate 
J j xy dA as an iterated integral in the order dx dy and dy dx. 
D 


18. Find the double integral of f(x, y) = xy over the region between 
the curves y = x” and y=x(l — x). 


dxd 
19. Change the order of integration and evaluate [ [À ee 


20. Verify directly that 


[ {2 dy dx -=f [ dx ae 
go l+x- 5 IF fy +x -— 
21. Prove the formula 


[fp foyaxdy = f a — x) f(x) dx 


Then use it to calculate [ [> 


(x2 + y)l/2° 


Ji-y? y dx dy 


22. Rewrite [ npa n ey interchanging the order 
JIZ (14x24 y2)? 
of integration, and evaluate. 


ae 


23. Use caneiaiee coordinates to ae pie volume of the region 
defined by 4 — x? — y2 < z < 10 — 4x? — 472. 


24. Evaluate f | x dA, where D is the shaded domain in Figure 2. 
D 


r=2(1 + cos @) 


FIGURE 2 


25. Find the volume of the region between the graph of the function 
f@,y=1- (x2 + y2) and the xy-plane. 


3 4 p4 
26. Evaluate | | | (x3 + y? + z)dx dy dz. 
0 J1 J2 


27. Calculate J J bs (xy + z) dV, where 


B={0<x<2,0<y<1,1<7z 53} 


as an iterated integral in two different ways. 


28. Calculate i | Í xyzdV, where 
W 


W={0<x<1x<y<l,x<z<xt+y] 


1 —x2 
29. Evaluate 7 = $ Í [ (x+y+2z)dzdydx. 
-1/0 0 


30. Describe a region whose volume is equal to: 


2x pu/2 r9 
(a) f if f, p? sing dp dọ dé 
mj4 p2 
(b) Í. b $ r dr dô dz 
0 


0 
dzd 
© f f f prira D 


31. Find the volume of the solid contained in the cylinder x24 y? =æ] 
below the surface z = (x + y)* and above the surface z = —(x — y)*. 


Wo 32. Use polar coordinates to evaluate J f xdA, where D is the 
D 


shaded region between the two circles of radius 1 in Figure 3. 


FIGURE 3 


= + y? dA, where D is 


the region in the first quadrant bounded by the spiral r = @, the circle 
r = 1, and the x-axis. 


33. Use polar coordinates to calculate J ji 


34. Calculate J f sin(x + y?) dA, where 
D 
DE p zx +y <x] 


35. Express in cylindrical coordinates and evaluate: 


1 j—x2 x2+y* 
GLO h ewa 
0 Jo 0 


36. Use pihegeg ate P to calculate the triple integral of 
f(x,y, Zz) = x? +y? b over the region 


1 <x? +y +z <4 
37. Convert to spherical coordinates and evaluate: 
/4—x?2 
LEl 
38. Find the average value of f(x,y,z) = xy*z3 on the box [0, 1] x 
[0,2] x [0,3]. 


J4—x2—=y2 Pe Oy Be! 
"a ni. dzdydx 


39. Let W be the ball of radius R in RÌ centered at the origin, and let 

= (0,0, R) be the North Pole. Let d p(x, y, z) be the distance from 
P to (x, y,z). Show that the average value of dp over the ball W is 
equal to d = 6R/5. Hint: Show that 


=0 


= 1 20 R big 

d = = 2 sin by/ R2 + p2 — 2pR cos ddd dp de 
4 3 P p pP P 
37 R? Jo=0 Jp=0 Jġ=0 


and evaluate. 
40. Express the average value of f(x,y) = e*” over the 


2 
x 
ellipse 5 -- y2 = | as an iterated integral, and evaluate numerically 
using a computer algebra system. 
41. Use ‘oe righ coordinates 6 ay the mass of the solid bounded 


by z=8-—x? = and z = x? + y2, assuming a mass density of 
f (x,y, 2) = y, 
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42. Let W be the portion of the half-cylinder x2 + y? <4, x > Osuch 
that 0 < z < 3y. Use cylindrical coordinates to compute the mass of 
W if the mass density is p(x, y, z) = z2. 


43. Use cylindrical coordinates to find the mass of a cylinder of radius 
4 and height 10 if the mass density at a point is equal to the square of 
the distance from the cylinder’s central axis. 


44. Find the centroid of the region W bounded, in spherical coordi- 
nates, by ¢ = ¢o and the sphere p = R. 


45. Find the centroid of the solid bounded by the xy-plane, the cylin- 
der x2 a y2 = R2, and the plane x/R + z/H = 1. 


46. Using cylindrical coordinates, prove that the centroid of a right 
circular cone of height h and radius R is located at height a on the 
central axis. 


47. Find the centroid of solid (A) in Figure 4 defined by x” + y? < R?, 
0<z<H,and % < @ < 2r, where @ is the polar angle of (x, y). 


48. Calculate the coordinate ycy of the centroid of solid (B) in 
Figure 4 defined by x? + y? < 1andO<z<4y+3. 


, 2 


h}— =n -———-4 


k—m—i 


(A) (B) 
FIGURE 4 


49. Find the center of mass of the cylinder x2 + y? < 1 for0 <z < 1, 
assuming a mass density of 5(x, y, z) = Z. 


50. Find the center of mass of the sector of central angle 209 (sym- 
metric with respect to the y-axis) in Figure 5, assuming that the mass 
density is 5(x, y) = x2. 


FIGURE 5 


51. Find the center of mass of the part of the ball x2 + y2 +z? < 1, 
in the first octant assuming a mass density of 5(x, y, z) = x. 


52. Find a constant C such that 


Pp, y) = eet) ifO<x<2and0<y <3 
0 otherwise 
is a joint probability density function and calculate P(X < 1; Y < 2). 


53. Calculate P(3X+2Y > 6) for the probability density in 
Exercise 52. 
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54. The lifetimes X and Y (in years) of two machine components have 
joint probability density 


s5 T a if0<x<5—yand0<y<5 


0 otherwise 


What is the probability that both components are still functioning after 
2 years? 

55. An insurance company issues two kinds of policies: A and B. Let 
X be the time until the next claim of type A is filed, and let Y be 


the time (in days) until the next claim of type B is filed. The random 
variables have joint probability density 


pixy) E 12e t= 
Find the probability that X < Y. 
56. Compute the Jacobian of the map 


G(r, s) = (e” cosh(s), e” sinh(s)) 


57. Find a linear mapping G(u, v) that maps the unit square to the par- 
allelogram in the xy-plane spanned by the vectors (3,—1) and (1,4). 
Then use the Jacobian to find the area of the image of the rectangle 
R = [0,4] x [0,3] under G. 


58. Use the map 


u+tv — 


Gu.) = ( a 


to compute f f ((x — y)sin(x + y)? dx dy, where R is the square 


with vertices (x, 0), (2x, 7), (x,27), and (0, 7). 


59. Let D be the shaded region in Figure 6, and let F be the map 


3 


u=y+x?, v=y-x 


(a) Show that F maps D to a rectangle FR in the uv-plane. 
(b) Apply Eq. (7) in Section 15.6 with P = (1,7) to estimate Area(D). 


1 


FIGURE 6 


60. Calculate the integral of f(x, y) = e?*—2» over the parallelogram 
in Figure 7. 


FIGURE 7 


61. Sketch the region D bounded by the curves y = 2/x, y = 1/(2x), 
y =2x, y=x/2 in the first quadrant. Let F be the map u = xy, 
v = y/x from the xy-plane to the uv-plane. 


(a) Find the image of D under F. 

(b) Let G = F—!. Show that |Jac(G)| = Del 
v 

(c) Apply the Change of Variables Formula to prove the formula 


y 3 f? fdv 
Jh C) 22-3 TEN 


y/x 


(d) Apply (c) to evaluate J | he dx dy. 
D 


Ne 


NASA 


There are over 20,000 objects larger than a 
softball orbiting the earth. Some are 
functioning satellites; most are space 
“debris” of some sort. The primary force on 
these objects, holding them in orbit, is 
Earth’s gravity, which is modeled as a field 
of force vectors everywhere directed inward 
toward the center of the earth. 


FIGURE 1 Vector field of wind velocity off 
the coast at Los Angeles. 


In general, a vector field F in R” is a 
function that assigns to each point 
(x1,X2,..-,X,) in R” a vector 

F(x), X2,..., Xn) in R”. In this book, we 
focus on vector fields in R? and R?. 


16 LINE AND SURFACE 
INTEGRALS 


n the previous chapter, we generalized integration from one variable to several 
l variables. In this chapter, we generalize still further to include integration over curves 
and surfaces, and we will integrate not just functions but also vector fields. Integrals 
of vector fields are used in the study of phenomena such as electromagnetism, fluid 
dynamics, and heat transfer. To lay the groundwork, the chapter begins with a discussion 
of vector fields. 


16.1 Vector Fields 


How can we describe a physical object such as the wind, which consists of a large number 
of molecules moving in a region of space? What we need is a new type of function 
called a vector field. In this case, a vector field F assigns to each point P = (x, y,z) a 
vector F(x, y, z) that represents the velocity (speed and direction) of the wind at that point 
(Figure 1). Vector fields describe many other physical phenomena that have magnitude 
and direction such as force fields, electric fields, and magnetic fields. 
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Mathematically, a vector field in R? is represented by a vector whose components 
are functions: 


F(x, y,z) = (Fi(x, y,z), FoG, y, Zz), F3(x, y, z)) 


To each point P = (a,b,c) is associated the vector F(a, b,c), which we also denote by 
F(P). Alternatively, 


F = Fii + Pj + Fk 


When drawing a vector field, we draw F(P) as a vector based at P. The domain of F is 
the set of points P for which F(P) is defined. Vector fields in the plane are written in a 
similar fashion: 


F(x, y) = (Fi, y), Fax. y)) = Fii + Foj 


Throughout this chapter, we assume that the component functions F; are smooth—that 
is, they have partial derivatives of all orders on their domains. 
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FIGURE 2 


Betiroan/Gelly lroages 


The English physicist and Nobel laureate 
Paul Dirac (1902-1984) introduced a 
generalization of vectors called “spinors’ 
to unify the special theory of relativity 
with quantum mechanics. This led to the 
discovery of the positron, an elementary 
particle used today in PET-scan imaging. 
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EXAMPLE 1 Which vector corresponds to the point P = (2,4, 2) for the vector field = 
F(x, y, Z) = (y v ZKI 4 = Jy)? 


Solution The vector attached to P is 
F(2,4,2) = (4 £99 2< VA) = (2,2,0) 


Some vectors from the vector field are shown in Figure 2, and F(2, 4, 2) is in red. = 


Although it is not practical to sketch complicated vector fields in three dimensions 
by hand, computer graphing tools can produce useful visual representations (Figure 3). 
The vector field in Figure 3(B) is an example of a constant vector field. It assigns the 
same vector (1, —1,3) to every point in R°. 


(A) F= (x sinz, y2, x/(z2+ 1) (B) Constant vector field F = (1, —1, 3) 


FIGURE 3 — 


In the next example, we analyze two vector fields in the plane qualitatively. 


EXAMPLE 2 Describe the following vector fields in R?: 

(a) G=i+xj (b) F = (—y, x) 

Solution (a) The vector field G = i + xj assigns the vector (1,a) to the point (a,b). 
In particular, it assigns the same vector to all points with the same x-coordinate 
[Figure 4(A)]. Notice that (1,a) has slope a and length V1 +a?. We may describe 
G as follows: G assigns a vector of slope a and length v 1 + a? to all points with x = a. 
(b) To visualize F, observe that F(a, b) = (—b, a) has length r = v'a? + b?. It is perpen- 
dicular to the radial vector (a, b) and points counterclockwise. Thus, F has the following 
description: The vectors along the circle of radius r all have length r and they are tangent 
to the circle, pointing counterclockwise [Figure 4(B)]. m 


y 
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F= (-y, x) ee 
(A) (B) 


FIGURE 4 


A gravitational vector field for a point mass 
and an electrostatic vector field for a point 
charge are radial vector fields. They can be 
conveniently expressed in the form f (r)e, 
with a scalar function f. We work with 
such fields often in the remainder of the 
text. 
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A unit vector field is a vector field F such that ||F(P)|| = 1 for all points P. A vector 


field F is called a radial vector field if F( P) is parallel to OP and ||F(P)|| depends only 
on the distance r from P to the origin. Here, we use the notation r = (x? + y2)!/ 2 for R? 
and r = (x? + y? + z?)!/2 for R?. Two important vector fields are the unit radial vector 
fields in two and three dimensions [Figures 5(A) and (B)]: 
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Observe that e,(P) is a unit vector pointing away from the origin at P. Note, however, 
that e, is not defined at the origin where r = 0. 


— at eo = 
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(A) Unit radial vector field in the plane (B) Unit radial vector field in 3-space 
e, = (dr, ylr) e, = (dr, ylr, dr) 


FIGURE 5 


Operations on Vector Fields 


Three important derivative operations in multivariable calculus are the gradient, diver- 
gence, and curl. Gradient was defined in Section 14.5. Divergence and curl are operations 
on vector fields that we introduce here. Each of the three operations is defined using the 
del operator V, which is a vector of derivative operators: 


Pn KI 
Ox Oy dz 
The operation of V on a scalar function f produces the gradient of f. Notationally, we 


treat this operation like multiplication of a vector by a scalar, but the resulting vector 
components are derivative operations on functions rather than products: 


ee a Oe ee ee ee 
v= Sihi ay?” =f) = (2,2 


Operations of V on a vector field F are expressed via dot product (producing diver- 
gence) and cross product (producing curl). We introduce divergence and curl briefly here. 
They will play a significant role in the next chapter. For a vector field F = (F), F2, F3), 
we define the divergence of F, denoted div(F), by 


: ð @ ð OF, OF) ƏF 
div) = V-F = (2 aa 5) (Fis Fas Fa) = $e 
x dy daz ax dy 02 
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That is, a 


OF, OF; 
Ox a aa 


Note that the divergence of a vector field F(x, y, z) is a scalar function of x, y, and z. 
Divergence obeys the linearity rules: 


div(F + G) = div(F) + div(G) 
div(cF) = c div(F) (c any constant) 


EXAMPLE 3 Evaluate the divergence of F = (e xy, ae at P = (1,0, 2). 
Solution 


ð ð ð 
divF) = — e? + — xy + = z4 = ye? +x +42? 
Ox dy az 


div(F)(P) = div(F)(1, 0,2) =0 -e° +1 +4- Ż =33 kl 


In Section 17.3 we will thoroughly investigate divergence and its physical interpre- 
tation. For now, we briefly explore its meaning in the context of a physics application. 
Consider a gas with velocity vector field given by F. When div(F) > 0 at a point P, an 
outflow of gas occurs near this point. In other words, the gas is expanding around the 
point, as might occur when the gas is heated. When div(F) < 0 at a point P, the gas is __ 
compressing toward P, as might occur when the gas is cooled. When div(F) = 0, the gas 
is neither compressing nor expanding near P. 

For example, the vector field F = (x, y, z), appearing in Figure 6(A), has div(F) = 3 
everywhere. Thinking of this as the velocity vector field for a gas, at every point, the 
gas is expanding. This is most obvious at the origin, but even at other points, the gas is 
expanding in the sense that more gas atoms are moving away from the point than are 
moving toward it. We say that each of these points is a source. 

For the vector field E = (—x, —y, —z) appearing in Figure 6(B), div(F) = —3 for all 
points P, and the gas is compressing at every point. We say that every point is a sink. 

For the vector field F = (0,1,0), appearing in Figure 6(C), div(F) = 0. At each 
point, the gas is neither expanding nor compressing. Rather, it is simply shifting in the 
positive y-direction. In this case, no points are sources or sinks and we say that the vec- 
tor field is incompressible. For other vector fields, there can be points that are sources, 
points that are sinks, and points that are neither. 
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' FIGURE 6 


(C) 


curl F(P) 


FIGURE 7 curl F(P) tells us about the 
rotation of the fluid. 


+ The term “conservative” comes from 
physics and the Law of Conservation of 
Energy (see Section 16.3). 

e Any letter can be used to denote a 
potential function. We use f. Some 
textbooks use V, which suggests 
“volt,” the unit of electric potential. 
Others use (x, y, z) or U(x, y, 2). 
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The other operation involving V and vector fields F = (F), F2, F3) is the curl of F, 
denoted curl(F) and defined using the cross product as follows: 


i j k 
0 0 ð 
curl(F) = Vix B= ax by az 
Fi h A 


OF; dOFo\. 3 F3 S) ‘ (FZ a) 
= | — — — ji- | — —- — }j+(— —- —]}k 
dy OZ Ox OZ Ox oy 


OF. OF, ak OF> 


That is, 


əz ` Oz ox’ Ox 


Note that, in contrast to divergence, the curl of a vector field is itself a vector field. 
It is straightforward to check that curl obeys the linearity rules: 


curl(F + G) = curl(F) + curl(G) 
curl(cF) = c curl(F) (c any constant) 
EXAMPLE 4 Calculating the Curl Calculate the curl of F = (xy, e*,y+ z). 


Solution We compute the curl as the determinant: 


i | k 
ð ə ð 
curl(F) = e ay az 
xy e ytz 
= (So+0 = Že)i- (Ž0+0 = 59) + (že — 7) k 
=i+(e — x)k E 


The magnitude of the vector curl (F)(P) is a measure of how fast the vector field F, 
when considered as the velocity vector field of a fluid flow, would turn a paddle wheel 
inserted into the fluid as in Figure 7. The direction of curl (F)(P) is the direction of the 
paddle-wheel axis at P that results in a maximal rate of rotation of the paddle wheel. The 
magnitude of curl (F)(P) is that maximum rate of rotation. If curl(F) = 0, then the vector 
field F is said to be irrotational. We examine these interpretations of curl(F) further in 
Sections 17.1 and 17.2, where we investigate the physical significance of the curl. 


Conservative Vector Fields 


Vector fields that can be expressed as the gradient of a scalar function are important in 
multivariable calculus and its applications. A vector field F is called conservative if there 
is a differentiable function f(x, y, z) such that 


r=vf=(% iÀ z) 


The function f is called a potential function (or scalar potential function) for F. 
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The same terms apply in two variables and, more generally, in n variables. Recall that "i 
the gradient vectors are orthogonal to the level curves, and thus in a conservative vector 
field, the vector at every point P is orthogonal to the level curve of a potential function 
through P (Figure 8). Conservative vector fields have critically important properties. 
For instance, in Section 16.3, we will see that the work done by a conservative vector 
field, as a particle travels from one point to another, is independent of the path taken. 

In physics, conservative vector fields appear naturally as force fields corresponding to 
physical systems in which energy is conserved. 


a 


% x EXAMPLE 5 Verify that f(x,y,z) = xy + yz? is a potential function for the vector 
field F = (y, x +z, 2yz). 
FIGURE 8 A conservative vector field is the 
gradient of a potential function and 
therefore is orthogonal to the potential 


Solution We compute the gradient of f: 


function’s level curves. of of 5 Of 
—=say —HeHxt+7, Soa lyz 
Ox ay OZ 
Thus, V f = (y, x +z, 2yz) = F as claimed. a 


Next, we show the important fact that the curl of a conservative vector field is the 
trivial vector field 0. 


THEOREM 1 Curl of a Conservative Vector Field 


1. In R2, if the vector field F = ( F}, F2} is conservative, then 


2. In R?, if the vector field F = (Fi, Fo, F3) is conservative, then 


OF, 3 ð 3B 3 əf 


curl(F) = 0, or equivalently, soen a IE a 
y x z y x Z 


We refer to the partial derivatives of the 
vector-field component functions appearing 
in Theorem 1 as cross-partial derivatives. 
Also, we refer to the individual equations in 
the theorem as the cross-partials equations 
and the highlighted necessary conditions 
for the vector field to be conservative as the 
cross-partials conditions. field in R*. If F = V f, then 


Note that we could also write this result as curl(V f) = 0or V x Vf = 0. 


Proof We provide the proof for a vector field in RÌ, but the same idea works for a vector 


ð ð 
Ae le TO 
y dz 


“—~ | 4w REMINDER The assumptions of 
3? f 3? f 


and 
dy Ox ax dy 

are continuous are satisfied here because 

we are assuming throughout the chapter 


that all functions are smooth. 


Clairaut’s Theorem that 


4 REMINDER A domain D is connected if 
any two points in D can be joined bya 
path entirely contained in D. 


The result of Example 7 is valid in R2: The 
function 


m fœ, y)=vVx +y =r 


is a potential function for the unit radial 
vector fielde, = (x/r, y/r}. 


SECTION 16.1 Vector Fields 963 


ony Q7 f 
Clairaut’s Theorem (Section 14.3) tells us that , and thus 
dy Ox ~ Ox dy 
OF, ək 
dy  ðx 
OF OF 
Similarly, or = PPs and 73 — — It follows that curl(F) = a 
dZ oy Ox oZ 


From Theorem 1, we can see that most vector fields are not conservative. Indeed, 
an arbitrary triple of functions (F1, F2, F3} does not satisfy the cross-partials condition. 
Here is an example. 


2 
EXAMPLE 6 Show that F = (xy >: zy) is not conservative. 


Solution Since F is a vector field in R, we must show that at least one of the three 
cross-partials equations in the second part of Theorem 1 is not satisfied. The first one is 


OF OF: 
satisfied because Sg ee Checking the second: 
ay “Ox. 
Om ax OF; ð 
— = 0, — = — = 
Oz = ( 2 ) dy dy ore 
OF ð F: i ] : 
Thus, = a = and Theorem 1 implies that F is not conservative. a 
Z y 


In this example, ali we needed to do to prove that F is not conservative was show that 
just one of the cross-partials equations was E satisfied. While two of the cross-partials 


OF ð F3 
equations are satisfied for this F, showing —— 3z 2 4 —— was enough to establish that F is 
dy 


not conservative. 

Potential functions, like antiderivatives in one variable, are unique to within an ad- 
ditive constant. To state this precisely, we must assume that the domain D of the vector 
field is open and connected. 


THEOREM 2 Uniqueness of Potential Functions If F is conservative on an open 


connected domain, then any two potential functions of F differ by a constant. 


Proof If both fı and fz are potential functions of F, then 
Vif - f= VA-Vh=F-F=0 


However, a function whose gradient is zero on an open connected domain is a constant 
function (this generalizes the fact from single-variable calculus that a function on an 
interval with zero derivative is a constant function—see Exercise 57). Thus, fi — f2 = C 
for some constant C, and hence fj = fo +C. m 


The next two examples consider two important radial vector fields. 


EXAMPLE 7 Unit Radial Vector Fields Show that 


Saye) ea = fx? ty? + 22 


; ‘ ; x 
is a potential function for the unit radial vector field e, = (=, =}, That is, e, = Vr. 
rar r 
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Solution We have ae 


Or ð R 2 oPa x ox 
g ar = Jtt T 


Similarly, op 42 and ot — = Therefore, Vr = (=. z =| = e;. ry 
dy r dz r rrr 


The gravitational force exerted by a point mass m is described by an inverse-square 
force field (Figure 9) whose magnitude is inversely proportional to the square of the 
distance from the mass. A point mass located at the origin exerts a gravitational force F 
on a unit mass located at (x, y, z) equal to 


E= Te, = -Gm{ 


x y 4 
r?’ r?’ 3 


Gmer 


FIGURE 9 The vector field -— where G is the universal gravitation constant. The negative sign indicates that the force is 
represents the force of gravitational attractive (it pulls in the direction of the point mass at the origin). The electrostatic force 
attraction due to a point mass located at the field due to a charged particle is also an inverse-square vector field. The next example 
origin. shows that these vector fields are conservative. 


EXAMPLE 8 Inverse-Square Vector Field Show that 


4 REMINDER The Chain Rule for Solution Use the Chain Rule for Gradients (Theorem 1 in Section 14.5) and Example 7: 
Gradients: 


S.—) a y = 2 
VECE, y,2))) = f(x, y,2)) Vr V(-r™") =r “Vr =r “ey e 


16.1 SUMMARY 
° A vector field assigns a vector to each point in a domain. A vector field in R? is rep- 
resented by a triple of functions F = (F1, Fz, F3). A vector field in R? is represented 
by a pair of functions F = (F1, Fz). We always assume that the components F} are 
smooth functions on their domains. 
ð ð ə 
S ay’ =) is used to define gradient (V f), divergence 
(V - F), and curl (V x F). 
° The divergence of a vector field F = (Fj, F2, F3) is the scalar function given by 


°- The del operator V = ( 


Ox oy az 


* The curl of a vector field F = (F4, Fo, F3) is the vector field given by 


OF, dFo\, OF; OF ,\. OFy OF; 
curl(F) = V x F = | —— — — Ji- [ — — — | j+ | — -— — |k 
(> 7) (S DL (S r) 


°. IFF = Vf, then F is called conservative and f is called a potential function for F. 
* Any two potential functions for a conservative vector field differ by a constant (on an 
open, connected domain). 
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* A conservative vector field F = (F1, Fo, F3) satisfies the condition 


OF,  9F2 OF,  OF3 OF, OF) 
— tl I =} = = as — 
curl(F) = 0, or equivalently, ay ax i ay ro = 
* The radial unit vector field and the inverse-square vector field are conservative: 


x e x a ae 
= i 4 =Vr, —= oe =V(-—r y, where r=y x +y +z? 
r2 ro r? r? 


Fo ae 


16.1 EXERCISES 


Preliminary Questions 


1. Which of the following is a unit vector field in the plane? 2. Sketch an example of a nonconstant vector field in the plane in which 
(a) F = (y,x) each vector is parallel to (1, 1}. 


3. Show that the vector field F = {—z, 0, x) is orthogonal to the position 
—> 
vector O P at each point P. Give an example of another vector field with 


i = (sts is) 
EEE om tee this property. 


(© F -> y x = 4. Show that f(x, y, z) = xyz is a potential function for {yz, xz, xy} and 
x2 + y? x24 y2 give an example of a potential function other than /. 


Exercises 


1. Compute and sketch the vector assigned to the points P = (1,2) and 
Q = (—1, —1) by the vector field F = ra 


2. Compute and sketch the vector assigned to the points P = (1,2) and 
Q = (—1, —1) by the vector field F = (—y, x). 


3. Compute and sketch the vector assigned to the points P = (0, 1, 1) and 
Q = (2, 1,0) by the vector field F = (xy, Za: 


4. Compute the vector assigned to ur eras P = (1,1,0) and 


Q = (2, 1,2) by the vector fields e,, =, and =. 


In Exercises 5—12, sketch the following planar vector fields by drawing 
the vectors attached to points with integer coordinates in the rectangle 


—3 <x <3, —3 < y <3. Instead of drawing the vectors with their true 
lengths, scale them if necessary to avoid overlap. 


5. F= (1,0) 6. F= (1,1) 7. F=xi 

8. F=yi 9. F= (0,x) 10. F=x°i+yj 

1. F=(=" 5,575) oi 27 m FIGURE 10 
x? +y? x24 y? [x24 y? Jx + y2 


In Exercises 13-16, match each of the following planar vector fields with 


the corresponding plot in Figure 10. In Exercises 17-20, match each three-dimensional vector field with the 


corresponding plot in Figure 11. 


. F= (2,x) 14. F = (2x +2, y) 17. F = (1,1,1) 18. F = (x,0,z) 


15. F = (y,cosx) 16. F = (x + y,x — y) 19. F = (x, y,z) 20. F =e, 
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21. A river 200 meters wide is modeled by the region in the xy-plane 
given by —100 < x < 100. The velocity vector field on the surface of 


the river is given by F = (—0.05x, 20 — 0.0001x°) in meters per second. 
Determine the coordinates of those points that have the maximum speed. 


22. The velocity vectors in kilometers per hour for the wind 

speed of a tornado near the ground are given by the vector field 
P: =y x 

r= oS yop?’ OPF TIP ) Determine the coordinates of those 

points where the wind speed is the highest. 


In Exercises 23-30, calculate div(F) and curl (F). 


23. F = (x,y, z) 24. F = (y,2,x} 


26. sin(x + z)i — ye**k 


28. F=(2,2,2) 
me ZX 


25, F = (x — 2zx*,z — xy, zx’) 


2... = (yz, xz, xy} 


29. F = (e”, sinx, cos x) 30. F= ( 


x y 0 
x2 Hy x2 4 y2” 
In Exercises 31-37, prove the identities assuming that the appropriate 
partial derivatives exist and are continuous. 


31. div(F + G) = div(F) + div(G) 

32. curl(F + G) = curl(F) + curl(G) 

33. divcurl(F) = 0 

34. div(F x G) = G- curl(F) — F - curl(G) 

35. If f is a scalar function, then div( fF) = fdivF)+F.- Vf. 
36. curl( fF) = feurl(F) + (Vf) x F 

37. div(Vf x Vz) =0 


38. Find (by inspection) a potential function for F = (x, 0) and prove that 
G = (y,0) is not conservative. 


In Exercises 39-47, find a potential function for the vector field F by - 


inspection or show that one does not exist. 


39. F = (x, y) 40. F = (y,x) 


41. F = (y*z, 1 + 2xyz, xy?) 42. F = (yz, xz, y) 


43. F = [ye xe?) 44. F = (2xyz,x?°z, x? yz} 


aS. Faz, 2xyz) 46. F = (2xze*’ ,0, e) 


47. F = (yzcos(xyz), xz cos(xyz), xy cos(xyz)). 


48. Find potential functions for F = Sr 


e 
3 and G = -< in R?. Hint: See 
r r 


Example 8. 


49. Show that F = (3, 1,2) is conservative. Then prove more generally 
that any constant vector field F = (a, b,c) is conservative. 


50. Let ọ = lnr, where r = yx? + y?. Express Vo in terms of the unit 
radial vector e, in R2. 


51. For P = (a,b), we define the unit radial vector field based at P: 


(x —a,y —b) 


V(x —a)* + (y -by 


(a) Verify that ep is a unit vector field. 
(b) Calculate ep(1, 1) for P = (3,2). 
(c) Find a potential function for ep. 


ep = 


52. Which of (A) or (B) in Figure 12 is the contour plot of a potential 
function for the vector field F? Recall that the gradient vectors are perpen- 
dicular to the level curves. 


FIGURE 12 


53. Which of (A) or (B) in Figure 13 is the contour plot of a potential 
function for the vector field F? 


(A) (B) 


FIGURE 13 


54. Match each of these descriptions with a vector field in Figure 14. 

(a) The gravitational field created by two planets of equal mass located at 
P and Q 

(b) The electrostatic field created by two equal and opposite charges 
located at P and Q (representing the force on a negative test charge; 
opposite charges attract and like charges repel) 


55. EA In this exercise, we show that the vector field F in Figure 15 is 
not conservative. Explain the following statements: 

(a) If a potential function f for F exists, then the level curves of f must 
be vertical lines. 

(b) If a potential function f for F exists, then the level curves of f must 
grow farther apart as y increases. 

(c) Explain why (a) and (b) are incompatible, and hence f cannot exist. 
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Further Insights and Challenges 


56. Show that any vector field of the form 


F = (f(x), e(y), h(2)) 
has a potential function. Assume that f, g, and h are continuous. 


57. Let D be a disk in R?. This exercise shows that if 

Vi(x,y) =9 
for all (x,y) in D, then f is constant. Consider points P = (a, b), 
Q =(c,d), and R = (c, b) as in Figure 16. 


(a) Use single-variable calculus to show that f is constant along the seg- 
ments PR and RO. 


(b) Conclude that f(P) = f(Q) for any two points P, Q € D. 


FIGURE 16 


16.2 Line Integrals 


In this section, we introduce two types of integrals over curves: integrals of functions and 
integrals of vector fields. These are traditionally called line integrals, although it would 
be more appropriate to call them curve integrals or path integrals. 
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Scalar Line Integrals _ 


We begin by defining the scalar line integral | f(x, y,z)ds of a function f over a 


curve C. We will see how integrals of this type can represent total mass and charge, and 
how they can be used to find electric potentials. 

Like all integrals, this line integral is defined through a process of subdivision, sum- 
mation, and passage to the limit. We divide C into N consecutive arcs C1, . . . , Cy, choose 
a sample point P; in each arc C;, and form the Riemann sum (Figure 1) 


N N 
X f(P) length(C;) = È f(P;) Asi 


i=l i=l 


where As; is the length of C;. 


C, 


Cy 


Py 


FIGURE 1 The curve C is divided into N Partition of C into N small arcs Choice of sample points P; in each arc 
small arcs. 


The line integral of f over C is the limit (if it exists) of these Riemann sums as the 
maximum of the lengths As; approaches zero: 


In Eq. (1), we write {As;} — 0 to indicate 
that the limit is taken over all Riemann 
sums as the maximum of the lengths As; 
tends to zero. 


m 


{As; }>0 


N 
[sezai = lim X F(P;) Asi 
i=l i 


This definition also applies to functions f(x, y) of two variables over a curve in R?. 
The scalar line integral of the function f(x,y,z) = 1 is simply the length of C. In 
this case, all the Riemann sums have the same value: 


N N 
$ > 1As; = >— length(C;) = length(C) 
i=l 


i=l 


and thus 


i 1 ds = length(C) 
C 


In practice, line integrals are computed using parametrizations. Suppose r(t), for 
a < t < b, is a parametrization that directly traverses C and has a continuous derivative 
r’(t). Recall that the derivative is the tangent vector 


v(t) = (x'(t), y'(), 2’) 
We divide C into N consecutive arcs C,,...,Cy corresponding to a partition of the 
interval [a, b], 
P;=r(t;*) a =t <t <--- <ty_1 <ty =b 


P(n) where each C; is parametrized by r(t) for t;—1 < t < t; (Figure 2), then we choose sample 
r(t) r(t;) points P; = r(t*) with t* in [t;_1,1;]. Now according to the arc length formula (Section 
13.3), E 


r(to) 


li 
FIGURE 2 Partition of parametrized length(C;) = As; = J ilr’ (£)]] dt 
curve r(t). fi—1 


Since arc length along a curve is given by 
f 

st)= | Ir®Olldt, the Fundamental 

Theorem of Calculus says that 


ds 
x l|x’(t)||. Hence, it makes sense to 


ds 
callds = T dt = |\r'(t)|| dt the arc 
length differential. 


N 


FIGURE 3 The helix r(t) = (cost, sint, ft). 
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Because r’(f) is continuous, the function ||r’(t)|| is nearly constant on [t;—1, t;] if the 
ti 
length At; = t; — tj;- is small, and thus J IOl dt ~ |fr’(e*) || At;. This gives us the 
fi—1 
approximation 


N N 
DFP) As: ~ YP FOG GI Ati 
i=l i=l 


The sum on the right is a Riemann sum that converges to the integral 


b 
f FEDA 


as the maximum of the lengths At; tends to zero. By estimating the errors in this approx- 
imation, we can show that the sums on the left-hand side of (2) also approach (3). This 
gives us the following formula for the scalar line integral. 


THEOREM 1 Computing a Scalar Line Integral Let r(t) be a parametrization that 
directly traverses C fora < t < b. If f(x, y, z) and r’(t) are continuous, then 


b 
[ fe..0as = | FEAA dt 


The symbol ds is intended to suggest arc length s and is often referred to as the line 
element or arc length differential. The arc length differential is related to the parameter 
differential dt via 


ds = [r®Olldt with rOl = yx EP + yO + z 


Note that the integral on the right side in Eq. (4) is a single-variable calculus integral, 
one that we can attempt to compute using the tools and techniques from earlier in the text. 


EXAMPLE 1 Integrating Along a Helix Calculate 


[erytoas 
C 


where C is the helix r(t) = (cost, sint, t) for 0 < t < 3m (Figure 3). 
Solution 
Step 1. Compute ds. 
r(t) = (—sint,cost, 1) 
Irl = V(— sin t)? + cos? t + 
ds = |ir'(t)lldt = /2at 


Step 2. Write out the integrand and evaluate. 
We have f(x,y,z) =x + y +z, and so 


Ff(r@®) = f(cost,sint,t) = cost + sint +t 


f(x, y,z)ds = f(r(t)) Ir Oll dt = (cost + sint +t)W2dt 
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By Eq. (4), 
id 3 


[ f(x, y;z) ds = f(r(t)) IO dt = (cost + sint + t)/2 dt 
C 0 0 


3x 


| 
axa (sin — cost + z) 


0 


= Vi(0+14 56m) -v30-1+0= w+ Pn E 


EXAMPLE 2 Calculate f 1ds for the helix r(t) = (cost,sinf,t) in the previous ex- 
C 
ample, defined for 0 < t < 3x. What does this integral represent? 


Solution In the previous example, we showed that ds = Jäi, and thus 


3n 
[aae] /2dt = 3nvV2 
C 0 


This is the length of the helix for 0 < t < 3x. a 


Applications of the Scalar Line Integral 


In Section 15.5, we discussed the general principle that the integral of a density is the 
total quantity. This applies to scalar line integrals. For example, we can view the curve C 
as a wire with continuous mass density p(x, y, z), given in units of mass per unit length. 
The total mass is defined as the integral of mass density: 


total mass of C = Í p(x, y,z)ds 
C 


A similar formula for total charge is valid if p(x, y, z) is the charge density along the 
curve. As in Section 15.5, we justify this interpretation by dividing C into N arcs C; of 
length As; with N large. The mass density is nearly constant on C;, and therefore the 
mass of C; is approximately p(P;) As;, where P; is any sample point on C; (Figure 4). 
The total mass is the sum 


N N 
total mass of C = a mass of C; ~ > p(P;) As; 
i=1 i=l 


Mass ~p (PAs; 


FIGURE 4 As the maximum of the lengths As; tends to zero, the sums on the right approach the line 
integral in Eq. (5). 


EXAMPLE 3 Scalar Line Integral as Total Mass Find the total mass of a wire in the 
shape of the parabola y = x? forl <x <4 (in centimeters) with mass density given by 
p(x, y) = y/x g/cm. 

Solution The arc of the parabola is parametrized by r(t) = (t,t?) for 1 < t < 4. 

Step 1. Compute ds. 


HA = (1, 2r) 


ds = |r) dt = V1 +412 dt 


Step 2. Write out the integrand and evaluate. 
We have p(r(t)) = p(t, t?) = ei = f, and thus 


p(x, y) ds = p(r(t))V 14+ 41? dt = ty 1 + 41? dt 


By definition, E is the vector field with the 
property that the electrostatic force on a 


point charge q placed at location 
P = (x,y,z) is the vector gE(x, y, z). 


I 
The constant k is usually written as 
4ne 


where €o is the vacuum permittivity. 


FIGURE 5 


P= (0,0, a) 


(R cost, R sin ¢, 0) 
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We evaluate the line integral of mass density using the substitution u = ETa 
du = 8t dt, and the limits of integration changing from 1 and 4 to u(1) = 5 and 
u(4) = 65, respectively: 


4 4 
Í. ina j PEOI OI dt = J AITEN 
l l 


65 1 3/2 65 
=- digs a 
: Ju du iv” 


5 
1 
= T — 52/2) ~ 42.74 


The total mass of the wire is approximately 42.74 g. L] 


Scalar line integrals are also used to compute electric potentials. When an electric 
charge is distributed continuously along a curve C in R?, with charge density p(x, y, z), 
the charge distribution sets up an electrostatic field E that is a conservative vector field. 
Coulomb’s Law tells us that E = —VV, where 


vipy=k f 
G 


In this integral, D p(x, y, z) denotes the distance from (x, y, z) to P. The constant k has the 
value k = 8.99 x 10? N-m?/C?. In a situation like this, we use V to denote the function 
and call it the electric potential. It is defined for all points P that do not lie on C and has 
units of volts (1 volt is 1 N-m/C). 


P(x, y,Z) i 
Dp(x,y,Z) 


EXAMPLE 4 Electric Potential A charged semicircle of radius R centered at the ori- 
gin in the xy-plane (Figure 5) has charge density 


p(x, y,0) = 1078 (2 = al C/m 


Find the electric potential at a point P = (0,0, a) if R = 0.1 m. 
Solution To compute the integral, we use r(t) = (R cost, R sint,0) to parametrize the 
semicircle, with t such that —7/2 < t < 7/2: 
Irol = |(—R sint, Rcost,0)|| = vV R2sin*t + R2cos?t+0=R 
ds = |\r'(t)||dt = Rat 


R cost 


p(r(t)) = p(R cost, R sint, 0) = 1078 (2 — ) = 1078(2 — cos t) 


In our case, the distance Dp from P to a point (x, y, 0) on the semicircle has the constant 
value Dp = J R? + a? (Figure 5). Thus, 


p(x, y,z)ds f 1078(2 — cost) R dt 
V(P)=k | ee ef fe 
e Dp G VR? +a? 


10-8kR el? 10-8kR 
- (2m — 2) 


= ———— (2 — cost) dt = ————— 
V R* +a? J-x/2 yR? +a 


With R =0.1 m and k = 8.99 x 10°, we then obtain 1078k R(27 — 2) ~ 38.5 and 


38.5 
V(P) + —— volts. E 
0.01 + a? 
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The unit tangent vector T varies from point 
to point along the curve. When it is 
necessary to stress this dependence, we 
write T(P). 


| FT is the 
| } component of 
' Falong T, 


FIGURE 7 The vector line integral is the 
integral of the tangential component of F 
along C. 


Vector Line Integrals 


When you carry a backpack up a mountain, you do work against the earth’s gravitational 
field. The work, or energy expended, is one example of a quantity represented by a vector 
line integral. 

An important difference between vector and scalar line integrals is that vector line in- 
tegrals depend on the direction along the curve. This is reasonable if you think of the vec- 
tor line integral as work, because the work performed going down the mountain is the 
negative of the work performed going up. 

A specified direction along a curve C is called an orientation (Figure 6), and with an 
orientation, C is called an oriented curve. We refer to the specified direction as the posi- 
tive direction along C and the opposite direction as the negative direction. In Figure 6(A), 
if we reversed the orientation, the positive direction would become the direction from Q 
to P. 


(A) An oriented curve from P to Q (B) A closed oriented curve 
FIGURE 6 


The vector line integral of a vector field F over an oriented curve C is defined as 
the scalar line integral of the tangential component of F. More precisely, let T = T(P) 
denote the unit tangent vector at a point P on C pointing in the positive direction. The 
tangential component of F at P is the dot product (Figure 7) 


FCP)» T(P) = ||E(P)I PCP) Il cos @ = ||F(P)|| cos 8 


where @ is the angle between F(P) and T(P). The vector line integral of E is the scalar 
line integral of the scalar function F - T . We make the standing assumption that C is 
piecewise smooth (it consists of finitely many smooth curves joined together with possi- 
ble corners). 


DEFINITION Vector Line Integral The line integral of a vector field F along an ori- 
ented curve C is the integral of the tangential component of F: 


|E- Das 
C 


Another notation for the vector line integral is obtained by expressing the product 
of the unit tangent vector T and the arc length differential ds as the vector differential 
dr = Tds. Thus, 


We use parametrizations to evaluate vector line integrals, but there is one important 
difference with the scalar case: The parametrization r(t} must be positively oriented; that 
is, r(t) must directly traverse C in the positive direction. We assume also that r(t) is 


NL 


Vector line integrals are usually easier to 
calculate than scalar line integrals, 
because the length ||r’(t)||, which involves 
a square root, does not appear in the 
integrand. 
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regular (see Section 13.4); that is, r’/(t) Æ O fora < t < b. Then r(t) is a nonzero tangent 
vector pointing in the positive direction, and 


v(t) 


l) 
In terms of the arc length differential ds = ||r’(t)|| dt, we have 


. r() 
(Œ -T)ds = (Few) oo) Ir’) || dt = Fer(t)) - r'(t)dt 


Therefore, we obtain the following theorem. 


THEOREM 2 Computing a Vector Line Integral Ifr(t) is a positively oriented regular 
parametrization of an oriented curve C for a < t < b, then 


b 
fE de= | F-Tas= | F(r(t)) -/(t) dt 
C C a 


The vector differential dr is related to the parameter differential dt via the equation 


dr =r (t)dt = (x(t), y'(t),z' (H) dt 


Equation (7) tells us that to evaluate a vector line integral, we replace the integrand F - dr 
with F(r(t)) - r'(t)dt and integrate over the parameter interval a < t < b. Like scalar 
line integrals, we are converting a vector line integral to a simple single-variable definite 
integral. 


EXAMPLE 5 Evaluate [ F - dr, where F = (z y, x) and C is parametrized (in the pos- 
itive direction) by r(t) = 7 Ee, t’) fr0 <t <2. 
Solution There are two steps in evaluating a line integral. 
Step I. Calculate the integrand. 
r(t) = (r + be! 
F(r(t)) = (z, y7, x) = (t7,e%, 1 + 1) 
r(t) = (1,e', 2t) 
The integrand (as a differential) is the dot product: 
F(r(t)) - W(t) dt = (17, e%,t + 1)- (Le, 2t)dt = (e* + 3t? + 28) dt 
Step 2. Evaluate the line integral. 


2 
f F- dr = / F(r(t)) -redt 
C 0 


2 2 
= j (e* +3t? +2t)dt = (56 PF 2) 
0 


0 


ale tt dn P 
= (že +844) -2=3(¢ +35) E 
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a da a da dad di aa a a 


FIGURE 8 


FIGURE 9 The vortex field. 


Another standard notation for the line integral | F - dris a 
C 


[rn dx + Fyody+ F3dz 
C | 


In this notation, we write dr as a vector differential: 
dr = (dx,dy,dz) 
so that 
F. dr = (F), Fo, F3) - (dx,dy,dz} = Fi dx + Fady + F3 dz 


In terms of a parametrization r(t) = (x(t), y(t), z(t)}, 


dx dy dz 
dr = ( —,—,— } dt 
E (5 dt z) 


d d d 
F. dr = (r C= q Free) a Fo) =) dt 


So, we have the following formula: 


I, 


GRAPHICAL INSIGHT The magnitude of a vector line integral (or even whether it is pos- ~< 
itive or negative) depends on the angles between F and T along the curve. Consider the 
line integral of the vector field F along the curves Cı and C2 illustrated in Figure 8. 


b d d d 
Fi dx + Fady + F3dz= f (Fees F Fr) F Fare) | dt 


a 


¢ Along C;, the angles 0 between F and T appear to be mostly obtuse. Consequently, 
F - T < Oand the line integral is negative. We are primarily going against the vector 
field as we travel along the curve. 

¢ Along C2, the angles 6 appear to be mostly acute. Consequently, F - T > 0 and the 
line integral is positive. We are going with the vector field as we travel along the 
curve. 


A vector field that has a number of interesting properties is known as the vortex field 
(Figure 9) and is given by 


Fe (— z 
Nx? +y? x24 2 
We will examine some of its properties in this chapter and the next. To begin, we show 


that the integral of this vector field along any circle centered at the origin and oriented in 
the counterclockwise direction is 27. 


EXAMPLE 6 Show that if C is the circle of radius R centered at the origin, oriented 
counterclockwise, then 


F.dr= | ——— dx + ———- dy =2 


Solution The circle is parameterized by r(t) = (R cost, R sint) for 0 <t < 2x. We 
have 


dx dy 
—=-Rfsint, — = R 
EP i 7 cost 


NL 


FIGURE 10 The curve between P and Q 
has two possible orientations. 


FIGURE 11 The tangle is piecewise 
smooth: It is the union of its three edges, 
each of which is smooth. 
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The integrand of the line integral is 


sie yea ee | eee — Dae 
ye tay É FAG iGS) 


—Rsint Rcost 
È (F OR sin t) + -F (Reos) dt 


= (sin? t + cos? t)dt 
=-dt 


Therefore, 


J Sa [Ca 2 m 
x a = = LN 
ex? Wye eye Jo 


We now state some basic properties of vector line integrals. First, given an oriented 
curve C, we write —C to denote the curve C with the opposite orientation (Figure 10). 
The unit tangent vector changes sign from T to -T when we change orientation, so the 
tangential component of F and the line integral also change sign: 


J F-dr=- | Far 
—C C 


Unit tangent 
vector for —C 


vector for C 


Next, if we are given n oriented curves C1, . .., Cn, we write 
= Ci s eri + Gr 


to indicate the union of the curves, and we define the line integral over C as the sum 


fr a=] F-.dr+.--- +f F. dr 
C Cy Cr 


We use this formula to define the line integral when C is piecewise smooth, meaning 
that C is a union of smooth curves C;,...,C,. For example, the triangle in Figure 11 is 
piecewise smooth but not smooth. The next theorem summarizes the main properties of 
vector line integrals. 


THEOREM 3 Properties of Vector Line Integrals Let C be a smooth oriented curve, 
and let F and G be vector fields. 


(i) Linearity: | (F+G)-de= | F-dr+ f G-dr 
E e € 
f- ar=x [Par (k a constant) 
C C 


(ii) Reversing orientation: J F . dr = — J F.dr 
—C C 


Gii) Additivity: If C is a union of n smooth curves C1 + --- + Cn, then 


[¥-ar= | F-dr+--- +/ F.dr 
C C Cr 
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EXAMPLE 7 Compute | F - dr, where F = (e*,e”,x + y) and C is the triangle joining __ 
C 


(1,0,0), (0, 1,0), and (0,0, 1) oriented in the counterclockwise direction when viewed 
from above (Figure 11). 


Solution The line integral is the sum of the line integrals over the edges of the triangle: 


[va F-dr+ F-dr+ | F-dr 
C AB BC CA 
Segment AB is parametrized by r(t) = (1 — t,t,0) for 0 < t < 1. We have 


F(r(t)) -r’(t) = FC — t,t, 0) - (1, 1,0) = (e°, e*, 1) - (-1, 1,0) = —1 + eé 
1 
i F-ar= f e -= iat = (t — | =(e—1)—l=e-2 
AB 0 0 


Similarly, BC is parametrized by r(t) = (0,1 — t,t) for 0 < £ < 1, and 
FH) re) = (e, e™, 1 — t) 0,-1,1) = -e + 1-1 


l 1 
[ F-dr= | ei +1- odr = (er) 
BC 0 2 


Finally, CA is parametrized by r(t) = (t,0,1 — t) for 0 < ¢ < 1, and 


m. 
> 2 


F(r(t)) - r(t) = (e1™,1,t}- (1,0, —1) = e'™ — t 


l 1 
[ F- dr = f (e!* —t)dt = (e = 5°) 
CA 0 2 


The total line integral is the sum 


3 3 


Applications of the Vector Line Integral 


Recall that in physics, “work” refers to the energy expended when a force is applied to an 
object as it moves along a path. By definition, the work W performed along the straight 
segment from P to Q by applying a constant force F at an angle 0 [Figure 12(A)] is 


1 


= E a 
0 2 Y 


W = (tangential component of F) x distance = (IF| cos 0) x ||P Oll 


When the force acts on the object moving along a curve C, it makes sense to define the 
work W performed as the line integral [Figure 12(B)]: 


FIGURE 12 


4 REMINDER Work has units of energy. 
The Si unit of force is the newton, and the 
unit of energy is the joule, defined as 1 
newton-meter. The British unit is the 
foot-pound. 


FIGURE 13 The flux of F across C is the 
integral of F - n, the normal component of 
F, over C. 


Given any nonzero vector ¥ = (p,q), the 
vectors {q, — p} and (—q, p) are both 
orthogonal to v, the former pointing to the 
right of v, the latter to the left. 
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This is the work performed by the field F. The idea is that we can divide C into a large 
number of short consecutive arcs C;,...,Cy, where C; has length As;. The work W; 
performed along C; is approximately equal to the tangential component F(P;) - T(P;) 
times the length As;, where P; is a sample point in C;. Thus, we have 


N N 
W =} W: © DFR) - TR))AS: 
i=l 


i=l 
The right-hand side approaches [ F - dr as the lengths As; tend to zero. 
C 


Often, we are interested in calculating the work required to move an object along a 
path in the presence of a force field F (such as an electrical or gravitational field). In this 
case, F acts on the object and we must work against the force field to move the object. 
The work required is the negative of the line integral in Eq. (8): 


work performed against F = — f F - dr 
C 


EXAMPLE 8 Calculating Work Calculate the work performed against F in moving a 
particle from P = (1,1, 1) to Q = (4, 8, 2) along the path 


r(t) = (?, 13,4) (in meters) fr l<t<2 


in the presence of a force field F = ea mG —yz~) in newtons. 
Solution We have 


Fæ) = F(??, 3,1) = G a -1} 
r(t) = (2r, 327, 1} 
F dr = F(r(t)) - r'(t)dt = (tt, —t, —17) - (21, 327, I dt = (24° — 30? — 1?) dt 


The work performed against the force field in joules is 


a 89 
w=- | ¥-dr=- f (2P — 3t — 17) dt = — E 
C i 12 


Line integrals are also used to define what is known as the flux of a vector field across 
a plane curve. Instead of integrating the tangential component of the vector field, the flux 
across a plane curve is defined as the integral of the normal component of the vector 
field. Given an oriented curve C in the plane, we define the positive direction across C to 
be the direction going from left to right relative to the positive direction along C given 
by the orientation. Note that this makes sense for a curve in the plane, but in RÌ, there is 
no natural choice of a positive direction across a curve (in R*, flux is computed across 
surfaces). We let n represent a unit normal vector in the positive direction across C and 


define the flux of F across C as the integral [ (F -n) ds (Figure 13). 
E 


To compute the flux, let r(t), fora < t < b, be a positively oriented parametrization 
of an oriented curve C. The derivative vector r’(t) = {x"(t), y'(t)} is tangent to the curve, 
pointing in the positive direction along C. The vector N(t) = (y’(t), —x’(#)) is orthogonal 
to r(t) and points to the right. Let n(t) be a unit vector in the direction of N(t). These 
normal vectors point in the positive direction across C. 

Now, note that since N(t) and r(t) have the same magnitude, it follows that 


a(t) = N(t) —_ NÆ 
INO Irol 
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CAUTION In Sections 13.4 and 13.5, N was The flux across C is then computed via 
the principal unit normal vector to a curve 


ed 


b b 
in space. Here, it represents a normal | (F -n)ds = J F(r(1)) - NC) Ir (Ol dt = / F(r(t)) - N(t) dt | 9 | 
vector, not necessarily a unit vector, to a C i |x’ (|| is 
curve in the plane, and n represents the 
corresponding unit normal vector. This If F is the velocity field of a fluid (modeled as a two-dimensional fluid), then the flux is 
conforms to common usage. the quantity of fluid flowing across the curve per unit time. 


EXAMPLE 9 Flux Across a Curve Calculate the flux of the velocity vector field 
v= (3 + 2y — y*/3, 0) (in centimeters per second) across the quarter-ellipse 
r(t) = (3cost,6sint) forO < £ < > (Figure 14). 


Solution Note that along the curve the vector field crosses left to nght relative to the 
orientation. Thus, we expect the resulting flux to be positive. The vector field along the 
path is 


vee) = (3 + 26sint) — (6sin 1/3, 0) = (3 + 12sint — 12sin2t, o) 


The tangent vector is r(t) = (—3sint,6cost), and thus N(t) = (6cost,3sint). We 
integrate the dot product 


FIGURE 14 n l 
v(r(t)) - N(t) = (3 + 12sint — 12 sin 1,0) - (6cost,3sint) 

= (3 + 12sint — 12sin” t)(6 cost) 
= 18cost + 72sint cost — 72 sin’ t cost 

to obtain the flux: 

b m/2 
| v(r(t)) -N(t) dt = Í (18cost + 72 sint cost — 72 sin? t cos t)dt 
a 0 

= 18 + 36 — 24 = 30 cm?/s ia 


As we indicated previously, in R3, the flux of a vector field is computed across a 
surface, rather than across a line. We will define this type of integral in Section 16.5. 


16.2 SUMMARY 


* An oriented curve C is a curve in which one of the two possible directions along C 
(called the positive direction) is chosen. 
e Line integral over a curve with parametrization r(t) for a < t < b: 


- Arc length differential: ds = ||r’(t)|| dt. Scalar line integral: 


b 
[ fe.s.205= f FEE) Ir Ol dt 


— Vector differential: dr = Tds = r’(t) dt. Vector line integral 
b 
J F -dr = fæ. T) ds =| F(r(t)) - r’(t) dt 
C C a 


= | Fi dx + Fo dy + F dz (in three dimensions) 
C BE 
* The scalar line integral and the vector line integral depend on the orientation of the 


curve C. The parametrization r(t) must be regular (i.e., r/(t) 4 0), and it must trace C 
in the positive direction. 
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e We write —C for the curve C with the opposite orientation. Then 


/ F-dr=- | F-ar 
—C C 


° If o(x,y,z) is the mass or charge density along C, then the total mass or charge is 


equal to the scalar line integral J p(x, y,z)ds. 
C 


¢ The vector line integral is used to compute the work W exerted on an object along a 


curve C: 


W= | F-dr 
C 


The work performed against E is the quantity — | F - dr. 
C 


b 
e For a curve C in R?, flux across C = i (F-n)ds = | E(r(t))- N(t)dt, where 
C 


N(t) = (y’(t), —x’()}. 


a 


16.2 EXERCISES 


Preliminary Questions 


1. What is the line integral of the constant function f(x, y,z) = 10 over 
a curve C of length 5? 


2. Which of the following have a zero line integral over the vertical seg- 
ment from (0, 0) to (0, 1)? 


(a) f@,.y)=x b) f(x,y)=y 
(c) F = (x,0) (d) F = (y,0) 
(e) F= (0,x) (f) F= (0, y) 


3. State whether each statement is true or false. If the statement is false, 
give the correct statement. 


(a) The scalar line integral does not depend on how you parametrize the 
curve. 

(b) If you reverse the orientation of the curve, neither the vector line inte- 
gral nor the scalar line integral changes sign. 


4. Suppose that C has length 5. What is the value of | F - dr if: 
C 


(a) F(P) is normal to C at all points P on C? 
(b) F(P) is a unit vector pointing in the negative direction along the 
curve? 


Exercises 

1, Let f(,y,z)=x+yz, and let C be the line segment from 
P = (0,0, 0) to (6, 2, 2). 

(a) Calculate f(r(t)) and ds =|jr’(t)||dt for the parametrization 
r(t) = (6t, 2t,2t) forO <t <1. 


(b) Evaluate i) FQ, y,z)ds. 
C 


2. Repeat Exercise 1 with the parametrization r(t) = (317,t7,17) for 
Diag = V2. 


3. Let F =(y*, x7), and let C be the curve y = x7! for 1 < x < 2, ori- 
ented from left to right. 


(a) Calculate F(r(t)) and dr = r’(t) dt for the parametrization of C given 
by r(t) = (t,t7'). 


(b) Calculate the dot product F(r(t)) - r’(t) dt and evaluate j) F. dr. 
c 
4. Let F(x, y,z) = (z?°,x, y), and let C be the curve that is given by 


r(t) = (3 + 5t?,3 — t,t} for0 <t <2. 
(a) Calculate F(r(t)) and dr = r’(t) dt. 


(b) Calculate the dot product F(r(r)) - r’(t) dt and evaluate Í F - dr. 
€ 


In Exercises 5—8, compute the integral of the scalar function or vector field 
over T(t) = (cost,sint,t) forO<t<z. 
5. fx, yz) =x ty? +27 6. f(x, y,z)=xy+z 


7 We,7,.2= (x,y,z?) 8 Fx, y,z)= iy 2 2") 


In Exercises 9-16, compute | f ds for the curve specified. 
C 
9. fxy=JS1+5xy, y=x for0<x<2 
y3 
10. f(x,y) = x7” y= lxt frl <x <2 


11. f(x,y,z) =z, r(t)= (2t,3t,4t) fr0 <t <2 


12. fœ, y,z)=3x—2y +z, r(t)=(2+t,2—t,2t) 
for —2 <t<1l 


13. f(x,y,z) =xe*, piecewise linear path from (0,0, 1) to (0,2, 0) to 
(1, 1,1) 


14. f(x,y,z) =x7z, rt) = (ef, /2t,e~") for0<t <1 
15; fa. y: J =A +82 nO Sle? OSS 
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in a 
e232 a PP O<t<2 
E 5) 7 


where the curve C is parametrized by 
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16. f(x,y,z) = 6xz—2y’, r(t)= | 


17. Calculate | I ds, 
c 
r(t) = (4t, —3t, 12t) for 2 < t < 5. What does this integral represent? 


18. Calculate f lds, where the curve C is parametrized by 
c 


r(t) = (e', /2t, e—) for0 <t <2. 
In Exercises 19-26, compute f F - dr for the oriented curve specified. 
Cc 


19. F(x, y) = (1 + i eh, line segment from (0, 0) to (1,3) 


20. F(x, y) = (—2,y), half-circle x? + y*? =1 with y >0, oriented 
counterclockwise 

21. F(x,y) =(x?,xy), part of circle x? + y? =9 with x <0, y > 0, 
oriented clockwise 


22. F(x, y)=(e”*,e™), piecewise linear path from (1,1) to (2,2) 
to (0, 2) 


23. F(x, y) = (3zy7',4x,—y), x(t) = (e, e,t) for-1 <t <1 
24. F(x, y) = ( z = circle of radius R with center at 
BT NG? aT ga dy yey)? 


the origin oriented counterclockwise 


1 1 
25. F(x, y,z) = ,——. 1), r(t) = (23,2, 27) for 
@rd=(ao pl), nom ) 
0<ż<l1 
26. E(x, y,z) = (ra) quarter of the circle of radius 2 in the 


yz-plane with center at the origin where y > 0 and z > 0, oriented clock- 
wise when viewed from the positive x-axis 


In Exercises 27—34, evaluate the line integral. 


27. fa over y = x° for0 <x <3 

28. fro over y =x for0 <x <3 

29. [yas -xas parabola y = x? for0 < x <2 

30. [vax + zdy + xaz, r(t) = (2+17',23,17) fr0 <t <1 


1. f (x — y)dx + (y — z)dy + zdz, line segment from (0,0,0) to 
c 
(1,4,4) 


32. [ zdz +xdy+ yaz, r(t) = (cost,tant,t) forO < t <7 
c 
33. [- 2 ae 


oeg = segment from (1, 0) to (0, 1) 


34. i y*dx + z?dy + (1 —x*)dz, quarter of the circle of radius | in 
c 

the xz-plane with center at the origin in the quadrant x > 0, z < 0, ori- 
ented counterclockwise when viewed from the positive y-axis 

55. Let f(x,y,z) = xyz, and let C be the curve parametrized 
by r(t) = (Int, tf) for 2 < t < 4. Use a computer algebra system to cal- 
culate [ f(x, y,z) ds to four decimal places. 

e 


36. Use a CAS to calculate li (e= €+} -dr to four decimal 
places, where C is the curve y = sin x for 0 < x < x, oriented from left to 
right. 

In Exercises 37 and 38, calculate the line integral of F(x, y,z)= 
(e7, e* », e”) over the given path. 


37. The blue path from P to Q in Figure 15 


Q = (-1, 1, 1) 


7 


FIGURE 15 


(0,0, 1) 


P = (0, 0, 0) 


38. The closed path ABCA in Figure 16 


Zz 


A = (2, 0,0) J B= (0, 4, 0) 


FIGURE 16 


In Exercises 39 and 40, C is the path from P to Q in Figure 17 that traces 
Cı, C2, and C3 in the orientation indicated, and F is a vector field such that 


[ Fares, f F-ar=s, [ ¥-ar=s 
C Ci C3 


FIGURE 17 


Sa 


S 39. Determine: 
(a) f F-dr w f F-dr © f F -dr 
—C3 C2 —C;—-C3 


40. Find the value of Í F - dr, where C’ is the path that traverses the 


t 


loop C2 four times in the clockwise direction. 


41. The values of a function f(x, y, z) and vector field F(x, y, z) are given 
at six sample points along the path ABC in Figure 18. Estimate the line 
integrals of f and F along ABC. 


Point | Fey [Fy 


C=(1,1,1) 
= 
x ™— B=(1, 1,0) 


FIGURE 18 


42. Estimate the line integrals of f(x, y) and F(x, y) along the quarter- 
circle (oriented counterclockwise) in Figure 19 using the values at the three 
sample points along each path. 


bad Fev] FA), 


A 1 
B —2 
C 4 


S FIGURE 19 


43. Determine whether the line integrals of the vector fields around the 
circle (oriented counterclockwise) in Figure 20 are positive, negative, or 
Zero. 
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FIGURE 20 


44. Determine whether the line integrals of the vector fields along the ori- 
ented curves in Figure 21 are positive or negative. 


(A) (B) (C) 


FIGURE 21 


45. Calculate the total mass of a circular piece of wire of radius 4 cm 
centered at the origin whose mass density is p(x, y) = x? g/cm. 


46. Calculate the total mass of a metal tube in the helical shape 
r(t) = (cost, sint, t?) (distance in centimeters) for 0 < t < 2x if the mass 
density is p(x, y,z) = „/z g/cm. 


47. Find the total charge on the curve y = x4/3 for 1 < x < 8 (in centime- 
ters) assuming a charge density of p(x, y) = x/y (in units of 1076 C/cm). 


48. Find the total charge on the curve r(t) = (sint,cost,sin’ +) in 
i i i l 
centimeters for 0 <t < g assuming a charge density of p(x, y,z)= 


xy(y* — z) (in units of 1076 C/cm). 


In Exercises 49-52, use Eq. (6) to compute the electric potential V(P) at 
the point P for the given charge density (in units of 10~® C). 


49. Calculate V(P) at P = (0,0, 12) if the electric charge is distributed 
along the quarter circle of radius 4 centered at the origin with charge den- 
sity p(x, y, Z) = xy. 

50. Calculate V(P) at the origin P = (0,0) if the negative charge is 


distributed along y = x? for 1 < x <2 with charge density p(x, y) = 
—y/x2 +1. 
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51. Calculate V(P) at P = (2,0, 2) if the negative charge is distributed 
along the y-axis for 1 < y < 3 with charge density p(x, y,z) = —y. 


52. Calculate V(P) at the origin P = (0,0) if the electric charge is dis- 
tributed along y = x! for 5 < x < 2 with charge density p(x, y) = x?y. 


53. Calculate the work done by a field F = (x + y,x — y} when an object 


moves from (0, 0) to (1, 1) along each of the paths y = x? and x = y’. 


In Exercises 54-56, calculate the work done by the field F when the object 
moves along the given path from the initial point to the final point. 


54, F(x, y,z) = (x, y,z), r = (cost, sint, t) for 0 < t < 3x 
55. BG, yz) = ayha 7) for <7 =< 4 
56. F(x, yz) = (e, xyz), t = (7.1,1/2) for st < 1 


57. Figure 22 shows a force field F. 

(a) Over which of the two paths, ADC or ABC, does F perform less work? 
(b) If you have to work against F to move an object from C to A, which 
of the paths, CBA or CDA, requires less work? 


FIGURE 22 


58. Verify that the work performed along the segment P Q by the constant 
vector field F = (2, —1, 4) is equal to F - PO in these cases: 

(a) P = (0,0,0), Q = (4,3,5) 

(b) P=@G, 2,3), Q = (4,8,12) 

59. Show that work performed by a constant force field F over any path C 
from P to Q is equal to F - PO. 

60. Note that a curve C in polar form r = f(@) is parametrized by 


r(@) = (f(@) cos @, f(@) sin@)) because the x- and y-coordinates are given 
by x =rcos@ and y =r sinô. 


(a) Show that |[r’(@)|l = y f(@)* + (6). 
(b) Evaluate J (x — y)? ds, where C is the semicircle in Figure 23 with 


E 
polar equation r = 2cos0,0 < 0 < 5. 


x 
] Z 


FIGURE 23 Semicircle r = 2 cos @. 


61. Charge is distributed along the spiral with polar equation r = @ for 
O < 8 < 2m. The charge density is p(r,@) = r (assume distance is in cen- 
timeters and charge in units of 1076 C/cm). Use the result of Exercise 60(a) 
to compute the total charge. 


In Exercises 62 and 63, let F be the vortex field (Figure 24): 


F(x,y) =| = č ) 


x24 y2’ x24 y2 


FIGURE 24 


62. Let a >0, b <c. Show that the integral of F along the seg- 
ment [Figure 25(A)] from P = (a,b) to Q = (a,c) is equal to the angle 
LPOQ. 


63. Let C be a curve in polar form r= f(@) for 0 <80 <% 
[Figure 25(B)], parametrized by r(@) = (f(@)cos6, f(@)sin@)) as in 
Exercise 60. 

(a) Show that the vortex field in polar coordinates is written 
F(r,6) = r~t} (— sin 8, cos 8). 

(b) Show that F - r’(@)d@ = dé. 


(c) Show that | F- dr = 62 — 0. 
C 


(A) (B) 


FIGURE 25 


In Exercises 64-67, use Eq. (9) to calculate the flux of the vector field 
across the curve specified. 


64. F(x, y) = (—y,x); upper half of the unit circle, oriented clockwise 
65. F(x, y) = z y’); segment from (3, 0) to (0, 3), oriented upward 


x+1 y 
66. F(x, ) = ( z > > 
NG FIP ty? GIPHY 
along the y-axis, oriented upward 


segment 1 < y < 4 
67. F(x, y) = (e? „2x — 1); parabola y = x? for 0 < x < 1, oriented left 
to right l 


68. | A Let I =) f(x, y,z) ds. Assume that f(x,y,z) > m for some 


kd 


Cc 
number m and all points (x, y, z) on C. Which of the following conclusions ~~ 


is correct? Explain. 
(a) l>m 
(b) 7 > mL, where L is the length of C 
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~— Further Insights and Challenges 


69. Let F(x, y) = (x, 0). Prove that if C is any path from (a, b) to (c,d), 
then 


1 
[ ¥-ar= ic — a") 
c 2 


70. Let E(x, y) = (y, x). Prove that if C is any path from (a,b) to (c,d), 
then 


f F-ar=cd-ab 
C 


71. We wish to define the average value Av(f) of a continuous func- 
tion f along a curve C of length L. Divide C into N consecutive arcs 


may be considered an approximation to Av( f), so we define 
1 
= lj — P; 
AV) = im + 2- F (Pi) 
Prove that 


1 
Av(f) = > [ Fa.y.2ds 


L i s 
Hint: Show that N »*. Ff (FP;) is a Riemann sum approximation to the line 
i=] 
integral of f along C. 
72. Use Eq. (10) to calculate the average value of f(x, y) = x — y along 


Ci,...,Cn, each of length L/N, and let P; be a sample point in C; 


(Figure 26). The sum 
] 
>) fC) 
a i=l 


FIGURE 26 


4 REMINDER 


¢ A vector field E is conservative if 
F = V f for some function f(x, y, 2). 
e f is called a potential function. 


r(f) 


P=Q 


FIGURE 1 The circulation around a closed 
path is denoted $ E. dr. 
C 


the segment from P = (2, 1) to Q = (5,5). 


73. Use Eq. (10) to calculate the average value of f(x, y) = x along the 
curve y = x” forO <x < 1. 


74, The temperature (in degrees centigrade) at a point P on a circular wire 
of radius 2 cm centered at the origin is equal to the square of the distance 
from P to Po = (2,0). Compute the average temperature along the wire. 


75. The value of a scalar line integral does not depend on the choice of 
parametrization (because it is defined without reference to a parametriza- 
tion). Prove this directly. That is, suppose that rj(t) and r(t) are two 
parametrizations such that r(t) = r(g(t)), where g(t) is an increasing 
function. Use the Change of Variables Formula to verify that 


d b 
i FEIO de = f ROOM TAONEL 


where a = (c) and b = (d). 


16.3 Conservative Vector Fields 


In this section, we study conservative vector fields in greater depth. One important prop- 
erty we will see is that the vector line integral of a conservative vector field around a 
closed curve is zero. 

When a curve C is closed, we often refer to the line integral of any vector field F 


around C as the circulation of F around C (Figure 1) and denote it with the symbol $ 3 


fF dr 
C 


It actually does not matter what point we take as the starting point when we have a closed 
curve. 

Suppose A and B are two points on the closed curve. If we start at A, the circulation 
as we travel around the curve back to A is the sum of the line integral from A to B and 
the line integral from B the rest of the way along the curve back to A. Switching the order 
of these two line integrals yields the circulation as we start from B and then return to B, 
thereby obtaining the same result. 

Our first result establishes the fundamental path independence of conservative vec- 
tor fields. This theorem indicates that the line integral of F along a path from P to Q 
depends only on the endpoints P and Q, and not on the particular path followed from P 
to Q (Figure 2). 
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P 


FIGURE 2 Path independence: If F is 
conservative, then the line integrals over ry 
and rz are equal. 


Z 


FIGURE 3 An arbitrary path from (1, —1, 2) 
to (2, 2, 3). 


THEOREM 1 Fundamental Theorem for Conservative Vector Fields Assume that —< 
F = Vf ona domain D. 


1. If ris a path along a curve C from P to Q in D, then 


JE dr = f(Q)— f(P) 


In particular, F is path independent. 
2. The circulation around a closed curve C (i.e., P = Q) is zero: 


Proof Let r(t) be a path along the curve C in D for a <t <b with r(a) = P and 
r(b) = Q. Then 


b 
faf vf-dr= | V f(r(t)) - v(t) dt 
C C a 
By the Chain Rule for Paths (Theorem 2 in Section 14.5), 
d 
a? (r(t)) = V fE) - F(t) 


Thus, we can apply the Fundamental Theorem of Calculus: 


b d b 
[Ea] EED feo)! = soy - fr@) = O- FP) 


This proves Eq. (1). It also proves path independence, because the quantity f(Q) — f(P) 
depends on the endpoints but not on the path r. If r is a closed path, then P = Q and 


f(Q) — f(P) = 0. w 


EXAMPLE 1 Let F(x, y,z) = (2xy + z,x?, x}. 
(a) Verify that f(x, y,z) = x?y + xz isa potential function for F. 
(b) Evaluate [ F - dr, where C is a curve from P = (1, —1,2) to Q = (2,2, 3). 
C 
Solution (a) The partial derivatives of f(x, y, z) = x?y + xz are the components of F: 


ð 
f a Aes 
OZ 


Therefore, V f = (2xy + zeta) = F, implying that f is a potential function for F. 
(b) By Theorem 1, the line integral over any path r(t) from P = (1, —1, 2) to Q = (2,2,3) 
(Figure 3) has the value 


[ F-dr = f(Q) ~ f(P) = f(2,2,3) — fl, 1,2) 


m (2o + 2(3)) E (Pen = 1(2)) 2 (2 E 


FIGURE 4 Paths from (1, 2) to (5, 7). 


x 


FIGURE 5 The line integral of a 
conservative vector field around a closed 


No curve Is zero. 


FIGURE 6 Vector field F = V f with the 
contour lines of f. 


FIGURE 7 The potential surface 
z= f(x,y). 
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EXAMPLE 2 Find a potential function for F = (2x + y,x) and use it to evaluate 
[ F - dr, where r is any path (Figure 4) from (1, 2) to (5, 7). 
(& 


Solution Later in this section, we will develop a general method for finding potential 
functions. At this point, we can see that f(x, y) = x? + xy satisfies V f = F: 


ð ð ð ð 
oF L Ê atay) = 2y, F 8 atay) =a 
Ox Ox dy dy 
Therefore, for any path r from (1, 2) to (5,7), 
[ F -dr = f(5,7) — f(,2) = (57 + 5(7)) — ( + 1(2)) = 57 m 
C 


EXAMPLE 3 Integral Around a Closed Path Let f(x, y,z) = xy sin(yz). Evaluate 
$ V f - dr, where C is the closed curve in Figure 5. 
C 


Solution By Theorem 1, the integral of a gradient vector field around any closed path is 
zero. In other words, $ Vf-dr=0. C 
C 


CONCEPTUAL INSIGHT A good way to think about path independence is in terms of the 
contour map of the potential function. Consider a vector field F = V f in the plane 
(Figure 6). The level curves of f are called equipotential curves, and the value f (P) 
is called the potential at P. 

When we integrate F along a path r(t) from P to Q, the integrand is 


F(r@)) -r ) = VFM) re) 


Now recall that by the Chain Rule for Paths, 


d 
V fE) re) = 77 O) 


In other words, the integrand is the rate at which the potential changes along the path, 
and thus the integral itself is the net change in potential: 


fr dr= f(0)—f(P) 
cian 


Net change in potential 


Note that the change in potential depends on only the equipotential curves at the begin- 
ning and the end of the path. It does not matter how we get from one end to the other, 
whether we cross equipotential curves only once along the way, or double back and 
cross them multiple times. 

We can also interpret the line integral in terms of the graph of the potential function 
z = f(x, y). The line integral computes the change in height as we move on the surface 
(Figure 7). Again, this change in height does not depend on the path from P to Q. Of 
course, these interpretations apply only to conservative vector fields—otherwise, there 
is no potential function. 


You might wonder whether there exist any path-independent vector fields other than 


the conservative ones. The answer is no. By the next theorem, a path-independent vector 
field is necessarily conservative. 


THEOREM 2 A vector field F on an open connected domain D is path independent 
if and only if it is conservative. 
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rit) = (x+t, y) 


P = (x, y) (x +h, y) 


Domain D 


FIGURE 8 


In a conservative force field, the work W 
against F required to move the particle 
from P to Q is equal to the change in 
potential energy: 


w=- f F -dr = V(Q) — V(P) 
C 
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Proof We have already shown that conservative vector fields are path independent. So; W 


we assume that F is path independent and prove that F has a potential function. 

To simplify the notation, we treat the case of a planar vector field F = (Fj, F2). 
The proof for vector fields in R? is similar. Choose a point Po in D, and for any point 
P = (x,y) € D, define 


FP) = fox.) = | F-dr 


where r is any path in D from Po to P (Figure 8). Note that this definition of f(P) is 
meaningful only because we assume that the line integral does not depend on the path r. 


ð 
We will prove that F = V f, which involves showing that i = F; and = = Fp. 


We will verify only the first equation, as the second can be checked in a similar manner. 
Let rı be the horizontal path r(t) = (x + t, y) for O < t < h. For |h| small enough, rı 
lies inside D. Let r + rı denote the path r followed by rı. It begins at Po and ends at 
(x + h, y), so 


fath y) fee.» = | F-dr— | F-dr 


r+rj 


=([¥-ar+ f F-dr)- [F-ar= f F-dr 
r r1 r F1 


The path rı has tangent vector r} (t) = (1,0), so 


F(ri(t)) -r}@) = (Fi(x + t, y), Fo +t, y)) - (1,0) = Fi(x + t, y) 


h 
fe +hy)—fo= f F-ar= f Fy(x-+t,y)dt 
1 


r 


Using the substitution u = x + t, we have 


h, = l 1 h x+h 
por = eB) O =f Fi(x +t, y)dt = =j F,(u, y) du 
h h Jo h Jx 


The integral on the right is the average value of F(u, y) over the interval [x,x + h]. It 
converges to the value F(x, y) as h — 0, and this yields the desired result: 


oF a 


Ox hoo h 


+â Puig ; í ] x+h 
f@ +h, y) - fy) = jim = | Fi(u, y)du = F\(x, y) = 


Conservative Fields in Physics 


The Conservation of Energy principle says that the sum K E + PE of kinetic and po- 
tential energy remains constant in an isolated system. For example, a falling object picks 
up kinetic energy as it falls to Earth, but this gain in kinetic energy is offset by a loss in 
gravitational potential energy (g times the change in height), such that the sum KE + PE 
remains unchanged. 

We show now that conservation of energy is valid for the motion of a particle of 
mass m under a force field F if F has a potential function. This explains why the term 
“conservative” is used to describe vector fields that have a potential function. 


We follow the convention in physics of writing the potential function in the — 


form —V. Thus, 


F=-VV 


Heritipe Dmages/Getty Images 


Potential functions first appeared in 1774 
in the writings of Joseph-Louis Lagrange 
(1736-1813). One of the greatest 
mathematicians of his time, Lagrange 
made fundamental contributions to 
physics, analysis, algebra, and number 
theory. He was born in Turin, Italy, to a 
family of French origin but spent most of 
his career first in Berlin and then in Paris. 
After the French Revolution, Lagrange 
was required to teach courses in 

_ elementary mathematics, but apparently he 
spoke above the heads of his audience. A 
contemporary wrote, “Whatever this great 
man says deserves the highest degree of 
consideration, but he is too abstract for 
youth.” 


Example 8 of Section 16.1 showed that 


The constant k is equal to GM,, where 
G = 6.67- 1071! nP kg! s~? and the 
mass of the earth is Me œ% 5.98 - 10” kg: 


k = GM, 4-10" m’s~? 
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When the particle is located at P = (x, y, z), it is said to have potential energy V(P). 
Suppose that the particle moves along a path r(t). The particle’s velocity is v = r(t), and 
its kinetic energy is K E = TAM — 5mvy - v. By definition, the total energy at time 
t is the sum 


1 
E = KE + PE = 5myv -v + V(t) 


THEOREM 3 Conservation of Energy The total energy E of a particle moving un- 
der the influence of a conservative force field F = —V V is constant in time. That is, 


dE 
e = 0. 
dt 


Proof Leta = v(t) be the particle’s acceleration and m its mass. According to Newton’s 
Second Law of Motion, F(r(ż)) = ma(t), and thus 


dE d {1 
-a = it (mv v+ vao) 


ein (@ 
wD \a 
=mv-at+ VV(r(t))-r(t) 


d 
e" i) + VV(r(t)) - r(t) (Product and Chain Rules) 


=v.-ma—F.-v 


=v:(ma—F)=0 


(since F = —VV and r'(t) = v) 


(since F = ma) a 


In Example 8 of Section 16.1, we verified that inverse-square vector fields are 
conservative: 


e 
Ferge “Vi with f= 
Basic examples of inverse-square vector fields are the gravitational and electrostatic 
forces due to a point mass or charge. By convention, these fields have units of force 
per unit mass or unit charge. Thus, if F is a gravitational field, the force on a particle of 
mass m is mF and its potential energy is mf, where F = —V f. 


EXAMPLE 4 Work Against Gravity Compute the work W against the earth’s gravita- 
tional field required to move a satellite of mass m = 600 kg along any path from an orbit 
of altitude 2000 km to an orbit of altitude 4000 km. 


Solution The earth’s gravitational field is the inverse-square field 


€ k 
f=-- 


r 

where r is the distance from the center of the earth and k = 4 - 1014 (see marginal note). 
The radius of the earth is approximately 6.4 - 106 m, so the satellite must be moved from 
r = 8.4 - 10° meters to r = 10.4- 10° m. The force on the satellite is mF = 600F, and 
the work W required to move the satellite along a path r is 


W=- | me-dr = 600 [vf ar 
r r 


600k 10.4-10° 
7 r  18.4-106 
2.4-10!7 2.4.10! 


~ 5.5 - 10° joules i 


~~ 410.4-106 ' 84-106 
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Electron EXAMPLE 5 An electron is traveling in the positive x-direction with speed p 
vo = 10” m/s. When it passes x = 0, a horizontal electric field E = 100xi (in newtons ~ 
a ap per coulomb) is turned on. Find the electron’s velocity after it has traveled 2 m (see 
a ir Figure 9). Assume that qe/Me = —1.76- 10!! C/kg, where me and qe are the mass and 
Pp 2 charge of the electron, respectively. 


FIGURE 9 An electron moving in an electric Solution We have E = —V V, where V(x, y,z) = —50x2, so the electric field is con- 

field. servative. Since V depends only on x, we write V(x) for V(x, y, z). By the Law of Con- 
servation of Energy, the electron’s total energy E is constant, and therefore is the same 
when the electron is at x = 2 as it is when the electron is at x = 0. That is, 


1 1 
E= Mevo + qe V (0) = sme” + geV(2) 


Since V(0) = 0, we obtain 


1 1 
zevo = zMev’ +4eV(2) > v = 09 — 2Age/me)V (2) 


Using the numerical value of qe / me, we have 
1014 — 2(—1.76 - 10115022) ~ V 2.96 - 1013 ~ 5.4 - 10° m/s 


Note that the velocity has decreased. This is because E exerts a force in the negative 
x-direction on a negative charge. a 


Finding Potential Functions 


We do not yet have an effective way of telling whether a given vector field is conserva-__ 
tive. By Theorem 1 in Section 16.1, every conservative vector field in RÌ satisfies the 
condition 


OF] = ð Fa ð Fa A 0 F3 3 F3 d ð Fi 


iF) = 0, ivalently, —— = , = : = 
curl(F) or equivalently ay a = ay F a 


But does this condition guarantee that F is conservative? The answer is a qualified yes; 
the cross-partials condition does guarantee that F is conservative, but only on domains D 
with a property called simple connectedness. 

Roughly speaking, a domain D in the plane is simply connected if it is connected 
and it does not have any “holes” (Figure 10). More precisely, D is simply connected if 
every loop in D can be shrunk to a point while staying within D as in Figure 11(A). 
Examples of simply connected regions in R? are disks, rectangles, and the entire plane 
R’. By contrast, the disk with a point removed in Figure 11(B) is not simply connected: 
The loop cannot be drawn down to a point without passing through the point that was 
inane In R3, the interiors of balls and boxes are simply connected, as is the entire 
space R”. 


Nonsimply connected regions 


FIGURE 10 Simply connected regions have 
no holes. 
Rather than prove Theorem 4, we illustrate a practical procedure for finding a po- 
tential function when the cross-partials condition is satisfied. The proof itself involves 
Stokes’ Theorem and is somewhat technical because of the role played by the simply 
connected property of the domain. 
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, 
(A) Simply connected region: (B) Nonsimply connected region: 
Any loop can be drawn down to A loop around the hole cannot 
a point within the region. be drawn tight without 
passing through the hole. 
FIGURE 11 
EXAMPLE 6 Finding a Potential Function Show that 
F = (2xy + y?,x? + 3xy” + 2y) 
is conservative and find a potential function. 
Solution First we observe that the cross-partial derivatives are equal: 
OF ð 
2 = Ory + y’) = 2x + 3y’ 
dy dy 
OF. ð 
on? — L (x2 + 3xy? + 2y) = 2x + 3y? 
Ox Ox 
= Furthermore, F is defined on all of R?, which is a simply connected domain. Therefore, 
a potential function exists by Theorem 4. 
Now, the potential function f satisfies 
ð 
r = F(x, y) = 2xy + y? 
This tells us that f is an antiderivative of F(x, y), regarded as a function of x alone: 
fœ, y) = J Fi (x, y)dx 
= f (2xy + y’) dx 
= x?y + xy? + g(y) 
As usual, when we antidifferentiate, we where g(y) is a constant (with respect to x) of integration. Similarly, we have 
include a constant of integration, a term 
whose derivative with respect to the f@,y)= J F(x, y)dy 
integration variable is zero. When we 
antidifferentiate with respect to x, the E 2 2 
constant of integration could depend on -n J (x + 3xy" + 2y ) dy . 
the other variables present. In this case, > 3 2 
the constant of integration depends on y. =x°y+txy +y“ +h(x) 
The two expressions for f(x, y) must be equal: 
x?y +-xy> + gO) = xy + xy + y + h(x) 
As always, it is good to check your result. From this it follows that g(y) = y” and h(x) = 0, up to the addition of an arbitrary nu- 
Compute V f and make sure it equals F. merical constant C. Thus, we obtain the general potential function 
ae 
f(x,y) =x y+xy +y +C ro 


In the next example, we show that the approach used in Example 6 can be carried over to 
find a potential function for vector fields in R>. 
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In Example 7, E is defined only for z # 0, 
so the domain has two halves: z > 0 and 
z < 0. We are free to choose different 
constants C on the two halves, if desired. 


EXAMPLE 7 Find a potential function for 
F= (2xyz71, z+x2z71, y— a 
Solution If a potential function f exists, then it satisfies 


Pay as Josa dx = x?yz! + f(y,2z) 
fozas J (z +x%z7") dy =zy+x7z ly + g(x,z) 


f@y.2D= J (y = x*yz~*) dz = yz+x*yz | + h(x, y) 


These three ways of writing f(x, y, z) must be equal: 
x?yz_! + f(y, z) = zy +x2z ly + a(x, z) = yz t+x7yz! + h(x, y) 


These equalities hold if f(y, z) = yz, g(x, z) = 0, and h(x, y) = 0. Thus, F is conserva- 
tive and, for any constant C, a potential function is 


f(x,y. 2) = xyz! +yz+C z 
Assumptions Matter We cannot expect the method for finding a potential function to 
work if F does not satisfy the cross-partials condition (because in this case, no poten- 


tial function exists). What goes wrong? Consider F = (y, 0). If we attempted to find a 
potential function, we would calculate 


f@ y= [va = xy + g(y) 


eis foa 5.6 


However, there is no choice of g(y) and h(x) for which xy + g(y) = h(x). If there were, 
and we differentiated this equation twice, once with respect to x and once with respect 
to y, we would obtain the contradiction 1 = 0. The method fails in this case because F 
does not satisfy the cross-partials condition, and thus is not conservative. 


The Vortex Field 
Why does Theorem 4 require that the domain is simply connected? This is an interesting 


question that we can answer by examining the vortex field that we introduced in the 
previous section, 


os > 
ot x2 + y2 x24 y2 


EXAMPLE 8 Show that the vortex field satisfies the cross-partials condition but is not 
conservative. Does this contradict Theorem 4? 


Solution We check the cross-partials condition directly: 


a ( x ) = Sohne + =a Se 


ax \x? +y? G+ yp = G+ ye 
[a ( = ) _ —@*+ y*) + y(O/dy\x2 +y2) y-a? 
dy \(x? +y?) (x2 + y2} Fy 


In Example 6 in the previous section, we showed that $ F - dr = 2x Æ 0 for any 
E 


circle C centered at the origin. If F were conservative, its circulation around every closed 


Pa 


Mas 


FIGURE 12 The domain D of the vortex 
field F is the plane with the origin 
removed. This domain is not simply 
connected. 


d 
4 REMINDER T tan”! t = 


FIGURE 13 There is a potential function for 
F on D*. 


(x, y) 


FIGURE 14 The angle @ is the inverse 
tangent of y/x. 
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curve would be zero by Theorem 1. Thus, F cannot be conservative, even though it satis- 
fies the cross-partials condition. 


This result does not contradict m aat 4 because the domain of F does not satisfy 


the simply connected condition of the theorem. Because F is not defined at (x, y) = (0, 0), 
its domain is D = {(x, y) £ (0, 0)}, and this domain is not simply connected (Figure 12). 


CONCEPTUAL INSIGHT Although the vortex field F is not conservative on its domain 
D = {(x, y) Æ (0,0)}, it is conservative on any simply connected domain contained 
in D. For example, on the right half-plane {(x, y) : x > 0} and on the left half-plane 
{(x, y): x < 0}, F is conservative with potential function f(x, y) = tan! Z, We can 
verify that f is a potential function for F by directly computing the partial derivatives: 


af =) — ek —y 
— = — = SSS — 0 
ieee Sr Tes eg 
oF. Paa? 1/x x 


dy dy pe x 1+0 Py cs’ 

Furthermore, on the upper half-plane and on the lower half-plane, F is conservative 
with potential function g(x, y) = — tan—! = (See Exercise 32.) 

Even if a simply connected domain D* is irregularly shaped, like the domain in 
Figure 13, we can specify a potential function for F, although the function may not 
be expressed as simply as f or g. Nevertheless, we can define a potential function as 
follows: Fix a point (xo, yo) € D*, and for every (x, y) € D*, choose a path Cy) in 
D* from (x9, yo) to (x, y). It can be shown that the function 


hex») = f F. dr 
Cix 


y) 


is defined, independent of the path chosen, and is a potential function for F on D*. 


GRAPHICAL INSIGHT There is an interesting geometric interpretation of the integral of 
the vortex field over a curve. First, we saw that in the right half-plane the function 
f(x, y) = tan ~ is a potential function for F. But tan™! is just the angle @ illustrated 
in Figure 14. Thus, by the Fundamental Theorem for Conservative Vector Fields, the 
integral of F along a curve in the right half plane is the difference between the angles 
at the end and the beginning of the curve; that is, the change in 0 along the curve 
[Figure 15¢A)]. 

We can show that this relationship is true for any curve C in D = {(x, y) Æ 
(0,0)}, not just those in the right half plane. Assume we have a parametrization 
r(t) = (x(t), y(t)) of a curve C in D. Consider the equation tan = ~ and differentiate 
implicitly with respect to t. We obtain 


dé —y\ dx 1\ dy 
0 = | — | — ea) ee 
(sec? la (=) dt +(5) dt 


With 6 as in Figure 14, it can be shown that sec? 0 = — 4 Substituting this for sec? @ 
and simplifying, we have 


ENTERT 
dt \x2+y2/ dt x2? + y2) dt 


Now, if we integrate both sides of this equation with respect to t along C, on the left 
side we obtain the net change in the angle 6 along C. On the right side, we obtain an 
expression for the line integral of F along C. Thus, we have 


net change in 8 along C = f F -dr 
C 
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as illustrated in Figures 15(A) and (B). This interpretation of the line integral of thé\__ 
vortex field F explains why the integral of F around a circle centered at the origin and 
oriented counterclockwise is 277, a result we obtained in Example 6 in the last section. 

In general, if a closed path r winds around the origin n times (where n is negative 
if the curve winds in the clockwise direction), then [Figures 15(C) and (D)] 


fF -dr=2nn 
C 


The number n is called the winding number of the path. It plays an important role in 
the mathematical field of topology. 


DG 
r 


(A) JCF + dr=0,-0 (B) JCF + dr=0,+27 -0 (C) r goes around the origin (D) r does not go around the 
twice, so SCF + dr=4n. origin, so {-F-ar=0. 


FIGURE 15 The line integral of the vortex field F is equal to the change in 6 along the path. 


16.3 SUMMARY 


e A vector field F on a domain D is conservative if there exists a function f such that 
V f =F on D. The function f is called a potential function of E. 
- A vector field F on a domain D is called path independent if for any two points 


P,Q € D, we have 
/ F-ar= f F-dr 
Cy C2 


for any two curves C; and C2 in D from P to Q. 
e The Fundamental Theorem for Conservative Vector Fields: If F = V f, then 


|E =O- 1) 


for any path r from P to Q in the domain of F. This shows that conservative vector 
fields are path independent. In particular, if r is a closed path (P = Q), then 


$ F-dr=0 
C 


* The converse is also true: On an open, connected domain, a path independent vector 
field is conservative. 
e Conservative vector fields satisfy the cross-partials condition 


ə Fi ð Fz OFfn OF; OF3 OF; 
= = —— = — = = 3\|~ 


dy Ox” əz ay’ ax  ðz 
* Equality of the cross partial derivatives guarantees that F is conservative if the do- 
main D is simply connected—that is, if any loop in D can be drawn down to a point 
within D. 
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16.3 EXERCISES 


Preliminary Questions 


1. The following statement is false. Zf E is a gradient vector field, then 
the line integral of F along every curve is zero. Which single word must 
be added to inake it true? 


2. Which of the following statements are true for all vector fields, and 
which are true only for conservative vector fields? 


(a) The line integral along a path from P to Q does not depend on which 
path is chosen. 

(b) The line integral over an oriented curve C does not depend on how C 
iS parametrized. 

(c) The line integral around a closed curve is zero. 

(d) The line integral changes sign if the orientation is reversed. 

(e) The line integral is equal to the difference of a potential function at 
the two endpoints. 

(f) The line integral is equal to the integral of the tangential component 
along the curve. 

(g) The cross partial derivatives of the components are equal. 


3. Let F be a vector field on an open, connected domain D with con- 
tinuous second partial derivatives. Which of the following statements are 
always true, and which are true under additional hypotheses on D? 


(a) If F has a potential function, then F is conservative. 

(b) If F is conservative, then the cross partial derivatives of F are equal. 
(c) If the cross partial derivatives of F are equal, then F is conservative. 
4. Let C, D, and € be the oriented curves in Figure 16, and let F = V f 
be a gradient vector field such that f F -dr = 4. What are the values of 


C 
the following integrals? 


(a) f £ar (b) f E-a 
D E 


FIGURE 16 


Exercises 
a 
1. Let f(x, y,z) = xy sin(yz) and F = V f. Evaluate [ F - dr, where C 
c 
is any path from (0, 0, 0) to (1,1,7). 


2. Let F(x, y, z) = (x7!z, y~!z, In(xy)}. 
(a) Verify that F = V f, where f(x,y,z) = zIn(xy). 


(b) Evaluate j) F - dr, where r(t) = (e! ag forl <7 < 3. 
c 


(c) Evaluate J F - dr for any path C from P = (5,4, 2jito. Q= (2,2,3) 
Cc 
contained in the region x > 0, y > 0. 


(d) In part (c), why is it necessary to specify that the path lies in the region 
where x and y are positive? 


In Exercises 3-6, verify that F = V f and evaluate the line integral of F 


over the given path. 


3. F(x, y) = (3,6y), f(x,y) =3x+3y?; r(t)=(t,2t7!) on the 
interval 1 <t <4 


4. F(x, y) = (cos y, —x sin y}, f(x,y) = x cos y; upper half of the unit 
circle centered at the origin, oriented counterclockwise 


5. FQ, y,z) = ye*i+ xe*j+xyetk, f(x,y,z) =xye?; 
r(t) = (t7,7,t-—1)forl <1 <2 


' TE 
6. F(x, yz) = ~i+j+ Inxk, f(x, y,z) =y+zinx; 


circle (x — 4)? + y? = 1 in the clockwise direction 


In Exercises 7—18, find a potential function for F or determine that F is not 
conservative. 
7. F= (x,y,z) 8& F=(y,x,z) 


2 A = (Zz, x,y) 10. F=xj+ yk 


11. F= y7i+ (2xy + ej + ye*k 12. F= Fr Zz) 


13. F = (cos(xz), sin(yz), xy sin z) 14, F = (cosz, 2y, —x sin z) 
15. F = (z sec? x,z, y + tanx) 

16. F = (e*(z + 1), — cos y, e*) 

17. F = (2xy +5,x? — 4z, —4y) 

18. F = (yz? xz — z,e? — y) 

19. Evaluate 


[ 2xyzdx + xz dy + x*y dz 
C 


over the path r(t) = (= sin(zt /4),e" ~4) for 0 < ¢ < 2. 


20. Evaluate 
$ sinx dx + zcos ydy +sinydz 
C 


where C is the ellipse 4x? + 9y? = 36, oriented clockwise. 


In Exercises 21-22, let E = V f, and determine directly i) F - dr for each 
C 


of the two paths given, showing that they both give the same answer, which 


is f(Q) — f(P). 


21. f =x°y -zri = (t,t,0) for O<t<1, and rz =(t,12,0) for 
Osti 


22. f =2y +xy +xz,rı =(t,t,t) for 0<t <1, Poe (t,t7, 1°) for 
Geral 
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23. A vector field F and contour lines of a potential function for F are 
shown in Figure 17. Calculate the common value of f F- dr for the 


Cc 
curves shown in Figure 17 oriented in the direction from P to Q. 


FIGURE 17 


24. [4 Give a reason why the vector field F in Figure 18 is not conser- 
vative. 


FIGURE 18 


25. Calculate the work expended when a particle is moved from O to Q 
along segments O P and P Q in Figure 19 in the presence of the force field 
F = (x°, y”). How much work is expended moving in a complete circuit 
around the square? 


geee(ly 1) 


X 
m=O) 


FIGURE 19 


1 —1 
26. Let F(x, y) = (=. =) Calculate the work against F required to 
move an object from (1, 1) to (3, 4) along any path in the first quadrant. 


27. Compute the work W against the earth’s gravitational field required 
to move a satellite of mass m = 1000 kg along any path from an orbit of 
altitude 4000 km to an orbit of altitude 6000 km. 


28. An electric dipole with dipole moment p = 4 x 107° C-m sets up an 
electric field (in newtons per coulomb) 


k 
F(x, y,z)= = (3x2, 3yz, 2z? — x? — y?) 


where r = (x? + y? + z?)}!/2 with distance in meters and k = 8.99 x 10: 
with units N-m?/C?. Calculate the work against F required to move a pañ- 
ticle of charge q = 0.01 C from (1, —5,0) to (3,4, 4). Note: The force on 
q is qF newtons. 


29. On the surface of the earth, the gravitational field (with z as vertical 
coordinate measured in meters) is F = (0,0, —g). 

(a) Find a potential function for F. 

(b) Beginning at rest, a ball of mass m = 2 kg moves under the influ- 
ence of gravity (without friction) along a path from P = (3,2, 400) to 
Q = (—21, 40, 50). Find the ball’s velocity when it reaches Q. 


30. An electron at rest at P = (5,3,7) moves along a path ending at 
Q = (1,1,1) under the influence of the electric field (in newtons per 
coulomb) 


F(x, y,z) = 400(x? +z y | (x, 0, z) 


(a) Find a potential function for F. 

(b) What is the electron’s speed at point Q? Use Conservation of En- 
ergy and the value g,/m, = —1.76 x 10!! C/kg, where qe and me are the 
charge and mass on the electron, respectively. 


— 


31. Let F = | ———-,, sa be the vortex field. Determine f F-dr 
x2 ae y2 x2 afe y2 c 


for each of the paths in Figure 20. 


y y y 
ae 
x x 
(A) (B) (C) 
y y 
od X 
9 (Œ) 
FIGURE 20 


32. Show that g(x, y) = — tan`! 3 is a potential function for the vortex 
field. 


33. Determine whether or not the vector field F(x,y)= 


x Sadie 
ee oma? as a potential function. 
x bA 


34. The vector field F(x, y) = { ———, ——~~ 
(x, y) (wee 


is defined on the 


domain D = {(x, y) # (0, 0)}. 
(a) Is D simply connected? 


(b) Show that F satisfies the cross-partials condition. Does this guarantee _ _ 


that F is conservative? 
(c) Show that F is conservative on D by finding a potential function. 
(d) Do these results contradict Theorem 4? 


SECTION 16.4 Parametrized Surfaces and Surface Integrals 995 


\— Further Insights and Challenges 


35. Suppose that F is defined on R? and that $ 


paths C in R?. Prove: 


(a) F is path independent; that is, for any two paths Cı and C2 in D with 


the same initial and terminal points, 


For G(u, v) in RÌ, we allow both 
interpretations as a point and as a vector. 
The intent should be clear from the context 
or the notation used. Typically for a 
parametrization, we regard G(u, v) as 


points on the surface and ae v) and 
u 


dG 
a v) as vectors tangent to the surface. 


FIGURE 1 A parametrized surface S. 


FIGURE 2 The parametrization of a cylinder 
by cylindrical coordinates amounts to 
wrapping the rectangle around the cylinder. 


F . dr = 0 for all closed [raf F.dr 
Ci C2 


(b) F is conservative. 


16.4 Parametrized Surfaces and Surface Integrals 


The basic idea of an integral appears in several guises. So far, we have defined single, 
double, and triple integrals and, in the previous section, line integrals over curves. Now, 
we consider one last type of integral: integrals over surfaces. We treat scalar surface 
integrals in this section and vector surface integrals in the following section. 

Just as parametrized curves are a key ingredient in the discussion of line integrals, 
surface integrals require the notion of a parametrized surface—that is, a surface S, 
in R?, whose points are described in the form 


G(u, v) = (x(u, v), y(u, v), z(u, v)) 


The variables u,v (called parameters) vary in a region D, in the uv-plane, called the 
parameter domain. Two parameters u and v are needed to parametrize a surface because 
the surface is two-dimensional. 

Figure 1 shows a surface S in R? with parametrization G(u, v) defined for (u, v) in 
D in the uv-plane. 


EXAMPLE 1 Find a parametrization for the cylinder x? + y? = 1. 


Solution The cylinder of radius 1 with equation x? + y? = 1 is conveniently para- 
metrized in cylindrical coordinates (Figure 2). Points on the cylinder have cylindrical 
coordinates (1,0, z), so we use 6 and z as parameters. 


We obtain 
G(@, z) = (cos 0, sin@, z), 0 <0 <2, -cO<7z<€ a 
Z 
G 
Zo — es 


Ao 20 


Parameter domain D 


996 CHAPTER 16 LINE AND SURFACE INTEGRALS 


FIGURE 3 Spherical coordinates on a sphere 
of radius R. 


FIGURE 4 The parametrization by spherical 
coordinates amounts to wrapping the 
rectangle around the sphere. The top and 
bottom edges of the rectangle are collapsed 
to the north and south poles. 


Similarly, we obtain the parametrization for any vertical cylinder of radius R, given. _ 
by x? + y? = R?: 


Parametrization of a Cylinder: 


G(6,z) = (R cos 0, R sin 9, z), 0 <0 <2r, -00 <z < 0 


EXAMPLE 2 Find a parametrization for the sphere of radius 2. 


Solution The sphere of radius 2 with its center at the origin is parametrized conveniently 
using spherical coordinates (0,0, ġ) with p = 2 and each of the x, y, and z coordinates 
expressed by their spherical-coordinates representation (Figure 3). 


G(6,¢) = (2 cos sin ġ,2 sin sing,2cos¢), O<O<2n, O<o<xr a 


More generally, we can parametrize a sphere of radius R as follows: 


Parametrization of a Sphere: 


G(6,¢) = (Reos@ sing, R sin8 sind, Recos), O<9<2n, O0O<d<7 


The north and south poles correspond to ¢ = 0 and ¢ = 7 with any value of 8 (the 
function G fails to be one-to-one at the poles): ine 


north pole: G(@, 0) = (0,0, R), south pole: G(@, 7) = (0,0, —R) 


As shown in Figure 4, G sends each horizontal segment ¢ = c (0 < c < x) to a latitude 
(a circle parallel to the equator) and each vertical segment 0 = c to a longitudinal arc 
from the north pole to the south pole. 


A simple situation for generating a parametrization of a surface occurs when the 
surface is the graph of a function z = f(x, y), as in Figure 5. 


Parametrization of a Graph: 


G(x, y) = (x,y, Ff, y)) 


In this case, the parameters are x and y. 


G(x, Y) = (x, y, fx, Y) 


z= f(x, y) 


FIGURE 5 Parametriżing the graph of a 
function. 


Nai 


FIGURE 6 The cone x? + y? = 22, 


In essence, a parametrization labels each 
point P on S by a unique pair (ug, vo) in 
the parameter domain. We can think of 
(uo, vo) as Coordinates of P determined by 
the parametrization. They are sometimes 
called curvilinear coordinates. 


FIGURE 7 Grid curves. 
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EXAMPLE 3 Find a parametrization of the paraboloid given by f(x, y) = x? + y?*. 


Solution We can immediately define G(x, y) = (x, y, x? + y”). Then G sends the xy- 
plane onto the paraboloid. Fi 


Most surfaces in which we are interested do not appear as graphs of functions. In this 
case, we need to find some other parametrization. 


EXAMPLE 4 Parametrization of a Cone Find a parametrization of the portion S of 
the cone with equation x? + y? = z? lying above and below the disk x? + y? < 4. Spec- 
ify the domain D of the parametrization. 


Solution Notice as in Figure 6 that this portion of the cone is not the graph of a func- 
tion since it includes that part of the cone that is above the xy-plane with that part 
that lies below the x y-plane. However, each point on the cone is uniquely determined 
by its cylindrical coordinates. Because the cone satisfies r? = z*, the r-coordinate of 
a point can be expressed in terms of the z-coordinate, and therefore we can param- 
etrize the surface via the z- and 6-coordinates. Letting the parameter u correspond 
to the z-coordinate, and v correspond to the @-coordinate, a point on the cone at 
height u has coordinates (u cos v,usinv,u) for some angle v. Thus, the cone has the 
parametrization 


G(u, v) = (u cos v, u sin v, u) 


Since we are interested in the portion of the cone where x? + y? = u? < 4, the height 
variable u satisfies —2 < u < 2. The angular variable v varies in the interval [0, 27), and 
therefore the parameter domain is D = [—2, 2] x [0, 27). E 


Grid Curves, Normal Vectors, and the Tangent Plane 


Suppose that a surface S has a parametrization 
G(u, v) = (x(u, v), y(u, v), z(u, v)) 


that is one-to-one on a domain D. We shall always assume that G is continuously differ- 
entiable, meaning that the functions x(u, v), y(u, v), and z(u, v) have continuous partial 
derivatives. 

In the uv-plane, we can form a grid of lines parallel to the coordinates axes. These 
grid lines correspond under G to a system of grid curves on the surface (Figure 7). More 
precisely, the horizontal and vertical lines through (uo, vo) in the domain correspond to 
the grid curves G(u, vo) and G(uo, v) that intersect at the point P = G(uo, vo). 


v 


Curve G(ug, V) 


| “eS 
o, È ine 


P=G(Up, Vo) 
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FIGURE 8 The vectors T,, and T, are 
tangent to the grid curves through 
P = G(uo, vo). 


At each point on a surface, the normal 
vector points in one of two opposite 
directions. If we change the 
parametrization, the length of N may 


change and its direction may be reversed. 


CO Pa ee en E 


FCCLA 


FIGURE 9 Grid curves on the cylinder. 


With G(u, vo) representing a curve through P, it is convenient to view a i vo) a 
ed 


a vector tangent to that curve (and to the surface S) at P. We similarly view = SC (up, vo) 
as a tangent vector at P. Thus, we have tangent vectors as follows i- 8): 


dG 
For G(u, vo): T,(P)= ay to vo) = (= (uo. wo), s vo), == uo, v), = = u, w) 


dG 
For G(uo, v): Ty(P) = By Wo» vo) = (= uo.) 3 vo), = (uo, vo), = = (uo, w) 
The parametrization G is called regular at P if the following cross product is nonzero: 
N(P) = N(wo, vo) = Tu(P) x Tr(P) 


In this case, T,, and T, span the tangent plane to S at P, and N(P) is a normal vector to 
the tangent plane. We call N(P) a normal to the surface S. 


Vv 


G (u, Vo) 


u G (ug, V) 


We often write N instead of N(P) or N(u, v), but it is understood that the vector N ~~ 


varies from point to point on the surface. Similarly, we often denote the tangent vectors 
by T, and T,. Note that T,,, T,, and N need not be unit vectors (thus, the notation here 
differs from that in Sections 13.4 and 13.5, where N denotes a unit vector). 


ESAN Aiii 5 Consider the parametrization G(0,z) = (2 cos 0,2 sin ĝ, z) of the cylinder 
x+y =A: 


(a) Describe the grid curves. 
(b) Compute To, T,, and N(@, 2). 
(c) Find an equation of the tangent plane at P = G(4, 5). 


Solution 

(a) The grid curves on the cylinder through P = (6p, zo) are (Figure 9) 

6-grid curve: G(@, zo) = (2cos 0,2 sin 8, Zo) (circle of radius 2 at height z = zo) 
z-grid curve: G(69,z) = (2 cos 69, 2 sin 0o, z) (vertical line through P with 0 = 00) 


(b) The partial derivatives of G(6,z) = (2cos@,2sin9@, z) give us the tangent vectors 
at P: 


aG ð 
0-grid curve: Tọ = Ti age 26M. z) = (—2 sin ĝ,2 cos 8, 0) 
i dG ð 
z-grid curve: T, = 3z = Tai cos ĝ,2sinĝ,z) = (0,0, 1) 
Z 


Observe in Figure 9 that Tg is tangent to the 0-grid curve and T, is tangent to the z-grid 
curve. The normal vector is 
i j k 
N(8,z) = To x T; = | —2sin6 2cosð O |=2cosĝi+2sinðj 
0 0 1 


Nar 


4 REMINDER An equation of the plane 
through P = (Xo, Yo, Zo) with normal 
vector N is 


(x — xo, y — yoz — zo): N = 0 


FIGURE 10 The helicoid parametrized 
by G(u, v). 
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The coefficient of k is zero, and N points horizontally out of the cylinder. 
O For6 = 4,z=5, 


pP=6(4,5) = (v2,v2,5), N=N(.5) =(v2,V2,0) 
The tangent plane through P has normal vector N and thus has equation 
(x — Dey — J2,z — 5) - (V2, 72, 0) =) 
This can be written 
J2(x — V2) + V20 — V2) = 0 or xty=2V2 


The tangent plane is vertical (because z does not appear in the equation). 


EXAMPLE 6 Helicoid Surface The surface S with parametrization 
G(u, v) = (u cos v, u sin v, v), —] <u <1, O<v<2n 
is called a helicoid (Figure 10). 


(a) Describe the grid curves on S associated with G(u, v). 
(b) Compute N(u, v) at u = 5 v= 5. 


A (u cos v, u Sin V, V) 


Solution 


999 


(a) First, for each fixed value u = a, the grid curve G(a, v) = (a cos v,a sin v, v) is a 
helix of radius a. Therefore, as u varies from —1 to 1, G(u,v) describes a family of 


helices of radius u. 


For fixed v = b, the grid curve G(u, b) = (u cos b, u sinb, b) is a line segment in 
the plane z = b, at an angle of 0 = b from the xz-plane. As v varies from 0 to 27, the 
segments rise in the z-direction (because the z-coordinate is increasing) and rotate around 


the z-axis (because the angle that the segment makes with the xz-plane is increasing). 


(b) The tangent and normal vectors are 


dG 
T, = — = (cos v, sin v, 0) 
Ou 


dG 
T, = — = (—u sin v,u cos v, 1) 
dv 
i j k 
NG») = TT, To=] cos» sinv 0 | = (sinv)i — (cos v)j + uk 
—usinv ucosv 1 


Atu = į, v = 3, we have N = i + $k. 
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For future reference, we compute the outward-pointing normal vector in the standard ___ 
parametrization of the sphere of radius R centered at the origin (Figure 11): 


G(6,¢) = (R cos 0 sing, Rsin@ sing, R cos d) 


Note first that since the distance from G(@, ¢) to the origin is R, the unit radial vector at 
G(@, ¢) is obtained by dividing by R: 


e, = (cos 0 sing, sin@ sind, cos ¢) 
Furthermore, 
Te = (~R sinô sing, R cos ô sin @, 0) 
Tg = (Rcos@ cos ¢, R sin 6 cos ¢, —R sin ¢) 


i j k 
FIGURE 11 The normal vector N points in N = To x Tg =| —Rsin@sing Rcecosdsing 0 
the radial direction ez. Reos@cos@ RsinO@cosd —Rsing 


= — R? cos 8 sin? ġ i — R? sind sin? ¢ j — R? cos ¢ sin ¢ k 


= —R? sing (cos 6 sing, sin 8 sin ¢, cos ġ) 
= —(R’ sin $) e, 


This is an inward-pointing normal vector. However, in most computations, it is standard 
to use the outward-pointing normal vector: 


N == Ty x Ty = (R? sind) er, INI = R?sing [2 | 


Surface Area 


The length ||N|| of the normal vector in a parametrization has an important interpretation 
in terms of area. Assume, for simplicity, that D is a rectangle (the argument also applies 
to more general domains). Divide D into a grid of small rectangles Rij of size Au x Av, 
as in Figure 12, and compare the area of R;; with the area of its image under G. This 
image is a curved parallelogram S;; = G(R;;). Assume points Po, Qo, and So are at 
corners of Rij, shown in the figure, and that P, R, and S are the corresponding points 
on S; je 

First, we note that if Au and Av in Figure 12 are small, then the curved parallelogram 
Sij has approximately the same area as the parallelogram with sides PÒ and P3. Recall 
from Section 12.4 that the area of the parallelogram spanned by two vectors is the length 

' of their cross product, so 


— 
area(S;j) ~ ||PO x PS| 
Next, we use the linear approximation to estimate the vectors PO and PS: 


pr 3G 
PQ = G(uij + Au, vij) — Gui, vij) © By “i vij)Au = T,Au 


sy dG 
PS = G(ujj, vij + Av) — Gluij, vij) © By Vi vijJAv = T,Av 
The approximation (3) is valid for any small 


region R in the uv-plane: Thus, we have 
area(S) ~ ||N(uo, vp) llarea(R) area(Sj;) ¥ |T, Au x Tp Avl] = |T, x Ty|| Au Av 
where S = G(R) and (uo, vo) is any Since N(ui;, Vij) = T, x T, and area(Rij) = AuAv, we obtain 
sample point in R. Here, “smali” means 
contained in a small disk. We do not allow area(S;;) © ||N(u;j, vij )llarea( Rij) [3] 


R to be very thin and wide. 


Note: We require only that G be one-to-one 
on the interior of D. Many common 
parametrizations (such as the 
parametrizations by cylindrical and 
spherical coordinates) fail to be one-to-one 
on the boundary of their domains. 
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Rectangle Rj; Curved parallelogram 5;; = G(Rjj) 


Po= (ujj, Vij) 


Po Au Qo 


FIGURE 12 


Our conclusion: ||N|| is a scaling factor that measures how the area of a small rectangle 
Rij is altered under the map G. 

To compute the surface area of S, we assume that G is one-to-one and regular, except 
possibly on the boundary of D. Recall that “regular” means N(u, v) is nonzero. 

The entire surface S is the union of the small patches 5;;, so we can apply the 
approximation on each patch to obtain 


area(S) = ) area(S;j) ~ J INGuij, vis Au Av [4] 


ij i,j 


The sum on the right is a Riemann sum for the double integral of ||N(u, v)|| over the 
parameter domain D. As Au and Av tend to zero, these Riemann sums converge to a 
double integral, which we take as the definition of surface area: 


area(S) = I IIN(u, v)|| du dv 


Surface Integral 


Now, we can define the surface integral of a function f(x, y,z) on a surface S: 


/ J Fonni 
S 


This is similar to the definition of the line integral of a function along a curve. Choose a 
sample point P;; = G(uij, vij) in each small patch S;; and form the sum: 


S f(Pi)area(Si;) | 5 | 


| 


The limit of these sums as Au and Av tend to zero (if it exists) is the surface integral: 


If. fx, y,zjdS = num o2 f(PisareaSij) 
tJ 
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It is interesting to note that Eq. (7) 
includes the Change of Variables Formula 
for double integrals (Theorem 2 in 

Section 15.6) as a special case. If the 
surface S is a domain in the xy-plane [in 
other words, z(u, v} = OJ, then the integral 
over S reduces to the double integral of the 
function f(x, y,0). We may view G(u, v) 
as a mapping from the uv-plane to the 
xy-plane, and we find that ||N(u, v)|| is the 
Jacobian of this mapping. 


FIGURE 13 Portion S of the cone 
x7 4 y2 = 7? lying over the disk 
x* + y* <4. 


To evaluate the surface integral, we use Eq. (3) to write = 
>> f(Pij)area(Sij) © X f (Giz, vij DING, vis)|| Au Av [6] 
i,j i,j 
On the right, we have a Riemann sum for the double integral of 
F(G(u, v)) ING, v)| 


over the parameter domain D. Under the assumption that G is continuously differentiable, 
we can show the sums in Eq. (6) approach the same limit. This yields the next theorem. 


THEOREM 1 Surface Integrals and Surface Area Let G(u, v) be a parametrization 
of a surface S with parameter domain D. Assume that G is continuously differentiable, 
one-to-one, and regular (except possibly at the boundary of D). Then 


Ife Sf. y,z)dS = If F(Gu, v)) ING, v)|| dudv 


For f(x,y,z) = 1, we obtain the surface area of S: 


area(s) = | | ING, v)|| dudv | 
D 


Equation (7) yields the following important relationship between the surface area dif- 
ferential dS and the parameter differentials du and dv, enabling us to compute surface — 


integrals as iterated integrals: 
dS = ||N(u, v)|| du dv 


EXAMPLE 7 Calculate the surface area of the portion S of the cone x? + y? = z? lying 
above the disk x? + y? < 4 (Figure 13). Then calculate f ji x*zdS. 
S 


Solution Similar to Example 4, but here using variables @ and t, we parametrize S by 
G(@,t) = (tcos@,tsin8@, ft), = ft=2, De 0< 2a 


Step 1. Compute the tangent and normal vectors. 


aG ð 
Ts = — = (~t sin, t cos 0,0), T= E = (cos ĝ,sinð, 1) 
98 Ot 
i j k 
N = To xT; = | —tsin@ tcos@? 0 |= tcosði+ t sinðj-— tk 
cos 8 sinô 1 


The normal vector has length 
INI = y t2 cos? 6 + t? sin? 9 + (—t} = V22? = v2 |t| 


Thus, dS = ./2|t| d8 dt. Since t > 0 on our domain, we drop the absolute value. 
Step 2. Calculate the surface area. o, 


2 
— 4/27 


0 


2 p2x 
area(S) = If IN]| d8 dt = | | /2td0 dt = /2ni* 
0 JO 


4 REMINDER 


on Qn 
Í cos? 6 dô -| 
0 0 


SECTION 16.4 Parametrized Surfaces and Surface Integrals 1003 


Step 3. Calculate the surface integral. 
We express f(x, y,z) = xz in terms of the parameters t and 6 and evaluate: 


f(G(0,t)) = f(t cos6,t sin ĝ,t) = (t cos e t? cos” 6 
2 p2x 
[I f@, y,z)d$ = | / F(G@O,t)) ING, t)|| d8 dt 
S t=0 J 0=0 


2 2x 
P ji (t3 cos? 0X24) do dt 


t=0 J9=0 
1 + cos 26 T cas 
= b= = vi | | theos? dô dt = V3 | rtt dt 
0 J0 0 
32 32./2 


In previous discussions of multiple and line integrals, we applied the principle that 
the integral of a density is the total quantity. This applies to surface integrals as well. For 
example, a surface with mass density 5(x, y, z) (in units of mass per area) is the surface 
integral of the mass density: 


mass of S = If d(x, y,z)dS 
S 


Similarly, if an electric charge is distributed over S with charge density 5(x, y, z), then 
the surface integral of 5(x, y, z) is the total charge on S. 


EXAMPLE 8 Total Charge on a Surface Find the total charge (in coulombs) on a 
sphere S of radius 5 cm whose charge density in spherical coordinates is 4(6,¢@) = 
0.003 cos? @ C/em?. 


Solution We parametrize S in spherical coordinates: 
G(6,¢) = Scosé@ sing, 5 sin 8 sing, 5cos d) 


By Eq. (2), ||N|| = 5? sing and 
27 T 
total charge = / J 5(0,¢)dS = | f) 5(8, d)||N|| dọ dé 
5 6=0 /¢=0 


2 T 
= | (0.003 cos” $)(25 sing) dé dé 
6=0 J ¢=0 


= (0.075)(27) | cos’ d sing dd 
ġ=0 


H 


3 
= 0.157 (5 2) 


3 


= 0.137 (=) ~ 0.172 coulombs E 
0 


When a graph z = g(x, y) is parametrized by G(x, y) = (x, y, g(x, y)), the tangent 
and normal vectors are 


T, = (1,0, gx), Ty = (0, l, gy) 


=—gri-gyjtk, IN =/1+e2+¢2 | [8 | 
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Z 


FIGURE 14 The surface z = x + y* over 
C= x ey syst. 


The French mathematician Pierre Simon, 
Marquis de Laplace (1749-1827), showed 
that the gravitational potential satisfies the 
Laplace equation 


3? V isi a7V ap ae a7V 
əx? = Ay az? 
This equation plays an important role in 


more advanced branches of math and 
physics. 


ssi) 


FIGURE 15 


The surface integral of f(x,y,z) over the portion of a graph lying over a domain D in. 
the xy-plane is 


surface integral over a graph = | f(x,y, g(x, y)),/1 +82 + 2? dx dy 
D 


EXAMPLE 9 Calculate (z — x) dS, where S is the portion of the graph of z = x + va 


S 
where 0 < x < y,0 < y < 1 (Figure 14). 
Solution Letz = g(x, y) =x + y*. Then gx = 1 and gy = 2y, and 


dS = |1 +82 +g2dxdy = 41+ 1+4y?dxdy = 42 + 4y’ dx dy 


On the surface S, we have z = x + y”, and thus 
f(x,y j=z-x=(et+y)—-x=y’ 
By Eq. (9), 


1 y 
f fœy das = | J y y 2+4y?dxdy 
S =0 Jx=0 
1 1 
a | CATE ay= | y’ 2+4y?dy 
y 0 


=) 
Now use the substitution u = 2 + Ay?, du = 8ydy. Then y? = a(u — 2), and 


- 1 f1 i p6 
3 2 Mia a N 2 3/2 _ 3,1/2 
| yy2t4ydy= J) a 2)y/u du = zl, (u 2u '^)du 


E TE sea $ur) be l (6V6 + V2) ~ 0.54 = 
3215 3 > 30 l 


Gravitational Potential of a Sphere 


In physics, it is an important fact that the gravitational field F corresponding to any 
arrangement of masses is conservative; that is, F = —VV for some function V (recall 
that the negative sign is a convention of physics). The field at a point P due to a mass 


x= 


m located at point Q is F = man where G is the universal gravitational constant 
(~ 6.67408 x 1071!m°kg7!s7?), e, is the unit vector pointing from Q to P, andr is the 
distance from P to Q, which we denote by |P — Q]. It follows by Example 8 in Section 


16.1 that F = —VV for 


G 
V(P) = ae = __ m 
r IP — Q] 
If, instead of a single mass, we have K point masses m1,...,mg located at Q),..., Q k, 


then the gravitational potential is the sum 


TEN sor i 


If mass is distributed continuously over a thin surface S with mass density function 
d(x, y,Z), we replace the sum by the surface integral 


d(x, y,z)dS d(x, y, d) dS 
vip) =~6 | O(x,y,z)dS _ -6 || e025 ___ (x,y,z) YES a i] 
s P-Q S y(x — a? + (y -b£ + (z—c)* 
where P = (a, b, c). However, this surface integral cannot usually be evaluated explicitly 


unless the surface and mass distribution are sufficiently symmetric, as in the case of a 
hollow sphere of uniform mass density (Figure 15). 
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THEOREM 2 Gravitational Potential of a Uniform Hollow Sphere The gravitational 
potential V due to a hollow sphere of radius R with uniform mass distribution of total 
mass m at a point P located at a distance r from the center of the sphere is 


ifr > R (P outside the sphere) 


m 
V(P) = y | 12 | 


— 


ifr < R (P inside the sphere) 


We leave this calculation as an exercise (Exercise 48), because we will derive it 
again with much less effort using Gauss’s Law in Section 17.3. 

In his magnum opus, Principia Mathematica, Isaac Newton proved that a sphere of 
uniform mass density (whether hollow or solid) attracts a particle outside the sphere as if 
the entire mass were concentrated at the center. In other words, a uniform sphere behaves 
like a point mass as far as gravity is concerned. Furthermore, if the sphere is hollow, then 
the sphere exerts no gravitational force on a particle inside it. Newton’s result follows 
from Eq. (12). Outside the sphere, V has the same formula as the potential due to a 
point mass. Inside the sphere, the potential is constant with value —Gm/R. But constant 
potential means zero force because the force is the (negative) gradient of the potential. 
This discussion applies equally well to the electrostatic force. In particular, a uniformly 
charged sphere behaves like a point charge (when viewed from outside the sphere). 


16.4 SUMMARY 


* A parametrized surface is a surface S whose points are described in the form 
G(u, v) = (x(u, v), y(u, v), z(u, v)) 


where the parameters u and v vary in a domain D in the uv-plane. 
e Tangent and normal vectors: 


0G [ax dy az x dG [ax dy az 
D ~ \au’ du’ dul’ 


N = Niu, v) = T, xT, 


dv’ ðv’ ðv 


The parametrization is regular at (u, v) if N(u, v) Æ 0. 
* The quantity ||N]| is an area scaling factor. If D is a small region in the uv-plane and 
S = G(D), then 


area(S) © ||N(uo, vo) ||area(D) 


where (uo, vo) is any sample point in D. 
« Surface integrals and surface area: 


II faœ.y:z)ds = I F (Gu, v)) ||N(u, v)|| du dv 
S D 


area(S) = I IIN(u, v) || du dv 
* Some standard parametrizations: 
— Cylinder of radius R (z-axis as central axis): 
G(@,z) = (R cos 0, R sin 0,z) 


Outward normal: N = Tọ x T, = R (cos 0, sin 0,0) 
dS = ||N||d0 dz = R d0 dz 
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— Sphere of radius R, centered at the origin: 


nN 

G(@,¢) = (Kcos@ sing, R sin 8 sind, R cos >) 

Unit radial vector: e, = (cos ® sing, sin 8 sin ġ, cos d) 

Outward normal: N = Ty x Tọ = (R? sing) e, 

dS = ||N||d¢d0@ = R? sinġ dọ d0 

— Graph of z = g(x, y): 

G(x, y) = (x, y, g(x, y)) 

N = Ty x Ty = (—gx, —S8y, 1) 

dS = |IN|| dx dy = ,/1+ g? tedka 
16.4 EXERCISES 
Preliminary Questions 
1. What is the surface integral of the function f(x, y, z) = 10 over a sur- 4. A small surface S is divided into three small pieces, each of area 0.2. 

9 
face of total area 57 Estimate í Í f(x, y, z)dS if f(x, y, z) takes the values 0.9, 1, and 1.1 at 
. Ss . . 
2. What interpretation can we give to the length ||N]| of the normal vector sample points in these three pieces. 
for a parametrization G(u, v)? 5. A surface S has a parametrization whose domain is the square 0 < u, 
à v < 2 such that ||N(u, v)|| = 5 for all (u, v). What is area(S)? 
3. A parametrization maps a rectangle of size 0.01 x 0.02 in the uv-plane p; 
onto a small patch S of a surface. Estimate area(S) if T, x T, = (1,2,2) 6. What is the outward-pointing unit normal to the sphere of radius 3 
at a sample point in the rectangle. centered at the origin at P = (2,2, 1)? 
Exercises 
1. Match each parametrization with the corresponding surface in 2. Show that G(r,6)=(rcos@,rsin6,1— r?) parametrizes the 
Figure 16. paraboloid z=1—x*—y*. Describe the grid curves of this 
(a) (u,cosv,sinv) parametrization. 
b 3 ? 
i al Rd 3. Show that G(u, v) = (2u + 1,u — v, 3u + v) parametrizes the plane 
i (u, v >v) ’ . 2x — y — z = 2. Then 
(d) (cos u sin v, 3 cos u sin i v) (a) Calculate T,,, T,, and N(u, v). 
(e) (u,u(2 + cos v), u(2 + sin v)) 
(b) Find the area of S=G(D), where D = {(u,v):0<u <2,0< 
v= 1}. 


(c) Express f(x,y,z)= yz in terms of u and v, and evaluate 
[I F(x, y,z)d8. 
S 


4. Let S = G(D), where D = {(u, v) : u? +v? < 1,u >0,v > 0} and 
G is as defined in Exercise 3. 
(a) Calculate the surface area of S. 


(ii) (iii) 
(b) Evaluate i J (x — y)d S. Hint: Use polar coordinates. 
S 


5. Let G@,y) = (x, y, xy). 
(a) Calculate Ty, T,, and N(x, y). 


(b) Let S be the part of the surface with parameter domain D = {(x, y) : 
ers y? < 1,x > 0, y > 0}. Verify the following formula and evaluate us- 
ing polar coordinates: 


ias= |f 1+x24+ y2dxd 
[fas [ff +a 


NN 


FIGURE 16 


we 


(c) Verify the following formula and evaluate: 
x/2 pl 
[[-as= | | (sin cos @)r°-V 1 + r? dr dé 
S 0 0 


6. A surface S has a parametrization G(u,v) whose domain P is the 
square in Figure 17. Suppose that G has the following normal vectors: 


N(B) = (1,3, 0) 
N(D) = (2,0, 1) 


N(A) = (2, 1,0), 
N(C) = (3,0,1), 


Estimate / f f(x, y,z) dS, where f is a function such that f(G(u, v)) = 
S 
u+ v. 


FIGURE 17 


In Exercises 7-10, calculate T,,, T,, and N(u, v) for the parametrized sur- 
face at the given point. Then find the equation of the tangent plane to the 
surface at that point. 


7. G(u,v) = (2u + v, u — 4v, 3u); =l, v= 
8. G(u,v)= (u? —v,u+v,u— v) u=2, v=3 
9. G(@,¢) = (cosé@ sin ġ,sinð sin ¢, cos ¢); 6=%, ¢=% 


10. G(r,@) = (r cos6,rsin@,1—r?); 


11. Use the normal vector computed in Exercise 8 to estimate the area of 
the small patch of the surface G(u, v) = (u? — v?, u + v, u — v) defined by 


2 =u < 2.1, SE OES? 


12. Sketch the small patch of the sphere whose spherical coordinates 
satisfy 


IT 7T bia IT 
a= aS eri, Zag ale) 
- A eo Satish SS o 


Use the normal vector computed in Exercise 9 to estimate its area. 


In Exercises 13-26, calculate / J F(x, y,z) dS for the given surface and 
S 


function. 


13. G(u, v) =(ucosv,usinv,u), O<u <1, 0<vz<l; 
fŒ, yz) = zx? + y?) 

14. G(r,8) = (r cos8,r sin8,8), O<r<1, 0<8<2r; 
f(x,y,z) = yx? + y? 

15. y=4-27, 0<x<20<z<2; f(a, y,z) =3z 
16. y =4—2?, Ls 2 =7 = 2 fa, y,z) =3 


17. x? +y? +2 =1, x,y,z>0; flx,y,2 =x? 
FG, y, z) =x? /(4 — 2) 


f, y,z)=e* 


18. z =4- x? -y 0<z <3: 


19. x? +y? =4, 0<z7<4; 
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20. G(u, v) = (u,v, u +v), O<u<1,0<v<1; 
f@,y.z)=y 


21. Part of the plane x + y + z = 1, where x, y,z > 0; 

f(%,y,Z) =z 

22. Part of the plane x + y + z = 0 contained in the cylinder x? + y? = 1; 
fanaa 

23. x? +y? +z =4,1<z<2; f(x,y,z) = 7? +y +z 

24. x? +y +27 =4,0 <y <1; f(x,y,z)=7 


25. Part of the surface z=x?, where 0<x<1, O0<y<1; 


f@,y,.Z)=2 
26. Part of the unit sphere centered at the origin, where x > 0 and |y| < x; 
fœ,y,z) =x 


27. A surface S has a parametrization G(u, v) with rectangular domain 
0 <u < 2,0 <v <4 such that the following partial derivatives are con- 
stant: 


dG 
— = (2,0,1), E (ABS 
ðu ðv 

What is the surface area of S? 


28. Let S be the sphere of radius R centered at the origin. Explain using 


symmetry: 
[[eas= [[as= ff 2as 
S S S 


4 
Then show that J ji x’ dS = aR by adding the integrals. 
f 


29. Calculate J fi (xy + e*) dS, where S is the triangle in Figure 18 with 
S 
vertices (0,0, 3), (1, 0, 2), and (0, 4, 1). 


~ 
E 
© 
N 
— 


FIGURE 18 


30. Use spherical coordinates to compute the surface area of a sphere of 
radius R. 


31. Use cylindrical coordinates to compute the surface area of a sphere of 
radius R. 


32. Let S be the surface with parametrization 
G(u, v) = ((3 + sinv) cos u, (3 + sin v) sin u, v) 


for0 < u < 27,0 < v < 2x. Using a computer algebra system: 

(a) plot S from several different viewpoints. Is S best described as a “vase 
that holds water” or a “bottomless vase”? 

(b) calculate the normal vector N(x, v). 


(c) calculate the surface area of S to four decimal places. 
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33. Let S be the surface z = In(5 — x? — y?) for 0 <x <1, 
0 < y < 1. Using a computer algebra system: 


(a) calculate the surface area of S to four decimal places. 


(b) calculate J Í x? y? dS to four decimal places. 
S 


34. Find the area of the portion of the plane 2x + 3y + 4z = 28 lying 
above the rectangle 1 < x < 3,2 < y < 5 in the xy-plane. 


35. Use a surface integral to compute the area of that part of the plane 
ax + by + cz = d corresponding to 0 < x,y < 1. 


36. Find the surface area of the part of the cone x? + y? = z? between the 
planes z = 2 and z = 5. 


37. Find the surface area of the portion S of the cone z? = x? + y?, where 
z > 0, contained within the cylinder y? + z? < 1. 


38. Calculate the integral of ze™t? over the surface of the box in 
Figure 19. 


FIGURE 19 


39. Calculate i, J x*zdS, where S is the cylinder (including the top and 
S 


bottom) x? + y? =4,0 <z <3. 


40. Let S be the portion of the sphere x? + y? +z? =9, where 
1 < x? + y? < 4and z > 0 (Figure 20). Find a parametrization of S in polar 


coordinates and use it to compute: 
(a) The area of S (b) i l zo as 
S 


FIGURE 20 


41. Prove a famous result of Archimedes: The surface area of the portion 
of the sphere of radius R between two horizontal planes z = a and z = b is 
equal to the surface area of the corresponding portion of the circumscribed 
cylinder (Figure 21). 


FIGURE 21 


Further Insights and Challenges 
42. Surfaces of Revolution Let S be the surface formed by rotating the 
region under the graph z = g(y) in the yz-plane for c < y < d about the 
z-axis, where c > 0 (Figure 22). 
(a) Show that the circle generated by rotating a point (0, a, b) about the 
z-axis is parametrized by 

(a cos 0,a sinf, b}, 0 <0 <2xr 


(b) Show that S is parametrized by 


G(y,0) = (ycos6, y sin9, g(y)) 


frc < y<d,0<@<2n. 


(c) Use Eq. (13) to prove the formula 


area(S) = 2x i : yy 1+ 8'(y)* dy 


= şa 


(y cos 9, y sin 0, g(y)) 


x 


(a cos @, a sin @, 0) x 


FIGURE 22 


43. Use Eq. (14) to compute the surface area of z = 4 — y? for0 < y <2 
rotated about the z-axis. 


44. Describe the upper half of the cone x? + y? = z? forO <z<dasa 
surface of revolution (Figure 6) and use Eq. (14) to compute its surface 
area. 


\.. 45. Area ofa Torus Let T be the torus obtained by rotating the circle 


in the yz-plane of radius a centered at (0, b, 0) about the z-axis (Figure 23). 
We assume that b > a > Q. 
(a) Use Eq. (14) to show that 


b+a ay 


eS < A 


b-a 4 a? = (b = y} 


(b) Show that area(T) = 47 ?ab. 


area(7) = 47 


x 


FIGURE 23 The torus obtained by rotating a circle of radius a. 


46. Pappus’s Theorem (also called Guldin’s Rule), which we intro- 
duced in Section 8.4, states that the area of a surface of revolution S is 
equal to the length L of the generating curve times the distance traversed 
by the center of mass. Use Eq. (14) to prove Pappus’s Theorem. If C is 
the graph z = g(y) fore < y < d, then the center of mass is defined as the 


point (y, z) with 
1 
Z= — ds 
z= z fe 


47. Compute the surface area of the torus in Exercise 45 using Pappus’s 
Theorem. 
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48. Eí Potential Due to a Uniform Sphere Let S be a hollow sphere 
of radius R with its center at the origin with a uniform mass distribu- 
tion of total mass m [since S has surface area 47r R?, the mass density is 
5 = m/(4x R2)]. With G representing the universal gravitational constant, 
the gravitational potential V(P) due to S at a point P = (a, b,c) is equal 
to 


-c ff bas 
S J/(x—aP+(y—b% +z- c} 


(a) Use symmetry to conclude that the potential depends only on the dis- 
tance r from P to the center of the sphere. Therefore, it suffices to compute 
V(P) for a point P = (0,0,r) on the z-axis (with r # R). 

(b) Use spherical coordinates to show that V (0, 0,7) is equal to 


—Gm A m sind dê dọ 
4x Jo Jo R2 +r? —2Rrcos¢ 


(c) Use the substitution u = R? +r? — 2Rr cos ¢ to show that 
—mG 
V(0,0,r) = ——(|R = | 
(0, 0, r) TF (IR +r|—|[R —rl) 


(d) Verify Eq. (12) for V. 


49. Calculate the gravitational potential V for a hemisphere of radius R 
with uniform mass distribution. 


50. The surface of a cylinder of radius R and length L has a uniform 
mass distribution ô (the top and bottom of the cylinder are excluded). Use 
Eq. (11) to find the gravitational potential at a point P located along the 
axis of the cylinder. 


51. Let S be the part of the graph z = g(x, y) lying over a domain D in 
the xy-plane. Let ¢ = (x, y) be the angle between the normal to S and 
the vertical. Prove the formula 


~ JJp \cos¢| 


16.5 Surface Integrals of Vector Fields 


The last integrals we will consider are surface integrals of vector fields. These integrals 


The word “flux” is derived from the Latin 
word “fluere,” which means “to flow.” 


represent flux or rates of flow through a surface. One example is the flux of molecules 
across a cell membrane (number of molecules per unit time). 


Because flux through a surface S goes from one side of the surface to the other, we 
need to specify a positive direction of flow. This is done by means of an orientation, 
which is a choice of unit normal vector n(P) at each point P of S, chosen in a contin- 


FIGURE 1 The surface S has two possible 
orientations. 


(A) One possible orientation of S 


(B) The opposite orientation 
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Normal 
component 
of F 


a / 
j 


CA FIGURE 2 The normal component of a 
vector to a surface. 


= REMINDER Formula for a scalar surface 
integral in terms of a parametrization: 


/ Trads 
5 


= || FOUN aude T 
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uously varying manner (Figure 1). There are two normal directions at each point, so the 
orientation serves to specify one of the two sides of the surface in a consistent manner. 
The unit vectors —n(P) define the opposite orientation. For example, if the n vectors 
are outward-pointing unit normal vectors on a sphere, then a flow from the inside of the 
sphere to the outside has a positive flux. 

The normal component of a vector field F at a point P on an oriented surface S is 
the dot product 


where @ is the angle between F(P) and n(P) (Figure 2). Often, we write n instead of 
n(P), but it is understood that n varies from point to point on the surface. The vector 
surface integral of F over S is defined as the surface integral of the normal component 
of F: 


vector surface integral = | Í (F-n)dsS 
JJS 


This quantity is also called the flux of F across or through S. 
An oriented parametrization G(u,v) is a regular parametrization [meaning that 
N(u, v) is nonzero for all u, v] whose unit normal vector defines the orientation: 
N(u, v 
n=n(u,v) = Nir) 
INC, v) |l 


Applying Eq. (1) in the margin to F - n, we obtain 


II Femads = f (ŒF -n)|INCu, v)|| du dv 
S D 


Níu, v) 
= Jf F(G(u, v)) - (a PL) ING o) du dv 


= II F(G(u.v)) N(u, v) dudv 2 
D = 
This formula remains valid even if N(u, v) is zero at points on the boundary of the pa- 
rameter domain D. If we reverse the orientation of S in a vector surface integral, N(u, v) 
is replaced by —N(u, v) and the integral changes sign. 
Thus, we obtain the following theorem. 


THEOREM 1 Vector Surface Integral 


Let G(u, v) be an oriented parametrization of 


a surface S with parameter domain D. Assume that G is one-to-one and regular, except 
possibly at points on the boundary of D. Then 


l (F -n)dS = i F(G(u,v))- N(u, v)du dv 
JJS D 


If the orientation of S is reversed, the surface integral changes sign. 


Another notation for the vector surface integral is obtained by expressing the product 
of the unit normal vector n and the surface area differential dS as the vector surface 
differential dS = nd S. Thus, 


y 


FIGURE 3 The surface 

G(u, v) = (u2, v, u? — u2?) with an 
upward-pointing normal. The vector field 
F = (0,0, x) points in the vertical 
direction. 


FIGURE 4 The vector field F = (z, x, 1). 
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EXAMPLE 1 Calculate | | F- dS, where F = (0,0,x) and S is the surface with 
S 


parametrization G(u,v) = (u2,v,u> — v?) fr0<u<1,0<v< 1l and oriented by 
upward-pointing normal vectors. 


Solution 


Step 1. Compute the tangent and normal vectors. 


T,, = (2u,0,3u°}, Ty = (0,1, —2v) 


ij RÈ 
Nu v) =T; xT =| 2u 0 3u? 
0 J] —2v 


= —3u7i+ 4uvj + 2uk = (—3u?, duv, 2u) 


The z-component of N is positive on the domain 0 < u < 1, so N is the upward- 
pointing normal (Figure 3). 


Step 2. Evaluate F - N. 
Write F in terms of the parameters u and v. Since x = u“, 


F(G(u, v)) = (0,0, x) = (0,0, u°) 
and 
F(G(u, v)) -N(u, v) = (0,0, u?) - (—3u?, 4uv, 2u) = 2u? 


Step 3. Evaluate the surface integral. 
The parameter domain is0 < u < 1,0 < v < 1, so 


l l 
If F-dS= J / F(G(u, v)) - N(u, v)dudu 
S u=0 J v=0 


1 1 I 1 
arf | 2u? dv du = | 2u? du = = i 
u=0 J v=0 u=0 2 


EXAMPLE 2 Integral over a Hemisphere Calculate the flux of F = (z,x,1) across 
the upper hemisphere S of the sphere x? + y? + z? = 1, oriented with outward-pointing 
normal vectors (Figure 4). 


Solution Parametrize the hemisphere by spherical coordinates: 
G(0,ġ) = (cos @ sing, sin 0 sing, cos ¢), 0<¢< =: 0 <98 < 2r 


Step 1. Compute the normal vector. 
According to Eq. (2) in Section 16.4, the outward-pointing normal vector is 


N = Ty x To = sin ¢(cos 8 sin ¢, sin 0 sin ¢, cos ¢) 
Step 2. Evaluate F . N. 


F(G(6,¢)) = (z,x, 1) = (cos ¢, cos@ sing, 1) 
F(G(@, ¢)) - N0, p) = (cos ¢, cos 6 sin ¢, 1) - (cos @ sin’ ¢, sin 0 sin? ¢, cos ¢ sin ġ) 


= cos 6 sin? $ cos ġ + cos 0 sind sin? h + cos ¢ sin ¢ 
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Step 3. Evaluate the surface integral. = 


m/2 p2r 
II F-.dS = / 1 F(G(6, ¢)) -N(@,¢) dé do 
S =0 vo=—0 


nm/2 par 

=| (cos @ sin? ¢ cos¢ + cos@ sin sin? @ + cos @¢ sin $) d8 do 
: £ Integral over 0 < 6 < 27 is zero 

The integrals of cos @ and cos @ sin 0 over [0, 27 ] are both zero, so we are left with 


m/2 cos” n/2 


2x 
ji cos sing do do = 27 | cos ġ sin ġ dọ = —27 
6=0 


nm /2 


=z E 


EXAMPLE 3 Surface Integral over a Graph Calculate the flux of F = xj through 
the surface S defined by y = 1+ x? + z? for 1 < y <5. Orient S with normal pointing 
in the negative y-direction. 

Solution This surface is the graph of the function y = 1 + x? + z”, where x and z are 
the independent variables (Figure 5). 


Step 1. Find a parametrization. 
It is convenient to use x and z because y is given explicitly as a function of x and z. 


Thus, we define 


G(x,z) = (x,1+x7+27,2) 


haina What is the parameter domain? Since y = 1 + x? + z2, the condition 1 < y <5 is 
equivalent to 1 < 1 +x? +z? <Sor0< x? +z? < 4. Therefore, the parameter do- 

main is the disk of radius 2 in the xz-plane—that is, D = {(x, z) : x? +27 < 4}. 
Because the parameter domain is a disk, it makes sense to use the polar variables 

r and @ in the xz-plane. In other words, we write x = r cos@, z =rsin@. Then 


NL!” 


y=1+x? +z = leer 
G(r,@) = (r cos0, | +rĉ?,r sin), 0<0<2mz, 0< <2 
Step 2. Compute the tangent and normal vectors. 
T, = (cos 6, 2r,sin@), To = (—r sin 8, 0,r cos 0} 
i j k 
N=T, xTọ=| cos@ 2r sin@ |=2r?cosĝi—rj+ 2r? sink 
—rsin6 0 rcos@ 


The coefficient of j is —r. Because this coefficient is negative, N points in the negative 
y-direction, as required. 
Step 3. Evaluate F -N. 


CAUTION In Step 3, we integrate F - N with 
respect to dr d, and notrdrd@. The 
factor ofr inr dr d is a Jacobian factor 
that we add only when changing variables 
in a double integral. In surface integrals, a p2 
the Jacobian factor is incorporated into the J J F- dS = J Í F(G(r,0)) -Ndr d0 = [ [ (=r? cos” 6) dr d@ 
magnitude of N (recall that ||N|| is an area S D 0 0 

scaling factor). 


F(G(r,@)) = xj = r? cos” 0j = (0, r? cos? 6, 0) 


F(G(r,8)) -N = (0, r? cos? 0,0} - (2r* cos 0, —r, 2r? sin@) = —r? cos? 6 
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It is not surprising that the flux is negative since the positive normal direction 
was chosen to be the negative y-direction but the vector field F points in the positive 
y-direction. E 


CONCEPTUAL INSIGHT Since a vector surface integral depends on the orientation of 
the surface, this integral is defined only for surfaces that have two sides. However, 
some surfaces, such as the Möbius strip (discovered in 1858 independently by August 
Möbius and Johann Listing), cannot be oriented because they are one-sided. You can 
construct a Möbius strip M with a rectangular strip of paper: Join the two ends of the 
strip together with a 180° twist. Unlike an ordinary two-sided strip, the Möbius strip 
M has only one side, and it is impossible to specify a positive normal direction in a 
consistent manner (Figure 6). If you choose a unit normal vector at a point P and carry 
that unit vector continuously around M, when you return to P, the vector will point 
in the opposite direction. Therefore, we cannot integrate a vector field over a Möbius 
strip, and it is not meaningful to speak of the flux across M. On the other hand, it is 
possible to integrate a scalar function. For example, the integral of mass density would 
equal the total mass of the Möbius strip. 


FIGURE 6 Itis not possible to choose a 
continuously varying unit normal vector on 


a Möbius strip. Möbius strip Ordinary (untwisted) band 


Fluid Flux 


Imagine dipping a net into a stream of flowing water (Figure 7). The flow rate is the 
volume of water that flows through the net per unit time. 

To compute the flow rate, let v be the velocity vector field. At each point P, v(P) is 
the velocity vector of the fluid particle located at the point P. We claim that the flow rate 
through a surface S is equal to the surface integral of v over S. 

To explain why, suppose first that S is a rectangle of area A and that v is a constant 
vector field with value vo perpendicular to the rectangle. The particles travel at speed 
llVol|, say, in meters per second, so a given particle flows through S within a 1-second 
time interval if its distance to S is at most ||Vo|| meters—in other words, if its velocity 
vector passes through S (see Figure 8). Thus, the block of fluid passing through S ina 
l-s interval is a box of volume |[Vo|| A (Figure 9), and 


FIGURE 7 Velocity field of a fluid flow. 


flow rate = (velocity)(area) = ||Vo|] A 
Surface S of area A 
viewed from above Surface S of areaA 


FIGURE 8 The particle P flows through S a 


within a 1-second interval, but Q does not. Block of water has One second later 
volume A |lyo| (the block has passed through S) 


FIGURE 9 
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If the fluid flows at an angle 8 relative to S, then the block of water is a parallelepiped  _ 
(rather than a box) of volume A||vojl cos@ (Figure 10). If N is a vector normal to S of 
length equal to the area A, then we can write the flow rate as a dot product: 


flow rate = A||vo|| cos@ = vo -N 


Surface S of area A 


f ie - viewed from above 


Surface S of area A 


N = normal of length A 


FIGURE 10 Water flowing at constant 
velocity Vg, making an angle 6 witha Block of water has volume 
rectangular surface. Allvolicos@ =N- vo 


In the general case, the velocity field v is not constant, and the surface S may be 
curved. To compute the flow rate, we choose a parametrization G(u, v) and we consider a 
small rectangle of size Au x Av that is mapped by G toa small patch So of S (Figure 11). 
For any sample point G(uo, vo) in So, the vector N(uo, vo) Au Av is a normal vector of 
length approximately equal to the area of So [Eq. (3) in Section 16.4]. This patch is nearly 
rectangular, so we have the approximation 


Patch So has 
area || N(up, ¥,)||AuAv 


flow rate through So ~ v(ug, vo) - N(uo, vo) Au Av 


The total flow per second is the sum of the flows through all of the small patches covering 
S. As usual, the limit of the sums as Au and Av tend to zero is the integral of v(u, v) - 
N(u, v), which is the surface integral of v over S. 


For a fluid with velocity vector field v, 


FIGURE 11 The flow rate across the small Flow Rate Through a Surface 


patch So is approximately 


v(uo, vo) - N(uo, vo) Au Av. flow rate across the S (volume per unit time) = J [ v- dS 
S 


EXAMPLE 4 Let v= (x? + y”,0, z*) be the velocity field (in centimeters per second) 
of a fluid in R?. Compute the flow rate upward through the upper hemisphere S of the 
unit sphere centered at the origin. 


Solution We use spherical coordinates: 
x = cos ô sing, y = sin sinġ, Z=cos@ 


The upper hemisphere corresponds to the ranges 0 < @ < 4 and 0 < 0 < 27. By Eq. (2) 
in Section 16.4, the upward-pointing normal is 


N = Ty x To = sin ġ(cos 8 sing, sin 6 sing, cos ¢) 
We have x? + y” = sin? @, so 
v = (x? + y?,0, z’) = (sin? , 0, cos” p) 
v-N=sin ġ(sin? $, 0, cos? $) - (cos @ sin g, sin @ sin ġ, cos ¢) 


= sinf $ cos 0 +singcos’ $ — 


n/2 pn 
If v-dS= (sinf $ cos @ + sing cos? d) dO dọ 
S =0 /4@=0 


FIGURE 12 The positive direction along the 
boundary curve C is defined so that if a 
pedestrian walks in the positive direction 
with the surface to her left, then her head 
points in the positive (normal) direction. 


The tesla (T) is the SI unit of magnetic field 
strength. A 1-coulomb point charge 
passing through a magnetic field of 1 tesla 
at 1 m/s experiences a force of 1 newton. 


The electric field E is conservative when 
the charges are stationary or, more 
generally, when the magnetic field B is 
constant. When B varies in time, the 
integral on the right in Eq. (5) is nonzero 
for some surface, and hence the circulation 
of E around the boundary curve C is also 
nonzero. This shows that E is not 
conservative when B varies in time. 
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The integral of sin* ¢ cos 6 with respect to 0 is zero, so we are left with 
n/2 


27 
| sin cos? ġo d0 do = 2x J cos? ġ sinġ dd 
6é=0 


m/2 


=0 


4 
ae -= 2) 


Since N is an upward-pointing normal, this is the rate at which fluid flows across the 
hemisphere from below to above. E 


ġ=0 


{2 


“2 ate 
= z m/s 


ġ=0 


Electric and Magnetic Fields 


The laws of electricity and magnetism are expressed in terms of two vector fields, the 
electric field E and the magnetic field B, whose properties are summarized in Maxwell’ s 
four equations. One of these equations is Faraday’s Law of Induction, which can be 
formulated either as a partial differential equation or in the following integral form: 


In this equation, S is an oriented surface with boundary curve C, oriented as indicated in 
Figure 12. The line integral of E is equal to the voltage drop around the boundary curve 
(the work performed by E moving a positive unit charge around C). 

To illustrate Faraday’s Law, consider an electric current of i amperes flowing 
through a straight wire. According to the Biot-Savart Law, this current produces a mag- 
netic field B of magnitude B(r) = an T, where r is the distance (in meters) from the 
wire and uo = 4x - 107’ T-m/A. At each point P, B is tangent to the circle through 
P perpendicular to the wire as in Figure 13(A), with the direction determined by the 
right-hand rule: If the thumb of your right hand points in the direction of the current, then 
your fingers curl in the direction of B. 


Wire loop C —____| 


Rectangular 
region R 


(A) Magnetic field B due to (B) The magnetic field B points in 
a current in a wire the direction N normal to R 
FIGURE 13 


EXAMPLE 5 A varying current of magnitude (t in seconds) 
i = 28 cos (400t) amperes 


flows through a straight wire [Figure 13(B)]. A rectangular wire loop C of length 
£=1.2 m and width H = 0.7 m is located a distance d = 0.1 m from the wire as in 
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Magnetic flux as a function of time is often 
denoted by the Greek letter ®: 


Ss 


the figure. The loop encloses a rectangular surface R, which is oriented by normal 
vectors N pointing out of the page. 


(a) Calculate the flux (t) of B through R. 
(b) Use Faraday’s Law to determine the voltage drop (in volts) around the loop C. 


Solution We choose coordinates (x, y) on rectangle R as in Figure 13, so that y is the 
distance from the wire and œR is the region 


O<x<L, a<y<H+d 
Our parametrization of R is simply G(x, y) = (x, y), for which the normal vector N is 


the unit vector perpendicular to R, pointing out of the page. The magnetic field B at 


= (x, y) has magnitude aoe It points out of the page in the direction of N when i is 


positive and into the page when i is negative. Thus, 


(a) The flux ®¢(t) of B through œR at time ż is 


L H+d 
ow= f| B-as= | é B-Ndydx 
=0 Jy=d 


-f ioe Hoi y _ boli H+d dy 
x=0 J y=d Dery © 27 y=d 7 
_ KoL 8 +d 
~ 2w d 
_ Ho(!.2) La be 
in — } 28 4 
E ( D. M cos (400t) 


With uo = 4x - 107", we obtain 
@(t) © 1.4 x 1075 cos (4001) T-m? 


(b) By Faraday’s Law [Eq. (5)], the voltage drop around the rectangular loop C, oriented 
in the counterclockwise direction, is 


d® 
[ E- ds = Er æ —(1.4 x 1075) (400) sin (4001) = —0.0056 sin (4001) volts m= 


Types of Integrals 


We end with a list of the types of integrals we have introduced in this chapter. 


1. Scalar line integral along a curve C given by r(t) for a < t <b (can be used to 
compute arc length, mass, electric potential): 


b 
[ te.»204s= | FEE dt 


2. Vector line integral to calculate work along a curve C given by r(t) fora < t <b: 


b 
[raf PEE) rode = f Fi dx + Fody + F3 dz 
a & 


~~” 
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3. Vector line integral to calculate flux across a curve C given by r(t) fora < t < b: 


b 
[¥-nas= f Fir(t)) - N(t) dt 
C a 


4. Surface integral over a surface with parametrization G(u, v) and parameter domain 
D (can be used to calculate surface area, total charge, gravitational potential): 


If fF, y,z)dS = i} f (Gu, v)||N(u, v)|| du dv 
S D 


5. Vector surface integral to calculate flux of a vector field F across a surface S with 
parametrization G(u, v) and parameter domain D: 


If @-nas= ff ¥-as= ff F(G(u, v)) - N(u, v) du dv 
S S D 


16.5 SUMMARY 


¢ A surface S is oriented if a continuously varying unit normal vector n(P) is specified 
at each point on S. This distinguishes a positive direction across the surface. 

* The integral of a vector field F over an oriented surface S is defined as the surface 
integral of the normal component F - n over S. 

e Vector surface integrals are computed using the formula 


[I @-nas= |f F-as = || F(G(u, v)) - N(u, v) du dv 
S S D 


Here, G(u, v) is a parametrization of S such that N(u, v) = T, x T, points in the 
direction of the unit normal vector specified by the orientation. 
¢ The surface integral of a vector field F over S is also called the flux of F through S. 


If F is the velocity field of a fluid, then / J F - dS is the rate at which fluid flows 
S 
through S per unit time. 


16.5 EXERCISES 


Preliminary Questions 


1, Let F be a vector field and G(u, v) a parametrization of a surface S, 
and set N = T, x T,. Which of the following is the normal component 
of F? 


(a) F-N (b) F-n 


2. The vector surface integral J / F - dS is equal to the scalar surface 
S 


integral of the function (choose the correct answer): 
(a) IFI]. 
(b) F- N, where N is a normal vector. 


(c) F-n, where n is the unit normal vector. 


3. f | F - dS is zero if (choose the correct answer): 
S 


(a) F is tangent to S at every point. 


(b) F is perpendicular to S at every point. 


4. If F(P) =n(P) at each point on S, then I F - dS is equal to which 
S 

of the following? 

(a) Zero 


(b) Area(S) (c) Neither 


5. Let S be the disk x? + y? < 1 in the xy-plane oriented with normal in 


| F - dS for each of the following 
S 


the positive z-direction. Determine 
vector constant fields: 
(a) F = (1,0,0) 


(b) F = (0,0, 1) (c) F= (1,1,1) 


6. Estimate | ik F - dS, where S is a tiny oriented surface of area 0.05 
S 


and the value of F at a sample point in S is a vector of length 2 making an 
T. 
angle zi with the normal to the surface. 


7. A small surface S is divided into three pieces of area 0.2. Estimate 


| F . dS if F is a unit vector field making angles of 85°, 90°, and 95° 
S 


with the normal at sample points in these three pieces. 
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Exercises 
1. Let F =k 0, y), and let S be the oriented surface parametrized by 
G(u, v) = (u? — v,u, v?) for 0 < u < 2, —1 < v < 4. Calculate: 

(a) N and F - N as functions of u and v 

(b) The normal component of F to the surface at P = 


(c) [f¥-4s 


2. Let F = (y,—x,x* + y?), and let S be the portion of the paraboloid 
z= x? + y? where x? +y? < 3. 

(a) Show that if S is parametrized in polar variables x = rcos0, 
y =r sin, thenF-N=r?. 


2x p3 
(b) Show that | Í F-dS = f | r° dr d@ and evaluate. 
S 0 JO 


(3,2, 1) = GQ, 1) 


3, Let S be the unit square in the xy-plane shown in Figure 14, oriented 
with the normal pointing in the positive z-direction. Estimate 


[Ln 


where F is a vector field whose values at the labeled points are 


F(B) = (1, 1,7) 
F(D) = (0,1,8) 


F(A) = (2, 6,4), 
F(C) = (3,3, —3), 


4. Suppose that S is a-surface in R? with a parametrization G whose do- 
main D is the square in Figure 14. The values of a function f, a vector 
field F, and the normal vector N = T, x T, at G(P) are given for the four 
sample points in D in the following table. Estimate the surface integrals of 
f and F over S. 


In Exercises 5-17, compute j | F - dS for the given oriented surface. 
S 


5. F=(y,z,x), plane 3x-—4y+z=1, O0<x<1, O0<y<1, 


upward-pointing normal 


6. F= (e,z,x), 
ented by T, x T, 


G(r,s)=(rs,r+s,r),0<r<1,0<s<1, ori- 


T Fe 
z>0, 


(0,3,x), part of sphere x? + y? + z? = 9, where x > 0, y > 0, 
outward-pointing normal 


1 
8. F= (x,y,z), part of sphere x? + y2+z*=1, where 5 <z< 
3 
a inward-pointing normal 
9. B= (z.z, x), z=9— x? ~ y, x>0, y20, z>0, upward- 


pointing normal 


10. F = (siny,sinz, yz), rectangle O< y<2, O<z<3 in the 
(y,z)-plane, normal pointing in negative x-direction 


11, F = y*i+ 2j — xk, portion of the plane x + y + z = 1 in the octant 


x,y,z > 0, upward-pointing normal 

12, E= ce, ye), cylinder x? + y? = 4,1 < z < 5, outward-pointing 
normal 

13. F = (xz, yz,z'}, disk of radius 3 at height 4 parallel to the 
xy-plane, upward-pointing normal 

14. F=(xy,y,0), cone z=x2+y*, x?+y?<4, 220, 
downward-pointing normal 

15. F = (0,0,e"+*), boundary of unit cube O<x<1, O<y<l, 
0<z<l1, outward-pointing normal 

16. F=(0,0,z7), Gu, v) = (u cos v, usin», v),0 < u < 1, 
QO<v<2z, upward-pointing normal 


17. F = (y,z,0}, G(u, v) = (u? — v,u +v, v’), 0 <u <2, 
0<v <3, downward-pointing normal 


18. [AA Let S be the oriented half-cylinder in Figure 15. In (a)-(f), 
determine whether J i) F . dS is positive, negative, or zero. Explain your 


£ 
reasoning. 
(a) F =i (b) E= (c) F=k 
(d) F=yi (e) F=-yj () F=xj 
FIGURE 15 
19. Let er = (x/r,y/r,z/r) be the unit radial vector, where 


r=4/x? + y? + z?. Calculate the integral of F = e~"e, over: 

(a) the upper hemisphere of x?-+y?+z?=9, outward-pointing 
normal. 

(b) the octant x > 0, y > 0,z > 0 of the unit sphere centered at the origin. 


nN 


20. Show that the flux of F = = through a sphere centered at the origin 
P 


does not depend on the radius of the sphere. 


21. The electric field due to a point charge located at the origin in R? 
is E = a where r = ~x? + y? + z? and k is a constant. Calculate the 
r 


flux of E through the disk D of radius 2 parallel to the x y-plane with center 
(0, 0, 3). 


2 2 2 
22. Let S be the ellipsoid (>) + (3) — (5) = 1. Calculate the 
flux of F = zi over the portion of S where x,y,z <0 with upward- 
pointing normal. Hint: Parametrize S using a modified form of spherical 


coordinates (6, d). 


23. Let v = zk be the velocity field (in meters per second) of a fluid in 
R°. Calculate the flow rate (in cubic meters per second) through the upper 
hemisphere (z > 0) of the sphere x? + y? +z? = 1. 


24. Calculate the flow rate of a fluid with velocity field v = (x, y, x? y} (in 


> 2 2 
meters per second) through the portion of the ellipse (5) + ( a — | 
in the xy-plane, where x, y > 0, oriented with the normal in the positive 
z-direction. 

In Exercises 25-28, a net is dipped in a river. Determine the flow rate of 
water across the net if the velocity vector field for the river is given by v 
and the net is described by the given equations. 


a ¥= (x =A FE z. net given by x? +z? < 1, y = 0, oriented 
in the positive y-direction 


26. v =({x— y,z+y+4,z?}, net given by y=1-—x?-—z?,y > 0, 
oriented in the positive y-direction 


ays ve —y,z+y + 4,27), net given by y= V1 — x? —7z2,y > 0, 
oriented in the positive y-direction 


28. v = (zy, xz, xy), net given by y = 1 — x — z, for x, y,z > 0 oriented 
in the positive y-direction 

In Exercises 29-30, let T be the triangular region with vertices (1,0, 0), 
(0,1,0), and (0,0,1) oriented with upward-pointing normal vector 
(Figure 16). Assume distances are in meters. 


29. A fluid flows with constant velocity field v = 2k (meters per second). 
Calculate: 


(a) the flow rate through T. 
(b) the flow rate through the projection of T onto the xy-plane [the trian- 
gle with vertices (0, 0, 0), (1,0, 0), and (0, 1, 0)]. 


30. Calculate the flow rate through 7 if v = —j m/s. 


FIGURE 16 
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31. Prove that if S is the part of a graph z = g(x, y) lying over a domain 
D in the xy-plane, then 


ð 
I F-as= ff (-n -p+ r) dx dy 
S D Ox dy 


In Exercises 32-33, a varying current i(t) flows through a long straight 

wire in the xy-plane as in Example 5. The current produces a magnetic 
i 

field B whose magnitude at a distance r from the wire is B = — T, 
ur 

where uo = 42 -10-7 T-m/A. Furthermore, B points into the page at 


points P in the xy-plane. 


32. Assume that i(t) = t(12 — t) A (t in seconds). Calculate the flux ®(t), 
at time ¢, of B through a rectangle of dimensions L x H = 3 x 2 m whose 
top and bottom edges are parallel to the wire and whose bottom edge is 
located d = 0.5 m above the wire, similar to Figure 13(B). Then use Fara- 
day’s Law to determine the voltage drop around the rectangular loop (the 
boundary of the rectangle) at time ¢. 


33. Assume that i = 10e—®"' A (t in seconds). Calculate the flux (2), at 
time ¢, of B through the isosceles triangle of base 12 cm and height 6 cm 
whose bottom edge is 3 cm from the wire, as in Figure 17. Assume the 
triangle is oriented with normal vector pointing out of the page. Use Fara- 
day’s Law to determine the voltage drop around the triangular loop (the 
boundary of the triangle) at time ¢. 


FIGURE 17 


In Exercises 34-35, a solid material that has thermal conductivity K 
in kilowatts per meter-kelvin and temperature given at each point by 
w(x, y,z) has heat flow given by the vector field E = —KVw and rate 


Vwds. 
Ss 


of heat flow across a surface S within the solid given by —K 


34, Find the rate of heat flow out of a sphere of radius 1 m inside a large 
cube of copper (K = 400 kW/m-k) with temperature function given by 
w(x, YZ) = 20 — 5(x? + y? + z?)°C. 


35. An insulated cylinder of solid gold (K = 310 kW/m-k) of radius 
./2 m and height 5 m is heated at one end until the temperature at each 
point in the cylinder is given by w(x, y,z) = (30 — z”)(2 — (x? + y?)). 
Determine the rate of heat flow across each horizontal disk given by z = 1, 
z=2, and z = 3, identifying which has the greatest rate of heat flow 
across it. 
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Further Insights and Challenges 
36. A point mass m is seated at the origin. Let Q be the flux of the grav- 
itational field F = -Gm4 through the cylinder x? + y? = R? for a < 


z < b, including the top and bottom (Figure 18). Show that Q = —4aGm 
if a < 0 < b (m lies inside the cylinder) and Q = 0 if 0 < a < b (m lies 
outside the cylinder). 


FIGURE 18 


In Exercises 37 and 38, let S be the surface with parametrization 
u u . . U 
G(u, v) = ((1 + vcos 5) COS 4, (1 + ycos 4, sin 4, v sin >) 


for0 <u <2n, -4 <u < 5. 


37. Use a computer algebra system. 
(a) Plot S and confirm visually that S is a Möbius strip. 


(b) The intersection of S with the xy-plane is the unit circle G(u,0) = 
(cos u, sin u, 0). Verify that the normal vector along this circle is 


N(u, 0) = (cos u sin = sin u sin “ — cos z) 


(c) As u varies from 0 to 27, the point G(u, 0) moves once around the 
unit circle, beginning and ending at G(0,0) = G(27, 0) = (1,0, 0). Verify 
that N(u, 0) is a unit vector that varies continuously but that N(27,0) = 
—N(0, 0). This shows that S is not orientable—that is, it is not possible 
to choose a nonzero normal vector at each point on S in a continuously 
varying manner (if it were possible, the unit normal vector would return to 
itself rather than to its negative when carried around the circle). 


38. We cannot integrate vector fields over S because S is not ori- 
entable, but it is possible to integrate functions over S. Using a computer 
algebra system: 


(a) Verify that 


3 I 
IINCu, vil? =1+ rick + 2v cos = + zi COS U 


(b) Compute the surface area of S to four decimal places. 


(c) Compute 1 i (x? + y ata z?) dS to four decimal places. 
S 


CHAPTER REVIEW EXERCISES 


1. Compute the vector assigned to the point P = (—3, 5) by the vec- 
tor field: 


(a) E(x, y) = (xy, y — x) 
(b) F(x, y) = (4,8) 
(c) F(x, y) = (37, loga(x + y)) 


2. Find a vector field F in the plane such that ||E(x, y)|| = 1 and 
F(x, y) is orthogonal to G(x, y) = (x, y) for all x, y. 


In Exercises 3—6, sketch the vector field. 
3. F(x, y) = (y, 1) 


5. Vf, where f(x, y) =x? — b 


4. E(x, y) = (4,1) 


4y i 
6. FX, y) =( —= ———— 
(= + 4y2 yx? + =) 
ae Show that F is a unit vector field tangent to the family of ellipses 
x 4 4y? = 2. 
In Exercises 7-14, calculate div(F) and curl(F). 


F = (x?, y*, 27) 8 F= 


(YZ, XZ, XY) 
10. F = (sinxy,cos yz, sin xz) 


= (e* FY, eY FZ, xyz} 


9 F= tee y, xz”, yz) 


11. F = yi — zk 12. F 
ve I) 


(r = Jx? + y? +z?) 


14. e = ra} (x, yrz) 


15. Show that if Fj, F2, and F3 are differentiable functions of one 
variable, then 


curl ((F) (x), Fo(y), F3(z))) = 
Use this to calculate the curl of 


j 3 
FG, y,z)= ee + y’, Iny+ z sin(z?)e? ) 


16. Give an example of a nonzero vector field F such that curl(F) = 
and div(F) = 


17. Verify the identity div(curl(F)) = 0 for the vector fields F = 
(xz, ye*, yz) and G = (ZA ny? ea" 


In Exercises 18-26, determine whether the vector field is conservative, 
and if so, find a potential function. 


18. F(x, y) = (x2y, y2x) 19. F(x, y) = (4x39, 5x44) 
20. F(x, y, z) = (sin x, e”, z) 21. F(x, y,z) = (2,4,7) 
Ze. E(x, y,z)= (xyz, 4 5x? 22 2y) 23. F(x, y) = ax xey>) 
24. F(x, y,z) = ( ae A 22} 
1+ x2 
2xy y 
25. F(x, y,z) = ji ma? + 2), ) 
4 x? +z 3 x2 +z 


26. F(x, y, z) = (xe**, ze*)) 


m 


WW 27. Find a conservative vector field of the form F = (g(y), h(x)) such 


that F(0, 0) = (1,1), where g(y) and k(x) are differentiable functions. 
Determine all such vector fields. 


In Exercises 28-31, compute the line integral L f(x, y)ds for the 
given function and path or curve. 

28. f(x,y)=xy, the pathr(t) = (¢,2t —1) forO <t < 1 

29. f(x,y) =x—y, the unit semicircle x? + y =1,y>0 

30. f(x,y,z) = e* m 


bh H4<<2 


y 1.2 
the path r(t) = (Int, žr, l; ) far 
2./2z P 2 


31. f(x,y,z) =x +2y+z, the helix r(t) = (cos t, sin t, t) for 
O<t<2/2 


32. Find the total mass of an L-shaped rod consisting of the segments 
(2t,2) and (2,2 — 2t) for 0 < t < 1 (length in centimeters) with mass 
density 5(x, y) = x?y g/cm. 


33. Calculate F=Vf, where f(x, y,z)=xye*, and compute 
F - dr, where: 


(a) C is any curve from (1, 1,0) to (3, e, —1). 
(b) C is the boundary of the square 0 < x < 1, 0 < y < 1 oriented 
counterclockwise. 


34. Calculate / ydx + x*y dy, where C, is the oriented curve in 
C 
Figure 1(A). 


x x 
3 
(A) (B) 


FIGURE 1 


35. Let F(x, y) = (9y — y?, ev (x? — 3x)), and let C2 be the oriented 
curve in Figure 1(B). 
(a) Show that F is not conservative. 


(b) Show that [ 
2 
gral. Hint: Show that F is orthogonal to the edges along the square. 


F - dr = 0 without explicitly computing the inte- 


In Exercises 36—39, compute the line integral | F - dr for the given 
c 


vector field and path. 
2y x Tiel 
36. F(x, y) = ( ———-~, =~ }, the path r(t = (cost, 5 sinz) 
ial (= at eat Pow : 


forO<t < 27 


37. F(x, y= (2xy, x? + yA, the part of the unit circle in the first 
quadrant oriented counterclockwise 


38. F(x, y) = icy, y*z, rae» the path r(t) = (e7! e7% e~t ) for 
0O<t<@& 
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39. F=Vf, where f(x,y,z) = 4x7In(1+y*+27), the path 
r(t) = (13, inc + 1?), e| for0 <t <1 


40. Consider the line integrals | F - dr for the vector fields F and 
e 


paths r in Figure 2. Which two of the line integrals appear to have 
a value of zero? Which of the other two appears to have a negative 
value? 


(C) (D) 


FIGURE 2 


41. Calculate the work required to move an object from P = (1,1,1) 
to Q = (3, —4, —2) against the force field F(x, y, z) =—12r74 (x, y, Z) 
(distance in meters, force in newtons), where r = yx? + y4 + 22. 
Hint: Find a potential function for F. 
42. Find constants a, b, c such that 

G(u, v) = (u + av, bu + v,2u — c) 


parametrizes the plane 3x — 4y +z = 5. Calculate T,,, Ty, and 
N(u, v). 


43. Calculate the integral of f(x, y,z) = e7 over the portion of the 
plane x + 2y + 2z = 3, where x, y,z > 0. 


44. Let S be the surface parametrized by 


aw v 
Gu, v) = (2u sin 7’ 2u cos 7’ 3v) 


forO <u < l and0 < v < 2x. 

(a) Calculate the tangent vectors T,, and T, and the normal vector 
N(u, v) at P = GC, =a 

(b) Find the equation of the tangent plane at P. 

(c) Compute the surface area of S. 
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45. Plot the surface with parametrization 
G(u, v) = (u + 4v, 2u — v, Suv) 


for —1 < v < 1, —1 < u < 1. Express the surface area as a double 
integral and use a computer algebra system to compute the area 
numerically. 


46. Express the surface area of the surface z = 10 — x? — y? 
for —1 <x < 1, —3 < y <3 as a double integral. Evaluate the inte- 
gral numerically using a CAS. 


47. Evaluate | | x*y dS, where S is the surface z = J3x + y2, 
S 

-1<x<1,0<y<l. 

48. Calculate | [ G + y?) e`? dS, where S is the cylinder with 
S 


equation x? +y? =9for0 <z < 10. 

49. Let S be the upper hemisphere x2 + y? +z? = 1,z > 0. For each 

of the functions (a)}—(d), determine whether f Í f dS is positive, 
S 


zero, or negative (without evaluating the integral). Explain your rea- 
soning. 

(a) fey) =y (b) fœ, yz) =z 

(c) f(x, y,z) = xyz (d) fœ, y,z) =z? -2 

50. Let S be a small patch of surface with a parametrization G(u, v) 
for 0 < u < 0.1, 0 < v < 0.1 such that the normal vector N(u, v) for 
(u, v) = (0,0) is N = (2, —2,4). Use Eq. (3) in Section 16.4 to esti- 
mate the surface area of S. 

51. The upper half of the sphere x? + y? +z? = 9 has parametriza- 
tion G(r,89)= (r cosĝ,r sinĝ, v9 — r?) in cylindrical coordinates 
(Figure 3). 


FIGURE 3 


(a) Calculate the normal vector N = T, x Tg at the point G(2, be oe 


(b) Use Eq. (3) in Section 16.4 to estimate the surface area of G(R), 
where R is the small domain defined by 


In Exercises 52-57, compute F - dS for the given oriented sur- 
S 


face or parametrized surface. 


52. F(x, y,z) = (y, x, e}, x*+y?=9,x>0,y>0, 
—3 <z<3, outward-pointing normal 


53. F(x, y,z) = (-y.z,-x), Gu, v) = (u + 3v, v — 2u, 2v + 5), 
0<u<1,0<v<1, upward-pointing normal 


54. F(x, y,z) = (0,0,x7+y), x27 +y?+27=4, 220, 
outward-pointing normal 


A 
55. F(x, y,z) = (z, 0, 2), G(u, v) = (v cosh u, v sinh x, v), 
0<u<1,0<v<1, upward-pointing normal 


56. F(x, y,z) =(0,0,xze), z=xy, O<x<1,0<y<1, 
upward-pointing normal 


57. F(x, y,z) = (0,0,z), 3x*+2y*+727=1, z2>0, 
upward-pointing normal 
58. Calculate the total charge on the cylinder 

x7 4+ y* = R?, O<z<H 


if the charge density in cylindrical coordinates is 6(9,z) = K z? cos” 6, 
where XK is a constant. 


59. Find the flow rate of a fluid with velocity field v = (2x, y,xy) m/s 
across the part of the cylinder x2 + y? = 9 where x > 0, y > 0, and 
0 < z < 4 (distance in meters). 


60. With v as in Exercise 59, calculate the flow rate across the part of 
2 


— F x 3) 
the elliptic cylinder F + y^ = 1, where x > 0, y > 0,and0 <z <4. 


61. Calculate the flux of the vector field E(x, y, z) = (0,0, x} through 
the part of the ellipsoid 


4x? +9y? +27 = 36 
where z > 3, x > 0, y > 0. Hint: Use the parametrization 


G(r, 9) = (3r cos 8, 27 sin 8, 6v 1 — r?) 


U 


Adding up the local swirling (curl) over Van 
Gogh’s Starry Night sky nets the overall 
circulation around the boundary of the region 
of sky in the painting. In this chapter, with 
vector fields, curl, and surface and line 
integrals, we paint the mathematically formal 
version of this relationship between curl and 
circulation as Stokes’ Theorem, 

[f5(V x F) - dS = fas F - dr. 


FIGURE 1 The boundary of D is a simple 
closed curve C that is denoted 3D. The 
boundary is oriented in the 
counterclockwise direction. 


4w REMINDER The line integral of a vector 


field over a closed curve is called the 
circulation and is often denoted by the 


symbol f : 


Green's Theorem can also be written 


furore ff, CE-E)an 


Niday Picture Library/Alamy 


17 FUNDAMENTAL THEOREMS 
OF VECTOR ANALYSIS 


n this final chapter, we study three generalizations of the Fundamental Theorem of 


F'(x)dx = F(b) — F(a). If we 


think of the boundary of the interval [a,b] as being given by the two points {a,b}, then 
FTC I says that we can find the integral of the derivative of a function over an interval 


eig Part I, which we have seen indicates that 1 


- just by evaluating that function on the boundary of the interval. The first of these new 


theorems, Green’s Theorem, says that we can find a double integral of a certain type of 
derivative over a region in the xy-plane by finding a line integral around the boundary 
of the region. The second theorem, Stokes’ Theorem, allows us to find a surface integral 
of a certain derivative (involving curl) over a surface with boundary curves in space by 
evaluating a line integral on the boundary curves. The third theorem, the Divergence 
Theorem, allows us to find the triple integral of another kind of derivative (involving 


divergence) over a solid in space by evaluating a surface integral over the boundary 
surface of the solid. 


This is a culmination of our efforts to extend the ideas of single-variable calculus 
to the multivariable setting. However, vector analysis is not so much an endpoint as a 
gateway to the more advanced mathematical theory of differential forms and manifolds 
and to a host of applications in many fields, including physics, engineering, biology, and 
environmental science. 


17.1 Green’s Theorem 


In Section 16.3, we showed that the circulation of a conservative vector field F around 
every closed path is zero. For vector fields in the plane, Green’s Theorem tells us what 
happens when F is not conservative. 

To formulate Green’s Theorem, we need some notation. Consider a domain P in the 
plane whose boundary C is a simple closed curve—that is, a closed curve that does not 
intersect itself (Figure 1). We follow standard usage and denote the boundary curve C 
by 0D. The boundary orientation of 0D is the direction to traverse the boundary such 
that the region is always to your lefi, as in Figure 1. When there is a single boundary 
curve, the boundary orientation is the counterclockwise orientation. 

Recall the following two notations for the line integral of F = 


f E-a and | Fidx+ Fay 
C C 


If C is parametrized by r(t) = (x(t), y(t)) fora < t < b, then 
dx = x'(t) dt, dy = y(t) dt 


(Fy, F2): 


Throughout this chapter, we assume that the components of all vector fields have contin- 
uous second-order partial derivatives, and also that C is smooth (C has a parametrization 
with derivatives of all orders) or piecewise smooth (a finite union of smooth curves joined 
together at endpoints). 


b 
[ F; dx + Fi dy = / (Fi (x(t), NL EO + Fo(x(t), yEy A) dt 


THEOREM 1 Green’s Theorem Let D be a domain whose boundary 3D is a simple 
closed curve, oriented counterclockwise. If F; and F> have continuous partial deriva- 
tives in an open region containing D, then 


F 
$ Fdx+Pdy= || (5-5) dA 
aD 
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= [graph of y=f(x)] 


C, [graph of y = 8%) 


ze) 


FIGURE 2 The boundary curve 3D is the 
union of the graphs of y = g(x) and 
y = f(x) oriented counterclockwise. 


FIGURE 3 The boundary curve 3D is also 
the union of the graphs of x = h(y) and 
x = k(y) onented counterclockwise. 


Proof Because a complete proof is quite technical, we shall make the simplifying as- _ _ 
sumption that the boundary of D can be described as the union of two graphs y = g(x) 
and y = f(x) with g(x) < f(x) as in Figure 2 and also as the union of two graphs 
x = k(y) and x = h(y), with k(y) < h(y) as in Figure 3. 

From the terms in Eq. (2), we construct two separate equations to prove, one for F) 


and one for F>: 
OF 
fno=- ff Ea 
3D 
Fy 
Ray= ff $ — dA 
$, D Ox i 


If we can show that both these equations hold, then we obtain a proof of Green’s Theorem 
by adding them together. To prove Eq. (3), we write 


$ Fdz = | Fidx+ f Fı dx 
aD Cy Cy 


where C4 is the graph of y = g(x) and C2 is the graph of y = f(x), oriented as in Figure 2. 
To compute these line integrals, we parametrize the graphs from left to right using t = x 
as the parameter: 


Graph of y = g(x): ri(t) = (t, g(t)), a<t<b 
Graph of y = f(@): r(t) = (t, f(t), ax<t<b 


Since C2 is oriented from right to left, the line integral over dD is the difference 


SS 
$ Fidx = | Fidz~ f Fi dx 
aD C, Co 


In both parametrizations, x = t, so dx = dt, and by Eq. (1), 
b b 
$ Far=f Peed- f Fie fod [5] 
aD t=a t=a 
Now, the key step is to apply Part I of the Fundamental Theorem of Calculus to 
OF 
oa y) as a function of y with t held constant: 


f@) 
Fit. FO- Fits) = | ie, y)dy 


y=8(t) 


Substituting the integral on the right in Eq. (5), we obtain Eq. (3): 


b (fO OF OF 
$ Fidz=- | J a (7, y)dydt = -{{ > == 
aD =a Jy=g(t) OY 


Eq. (4) is proved in a similar fashion, by expressing 3D as the union of the graphs of 
x = h(y) and x = k(y) as in Figure 3. E 


Recall from Section 16.1 that if F is a conservative vector field, that is, if F = V if. 
then the cross-partial condition is satisfied: 


In this case, Green’s Theorem merely confirms what we already know: The line integral 
of a conservative vector field around any closed curve is zero. 


FIGURE 4 The vector field 
F(x, y) = (xy”, x). 


4 REMINDER To integrate cos? 6, use the 
identity cos? @ = 4(1 + cos 26). 


FIGURE 5 The region D is described by 
G2i52.9 = yom 
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EXAMPLE 1 Verifying Green’s Theorem Verify Green’s Theorem for the line inte- 
gral along the unit circle C, oriented counterclockwise (Figure 4): 


$ wy dx+xdy 
C 


Solution 


Step 1. Evaluate the line integral directly. 
We use the standard parametrization of the unit circle: 


x = ĉosð, = sin 
dx = — sin dé, dy = cos d0 
The integrand in the line integral is 
xy? dx + x dy =cos@ sin? 0(— sin d8) + cos 8 (cos 6 d0) 
= (—cos6 sin? 6 + cos? 0) d8 


and 


Qn 
$ xy°de +x dy =| (— cos sin? 6 + cos? 6) do 
C 0 


~= j 1 
+- (0 + = sin20 
a 2 3 


1 


Step 2. Evaluate the line integral using Green’s Theorem. 
In this example, F} = xy? and Fz = x, so 


sint 8 an 


4 


0 


a Fa a, Ta 7 
ase ta a ae 


According to Green’s Theorem, 


px dx+xdy= || (32-1) aa= | (1 —2xy)dA 
D 


where D is the disk x? + y? < 1 enclosed by C. The integral of 2xy over D is zero by 
symmetry—the contributions for positive and negative x cancel. We can check this 
directly: 


a/ 1—x? 1 Jie 
I (— 2yaa = -2 f / xydydx =~ Í xy?| dx = 0 
x=-1 =—4/ 1—x? x=-1 


Therefore, 


If (= - St) da= If 1 dA = area(D) = 


This agrees with the value in Step 1. So Green’s Theorem is verified in this case. m 


EXAMPLE 2 Computing a Line Integral Using Green’s Theorem Compute the circu- 
lation of F(x, y) = (sinx, x? y’) around the triangular curve C with the counterclockwise 
orientation shown in Figure 5. 
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Solution To compute the line integral directly, we would have to parametrize all three, 
sides of the triangle and compute three separate line integrals. Instead, we apply Green’s 
Theorem to the domain D enclosed by the triangle. This domain is described by 0 < x <2, 
O<y<x. 

Applying Green’s Theorem, we obtain 


Area via Green’s Theorem 


We can use Green’s Theorem to obtain formulas for the area of the domain D enclosed 


7 by a simple closed curve C (Figure 6). The trick is to choose a vector field F = (Fj, F2) 
=~ 6A KANNA OF, OF, 
a eS such that a T = 1. Here are a few possibilities: 


OF GF ð ð 


F(x, y) = then —— - —- = —x-—0=1 
If we choose F(x, y) = (0, x), then ax By aa ay 
OF- OF ð 
If we choose F(x, y) = (—y, 0), then — — —+ = 20 — ao ~y)=1 
Ox dy Ox 
OF, OF, ð /X ð -y 
If we choose F(x, y) = (—y/2,x/2), then == = 3y = = (2) - ( ; 
1 1 
FIGURE 6 The line integral of the vector =5 ate Dep l 


field {(—y/2,x/2) around C is equal to the 


area of the region D enclosed by C. By Green’s Theorem, in all three cases, we have 


$ Fidx+ Prdy= [fF (=- T1) aA = ff 1a4= area(D) 


Plugging in F; and F> for each of these three cases, we obtain the following three 
formulas for the area of the domain D enclosed by C. 


These remarkable formulas tell us how to compute an enclosed area by making measure- 
ments only along the boundary. It is the mathematical basis of the planimeter, a device 
that computes the area of an irregular shape when you trace the boundary with a pointer 
at the end of a movable arm (Figure 7). 


This end of the 
planimeter 
traces the shape. 


Area a / 
\ — Ey A ga 
a- +) g 
= sae = — ay — 3 


= This end of the~/ 
planimeter is 
fixed in place. 


FIGURE 7 A planimeter is a mechanical 
device used for measuring the areas of 
irregular shapes. 


Flexible elbow 


Courtesy of John D. Eggers UCSD/ photo by 
Adriene Hughes/ UC San Diego Media Lab 


Le 


ae 


— 


“Fortunately (for me), | was the only one in 
the local organization who had even heard 
of Green’s Theorem. .. although | was not 
able to make constructive contributions, | 
could listen, nod my head and exclaim in 
admiration at the right places.” 

John M. Crawford, geophysicist and 
director of research at Conoco Oil, 
1951-1971, writing about his first fob 
interview in 1943, when a scientist visiting 
the company began speaking about 
applications of mathematics to oil 
exploration 


4a REMINDER We use the fact that 
21 
i cos? 0 d0 =n 
0 


which follows immediately from the identity 


1 + cos 20 
2 


cos? 0 = 


as in Example 1. 


Stokes’ Theorem in the next section 
generalizes Green's Theorem to three 
dimensions, relating the circulation of a 
vector field around a simple closed curve in 
3-space to the integral of the curl over a 
surface that the curve bounds. 
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EXAMPLE 3 Computing Area via Green's Theorem Compute the area of the ellipse 
2 2 

(=) + (=) = | using a line integral. 

Solution We parametrize the boundary of the ellipse by 


x =acos8@, y= bsiné, 0 z0 < 27 
We can use any of the three formulas in Eq. (6). We will use the first. See Exercises 


16 and 17 for the computation using the other two. 


2x 
enclosed area = $ xdy= i (a cos 8)(b cos 0) dé 
C 0 


27 
= ab | cos? 6d6 = xab 
0 


X\2  y\2 
Thus, the area of an ellipse (=) + (=) = lis zab. fe 


The Circulation Form of Green’s Theorem 


Green’s Theorem can be written in a form that relates the circulation of a vector field 
around a simple closed curve to the integral of the curl of the vector field over the 
domain enclosed by the curve. To show this, think of a two-dimensional vector field 
F = (F\, F2) as a three-dimensional vector field with a third component 0. So, 
F = (F1, Fp,0). Then when we take the curl, keeping in mind that F; and F> depend 
only on x and y, we find 


i j k 
ð ð ð 
I©Œ)=| — >= = 
SS Ox dy az 
Fi Fo 0 
i OF, dF; 
= 0i+ 0j + | — - — 
: ( Ox dy ) 
. ôf OF 
The z-component of the result is A = zt which is the integrand that appears in 
Green’s Theorem. Thus, we define 
OF 
curl, (F) = curl(F) - k = age ems 
ð dy 


We can interpret this scalar quantity as the curl of the two-dimensional vector field F. 
Then Green’s Theorem becomes 


We refer to this form as the Circulation Form of Green’s Theorem. 
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FIGURE 8 The circulation of F around C is 
approximately curl-(F)(P) - area(D). 


Angular Velocity An arc of £ meters ona 
circle of radius r meters has radian 
measure €/r. Therefore, an object moving 
along the circle with a speed of v meters 


per second travels v/r radians per second. 


in other words, the object has angular 
velocity v/r. 


FIGURE 9 The curl is approximately equal 
to twice the angular velocity of a small 
paddle wheel placed at P. 


CONCEPTUAL INSIGHT Interpretation of curl. The Circulation Form of Green’s Theo- 
rem says a circulation integral and an integral of curl-(F) are equal. Consequently, it 
provides us with an interpretation of curl-(F) in terms of circulation. 

Let D be a small domain whose boundary is a circle C centered at P. If D is small 
enough we can approximate curl-(F) by the constant value curl.(F)(P) over D. The 
Circulation Form of Green’s Theorem yields the following approximation (Figure 8): 


$ F.: dr = If curl-(F)dA ~ curl. P) || aA 
C D D 


~ curl.(F)(P) - area(D) 


Thus, 


] = 
curl-(F)(P) = F -dr ð 
XPa e 

In other words, the curl is approximately the circulation around a small circle di- 
vided by the area of the circle. The approximation improves as the circle shrinks, and 
thus we can think of curl-(F)(P) as the circulation of F per unit area near P. 


GRAPHICAL INSIGHT If we think of F as the velocity field of a fluid, then we can mea- 
sure the curl by placing a small paddle wheel in the stream at a point P and observing 
how fast it rotates (Figure 9). Because the fluid pushes each paddle to move with a 
velocity equal to the tangential component of F, we can assume that the wheel itself 
rotates with a velocity vg equal to the average tangential component of F. If the paddle 
wheel is a circle C, of radius r (and hence length 27r), then the average tangential 
component of velocity is 
i 


= — ġo F-d 
k ony C, 7 


On the other hand, the paddle encloses an area of rr’, and for small r, we can apply 
the approximation formula (8) 


Ug © pier) curl. (F)(P) = (3) curl-(F)(P) 
2r 2 


Now, if an object moves along a circle of radius r with speed va, then its angular veloc- 
ity (in radians per unit time) is va/r * Scurl- (F)(P). Therefore, the angular velocity 
of the paddle wheel is approximately one-half the curl. 


Figure 10 shows vector fields such that curl-(F) is constant. Field (A) describes a 
fluid rotating counterclockwise around the origin, and field (B) describes a fluid that 
spirals into the origin. In both these cases, a small paddle wheel placed anywhere in 
the fluid rotates counterclockwise (corresponding to positive curl). On the other hand, 
a nonzero curl does not mean that the fluid itself is necessarily rotating. It means only 
that a small paddle wheel rotates if placed in the fluid. For example, field (C) is a shear 
flow (also known as a Couette flow). It has nonzero curl, but unlike cases (A) and (B), 
the fluid does not rotate about any point. However, the paddle wheel rotates clockwise 
(corresponding to negative curl) wherever it is placed. 


(A) F= (-y, x) 
curl (F) = 2 


(B) F=(-*-y,x-y) 
curl (F) = 2 
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In contrast to fields (A)-(C), the fields in cases (D) and (E) have zero curl. In either 
case, a paddle wheel placed anywhere in the vector field does not rotate. Unlike these 
examples, for most vector fields F, curl,(F) varies over the plane, having points where 
the paddle wheel turns counterclockwise, points where it turns clockwise, and points 
where it does not turn at all. 


Iwan 


# 
wt ta NN 
f 


L LA NNN 
LA LTR SOX 
(C) F=(y,0) (E) F= (x,y) 
curl, (F) = —1 curl (F) = 0 curl (F) = 0 


FIGURE 10 Examples of vector fields F and the corresponding curl; (F). 


FIGURE 11 The domain P is the union of 


D; and D2. 


Additivity of Circulation 


Circulation around a closed curve has an important additivity property: If we decompose 
a domain D into two (or more) nonoverlapping domains D, and D2 that intersect only 
on part of their boundaries as in Figure 11, then 


$ F-dr= 9 F-dr+ F-.dr 
aD aD aD 


To verify this equation, note first that 


$ F-ar= | F-ar+ f F -dr 
aD Crop Chot 


with Ctop and Chot as in Figure 11, with the orientations shown. Then observe that the 
dashed segment Cmiddie occurs in both 0D, and dD>2 but with opposite orientations. If 
Cmiddle is oriented right to left, then 


F-dr= f F-dr- f F-dr 
aD) Crop Ciniddle 


$ F-dr= f F-ar+ f F.dr 
aD Coot Crniddle 


We obtain Eq. (9) by adding these two equations: 


$ F-dr+¢ F-dr= f F-ar+ f F-ar= f F-dr 
aD aD», Crop Ce aD 
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More General Form of Green’s Theorem = 


Consider a domain D whose boundary consists of more than one simple closed curve as 
4a REMINDER In the boundary orientation, in Figure 12. As before, 3D denotes the boundary of D with its boundary orientation. For 
the region lies to the left as the curve is the domains in Figure 12, 


traversed in the orientation direction. ec aC 3Də = C3 + C4 —Cs 


The curve Cs occurs with a minus sign because it is oriented counterclockwise, but the 
boundary orientation requires a clockwise orientation. 


(A) Oriented boundary of D} is C, + Cy. (B) Oriented boundary of D, is C3 + C4 — Cs. 


FIGURE 12 


Green’s Theorem holds for more general domains of this type: 


OF. OF 
F-ar= || (32-3) dA 
p E S 


This equality is proved by decomposing D into smaller domains, each of which is 
bounded by a simple closed curve. To illustrate, consider the region D in Figure 13. We _ 
decompose D into domains Dı and D2. Then 


aD = aD, + dD) 


because the edges common to dD) and dP? occur with opposite orientation, and therefore 
cancel. By Eq. 9 and Green’s Theorem applied to both D; and D2, we have 


$ F-dr= f F-ar+ | F -dr 
aD aD, aD2 
OF. OF F 
-J E-B (BB) 
D, \ Ox ay D Oe ay 


The line integrals over 
these pairs of dashed 
edges cancel. 

FIGURE 13 Here, dD is the sum 

dD, + dP. Note that the dashed edges 


cancel. 2 
EXAMPLE 4 The Vortex Field Let F(x, y) = (=, — Assume that C is 
Atay ey 
In Example 6 in Section 16.2, we showed a simple closed curve oriented counterclockwise and that D is the region it encloses. 
that the integral of F is 2x for a Note that since F is not defined at (0,0), Green’s Theorem does not apply if (0,0) € D. ~~ 
counterclockwise path around any circle In contrast, if (0,0) ¢ D then we can use Green’s Theorem. Show that 


centered at the origin. Here, we show that 


this result extends to any simple closed $ E T l if (0,0) € D 
C 


2x if(0,0)eD 


curve enclosing the origin. 


FIGURE 14 


FIGURE 15 The flux of F is the integral of 
“\— the normal component F - n around the 
curve. 
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; OF) OF | ; 
Solution Applying the Quotient Rule to compute ae and By? we obtain 
afa aF, y-a’ 
ax dy +y? 


If (0,0) is not in D, then we may apply Green’s Theorem, and it follows that 


OF, OF 
f Fidx+ Fody= fff (2 - St) aa= I OdA=0 


as we wished to show. 

Now, assume (0,0) € D. To compute the integral using Green’s Theorem, we need 
to modify the enclosed region so that it satisfies the theorem. The idea is to cut out the 
“bad” part at the origin. Thus, we choose a small enough R so that the circle C* of radius 
R centered at the origin is contained in D, and we let D* be the region between C and 
C* (Figure 14). If we assume that C and C* are both oriented counterclockwise, then 
the oriented boundary of D* is dD* = C — C*. Since (0,0) is not in D*, we may apply 
Green’s Theorem: 


ð F: OF 
$ Fidx+ Pady = ff (F2-)aa= ff 0dA=0 
aD* * Dx 


Now, with dD* = C — C*, we have 
$ Fi dx + Fady — $ Fdx+Pdy= $ Fi dx + Fody=0 
C C* aD* 
From this, we conclude that 


$ Fidx+ Pady = $ Fı dx + Fo dy 
C D 


By Example 6 in Section 16.2, $ Fı dx + Fy dy = 2x, and therefore it follows that 
ct 


$ Fi dx + Fady = 2m in the case (0,0) € D as we wanted to show. E 
C 


The Circulation Form of Green’s Theorem relates a circulation integral to an integral 
of curl. Next, we introduce a form of Green’s Theorem that relates a flux integral to an 
integral of divergence. 


Flux Form of Green’s Theorem 


Recall from Section 16.2 that the flux of a vector field F across a curve C is the integral 
of the normal component of F along C, as in Figure 15. For a simple closed curve C, we 
are interested in the flux across the curve in the direction out of the enclosed region. 
We refer to this as the outward flux or flux out of C. It is given by the integral 


at nds, where n points away from the enclosed region. We assume that C is 


i by r(t) = (x(t), y(t)) for a <t < b, such that r(t) #0. Then the unit 

tangent vector is given by T = EAN = Ea am) and the outward unit normal 
Irl IOL Iro 

yi) 2x0) 

IPCI rol 


to the right as we travel around the curve. 


vector is given by n(t) = ( since its dot product with T is 0 and n points 
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The Divergence Theorem in Section 17.3 
generalizes the Flux Form of Green's 
Theorem to three dimensions, relating the 
outward flux of a vector field across a 
closed surface in 3-space to the integral of 
the divergence over the volume enclosed by 
the surface. 


Thus, the flux of F out of C is 


h » Pay o 
pF nds =f EARE O =| Ir) eO | Pro = 


b 
= | Fi y(t) dt — F>x'(t) dt = $ Fi dy — Fy dx 
a C 


We can apply Green’s Theorem to the last integral, but we have to realize that the roles 
of Fı and F> are switched and there is a negative sign with the second term. Since D is 
the region enclosed by C, and C = 0D, Green’s Theorem gives us 


f _Fidy- max= ff (+ 7) da 
aD 


OF, OF 
Now, the integrand ae + a is the divergence of the vector field F. Thus, we 
y 


obtain the Flux Form of Green’s Theorem: 


$ F-nds= || div(F) dA 
aD D 


EXAMPLE 5 Calculate the flux of F(x, y) = ca y F y) out of the unit circle. 


OF ð Fa 
Solution We find div F = r + — z = 3x? + 3y? + 1. Therefore, the flux of F out 
y 


of the unit circle is given by 


flux = ff avda = || (3x? +3y*+1)dA 
D D 


Converting to polar coordinates, we have 


2x pl 2x pl 
flux = | | (3r? + 1)r dr d@ = | f (3r? +r)dr dé 
0 0 0 0 


CONCEPTUAL INSIGHT Interpretation of Divergence The Flux Form of Green’s Theorem 
relates a flux integral to an integral of divergence, and therefore it gives us an interpre- 
tation of divergence in terms of flux out of a simple closed curve. 

Let D be a small domain bounded by a circle C centered at P. Over D, we can 
approximate div(F) by the constant value div(F)(P) if D is small. The Flux Form of 
Green’s Theorem yields the following approximation for the flux: 


$ F-nds it div(F) dA ~ dive) |f dA 
C D D 


~ div(F)(P) - area(D) 
Thus, 


div(F)(P) ~% 


area(‘D) 
This indicates that the divergence is approximately the flux out of a small circle, 


divided by the area of the circle. The approximation improves as the circle shrinks, 
and thus we can think of div(F)(P) as the outward flux of F per unit area near P. 
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17.1 SUMMARY 


« We have two notations for the line integral of a vector field on the plane: 


aD 


[ar and | Fidx+ Pay 
C C 


¢ 3D denotes the boundary of D with its boundary orientation (Figure 16). 


+ Green’s Theorem: 


OF: ð F- 
$ Fidx+ Pady = |f (2-15) dA 
aD D \ ox dy 


FIGURE 16 The boundary orientation is 
chosen so that the region lies to your left as 


you walk along the curve. e Formulas for the area of the region D enclosed by C: 


] 
area(D) = È xdy = Q -yax = 5p xdy— yds 
g e 2 Je 


¢ Circulation Form of Green’s Theorem: 


where curl; (F) = 


$ F-dar= ff curl, (F) dA 
aD D 


OF OF; 


“Ox. dy 


¢ For a two-dimensional vector field F, the quantity curl,(F) is interpreted as circulation 
per unit area. If C is a small circle centered at P, enclosing domain D, then 


curl,(F)(P) ~ 


l 
F. 
area(D) $ a 


e Flux Form of Green’s Theorem: 


$ F-nds= || div(F) d A 
aD D 


e For a two-dimensional vector field F, the quantity div(F) is interpreted as outward 
flux per unit area. If C is a small circle centered at P, enclosing domain D, then 


l 
div(F)(P) = area(D) pr -nds 


17.1 EXERCISES 


Preliminary Questions 
1. Which vector field F is being integrated in the line integral 
$ x? dy — e” dx? 


2. Draw a domain in the shape of an ellipse and indicate with an arrow 
the boundary orientation of the boundary curve. Do the same for the annu- 
lus (the region between two concentric circles). 


3. The circulation of a conservative vector field around a closed curve is 
zero. Is this fact consistent with Green’s Theorem? Explain. 


4. Indicate which of the following vector fields possess this property: For 
every simple closed curve C, $ F . dr is equal to the area enclosed by C. 
c 


(a) F(x, y) = (—y, 0) 
(b) F(x, y) = (x,y) 
(c) F(x, y) = (sin(x?), x +e”) 


5. Let A be the area enclosed by a simple closed curve C, and assume that 
C is oriented counterclockwise. Indicate whether the value of each integral 


is 0, —A, or A. 
(b) f ydx 
€ 


(a) f xax 

Cc 

(c) $ vay (d) p) xdy 
6 C 
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Exercises 
1. Verify Green’s Theorem for the line integral $ xydx + ydy, where 
C 


C is the unit circle, oriented counterclockwise. 


2. LetJ = $ F - dr, where F(x, y) = (y + sin x?, x? + ey’) and C is the 
c 


circle of radius 4 centered at the origin. 
(a) Which is easier, evaluating J directly or using Green’s Theorem? 
(b) Evaluate 7 using the easier method. 


In Exercises 3—12, use Green’s Theorem to evaluate the line integral. Ori- 
ent the curve counterclockwise unless otherwise indicated. 


3. $ y? dx +x? dy, where C is the boundary of the square that is given 
€ 
byO<x<1,0<y<1 


4. $ y dx +x? dy, where C is the boundary of the square —1 < x < 1, 
E 


SLS ye | 


5. $ Sy dx +2x dy, where C is the triangle with vertices (—1, 0), (1,0), 
C 

and (0, 1) 

6. $ e” dx +e” dy, where C is the triangle with vertices (0,0), 
C 

(1,0), and (1, 1) 


a $ x? y dx, where C is the unit circle centered at the origin 
E 


8. $ F . dr, where F(x, y) = (x + y, x? — y} and C is the boundary of the 
C 


region enclosed by y = x? and y = ./x for0 < x < 1 


9. $ F - dr, where F(x, y) = (x?, x°} and C consists of the arcs y = x? 
re ees 

10. $ (nx + y)dx — x? dy, where C is the rectangle with vertices (1, 1), 
(3, Da, 4), and (3,4) 


11. The line integral of F(x, y) = (e**”, e*—) along the curve (oriented 
clockwise) consisting of the line segments by joining the points (0,0), 
(2, 2), (4, 2), (2,0), and back to (0, 0) (Note the orientation.) 


12. [ xy dx + (x? + x) dy, where C is the path in Figure 17 
e 


FIGURE 17 


13. Let F(x, y) = (2xe”,x + xe) and let C be the quarter-circle path 


from A to B in Figure 18. Evaluate J = J F . dr as follows: 
E 
(a) Find a function f(x, y) such that F = G + V f, where G = (0, x). 
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(b) Show that the line integrals of G along the segments OA and OB are 
zero. 
(c) Evaluate 7. Hint: Use Green’s Theorem to show that 


I= f(B) — f(A) + 4r 


y 


A = (4, 0) 


FIGURE 18 


14. Compute the line integral of F(x, y) = Ho 4x) along the path from A 
to B in Figure 19. To save work, use Green’s Theorem to relate this line 
integral to the line integral along the vertical path from B to A. 


FIGURE 19 


15. Evaluate J = J (sinx + y)dx + (3x + y)dy for the nonclosed path 
C 
ABCD in Figure 20. Use the method of Exercise 14. 


FIGURE 20 


2 2 
16. Use $ y dx to compute the area of the ellipse (=) + (>) — 4 
C a b 


l 
17. Use 5 $ xdy—ydx to compute the area of the ellipse 


In Exercises 18-21, use one of the formulas in Eq. (6) to calculate the area 
of the given region. 


18. The circle of radius 3 centered at the origin 


Moan 


Daa 


‘= 


ee 


19. The triangle with vertices (0, 0), (1, 0), and (1, 1) 


20. The region between the x-axis and the cycloid parametrized by r(t) = 
(t — sint, 1 — cost} for O < t < 2x (Figure 21) 


FIGURE 21 Cycloid. 


21. The region between the graph of y = x? and the x-axis for 0 < x <2 


22. A square with vertices (1, 1),(—1, 1), (—1, —1), and (1, —1) has area 4. 
Calculate this area three times using the formulas in Eq. (6). 
23. Let x? + y? = 3xy be the folium of Descartes (Figure 22). 


(a) Show that the folium has a parametrization in terms of t = y/x 
given by 


3t 32? 
a es eas {(-co<t<oo) (tÆ!) 
(b) Show that 
91? 
dy — yax = ————- dt 
aided 1p 


Hint: By the Quotient Rule, 
xd (=) =xdy — ydx 
x 


(c) Find the area of the loop of the folium. Hint: The limits of integration 
are 0 and co. 


FIGURE 22 Folium of Descartes. 


24. Find a parametrization of the lemniscate (x? + y*)* = xy (see Figure 
23) by using t = y/x as a parameter (see Exercise 23). Then use Eq. (6) to 
find the area of one loop of the lemniscate. 


FIGURE 23 Lemniscate. 
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25. The Centroid via Boundary Measurements The centroid (see Sec- 
tion 15.5) of a domain D enclosed by a simple closed curve C is the point 
with coordinates (%, Y) = (M,/M, M,/M), where M is the area of D and 
the moments are defined by 


uz = ff ydA, TE xdA 
D D 


Show that M, = $ xy dy. Find a similar expression for My. 
C 


26. Use the result of Exercise 25 to compute the moments of the semi- 
circle x? + y? = R?, y > 0 as line integrals. Verify that the centroid is 
(0,4R/(37)). 


27. Let Cr be the circle of radius R centered at the origin. Use the gen- 


eral form of Green’s Theorem to determine $ F - dr, where F is a vector 


C2 
OF, OF 
field such that $ ee eae EEE ee 
C] Ox dy 


annulus 1 < x2 + y? < 4, 


F -dr = 12. Use Green’s 


Theorem to determine $ F - dr, assuming that <a sith = —3 in D. 
Ci Ox dy 


28. Referring to Figure 24, suppose that 
C2 


FIGURE 24 


29. Referring to Figure 25, suppose that 


$ F -dr = 3r, $ F . dr = 4r 
C2 C3 


Use Green’s Theorem to determine the circulation of F around C4, assum- 


OF oF 
: L = 9 on the shaded region. 


FIGURE 25 


30. Let F be the vector field 


ef pete y 
Peneha aa) 
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and assume that Cp is the circle of radius R centered at the origin and 


oriented counterclockwise. 
ð F OF. 

(a) Show that — — — 0: 
Ox dy 


(b) Explain why we cannot use Green’s Theorem to argue that 


F. dr=0. 
Cr 


(c) By direct computation of the line integral, show that | F. dr=0. 
Cr 
(d) Let C be the curve shown in Figure 26. Explain why we can 


use Green’s Theorem, along with the result of (c), to conclude that 


| F. dr=0. 
C 


FIGURE 26 


In Exercises 31—34, we refer to the integrand that occurs in Green’s The- 
orem and that appears as 
ðF2 ƏFı 


curl; (F) = ar — ay 


31. For the vector fields (A){D) in Figure 27, state whether curl, at the 
origin appears to be positive, negative, or zero. 


(A) 


(C) 


FIGURE 27 
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32. Estimate the circulation of a vector field F around a circle of radius” ond) 


R = 0.1, assuming that curl,(F) takes the value 4 at the center of the 
circle. 


33. Estimate Ọ F- dr, where F(x, y) = (x + 0.1y*, y — 0.1x7} and C en- 


E 
closes a small region of area 0.25 containing the point P = (1, 1). 


34. Let F be a velocity field. Estimate the circulation of F around a 
circle of radius R = 0.05 with center P, assuming that curl, (F)(P) = —3. 
In which direction would a smail paddle placed at P rotate? How fast 
would it rotate (in radians per second) if F is expressed in meters per 
second? 


35. Let Cr be the circle of radius R centered at the origin. Use Green’ s 


Theorem to find the value of R that maximizes $ y? dx +x dy. 
CR 


36. Area of a Polygon Green’s Theorem leads to a convenient formula 


for the area of a polygon. 
(a) Let C be the line segment joining (x1, y1) to (x2, y2). Show that 


1 1 
3) —ydx + xdy = ~(x1y2 — X271) 
2 fo 2 


(b) Prove that the area of the polygon with vertices (x1, y1), (x2, y2), 
- ++ (Xn, Yn) is equal [where we set (xn+1, Yn+1) = (%1, y1 )] to 


1 n 
5 > Gi vizt — 214198) 
t=! 
37. Use the result of Exercise 36 to compute the areas of the polygons 
in Figure 28. Check your result for the area of the triangle in (A) using 
geometry. 


(2, 1) 


(5, 1) 
x 


FIGURE 28 


In Exercises 38-43, compute the flux @ F -nds of F across the curve 


C for the given vector field and curve using the Flux Form of Green’s 
Theorem. 


38. F(x, y) = (3x,2y) across the circle given by x? + y? = 9 


39. F(x, y) = (xy,x — y) across the boundary of the square —1 < x < 1, 
=a y= 


40. F(x, y) = (x°, y?) across the boundary of the triangle with vertices 
(0, 0), (1, 0), and (0, 1) 


41. F(x, y) = (2x + y?,3y — xf} across the unit circle 


42. F(x, y) = (cos y, sin y) across the boundary of the square 0 < x < 2, 


ua 
0< = — 
5253 


WE 


43. F(x, y) = (xy? + 2x, x*y — 2y) across the simple closed curve that is 
the boundary of the half-disk given by x? + y? < 3,y >0 


44. If v is the velocity field of a fluid, the flux of v across C is equal to 
the flow rate (amount of fluid flowing across C in square meters per sec- 
ond). Find the flow rate across the circle of radius 2 centered at the origin 
if div(v) = x?. 

45. A buffalo stampede (Figure 29) is described by a velocity vector field 
F= (x yom y? x74 y) kilometers per hour in the region D defined by 
2<x <3,2 < y< 3 in units of kilometers (Figure 30). Assuming a den- 
sity of o = 500 buffalo per square kilometer, use the Flux Form of Green’s 
Theorem to determine the net number of buffalo leaving or entering D per 
minute (equal to p times the flux of F across the boundary of D). 


C. K. Lorenz/Science Source 
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FIGURE 30 The vector field 
pe (xy — y3, x2 + y). 


FIGURE 29 Buffalo stampede. 


Further Insights and Challenges 
In Exercises 46—49, the Laplace operator A is defined by 


2 2 
son Be Ss a 
For any vector field F = (F\, F2), define the conjugate vector field 
F* = (—F), Fi). 
46. Show that if F = Vø, then curl,(F*) = Ag. 
47. Let n be the outward-pointing unit normal vector to a simple closed 


Pa dg ; 
curve C. The normal derivative of a function g, denoted ane is the direc- 
tional derivative Da(¢) = Vọ - n. Prove that 


where D is the domain enclosed by a simple closed curve C. Hint: Let 
ð ; 

F = Vg. Show that z- = F* . T, where T is the unit tangent vector, and 

apply Green’s Theorem. 


48. Let P = (a,b) and let C, be the circle of radius r centered at P. The 
average value of a continuous function g on C, is defined as the integral 


1 2yr 
I(r) = — ih g(a +rcosé,b+rsin@) dé 
27 0 
(a) Show that 


9 
oY (a + 76080, ae SO) 
on 


3 
= a +rcos6,b +rsin@) 
z 


(b) Use differentiation under the integral sign to prove that 


d l ay 
—G) ee} od 
a Oo ee [ an 


(c) Use Exercise 47 to conclude that 


M E A I AgdA 
MA riz 
dr á 2nr Dir) ? 


where P(r) is the interior of C». 


49. Prove that m(r) < I(r) < M(r), where m(r) and M(r) are the min- 
imum and maximum values of g on C,. Then use the continuity of g to 
prove that a I(r) = (P). 

Ea 


In Exercises 50 and 51, let D be the region bounded by a simple closed 
curve C. A function p(x, y) on D (whose second-order partial derivatives 
exist and are continuous) is called harmonic if Ag = 0, where Ag is the 
Laplace operator defined in Eq. (12). 


50. Use the results of Exercises 48 and 49 to prove the mean-value 
property of harmonic functions: If ø is harmonic, then Jy(r) = (P) 
for all r. 


51. Show that f(x, y) =x? — y? is harmonic. Verify the mean-value 
property for f(x, y) directly [expand f(a +rcos@,b+ r sin@) as a func- 
tion of @ and compute /,(r)]. Show that x? + y? is not harmonic and does 
not satisfy the mean-value property. 


17.2 Stokes’ Theorem 


Stokes’ Theorem is an extension of Green’s Theorem to three dimensions in which cir- 
culation is related to a surface integral over a surface in RÌ (rather than to a double 
integral over a region in the plane). In order to state it, we introduce some definitions and 


terminology. 


Figure 1 shows three surfaces with different types of boundaries. The boundary of 
a surface S is denoted 0S. Observe that the boundary in (A) is a single, simple closed 
curve and the boundary in (B) consists of three simple closed curves. The surface in 
(C) is called a closed surface because its boundary is empty. In this case, we write 


aS = ©. 
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A 


(B) The boundary consists (C) The boundary is empty. 


(A) The boundary consists 
of three closed curves. This is a closed surface. 


FIGURE 1 Surfaces and their boundaries. of a single closed curve. 


Recall from Section 16.5 that an orientation of a surface S is a continuously varying 
choice of unit normal vector at each point of S. When S is oriented, we can specify an 
orientation of dS, called the boundary orientation. Imagine that you are a unit normal 
vector walking along the boundary curve with your head at the head end of the vector and 
your feet at the tail end. The boundary orientation is the direction for which the surface 
is on your left as you walk. For example, the boundary of the surface in Figure 2 consists 
of two curves, Cı and C2. In (A), the normal vector points to the outside. The woman 
(representing the normal vector) is walking along C; and has the surface to her left, so 
she is walking in the positive direction. The curve C2 is oriented in the opposite direction 
because she would have to walk along C2 in that direction to keep the surface on her 
left. The boundary orientations in (B) are reversed because the opposite normal has been 


selected to orient the surface. 


| C | | j 
n | | / 
EiS | | S riaal 
l | i 
| \ | \ 
\ | \ 
: | De | 
FIGURE 2 The orientation of the boundary — — 
J 1 


dS for each of the two possible 
orientations of the surface S. (A) (B) 


In the next theorem, we assume that S is an oriented surface with parametrization 
G : D — S, where D is a domain in the plane bounded by smooth, simple closed curves, 
and G is one-to-one and regular, except possibly on the boundary of D. More generally, 
S may be a finite union of surfaces of this type. The surfaces in applications we consider, 
such as spheres, cubes, and graphs of functions, satisfy these conditions. 


THEOREM 1 Stokes’ Theorem Let S be a surface as described earlier, and let F be a 
vector field whose components have continuous partial derivatives on an open region 


containing S. 


The integral on the left is defined relative to the boundary orientation of 3S. 


If S is aclosed surface, then 
II curl(F)-dS = 0 
The curl measures the extent to which F S 
jails to be conservative. If F is 


conservative, then curl (F) = 0 and Stokes’ ! , , , 
Theorem merely confirms what we already With the notation V x F = curl(F), Stokes’ Theorem is also written in the form 


know: The circulation of a conservative 
$ F-dr= || V xP -as 
aS S 


vector field around a closed path is zero. 


FIGURE 3 


(x, y, f(x, y)) 
P” a A 


TS d 
: S 


» -N 
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Again, we see the analogy with the Fundamental Theorem of Calculus—Part I. A 
double integral over a surface of a derivative, in this case the curl, yields a single integral 
over the boundary of the surface. 


Proof The left side of Eq. (1) is equal to a sum over the components of F: 


$ F-dr= Q Fi dx + Fady + Fadz 
E C 


Considering F = Fi + Fj + F3k, and using the additivity property of the curl operator, 
we have curl(F) = curl( Fi) + curl(F> j) + curl(F3k) and therefore: 


II curtte) a8 = ff cuirid -as + ff ouii) -aS + ff curl(F3k) -dS 
S S S S 
3 


The proof consists of showing that the F), F2, and F3 terms in Eqs. (2) and (3) are 
separately equal. 

Because a complete proof is quite technical, we will prove it under the simplifying 
assumption that S is the graph of a function z = f(x, y) lying over a domain D in the 
xy-plane. Furthermore, we will carry the details only for the F; terms. The calculation 
for the Fo terms is similar, and we leave as an exercise the equality of the F3 terms 
(Exercise 37). Thus, we shall prove that 


$ Fi dx= |f curl(Fi(x, y, z)i) -dS [4] 
& S 


Orient S with an upward-pointing normal as in Figure 3, and let C = 0S be the 
boundary curve with orientation determined by the orientation of S. Let Co be the bound- 
ary of D in the xy-plane, and let ro(t) = (x(t), y(t)) (for a < t < b) be a counterclock- 
wise parametrization of Co as in Figure 3. The boundary curve C projects onto Co, so C 
has parametrization 


r(t) = (x(t), y(t), fx), y(t))) 


and thus 


b 
$ F(x, y,z)dx = | Fi (x(t), y(t), FO), y(0))) = dt 


a 


The integral on the right-hand side of this equation is precisely the integral we obtain 
by integrating F; (x, y, f(x, y)) dx over the curve Co in the plane R? with parametrization 
ro(źt). In other words, 


$ Fix. y.2)dx =$ Fi (x, y, f(x, y)) dx 
C Co 
By Green’s Theorem applied to the integral on the right, we get 
$ Fiy adx I ne f(x,y) dA 
IAs, ¥s = AE 37o X, 
A By 1x, y x 
By the Chain Rule, 


ð 
ai (x,y, f(x, y)) = Fiy(x, y, fŒ, y)) + Fiz(x, y, FO, y)) fy, y) 


so finally we obtain 


pr dx = — II, (Fiy (x,y. f(x, y)) + Fiz(x, y, f(,y)) AE») dA [s5] 
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4a REMINDER Calculating a surface To finish the proof, we compute the surface integral of curl(/\i) using the parametriza- 
integral: tion G(x, y) = (x, y, f(x, y)) of S: ‘ill 
f | F. dS = f J F(u, v) - N(u, v)dudv N = (— fŒ, y), — fy, y), 1) (upward-pointing normal) 

S D 

. ; curl( Fi) "N= (0, Fiz, —Fiy)-(— f(x, y), — fy, y), 1) 
lf S is agraphz = f(x,y), parametrized 
by G(x, y) = (x, y, f (x, y)), and N is = —Fiz(x, y, f(x, y)) fy y) — Fiy (x, y, f&, y)) 
chosen to be in the upward direction, then A 
curl( Fi) - dS = — If (Fi (x,y,z) f(x, y) + Fiy(x, y, f(x, y))) dA 
N(x, y) = (— f(x,y), — fy(x, y), 1) II. D 7 iy )) 
The right-hand sides of Eq. (5) and Eq. (6) are equal. This proves Eq. (4). a 


EXAMPLE 1 Verifying Stokes’ Theorem Verify Stokes’ Theorem for 
F(x, y,Z) = (—y, 2x,x + 2) 
and the upper hemisphere with outward-pointing normal vectors (Figure 4): 
S = {(x,y,z) : x? + y? +z? = 1,z > 0} 


Solution We will show that both the line integral and the surface integral in Stokes’ 
Theorem are equal to 37x. 


x 


Step 1. Compute the line integral around the boundary curve. 
FIGURE 4 Upper hemisphere with oriented The boundary of S is the unit circle oriented in the counterclockwise direction with 
boundary. parametrization r(t) = (cost, sint, 0). Thus, 


r(t) = (—sint,cos t,0) 
F(r(t)) = (— sint, 2 cos t, cos t) 
F(r(t)) - r(t) = (— sint, 2 cost, cost) - (— sint, cost, 0) 


==" sin? t + 2cos’t = + cos? t 


4 REMINDER In Eq. (7), we use 27r 
= 2 a vs 
Cdr age pF ar= | (1 + cos t)dt =2n +m =| 3x | 


2n 
fl cost dt = f — dt =n 
0 0 2 


Step 2. Compute the curl. 


i j k 
0 ð ð 
curl(F) = ax ay a 
—y 2x x+2z 


ð ð ; ð ð : 
(že +z)— 52] = (že +z)- Žo») 


ð 0 
a, 
+(> x ay | »))k 

= (0, —1,3) 


Step 3. Compute the surface integral of the curl. 
We parametrize the hemisphere using spherical coordinates: 


G(@, ġ) = (cos @ sing, sin 8 sin ġ, cos ¢) 
By Eq. (1) of Section 16.4, the outward-pointing normal vector is 


N = sin@ (cos 0 sin gd, sin ð sing, cos ¢) 


FIGURE 5 


4 REMINDER For a vector field G, 
G-dS= If G -ndS by definition 
S 


S 
of the vector surface integral. 
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Therefore, 
curl(F) -N = sing (0, —1,3) - (cos@ sing, sin@ sin ġ, cos ¢) 
= — sin sin? ¢ + 3cos¢sing 


The upper hemisphere S corresponds to 0 < ġ < 5 and 0 < 0 < 2x, so 


n2 p2x 
I. curl(F) - dS = | (— sin@ sin? ¢+3cos¢sin ¢) dé dọ 
S @=0 Jé=0 


{2 


=O 


EXAMPLE 2 Use Stokes’ Theorem to show that $ F - dr = 0, where 
C 


m /2 3 
= 0420 f 3cos¢@sing dọ = 2x (5 sin?) 
ġ 2 o=0 


F(x, y,z) = (sin(x?),e” +x”, 24 + 2x7) 
and C is the boundary of the triangle in Figure 5 with the indicated orientation. 


Solution Note that if we wanted to evaluate ® F - dr directly, we would need to parame- 


trize each of the three edges of C, and do three integrals. Instead, we let S be the triangular 
surface bounded by C and apply Stokes’ Theorem: 


pr-ar= |) curl(F) - dS 
C S 


and show that the integral on the right is zero. We first compute the curl: 


i j k 
ð ð ð 
aa a aa ?)) = kee = bal = = 
curl (sin x „€e +x*,z + 2x*) = ay By 3z (0, —4x, 2x) 


; 2 
sinx? e” +x? 7442x? 


Now, in this particular case, it turns out that we can show the surface integral is zero 
without actually computing it. Note that the triangular surface S lies in the plane through 
(3, 0, 0), (0, 2, 0), and (0, 0, 1). That plane has equation 

pa 


4 i 
p a ok 


Therefore, N = (Z, 5 1) is anormal vector to this plane (Figure 5). But N and curl(F) are 
orthogonal: 


l 1 


curl (F) - N = (0, —4x, 2x) - (5. 5 1) = —2x + 2x = 0 


Thus, if n is a unit vector in the direction of N, then curl(F) -n = 0. Furthermore, the 
given orientation of C is the boundary orientation associated with n, and therefore 


pr-ar= ff cui) as = |f cui) -nas = f| Ods = 0 a 
C S S S 
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K Ho CONCEPTUAL INSIGHT Recall that if F is conservative—that is, F = V f—then for any ~ 
two paths C; and C2 from P to Q (Figure 6), 
Ci [ F-dr= | F-dr= f0) - sf) 
Cı C2 
Ap Thus, the line integral of F is path independent, and, in particular, $ F . dr is zero if C 
C 


is closed. 

Analogous facts are true for surface integrals of a vector field F when F = curi (A). 
The vector field A is called a vector potential for F. Stokes’ Theorem tells us that for 
any two surfaces Sı and Sz with the same oriented boundary C (Figure 7), 


II F-as= |) F-dS = A-dr 
S| S2 C 


In other words, the surface integral of a vector field with vector potential A is surface 
independent. Furthermore, if the surface is closed, then the surface integral is zero: 


FIGURE 6 Two paths with the same 
boundary Q — P. 


ji j) F.dS=0 if F = curl(A) and S is closed 
S 


FIGURE 7 Surfaces Sı and Sz have the 

same oriented boundary. EXAMPLE 3 Let F =curl(A), where A(x, y,z) = (y + z,sin(xy), oF), Furthermore, 
let S be the closed surface in Figure 8 made up of the surfaces Sı and S, whose common 
boundary C is the unit circle in the xz-plane. 


Vector potentials are not unique: If ‘ ay 

F = curl(A), then F = curl(A + B) for Find the outward flux of F across each of S; and So. 

any vector field B. such that curb) =. Solution With C oriented in the direction of the arrow, S; lies to the left, and by Stokes’ 
Theorem, 


4 REMINDER By the flux of a vector field 

through a surface, we mean the surface 

integral of the vector field. J i F -dS = J i curl(A) - dS = $ À -dr 
Si S| C 


We shall compute the line integral on the right. The parametrization r(t) = (cos r, 0, sin r) 
traces C in the direction of the arrow because it begins at r(0) = (1,0,0) and moves in 
the direction of r(¥) = (0,0, 1). We have 


A(r(t)) = (0 + sint, sin(0), e°) = (sint, 0, 1) 


ACE) -r = (sint, 0,1) - (—sint,0,cost) = — sin? t + cost 


2n 
fp A-ar= (— sin? t + cost)dt = —x 
C 0 


We conclude that f i F - dS = cr. 
S 
FIGURE 8 Since S is closed and F is the curl of a vector field A, Stokes’ Theorem implies 


that the outward flux of F across S is zero; that is, F - dS = 0. Furthermore, 


S 
[[_¥-as= f) F-as+ f) F - dS; therefore, 
S S| S2 
If F-as=— || F -dSn 4 
S2 S| 


Thus, the outward flux of F across S4 is —z and across S> is x. id 


n 


ee 0 curl( F ) 
J~ C 


FIGURE 9 The circle C is centered at P and 
lies in the plane through P with normal 
vector n. 


x 


FIGURE 10 The paddle wheel can be 
oriented in different ways, as specified by 
the normal vector n. In the direction of 
curl(F) it rotates the fastest. 
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CONCEPTUAL INSIGHT Interpretation of the Curt In Section 17.1, we showed that the 


? à bj a a + + . b 
quantity —— — in Green’s Theorem is the circulation per unit area. A similar 
: y 


-nterpretation is valid in RÌ. 
Consider a plane through a point P with unit normal vector n. Let C be a small 
circle in the plane, centered at P, and enclosing region D (Figure 9). By Stokes’ 


Theorem, 
pF. ar~ |) curl(F) -ndS ae 
C D a 


The vector field curl(F) is continuous, and if C is sufficiently small, we can approximate 
curl(F) by the constant value curl(F)(P), and thus 


|| (curlF)-ndS ~ JJ curl(F)(P)-nd$ 
D D ra 


x (curl(F)(P) - m) area(D) i 


Since curl(F)(P)-n = ||curl(F)(P)|| cos 8, where @ is the angle between curl(F) and n, 
Eqs. (8) and (9) give us the approximations 


] 
i pF. dr and  |lcurl(F)(P)||(cos@) ~% - pF 
C area(D) Je 


areal D) 

This is a remarkable result. It tells us that curl(F) encodes the circulation per 
unit area in every plane through P in a simple way—namely, as the dot product 
curl(F)(P)-n. In particular, the circulation rate is directly related to the cosine of the 
angle 0 between curl(F)(P) and n. 

We can also argue (as in Section 17.1 for vector fields in the plane) that if F is the 
velocity field of a fluid, then a small paddle wheel with normal n will rotate with an 
angular velocity of approximately scurl(F)(P) -n (see Figure 10). At any given point, 
the angular velocity is maximized when the normal vector to the paddle wheel n points 


in the direction of curl(F). 
n 
curl(F) 
NA 


curl(F)(P)-n > 


EXAMPLE 4 Vector Potential fora Solenoid An electric current 7 flowing through 
a solenoid (a tightly wound spiral of wire; see Figure 11) creates a magnetic field B. If 
we assume that the solenoid is infinitely long, with radius R and the z-axis as the central 
axis, then 


0 ifr >R 
Bir) = 
Bk ifr<R 


where r = (x? + y7)!/ is the distance to the z-axis, and B is a constant that depends on 
the current strength 7 and the spacing of the turns of wire. 
(a) Show that a vector potential for B is 
l> yx . 
5 R?B—-5, 50) if r > R 
panre 
A(r) = 


A ifr < R 
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FIGURE 11 The magnetic field of a long 
solenoid is nearly uniform inside and weak 
outside. In practice, we treat the solenoid 
as infinitely long if it is very long in 
comparison with its radius. 


The vector potential A is continuous but 
not differentiable on the cylinderr = R, 
that is, on the solenoid itself (Figure 12). 
The magnetic field B = curl(A) has a 
jump discontinuity where r = R. We take 
for granted the fact that Stokes’ Theorem 
remains valid in this setting. 


All 


1 
7 BR 


R 


FIGURE 12 The magnitude ||A || of the 
vector potential as a function of distance r 
to the z-axis. 


(b) Calculate the flux of B through the surface S (with an upward-pointing normal) in = 


Figure 11 whose boundary is a circle of radius r, where r > R. 


Solution 


(a) For any functions f and g, 
curl((f,g,0)) = (—8z fz 8x — fy) 


Applying this to A forr < R, we obtain 
1 0 ð 
curl(A) = —B(0,0, —x — —(—y)} = (0,0, B) = Bk = B 
2 Ox dy 
We leave it as an exercise (Exercise 35) to show that curl(A) = B = 0 forr > R. 


(b) The boundary of S is a circle with counterclockwise parametrization r(t) = 
(r cost,r sint,0), so 


r(t) = (—r sint,r cost, 0) 


1 
A(t) = zk ar" (— sin t, cos t, 0) 


A(r(t)) v(t) = RB (- sint)* + cos? t) = 5 RB 


By Stokes’ Theorem, the flux of B through S is equal to 


21 1 2n 
II B-as = ¢ A-dr= | A) -rdt = zr | dt=xR*B a 
S as 0 2 0 


CONCEPTUAL INSIGHT ‘There is an interesting difference between scalar and vector po- 
tentials. If F = V f, then the scalar potential f is constant in regions where the field 
F is zero (since a function with zero gradient is constant). This is not true for vector 
potentials. As we saw in Example 4, the magnetic field B produced by a solenoid is 
zero everywhere outside the solenoid, but the vector potential A is not constant outside 


a . a x . s . a 
the solenoid. In fact, A is proportional to = a 0). This is related to an intrigu- 
dele 


ing phenomenon in physics called the Aharonov-Bohm (AB) effect, first proposed on 
theoretical grounds in the 1940s. 


Şi N 


Solenoid 


CY Detection screen screen 


FIGURE 13 A stream of electrons passing 
through a double slit produces an 
interference pattern on the detection 
screen. The pattern shifts slightly when an 


electric current flows through the solenoid. 
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According to electromagnetic theory, a magnetic field B exerts a force on a moving 
electron, causing a deflection in the electron’s path. We do not expect any deflection 
when an electron moves past a solenoid because B is zero outside the solenoid (in prac- 
tice, the field is not actually zero for a solenoid of finite length, but it is very small—we 
ignore this difficulty). However, according to quantum mechanics, electrons have both 
particle and wave properties. In a double-slit experiment, a stream of electrons passing 
through two small slits creates a wavelike interference pattern on a detection screen 
(Figure 13). 

The AB effect predicts that if we place a small solenoid between the slits as in the 
figure (the solenoid is so small that the electrons never pass through it), then the inter- 
ference pattern will shift slightly. It is as if the electrons are “aware” of the magnetic 
field inside the solenoid, even though they never encounter the field directly. 

The AB effect was hotly debated until it was confirmed definitively in 1985, in 
experiments carried out by a team of Japanese physicists led by Akira Tonomura. The 
AB effect appeared to contradict classical electromagnetic theory, according to which 
the trajectory of an electron is determined by B alone. There is no such contradiction 
in quantum mechanics, because the behavior of the electrons is governed not by B but 
by a “wave function” derived from the nonconstant vector potential A. 


17.2 SUMMARY 


¢ The boundary of a surface S is denoted 0S. We say that S is closed if 0S is empty. 

e Suppose that S is oriented (a continuously varying unit normal is specified at each 
point of S). The boundary orientation of 0S is defined as follows: If you walk along 
the boundary in the positive direction with your head pointing in the normal direction, 
then the surface is on your left. 

e Stokes’ Theorem relates the circulation around the boundary to the surface integral of 


the curl: 
$ F-dr= |f curl(F) - dS 
as S 


e Surface independence: If F = curl(A), then the flux of F through a surface S depends 
only on the oriented boundary 3S and not on the surface itself: 


[[¥-as= fff curl(a)-d8 = f A-ar 
S S as 


In particular, if S is closed (i.e., dS is empty) and F = curl(A), then | | F-dS=0. 
S 


If Sı and S2 are oriented surfaces that share an oriented boundary and F = curl(A), 


then 
[a= ff x-as 
S| S2 


°- The curl is interpreted as a vector that encodes circulation per unit area: If P is any 
point and n is a unit normal vector, then 


curl(F)(P) - n = |\curl(F)(P)||(cos 0) % 


1 
area(D) Je 


where C is a small circle centered at P in the plane through P with normal vector n, 
D is the region enclosed by C, and @ is the angle between curl(F)(P) and n. 
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17.2 EXERCISES 


Preliminary Questions 


1. Indicate with an arrow the boundary orientation of the boundary 
curves of the surfaces in Figure 14, oriented by the outward-pointing nor- 
mal vectors. 


(A) (B) 


FIGURE 14 


2. Let F=curl(A). Which of the following are related by Stokes’ 
Theorem? 


(a) The circulation of A and flux of F 
(b) The circulation of F and flux of A 


3. What is the definition of a vector potential? 


4. Which of the following statements is correct? 
(a) The flux of curl(A) through every oriented surface is zero. 
(b) The flux of curl(A) through every closed, oriented surface is zero. 


5. Which condition on F guarantees that the flux through S; is equal to 
the flux through Sz for any two oriented surfaces Sı and S2 with the same 
oriented boundary? 


Exercises 


In Exercises 1—4, verify Stokes’ Theorem for the given vector field and 
surface, oriented with an upward-pointing normal. 


1. F= (2xy,x,y +z), the surface z = 1 — x? — y? forx? +y? <1 


2. F= (yz,0,x), the portion of the plane e+e t= 1, where 


x, yazo 


3. F = (e)~*, 0,0}, the square with vertices (1,0, 1), (1, 1,1), (0,1, 1), 
and (0, 0, 1) 


4 F= (ywa. + y*), the upper hemisphere x? + y? +z? =1,z > 0 


In Exercises 5—10, calculate curl(F) and then apply Stokes’ Theorem to 
compute the flux of curl(F) through the given surface using a line integral. 


5 Fe (e7 —y, et + Xs cos(xz)}, the upper half of the unit sphere 
x? + y? +z? = 1, z > 0 with outward-pointing normal 


6 F= (x +y,z? —4, xy y? + D), surface of the wedge-shaped box in 
Figure 15 (bottom included, top excluded) with outward-pointing normal 


FIGURE 15 


7. F= (3z,5x,—2y), that part of the paraboloid z = x? + y? that lies 
below the plane z = 4 with upward-pointing unit normal vector 

8& F= (yz, =e, 2°), that part of the cone z = Jx? +y? that lies be- 
tween the two planes z = 1 and z = 3 with upward-pointing unit normal 
vector 


9, F= (yz,xz,xy), that part of the cylinder x? + y? = 1 that lies be- 
tween the two planes z = 1 and z = 4 with outward-pointing unit normal 
vector 


10. F = (2y, e?, — arctan x), that part of the paraboloid z = 4 — x? — y? 
cut off by the xy-plane with upward-pointing unit normal vector 


In Exercises 1 1—16, apply Stokes’ Theorem to evaluate $ F . dr by finding 
Cc 


the flux of curl(F) across an appropriate surface. 


11. F = (3y,—2x,3y), C is the circle x? + y? =9,z =2, oriented ia 


counterclockwise as viewed from above. 


12. F = (yz,xy,xz), C is the square with vertices (0,0,2), (1,0, 2), 
(1, 1,2), and (0, 1, 2), oriented counterclockwise as viewed from above. 


13. F = (xz,xy, yz), C is the rectangle with vertices (0, 0,0), (0,0, 2), 
(3, 0,2), and (3, 0,0), oriented counterclockwise as viewed from the posi- 
tive y-axis. 


14, F = (y + 2x,2x + 5z,7y + 8x), C is the circle with radius 5, cen- 
ter at (2, 0, 0), in the plane x = 2, and oriented counterclockwise as viewed 
from the origin (0, 0, 0). 


15. F = (y,z,x), C is the triangle with vertices (0,0, 0), (3,0,0), and 
(0, 3, 3), oriented counterclockwise as viewed from above. 


16. F = (y,—2z,4x), C is the boundary of that portion of the plane 
x + 2y + 3z = 1 that is in the first octant of space, oriented counterclock- 
wise as viewed from above. 


17. Let S be the surface of the cylinder (not including the top and bot- 
tom) of radius 2 for 1 < z < 6, oriented with outward-pointing normal 
(Figure 16). 


FIGURE 16 


(a) Indicate with an arrow the orientation of 0S (the top and bottom circles). 


(b) Verify Stokes’ Theorem for S and F = by". 0}. 


18. Let S be the portion of the plane z = x contained in the half-cylinder 
of radius R depicted in Figure 17. Use Stokes’ Theorem to calculate the 
circulation of F = (z. x. y + 2z) around the boundary of S (a half-ellipse) 
in the counterclockwise direction when viewed from above. Hint: Show 
that curl(F) is orthogonal to the normal vector to the plane. 


= 
j 
au 


FIGURE 17 


19. Let 7 be the flux of F = (e, Ire”, 3 through the upper hemisphere 
S of the unit sphere. 

(a) LetG= (er, rer, 0). Find a vector field A such that curl(A) = G. 
(b) Use Stokes’ Theorem to show that the flux of G through S is zero. 
Hint: Calculate the circulation of A around 35. 

(c) Calculate 7. Hint: Use (b) to show that Z is equal to the flux of (0. 0. =) 
through 5. 


20. Let F = (0.~—z.1}). Let S be the spherical cap ra aS? 


where z > L, Evaluate F . dS directly as a surface integral. Then ver- 


l S , 
ify that F = curl(A), where A = (0. x. xz) and evaluate the surface integral 
again using Stokes’ Theorem. 


21. Let A be the vector potential and B the magnetic field of the infinite 
solenoid of radius R in Example 4. Use Stokes’ Theorem to compute: 

(a) The flux of B through a surface whose boundary is a circle in the xy- 
plane of radiusr < R 

(b) The circulation of A around the boundary C of a surface lying outside 
the solenoid 


22. The magnetic field B due to a smal! current loop (which we place at the 
origin) is called a magnetic dipole (Figure 18). For p large. B = curl(A), 
where 


y 


x Current loop 


FIGURE 18 
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(a) Let C be a horizontal circle of radius R with center (0. 0, c). where c 
is large. Show that A is tangent to C. 


(b) Use Stokes’ Theorem to calculate the flux of B through C. 


23. A uniform magnetic field B has constant strength b in the z-direction 
li.e.. B = (0,0. b)]. 

(a) Verify that A= +B xr is a vector potential for B. where r = 
(x: v0): 

(b) Calculate the flux of B through the rectangle with vertices A, B, C, 
and D in Figure 19. 


D = (0, 0. 4) 


F=(6, 


X 


FIGURE 19 


24. Let F = (—x~y.x.0). Referring to Figure 19, let C be the closed path 
ABCD. Use Stokes’ Theorem to evaluate f F-dr in two ways. First, 


E 
regard C as the boundary of the rectangle with vertices A. B. C. and 
D. Then treat C as the boundary of the wedge-shaped box with an open 
top. 


25, Let F= ‘ae ee ore 2x7), Use Stokes’ Theorem to find a plane with 
equation ax + by + cz =0 (where a.b.c are not all zero) such that 


F. dr = 0 for every closed C lying in the plane. Hint: Choose a.b, c 


C 
so that curl(F) lies in the plane. 


26. Let F = (—37.2zx.4y — x7), and let C be a simple closed curve in the 
plane x + y +z = 4 that encloses a region of area 16 (Figure 20). Calcu- 
late Ọ F - dr. where C is oriented in the counterclockwise direction (when 


€ 
viewed from above the plane). 


FIGURE 20 
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27. Let F = (y,x?, 2”). Show that 


i F-dr= | F-dr 
Ci C2 


for any two closed curves going around a cylinder whose central axis is the 
z-axis as shown in Figure 21. 


FIGURE 21 


28. The curl of a vector field F at the origin is vọ = (3, 1,4). Estimate 
the circulation around the small parallelogram spanned by the vectors 
A = (0, }, 4) and B = (0,0, 3). 


29. You know two things about a vector field F: 
(i) F has a vector potential A (but A is unknown). 


(ii) The circulation of A around the unit circle (oriented counterclockwise) 
is 25. 


Determine the flux of F through the surface S in Figure 22, oriented with 
an upward-pointing normal. 


30. Suppose that F has a vector potential and that F(x, y, 0) = k. Find the 
flux of F through the surface S in Figure 22, oriented with an upward- 
pointing normal. 


Further Insights and Challenges 


37. In this exercise, we use the notation of the proof of Theorem 1 and 


prove 
$ Fx.y.ck-dr= ff curl( F3(x, y, z)k)- dS 
C S 


In particular, S is the graph of z = f(x, y) over a domain D, and C is the 
boundary of S with parametrization (x(t), y(t), f(x(@), y(t))). 
(a) Use the Chain Rule to show that 


F(x, y, 2k - dr = Fa(x(t), WO), FEH) 
(FADO + FADO) dt 
and verify that 
$ F3(x, y, z)k - dr = 


$ (F3(x, y, Z) fx, y): F3(x, Y» Z) fy, y)) -dr 


where Co has parametrization (x(t), y(t)). 
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FIGURE 22 Surface S whose boundary is the unit circle. 


31. Prove that curl( fa) = Vf x a, where f is a differentiable function 
and a is a constant vector. 


32. Show that curl(F) = 0 if F is radial, meaning that F = f(p) (x, y,z) 


for some function f(p), where p = yx? + y? + z?. Hint: It is enough to 
show that one component of curl(F) is zero, because it will then follow for 


the other two components by symmetry. 
33. Prove the following Product Rule: 
curl( fF) = feul(F)+ Vf x F 


34. Assume that f and g have continuous partial derivatives of order 2. 


Prove that 
$ fve-dr= |) VfxVe-dsS 
as S 


35. Verify that B = curl(A) forr > R in the setting of Example 4. 


36. [A Explain carefully why Green’s Theorem is a special case of 
Stokes’ Theorem. 


(b) Apply Green’s Theorem to the line integral over Co and show that the 
result is equal to the right-hand side of Eq. (10). 


38. Let F be a continuously differentiable vector field in R*, Q a point, 
and S a plane containing Q with unit normal vector e. Let C, be a circle of 
radius r centered at Q in S, and let S, be the disk enclosed by C,. Assume 
Sr is oriented with unit normal vector e. 


(a) Let m(r) and M(r) be the minimum and maximum values of 
curl(F(P))-e for P € S. Prove that 


mír) < -$ I curl(F)- dS < M(r) 
tr Sr 
(b) Prove that 
curl(F(Q))-e = lim =| F - dr 
r=s00er™ JC, 


This proves that curl(F(Q))-e is the circulation per unit area in the 
plane S. 


+Q 


-P 


FIGURE 1 The oriented boundary of C is 
CS — P. 


FIGURE 2 Domain D in R? with boundary 
avec =e. 


FIGURE 3 The oriented boundary of S is 
C=d5S. 
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17.3 Divergence Theorem 


We have studied several Fundamental Theorems involving integrals and derivatives. 
Each of these is a relation of the type: 


Integral of a derivative Integral over the oriented 
on an oriented domain |© boundary of the domain 


Here are the examples we have seen so far: 


¢ In single-variable calculus, the Fundamental Theorem of Calculus, Part I (FTC D) 


relates the integral of f’(x) over an interval [a, b] to the “integral” of f(x) over 
the boundary of (a, b] consisting of two points a and b: 


b 
/ f'(x) dx = f(b) — f(a) 
a a amm 
——E “Integral” over the boundary of [a, b] 
Integral of derivative over [a,b] 

The boundary of [a, b] is oriented by assigning a plus sign to b and a minus sign 
to a. 
The Fundamental Theorem for Conservative Vector Fields generalizes FTC I: 
Instead of taking an integral over an interval [a, b] (a path from a to b along the 
x-axis), we take an integral along any path from points P to Q in RÌ (Figure 1), 
and instead of f'(x), we use the gradient: 


/ Vf-dr = fQ- FP) 
C —_—— 


SS “Integral” over the 
Integral of derivative over a curve boundary 8C = Q — P 


Green’s Theorem is a two-dimensional version of FTC I that relates the inte- 
gral of a certain derivative over a domain D in the plane to an integral over its 
boundary curve C = 0D (Figure 2): 


ð F OF | 
If Cee oe A, oe [ear 
D\ ôx dy C 
— 


a aMMa 
Integral of derivative over domain Integral over boundary curve 


Stokes’ Theorem extends Green’s Theorem: Instead of a domain in the plane (a 
flat surface), we allow any surface in R? (Figure 3). The appropriate derivative 
is the curl: 


If curl(F) - dS = | F-a 
S C 
Se atl — ee! 


Integral of derivative over surface Integral over boundary curve 


Our last theorem—the Divergence Theorem—also follows this pattern: 


If div(F)d V = fJ -as 
w S 
ea S e/ 


Integral of derivative over three-dimensional region Integral over boundary surface 


Here, S is aclosed surface that encloses a three-dimensional region W. In other words, S 
is the boundary of W, so S = dW. Figure 4 shows two examples of regions and boundary 
surfaces that we will consider. 


We consider a piecewise smooth closed surface S, which means S consists of one 


smooth surface or at most finitely many smooth surfaces that have been glued together 
along their boundaries, as in the example of the cube. 
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Three-dimensional Boundary is a sphere, Three-dimensional Boundary is the 
solid ball oriented to the outside. solid cube surface of the cube, 
oriented to the outside. 


FIGURE 4 


THEOREM 1 Divergence Theorem Let S bea closed surface that encloses a region 
W in RÌ. Assume that S is piecewise smooth and is oriented by normal vectors 
pointing to the outside of W. If F is a vector field whose components have continuous 


partial derivatives in an open domain containing VV, then 


[fe as= [ff iav i 


With the notation V -F = div(F), the Divergence Theorem is also written in 


the form 


[fas fff, vrav 


[a,b] x [c,d] x [e, f] as in Figure 5. The proof can be modified to treat more general 
regions such as the interiors of spheres and cylinders. 
We write each side of Eq. (1) as a sum over components: 


FIGURE 5 A box IE (Fii + Fojt+ F3k)- aS = II. Fii- as+ ff Fzj- as+ ff F3k- as 
W = [a,b] x [c,d] x [e, f]. 
If, div(Fii + Fj + F3k)dV = If. div(Fi) dV + Hy. div( F2j) dV 
+f div(F3k)d V 
W 


As in the proofs of Green’s and Stokes’ Theorems, we show that the corresponding terms 
in the sums on the right-hand sides of these equations are equal. It will suffice to carry 
out the argument for the i terms (the other two components are similar). Thus, we assume 
that F = Fi. 

The surface integral over the boundary S of the box is the sum of the integrals over 
the six faces. However, F = Fi is orthogonal to the normal vectors to the top and bottom 
as well as the two side faces because F - j = F-k = 0. Therefore, the surface integrals 

Rear face $, Ey over these faces are zero. Nonzero contributions come only from the front and rear faces, 
(x= a) which we denote Sp and S, (Figure 6): 


[[Fas= ff, ¥ 48+ ff ras 


To evaluate these integrals, we parametrize Sp and S, by 


N 


f 


Front face S f 
(x= b) 


b 


A Gr. z)=0,y,z), cx ysd,e<z< f 
FIGURE 6 Gr(y, Zz) = (a, y,Z), Cf y= 4, €=2 = fF 


Proof We prove the Divergence Theorem in the special case that W is a rectangular box ___ 


The names attached to mathematical 
theorems often conceal a more complex 
historical development. What we call 
Green's Theorem was stated by Augustin 
Cauchy in 1846, but it was never stated by 
George Green himself (he published a 
result that implies Green’s Theorem in 
1828). Stokes’ Theorem first appeared as a 
problem on a competitive exam written by 
George Stokes at Cambridge University, but 
William Thomson (Lord Kelvin) had 
previously stated the theorem in a letter to 
Stokes. Gauss published special cases of 
the Divergence Theorem in 1813 and later 
in 1833 and 1839, while the general 
theorem was stated and proved by the 
Russian mathematician Michael 
Ostrogradsky in 1826. For this reason, the 
Divergence Theorem is also referred to as 
Gauss’s Theorem or the 
Gauss—Ostrogradsky Theorem. 


FIGURE 7 Closed cylinder of radius 2 
and height 5. 


a9 REMINDER In Eq. (2), we use 


Qn 
f cos ô sin d0 = 0 
0 


20 
if sin? 6d6 = x 
0 
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The normal vectors for these parametrizations are 


dG dG 
Zf x Z Hjxk=i 
dy dz 
0G, 0G, _, ; 
x =i xk=1 
dy dz 
On S,, we take n = —i as the outward-pointing unit normal, and therefore F-dS = 


(Fii) - (—i)d S = —F\dydz. Thus, 


f rd f rd 
I F-as+ || F-as= | | Filb,y.2)dy dz — | | i gee az 
Sf A e Jc e Jc 


f Ya 
=| | (Fib.y,2) — Filay,2) dy dz 


By the Fundamental Theorem of Calculus, Part I, 


b 
OF 
ORO en Ce Po / “Mx y,z)dx 


a 


oF 
Since div(F) = div( Fi i) = = we obtain the desired result: 


x 
Sear? OF; 
I F-as= | | | “Aa yz)drdyaz= [ff div(F)d V inc 
S dJe Ja OX W 


EXAMPLE 1 Verifying the Divergence Theorem Verify Theorem 1 for F(x, y, z) = 

(y, yz, z”) and the closed cylinder in Figure 7. 

Solution We must verify that the flux | [ F - dS, where S is the surface of the cylinder, 
Pa) 


is equal to the integral of div(F) over the cylinder. We compute the flux through S first: 
It is the sum of three surface integrals over the side, the top, and the bottom. 


Step I. Integrate over the side of the cylinder. 
We use the standard parametrization of the cylinder: 


G(0,z) = (2cos8@, 2sin 8, z), 


The normal vector is 


Vexep=2F, Ox zee 


N = Tọ x T, = (—2 sin f, 2 cos 6,0) x (0,0,1) = (2cos 0, 2 sin 9,0) 
and F(G(0,z)) = (y, yz, z?) = (2sin0, 2z sin 0, z?). Thus, 
F - dS = (2 sin, 2z sin9, z) - (2cos 0, 2 sin 6, 0) d6 dz 


= (4cos 6 sinð + 4z sin? 6) d0 dz 


5 2 
Jf F-as= f [ (4cos@ sin + 4z sin? 6) d0 dz 
side 0 JO 


5 
25 
=0+4r | zdz = 4r (>) = 507 
0 


Step 2. Integrate over the top and bottom of the cylinder. 
The top of the cylinder is at height z = 5, so we can parametrize the top by G(x, y) = 
(x, y, 5) for (x, y) in the disk D of radius 2: 


D = {(x,y):x° +y? <4} 
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FIGURE 8 
A = o 
EES. ae 
/ ja S y 
MO -E / 
fp, aA 
Aas i 
y 
XxX 
FIGURE 9 


Then e 


N = T, x Ty = (1,0,0) x (0,1,0) = (0,0,1) 
and since F(G(x, y)) = E(x, y, 5) = (y, Sy, J! we have 
F(G(x, y)) -N = (y, 5y,5°}- (0,0,1) = 25 
ji F - dS = II 25dA = 25 area(D) = 25(471) = 100x 
top D 
Along the bottom disk of the cylinder, we have z = 0 and F(x, y,0) = (y, 0,0). It 


follows that F is orthogonal to the vector —k that is normal to the bottom disk, and the 
integral along the bottom is zero. 


Step 3. Find the total flux. 


If F - dS = side + top + bottom = 50x + 100z +0=| 1507 
S 


Step 4. Compare with the integral of divergence. 


ð ð ð 
div(F) = div((y, yz, z”}) = —y + ge? -+ TA =0+z+2z=3z 


Ox 


The cylinder W consists of all points (x, y, z) for 0 < z < 5 and (x, y) in the disk D. 
We see that the integral of the divergence is equal to the total flux as required: 


È 75 
iff avav = fff zav = |f —dA 
w D Jz=0 D 2 
= (>) (area(D)) = >) (47) = E 
2 2 


In many applications, the Divergence Theorem is used to compute flux. In the next 
example, we reduce a flux computation (that would involve integrating over six sides of 
a box) to a more simple triple integral. 


EXAMPLE 2 Using the Divergence Theorem Use the Divergence Theorem to evalu- 
ate | | (x? z4, e?) - dS, where S is the box in Figure 8 that encloses the region W. 
S 


Solution First, compute the divergence: 
as ee ‘ 
a? ee ae =2x+e 


Then apply the Divergence Theorem and integrate: 


2 73 pl 
If (che) as = fff Oxrt+eyav = | [ | e+e rdedyar 
S W 0 JO JO 


2 £3 2 
=| [ @x+e-Dayax = [Gx +3e-3)dx= 6046. 
0 JO 0 


div((x?, z", e*}) = 


EXAMPLE 3 A Vector Field with Zero Divergence Compute the flux of 


F= (2? + xy’, cos(x + z),e7” — zy”) 


outward through the boundary of the surface S in Figure 9. 
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Solution Although F is rather complicated, its divergence is zero: 
ð 2 ee: Ty 2 2 2 
div(F) = — (z^ + xy*) + — cos(x +z) + —(e 7 — zy) =y- y =0 
Ox dy OZ 


The Divergence Theorem shows that the flux is zero. Letting W be the region enclosed 


by S, we have 
[[e-as= fff avav = [ff OdV =0 E 
S W W 


GRAPHICAL INSIGHT Interpretation of Divergence Let’ s assume again that F is the veloc- 
ity field of a fluid (Figure 10). Then the flux of F through a surface S is the flow rate 


Se | | ly (volume of fluid passing through S per unit time). If S encloses a region W, then by 
b e the Divergence Theorem, 
ae S 
ARN flow rate across S = If F-dS= If div(F) dV 
S W 


Now, assume that S is a small sphere centered at a point P. Because div(F) is 
continuous, we can approximate div(F) on W by the constant value div(F)(P). This 


FIGURE 10 For a velocity field, the flux gives us the approximation 
through a surface is the flow rate (in 
volume per unit time) of fluid across the f J F-dS = f if | div(F) dV ~ div(F)(P) - Vol(W) | 4 | 
surface. S W 
Therefore, 


div(F)(P) ~ 


i 
Vol(W) | [ pras 


Thus, the divergence is approximately the flow rate across a small sphere, divided 
by the volume of the sphere. The approximation becomes more exact as the sphere 
shrinks, and therefore div(F)(P) has an interpretation as outward flow rate (or flux) of 
F per unit volume near P. 


°- If div(F)(P) > 0, there is a net outflow of fluid across any small closed surface 
enclosing P, or, in other words, a net “creation” of fluid near P. In this case, we 
call P a source. 


Because of this, div(F) is sometimes called the source density of the field. 


e If div(F)(P) < 0, there is a net inflow of fluid across any small closed surface 
enclosing P, or, in other words, a net “destruction” of fluid near P. In this case, we 
call P a sink. 

° If div(F)( P) = 0, then the net flow across any small closed surface enclosing P 
is approximately zero. A vector field such that div(F) = 0 everywhere is called 


incompressible. 

Do the units match up in Eq. (4)? The flow To visualize these cases, consider the two-dimensional situation, where 
rate has units of volume per unit time. On 
the other hand, the divergence is a sum of OF; OF: 

5 2 
derivatives of velocity with respect to div( (F1, F2)) = ax a 9 
distance. Therefore, the divergence has í 
units of distance per unit time per unit In Figure 11, field (A) has positive divergence. There is a positive net flow of fluid 


distance, or units time~!, and the 
right-hand side of Eq. (4) also has units of 
volume per unit time. 


across every circle per unit time. Similarly, field (B) has negative divergence. By con- 
trast, field (C) is incompressible. The fluid flowing into every circle is balanced by the 
fluid flowing out. 
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(A) The field F = (x, y) with (B) The field F = {y - 2x, x - 2y) (C) The field F = (x, -y) 
div(F) = 2. There is a net with div(F) = —4. There is a with div(F) = 0. The inflow 
outflow through every circle. net inflow into every circle. is balanced by the outflow. 
FIGURE 11 


Applications to Electrostatics 


The Divergence Theorem is a powerful tool for computing the flux of electrostatic fields. 
This is due to the fact that the electrostatic field of a point charge is a scalar multiple of 
ra Vx?+y?+z2 the inverse-square vector field, which has special properties. In this section, we denote 
the inverse-square vector field by Fis: 


4 REMINDER 


Forr £0, 


(x,y,z) _ (YZ) 


= — 
Í r fx? + y? + 2? 


The unit radial vector field e, appears in Figure 12. Note that Fıs is defined only for 
r Æ 0. The next example verifies the key property that div(Fjs) = 0. = 


EXAMPLE 4 The Inverse-Square Vector Field Verify that Fis = £ has zero diver- 
r 


gence: 
€ 
div (5) =0 
Solution Write the field as 
FIGURE 12 Unit radial vector field e». i 
x g = = = 
Fis = (Fi, Fa, F3) = = (=, =, =) = (er, yr, er) 
r-“\r 7 F 
We have 
or 3 1 x 
A lad a a a a TO 
Ox Ox 2 r 
A a N a 3 _49r 3 ye cs 
ax = eer p= — 3xr a T — (3xr ie 


ð F. ð F 
The derivatives = and E are similar, so 
dy dz 


2 2 2 2 2 2 2 2 2 2 
j r° — 3x re =3 r“ —3 3r* — 30° + y4 + 
deh ae eee, a L L E 


The next theorem shows that the flux of Fis through a closed surface S depends only 


on whether S contains the origin. ~< 


FIGURE 13 W is contained in the domain of 
Fis (away from the origin). 


FIGURE 14 


FIGURE 15 W is the region between S and 
the sphere Sp. 
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THEOREM 2 Flux of the Inverse-Square Field The flux of Fis = S through closed 
surfaces has the following remarkable description: 


4z if S encloses the origin 
J Ji (Z) as 
grr 0 if S does not enclose the origin 


Proof First, assume that S does not enclose the origin (Figure 13). Then the region 
W enclosed by S is contained in the domain of Fış and we can apply the Divergence 
Theorem. By Example 4, div(Fis) = 0, and therefore 


II, (=) l as= [ff divmsav = fff o dV =0 


Next, let us prove the theorem for S = Sp, the sphere of radius R centered at the 
origin (Figure 14). We cannot use the Divergence Theorem because Sp encloses a point 
(the origin) where Fis is not defined. However, we can directly compute the flux of Fis 
through Sp via a surface integral using spherical coordinates. Recall from Section 16.4 
[Eq. (2)] that the outward-pointing normal vector to the sphere in spherical coordinates is 


N = Tọ x Te = (R? sin ġ)e, 
The inverse-square field on Sz is simply Fis = R~e,, and thus 


Fis - N = (R~“e,) - (R? sin ġe,) = sin d(e, - e) = sing 


2m pr 
II Fs -ds = f | Fs- Nagao 
SR 0 0 


-= f” f” sneagas 


T 
= an | sino dọ = 4x 
0 
To extend this result to any surface S enclosing the origin, choose a sphere Sg whose 


radius R > 0 is so small that Sp is enclosed inside S. Let W be the region between Spr 
and S (Figure 15). The oriented boundary of W is the difference: 


aW=S— SR 


This means that S is oriented by outward-pointing normals and Sz by inward-pointing 
normals, We have 


If Fis - as- |f Fs -as = || Fis - dS 
S SR aw 
= J f div(Fis) dV (Divergence Theorem) 
W 


= I p OdV=0 [Because div(Fjs) = 0] 


This proves that the fluxes through S and Sp are equal, and hence both equal 47. 
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To prove that the Divergence Theorem is 
valid for regions between two surfaces, 
such as the region W in Figure 15, we cut 
W down the middle. Each half is a region 
enclosed by a surface, so the Divergence 
Theorem as we have stated it applies. By 
adding the results for the two halves, we 
obtain the Divergence Theorem for W. This 
uses the fact that the fluxes through the 
common face of the two halves cancel 
since the common faces have opposite 
orientations. 


We proved Theorem 3 in the analogous 
case Of a gravitational field (also a radial 
inverse-square field) by a laborious 
calculation in Exercise 48 of Section 16.4. 
Here, we have derived it from Gauss’s Law 
and a simple appeal to symmetry. 


E = E(r)e, 


FIGURE 16 The electric field due to a 
uniformly charged sphere. 


Notice that we just applied the Divergence Theorem to a region W that lies between __ 
two surfaces, one enclosing the other. This is a more general form of the theorem than 
the one we stated formally in Theorem 1 above. The marginal comment explains why 
this is justified. a 


This result applies directly to the electric field E of a point charge, which is a scalar 
multiple of the inverse-square vector field. For a charge of q coulombs at the origin, 


q € 
E= — 
E) r2 


where eo = 8.85 x 1072 C2/N-m’ is the permittivity constant. Therefore, 


4 ifq isinside S 
flux of E through S = 4 €0 
0 ifgisoutsideS 


Now, instead of placing just one point charge at the origin, we may distribute a finite 
number M of point charges q; at different points in space. The resulting electric field E 
is the sum of the fields E; due to the individual charges, and 


[[e-as= [fe as+-+ ff Enas 


Each integral on the right is either 0 or q; /€9, according to whether or not S encloses q;, 
so we conclude that 
total charge 
j f E- dS = 2 
S 


This fundamental relation is called Gauss’s Law. A limiting argument shows 
that Eq. (5) remains valid for the electric field due to a continuous distribution of 
charge. 

The next theorem, describing the electric field due to a uniformly charged sphere, is 
a classic application of Gauss’s Law. 


enclosed by S 
€Q 


THEOREM 3 Uniformly Charged Sphere The electric field due to a uniformly 
charged hollow sphere Spg of radius R, centered at the origin and of total charge Q, is 


Q A ifr>R 
E = { \4reo) r? | 6 | 


0 ifr < R 


where eo = 8.85 x 107!” C2/N-m’, 


Proof By symmetry (Figure 16), the electric field E must be directed in the radial direc- 
tion e, with magnitude depending only on the distance r to the origin. Thus, E = E(r)e, 
for some function E(r). The flux of E through the sphere S, of radius r is 


If E - dS = E(r) If e -dS =4nr*E(r) 
Sr S, 


Surface area of sphere 


3 . . See 
By Gauss’s Law, this flux is equal to C/ep, where C is the charge enclosed by S,. 
If r < R, then C=O and E = 0. If r > R, then C = Q and Anr*E(r) = Q/€o, or 
E@ = O/(e94nr7). This proves Eq. (6). E 
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CONCEPTUAL INSIGHT Here is asummary of the basic operations on functions and vec- 
tor fields: 


T —> F 2 G 


gradient curl 
function vector field vector field function 


One basic fact is that the result of two consecutive operations in this diagram is zero: 


curl(gradient(f)) = 0, div(curl(F)) = 0 
Vx(Vf)=9, V-(VxF)=0 


The first identity follows from Theorem 1 of Section 16.1. The second identity 
appeared as Exercise 33 in Section 16.1. An interesting question is whether every 
vector field satisfying curl(F) = 0 is necessarily conservative—that is, E = V f for 
some function f. The answer is yes, but only if the domain D is simply connected. 
For example, in R? the vortex field satisfies curl,(F) = 0 and yet cannot be conserva- 
tive because its circulation around the unit circle is nonzero (which is not possible for 
conservative vector fields since their circulation around a closed path must be zero). 
However, the domain of the vortex vector field is R? with the origin removed, and this 
domain is not simply connected. 

The situation for vector potentials is similar. Can every vector field G satisfying 
div(G) = 0 be written in the form G = curl(A) for some vector potential A? Again, 
the answer is yes—provided that the domain is a region W in R° that has no “holes,” 
a region like a ball, a solid cube, or all of RÌ. The inverse-square field Fis = e, /r? 
plays the role of the vortex field in this setting: Although div(Fjs) = 0, Fis cannot 
have a vector potential over its whole domain because, as shown in Theorem 2, its 
flux through the unit sphere is nonzero (which is not possible for a vector field with a 
vector potential since Stokes’ Theorem implies that the flux of such a vector field over 
a closed surface must be zero). In this case, the domain of Fis = e, / r? is R? with the 
origin removed, which has a hole. 

These properties of the vortex and inverse-square vector fields are significant be- 
cause they relate line and surface integrals to topological properties of the domain, 
such as whether the domain is simply connected or has holes. They are a first hint 
of the important and fascinating connections between vector analysis and the area of 
mathematics called topology. 


17.3 SUMMARY 


° The Divergence Theorem: If W is a region in R? whose boundary 3W is a surface, 
oriented by normal vectors pointing outside W, then 


[f as- fff iav 


* Corollary: If div(F) = 0, then F has zero flux through the boundary dW of any W 
contained in the domain of F. 

e The divergence div(F) is interpreted as flux per unit volume, which means that the 
flux through a small closed surface containing a point P is approximately equal to 
div(F)( P) times the enclosed volume. 

e Basic operations on functions and vector fields: 

f ae F ss G = g 
function vector field vector field function 
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This is not just mathematical 
elegance... but beauty. 

It is so simple and yet it describes 
something so complex. 


Francis Collins (1950— ), leading geneticist 
and former director of the Human Genome 
Project, speaking of the Maxwell Equations. 


Magnetic 


field B Direction of 


wave motion 


FIGURE 17 The E and B fields of an 
electromagnetic wave along an axis of 
motion. 
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° In these cases, the result of two consecutive operations is zero: 


curl(V f) = 0, 


div(curl(F)) = 0 


¢ The inverse-square field Fis = e, /r?, defined for r Æ 0, satisfies div(Fjs) = 0. The 
flux of Fis through a closed surface S is 42 if S contains the origin and is zero 


otherwise. 


HISTORICAL PERSPECTIVE 


T Vector analysis was 
developed in the 
| nineteenth century, 
| in large part, to ex- 
press the laws of 
electricity and mag- 
netism. Electromag- 
netism was studied 
intensively in the 
period 1750-1890, 
culminating in the 
famous Maxwell 
Equations, which provide a unified understand- 
ing in terms of two vector fields: the electric 
field E and the magnetic field B. In a region 
of empty space (where there are no charged 
particles), the Maxwell Equations are 


SSPL/The Image Works __ 


—James Clerk Maxwell 
(1831-1879) 


div(E) = 0, div(B) = 0 


E 
curl(B) = Moos 


oB 
curl(E) = a 


where jo and eg are experimentally determined 
constants. In SI units, 


Ho = 4n x 1077 henries/m 
co © 8.85 x 107 !? farads/m 


These equations led Maxwell to make two 
predictions of fundamental importance: (1) that 
electromagnetic waves exist (this was con- 
firmed by H. Hertz in 1887), and (2) that light 
is an electromagnetic wave. 

How do the Maxwell Equations suggest 
that electromagnetic waves exist? And why did 
Maxwell conclude that light is an electromag- 
netic wave? It was known to mathematicians 
in the eighteenth century that waves traveling 
with velocity c may be described by functions 
g(x, y, Z,t) that satisfy the wave equation 


where A is the Laplace operator (also known as 
the Laplacian) 
a*p a2 d*y 


Ag= — + — + — 
á 3x? 3y? Az2 


We will show that the components of E 
satisfy this wave equation. Take the curl of both 
sides of Maxwell’s third equation: 


OB ð 
curl(curl(E)) = curl (-=) = E 


Then apply Maxwell’s fourth equation to obtain 


3 dE 
curl(curl(E)) = | Locos 


2 


Finally, let us define the Laplacian of a vector 
field 


F = (F\, Fo, F3) 


by applying the Laplacian A to each compo- 
nent, AF = (A F}, AF», AF3). Then the fol- 
lowing identity holds (see Exercise 36): 


curl(curl(F)) = V(div(F)) — AF 


Applying this identity to E, we obtain 
curl(curl(E)) = —AE because div(E) = 0 by 
Maxwell’s first equation. Thus, Eq. (8) yields 


32E 


AE = uoco ae 
In other words, each component of the electric 
field satisfies the wave equation (7), with c = 
(ug€o)~!/2. This tells us that the E-field (and 
similarly the B-field) can propagate through 
space like a wave, giving rise to electromag- 
netic radiation (Figure 17). 

Maxwell computed the velocity c of an 
electromagnetic wave: 


c= (peo) 1/7 x 3 x 10° m/s 


and observed that the value is suspiciously close 
to the velocity of light (first measured by Olaf 
Römer in 1676). This had to be more than a co- 
incidence, as Maxwell wrote in 1862: “We can 
scarcely avoid the conclusion that light con- 
sists in the transverse undulations of the same 
medium which is the cause of electric and mag- 
netic phenomena.” Needless to say, the wireless 
technologies that drive our modern society rely 
on the unseen electromagnetic radiation whose 
existence Maxwell first predicted on mathemat- 
ical grounds. 
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17.3 EXERCISES 


Preliminary Questions 
1. What is the flux of F = (1,0,0) through a closed surface? 


2. Justify the following statement: The flux of F = (ie? y z>) through ev- 
ery closed surface is positive. 


3. Which of the following expressions are meaningful (where F is a vec- 
tor field and f is a function)? Of those that are meaningful, which are 
automatically zero? 
(a) div(V f) 

(d) div(curl(F)) 


(c) Veurl(f) 
(f) Vidiv(F)) 


(b) curl(V f) 
(e) curl(div(F)) 


4. Which of the following statements is correct (where F is a continuously 
differentiable vector field defined everywhere)? 

(a) The flux of curl(F) through all surfaces is zero. 

(b) If ¥ = V¢, then the flux of F through all surfaces is zero. 

(c) The flux of curl(F) through all closed surfaces is zero. 


5. How does the Divergence Theorem imply that the flux of the vector 
field F = (x*, y — e7, y — 2zx) through a closed surface is equal to the 
enclosed volume? 


Exercises 


In Exercises 1-4, verify the Divergence Theorem for the vector field and 
region. 


1. F(x, y,z) = (z,x,y), the box [0,4] x [0,2] x [0,3] 

2. F(x, y,z) = (y,x,z), the region x* +y? +z? <4 

3. F(x, y,z) = (2x,3z,3y), the region x? + y? <1,0<z<2 
4. F(x, y,z) = (x,0,0), the region x? +y? <z <4 


In Exercises 5-16, use the Divergence Theorem to evaluate the flux 
F . dS. 
S 


5. F(x, y,z) = (0,0, z°/3), S is the sphere x? + y? +z? = 1. 
6. F(x, y,z) = (y,z,x), S is the sphere x? + yrt+27=1. 


7. F(x, y,z) = (xy*, yz”, zx”), S is the boundary of the cylinder given by 
x? +y? <4,0<2z <3. 


8. F(x, y,z) = (Wz, yx, xyz), S is the boundary of the tetrahedron given 
byt +¥+z=1,0=4,0= y,6 <<. 


9. F(x, y,z) = (x + 2?,xz + y?,zx — y), S is the surface that bounds the 
solid region with boundary given by the parabolic cylinder z = 1 — x?, 
and the planes z = 0, y = 0, and z + y = 5. 


10. F(x, y,z) = (zx, yx?,x?z}, S is the surface that bounds the solid 
region with boundary given by y = 4 — x? — z*, y = 0. 


11. F(x, y,z) = (x3, 0, P), S is the boundary of the region in the first 
octant of space given by x? + y2 +z? < 4, x > 0, y > 0,z > 0. 


12. F(x, y, z) = (e* +7, e* +2, e*+9), S is the boundary of the unit cube 
Vee = 1,0 29Y < 10S eS 1. 


13. F(t; y,z) = (x, y*,z+ y), S is the boundary of the region contained 
in the cylinder x? + y? = 4 between the planes z = x and z = 8. 


14. F(x, y,z) = (x? — z?, e? — cos x, y°), S is the boundary of the re- 
gion bounded by x + 2y + 4z = 12 and the coordinate planes in the first 
octant. 


15. F(x, y,z) = (x + y,z,z — x), S is the boundary of the region between 
the paraboloid z = 9 — x? — y? and the xy-plane. 


16. F(x, y,z) = let, 2y + sin(x*z),4z + yx? +9y2)}, S is the region 
x+y <7 <8—x7—- yy’. 
17. Calculate the flux of the vector field F = 2xyi — y?j + k through the 


surface S in Figure 18. Hint: Apply the Divergence Theorem to the closed 
surface consisting of S and the unit disk. 


18. Let Sı be the closed surface consisting of S in Figure 18 together with 
the unit disk. Find the volume enclosed by S;, assuming that 


If (x, 2y,3z) - dS =72 
S| 


FIGURE 18 Surface S whose boundary is the unit circle. 


19. Let S be the half-cylinder x? + y? =1]1,x>0,0<z<1. Assume 
that F is a horizontal vector field (the z-component is zero) such that 
F(0, y, z) = zy?i. Let W be the solid region enclosed by S, and assume 


that 
JIT, div(F)d V = 4 


Find the flux of F through the curved side of S. 


20. Volume as a Surface Integral Let F(x, y, z) = (x, y. z). Prove that 
if W is a region in R? with a smooth boundary S, then 


volume(W) = ; f [ F-dS [9] 


21. Use Eq. (9) to calculate the volume of the unit ball as a surface integral 
over the unit sphere. 


22. Verify that Eq. (9) applied to the box [0, a] x [0, b} x [0, c] yields the 
volume V = abc. 


1060 CHAPTER 17 


23. Let W be the region in Figure 19 bounded by the cylinder x? +y? =4, 
the plane z = x + 1, and the xy-plane. Use the Divergence Theorem to 
compute the flux of F(x, y, z) = (z x,y + z“) through the boundary of W. 


FIGURE 19 


24. Lett = ff F - dS, where 
5 


2yz Až- xy 
Fey d = (3,3 


(r = yx? + y? + z?) and S is the boundary of a region W. 
(a) Check that F is divergence free. 


(b) [4 Show that J = 0 if S is a sphere centered at the origin. Explain 
why the Divergence Theorem cannot, however, be used to prove this. 


25. The velocity field of a fluid v (in meters per second) has divergence 
div(v)(P) = 3 at the point P = (2, 2,2). Estimate the flow rate out of the 
sphere of radius 0.5 meter centered at P. 


26. A hose feeds into a small screen box of volume 10 cm? that is sus- 
pended in a swimming pool. Water flows across the surface of the box at 
a rate of 12 cm?/s. Estimate div(v)(P), where v is the velocity field of the 
water in the pool and P is the center of the box. What are the units of 
div(v)(P)? 


27. The electric field due to a unit electric dipole oriented in the k- 
direction is E = V(z/r>), where r = (x? + y? + z?) (Figure 20). Let 
€r = pa re PZ): 

(a) Show that E = r~7k — 3zr~e,. 

(b) Calculate the flux of E through a sphere centered at the origin. 

(c) Calculate div(®). 


(d) EA Can we use the Divergence Theorem to compute the flux of E 
through a sphere centered at the origin? 


FIGURE 20 The dipole vector field restricted to the xz-plane. 
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28. Let E be the electric field due to a long, uniformly charged rod of ra-_ _. 


dius R with charge density 5 per unit length (Figure 21). By symmetry, 
we may assume that E is everywhere perpendicular to the rod and its mag- 
nitude E(d) depends only on the distance d to the rod (strictly speaking, 
this would hold only if the rod were infinite, but it is nearly true if the 
rod is long enough). Show that E(d) = 8/27 €od for d > R. Hint: Apply 
Gauss’s Law to a cylinder of radius R and of unit length with its axis along 
the rod. 


FIGURE 21 


29, Let W be the region between the sphere of radius 4 and the cube of 
side 1, both centered at the origin. What is the flux through the bound- 
ary S = dW of a vector field F whose divergence has the constant value 
div(F) = —4? 


30. Let W be the region between the sphere of radius 3 and the sphere 
of radius 2, both centered at the origin. Use the Divergence Theorem to 
calculate the flux of F = xi through the boundary S = dW. 


31. Let f be a scalar function and F be a vector field. Prove the following —_ 


Product Rule for Divergence: 
div( fF) = fdiv)+V/-F 


32. Let F and G be vector fields. Prove the following Product Rule for 
Divergence: 


div(F x G) = curl(F) -G — F - curl(G) 


In Exercises 33 and 34, use the product rules in Exercises 31 and 32. 
A vector field F is incompressible if div(F) = 0 and is irrotational if 
curl(F) = 0. 


33. Let F be an incompressible vector field that is everywhere tangent to 
level surfaces of f. Prove that fF is incompressible. 


34. Prove that the cross product of two irrotational vector fields is in- 
compressible, and explain why this implies that the cross product of two 
conservative vector fields is incompressible. 


In Exercises 35-38, A denotes the Laplace operator defined by 


35. Prove the identity 


div(Vg) = Ag 


36. Prove the identity 
curl(curl(F)) = V(div(F)) — AF 
where AF denotes (A Fi, A F2, AF3). 


37. A function g satisfying Ag = 0 is called harmonic. 
(a) Show that Ag = div(V¢) for any function g. 
(b) Show that ¢ is harmonic if and only if div(Vg) = 0. 


(c) Show that if F is the gradient of a harmonic function, then curl(F) = 
0 and div(F) = 0. 

(d) Show that F(x, y,z) = (xz, —yz, 5 (x? _ y2) is the gradient of a har- 
monic function. What is the flux of F through a closed surface? 


38. Let F = r”"e,, where n is any number, r = (x? + y +z?)!/, and 


e, =r! (x, y,z) is the unit radial vector. 
(a) Calculate div(P). 


(b) Calculate the flux of F through the surface of a sphere of radius R 
centered at the origin. For which values of n is this flux independent of R? 


Further Insights and Challenges 


39. Let S be the boundary surface of a region W in R?, and let Dug de- 
note the directional derivative of ø, where n is the outward unit normal 
vector. Let A be the Laplace operator defined earlier. 


(a) Use the Divergence Theorem to prove that 


f|. eves fff soav 


(b) Show that if g is a harmonic function (defined in Exercise 37), then 


& 


40. Assume that ¢ is harmonic. Show that div(gV¢y) = ||V@ i|? and con- 


clude that 
I oDapas = fff Voll? dv 
S w 


41. Let F=(P,Q,R) be a vector field defined on R? such that 
div(F) = 0. Use the following steps to show that F has a vector potential. 


(a) Let A = (f,0, g). Show that 


(b) Fix any value yo and show that if we define 


y 
f(x,y,z?) = -f R(x,t,z)dt +a(x,z) 
yo 


y 
g(x, y, Z) =i} P(x,t,z) dt + B(x, z) 
Yo 


where œ and # are any functions of x and z, then dg/dy = P and 
—df/dy = R. 
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(c) Prove that V(r”) = nr” ie. 

(d) Use (c) to show that F is conservative for n 4 —1. Then show that 

F = r~!e, is also conservative by computing the gradient of lnr. 

(e) What is the value of f) F - ds, where C is a closed curve that does not 
€ 


pass through the origin? 
(f) Find the values of n for which the function g = r” is harmonic. 


(c) It remains for us to show that œ and $ can be chosen so Q = 
df/dz — dg/dx. Verify that the following choice works (for any choice 
of zo): 


z 
a(x,z)= f Q(x, yo. t) dt, P@;z)=0 
zo 


Hint: You will need to use the relation div(F) = 0. 
42. Show that 
F(x, y,z) = (2y — 1,327, 2xy) 
has a vector potential and find one. 
43. Show that 
F(x, y,z) = (2ye* — xy, y, yz — z) 
has a vector potential and find one. 


44. In the text, we observed that although the inverse-square radial vector 
e ' ; : 

field F = < satisfies div(F) = 0, F cannot have a vector potential on its 

domain {(x, y, z) # (0,0,0)} because the flux of F through a sphere con- 

taining the origin is nonzero. 

(a) Show that the method of Exercise 41 produces a vector potential A 

such that F = curl(A) on the restricted domain D consisting of R? with 

the y-axis removed. S 

(b) Show that F also has a vector potential on the domains obtained by 

removing either the x-axis or the z-axis from R°. 

(c) Does the existence of a vector potential on these restricted domains 

contradict the fact that the flux of F through a sphere containing the origin 

is nonzero? 


CHAPTER REVIEW EXERCISES 


1. Let F(x, y) = (x + y?, x? — y), and let C be the unit circle, oriented 


counterclockwise. Evaluate ® F - dr directly as a line integral and us- 


ing Green’s Theorem. 


2. Let IR be the boundary of the rectangle in Figure 1, and let 07; 
and Rə be the boundaries of the two triangles, all oriented counter- 
clockwise. 


(a) Determine $ F. drif f F. dr = —2. 
IRI ð 


F -dr =4and f 


R R2 


(b) What is the value of g E dr if aR is oriented clockwise? 
OR 


FIGURE 1 
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In Exercises 3—6, use Green’s Theorem to evaluate the line integral 
around the given closed curve. 


3. $ xy? dx +x°y dy, where C is the boundary of the rectangle 


—| < x <2,-2 < y < 3, oriented counterclockwise 


4. $ (3x + 5y — cos y)dx + x sin y dy, where C is any closed curve 
C 


enclosing a region with area 4, oriented counterclockwise 


a p) y? dx — x? dy, where C consists of the arcs y = x” and y = 


/x,0 < x < 1, oriented clockwise 


6. $ ye* dx + xe” dy, where C is the triangle with vertices (—1, 0), 


(0, 4), and (0, 1), oriented counterclockwise 


7. Let r(t) = (2a ae = 1)°). 


(a) (GU) Plot the path r(t) for0 < t < 1. 
(b) Calculate the area A of the region enclosed by r(t) for0 < t < 1 


using the formula A = J fa dy — y dx). 
E 


8. Calculate the area of the region bounded by the two curves y = x? 


and y = 4 using the formula A = $ x dy. 
C 


9. Calculate the area of the region bounded by the two curves y = x? 


and y = ./x for x > 0 using the formula A = $ x dy. 
C 


10. Calculate the area of the region bounded by the two curves y = x? 


and y = 4 using the formula A = $ —y dx. 
C 


11. Calculate the area of the region bounded by the two curves y = x? 


and y = ./x for x > 0 using the formula A = $ —y dx. 
C 


12. In (a)}(d), state whether the equation is an identity (valid for all F 
or f). If it is not, provide an example in which the equation does not 
hold. 


(a) curl(V f) =0 
(c) div(curl(F)) = 0 


(d) Vidiv(F)) = 90 


13. Let F(x, y) = (x? y, xy?) be the velocity vector field for a fluid in 


the plane. Find all points where the angular velocity of a small paddle 
wheel inserted into the fluid would be 0. 


14. Compute the flux F - nds of F(x, y) = (x3 : yx?) across the 


unit square D using the Flux Form of Green’s Theorem. 


15. Compute the flux $ F -nds of F(x,y) = (x3 + 2x, y? T y) 
aD 


across the circle D given by x? + y? = 4 using the Flux Form of 
Green’s Theorem. 


16. Suppose that S} and S) are surfaces with the same oriented 
boundary curve C. In each case, does the condition guarantee that the 
flux of F through S; is equal to the flux of F through S>? 


(a) F = V f for some function f 
(b) F = curl(G) for some vector field G 


FUNDAMENTAL THEOREMS OF VECTOR ANALYSIS 


17. Prove that if F is a gradient vector field, then the flux of curl(F) 
through a smooth surface S (whether closed or not) is equal to zero. 


18. Verify Stokes’ Theorem for F(x, y,z) = (y,z — x, 0) and the sur- 
face z = 4 — x? — y2, z > 0, oriented by outward-pointing normals. 


19. Let F(x, y, z) = (ae +z, y’), and let S be the upper half of the 
ellipsoid 


x2 


2 2 
——" =i 
4 Y Fz 
oriented by outward-pointing normals. Use Stokes’ Theorem to com- 


pute J [ curl(F) - dS. 
S 


20. Use Stokes’ Theorem to evaluate $ (y, za - dr, where C is the 
C 


curve in Figure 2. 


FIGURE 2 


21. Let S be the side of the cylinder x2 + y? = 4, 0 < z < 2 (not in- 
cluding the top and bottom of the cylinder). Use Stokes’ Theorem to 
compute the flux of F(x, y, z) = (0, y, —z) through S (with outward- 
pointing normal) by finding a vector potential A such that curl(A) = F. 


22. Verify the Divergence Theorem for F(x, y,z) = (0,0, z) and the 
region x? + y2 +z? = 1. 


In Exercises 23-26, use the Divergence Theorem to calculate 


J J. F - dS for the given vector field and surface. 


23. F(x, y,z) = (xy, yz, xz +z"), S is the boundary of the box 
[O, 1] x [2,4] x [1,5]. 


24. F(x, y,z) = (xy, yz,x*z +z), S is the boundary of the unit 
sphere. 


25. F(x, y,z) = (xyz + xy, 5y7(1 - z)+e%,e* +"), o is the 
boundary of the solid bounded by the cylinder x? + y? = 16 and 
the planes z = 0 and z = y — 4. 


26. F(x, y,z) = (sin(yz), J x2 4 z4, x cos(x — y)), S is any smooth 
closed surface that is the boundary of a region in RÌ, 


27. Find the volume of a region W if 


ue 
Xx +xy +z,x +3y-— ~y”,4z})-dS = 16 
Now| 7 ge 
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\ 28. Show that the circulation of F(x, y,z) = (x?, y?, z(=? + y?) and the disk D = {(x, y,0) : x? + y? < 1} inthe xy-plane. Recall that 
around any curve C on the surface of the cone z? = x? + y? is equal the flow rate of a fluid across a surface is equal to the flux of F through 
to zero (Figure 3). the surface. 

(a) Show that the flow rate across D is zero. 


(b) Use the Divergence Theorem to show that the flow rate across S, 
oriented with an outward-pointing normal, is equal to 


1 J m div(F)d V. Then compute this triple integral. 
34. The velocity field of a fluid (in meters per second) is 
F = (3y — 4i + e EHD) + (x? + y*)k 


(a) Estimate the flow rate (in cubic meters per second) through a small 
surface S around the origin if S encloses a region of volume 0.01 m?. 


(b) Estimate the circulation of F about a circle in the xy-plane of ra- 
dius r = 0.1 m centered at the origin (oriented counterclockwise when 


FIGURE 3 viewed from above). 
(c) Estimate the circulation of F about a circle in the yz-plane of ra- 
In Exercises 29-32, let F be a vector field whose curl and divergence dius r = 0.1 m centered at the origin (oriented counterclockwise when 
at the origin are viewed from the positive x-axis). 
curl(F)(0, 0,0) = (2, —1, 4), div(F)(0, 0,0) = —2 35. Let f(x,y) =x + 5 = 5 The vector field F = V f (Figure 5) 
x y 


provides a model in the plane of the velocity field of an incompress- 


22. Estimate ® F - dr, where C is the circle of radius 0.03 in the xy- ible, irrotational fluid flowing past a cylindrical obstacle (in this case, 


plane centered at the origin. the obstacle is the unit circle x* + y? = 1). 
(a) Verify that F is irrotational [by definition, F is irrotational if 
\_ 30. Estimate $ F - dr, where C is the boundary of the square of side curl(F) = 0]. 


E 
0.03 in the yz-plane centered at the origin. Does the estimate depend 
on how the square is oriented within the yz-plane? Might the actual 
circulation depend on how it is oriented? 


31. Suppose that F is the velocity field of a fluid and imagine placing 
a small paddle wheel at the origin. Find the equation of the plane in 
which the paddle wheel should be placed to make it rotate as quickly 
as possible. 


32. Estimate the flux of F through the box of side 0.5 in Figure 4. Does 
the result depend on how the box is oriented relative to the coordinate 
axes? 


x 
FIGURE 5 The vector field Vf for f(x, y) =x + ey Le 
eo Y 


(b) Verify that F is tangent to the unit circle at each point along the 
unit circle except (1,0) and (—1, 0) (where F = 0). 


(c) What is the circulation of F around the unit circle? 


(d) Calculate the line integral of F along the upper and lower halves 
of the unit circle separately. 


36. Figure 6 shows the vector field F = V f, where 


FIGURE 4 


fæ y) =n (x? 4+(y—- 1P) +n(x? +. +’) 


OE e Es which is the velocity field for the flow of a fluid with sources of equal 
Joe Oe: strength at (0, +1) (note that f is undefined at these two points). e 
F(x, y.2) = (x Ty Oz that F is both irrotational and incompressible—that 1s, curlz(F) = 
and div(F) = 0 [in computing div(F), treat F as a vector field in R 
Eee ee eee em iai with a zero z-component]. Is it necessary to compute curl, (E) to con- 


2 clude that it is zero? 
S = (yz): ty +z =], zZ > 0} 
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FIGURE 6 The vector field V f for f(x, y) = In(x* + (x — 1)°) + 
In(x? + (¥ + 19°). 


37. In Section 17.1, we showed that if C is a simple closed curve, ori- 
ented counterclockwise, then the area enclosed by C is given by 


— 


area enclosed by C = ; $x dy—ydx i 
Suppose that C is a path from P to Q that is not closed but has the 
property that every line through the origin intersects C in at most one 
point, as in Figure 7. Let R be the region enclosed by C and the two ra- 
dial segments joining P and Q to the origin. Show that the line integral 
in Eq. (1) is equal to the area of R. Hint: Show that the line integral of 
F = (—y,.x) along the two radial segments is zero and apply Green’ s 
Theorem. 


FIGURE 7 


38. Suppose that the curve C in Figure 7 has the polar equation 
Pi 7 (0), 

(a) Show that r(@) = <f(@)cos@, f(@)sin@) is a counterclockwise 
parametrization of C. 

(b) In Section 11.4, we showed that the area of the region R is given 
by the formula 


1 fÊ 2nd 
area of R = F) f(@)- de 
2 Ja 


FUNDAMENTAL THEOREMS OF VECTOR ANALYSIS 


Use the result of Exercise 37 to give a new proof of this formula. Hint: 
Evaluate the line integral in Eq. (1) using r(@). 


39. Prove the following generalization of Eq. (1). Let C be a sim- 


ple closed curve in the plane S with equation ax + by +cz +d =0 
(Figure 8). Then the area of the region R enclosed by C is equal to 


aif 
—— @ (bz —cy)dx + (cx —az)dy + (av — bx) dz 
2\IN|| Jc 


where N = (a,b.c) is the normal to S, and C is oriented as the 
boundary of R (relative to the normal vector N). Hint: Apply Stokes’ 
Theorem to F = (bz — ev, cx — az, ay — bx). 


N = {a. b. 
AA (abt) 
E 
\ a. 
x \ - f 
CE” Planes 
FIGURE 8 


40. Use the result of Exercise 39 to calculate the area of the triangle 
with vertices (1,0,0), (0. 1,0), and (0.0, 1) as a line integral. Verify 
your result using geometry. 


41. Show that G(6.¢) = (a cos 8 sing, b sin 0 sin ġ.c cos ġ) is a pa- 
rametrization of the ellipsoid 


a Fa Z\Ż | 
GEY- 
a b C 

Then calculate the volume of the ellipsoid as the surface integral of 


F = 4 (x. y. z) (this surface integral is equal to the volume by the 
Divergence Theorem). 


A THE LANGUAGE OF MATHEMATICS 


One of the challenges in learning calculus is growing accustomed to its precise language 
and terminology, especially in the statements of theorems. In this section, we analyze a 
few details of logic that are helpful, and indeed essential, in understanding and applying 
theorems properly. 

Many theorems in mathematics involve an implication. If A and B are statements, 
then the implication A = B is the assertion that A implies B: 


Arse! : If A is true, then B is true. 


Statement A is called the hypothesis (or premise) and statement B the conclusion of the 
implication. Here is an example: /f m and n are even integers, then m +n is an even 
integer. This statement may be divided into a hypothesis and conclusion: 


m and n are even integers = m +n isan even integer 
—— mamam āÌ Å- eS 
A B 


In everyday speech, implications are often used in a less precise way. An example is: {f 
you work hard, then you will succeed. Furthermore, some statements that do not initially 
have the form A = B may be restated as implications. For example, the statement, “Cats 
are mammals,” can be rephrased as follows: 


Let X be an animal. Xisacat = xX isa mammal 
oe semen — aa 
A B 


When we say that an implication A = B is true, we do not claim that A or B is 
necessarily true. Rather, we are making the conditional statement that if A happens to be 
true, then B is also true. In the above, if X does not happen to be a cat, the implication 


tells us nothing. 
The negation of a statement A is the assertion that A is false and is denoted ~A. 


Statement A Negation ~A 
X lives in California. X does not live in California. 


AABC is aright triangle. AABC is not aright triangle. 


The negation of the negation is the original statement: -(—A) = A. To say that X does 
not not live in California is the same as saying that X lives in California. 
EXAMPLE 1 State the negation of each statement. 


(a) The door is open and the dog is barking. 
(b) The door is open or the dog is barking (or both). 


Solution 


(a) The first statement is true if two conditions are satisfied (door open and dog barking), 
and it is false if at least one of these conditions is not satisfied. So the negation is 


Either the door is not open OR the dog is not barking (or both). 


(b) The second statement is true if at least one of the conditions (door open or dog bark- 
ing) is satisfied, and it is false if neither condition is satisfied. So the negation is 


The door is not open AND the dog is not barking. Ê 


Al 


A2 APPENDIX A 


Keep in mind that when we form the 
contrapositive, we reverse the order of A 
and B. The contrapositive of A => B is 
NOT-A => -B. 


The fact that A => B is equivalent to its 
contrapositive ~B = ~A is a general rule 
of logic that does not depend on what A 
and B happen to mean. This rule belongs 
to the subject of “formal logic,” which 
deals with logical relations between 
statements without concern for the actual 
content of these statements. 


A counterexample is an example that 
satisfies the hypothesis but not the 
conclusion of a statement. If a single 
counterexample exists, then the statement 
is false. However, we cannot prove that a 
statement is true merely by giving an 
example. 


FIGURE 1 
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Contrapositive and Converse 


Two important operations are the formation of the contrapositive and the formation of 
the converse of a statement. The contrapositive of A > B is the statement “If B is false, 
then A is false”: 


The contrapositiveof A=B is ~B > ʻA. 


Here are some examples: 


Statement Contrapositive 

If X is a cat, If X is not a mammal, 

then X is a mammal. then X is not a cat. 

If you work hard, If you did not succeed, 
then you will succeed. then you did not work hard. 


If m + n is not even, then 
m and n are not both even. 


If m and n are both even, 
then m + n is even. 


A key observation is this: 


The contrapositive and the original implication are equivalent. 


In other words, if an implication is true, then its contrapositive is automatically true, and 
vice versa. In essence, an implication and its contrapositive are two ways of saying the 
same thing. For example, the contrapositive, “If X is not a mammal, then X is not a cat,” 
is a roundabout way of saying that cats are mammals. 

The converse of A = B is the reverse implication B => A: 


Converse B > A 
If B is true, then A is true. 


Implication: A> B 
If A is true, then B is true. 


The converse plays a very different role than the contrapositive because the converse is 
NOT equivalent to the original implication. The converse may be true or false, even if 
the original implication is true. Here are some examples: 


True Statement Converse Converse True or False? 
If X is a cat, If X is a mammal, False 

then X is a mammal. then X is a cat. 

If m is even, If m? is even, True 

then m? is even. then m is even. 


EXAMPLE 2 An Example Where the Converse Is False Show that the converse of, 
“If m and n are even, then m + n is even,” is false. 


Solution The converse is, “If m + n is even, then m and n are even.” To show that the 
converse is false, we display a counterexample. Take m = 1 and n = 3 (or any other 
pair of odd numbers). The sum is even (since 1 + 3 = 4) but neither 1 nor 3 is even. 
Therefore, the converse is false. a 


EXAMPLE 3 An Example Where the Converse Is True State the contrapositive and 
converse of the Pythagorean Theorem. Are either or both of these true? 


Solution Consider a triangle with sides a, b, and c, and let @ be the angle opposite the 
side of length c, as in Figure 1. The Pythagorean Theorem states that if @ = 90°, then 
a? + b? = c?. Here are the contrapositive and converse: 


a value 


a b 


FIGURE 2 A continuous function on a 
closed interval J = {a, b] has a maximum 
value. 


APPENDIX A THELANGUAGE OF MATHEMATICS 43 


Pythagorean Theorem @=90° > a? +b? =e? True 


Contrapositive a + b? Æ e => 0 + 90° Automatically 
true 

Converse a? + b? = c > 0 = 90° True (but not 
automatic) 


The contrapositive is automatically true because it is just another way of stating the orig- 
inal theorem. The converse is not automatically true since there could conceivably exist a 
nonright triangle that satisfies a? + b? = c*. However, the converse of the Pythagorean 
Theorem is, in fact, true. This follows from the Law of Cosines (see Exercise 38). E 


When both a statement A > B and its converse B > A are true, we write 
A <> B. In this case, A and B are equivalent. We often express this with the phrase 
A 4> B A is true if and only if B is true. 


For example, 
a? +b? =c? ifandonlyif 6@=90° 
It is morning if and only if the sun is rising. 


We mention the following variations of terminology involving implications that you may 
come across: 


Statement Is Another Way of Saying 
A is true if B is true. B>A 


A is true only if B is true. A = B (A cannot be true 
unless B is also true.) 


For A to be true, it is necessary that B be true. A = B (A cannot be true 
uniess B is also true.) 


For A to be true, it is sufficient that B be true. B>aA 


For A to be true, it is necessary and sufficient B 4> A 
that B be true. 


Analyzing a Theorem 


To see how these rules of logic arise in calculus, consider the following result from 
Section 4.2: 


THEOREM 1 Existence of Extrema on a Closed Interval A continuous function f 


on a closed (bounded) interval 7 = [a,b] takes on both a minimum and a maximum 
value on J (Figure 2). 


To analyze this theorem, let’s write out the hypotheses and conclusion separately: 
Hypotheses A: f is continuous and 7 is closed. 
Conclusion B: f takes on a minimum and a maximum value on 7. 


A first question to ask is: “Are the hypotheses necessary?” Is the conclusion still true 
if we drop one or both assumptions? To show that both hypotheses are necessary, we 
provide counterexamples: 


A4 APPENDIX A 


The technique of proof by contradiction és 
also known by its Latin name reductio ad 
absurdum or “reduction to the absurd.” 
The ancient Greek mathematicians used 
proof by contradiction as early as the fifth 
century BCE, and Euclid (325-265 BCE) 
employed it in his classic treatise on 
geometry entitled The Elements. A famous 
example is the proof that ./2 is irrational in 
Example 4. The philosopher Plato 
(427-347 BCE) wrote: “He is unworthy of 
the name of man who is ignorant of the 
fact that the diagonal of a square is 
incommensurable with its side.” 


FIGURE 4 The diagonal of the unit square 
has length /2. 
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¢ The continuity of f is a necessary hypothesis. Figure 3(A) shows the graph 
of a function on a closed interval [a,b] that is not continuous. This function has 
no maximum value on [a,b], which shows that the conclusion may fail if the 
continuity hypothesis is not satisfied. 

¢ The hypothesis that 7 is closed is necessary. Figure 3(B) shows the graph of 
a continuous function on an open interval (a,b). This function has no maximum 
value, which shows that the conclusion may fail if the interval is not closed. 


We see that both hypotheses in Theorem 1 are necessary. In stating this, we do not claim 
that the conclusion always fails when one or both of the hypotheses are not satisfied. We 
claim only that the conclusion may fail when the hypotheses are not satisfied. Next, let’s 
analyze the contrapositive and converse: 


* Contrapositive ~B => —A (automatically true): If f does not have a minimum 
and a maximum value on /, then either f is not continuous or J is not closed (or 
both). 

e Converse B => A (in this case, false): If f has a minimum and a maximum 
value on J, then f is continuous and / is closed. We prove this statement false 
with a counterexample [Figure 3(C)]. 


As we know, the contrapositive is merely a way of restating the theorem, so it is automat- 
ically true. The converse is not automatically true, and in fact, in this case it is false. The 
function in Figure 3(C) provides a counterexample to the converse: f has a maximum 


value on J = (a,b), but f is not continuous and / is not closed. 
y y y 


Maximum value 


be a seu een na nee a ee EE Awe eee ay 


(A) The interval is closed 
but the function is not 
continuous. The function 
has no maximum value. 


(B) The function is continuous 
but the interval is open. The 
function has no maximum value. 


(C) This function is not continuous 
and the interval is not closed, 
but the function does have a 
maximum value. 


FIGURE 3 


Mathematicians have devised various general strategies and methods for proving 
theorems. The method of proof by induction is discussed in Appendix C. Another impor- 
tant method is proof by contradiction, also called indirect proof. Suppose our goal is 
to prove statement A. In a proof by contradiction, we start by assuming that A is false 
and then show that this leads to a contradiction. Therefore, A must be true (to avoid the 
contradiction). 


EXAMPLE 4 Proof by Contradiction The number v2 is irrational (Figure 4). 


Solution Assume that the theorem is false, namely that V2 = p/q, where p and q are 
whole numbers. We may assume that p/q is in lowest terms, and therefore, at most one 
of p and q is even. Note that if the square m? of a whole number is even, then m itself 
must be even. 

The relation /2 = p/q implies that 2 = p2/q? or p? = 2q*. This shows that p 
must be even. But if p is even, then p = 2m for some whole number m, and p? = 4m?. 
Because p° = 2q”, we obtain 4m? = 2q, or q? = 2m”. This shows that q is also even. 
But we chose p and q so that at most one of them is even. This contradiction shows that 
our original assumption, that V2 = p/q, must be false. Therefore, /2 is irrational. w 
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One of the most famous problems in CONCEPTUAL INSIGHT The hallmark of mathematics is precision and rigor. A theorem 

PUNE MORES T KNORR Ue FENAI S Suer is established, not through observation or experimentation, but by a proof that consists 
Theorem. It states that the equation of a chain of reasoning with no gaps. 

x+y" = 2" This approach to mathematics comes down to us from the ancient Greek mathe- 

maticians, especially Euclid, and it remains the standard in contemporary research. In 

has no solutions in positive integers if recent decades, the computer has become a powerful tool for mathematical experimen- 

fel = Sh Usa Fg ina) Tibia martes tation and data analysis. Researchers may use experimental data to discover potential 


1630, Fermat claimed to have a proof, and 
over the centuries, that assertion was 
verified for many values of the exponent n. 
However, only in 1994 did the British- 


new mathematical facts, but the title “theorem” is not bestowed until someone writes 
down a proof. 
This insistence on theorems and proofs distinguishes mathematics from the other 


American mathematician Andrew Wiles, sciences. In the natural sciences, facts are established through experiment and are sub- 
working at Princeton University, find a ject to change or modification as more knowledge is acquired. In mathematics, the- 
complete proof. ories are also developed and expanded, but previous results are not invalidated. The 


Pythagorean Theorem was discovered in antiquity and is a cornerstone of plane geom- 
etry. In the nineteenth century, mathematicians began to study more general types of 
geometry (of the type that eventually led to Einstein’s four-dimensional space-time ge- 
ometry in the Theory of Relativity). The Pythagorean Theorem does not hold in these 
more general geometries, but its status in plane geometry is unchanged. 


A. SUMMARY 


¢ The implication A > B is the assertion, “Tf A is true, then B is true.” 

¢ The contrapositive of A = B is the implication -B => —A, which says, “Tf B is false, 
then A is false.” An implication and its contrapositive are equivalent (one is true if and 
only if the other is true). 

* The converse of A => B is B => A. An implication and its converse are not necessar- 
ily equivalent. One may be true and the other false. 

°- A and B are equivalent if A > B and B => A are both true. 

e In a proof by contradiction (in which the goal is to prove statement A), we start by 
assuming that A is false and show that this assumption leads to a contradiction. 


A. EXERCISES 


Preliminary Questions 


1. Which is the contrapositive of A > B? 3. Suppose that A = B is true. Which is then automatically true, the con- 
(a) BSA (b) -B>A verse or the contrapositive? 

(ec) =B > >A (d) -A>-B 

2. Which of the choices in Question 1 is the converse of A > B? 4. Restate as an implication: “A triangle is a polygon.” 

Exercises 

1. Which is the negation of the statement, “The car and the shirt are both 5. m and n are odd integers. 

blue”? 

(a) Neither the car nor the shirt is blue. 6. Either m is odd or n is odd. 


(b) The car is not blue and/or the shirt is not blue. y : 5 
7. x is a real number and y is an integer. 


2. Which is the contrapositive of the implication, “If the car has gas, then 
it will run”? 8. fisa linear function. 


(a) If the car has no gas, then it will not run. 


; : In Exercises 9-14, state the contrapositive and converse. 
(b) If the car will not run, then it has no gas. positive 


In Exercises 3—8, state the negation. 9. If m and n are odd integers, then mn is odd. 
3. The time is 4 o’clock. 10. If today is Tuesday, then we are in Belgium. 


4. AABC is an isosceles triangle. 11. If today is Tuesday, then we are not in Belgium. 
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12. If x > 4, then x? > 16. 

13. If m? is divisible by 3, then m is divisible by 3. 

14. If x? = 2, then x is irrational. 


In Exercise 15-18, give a counterexample to show that the converse of the 
statement is false. 


15. If m is odd, then 2m + 1 is also odd. 

16. If AABC is equilateral, then it is an isosceles triangle. 
17. If m is divisible by 9 and 4, then m is divisible by 12. 
18. If m is odd, then m? — m is divisible by 3. 


In Exercise 19-22, determine whether the converse of the statement is 
false. 


19. Ifx > 4 andy > 4, then x + y > 8. 
20. Ifx > 4, then x? > 16, 
21. If |x| > 4, then x? > 16. 


22. If m and n are even, then mn is even. 


In Exercises 23 and 24, state the contrapositive and converse (it is not 
necessary to know what these statements mean). 


23. If f and g are differentiable, then fg is differentiable. 


24. If the force field is radial and decreases as the inverse square of the 
distance, then all closed orbits are ellipses. 


In Exercises 25-28, the inverse of A = B is the implication ~A => —B. 


25. Which of the following is the inverse of the implication, “If she 
jumped in the lake, then she got wet”? 


(a) If she did not get wet, then she did not jump in the lake. 
(b) If she did not jump in the lake, then she did not get wet. 
Is the inverse true? 


26. State the inverses of these implications: 

(a) If X is a mouse, then X is a rodent. 

(b) If you sleep late, you will miss class. 

(c) If a star revolves around the sun, then it’s a planet. 


27. [A Explain why the inverse is equivalent to the converse. 


28. [A State the inverse of the Pythagorean Theorem. Is it true? 


29. Theorem | in Section 2.4 states the following: “If f and g are contin- 
uous functions, then f + g is continuous.” Does it follow logically that if 
f and g are not continuous, then f + g is not continuous? 


30. Write out a proof by contradiction for this fact: There is no smallest 
positive rational number. Base your proof on the fact that if r > QO, then 
Qerf2<r. 


31. Use proof by contradiction to prove that if x + y > 2, then x > 1 or 
y > 1 (or both). 


In Exercises 32-35, use proof by contradiction to show that the number is 
irrational. 
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36. An isosceles triangle is a triangle with two equal sides. The follow- 
ing theorem holds: If A is a triangle with two equal angles, then A is an 
isosceles triangle. 


(a) What is the hypothesis? 

(b) Show by providing a counterexample that the hypothesis is necessary, 
(c) What is the contrapositive? 

(d) What is the converse? Is it true? 


37. Consider the following theorem: Let f be a quadratic polynomial with 
a positive leading coefficient. Then f has a minimum value. 


(a) What are the hypotheses? 
(b) What is the contrapositive? 
(c) What is the converse? Is it true? 


Further Insights and Challenges 


38. Let a, b, and c be the sides of a triangle and let 6 be the angle op- 
posite c. Use the Law of Cosines (Theorem 1 in Section 1.4) to prove the 
converse of the Pythagorean Theorem. 


39, Carry out the details of the following proof by contradiction that 2 
is irrational (this proof is due to R. Palais). If VZ is rational, then n/2 is a 
whole number for some whole number n. Let » be the smallest such whole 
number and let m =n/2 — n. 

(a) Prove that m <n. 

(b) Prove that m4/2 is a whole number. 

Explain why (a) and (b) imply that V2 is irrational. 


40. Generalize the argument of Exercise 39 to prove that VA is irra- 
tional if A is a whole number but not a perfect square. Hint: Choose n 


as before and let m =nJVA—n\|VA], where |x] is the greatest integer 
function. 


41. Generalize further and show that for any whole number r, the rth root 
VA is irrational unless A is an rth power. Hint: Let x = +/A. Show that if 
x is rational, then we may choose a smallest whole number n such that nx/ 
is a Whole number for j = 1,...,7 — 1. Then consider m = mx — n[x] as 
before. 


42. (A Given a finite list of prime numbers pj,...,pn, let M = 
pı: P2**:pn +1. Show that M is not divisible by any of the primes 
pi,..-, pn. Use this and the fact that every number has a prime factoriza- 
tion to prove that there exist infinitely many prime numbers. This argument 
was advanced by Euclid in The Elements. 


B PROPERTIES OF REAL NUMBERS 


The ingenious method of expressing every 
possible number using a set of 10 symbols 
(each symbol having a place value and an 
absolute value) emerged in India. The idea 
seems so simple nowadays that its 
significance and profound importance is no 
longer appreciated. Its simplicity lies in the 
way it facilitated calculation and placed 
arithmetic foremost amongst useful 
inventions. The importance of this 
invention is more readily appreciated when 
one considers that it was beyond the two 
greatest men of Antiquity, Archimedes and 
Apollonius. 


—Pierre-Simon Laplace, 
one of the great French mathematicians 
of the eighteenth century 
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FIGURE 1 The real number line. 


TABLE 2 Order Properties 


Ifa < bandb <c, 
Ifa < bandc <d, 
Ifa < bandc > 0, 
Ifa < bandc < 0, 


then a < c. 
thena+c<b+d. 
then ac < be. 

then ac > be. 


In this appendix, we discuss the basic properties of real numbers. First, let us recall that a 
real number is a number that may be represented by a finite or infinite decimal (also called 
a decimal expansion). The set of all real numbers is denoted R and is often visualized as 
the “number line” (Figure 1). 

Thus, a real number a is represented as 


a = -tn.a\a2a3a4..., 


where n is any whole number and each digit a; is a whole number between 0 and 9. 
For example, 107 = 31.41592.... Recall that a is rational if its expansion is finite or 
repeating and is irrational if its expansion is nonrepeating. Furthermore, the decimal ex- 
pansion is unique apart from the following exception: Every finite expansion is equal to 
an expansion in which the digit 9 repeats. For example, 0.5 = 0.4999... = 0.49. 

We shall take for granted that the operations of addition and multiplication are de- 
fined on R—that is, on the set of all decimals. Roughly speaking, addition and multiplica- 
tion of infinite decimals are defined in terms of finite decimals. For d > 1, define the dth 
truncation of a = n.a,a2a3a4... to be the finite decimal a(d) = a.aja2...ag obtained 
by truncating at the dth place. To form the sum a + b, assume that both a and b are infi- 
nite (possibly ending with repeated nines). This eliminates any possible ambiguity in the 
expansion. Then the nth digit of a + b is equal to the nth digit of a(d) + b(d) for d suffi- 
ciently large [from a certain point onward, the nth digit of a(d) + b(d) no longer changes, 
and this value is the nth digit of a + b]. Multiplication is defined similarly. Furthermore, 
the Commutative, Associative, and Distributive Laws hold (Table 1). 


TABLE 1 Algebraic Laws 


a+b=b+a, ab=ba 
(a+b)+c=a+(bt+c), 
a(b+c)=ab+ac 


Commutative Laws: 
Associative Laws: 
Distributive Law: 


(ab)c = a(bc) 


Every real number x has an additive inverse —x such that x + (—x) = 0, and every 
nonzero real number x has a multiplicative inverse x~! such that x(x~!) = 1. We do 
not regard subtraction and division as separate algebraic operations because they are de- 
fined in terms of inverses. By definition, the difference x — y is equal to x + (—y), and 
the quotient x /y is equal to x(y7!) for y Æ 0. 

In addition to the algebraic operations, there is an order relation on R: For any two 
real numbers a and b, precisely one of the following is true: 


Either a=b, or a<b, or a>b 


To distinguish between the conditions a < banda < b, we oftenrefertoa < basastrict 
inequality. Similar conventions hold for > and >. The rules given in Table 2 allow us to 
manipulate inequalities. The last order property says that an inequality reverses direction 
when multiplied by a negative number c. For example, 


—2 <5 but (—3)(—2) > (—3)5 


The algebraic and order properties of real numbers are certainly familiar. We now 
discuss the less familiar Least Upper Bound (LUB) Property of the real numbers. This 
property is one way of expressing the so-called completeness of the real numbers. There 
are other ways of formulating completeness (such as the so-called nested interval property 
discussed in any book on analysis) that are equivalent to the LUB Property and serve the 
same purpose. Completeness is used in calculus to construct rigorous proofs of basic 
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FIGURE 2 M = 3 is an upper bound for the 
set S = (—2, 1). The LUB is L = 1. 
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FIGURE 3 The rational numbers have a 
“hole” at the location 2. 


theorems about continuous functions, such as the Intermediate Value Theorem, (IVT) 
or the existence of extreme values on a closed interval. The underlying idea is that the 
real number line “has no holes.” We elaborate on this idea below. First, we introduce the 
necessary definitions. 

Suppose that S is a nonempty set of real numbers. A number M is called an upper 
bound for S if 


x<M forallxe S$ 


If S has an upper bound, we say that S is bounded above. A least upper bound ZL is an 
upper bound for S such that every other upper bound M satisfies M > L. For example 
(Figure 2), 


e M = 3 is an upper bound for the open interval § = (—2, 1). 
e L = 1 is the LUB for S$ = (—2, 1). 


We now state the LUB Property of the real numbers. 


THEOREM 1 Existence of a Least Upper Bound Let S be a nonempty set of real 
numbers that is bounded above. Then S has an LUB. 


In a similar fashion, we say that a number B is a lower bound for S if x > B for all 
x € S. We say that S is bounded below if S has a lower bound. A greatest lower bound 
(GLB) is a lower bound M such that every other lower bound B satisfies B < M. The set 
of real numbers also has the GLB Property: If S is a nonempty set of real numbers that 
is bounded below, then S has a GLB. This may be deduced immediately from Theorem 
1. For any nonempty set of real numbers S, let —S be the set of numbers of the form —x 
for x € S. Then —S has an upper bound if S has a lower bound. Consequently, —S has 
an LUB L by Theorem 1, and —L is a GLB for S. 


CONCEPTUAL INSIGHT Theorem 1 may appear quite reasonable, but perhaps it is not 
clear why it is useful. We suggested above that the LUB Property expresses the idea 
that R is “complete” or “has no holes.” To illustrate this idea, let’s compare R to the 
set of rational numbers, denoted Q. Intuitively, Q is not complete because the irrational 
numbers are missing. For example, Q has a “hole” where the irrational number /2 
should be located (Figure 3). This hole divides Q into two halves that are not connected 
to each other (the half to the left and the half to the right of gay, Furthermore, the half 
on the left is bounded above but no rational number is an LUB, and the half on the right 
is bounded below but no rational number is a GLB. The LUB and GLB are both equal 
to the irrational number /2, which exists in only R but not Q. So unlike R, the rational 
numbers Q do not have the LUB property. 


EXAMPLE 1 Show that 2 has a square root by applying the LUB Property to the set 
S={x:x* <2} 


Solution First, we note that S is bounded with the upper bound M = 2. Indeed, if x > 2, 
then x satisfies x? > 4, and hence x does not belong to S. By the LUB Property, S has 
a least upper bound. Call it L. We claim that L = v2, or, equivalently, that L? = 2. We 
prove this by showing that L? > 2 and L? < 2. 

If L? < 2, let b = L +h, where h > 0. Then 


b? = L? +2Lh +h? = L? +hOL +h) 1) 


We can make the quantity h(2L + h) as small as desired by choosing h > 0 small enough. 
In particular, we may choose a positive h so that h(2L + h) < 2 — L?. For this choice, 
b2 < L? + (2-L?)=2 by Eq. (1). Therefore, b € S. But b > L since h > 0, and thus 


| Section 10.1 
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L is not an upper bound for S, in contradiction to our hypothesis on L. We conclude that 
he 22) 
If L? > 2, let b = L — h, where h > 0. Then 


b? = L? = 2Lh +h? = L? — hL — h) 


Now choose h positive but small enough so that 0 < h(2L — h) < L? — 2. Then b? > 
L? = (L? — 2) = 2. But b < L, so b is a smaller lower bound for S. Indeed, if x > b, 
then x? > b? > 2, and x does not belong to S. This contradicts our hypothesis that L is 
the LUB. We conclude that L? < 2, and since we have already shown that L? > 2, we 
have L? = 2 as claimed. E 


We now prove three important theorems, the third of which is used in the proof of 
the LUB Property below. 


| THEOREM 2 Bolzano-Weierstrass Theorem Let S be a bounded, infinite set of real 
numbers. Then there exists a sequence of distinct elements {a,,} in S such that the limit 
L = lim a, exists. 

n—> CO 


Proof For simplicity of notation, we assume that S is contained in the unit interval [0, 1] 
(a similar proof works in general). If k1, k2,...,kn is a sequence of n digits (i.e., each k; 
is a whole number and 0 < k; < 9), let 

S(k1, k2,--- Kn) 


be the set of x € S whose decimal expansion begins 0.k, kz. . . kn- The set S is the union of 
the subsets $(0), S(1),..., (9), and since S is infinite, at least one of these subsets must 
be infinite. Therefore, we may choose k; so that S(kı) is infinite. In a similar fashion, at 
least one of the set S(k1, 0), S(k2, 1),..., 5(k1, 9) must be infinite, so we may choose kz 
so that S(k1, k2) is infinite. Continuing in this way, we obtain an infinite sequence {kp} 
such that $(k1,k2,...,k,) is infinite for all n. We may choose a sequence of elements 
an E€ S(k,k2,...,kn) with the property that a, differs from a),...,@n,—1 for all n. Let L 
be the infinite decimal 0.k,k2k3.... Then im, a, = L since |L — an| < 10” for all n. 

i 


We use the Bolzano—Weierstrass Theorem to prove two important results about se- 
quences {an}. Recall that an upper bound for {a,} is a number M such that a; < M for 
all j. If an upper bound exists, {an} is said to be bounded from above. Lower bounds 
are defined similarly and {an} is said to be bounded from below if a lower bound exists. 
A sequence is bounded if it is bounded from above and below. A subsequence of {an} is 
a sequence of elements an; , Anz, Anz,- - -, Where ny < ng < n3 < --. 

Now consider a bounded sequence {a,}. If infinitely many of the a, are distinct, 
the Bolzano—Weierstrass Theorem implies that there exists a subsequence {an anas- .-} 
such that im an, exists. Otherwise, infinitely many of the a, must coincide, and these 


terms form a convergent subsequence. This proves the next result. 


THEOREM 3 Every bounded sequence has a convergent subsequence. 


THEOREM 4 Bounded Monotonic Sequences Converge 


¢ If {an} is increasing and a, < M for all n, then {a,} converges and lim a, < M. 
noo 


If {an} is decreasing and a, > m for all n, then {an} converges and lim a, > m. 
n— co 
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Proof Suppose that {an} is increasing and bounded above by M. Then {an} is automati- 


cally bounded below by m = a; since a; < a2 < a3--- . Hence, {an} is bounded, and by 
Theorem 3, we may choose a convergent subsequence an; , anz,- .-- Let 
L = lim an, 
k—0o 


Observe that a, < L for all n. For if not, then a, > L for some n and then an, > an > L 
for all k such that ng > n. But this contradicts that an, —> L. Now, by definition, for any 
€ > 0, there exists Ne > 0 such that 


lan, — L| < € if ng > Ne 
Choose m such that nm > Ne. If n > nm, then a,,, < a, < L, and therefore, 
lan — L| < lanp — L| < € foral n > nm 


This proves that lim an = L, as desired. It remains to prove that L < M. If L > M, let 
i 
€ = (L — M)/2 and choose N so that 


la, ~L| < € ifk > N 


Then a, > L —€ = M + €. This contradicts our assumption that M is an upper bound 
for {an}. Therefore, L < M as claimed. laii 


Proof of Theorem 1 We now use Theorem 4 to prove the LUB Property (Theorem 1). 
As above, if x is a real number, let x(d) be the truncation of x of length d. For example, 


If x = 1.41569, then x(3) = 1.415 


We say that x is a decimal of length d if x = x(d). Any two distinct decimals of length d 
differ by at least 1072. It follows that for any two real numbers A < B, there are at most 
finitely many decimals of length d between A and B. 

Now let S be a nonempty set of real numbers with an upper bound M. We shall prove 
that S has an LUB. Let S(d) be the set of truncations of length d: 


S(d) = {x(d): x € S} 


We claim that S(d) has a maximum element. To verify this, choose any a € S. Ifx € S 
and x(d) > a(d), then 


a(d) < x(d) < M 


Thus, by the remark of the previous paragraph, there are at most finitely many values of 
x(d) in S(d) larger than a(d). The largest of these is the maximum element in S(d). 

For d = 1,2,..., choose an element xg such that xz(d) is the maximum element in 
S(d). By construction, {xg(d)} is an increasing sequence (since the largest dth truncation 
cannot get smaller as d increases). Furthermore, xg(d) < M for all d. We now apply 
Theorem 4 to conclude that {x4(d)} converges to a limit L. We claim that L is the LUB 
of S. Observe first that Z is an upper bound for S. Indeed, if x € S, then x(d) < L for all 
d and thus x < L. To show that L is the LUB, suppose that M is an upper bound such 
that M < L. Then xg < M for all d and hence xg(d) < M for all d. But then 


L= lim xa(d) < M 
ad—>oo 


This is a contradiction since M < L. Therefore, L is the LUB of S. ra 


As mentioned above, the LUB Property is used in calculus to establish certain basic 
theorems about continuous functions. As an example, we prove the IVT. Another ex- 
ample is the theorem on the existence of extrema on a closed interval (see Appendix D). 
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THEOREM 5 Intermediate Value Theorem If f is continuous on a closed interval 
[a,b] then for every value M, strictly between f(a) and f(b), there exists at least one 


value c € (a,b) such that f(c) = M. 


Proof Assume first that M = 0. Replacing f(x) by — f(x) if necessary, we may assume 
that f(a) < Oand f(b) > 0. Now let 


S = {x € [a,b]: f(x) < 0} 


Then a € S since f(a) < 0 and thus S is nonempty. Clearly, b is an upper bound for S. 
Therefore, by the LUB Property, S has an LUB L. We claim that f(L) = Q. If not, set 
r = f(L). Assume first that r > 0. 

Since f is continuous, there exists a number ô > 0 such that 


l 
if |x — L| < 6, then |f (&)— FD = |f &) -r| < 5” 
Equivalently, 
. | 3 
if |x — L| < 4, then z” < f(x) < S 


The number ir is positive, so we conclude that 
if L— ô <x < L+ô, then f(x)>0 


By definition of L, f(x) > O for all x € [a,b] such that x > L, and thus f(x) > 0 for 
all x € [a,b] such that x > L — ô. Thus, L — ô is an upper bound for S. This is a con- 
tradiction since L is the LUB of S, and it follows that r = f (L) cannot satisfy r > 0. 
Similarly, r cannot satisfy r < 0. We conclude that f(L) = 0 as claimed. 

Now, if M is nonzero, let g(x) = f(x) — M. Then 0 lies between g(a) and g(b), 
and by what we have proved, there exists c € (a, b) such that g(c) = 0. But then f(c) = 
e(c) + M = M, as desired. a 


C INDUCTION AND THE BINOMIAL THEOREM 


The Principle of induction applies if P(n) is — 


an assertion defined forn > no, where no Is 
a fixed integer. Assume that 


(i) Initial step: P (no) is true. 
(ii) Induction step: If P(n) is true forn =k, 
then P(n) is also true forn =k +1. 


Then P(n) is true for all n > no. 


Al2 


The Principle of Induction is a method of proof that is widely used to prove that a given 
statement P(n) is valid for all natural numbers n = 1,2,3,.... Here are two statements 
of this kind: 
* P(n): The sum of the first n odd numbers is equal to n?. 
d n n—l 
¢ P(n): —x" = nx `. 
dx 
The first statement claims that for all natural numbers n, 
e . + On 1) 72 [1] 
n es 
Sum of first n odd numbers 


We can check directly that P(n) is true for the first few values of n: 
P(1) is the equality: 1 =1° (true) 
P(2) is the equality: 1+3=2? (tme) 
P(3) is the equality: 14+34+5=37 (true) 

The Principle of Induction may be used to establish P(n) for all n. 


THEOREM 1 Principle of Induction Let P(n) be an assertion that depends on a nat- 
ural number n. Assume that 


(i) Initial step: P(1) is true. 


(ii) Induction step: If P(n) is true for n = k, then P(n) is also true for n =k + 1. 


Then P(n) is true for all natural numbers n = 1,2,3,.... 


EXAMPLE 1 Prove that 1 +3 + ---+ (2n — 1) = n? for all natural numbers n. 


Solution As above, we let P(n) denote the equality 


P(n): IFIP a en 


Step 1. Initial step: Show that P (1) is true. 
We checked this above. P(1) is the equality 1 = 12. 


Step 2. Induction step: Show that if P(n) is true for n = k, then P(n) is also true for 
n=k-+1. 
Assume that P(k) is true. Then 


14+34+---+ (k= 1) =x 
Add 2k + 1 to both sides: 
[1 +34+---+(2k-1)])+(2k4+ 1 =k 4+2k4+1=( 41) 
1+34---4+(2k+1) =(+4+1) 


This is precisely the statement P(k + 1). Thus, P(k + 1) is true whenever P(k) is true. 
By the Principle of Induction, P(k) is true for all k. a 


The intuition behind the Principle of Induction is the following. If P(n) were not ~~ 
true for all n, then there would exist a smallest natural number k such that P(k) is false. 


In Pascal’s Triangle, the nth row dis- 
plays the coefficients in the expansion of 
(a+b): 


NHUmbwWN eK ooj? 
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The triangle is constructed as follows: Each 
entry is the sum of the two entries above it 
in the previous line. For example, the entry 
15 in linen = 6 is the sum 10 +5 of the 
entries above it in linen = 5. The recursion 
relation guarantees that the entries in the 
triangle are the binomial coefficients. 
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Furthermore, k > 1 since P(1) is true. Thus, P(k — 1) is true [otherwise, P(k) would not 
be the smallest “counterexample”]. On the other hand, if P(k — 1) is true, then P(k) is 
also true by the induction step. This is a contradiction. So P(k) must be true for all k. 


EXAMPLE 2 Use Induction and the Product Rule to prove that for all whole numbers n, 


d 


n n—l 
=E 
dx 


= NX 


Solution Let P(n) be the formula ax x anr n, 
x 


Step 1. Initial step: Show that P(1) is true. 


We use the limit definition to verify P(1): 
a COAX 4 2 
dx h>0 h h>0h a 


Step 2. Induction step: Show that if P(n) is true for n = k, then P(n) is also true for 
n=k-+1. 


d 

To carry out the induction step, assume that = = kx*—!, where k > 1. Then, by 
X 

the Product Rule, 


d d d d 
a = The -x*)= xox +x = x(kx*—!) + x4 


= kx* + x* = (k + 1)x* 
This shows that P(k + 1) is true. 
By the Principle of Induction, P(n) is true for all n > 1. E 


As another application of induction, we prove the Binomial Theorem, which de- 
scribes the expansion of the binomial (a + b)”. The first few expansions are familiar: 


(a+b)! =a+b 
(a +b? =a? + 2ab +b? 
(a+b) = a? + 3a*b + 3ab* + b? 


In general, we have an expansion 


(a pE by" = a” x (i)e e+ (3) + (zhee 
tet ( r Jeme 
n — 


, denoted la is called the binomial coefficient. Note 


where the coefficient of a”—*b* 
that the first term in Eq. (2) corresponds to k = 0 and the last term to k =n; thus, 


n n . . 
( ) = ( ) = 1. In summation notation, 


(a +b)" = D (e 


k=0 
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Pascal’s Triangle (described in the marginal note on page A13) can be used to compute ~ 
binomial coefficients if n and k are not too large. The Binomial Theorem provides the 
following general formula: 


! — 1) —2)---@—k+1 
vik _ An — Dn- ) 
k!(n —k)! k(k — 1)(k — 2)---2-1 
Before proving this formula, we prove a recursion relation for binomial coefficients. 


Note, however, that Eq. (3) is certainly correct for k = 0 and k = n (recall that by con- 
vention, 0! = 1): 


n\ _ n! gc n\ _ n! wee ef 
0) (n—O)!0! nt ” n) (n—n)int n 


n — 
H k +71) forl<k<n-—1 


Proof We write (a + b)" as (a + b)(a + by"! and expand in terms of binomial coeffi- 
cients: 


(a +b)" =(a+bya+b)"" 


n n—| 
Din pee 2 ETSA ie 
(pe b =@+H>>( k Ja" b 


k=0 k=0 


n—|l n—l 
=a) al n-1-Kpe RES 
=< Al k Ja b +b) ( k Ja b 


k= k=0 
n—1| 1 n—1 1 
a y baa T 5 n— 1 \ kt) pet! 
k k 
Replacing k by k — 1 in the second sum, we obtain 


=~ in -= n—l1 ey PEP | 
3 n—kk X ) n—kik > ) n—kk 
(e a ( k Ja (; — ja á 
k=0 k=0 k=1 


On the right-hand side, the first term in the first sum is a” and the last term in the second 
sum is b”. Thus, we have 


n n—1 
Jean ECE) 
>|, je hee > $ a” kpk | 4 pn 
=, G a k k-—1] 
The recursion relation follows because the coefficients of a”—*b* on the two sides of the 


equation must be equal. z 


We now use induction to prove Eq. (3). Let P(n) be the claim 


(; TEn for 0 <k < 
R BEGER M aTe 


J J : 1 
We have ay ha = ] since (a+b) =a+b, so P(1) is true. Furthermore, — 


n 


n n 
( ) = ( A = | as observed above, since a” and b” have coefficient 1 in the expansion 
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of (a + b)”. For the inductive step, assume that P(n) is true. By the recursion relation, 
for 1 < k < n, we have 


n+] at n a n! rd n! 
( k J- hi) e (k ~1)!(n—k +1)! 


n+1l—k k ) ( n+1 ) 
sp | ce ee | aaae 
kint1—k)! ki(n+1—kh)! ki(n+1—k)! 
B (n+ 1)! 
Aint 1 =e 


Thus, P(n + 1) is also true and the Binomial Theorem follows by induction. 


EXAMPLE 3 Use the Binomial Theorem to expand (x + y)’ and (x + 2)°. 


Solution The fifth row in Pascal’s Triangle yields 


(x+y = x? + 5x4y + 10x? y? F 10x7y? + 5xyf +y” 


The third row in Pascal’s Triangle yields 


(x +2)? = x7 + 3x2(2) + 3x(2)? + 23 = x? + 6x? + 12x +8 E 


C. EXERCISES 


In Exercises 1—4, use the Principle of Induction to prove the formula 
for all natural numbers n. 


1 
Diriist Tiie aa 
ae iP 
2. BEPA? = POT 
3 1 a 1 P a | _ n 
oe i eae n(nt+1) n+l 
1 n+] 


4. LEIP +... ey = Hiraya el 
-x 


l 


5. Let P(n) be the statement 2” > n. 
(a) Show that P(1) is true. 


(b) Observe that if 2” > n, then 2” +2” > 2n. Use this to show that 
if P(n) is true for n = k, then P(n) is true for n = k + 1. Conclude 
that P(n) is true for all n. 


6. Use induction to prove that n! > 2” for n > 4. 
Let {Fn} be the Fibonacci sequence, defined by the recursion formula 
Fn = Fn—1 + Fy_2, 


The first few terms are 1,1,2,3,5,8,13,.... In Exercises 7-10, use 
induction to prove the identity. 


Ti Pit Fot ---+ Fy = Faun —!1 
8. F? + F? +- F2 = Fagg Fn 


R” p R” 1+ 
= —, where R+ = 


V5 


D 


W. Fati fn- F? +(—1)”. Hint: For the induction step, show 
that 


Fn+2Fn = Fn4i Fn + Fe 
Py = Fn+1Fn + Fn41Fh-1 


11. Use induction to prove that f(n) = 8” — 1 is divisible by 7 for all 
natural numbers n. Hint: For the induction step, show that 


ott a7 a ae — Ih 


12. Use induction to prove that n> — n is divisible by 3 for all natural 
numbers n. 


13. Use induction to prove that 5*” — 4” is divisible by 7 for all natu- 
ral numbers n. 


14, Use Pascal’s Triangle to write out the expansions of (a + b) and 
(e— by’. 


15. Expand (x + x—!)*. 


16. What is the coefficient of x? in (x3 + x)? 


n 
n 

17. Let S(n) = l 

(n) > ( à 

k=0 

(a) Use Pascal’s Triangle to compute S(n) for n = 1, 2, 3, 4. 
(b) Prove that S(n) = 2” for all n > 1. Hint: Expand (a + b)” and 
evaluate at a = b = 1. 


18. Let T(n) = ) (-1%} (7) 
k=0 


(a) Use Pascal’s Triangle to compute T(n) for n = 1, 2, 3, 4. 
(b) Prove that T(n) = 0 for all n > 1. Hint: Expand (a + b)” and 
evaluate ata = 1, b = —1. 
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In this appendix, we provide proofs of several theorems that were stated or used in the 
text. 


THEOREM 1 Basic Limit Laws Assume that lim f(x) and lim g(x) exist. Then: 
G) lim (f(x) + g(x) = lim f(x) + lim g(x) 
(ii) For any number k, lim kf (x) = k lim F(x) 
(ii) lim f()g(x) = ( lim f()) (lim g@)) 
(iv) If lim g(x) Æ 0, then 
SC 


f(x) ma) 
fig eee 
x—>c g(x) lim g(x) 


Proof Let L = lim f(x) and M = lim g(x). The Sum Law (i) was proved in Sec- 
Bat Gy ASC 


tion 2.9. Observe that (ii) is a special case of (iii), where g(x) = k is a constant function. 
Thus, it will suffice to prove the Product Law (iit). We write 


F(x)g(x) — LM = f(x)(g(x) —- M) + M(f(x) - L) 


and apply the Triangle Inequality to obtain 
If (x)g(x) — LMI < |f@)(@@) — M) + [MCF (x) — D) 


By the limit definition, we may choose ô > 0 so that 
ifO < |x — c| < ô, then|f(x)—L| < 1 


If follows that | f(x)| < [L| +1 for 0 < |x — c| < 8. Now choose any number e > 0. 
Applying the limit definition again, we see that by choosing a smaller 5 if necessary, we 
may also ensure that if 0 < |x — c| < 4, then 


€ € 
Jų uz XM) 4) and Is) — MIs a 


Using Eq. (1), we see that if 0 < |x — c| < ô, then 
[fx)gx) — LM| < |f@)| lg) — MI + |M|| f(x) — LI 


€ € 
SABT Dan aga ea) 


Ker 
= — = € 
~@ 2 


Since € is arbitrary, this proves that lim f (x)g(x) = LM. To prove the Quotient Law 
(iv), it suffices to verify that if M + 0, then 


; 1 l 
ie | 2 | 


ad 
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For if Eq. (2) holds, then we may apply the Product Law to f(x) and g(x)! to obtain 
the Quotient Law: 


Co ae i 
a ee Cy = (lim F (=)) (tim =) 


= 43.2 
~ N(M) M 
We now verify Eq. (2). Since g(x) approaches M and M + 0, we may choose ô > 0 so 


that if 0 < |x — c| < ô, then |g(x)| > |M|/2. Now choose any number € > 0. By choos- 
ing a smaller 6 if necessary, we may also ensure that 


M 
for 0 < |x — c| < ô, then |M — g(x)| < e|M| ( H) 


P 
Then 
-ajaa s jaan sua 
g(x) M Mg(x) | | M(M/2) | |M\(M|/2) 
Since € is arbitrary, the limit in Eq. (2) is proved. & 


The following result was used in the text. 


THEOREM 2 Limits Preserve Inequalities Let (a, b) be an open interval and let c € 
(a, b). Suppose that f(x) and g(x) are defined on (a, b), except possibly at c. Assume 
that 


F(x) < a) 


and that the limits lim f(x) and lim g(x) exist. Then 
xc xc 


for x € (a,b), xc 


lim f(x) < lim g(x) 
X->C x—c 


Proof Let L = lim f(x) and M = lim g(x). To show that L < M, we use proof by 


contradiction. If L > M, let € = 5(L — M). By the formal definition of limits, we may 
choose ô > 0 so that the following two conditions are satisfied: 


If |x — c| < 6, then |M — g(x)| < €. 
If |x — c| < ô, then |L — f(x)| < e. 
But then 
fœ)> L—e=M +e > g(x) 


This is a contradiction since f(x) < g(x). We conclude that L < M. m 


THEOREM 3 Limit of a Composite Function Assume that the following limits exist: 


p= lim g(x) and M= lim F(x) 


Then lim f(g(x)) = M. 


Proof Lete > 0 be given. By the limit definition, there exists 5; > 0 such that 


if 0 < |x — L| < 6), then|f(x~) -— M| < €. 


Alig APPENDIX D ADDITIONAL PROOFS 


Similarly, there exists ô > 0 such that as 
if 0 < |x —c| < 6, then |g(x) =L] < hh. 
We replace x by g(x) in Eq. (3) and apply Eq. (4) to obtain: 
If 0 < |x —c| < ô, then | f(g(x)) — M| < e€. 


Since € is arbitrary, this proves that lim fF (g(x) = M. a 


| Section 2.4 THEOREM 4 Continuity of Composite Functions Let F(x) = f(g(x)) be a compos- 
ite function. If g is continuous at x = c and f is continuous at x = g(c), then F is 
continuous at x = c. 


Proof By definition of continuity, 
lim g(x) = g(c) and lim f(x) = f(e(c)) 
x>c x— g(c) 
Therefore, we may apply Theorem 3 to obtain 
lim f(g(x)) = f(g(c)) 
> C. 
This proves that F(x) = f(g(x)) is continuous at x = c. w 
| Section 2.6 THEOREM 5 Squeeze Theorem Assume that for x Æ c (in some open interval con- 
taining c), 


I(x) < f(x) < u(x) and lim L(x) = lim u(x) =L 


Then lim f(x) exists and lim f(x) = L. 
6 AA x—C 


Proof Lete > 0 be given. We may choose ô > 0 such that 
if 0 < |x —c| < ô, then |/(x) — L| < € and |u(x) — L| < e. 


In principle, a different 6 may be required to obtain the two inequalities for /(x) and u(x), 
but we may choose the smaller of the two deltas. Thus, if 0 < |x — c| < ô, we have 


L-e<Il(x)<Lt+e 
and 
L—e<u(x)<L+e 
Since f(x) lies between /(x) and u(x), it follows that 
L—e<lx)< f@) < u(x) < L+e 


and therefore | f(x) — L| < € if 0 < |x — c| < ô. Since € is arbitrary, this proves that 
lim f(x) = L, as desired. E 


| Section 4.2 THEOREM 6 Existence of Extrema on a Closed Interval A continuous function 48 


on a closed (bounded) interval J = [a,b] takes on both a minimum and a maximum 
value on J. 


Proof We prove that f takes on a maximum value in two steps (the case of a minimum 
is similar). 


| Section 5.2 
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Step 1. Prove that f is bounded from above. 
We use proof by contradiction. If f is not bounded from above, then there exist points 
an € [a,b] such that f(a,) > n for n = 1,2,.... By Theorem 3 in Appendix B, we 
may choose a subsequence of elements an; , dn,,.. . that converges to a limit in [a, b]— 
say, im Gn, = L. Since f is continuous, there exists ô > 0 such that 


if x € [a,b] and |x — L| < ô, then | f(x) — f(L)| < 1. 
Therefore, 
if x € [a,b] and x € (L — ô, L + ô), then f(x) < f(L) +1. [5] 


For k sufficiently large, an, lies in (L — ô, L + ô) because jim an, = L. By Eq. (5), 
f(an,) is bounded by f(L) + 1. However, f(an,) = nx tends to infinity as k > oo. 
This is a contradiction. Hence, our assumption that f is not bounded from above is 
false. 

Step 2. Prove that f takes on a maximum value. 
The range of f on J = [a,b] is the set 


S = {f(x):x € [a,b]} 


By the previous step, S is bounded from above and therefore has a least upper bound 
M by the LUB Property. Thus, f(x) < M forall x € [a, b]. To complete the proof, we 
show that f(c) = M for some c € [a, b]. This will show that f attains the maximum 
value M on [a, b]. 

By definition, M — 1/n is not an upper bound for n > 1, and therefore, we may 
choose a point bẹ in [a, b] such that 


M——< fbn) <M 


Again by Theorem 3 in Appendix B, there exists a subsequence of elements 
{bn,,5n,,--.} in {b1, b2,...} that converges to a limit—say, 


lim bn, =c 
k= 
Furthermore, this limit c belongs to [a, b] because [a, b] is closed. Let € > 0. Since f 


is continuous, we may choose k so large that the following two conditions are satisfied: 
lL f(c) — flbn,)| < €/2 and ng > 2/e. Then 


E 1 é € 
IF (c) -Mi FO — fend HISO AAM S E 
2 Ak p 
Thus, | f(c) — M| is smaller than € for all positive numbers e. But this is not possible 
unless | f(c) — M| = 0. Thus, f(c) = M, as desired. E 


THEOREM 7 Continuous Functions Are Integrable If f is continuous on [a,b], or 


if f is continuous except at finitely many jump discontinuities in [a,b], then f is 
integrable over [a,b]. 


Proof We shall make the simplifying assumption that f is differentiable and that its 
derivative f’ is bounded. In other words, we assume that | f’(x)| < K for some constant 
K.. This assumption is used to show that f cannot vary too much in a small interval. More 
precisely, let us prove that if [ap, bo] is any closed interval contained in [a, b] and if m 
and M are the minimum and maximum values of f on [ag, bo], then 


|M — m| < K|bo — a| | 6 | 
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a X c X% bo 


FIGURE 1 Since M — m = f’(c)(x2 — x1), 
we conclude that M — m < K (bọ — ag). 


Maximum value 
Ss on the interval 
A 


Lower 
rectangle 


FIGURE 2 Lower and upper rectangles for a 
partition of length N = 4. 


FIGURE 3 The lower rectangles always lie 
below the upper rectangles, even when the 
partitions are different. 


Figure 1 illustrates the idea behind this inequality. Suppose that f (x1) = m and f(x2) = 


M, where x, and x2 lie in [ap, bo]. If x1 Æ x2, then by the Mean Value Theorem (MVT), aie 


there is a point c between x) and x2 such that 


M-m (x2) — f (x1) 
= fœ) — f@) = f'O 
AD Bi] X2 = Xi 
Since x1, x2 lie in [ap, bo], we have |x2 — x1| < |bo — ao], and thus, 
|M — m| = | fo) |x2 — x1] < K Ibo — aol 


This proves Eq. (6). 
We divide the rest of the proof into two steps. Consider a partition P: 


F.: teeex x= e < yN <N =b 


Let m; be the minimum value of f on [xi—1, x;] and M; the maximum on [x;—1, x;]. We 
define the lower and upper Riemann sums 


N N 
Lf P) =" myx, U(f,P) = S Mj Ax; 


i=1 i=] 


These are the particular Riemann sums in which the intermediate point in [x;—1, x;] is the 
point where f takes on its minimum or maximum on [x;_1,x;]. Figure 2 illustrates the 
case N = 4. 


Step I. Prove that the lower and upper sums approach a limit. 
We observe that 


L(f, Pi) < U(f, Po) for any two partitions P; and Pz | 7 | 


Indeed, if a subinterval J; of Pı overlaps with a subinterval J of P2, then the minimum = 


of f on J; is less than or equal to the maximum of f on h (Figure 3). In particular, 
the lower sums are bounded above by U(f, P) for all partitions P. Let L be the least 
upper bound of the lower sums. Then for all partitions P, 


L(f, P)< L <U(f,P) 


According to Eq. (6), |M; — m;| < K Ax; for all i. Since ||P || is the largest of the 
widths Ax;, we see that |M; — m;| < K||P|| and 


N 
IU(f, P) — Lf, P)| < È (Mi — mi| Axi 


i=l 


N 
< KIIPI ) Axi = KP] lb — al [9 | 


i=l 
Let c = K |b — a|. Using Eq. (8) and Eq. (9), we obtain 
LOUP] SUU P) =L PJ = eP 
We conclude that we a IL — U(f, P)| = 0. Similarly, 


IL —L(f, P)| < cllP|| 
and 


lim |L—L(f,P)|= 
R aa (f, P) =0 


Thus, we have 


lim U(f,P)= lim L(f,P)=L 
a n a EGP) 
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b 
Step 2. Prove that | f(x)dx exists and has value L. 


a . b . 
Recall that for any choice C of intermediate points c; € [x;—1, x;], we define the Rie- 
mann sum 


N 
RA P, O= >, FOAR 


i=l 
We have 
LCF: P) = RU.) £ U(f. P) 


Indeed, since c; € [x;—1, x;], we have m; < f(ci) < M; for alli and 


N N N 
X mi Ax; < 2 f (ci) Axi < 2i Mi Ax; 
i=l i=1 i=] 


It follows that 
ER PONE IVY, P-L. PF) Srl 
This shows that R( f, P, C} converges to L as || P|| — 0. E 


THEOREM 8 If f is continuous and {a,,} is a sequence such that the limit lim a =L 


exists, then 


Proof Choose any € > 0. Since f is continuous, there exists 6 > O such that 


if 0 < |x — L| < 6, then | f(x) — f(L)| < €. 
Since bm an = L, there exists N > 0 such that |an — L| < 5 for n > N. Thus, 


| f(an) — f(L)| < € forn > N 
It follows that im f(an)= f(L). F 


THEOREM 9 Clairaut’s Theorem If f,, and fyx both exist and are continuous on a- 
disk D, then fxy(a,b) = fyx(a, b) for all (a, b) € D. 


Proof We prove that both fxy(a,b) and fyx(a,b) are equal to the limit 


Let F(x) = f(x,b +h) — f(x, b). The numerator in the limit is equal to 
F(a +h) — F(a) 


and F’(x) = f,(x,b +h) — f,(x,b). By the MVT, there exists a; between a anda +h 
such that 


F(a +h) — F(a) = hF'(a)) = h( fx(a1,b + h) — fx(a1,b)) 
By the MVT applied to fy, there exists bı between b and b + h such that 


fx(a1,b + h) — fx(a1, b) = hfxy(ai, bı) 
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Thus, 
F(a + h) — F(a) =h? fxy(a1, b1) 


and 


L = lim 


h>0 


nar CEAN 
B = him fxy(a1, 51) — fxya, b) 


The last equality follows from the continuity of fxy since (a1, b1) approaches (a, b) as 
h —> 0. To prove that L = fyx(a,b), repeat the argument using the function F(y) = 
f(a+h,y)— f(a, y), with the roles of x and y reversed. a 


Proof Let (a,b) € D and set 
L(x, y) = f(a,b)+ fx(a,bXx — a) + fy(a,bXy —b) 
It is convenient to switch to the variables h and k, where x = a +h and y = b + k. Set 
Af = fiath,b+k)— f(a,b) 
Then 
L(x, y) = f(a,b) + f(a, b)h + fy(a, b)k 
and we may define the function 
e(h,k) = f(x,y) — Lœ, y) = Af — (fx(a,b)h + fy, b)k) 
To prove that f(x, y) is differentiable, we must show that 
e(h,k) 
hk) 0,0) Vh 4 k2 

To do this, we write Af as a sum of two terms: 

Af =(f(ath,b+k)— f(a,b +k) +(f(a,b+k)— f(a,b)) 


and apply the MVT to each term separately. We find that there exist a, between a and 
a + h, and bı between b and b + k, such that 


faath,b+k)— fia,b+k) =hf,(a,,b +k) 
f(a,b+k)— f(a,b) =kfi(a,by) 
Therefore, 
e(h,k) = h(fx(a1,b + k) — f(a, b)) + k(fy(a,b1) — fy@, d)) 
and for (h, k) Æ (0,0), 


e(h, k) A pa T k) üE fx(a,b)) T k(fyla, by) a fya, e» 
N A Lae «7 
< [+e b+k)— aad Pi k(fy(a, bı) — fy(@, >| 
Vee S We = 


= | fx (a1, b ii k) J5 Jfx(a,b)| P | fy(a, bı) ~ fy(a,b)| 
In the second line, we use the Triangle Inequality [see Eq. (1) in Section 1.1], and we 


may pass to the third line because |h/Vh2 +k? | and \k/Vh2 +k? | are both less than 1. —_ 
Both terms in the last line tend to zero as (h, k) — (0,0) because fy and fy are assumed 
to be continuous. This completes the proof that f(x, y) is differentiable. E 
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(PROOF OF THEOREM 6) A proof 
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be found in R. Courant and F. John, 
Introduction to Calculus and Analysis, 
Vol. 1, Springer-Verlag, New York, 1989. 


AB effect, 1044 
abscissa, 4 
absolute convergence, 569-571, 573, 
578 
absolute extrema, See global extrema 
absolute value, 3 
acceleration, 164 
centripetal, 774, 775 
normal component of, 774, 776 
tangential component of, 774, 776 
vector, 772, 774, 776 
acute angles 
between vectors, 692 
addition 
formulas, 31 
summation notation and, 287, 288 
additivity 
of adjacent intervals, 304 
of circulation, 1029 
and symmetry, 491 
of vector line integrals, 975 
advection equation, 849 
Aharonov—Bohm (AB) effect, 1044 
algebra 
linear, 701 
algebraic functions, 23 
Algebraic Laws, A7 
algebraic operations, A7 
altemating harmonic series, 572, 573 
Alterating Series Test, 571, 572, 
578 
amplitude, 31 
angle of inclination, 770 
angles 
complementary, 31 
degrees and, 27 
radians and, 27 
between vectors, 691, 692 
angular coordinates, 637, 638, See 
also polar coordinates 
angular momentum, 754, 845 
angular momentum vector, 782 
angular velocity, 634, 1028 
curl and, 1028 
moment of inertia and, 931 
annuities, 512, 513 
annulus, 377 
antiderivatives, See also indefinite 
integrals 
definition of, 310 
general, 310 
terminology of, 311 
of vector-valued functions, 750 
antidifferentiation, 310 
aphelion, 664 
Apollonius, 651 
applied optimization, See 
optimization 
approximation, 286-294, 386 
left-endpoint, 289 
limit of, 290, 291 
midpoint, 289 
Nth right-endpoint, 286 
by rectangles, 286, 287, 289 
Riemann sum, 298 
summary notation and. 288 
summation notation and, 287 
Trapezoidal, 334 
arc length, 473-475, 631, 632 
definition of, 473, 754 


differential, 969, 970 
formula for, 474 
function, 755 
in polar coordinates, 646 
of parametric curve, 631-635 
parametrization, 756, 757 
of path, 755 
in polar coordinates, 648 
arccosine 
derivatives of, 184 
function, 40 
Archimedes, 486, 493, 556, 651 
Archimedes’s formula, 912 
Archimedes’s Law of the Lever, 493 
Archimedes’s Problem, 271 
arcsine 
derivatives of, 184 
function, 40 
area 
approximation of, See 
approximation 
computing as limit of 
approximations, 290, 291 
cross product and, 704, 705 
double integrals defining, 892 
element, 886 
Green’s Theorem and, 1026, 1027, 
1029 
horizontally simple, 360 
of parallelogram, 705, 706 
in polar coordinates, 646-649 
of polygon, 1036 
signed, 360 
surface, 475—477, 634, 1000, 1002 
between two curves, 357-361, 648 
under a curve, 647 
under map, 942 
under parametric curve, 625, 626 
vertically simple, 357 
area distortion factor, 1000 
area function, 325 
Aristarchus, 784 
arithmetic-geometric mean, 548 
Associative Law, 673, A7 
astronomy 
history of, 784 
asymptote, 517 
horizontal, 55, 101 
of hyperbola, 654 
vertical, 55, 72 
asymptotic behavior, 101, 254-258 
average rate of change, 794-796 
average value, 371, 898, 911 
of continuous function, 983 
average velocity, 61-63 
and instantaneous velocity, 61 
axes 
of ellipse, 652, 653 
of hyperbola, 654 
of parabola, 655 
right-hand rule, 680 
x and y,4 
axial symmetry, 920 


Balmer series, 538 

Balmer wavelengths, 540 

Bari, Nina Karlovna, 584 

Barrel Problem, 271 

base for exponential function, 46 
basic functions, 22, 23, 83 


Basic Laws of Continuity, 83 
Basic Limit Laws, 76, 77, 83, 103, 
116 
proof of, Al6 
Bernoulli, Jacob, 293 
Bernoulli numbers, 293 
Bemoulli spiral, 753, 759 
Bernoulli’s formula, 293 
Bernstein polynomials. 624 
Bessel function of order 1, 587 
Bézier curves, 624, 625 
binomial coefficient, A13 
recursion relation for, Al4 
binomial expansion formula, 2 
binomial series, 608—610 
Binomial Theorem, 608, A15 
binormal vector, 765 
Bisection Method, 108 
body mass index (BMI), 823 
Boltzmann distribution, 875 
Bolzano—Weierstrass Theorem, A9 
boundaries 
Divergence Theorem and, 1049 
of domain, 856 
Green’s Theorem, 1023 
orientation, 1023, 1038 
point, 855, 856 
Stokes’ Theorem and, 1038 
types of, 1037 
boundary curve 
piecewise smooth, 891 
bounded above, A8 
bounded below, A8 
bounded domain, 855 
bounded monotonic sequences, 544 
convergence of, A9 
bounded sequences, 543, 544 
convergent subsequence of, A9 
bounded surface, 725 
brachistochrone property, 622 
Brahe, Tycho, 784 
branches, 183 
Bubble Sort, 250, 251 


calculators 
graphing, 53, 54, 56 
calculus 
differential, 61 
integral, 61 
terminology of, Al 
calorie, 392 
cardioid, 640 
carrying capacity, 524 
Cauchy, Augustin-Louis, 69, 113, 
1051 
Cavalieri’s principle, 368 
center, 4 
of curvature, 766 
of hyperbola, 654 
center of mass (COM), 486—493, 929 
multiple integrals and, 930 
centrally simple region, 923 
centripetal acceleration, 774, 775 
centroid, 490, 1035 
center of mass and, 929 
Chain Rule, 173-176, 181, 339, 746, 
747, 751, 782, 847 
as dot product, 847 
Fundamental Theorem of Calculus 
and, 329 


general version of, 842-845 
for Gradients, 828, 829, 841 
implicit differentiation and, 845, 
846 
independent variables and, 842 
multivariable calculus, 840 
for partial derivatives, 808, 810 
for paths, 829, 830, 832, 837. 841. 
845 
primary derivatives and, 843, 844 
proof of, 177 
Substitution Method and, 339 
change 
net, 62, 333 
rate of, See rate of change 
change of variables, 917-919, 
939-953 
double integrals in polar 
coordinates and, 917, 918 
maps and, 940 
theorem for definite integrals, 342 
in three variables, 949 
triple integrals in cylindrical 
coordinates and, 920 
triple integrals in spherical 
coordinates and, 921, 923 
Change of Variables Formula, 
340-342, 939, 944-950, 1002 
for definite integrals, 342 
in cylindrical coordinates, 920 
in polar coordinates, 917-919 
in spherical coordinates, 921 
change-of-base formula, 48 
Chebyshev polynomials, 58 
circle 
great, 734 
osculating, 766, 767 
circle of radius 
parametrization of, 621, 740 
circular motion 
uniform, 774 
circulation, 1023 
additivity of, 1029 
Green’s Theorem and, 1028 
cissoid, 644 
Clairaut, Alexis, 813 
Clairaut’s Theorem, 812, 813, 963 
proof of, A21 
closed curve, 983, 1023 
circulation around, 1029 
closed domain, 856 
closed half-infinite intervals, 3 
closed intervals, 3 
existence of, A3 
existence of extrema on, A19 
extreme values on, 221, 223, 224 
optimization on, 223, 224 
closed surface, 1037 
Divergence Theorem and, 1049 
clothoid, 769 
Cobb-Douglas production function, 
868 
coefficient of thermal expansion, 216 
coefficients, 22 
collinear points, 713 
common ratio, 54] 
Commutative Law, 673, A7 
Comparison Test 
for improper integrals, 448 
Comparison Theorem, 304 
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complementary angles. 31 
complete the square for the quadratic 
polynomial. 19 
completeness, A7 
of real numbers, A7 
completing the square, 18, 19. 660 
components, 683, 737 
vector, 694, 695 
composite functions, 23 
continuity of. 85, A18 
continuous, 803 
limit of, A17 
composition, 23 
compounded continuously. 512 
computer algebra systems. 55. 57, 
439, 441 
for partial fraction decomposition. 
432 
concavity, 238—241 
definition of. 238. 239 
points of inflection and, 240. 241 
second derivatives. 238-241 
test for, 239 
conclusion, Al 
conditional convergence. 570. 571. 
573 
cone 
elliptic. 721 
parametrized. 997 
conic sections. 651-662, See also 
ellipse: hyperbola: parabola 
congruent, 657 
discriminant of. 661 
eccentricity of, 656 
focus-directrix definition of. 657. 
659, 662 
general equation of degree 2 for, 
660, 661 
latus rectum of, 663 
polar equation of, 659 
reflective properties of, 659 
translation of, 653 
conical container. filling. 198 
conjugate. multiplying by. 91 
conjugate axis 
of ellipse, 652 
of hyperbola. 654 
connected domains. 899 
conservation of energy. 986. 987 
conservative fields in physics. 986 
conservative force fields. 986 
conservative function. 964 
conservative vector fields. 961-965, 
983-992 
circulation around curve. 983 
cross-partials condition for. 988. 
989 
curl of, 961, 962 
Fundamental Theorem of, 984 
inverse-square. 964. 987 
path independence of, 983-985 
in physics. 986 
potential functions for. 961. 963. 
987. 988. 990 
vortex, 990. 991 
constant coefficients, 510 
constant functions 
derivatives of. 126 
Constant Multiple Law. 76. 77. 802 
Constant Multiple Rule. 136, 746, 
71 
constant of integration. 311 
Constant Rule, 134. 141 
constant vector. 750 


constant vector field. 958 
constants 
integrals of. 300 
constraint 
curve, 866 
equation. 263 
optimizing with, 865-871 
continuity 
of basic functions, 84 
of composite function. 85, A18 
definition of, 802 
differentiability and, 139 
of elementary function. 85 
on an interval. 81 
of inverse function. 84 
Laws of Continuity. 83. 84 
limits and, 79, 80 
one-sided, 81 
at a point. 80 
of polynomial and rational 
functions. 83 
real-world modeling by. 86 
in several variables. 800—806 
Substitution Method and. 85. 90 
continuous differentiability. 997 
continuous functions, 77. 883 
integrable. 883. A21 
continuous random variable. 933 
continuous vector-valued functions, 
745 
contour interval. 793 
contour lines. 793 
contour maps. 793. 796. 811 
equipotential curves and. 985 
gradients and, 834 
of linear function. 794 
contrapositive, A4 
convergence, 556 
absolute, 569-371. 573.578 
Alternating Series Test for. 572. 
578 
conditional. 570. 571. 573 
Direct Comparison Test for. 577 
Direct Convergence Test for. 563. 
564 
Divergence Test for. 578 
of infinite series, 549, 551 
Integral Test for. 561 
Limit Comparison Test for. 566. 
578 
of p-series, 562 
of positive series. 560, 563. 564. 
566 
of sequence. 539, 543. 544 
of series. 569. 570 
radius of. 581 
Ratio Test for. 577. 578, 582 
series of. 581 
convergent subsequences, A10 
converse. A4 
conversion 
Divergence Test for, 554, 555 
cooling constant, 510 
coordinate functions, 737 
coordinate planes, 715 
in three dimensions, 680 
coordinate planes in RŽ, 680 
coordinates, 4. See also polar 
coordinates: rectangular 
coordinates 
curvilinear, 997 
cylindrical, 727, 920 
spherical. 728-732, 917 
three-dimensions. 680 


Copernicus, Nicolaus. 784 
corrugated pipe. 477 
cosecant. 29, 50 
hyperbolic. 50 
cosine. 28. 595, See also 
trigonometric functions 
arccosine and. 40 
derivative of. 168. 170, 194 
hyperbolic, 49 
integration of. 408. 409 
standard values for, 29 
unit circle definition of. 28 
cost 
total vs. marginal, 335 
cotangent, 29. 41 
hyperbolic, 50 
Couette flow. 1028, 1029 
counterexample, A2 
Crawford, John M., 1027 
critical points. 222, 850-855, 867 
First Derivative Test for. 232~234 
Second Derivative Test for. 241, 
242. 852-855. 858 
critical value. 867 
cross product. 707, 714, 731. 783 
anticommutivity of, 702 
area and volume and, 704. 705 
definition of, 701 
determinants and, 701, 705 
vs. dot product. 701, 703 
geometric description of. 706 
i, j, k relations and. 703 
Product Rule for. 747 
properties of, 702. 703. 706 
Cross Product Rule. 782 
cross term. 660 
cross-partial derivatives. 962 
cross-partials conditions. 962. 988 
cross-partials equations. 962 
cross-section 
horizontal, 366 
cubic polynomial. 255 
curl 
angular velocity and, 1028 
of conservative vector field, 962 
Green's Theorem and. 1028 
radial, 1048 
Stokes’ Theorem and, 1037, 1038 
of vector fields. 961. 962. 964 
curvature, 760. 761. 763-765, 767. 
768 
center of. 766 
formula for. 762 
Frenet Frame and, 765. 767 
of graph in the plane. 764 
normal vector and, 765 
osculating circle and. 766. 767 
radius of. 766 
unit tangent vector and. 760, 761, 
763. 764 
curves 
area under. 647 
Bézier, 624 
boundary, 891 
cardioid, 640 
circulation around. 1029 
closed. 983, 1023 
constraint, 866 
direction along, 972 
equipotential, 985 
flux along, 977 
folium of Descartes. 629 
grid. 997 
lemniscate. 645 


length of. See arc length 
level. 791-793 
limaçon, 641 
and Lines. 684 
orientation of. 972 
parametric. 619-626. 631—635 
parametrized, 737. 739, 740 
vs. path, 738 
piecewise smooth. 975 
plane, 738 
in polar coordinates. 639, 640 
space, 738 
vector field circulation around, 
983 
Vivian s, 743 
curvilinear coordinates. 997 
curvilinear rectangle. 942 
cusps, 749 
cyclic relation, 849 
cycloids. 622 
cusps of. 749 
length of. 632 
parametrization of, 622 
tangent vectors on, 749 
cylinders 
parametrization of, 996, 998 
quadratic, 723, 724 
cylindrical container, filling. 198 
cylindrical coordinates, 727 
conversion to rectangular 
coordinates, 727 
equations in, 728 
graphing equations in. 728 
integration in, 920 
level surfaces in. 728 
triple integrals in, 920 
cylindrical shell method. See Shell 
Method 


Day-Length model. 31 
decay. 502 
decimal expansions. 1, See also real 
numbers 
decomposition 
of vector. 694 
decreasing functions, 7 
definite integrals, 298, 302. 305, 306. 
371. 403 
additivity for adjacent intervals 
and, 304 
antiderivatives and. 309 
Change of Variables Formula and. 
342 
change of variables theorem for. 
342 
Comparison Theorem and. 304 
definition of. 299 
linearity of, 302 
lower and upper bounds for, 305 
properties of. 302. 304—306 
reversing limits of integration and. 
303. 304 
Riemann sums and. 298. 299 
as signed area. 300 
degenerate equation. 660 
désree. 22. 27 
del operator. 959 
density. 368, 369 
linear mass density, 368 
mass. 928. 930. 1003 
multiple integrals and. 927, 928 
radial density function and. 369 
source, 1053 
dependent variable. 5 


derivatives 
acceleration, 164 
antiderivatives and, 309, 310 
of b*, 192 
computation, See differentiation 
of constant functions. 126 
cross-partial, 989 
definition of, 123. 124 
directional, 830-832 
estimating. 127 
extreme values and, 220, 221 
of f(x) = e*, 138 
First Derivative Test. 233, 234 
as functions, 132, 133 
of general exponential and 
logarithmic functions, 191 
graph concavity and, 238-242 
graph properties and. 137 
growth of functions and, 250, 
251 
higher, 163 
of hyperbolic functions, 194, 
195 
L’H6pital’s Rule and, 246-248, 
250.251 
Linear Approximation and, 211, 
212, 214-217 
of linear functions, 126 
local extrema and, 221, 222 
Mean Value Theorem and, 
231-234, 236 
of natural logarithm. 190 
normal, 1037 
optimization and, 263—269 
optimization on closed interval 
and, 223, 224 
partial. 789, 808, 810-813, 830, 
846 
in polar coordinates, 645 
primary. 843, 844 
of reciprocal, 152 
related-rate models and, 202 
related-rate problems and, 198. 
201 
Rolle’s Theorem and, 225 
rules for taking, 141 
scalar-valued, 749 
secant line and, 123 
second, 163 
Second Derivative Test, 241. 242 
sign of, 232 
tangent line and, 123. 137 
as tangent vectors. 748 
of trigonometric functions. 168. 
170. 184, 185, 194 
vector-valued, 745, 748, 749 
Descartes, René. 4, 188, 226 
Descartes’s folium, 1035 
determinants, 701 
Jacobian, 942-944 
minors, 701} 
notation for, 705 
diagonal rule, 71] 
difference quotient 
approximation, 127-129 
symmetric, 132 
Difference Rule. 136 
differentiability, 124, 133, 139, 818, 
823, 825 
and the tangent plane, 820 
confirming, 820 
continuity and, 139 
criterion for, 821, A22 
definition of. 820 


local linearity and, 140. 141 
verifying. 820 
differentiable. failure to, 126 
differential 
arc length, 969, 970 
differential calculus, 61 
differential equations, 314, 499-536 
annuities and, 512.513 
defined. +99 
equilibrium (steady-state) solution 
of. 524 
Euler's Method and, 518-520 
free fall with air resistance and, 
511 
general solution, 499 
graphical methods for, 516 
initial condition, 499 
Initial Value Problem and, 499, 
518-520 
integral curve of. 516, 517 
logistic. 523—526 
models involving y’ = k(v — b), 
510, 511,513 
Newton's Law of Cooling and. 
510, 517 
order of, 499 
particular solution, 499 
power series solutions of. 586 
separable. 500 
Separation of Variables for. 500. 
524,525 
slope fields for, 516.517 
vertical motion with air resistance 
and, 511 
differential form of linear 
approximation. 215-216 
differentials, 134 
definition of, 340 
and linear approximation, 824 
in substitution, 340 
differentiation, 125, 126 
Chain Rule for. 173. 175-177. 181 
Constant Multiple Rule for, 136 
definition of, 123 
Difference Rule for, 136 
exponential rules for. 176 
general power and. 176 
implicit. 181. 182, 185, 845. 846 
Linearity Rules for. 136 
logarithmic, 192 
of vector-valued functions. 745, 
746 
Power Rule for. 135 
Product Rule, 146, 147 
Quotient Rule and, 146. 148. 149 
rules for, 746 
Sum Rule for. 136 
term-by-term, 584 
x Rule for, 134 
dilation 
of domain, 953 
of graph, 9 
scaling, 9 
Dirac, Paul, 958 
Direct Comparison Test, 563, 564. 
577 
direction 
of vector, 670 
directional derivatives, 830-832, 
837 
computation of, 831. 832 
directly integrable, 499 
directly traverses. 631 
directrix, 655. 657, 659 


discontinuity, 80 
definition of, 80 
extreme values and, 220 
infinite, 82 
jump, 81 
removable, 80 
discriminant, 18, 852-855 
Discriminant Test. 661 
disk method, 377. 378, 380. 386-389 
displacement, 62 
vs. distance traveled, 633 
distance 
between real numbers, 3 
distance formula, 5 
in RÊ, 681 
in three dimensions, 681 
distance traveled 
vs. displacement, 633 
Distributive Law, 673, A7 
for cross product. 703 
for dot product, 690 
divergence. 1053 
as flux per unit volume, 1053 
of harmonic series. 562 
of infinite series, 554, 555 
of sequence, 539, 544 
of vector fields. 960. 964 
Divergence Test. 554. 555,577 
Divergence Theorem, 1023. 
1049-1058 
applications of, 1052, 1054, 1056 
electrostatics. applications to, 
1054, 1055 
proof of. 1050, 1051 
statement of. 1050 
divergent sequences, 54] 
domains, 5. 36. 38 
bounded domain, 856 
connected domain. 963 
decomposition into smaller 
domains. 900 
of inverse functions, 37 
of polynomials, 22 
d‘Oresme, Nicole, 556 
dot product. 690-696. 751 
angle between two vectors and, 
691 
Chain Rule as. 847 
commutivity of, 690 
computation of. 690 
decomposition and. 694 
definition of, 690 
of del operator, 959 
Product Rule for, 747 
projection and, 693, 694 
properties of. 690 
vs. cross product, 701. 703 
double angle formula, 408, 409 
double integrals. 879-901. See also 
multiple integrals 
additive with respect to domain. 
900 
as iterated integrals, 883-886 
defining area, 892 
defining signed volume, 892 
estimating. 882 
Fubini's Theorem for. 885 
horizontally simple region, 895 
in polar coordinates, 917-920 
linearity of. 883 
Mean Value Theorem for. 899 
notation for, 893. 906 
over horizontally simple region, 
893 
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over more general regions, 
891-901 
over rectangle. 881 
over vertically simple region. 893, 
895 
Riemann sums and, 892 
double-angle formulas, 31 
doubling time. 504 
doubly ruled surface. 726 
dummy variable, 36 
in summation notation, 288 


e. 46. 138 
e* 
intervals involving, 313 
earthquake measurement, 49 
eccentricity. 656 
of conic sections, 656 
eclipse, 154 
economics 
marginal cost in, 155 
Einstein. Albert, 51. 158, 393, 784 
Law of Velocity Addition, 51 
Special Theory of Relativity. 51 
electric fields, 987, 988, 1015 
due to uniformly charged sphere, 
1056 
electric potential, 971 
electromagnetic waves, 1058 
electrostatic field, 1054 
elecirostatics 
Divergence Theorem and, 
1054-1056 
elementary functions, 24 
continuity of, 85 
€ = 6 definition, 113,114, 116 
ellipse, 652. 653 
axes of, 653 
center of, 652 
conjugate axis of, 652 
eccentricity of, 656 
focal axis of. 652 
focal vertices of. 653 
foci of. 652 
in standard position. 652. 653 
parametric equations for. 622 
parametrization of, 621 
planetary orbits as, 781 
reflective properties of, 659 
translation of. 653 
vertices of. 653 
ellipsoid, 384, 392 
traces of. 719 
elliptic cone, 721 
elliptic cylinders, 723, 724 
elliptic function. 610 
elliptic integral of the first kind, 
609 
elliptic paraboloids, 722 
contour map of, 793 
energy 
conservation of. 986, 987 
potential, 987 
total. 987 
units of, 392 
work and. 392-395 
equation of a line, See also linear 
equations 
in point direction form, 685 
parametric, 685 
equation of cylinders 
in three dimensions, 682 
equation of spheres 
in three dimensions, 682 
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equations 
cross term of, 660 
degenerate, 660 
logistic, 197 
of plane, 712 
parametric, 619-626, 631-635, 
637-642 
equations of cylinders 
in RÌ, 682 
equations of spheres, 682 
in R3, 682 
equilibrium, 524 
stable, 524 
unstable, 524 
equilibrium solution 
of differential solution, 524 
equipotential curves, 985 
equivalent statements, A3 
equivalent vectors, 669, 683 
error bounds, 456, 457, 460 
for Taylor polynomials, 596 
escape Velocity, 398, 445 
Euclid, A4 
Euler, Leonhard, 46, 557, 610 
Euler’s Formula, 611 
Euler’s Method, 516, 518-520 
Euler’s Midpoint Method, 523 
even functions, 8 
excursion, 1004 
existence of inverses, 37 
exponent zero, 1 
exponential decay, 503 
exponential equation, 49 
Exponential Function Rule, 141 
exponential functions, 23, 44, 46 
base for, 44, 46 
derivatives of, 191 
infinite series for, 537 
logarithms and, 47 
exponential growth, 45, 503 
and decay, 502 
doubling time, 504 
half-life. 504 
exponential probability density, 
468 
exponents, properties, 1 
extrema 
global (absolute), 855-860 
local, 850, 852 
extreme values, 220-222 
on closed interval, 221, 223, 224 
critical points and, 221, 222 
Fermat's Theorem and, 222 
local minimum/maximum and. 
221 
on open interval, 221 
optimization and, 220 
Rolle’s Theorem and, 225 


f(x) = b* 

integrals involving, 348 
Faraday’s Law of Induction, 1015 
Fermat, Pierre de, 226 
Fermat point, 865 
Fermat’s Last Theorem, A5 
Fermat's Theorem, 850 
Fermat's Theorem on Local Extrema, 

222, 223 

Fibonacci sequence, 538, 544 
Fick. Adolf. 814 
Fick’s Second Law, 814 
First Derivative Test, 233, 234 
first octant, 680 


first-order differential equations, 499 
first-order linear constant coefficient, 
510 
first-order linear equations, 528—532 
floor function, 74 
flow 
Couette, 1029 
laminar, 370 
shear, 1029 
flow rate, 369. 1014 
Poiseuille’s Law, 370 
fluid flow rate, 1014 
fluid flux, 1013, 1014 
fluid force, 480-483 
fluid pressure, 480-483 
flux. 977, 1009, 1010 
along plane curve, 977 
computation of, 1052 
Divergence Theorem and, 1052, 
1054-1056 
of electrostatic field, 1054 
fluid, 1013, 1014 
form of Green’s Theorem, 1031, 
1032 
of inverse-square field, 1055 
magnetic. 1015 
focal axis 
of ellipse, 652 
of hyperbola, 654 
focal vertices, 653 
of ellipse. 653 
focus-directrix relationship, 657 
folium of Descartes, 629, 1035 
force 
as vector, 675 
fluid, 480-483 
units of, 392 
force-balance model, 501 
Form 0 - œ, 247 
Form 0°, 249 
Form 0°, 250 
Form 1°, 249 


Eon — 250 


Form A oo, 92, 248 
Fourier Transform, 814 
Fourier, Jean Baptiste Joseph, 814 
Fourier Series, 412, 414 
Fraunhofer diffraction pattern, 75 
free fall with air resistance, 511,513 
freezing, 719 
Frenet, Jean, 766 
Frenet Frame, 765-767 
Fubini’s Theorem, 888, 894 
for double integrals, 885 
for triple integrals, 906 
functions 
algebraic, 23 
analyzing and sketching graphs, 
254—260 
antiderivative of, 310. See also 
antiderivatives 
arc length, 755 
arccosine, 40 
arcsine, 40 
area, 325 
basic, 22, 23, 83 
basic operations on, 1057 
change sign for. 233 
classes of, 22, 23 
composite, 23, 803, A18 
construction of, 23 
continuous, 77, 802. 803, 883, See 
also continuity 


coordinate, 737 
decreasing, 7 
definition of, 5 
derivatives. 132, 133 
differentiable, See differentiability 
discontinuous, See discontinuity 
domain of, See domains 
elementary, 24, 85 
even, 8 
exponential, 23, 44, 46, 191 
floor, 74 
gradient, See gradient 
graph of, 6, See also graphs 
greatest integer, 74, 85 
growth of, 250, 251 
Gudermannian, 426 
harmonic, 817, 850. 1037, 1060 
hyperbolic, 49-51, 194, 195 
increasing/decreasing, 7, 232 
indeterminate, 90, 94 
integrable, 299, 881, 906 
inverse, 35, 37—39, 41, 42, 85 
invertible, 36 
left-continuous, 81 
linear, See linear functions 
linear combinations, 23 
logarithmic, 23, See also 
logarithms 
monotonic, 7, 290 
nondecreasing, 7 
nonincreasing, 7 
normal density, 469 
objective, 263—267 
odd. 8 
of two or more variables, 789 
one-to-one. 37-39 
parity, 8, 49 
periodic, 29 
piecewise, 24 
piecewise-defined, 82 
polynomial, 83 
potential, 961, 963, 987, 988, 990 
power, 22 
primitive, 311 
probability density, 467 
quadratic, 18 
radial, 850 
range of, 5, 36 
rational, 22, 83, 104 
right-continuous, 81 
scalar-valued, 737 
sequence defined by, 540 
sign change for, 234 
smooth, 957 
special, 609 
transcendental, 23 
trigonometric, 23, 27—29, 31, 32, 
168 
unbounded, 446 
value of, 5 
well-behaved, 22, 23 
zero (root) of. 6, 108 
functions itegrable, 891 
functions of two variables, 789, 791, 
792, 794, 795 
average rate of change and, 794, 
795 
continuous, 802 
contour maps of, 793, 794 
graphing, 790 
level curves and, 793 
vertical traces of, 791 
functions of three variables. 795 
functions of four variables, 795 


Fundamental Theorem for 
Conservative Vector Fields, 
984 
Fundamental Theorem for Line 
Integrals, 1049 
Fundamental Theorem of Algebra, 
426 
Fundamental Theorem of Calculus 
(FTC), 318-323, 325, 326, 329, 
330, 883, 984, 1023, 1049 
and Chain Rule, 329 
for vector-valued functions, 751 
Green’s Theorem and, 1024 
Stokes’ Theorem and, 1039 


Gabriel’s Horn, 444, 477 
Galileo Galilei, 62, 64, 157. 158, 
493, 784 
Galileo’s formula, 62 
Galileo’s Law, 51 
gamma function, 453 
Gauss error function, 329 
Gauss’s Law, 1056 
Gauss—Ostrogradsky Theorem, See 
Divergence Theorem 
Gaussian distribution, 469 
general antiderivative, 310 
general equation of degree 2, 661 
general equations of degree 2, 660 
general exponential rule. 176 
general power rule, 176 
general term, 537 
in summation notation, 288 
General Theory of Relativity, 784 
geometric sequences, 541 
geometric series, 551-554 
historical perspective on, 556 
partial sums of, 552 
sum of, 552 
summing of, 552-554 
geostrophic wind flow, 835 
Gini index, 365 
glacial thickness model, 501 
global extrema, 855-860 
golden ratio, 544 
gradient, 827—838 
and directional derivatives, 827 
as normal vector, 836 
Chain Rule for, 828, 829, 841 
contour map and, 834 
in variables, 828 
interpretation of, 834 
Product Rule for, 828 
properties of, 828, 833 
vectors. 828 
Graphical Insight, 290, 329, 1053 
graphical investigation, 69 
graphing calculators, 53, 54, 56, 619 
graphs 
amplitude of, 31 
area, 357. 358, 360, 361 
asymptotic behavior and, 254~258 
caution for, 15 
computer representations of, 790 
concavity and, 238, 240, 24] 
derivatives and, 137, 138 
of function, 6, 996 
of functions of two variables, 790 
increasing/decreasing functions, 
232 
integral curve and, 516, 517 
isoclines and, 517 
of inverse functions, 39 
of linear functions, See lines 


parabolic, 18 
maximum point on, 150 
parametrized, 996 
plotting, 790 
of quadratic functions, 18 
reflection of, 39 
scale of, 15 
secant line in, 63, 123 
sign combinations and, 254—258 
sketching of, 6, 254-257, 259 
slope fields and, 516. 517 
slope of line in, 14-18 
surface integral over, 1012 
tangent line in, 123, 124, 137 
transition points, 254-258 
translation (shifting of), 9 
of velocity. 63 
vertical asymptote in, 72 
Vertical Line Test for, 7 
viewing rectangles for, 53 
gravitational fields, 987, 1004 
gravitational force 
mass density and, 1005 
gravitational potential 
of sphere, 1005 
gravitational vector field, 959 
gravity 
effects on motion, 157, 158 
work against. 987 
great circle, 734 
greatest integer function, 74, 85 
greatest lower bound, A8 
Green, George, 1051 


Green’s Theorem, 1023-1033, 1049, 


See also Divergence Theorem 
additivity of circulation, 1029 
area and, 1026, 1027, 1029 
circulation form of, 1027 
circulation per unit of enclosed 

area and, 1028 
flux form of, 1031 
line integral using, 1025 
more general form of, 1030 
proof of, 1024, 1025 
statement of, 1023 

Gregory, James. 410 

grid curves, 997 

grid lines, 637 

grid-connected energy system, 301 
growth constant, 524 
Gudermannian function, 426 
Guldin’s Rule. 1009 

Gulf Stream heat flow, 887 
Gumbel density, 471 


half-infinite interval, 3 
half-life, 504 
half-open intervals, 3 
Hardy. G. H., 442 
harmonic functions. 817, 850, 1060 
mean-value property of, 1037 
harmonic series, 556, 562 
alternating, 572 
divergence of, 562 
Integral Test for. 562 
Harmonic Series Diverges, 562 
heat equation, 813 
heat index, 816 
helicoid 
parametrized, 999 
helix, 738. 739 
hemisphere 
surface integral over, 1011 
Heron's Principle, 267 


Hessian discriminant, 852 
Higher Derivative Test, 253 


higher order derivatives implicitly, 


185-186 
homogeneous of degree n, 849 
honeycomb geometry, 224 
Hooke’s Law, 393 
horizontal asymptote, 55, 101 
horizontal cross-section, 366 
horizontal line, 15 
Horizontal Line Test, 38 
horizontal scaling, 9 
horizontal traces, 793 
horizontal translation, 9 


horizontally simple region, 360, 893 


Huygens, Christiaan, 175 
hyperbola, 50, 654 
asymptote of, 654 
axes of, 654 
center of, 654 
eccentricity of, 656 
in standard position, 654 
reflective properties of, 659 
vertices of, 654 
hyperbolic cylinders, 723, 724 
hyperbolic functions, 49-51 
derivatives of, 194 
integration of, 421424 
inverse, 51, 195, 423 
hyperbolic integral formulas, 421 
hyperbolic paraboloid, 722 
contour map of, 794 
hyperbolic substitution, 422 
hyperboloids, 384, 720-722 
hypervolume, 912 
hypothesis, Al 


identities, 50 
images, 940 
range of, 940 
implication, Al 
implicit differentiation, 181, 182, 
185, 845 
for several variables, 845, 846 
Implicit Function Theorem, 846 
improper integrals, 417, 442-450 
absolutely convergent, 453 
Comparison Test for, 448 
definition of, 442 
p-integral, 443, 447 
unbounded functions and, 446 
incompressible field, 960 
incompressible vector field, 1053 
increasing functions, 7 
indefinite integral, 309-313, 315, 
318,325 
differential equation and, 314 
linearity of, 312 
terminology of, 311 
independent events, 553 
independent variables, 5, 842 
indeterminate forms, 90, 94 
index 
multiple, 879 
indirect proof, A4 
induction, A12 
inequalities 
limits preserving. A17 
strict, A7 
triangle, 3 
infinite discontinuities, 82, 84 
infinite limits, 72, 101, 102, 104 
infinite series, 537—618 
convergence of, 549, 551. 561 


divergence of, 554, 555 
for the exponential function, 537 
general terms of, 549 
historical perspective on, 556 
linearity of, 551 
summing of, 549, 551-554 
telescoping, 550 
inflection points, 240, 241 
initial conditions, 314 
initial guess, 276 
Initial Value Problem, 314, 501, 519 
Euler’s Method and, 518—520 
models, 505 
injective functions, 37 
inner product, See dot product 
instantaneous rate of change, 153 
instantaneous velocity, 61, 63 
average velocity and, 62 
integrable functions. 299, 881, 891, 
906 
integral calculus. 61 
integral curve, 516, 517 
integral formulas, 349 
integral tables. 439, 440 
Integral Test, 578 
integrals 
comparing, 447 
definite, 299, 300. 302, 303, 305, 
306, 403. See also definite 
integral 
double, 879-901, 918-920 
improper, 442-450 
indefinite, See indefinite integral 
initial conditions and, 314 
integrated, 883-886 
involving e*, 313 
involving f(x) = b*, 348 
involving hyperbolic functions, 
421 
involving inverse hyperbolic 
functions, 423 
iterated, 906 
line, 967-979, 1024 
Mean Value Theorem for, 372, 
899 
net change as, 333 
notation for, 311, 906 
of constant, 300 
of vector-valued functions, 750 
Power Rule for, 311 
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computer algebra systems for, 
432, 439 

constant of, 311 

in cylindrica] coordinates, 920 

definition of, 299, 310, 339 

error bounds for, 460 

even powers of sin x and cos x, 
409 

fluid pressure and force and, 
480-483 

of hyperbolic functions, 421-424 

integral of sin mx cos nx, 412 

integral of secant, 410 

laminas and, 486 

limits of, 299 

Method of Partial Fractions for. 
426-433 

Midpoint Rule for, 454 

multiple, See double integrals: 
triple integrals 

numerical, 453-461 

odd power of cos x, 408 

odd power of sin x, 408 

by Parts, 401-405, 436, 440 

in polar coordinates, 917-919, 
944, 946 

probability and, 467-471 

of quadratic factors, 429-432 

of rational functions, 426—433 

reversing limits of, 303 

simplification, 435 

Simpson’s Rule for, 457, 459, 460 

in spherical coordinates, 921, 923 

strategies for, 435, 441 

substitution and, 339-342, 435 

surface area and, 475-477 

Taylor polynomials and. 592-599 

term-by-term, 584 

Trapezoid Rule for, 454, 455 

in two variables, 879 

vector-valued, 750 

volume of revolution and, 
377—380, 386-389 

along x-axis, 361 

along y-axis, 360, 361 


interior 


of domain, 856 
point, 855, 856 


Intermediate Value Theorem (IVT), 


107, 110, All 


powers of sinh x and cosh x, 
422 

quantities represented by, 366 

signs of, 303 

surface, 995-1006, 1013-1016 

table of, 410, 412 

trigonometric, 313, 407-413, 
415-419 

triple, 905-914, 920. 921, 923 

vector surface, 1009-1017 

of velocity. 334, 335 


integrands, 299 


unbounded, 446 


integrating factor, 528, 529, 532 
integration, 299, 310, 918 


algebraic simplification in, 435 

arc length and, 473-475 

area between two curves and, 
357-361 

center of mass and, 486—492 

change of variables and, 920, 921, 
923 

Change of Variables Formula and 
340, 341 


d 


Internet of things (loT), 127 
interval of convergence, 581 
intervals, 3, 317 

additivity of adjacent, 304 

closed, 3 

contour, 793 

half-open, 3 

open, 3 

open vs. closed, 266, 267 
inverse functions, 35-39, 41, 42 

continuity of, 84 

definition of, 36 

domain and range of, 37 

existence of, 37 

graph of, 39 

one-to-one functions and, 37—39 
inverse hyperbolic functions, 51, 

195, 423 
inverse hyperbolic tangents, $1 
inverse maps, 948. 949 
inverse trigonometric functions, 
39—40, 184, 347 

inverse-square field. 1057 

flux of, 1055 
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inverse-square vector fields, 964. 
987, 1054 
electric, 987, 988 
gravitational, 987 
invertible functions, 36 
irrational numbers, | 
irrationality of e, 615 
irreducible, 429 
irreducible versus reducible quadratic 
factors. 430 
isoclines, 516, 517 
isotherms, 796 
iterated integrals. 883-886, 906 
triple integrals as. 906 
iterative procedures, 277 


Jacobian determinant, 942—945 

joint probability density function. 
933 

jump discontinuity, 81 


Kelvin, Lord, 1051 
Kepler, Johannes, 64. 271, 658, 784 
Kepler's Laws, 664, 781 
First Law. 781. 783, 784 
Second Law, 781, 782 
Third Law, 781, 784 
Kepler's Wine Barrel Problem, 271 
Kinetic energy. 398 
Klee’s Endpoint Maximum Problem. 
273 
Koch, Helge von. 560 
Koch snowflake. 560 
Korteweg-de Vries equation, 818 
Kovalevskaya, Sofia, 505 
Kummer’s Acceleration Method, 569 


Ladyzhenskaya, Olga, 69 
Lagrange condition, 866 
Lagrange equations, 866 
Lagrange multipliers, 865-871 
laminar flow. 370 
jaminas, +86. 488—493 
Laplace, Marquis de. 1004 
Laplace, Pierre-Simon, A7 
Laplace operator. 817. 850, 1037. 
1058 
latitude, 731 
latus rectum of conic section, 663 
Law of Cosines. 32 
Law of Ellipses. 781. 783. 784 
Law of Equal Area in Equal Time. 
781, 782 
Law of Period of Motion. 781, 784 
Law of Vector Addition, 675 
Law of Velocity Addition. 51 
Law's of Continuity. 83 
Laws of Logarithms. 48 
leading coefficient. 22 
least upper bound. A8 
Least Upper Bound (LUB) Property. 
582, A7 
left-continuous function, 81 
left-endpoint approximation, 289 
Leibniz, Gottfried Wilhelm. 23. 128. 
285, 340 
Leibniz notation, 134, 136. 146 
lemniscate curve. 645 
length 
arc, See arc length 
of cycloid, 632 
of path. 755 
of vector, 669, 670, 682 


level curves, 791-793 

contour maps of, 793 
level surfaces, 796 

in cylindrical coordinates, 728 

in spherical coordinates, 730 

of function of three variables, 796 
levers 

Archimedes law of, +93 
L’H6pital. Guillaume Francois 

Antoine Marquis de, 246 


L’ H6pital’s Rule. 246-248, 250, 251. 


444 
growth of functions and. 250, 251 
for limits at infinity, 250 
proof of, 251 
light intensity. 82 
limaçon curve, 641 
limit 
of approximation, 290 
of composite function, A17 
of Riemann sum, 881 
of sequence. 539 
proving nonexistence, 805 
Limit Comparison Test. 564, 565, 
578 
Limit Laws 
for sequences. 54] 
for several variables, 802 
for vector-valued functions, 745 
limit theorems, 116 
limits. 61. 67. 68, 71, 72. 96, 101, 
301. 539, 802 
Basic Limit Laws and, 76, 83, 116 
continuity and. 79. 80 
definition of, 68 
differentiable. 124 
in differentiation. 128 
evaluating algebraically. 90, 91. 
94 
evaluating by substitution, 802 
formal definition of, 112—114, 
116 
gap size and, 112, 114. 116 
graphical and numerical 
approaches, 67 
in several variables. 800-806 
infinite, 72 
numerical and graphical 
approaches. 67. 69, 70 
of integration. 299, 303 
of products. 803 
of vector-valued functions, 744, 
745 
one-sided, 71 
powers and roots and, 76 
preserving inequalities, A17 
proving existence. 805 
proving nonexistence, 803, 804 
trigonometric. 96-99 
utility of, 128. 291 
limits at infinity, 101, 102, 104 
L’H6pital’s Rule for, 250, 251 
line 
different parametrizations of. 686 
equations of. 685 
geometric description of. 684 
intersection of. 686 
intersection with plane. 715 
parametric equations of, 685, See 
also parametric equations 
parametrization of. 620, 685, 686 
secant. 63 
tangent. 851 
line element, 969 


line integrals. 967-979 
Green's Theorem and, 1024. 1025 
scalar. 968-971, 1016 
tangential component of, 972 
vector, 972, 1016 
linear algebra, 701 
Linear Approximation, 211, 212, 
214-217. 818, 823, 944 
differential form of, 215-216 
differentials and, 824 
Error Bound and, 216 
linear combinations, 23, 684 
of vectors, 673, 684 
linear equations, 16, 17 
first-order, 528-532 
general form of, 17 
point-slope form of, 17 
slope-intercept form of, 14 
linear functions, 14-18 
contour map of. 794 
definition of, 14 
derivatives of. 126 
vs. nonlinear functions, 16 
linear least-squares fit, 864 
linear maps. 940, 942-945 
Jacobian determinant of, 943-945 
linear mass density. 368 
linear motion, 156 
linear regression, 17 
linear relationship 
test for, 16 
linearity 
local, 56, 140. 141. 821. 823 
of definite integral, 302 
of double integrals, 883 
of indefinite integral, 312 
of summations, 288 
of vector line integrals, 975 
linearity rules. 136. 137. 141. 960. 
961 
linearization. 213, 215, 217, 819, 821 
definition of, 213 
in several variables. 825 
percentage error and, 215 
lines 
definition of. 14 
horizontal, 15 
parallel, 16 
perpendicular. 16 
slope of, 14-18 
steepness of, 15 
vertical, 15 
Listing, Johann, 1013 
loca] extrema, 221, 222, 850, 852, 
See also extreme values 
critical points and, 22] 
Fermat’s Theorem on, 222 
local extremum. 851 
local linearity. 56. 140, 141, 821, 823 
local maximum, 850-852 
local minimum, 850-852 
log wind profile. 191 
logarithmic differentiation. 192 
logarithmic functions, 23 
derivatives of, 191 
logarithms 
change-of-base formula for, 48 
natural, 47, 190 
notation for, 47 
logic, rules of, A4 
logistic differential equation. 523 
logistic equation. 197, 523-526 
reverse, 527 
logistic functions, 102 


longitude. 731 
Lorenz curve, 365 
lower bound, A& 


Maclaurin, Colin, 596 
Maclaurin polynomials, 593-595 
Maclaurin series, 604. 608, 611, 612 
Madhava. 605 
magnetic declination, 817 
magnetic dipole, 1047 
magnetic fields. 1015 
magnetic flux, 1015 
magnitude 
of vector, 669, 670, 682 
maps, 5. 940, 942-945 
change of variables and, 940 
changing area under. 942 
contour. 793. 794, 796. 811. 834 
images and. 940 
inverse, 948, 949 
Jacobian determinant and, 
942-945 
linear. 940, 942-944 
polar coordinates, 940 
marginal cost, 155 
vs. total cost, 335 
mass 
center of, 486-493, 929 
total. 970 
mass density, 928, 930 
gravitational force and. 1005 
surface integral of, 1003 
mathematical models, 10 
mathematics 
language of, Al 
precision and rigor of, A5 
matrix 
determinants of. 701 
maximum of a quadratic function, 19 
Maxwell. James Clerk. 828. 1058 
Maxwell's Distribution Law, 472 
Maxwell's Equations, 1058 
mean 
arithmetic-geometric, 548 
value. 371, 372 
mean-value property, 1037 
Mean Value Theorem (MVT). 
230-232. 236. 319, 474, 631 
for integrals. 372, 899 
median 
of triangle, 495 
Menaechmus, 651 
Mengoli. Pietro. 556 
method of cylindrical shell. See Shell 
Method 
Method of Partial Fractions, 426-433 
midpoint, 4 
midpoint approximation, 289 
Midpoint Rule, 454 
minors 
of matrix. 701 
mixing problems, 530. 531 
Mobius, August, 1013 
Möbius strip, 1013 
modeling, 10 
models 
for differential equations and. 510, 
511.513 
moment of inertia 
multiple integrals and, 931 
polar. 931 
moments, 487 
momentum 
angular, 754, 845 


monotonic functions, 7. 290 
monotonicity, 232 
Moore. Gordon. 46 
Moore's Law, 46 
motion 
gravitational effects on. 157. 158 
in 3-space, 772-774, 776 
linear, 156 
Newton's laws of. 780. 782. 784 
planetary, 780—785 
uniform circular. 774 
multiple integrals, 879, See also 
double integrals: triple integrals 
angular velocity and, 931 
applications of, 927, 928. 930, 
931. 933. 934 
center of mass and. 929, 930 
mass density and. 928. 930 
moment of inertia and, 931 
population density and. 928 
probability theory and, 933, 934 
radius of gyration and, 932 
multiple root, 153 
Multiples Rule. 312 
Multiplying Taylor Series. 607 
multivariable calculus Chain Rules. 
840 


Nth nght-endpoint approximation. 
286 
nth Term Divergence Test. 554, 555, 
577 
nth remainder. 597 
nabla, 828 
natural logarithm. 47 
derivative of, 190 
negation. Al 
negative exponents. 1 
negative radial coordinates. 638 
negative real numbers, 2 
net change. 62 
integral as, 333 
newton, 392 
Newton. Isaac, 64. 128, 158, 318. 
393, 493, 608. 780. 781. 784. 
1005 
Newton's Law of Cooling, 499. 510. 
517 
Newton's Laws of Motion. 780. 782 
Newton's Method. 276—279 
Newton's Second Law of Motion, 
SU 
Newton's Universal Law of 
Gravitation, 781 
nondecreasing functions, 7 
nonincreasing functions, 7 
nonnegative real numbers, 2 
nonpositive real numbers, 2 
nonuniform circular motion, 776 
norm 
of partition, 298 
normal component of acceleration. 
774, 775 
normal density functions. 469 
normal derivative. 1037 
normal distribution. 469 
normal vector, 712, 765. 837, 998 
gradient as. 836 
tangent plane and, 837 
normalization condition. 933 
not one-to-one function, 37 
notation 
Leibniz, 134. 136 
summation, 287—289 


numbers, | 
irrational. | 
rational. 1 
real, 1, 3.4. A7 
whole, 1 
numerical analysis, 460 
numerical approximation, 440, 441 
numerical integration, 453-46] 
error bounds for, 456, 457, 460 
Midpoint Rule for, 454 
Simpson's Rule for, 457. 459. 460 
Trapezoid Rule for, 454, 455 
numerical investigation, 69 


objective functions, 263-267 
obtuse angles 

between vectors, 692 
octants, 680 
odd functions. 8 
one-sided continuity, 81 
one-sided limits, 71 
one-to-one functions, 37—39, 42 
open domain, 856 
open intervals, 3 

extreme values on. 220 
optimization, 220. 263-269 

in several variables. 850-860 

on closed interval, 223, 224 

over open vs. closed intervals, 

266, 267 

with a constraint, 865-87 1 
orbit 

aphelion. 664 

perihelion of. 664 

period of, 781 
orbital motion. 780-785 
order of differential equation, 499 
order relation. A7 
ordinate, 4 
orientation. 1009 

boundary, 1023. 1038 
origin, 2, 4 
orthogonal vectors, 692 
orthogonality relations, +14 
osculating circle. 766 
Ostrogradsky, Michael. 1051 


p-integrals, 443, 447 
p-series, 562 
Pappus of Alexandria. 490-492 
Pappus s Theorem. 939, 1009 
parabola, 18. 620. 655 
axes of, 655 
directrix of. 655 
eccentricity of. 656 
in standard position, 655 
reflective properties of. 659 
vertices of, 655 
parabolic cylinders, 723, 724 
paraboloids. 722 
contour map of. 793, 794 
elliptic, 722 
parallel lines. 16 
parallel planes. 713. 715 
parallel vectors. 669. 672. 683 
parallelepiped, 705 
parallelogram 
area of. 705. 706 
Parallelogram Law, 671. 672. 675, 
683 
parallelogram spanned, 673 
parameter, 619 
eliminating. 620 


parameter domain, 995 
parameters 
vector-valued functions and, 737 
parametriation 
of cone, 997 
parametric curve. 619-626, 631-635 
arc length of, 631-635 
area under. 625. 626 
Bézier. 624 
surface area and. 634 
tangent lines to, 623 
translation of. 621 
parametric equations. 619-626, 
631-635. 637-642, 685 
for different parametrization of 
same line, 686 
for ellipse. 622 
for intersection of two lines, 686 
parametric equations of a line 
through two points. 685 
parametrization, 619. 632 
of arc length. 756. 757 
of circle of radius, 621, 740 
of curves. 737, 739. 740, See 
parametric curve 
of cycloid, 622 
of cylinder, 996, 998 
of ellipse. 621 
of graph. 996 
of helicoid, 999 
of intersection of surfaces, 739, 
740 
of line. 620, 685, 686 
of sphere. 996 
path, 738 
regular, 760. 998 
unit speed, 756 
vector. 685, 737 
parametrized curve 
in polar coordinates, 639 
parametrized path 
speed along. 633 
parametrized surfaces. 995—1006 
surface integrals and. 1000. 
1002-1004 
parity. 8. 49 
partial derivatives. 789. 808, 
810—813 
Clairaut’s Theorem for. 812, 813 
contour maps for, 811 
definition of. 808 
as directional derivatives, 830 
equality of mixed partials. 812 
heat equation and. 813 
higher order. 811-813 
implicit differentiation for. 846 
notation for, 808, 812 
partial differential equation. 813 
partial fraction decomposition. 
426428, 430-432 
partial fraction expansion, 428 
partial fractions. 440 
Partial Fractions, Method of. 426 
Partial Sum Series for Positive 
Series, 561 
Partial Sum Theorem for Positive 
Series, 563 
partial sums. 548 
of geometric series. 552 
of infinite series. 549 
partition 
norm of, 298 
regular. 881 
Riemann sum and. 298 


INDEX N 


Pascal's principle. 480 
Pascal's Triangle. A13 
path, See also parametric curve 
arc length of, 755 
Chain Rule for, 829, 830. 841 
displacement along, 633 
length of, See arc length 
motion along. 772. 773 
of steepest ascent, 795 
parametrized. 633 
winding number of, 992 
path independence 
of conservative vector fields, 984, 
985 
paths 
parametrization of, 738 
vs. curves, 738 
percentage error, 214. 822 
perihelion, 664 
periodic function, 29 
perpendicular lines, 16 
perpendicular vectors. 692 
piecewise function, 24 
Piecewise smooth boundary curve, 
891 
piecewise smooth curve, 975 
piecewise-defined functions. 82 
Planck's Radiation Law, 453 
plane curve. 738 
curvature for, 764 
planes 
coordinate. 715 
determined, 713 
determined by three points, 714 
drawing tips, 715 
equation of. 712. 713 
geometric description, 712 
intersection with line, 715 
and line intersection, 715 
parallel. 713. 715 
in 3-space. 712-716 
tangent. 825, 837. 850 
traces of, 715 
planetary motion. 780-785 
early studies of. 784 
Kepler’s Laws of. 780-785 
planimeter, 1026 
Plato. A4 
point of inflection. 240 
point-slope form. 17 
points. 2 
Poiseuille’s Law. 272. 370 
Poisson—Boltzmann equation, 
197 
polar coordinates. 637-649, 805, 
845. See also coordinates 
angular. 637, 638 
arc length in. 646, 648 
area in, 646-649 
Change of Variables Formula and, 
944, 946 
conversion to rectangular 
coordinates. 638. 640 
derivative in, 645 
double integrals in, 917-920 
grid lines in. 637 
integration in, 917-919, 944, 946 
radial. 637 
rectangular. 638 
polar coordinates map. 940 
polar equation, 639, 640, 642 
of conic section, 659 
polar moment of inertia, 93] 
polar rectangle. 917.918 
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polygon 
area of, 1036 
polynomial approximation. 
473 
polynomial function, 22 
continuity of, 83 
polynomials, 164 
Bernstein, 624 
coefficients of, 22 
definition of, 22 
degree of, 22 
domains of, 22 
Maclaurin, 593-595 
roots of, 23 
Taylor. 592-599 
population density 
multiple integrals and, 928 
population growth 
logistic equation and. 523-525 
position 
net change in, See displacement 
position vector, 669, 683 
positive real numbers, 2 
positive series, 560, 561, 563-565. 
Si] 
convergence of. 560. 563, 564, 
566 


Direct Comparison Test for, 563, 


564 
Divergence Test for. 554 
Integral Test for, 561 
Limit Comparison Test for, 564, 
565 
Ratio Test for, 582 
potential energy, 987 
potential functions, 961, 963, 964. 
987. 988, 990 
as antiderivatives, 989 
existence of, 988 
finding. 988-990 
uniqueness of. 963 
power functions, 22 
power law, 24 
Power Rule, 135, 137. 312 
for integrals, 311 
power series, 580-588 
for arctangent, 585 
center of. 580 
in solving differential equations, 
586 
Taylor series and. 603 
power sums, 291-293 
power to a power, 1 
powers and roots. 76 
Predator—Prey model, 623 
pressure 
definition of. 481 
fluid, 480-483 
units of, 481 
primary derivatives, 843, 844 
primitive function, 311 
Principia Mathematica (Newton), 
1005 
Principle of Induction. A13 
Principle of Least Distance. 267 
probability 
and integration, 467-47] 
probability computation. 553 
probability density 
function, 467, 933 
random variable with. 468 
probability theory. 933. 934 
product 


limit of. 803 


Product Law. 76, 77. 96, 140, 802. 
803 
proof of, A16 
Product Rule. 146-148. 150. 182. 
401, 746 
for dot and cross products, 747 
for Gradients. 828 
for partial derivatives, 808 
production level, 155 
products, | 
projection, 907 
of vector. 693, 694 
proofs, A5 
rigorous, 112 
proper rational functions, 426 
Pythagorean Theorem, 31. 32, 41. 
680, 681 


quadratic cylinders, 723, 724 
quadratic equations 
hyperboloids, 721 
quadratic factors 
integration of, 429-432 
quadratic form, 858 
quadratic formula, 18 
quadratic functions, 18, 19 
graphing of, 18 
irreducible, 429 
minimum and maximum of, 19 
square roots of. 418 
quadratic polynomial. 255 
completing the square for, 18 
quadratic surfaces, 719-724 
degenerate. 723 
ellipsoids. 719 
hyperboloids, 72] 
in standard position, 719 
nondegenerate. 723 
paraboloids, 722 
quadratic cylinders, 723 
Quick Sort, 250, 251 
Quotient Law, 76. 103. 802 
proof of, A17 
Quotient Rule, 146, 148-150, 182 
for partial derivatives, 808, 810 
quotients. | 


R (set of real numbers). 1, 3, 47 
R2. 712. 713, 737 
R3, 682, 737 
coordinate planes in. 680 
surfaces in. 681 
radial coordinates, 637. 638, See also 
polar coordinates 
radial curl. 1048 
radial density function, 369 
radial function, 850 
radial vector fields, 959, 963 
radially simple region. 919 
radian, 27 
radian measurement, 28 
radius, 4 
of curvature. 766 
radius of convergence. 581 
radius of gyration. 932 
random variable, 467, 933 
average value of, 468 
probability density function of, 
467, 468 
with exponential density. 468 
with probability density. 468 
range, 38 
of function, 5, 36 


of inverse functions, 37 

rate of change. 153 
average, 153, 794-796 
differential equations and, 509 
directional derivative and. 831 


for single vs. multiple variables, 


7940 
instantaneous, 153 
net change as integral of, 333 
notation for, 153 
Ratio Test. 575, 576, 578 
for radius of convergence, 581. 
582 
Ratio Test Inconclusive, 576 
rational functions. 22 
continuity of. 83 
integration of. 426—433 
limits at infinity of. 104 
proper. 426 
rational numbers. | 
rationalizing substitution, 434 
real line, 2 
real number line, A7 
real numbers, 1. 3.4 
absolute value of. 3 
algebraic properties, | 
definition of, 1 
distance between. 3 
greater than, 2 
less than, 2 
negative, 2 
nonnegative. 2 
nonpositive, 2 
notation for, | 
positive, 2 
properties of, A7 
set of, 1 
reciprocal] 
derivative of, 152 
rectangle 
curvilinear, 942 
of double integrals over, 881 
polar, 917.918 
rectangular coordinates. See also 
coordinates 
conversion to cylindrical 
coordinates. 727 


conversion to polar coordinates, 


640 
conversion to spherical 
coordinates, 729, 730, 732 

vs. polar coordinates, 638 
recursion relation, 586 

for binomial coefficients, A14 
recursive sequence, 538 
reductio ad absurdum, A4 
reflection. 39 

of graph, 39 
regression 

linear, 17 
regular parametrization, 760, 998 
regular partition. 881 
related-rate models, 202 
related-rate problems, 198, 201 
removable discontinuity, 80 
removable singularity. 81 
repeated linear factors. 428 
repeated quadratic factor. 431 
reverse logistic equation, 527 
Riemann, Georg Friedrich, 299 


Riemann sums, 298, 299, 319, 371, 
474, 476, 631, 646, 879, 885, 


887, 892, A20 
limits of, 881 


right end-point approximation, 286 
right-circular cylinder. 723, 724 
right-continuous function, 81 
right-hand rule. 680. 702 
right-hand system, 702 
rigorous proof, 112 
rocket, tracking. 201 
Rolle’s Theorem, 225 
Römer. Olaf, 1058 
Root Test, 577. 578 
roots, 1, 23 

of function, 6 

multiple, 153 
rotation, 27 

degrees and, 27 

radians and, 27 


sample points 
Riemann sums and, 298 
scalar, 671 
scalar component 
of vector, 694 
scalar line integrals. 968-971, 1016 
applications of, 970. 971 
computing, 969 
definition of. 968 
electric potential and, 971 
mass density and. 970 
total mass and, 970 
vs. vector line integrals. 972 
scalar multiple, 671 
scalar multiplication, 671. 672, 683 
scalar potentials 
vs. vector potentials, 1044 
scalar product, See dot product 
scalar times vector, 75] 
scalar-valued derivatives, 749 
scalar-valued functions, 737 
scalars 
Distributive Law for, 673 
notation for. 671 
vs. vectors, 67] 
scale 
of graph, 15 
scaling 
of graph. 9 
secant, 29, 41. See also trigonometric 
functions 
hyperbolic. 50 
integration of, 410 
secant line. 63. 123 
derivatives and, 123 
Second Derivative Test, 241, 242, 
852-855, 858 
for critical points, 241-242 
inconclusive, 242 
second derivatives. 163 
and concavity, 238-241 
second-order derivatives. 813 
second-order partial derivatives. 
811-813 
Semimajor axis 
of ellipse, 653 
semiminor axis 
of ellipse, 653 
separable equations, 500 
Separation of Variables, 500, 524. 
525 
sequences, 537-539, 541, 544-546 
bounded, 543, 544 
bounded monotonic, 544 
convergent, 539, 543, 544 
defined by a function, 540 
definition, 537 


divergent, 539, 541, 544 
Fibonacci, 538 
general term of. 537 
geometric, 541 
index of, 537 
limit laws for, 541 
limit of. 539 
recursive, 538 
Squeeze Theorem for, 542 
terms of, 537 
unbounded, 543, 544 
vs. series, 550 
series 
alternating harmonic series, 572 
Alternating Series Test, 571. 572 
Balmer, 538 
binomial, 608—610 
convergence of. 569-57 | 
geometric, 551-554 
harmonic, 556, 562 
infinite, 537-618 
Integral Test for, 561 
Maclaurin, 604. 608, 611, 612 
p-series, 562 
positive. 560. 561. 563—565 
power, 580—584, 586-588, 603 
Taylor, 603-607. 609. 612 
telescoping, 550 
vs. sequences, 550 
shear flow. 1028, 1029 
Shell Method, 385-389 
shift formulas, 31 
shifting 
in graphing. 9 
sign combinations, 257, 258 
signed area, 360 
definite integral as, 300 
simple closed curve. 1023 
simplification. 440 
simply connected region, 988 
Simpson's Rule, 457, 459, 460, 475 
sine, 28, See also trigonometric 
functions 
arcsine and, 40 
derivative of. 168. 170, 194 
hyperbolic. 49 
integration of, 408, 409 
standard values for, 29 
unit circle definition of, 28 
sine and cosine, 605 
sine wave, 28 
sinks, 960 
sketch the graph, 6 
sliding ladder problem. 200 
slope. 14-18 
tangent line, 63 
units of. 17 
slope fields, 516, 517 
slope-intercept equation, 17 
slope-intercept form, 14 
smooth functions, 957 
Snell's Law, 272 
solid of revolution, 376 
solution 
equilibrium (steady-state), 524 
of differential equation, 524 
source, 960 
source density 
divergence and, 1053 
Space curves, 738 
special functions, 609 
Special Theory of Relativity. 51 
speed, 156 
along parametrized path. 633 


arc length function and, 755 
calculation of, 755 
definition of. 755 
sphere 
gravitational potential of. 1005 
parametrization, 996 
parametrized, 996 
volume of. 912 
spherical coordinates, 728-730. 732. 
917 
conversion to rectangular 
coordinates, 729, 730, 732 
graphiing equations in, 731 
integration in, 921, 923 
level surfaces in, 730 
notation for. 729 
via longitude and latitude, 731 
spherical wedge 
volume of, 922 
spring constant, 393 
square roots 
of general quadratic functions, 418 
trigonometric substitution and, 
415. 416.419 
Squeeze Theorem. 96—99, 116, 542 
proof of. A18 
stable equilibrium, 524 
standard basis vectors, 674 
in RÌ, 683 
in three dimensions, 683 
standard deviation, 472 
standard normal cumulative 
distribution function, 469 
standard normal density, 469 
standard position 
of ellipse. 652 
of hyperbola, 654 
of parabola, 655 
quadratic surface in, 719 
standard values, 28 
Steady-state solution 
of differential equation. 524 
steady-state solutions, 524 
Stefan—Boltzmann Law. 180 
Stokes. George, 1051 
Stokes’ Theorem. 988, 1023. 1027. 
1037-1045. 1049 
proof of, 1039, 1040 
statement of, 1038 
Strict inequality, A7 
subsequences, A9 
convergent. A9 
substitution, 339-342, 436. 440 
Change of Variables Formula and. 
340-342 
differentials in, 340 
hyperbolic, 422 
integration and, 339. 340 
rationalizing, 434 
Strategies for, 435-441 
trigonometric, 415-419, 422. 
437 
Substitution Method, 85, 90. 
339-342, 344 
sum 
vector. 675 
Sum and Difference Rules, 136 
Sum Law, 76, 77, 116. 140. 147, 
802 
and Constant Multiple Laws, 76 
proof of, A16 
Sum Rule. 136, 312, 746, 751 
summation index, 288 
summation notation, 287-289 


summations 
linearity of, 288 
summing 
of infinite series. 555 
sums 
partial, 552 
Riemann, 298, 299 
surface area, 23, 475-477. 1000 
parametric curve and, 634 
surface integrals and, 1002—1004 
surface integrals. 995-1006, 
1014-1017 
definition of, 1001, 1002 
flux and, 1013. 1015 
over graph. 1012 
over hemisphere, 1011 
of vector fields. 1009-1017 
of mass density, 1003 
parametrized surfaces and, 
995—1006 
surface area and, 1002—1004 
volume as. 1059 
Surface of Revolution 
Area of, 476 
surfaces., 681 
Surge functions, 177 
symbolic constant. 92 
symmetric difference quotient, 132 
symmetry 
center of mass and, 930 
Symmetry Principle. 491. 492 


table of integrals, 410 
Tait, P. G.. 828 
tangent, 29, 41 
hyperbolic. 50 
integration of. 410 
tangent lines, 123. 124. 748, 819 
approximation, 212 
definition of, 124 
horizontal, 851 
slope of, 624 
to parametric curves, 623 
tangent plane, 818, 820, 821, 825, 
837, 998 
horizontal, 850 
normal vector and. 837 
tangent vector. 748 
derivatives as, 748 
on cycloid. 749 
unit. 760, 761, 763, 764 


tangential component of acceleration. 


774. 775 

Tartaglia, Niccolo, 270 
Taylor, Brook, 603 
Taylor polynomials, 592-599 

error bound for. 596 
Taylor series, 603-607, 609, 612 
Taylor's Theorem, 598 
telescoping series. 550 
temperature 

wind-chill, 810 
Term-by-Term Differentiation and 

Integration. 584 

terminus. 501 
terms 

of sequence, 537 
tesla, 1015 
Theorem of Pappas, 490-492 
theorems 

analysis of. A3 

proof of, A5 
theory of Fourier Series, 412. 414 
thermal expansion, 216 
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thin plates. 486. 488-493 
three-dimensional space, 680 
right-hand rule, 680 
time step. 519 
torque, 710. 754 
torus, 384 
total cost 
vs, marginal cost, 335 
total energy. 987 
total mass. 970 
traces, 715 
definition of. 719 
horizontal, 793 
of ellipsoid, 719 
of hyperboloids, 721 
of paraboloids, 722 
vertical, 791, 792 
tractrix. 384, 760 
traffic flow, 334 
transcendental functions, 23 
transition points, 254-256, 258 
translation 
in graphing, 9 
of vector, 669, 683 
Trapezoid Rule, 454. 455 
Trapezoidal approximation, 334 
triangle 
median of, 495 
triangle inequality, 3. 116, 676, A22 
trigonometric functions, 23, 27-29, 
31,32 
cosecant, 30, 41 
cosine, 28 
cotangent, 30. 41 
derivatives of, 168. 170. 171. 184. 
185. 194 
hyperbolic functions and, 49, 50 
integration of, 408 
inverse, 39, 41, 42. 347 
periodic, 29 
secant. 30, 41 
sine, 28 
tangent, 30, 41 
trigonometric identities, 31, 32, 41, 
50, 408 
trigonometric integrals, 313, 
407-413, 440 
substitution and, 415-419 
table of. 410, 412 
trigonometric limits, 96-99 
trigonometric substitution, 415-419. 
437, 440 
vs. hyperbolic substitution, 422 
triple integrals. 905-914, See also 
multiple integrals 
as iterated integrals. 906 
defining volume, 912, 913 
Fubini’s Theorem for, 906 
geometric interpretation of, 907 
in cylindrical coordinates, 920 
in spherical coordinates, 921. 923 
notation for. 906 
x-simple region and, 910, 911 
y-simple region and, 911 
z-simple region and, 908. 911 


unbounded 

sequences, 543 
unbounded functions, 446 
unbounded integrands, 446 
unbounded sequences, 544 
undetermined coefficients, 427 
uniform circular motion, 774 
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uniform mass density. 928 curve of. 975 direction of. 670 volume, 23. 366, 368 
uniformly charged sphere, 1056 definition of, 972 dot product of. 690-696, 701, 703, Cavalieri’s principle and, 368 


unit circle. 28 

unit normal vector. 765 

unit of force, 392 

Unit Radial Vector Fields, 963 
unit speed parametrization, See arc 


length parametrization 


unit tangent vector. 760, 761, 763. 


764 


unit vector, 674 


flux along plane curve and, 977 
linearity of. 975 
magnitude of. 974 
orientation of. 975 
properties of. 975 
vs. scalar line integrals, 972 
tangential component of, 972 
work and, 976, 977 

vector parametrization. 685 


847 
equivalent, 669, 670, 683 
force as, 675 
gradient. 827-838 
in 3-Space. 682 
in the plane. 669-677 
in three dimensions, 680-687 
Law of Vector Addition for, 675 
length (magnitude) of, 669. 670, 


cross product and, 704, 705 

double integrals defining, 892 

as integral of cross-sectional area, 
366 

of pyramids. 367 

of revolution, 376 

of right cylinder, 366 

of sphere. 367 

of sphere in higher dimensions. 


fields, 959, 963 vector potentials, 1042. 1057 682 912 
Frenet Frame and, 766 vs. scalar potentials, 1044 linear combination of, 673, 674, of spherical wedge. 922 
unstable equilibrium, 524 vector subtraction, 671, 672 684 as surface integral, 1059 
upper bound, A8 vector sum. 675 normal, 712, 836, 837, 998 triple integral defining, 913 
vector surface integrals. 1009-1017 notation for, 669, 670. 674 volume integral, 895 
vector triple product. 705 orthogonal, 692 volume of revolution, 377, 378, 380, 
value of function, 5 vector-valued derivatives. 745, 748. parallel, 669. 672. 683 386-389 
value substitution, 428, 430 749 Parallelogram Law for. 671, 672, disk method for, 377. 378. 380, 
variables computation of, 745 675, 683 386-389 
change of, 917. See also change of definition of, 745 perpendicular, 692 Shell Method and, 386-389 
variables vs. scalar-valued derivatives. 749 position, 669, 683 washer method and, 377-380. 


freezing of. 719 

functions of two or more, 789 
independent, 842 

random, 467, 468. 933 


vector addition, 671. 672, 675. 683 
vector algebra. 671-676 


basis properties of. 673 


vector fields. 957-965, 983-992 


basic operations on. 1057 

conservative. 961—964, 983-992 

constant. 958 

curl of, 961. 962 

divergence of, 960 

domain of, 957 

electric, 1015 

flux of. 1010 

gravitational. 1004 

incompressible, 960, 1053 

inverse-square. 964, 987. 1055. 
1057 

irrotational, 1060 

Laplacian of. 1058 

magnetic, 1015 

nonconservative, 963 

normal component of. 1010 

operations on. 959 

potential functions for. 987 

radial, 959, 963 

sinks and. 960 

source and. 960 

source density of. 1053 

surface integrals of, 1009-1017 

unit, 959, 963 

vortex. 982. 990, 991. 1057 


vector line integrals, 972-974, 978. 


1016 
additivity of. 975 
applications of. 976 
computing. 973. 974 


vector-valued differential equations, 
750 
vector-valued functions, 737-741, 
744-754. 758-768, 772-785 
antiderivative of. 750 
arc length and, 756 
calculus of. 744-752 
components of, 737 
computation of. 745 
continuity of. 745 
coordinate functions and, 737 
curvature and, 760. 761, 763-765, 
767. 768 
definition of. 737 
differentiation of. 745, 746 
Fundamental Theorem of Calculus 
for. 751 
integral of, 750 
length and. 754-758 
limits of. 744. 745 
motion in 3-space and, 772-774, 
776 
parameters and, 737 
planetary motion and, 780-785 
speed and, 754-758 
vectors, 669-677. 680-687. 
690-696. 707. 712-716, 
719-724. 727-732 
acceleration. 772. 774. 776 
angle between, 691, 692 
angular momentum, 782 
Associative Law for. 673 
binormal, 765 
calculations. 683 
Commutative Law for. 673 
components of, 670, 683. 694, 695 
constant. 750 
cross product of. 707, 783 
decomposition of, 694 


projection of, 693. 694 
right-hand rule for, 680 
standard basis. 674, 683 
tangent. 748, 749 
translation of, 669, 683 
Triangle Inequality for, 676 
unit, 674, 765, 766 
unit normal, 765 
unit tangent, 760. 761. 763. 764 
velocity. 748. 772 
vs. scalars, 671 
zero, 670 
velocity, 61 
angular, 634, 931, 1028 
average, 62 
escape, 398 
graphing of. 63 
instantaneous, 61, 62 
integral of, 334. 335 
linear motion and, 156 
speed and, 156 
velocity vectors, 748. 772 
Verhulst. Pierre-Frangois. 523 
vertical asymptote. 55. 72 
vertical line, 15 
Vertical Line Test, 7 
vertical motion with air resistance, 
511 
vertical scaling. 9 
vertical traces, 791. 792 
vertical translation. 9 
vertically simple region. 357, 893 
vertices. 653 
focal, 653 
of hyperbola, 654 
of parabola, 655 
Viéte'’s Formulas, 22 
viewing rectangle. 53.55 
Viviani's curve, 743 


386-389 
von Bertalanffy growth function. 180 
vortex fields. 982. 990, 991, 1030 
vortex vector field, 1057 


washer method, 377-380. 386-389 
wave equation, 1058 
waves 
electromagnetic. 1058 
weighted average. 929 
well-behaved functions, 22. 23 
whole numbers, 1 
Wigner, Eugene, 54 
Wiles, Andrew, AS 
wind-chill temperature. 810 
winding number, 992 
Wine Barre] Problem, 271 
work, 392, 394, 395 
against gravity, 987 
definition of. 392, 393 
energy and, 393 
in conservative force field, 986 
vector line integral and, 976, 977 
Work-Energy Theorem. 398 
Wright. Edward, 410 


x-axis, 4 
x-coordinate, 4 
x Rule. 134 


y-axis. 4 
y-coordinate, 4 


Z (set of integers), 1 
zero divergence, 1052 
zero of function, 6. 108 
zero vector. 670 


ALGEBRA 


x Lines 


Slope of the line through P4 = (x1, y1) and P2 = (x2, y2): 
"O. Jd 
x2 — *1 


Slope-intercept equation of line with slope m and y-intercept b: 
y=mx+b 
Point-slope equation of line through P) = (x1, y1) with slope m: 
y— yı = m(x — xı) 


Point-point equation of line through P = (x1, y1) and Po = (x2, y2): 


X al 
y—y) =m(x-—- xı) wheem = ——— 
X2 — *| 


Lines of slope mı and mz are parallel if and only if mı = m2. : 


Lines of slope mı and mz are perpendicular if and only if m] = ——-. 


2 


Circles 
Equation of the circle with center (a, b) and radius r: 
(x — a)? + (y —b)? =r? 


Distance and Midpoint Formulas 
Distance between P) = (x1, y1) and P2 = (x2, y2): 


d =f (xo — x1)? + 02-91)? 


“to y =) 
a ? 


Midpoint of P P>: ( > 


Laws of Exponents 


Special Factorizations 

x? —y2=(x+y)(x—y) 
x+y =(x+y)(x* — xy + y’) 
x? — y? = (x — y)(x* + xy + y?) 


Binomial Theorem 

(x + y)? = x? + 2xy + y? 

(x — y} = x? — 2xy + y? 

(x + y)? = x? +3x2y + 3xy? + y3 
(x — y)? =x — 3x7y a5 3xy? — y? 


£ —1) ,_ 
(x + y)" =x” + nx” y4 2D ) yn 22 


n a = 
+ (a T T, 


Ta n\ _ n(n —1)---(n-—k +1) 
k iho Se k 


Quadratic Formula 


—b + y b? — 4ac 


If ax? + bx +c = 0, then = 
af 2a 


Inequalities and Absolute Value 
Ifa < bandb < c,thena <c. 
Ifa < b,thena +c <b+c. 


Ifa < bandc > 0, then ca < cb. 


Ifa < bandc < 0, then ca > cb. 


xxr = xmtn as a yor or = xn 
be = i 

: i yn {=r tfx>0 
x t= — (xy)? = x"y" -j =— x|=-x ifx <0 

yn y y s yn |x| < 

n h X Xx 1o aao 
xi/n = x uX a r Wy Vy —a 0 a c-a c cta 

Lj MF |x| < a means |x — c| < a means 
gmin ae (2/5) —a<x<a. c-—a<x<cta. 
GEOMETRY 
Formulas for area A, circumference C, and volume V 
Cone with 
Triangle Circle Sector of Circle Sphere Cylinder Cone arbitrary base 
A = 4bh A = xr? A = }r°6 V=łnr  V=nr?h V = inr?h V =4Ah 
1 . = 
= lab sino C = 27r s=r0 A = 4nr? A ey? 4 2 where A is the 
(6 in radians) area of the base 
a r | 
S | h h h 
b r — 


Pythagorean Theorem: For a right triangle with hypotenuse of length c and legs of lengths a and b, c? = a? + b?. 


Angle Measurement 


z radians = 180° 
ae 180° 


~~ 180 
s =r (0 inradians) 


rad l rad = 


Right Triangle Definitions 


hyp 
i OPP adj 
sin@ = —— cosé = — 
hyp hyp an 
mis ee SG cate — 9289 _ adi adj 
cos 8 adj ara) an 
1 h l h 
sec 0 = = 2P I ee a 
cos 80 adj sin opp 


Trigonometric Functions 


sin@ = ? csc = = 
r p 
x r 
cos@ = — sec = — 
r eC 
tan@ = cot = a 
x y 
sin @ 


TRIGONOMETRY 


Fundamental Identities 
sin? 0 + cos*@ = 1 
1+ tan? 0 = sec? 0 
1+ cot? @ = csc? 8 
ee 
sin (5 — 2 = cos @ 


cos (> — 2 = sin ĝ 
C tan (> -6) = cot 


The Law of Sines 
sin A sin B sin C 


a b c 
The Law of Cosines 
a? = be +c? — 2bc cos A 


sin(x + y) = sin x cos y + cos x sin y 
sin(x — y) = sin x cos y — cos x sin y 
cos(x + y) = cos x cos y — sin x sin y 
cos(x — y) = cos x cos y + sin x sin y 


tanx + tan y 

tan = 

a 1 — tan x tan y 
tan x — tan 

tan(x — y) = 2 


1 + tan x tan y 


Double-Angle Formulas 


sin2x = 2sinx cosx 


Z 2 


cos 2x = cos^ x — sin 
2tanx 
1 — tan? x 


l — cos 2x 
Dr a MM es hl 
x= 7 


tan 2x = 


sin 


Graphs of Trigonometric Functions 


i 
| 
| 
| 
l 
| 
| 
i 


sin(—@) = — sin ĝ 
cos(—@) = cos@ 
tan(—@) = — tan 
sin(@ + 27) = sin@ 


cos(@ + 27) = cos@ 


tan(@ + 2) = tan 


Addition and Subtraction Formulas 


x =2cos*x—1=1 — 2sin? x 


2 1 + cos 2x 
2 


COS” x = 


ELEMENTARY FUNCTIONS 


Power Functions f(x) = x° 


f(x) = x",n a positive integer 


neven n odd 
Asymptotic behavior of a polynomial function Asymptotic behavior of a polynomial function 
of even degree and positive leading coefficient of odd degree and positive leading coefficient 
y y 


neven n odd 


fœ) =x” = E 
X 


Inverse Trigonometric Functions 
arcsin x = sin”! x = 8 arccos x = cos !x = 8 arctan x = tan“! x = 0 
It 


' It H It 
= sind =x, TER & cosd@=x, O<0<# = tand=x, ae oe 


Exponential and Logarithmic Functions 


[ofan e E Inx=y ẹ @ =x log, (xy) = log, x + log, Y a 
loga (a*) =x alat = x In(e*)=x e"*=x log, (=) = log, x — log, y 
y 
log, 1 = 0 log,a = 1 Inl =0 Ine = 1 log, (x’) =rlog,x 
y =g X = 
a ae z y=10" Y Bs, a 
it v=) res, 15% 

y=(5) P 
A x 
= =l I 2 


O<a<1: lim ač = œ, lim a*=0 
X= —-CO x—> CO 


a>i: lim a*=0, tm a* =œ 
x>- x- 0 


Hyperbolic Functions 


—e 
sinh x = ————— eschz. = = 
Z sinh x 
e~+e%* l 
cosh x = —————_- sech x = ——— 
2 cosh x 
sinh x cosh x 
tanh x = coth x = — 
cosh x sinh x 


sinh(x + y) = sinb x cosh y + cosh x sinh y sinh 2x = 2 sinh x cosh x 
cosh(x + y) = cosh x cosh y + sinh x sinh y cosh 2x = cosh? x + sinh? x 


Inverse Hyperbolic Functions 
y=sinh x © sinhy=x sinh”! x = In(x + Vx? +1) 

y =cosh7!x = cosh y =x and y>0 cosh”! x = In(x + Vx? — 1) w= | 
I +x 


1—x 


ji 
y=tah!x 6 tanh y = x tanh“! x = In ) al <7 i 


~- Differentiation Rules 


d 

1. aa =0Q 
T; (c) 
d 

2. —x= |l 
ax 


3. 2 ax = nx”! (Power Rule) 
dx 


d ; 
4. ax lef (x)] = cf (x) 
X 


d / / 
5. aTe) +2) =f œ) +g a) 


6. FIORONI = f@e'@) + gs") Product Rule) 


a Fal EWS) — fE a) 


dx | g(x) BOF 


8. Ef (g(x)) = f'(g(x))g’(x) (Chain Rule) 


9, 2 POV =Shnf (xj?! f'(x) (General Power Rule) 


10. Lary +b) = kf’ (kx +b) 
dx 


11. = a(x) = LEST where g is the inverse f—! 
d = £'@) 
12. J” f(x) = F(x) 


Trigonometric Functions 


d 
13. — sinx = cosx 
dx 


d i 
14. — cosx = — sinx 
dx 
d 
15. — tanx = sec? x 
dx 
d 
16. — csc x = — csc x cot x 
dx 


d 
17. —secx = sec x tan x 
dx 


18. — cotx = — csc? x 


dx 


Inverse Trigonometric Functions 


d 
19. zz lsin x)= 


20. LOr x)= — 


DIFFERENTIATION 


d al 1 
21. — (tan l x) = 5 
22. — (csc 1 ee eee 
Ix|/x2 —1 
Zz. ae ba) l 
dx Ix}vx2 — 1 
= 1 
n camel P= 


Exponential and Logarithmic Functions 


25. 


— 2+ (Quotient Rule) 
27. 


28. 


26. 


d AA eee 
me i 


d XA x 
a ) = (na)a 


d 1 
=k] A 
dx ale bE 


d 
LA n 
dx (loga x) (in a)x 


Hyperbolic Functions 


29. 


30. 


31. 


32. 


33: 


34. 


d 

— (sinh x) = cosh x 

dx 

d : 

— (cosh x) = sinh x 

dx 

d 2 

— (tanh x) = sech* x 

dx 

d 

— (csch x) = — csch x coth x 
dx 

d 
— (sech x) = — sech x tanh x 
dx 


d 2 
— (coth x) = —csch* x 
dx 


Inverse Hyperbolic Functions 


d l 
35. — (sinh! x) = 
d 
x J1+x2 
36. © (osh™! x)= l 
4 
ye — | 
d = ] 
37. a, tanh = 
dx ( a ] — x2 
d 1 
38. — (csch! x) S= 
= lxlVx2 +1 
1 
39.. == (sech t x) = ——___—_ 
dx xV1—x2 
d 1 l 
40. a i th — 
7 (co x) e 


INTEGRATION 


Substitution Integration by Parts Formula 
If an integrand has the form f (u(x))u’(x), then rewrite the entire , i 
integral in terms of u and its differential du = u’ (x) dx: J uv dx = uv — f u vdx 


J f(u(x)ju' (x) dx = J f(u)du 


TABLE OF INTEGRALS 
Basic Forms 21. fonudu =ulnu—u+C 
n+l 
1. fhiu +C, n#-1 yrtl 
n+l 22. | u” mudu = =— zin + Dinu -1]+C 
du ango 
2. fZ=mu+c 1 
u 23. Í du = ln jinu] + C 
ulnu 
3. fhdu=e+c 
oH Hyperbolic Forms 
4, fo du = on +C 


24. f sion du = coshu + C 


5, f sinudu=-cosu+c 
25. f coshudu = sinhu +c 


6. f cosudu =sinu +c 
26. [tanh udu = tn coshu +c 


Te f sec? udu = tanu +C 
27. J cothudu = in|sinhul +c 


8. [csc udu = —cotu +c 
28. frechu du = tan`! isinh u] + C 


9, f seoutanudu = secu + C 


29, f cschudu = in tanh 5u +C 


10. f scucotudu = —eseu +c 
30. f sect? udu = tanhu +c 


11. [anu du = injsecul +c 
31. f sch? udu =- comu + c 


12. f otudu = misiou +c 
32. f sochu tanhudu = —sechu + c 


13. f scudu = misecu + anuj +c 
33. f cschucothu du = —cschu + c 


14. foscuau = In|escu — cot u| + C 
Trigonometric Forms 


15. |= =sin!ź +C 
OS) a -5 I ie 
34. | sin^ udu = -u — — sin 2u + C 
2 4 
du 1 Si 
16. | =, =- +C T 
af +u s 2 35. [c08?wdu = gut 7 sindu+C 
Exponential and Logarithmic Forms 36. J tan? udu = tanu —u+C 
1 
17. [vet au = a0 es eM +C oT: [coP udu = —cotu -u +c 
18 nat jy — 1,n au z n—l au g] os 1 wg 
~ ue agt- € an u e u 38. [sn Nie ee ea u)cosu+C 
: seg 1 
19, fe sin bu du = BERT (a sin bu — b cos bu) + C 39, f coš udu = z@+cos*u)sinu +C 


au 


e A 1 
20. [fo cos budu = age oe es © 40. fa udu = 5 tan” u + In fcosu| +C 


41. 


42. 


43. 


1 r 
[cP udu =- cot? — Injsinu| + € 
3 1 1 
sec udu = 5 Seow Mabie y bailsecd + taut tC 


1 1 
J oe? udu = ——cscucotu + — In|escu —cotuf + C 
n n 


| n—l TEA 
44. so? udu = — sin” lucosu + "— f sin” 2 udu 
n 


1 ; n—1l 3 
45. foosuau = — cos’! u sinu + Z feos 2 udu 
n 


46. 


47. 


48. 


49. 


50. 


S51. 


52. 


53. 


54. 


55. 


56. 


57. 


"~ sin”t! ycos™-14 m-1 


[v0 ude = Hantu f ianu du 
n — 


foo udu = = cot tu — f cot” udu 
n — 


—2 
sec” udu = ee mae f sect u du 
n—l n—l 


—1 n—2 = 
csc" udu = cotu csc”? u + —— J csc”? u du 
n— l1 n— 1 


é i sin(a — bju sin(a + b)u 
= SE. m a Ė— C 
f sin au sin bu du Nab) a+b) 4 
sin(a—b)u sin(a + b)u 
i ag ee 
} cos au cos bu du Na b) a+b) + 
j cos(a —b)u cos(a + b)u 
[sin au cos bu du = = ee. = Te ao a 


u sinu du = sin u — u cosu + C 

u cosu du = cosu + u sinu + C 

u” sinudu = —u” cosu +n f unm cosu du 
u” cosudu =u" sinu -n fw"! sinu du 


sin” u cos” udu 


- n—l m+1 
sin u cos u n—l1 — 
= [ sc” 2 ucos™ udu 
n+im ntm 


J sin” u cos”? u du 
n-+m n-+m 


Inverse Trigonometric Forms 
58. [sia uau =usin-tu+V1—u2+C 
59. [cos udu = u cos™! u — V1—u? +C 


1 
60. fin udu =u u- bin +02) +0 


2 
61. fesin tu du = 
62. [cost uau = 


63. funudau = £ 


ri S u+ z +C 
Qu? — 1 = 
5 cos! yu — = F +e 
2 

+1 1 u 

z ee TE 


1 
64. fsi udu= u”t! silu- | S ; AÆ-I 
l Jia? d 
65. [ut cos udu = : urti cos lu f S n Æ -l1 
n+l AT — u2 i 


1 u”+tl dy 
T= a EE en a 
66. fu tan tu | tan`“ u [- ral n#—1 


Forms Involving Va? — u2,a>0 
2 
67. [VFR au = 5 Va — u? + > sin = +C 


4 
68. fe a? — u? du = = (2u? — a?) a? —u? + — sin“! +.€ 
a 


VEJE 
69, | dus V-an 


2 2 

at+vVa*—u 

ee Sa 
u 


2 ae 1 
70. [A dus -isin E c 
u 


4 
74. f = 12)? du =—* ou? ~ sa?) aud + inge 


75 J du > u +C 


Forms Involving vu? — a2, a > 0 
2 

76. [Vedu iaa E njut VAC 
Ta [Nau 

4 
gu? — a? Vu? — a? E nju + Vu? -a+c 

Ye ee 

78. [= i 


nw? mmo | =a 
Ju} 
Fe Ae : — e2 3 
u“ u 
d 
80. | -= 5 lnu + vu? -a| +c 
vut —a 


2d 2 
81. ess = VP 08 + F tn lu + Ve? a] +. 


a2. f se apo ee 
J Pf- au 


Forms Involving Va? + u?, a > 0 
2 
84. [Vea = BVP +E tut VAC 
85. fè a? +u? du 


4 
= = (a + 2u*)Va2 + u2 — = In(w + Va? +u?) +C 
f 


a+ Ja? +u? 
— j| +C 


dJa? 2 
s6. | EE au = Va +2 an 
Hu 


Jaz 2 H2 2 
87. | u E +In(u + va? +u?) +C 
u lu 


du 
88. [== u+vVa2+u2)+C 
ya? +u? ( ) 
u? du u a? 
a ee cal — 2 2 
89. ieee zya pu 3 In(u + va? +u?)+C 
du 1 a? +u? +a 
90. [— == = -in — | +C 
uya? + u? “ H 
2 2 
9 i yane 


1. oe ee ne = me. 
u2/ a? +u? a?u 


u 


du 
92. J Oe 
(a2 +u2)3/2 0 42./g2 4 y2 


+C 


Forms Involving a + bu 


udu I 
93. [<= = 52 (4 + bu — aln |a + bul) +C 


2 1 
94, f ea = zy [6 + bu)? — 4a(a + bu) + 2a° In |a + bul] + C 


a + bu 
du 1 u 
95. — = — ln |—— | +C 
ls a i a + bu i 
du 1 b a + bu 
96. | ———————— = —-— + — ln +C 
|a au a2 u 


udu a 1 
7. — = + — lnja + bul +c 
Do b2(a+bu) b2 | | 
a + bu +c 


98. f du ps 1 1 à 
`J u(atbu)2 alat+bu) a2 


2 2 
u~ du 1 a 
9, | =s bu — — 2aln la + bul | +C 
(a+bu)? b (e+ G+ bu | ) 


2 
100. f uva + bu du = Tagg Obu — 2a)(a + ba ee 


101. [va + budu 
e" (a + bu)?/2 — na f u”! V/a + bu au 


~ b(n +3) 
102 aoe 2 (bu ~2a)Ja+but+C 
. = —5 (bu — a 
Jatbu 3b2 i 
103 u” du È 2u” s/a + bu 2na u”—l du 
"J darbu oar D b(2n+1)J ~a+ bu 
104. | -= Vette JO) ye faet 
usa +bu Ja ~va + but. fa 
2 ah a + bu z 
= tan G, if 0 
= r, T -- a< 
du Vat bu b(2n — 3) du 


eS i a a 
u” a/a + bu a(n — l)u”! 2a(n—1)J u”-l!Va + bu 


106. [AE tusa Ftu +a f 


[a a du 
` u? u 2 J uxa + bu 


du 
u/a+ bu 


107 


Forms Involving /2au — u2, a > 0 
= 2 = 
108. | V/2au— Wau = “—" Vaan u +S cos! (- *\+e 


109. fixan — u? du 


au? — — 3q2 3 = 
it ~ Vaan =u E cost (4 *\+e 


6 
a-—u 
)+e 
a 


110. | SS ( 
y 2au — u? 
Pau — 2 
vau =u o 


111 f D 
uv 2au — u? a 


ESSENTIAL THEOREMS 


intermediate Value Theorem 


If f is continuous on a closed interval [a, b] and f(a) # f(b), then 
for every value M between f(a) and f(b), there exists at least one 
value c € (a, b) such that f(c) = M. 


Mean Value Theorem 


If f is continuous on a closed interval [a, b] and differentiable on 
(a, b), then there exists at least one value c € (a, b) such that 

b) — f(a) 
b—a 


Extreme Values on a Closed Interval 


If f is continuous on a closed interval [a, b], then f attains both a 
minimum and a maximum value on [a, b]. Furthermore, if c € [a, b] 
and f(c) is an extreme value (min or max), then c is either a critical 
point of f in (a, b) or one of the endpoints a or b. 


eee a ee 


The Fundamental Theorem of Calculus, Part | 


Assume that f is continuous on [a, b] and let F be an antiderivative 
of f on [a, b]. Then 


b 
f f(x) dx = F(b) — F(a) 


Fundamental Theorem of Calculus, Part Il 
Assume that f is a continuous function on [a, b]. Then the area 


x 
function A(x) = f f(t) dt is an antiderivative of f, that is, 
a 


A'(x) = f@) or equivalently £ | ’ fdt = f(x) 


Furthermore, A(x) satisfies the initial condition A(a) = 0. 


